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Preface

I would like to thank Professor D. K. Harrison who proposd the original problem and
without whose inspiration and generous help this would not have been completed.

2023 preface

[ acquired an electronic version of the thesis and decided to retype it (doing it from a
paper copy would have been much harder). In the process, I silently corrected a number
of obvious mistakes (often failure to insert a non-typable character by hand) and added
a few notes on alternative ways to do things. But this is the thesis that was presented in
1962.

The essence of the thesis was the splitting of the Hochschild cohomology of a commu-
tative ring over a field of characteristic not 2 or 3 with coefficients in a symmetric module
into a commutative part and a skew part, but only in degrees < 4. The proof is based
on an explicit construction of what has come to be called the shuffle idempotents in
those degrees. These are idempotents in the group ring of the symmetric groups k(.S,)
forn =2, 3, 4.

Eventually, I discovered a way to give an inductive construction of these idempotents
in all degrees, but only for fields of characteristic 0.1

1See M. Barr, Harrison homology, Hochschild homology and triples. J. Algebra 8 (1968), 314-323.



Introduction

In [3] and [4] Hochschild defined cohomology groups for associative algebras and discussed
some of their properties. In [2] Harrison defines special cohomology groups for commuta-
tive algebras. The question naturally arises as to the relation, for commutative algebras,
between the two theories. We let H"(A, E) and H}(A, E) denote the Hochschild and
Harrison cohomology groups, respectively, of the commutative algebra A with coefficients
in the a-module E. Then we know that H'(A, E) = H!(A, F) and that H2(A, E) is nat-
urally isomorphic to a subgroups of H(A, ). We show here that it is possible, provided
the characteristic of the field over which A is defined is not two or three, to define groups
HM(A,E) for n = 2, 3,4 so that H"(A,E) = H'(A,E) & H}(A, E). Consequently it
would be desirable to extend this result to all n, even in the case of characteristic zero, al-
though it has not been possible as yet. Unfortunately, the computations even for n = 3, 4
are almost prohibitive. They are valuable because a) in applications to the study of al-
gebras the cases n = 2, 3, 4 are the most important ones, and b) the computations for
small n can give considerable insight into more general situation.?

In the second chapter of this paper we derive some computational results about these
cohomology groups and give a more natural interpretations of a theorem of Tate in the case
of radical algebras with the maximal condition. Using this we can show that H2(A, E) = 0
for all A-modules F implies that H3(A,E) = HX(A, E) = 0. There are two directions
of improvements possible for this result: a) to extend it to all commutative algebras,
and b) to extend it to higher dimensions. Just as above, however, the results are of
considerable value in themselves, and extension to higher n would almost certainly come
as a corollary to to construction of groups H!(A, E) for larger n.

In a short appendix, we give a more natural proof of a theorem of Harrison that if A
is an algebra and S a multiplicatively closed subset of A with 1 € S, 0 ¢ S, and E is an
Ag-module, then H(A, E) = H2(Ag, E). We also add a few supplementary results which
should prove useful in future investigations along these lines.

1. Chapter I

Throughout this chapter, A will denote a commutative algebra over a field k£ with char-
acteristic not 2 or 3. a will denote an ideal of A and R denote the factor algebra A/a.
We let A™ denote the tensor product over k of n copies of A and R™ the tensor product
over k of n copies of R. We let a™ denote the kernel of the canonical homomorphism of
A™ onto R™. It will be shown that

W=aRA® @A+ ARIRA® - @A+ - +AR® - @ARa

the tensor product taken over k; i.e. that a(™ is generated by all all elements a; ® - - - a,, €
A™ such that a; € a for at least one integer i. Let E be an A-module with a- E = 0, so

2This turned out to be false. When the general problem was solved, the solution was simple and made
no use of the detailed computations here. See M. Barr, op. cit.
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that in a natural fashion £ becomes an R-module. We let
C"(A, E) = Homy(A™ E)
C"(R, E) = Hom,(R™, E)
C™(A,a, E) = Homy(a™, E)

1.1. PROPOSITION.
W =aRAR A+ AQIRAR--- @A+ -+ A®---®ARa

PRroOOF. Clearly the right hand side is mapped to 0 under the canonical homomorphism
of A™ onto R™. To go the other way, we need

1.2. LEMMA. If ¢ : U —V and ¢’ : U —= V"' are linear transformations over a field k,
and W = ker ¢, W' = ker ¢/, then kernel of p@¢' : UQU'—V @V is WU +UW'.

ProOF. Clearly, by replacing, if necessary, V and V' by the images of ¢ and ¢', respec-
tively, we may assume that ¢ and ¢’ are epimorphisms. Moreover, since k is a field, all
modules are projective so that tensor is an exact functor®. Then we get the following
commutative exact diagram.

0——=WaW —veW VoW ——0
O»WéU’iW UéU’¢W VéU':m
124/ 1®¢' 18¢/
o»wév'iw UgV’¢@ vév':w
L
0 0 0

where ¢ and 7' represent the injection maps of W and W', respectively, and I repreents
the identity map of any space. Now ¢ @ ¢/ = (¢ ® 1) o (I ® ¢'). Suppose x € U @ U’ with
(p®2¢")(x) = 0. Then (¢RI ((I®¢)(x)) =0s0 Iy € WV’ with (i®1)(y) = (I®¢)(x).

3 Although this is correct, in fact the argument needs only that the tensor product be right exact and
therefore works for any commutative ring k
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Since I ®¢' is an epimorphism, choose z € W®U’ with (I®¢')(z) = y. Let 2’ = (i®1)(z).
Then by the commutativity of the diagram,

I@¢)(z—2)=IT®¢)(x) - (i) )
= ®¢)(z) - (ix)(y) =0

Hence 32 € U@ W’ with (I ® i')(2') = x — a'. Let 2” = (I ® ¢')(%'), then z = 2’ 4+ 2”
with2' € (I @7)(W@U') and 2” € i@ I(W®U')). But i® I and I ® ¢ are the natural
injections of W ® U’ and U ® W’ into U ® U’ which completes the proof.

Now back to the proposition. We see from the lemma that a® = a® A+ A®a
and that a®™ = a® Y @ A + A1) ® a since a™ is the kernel of the homomorphism
of AmY' ® A onto R * (n —1) ® R. Assuming, by induction, the result for n — 1, the
proposition follows.

Now we have an exact sequence

0 a™ o A R
which induces an exact sequence
0—C"(R,E)—C"(A,E)—C"(A,a,E)—0
since we are operating over the field k. If f € C"(A, E), define §f € C""'(A, E) by

6f(ay,...,an41) = a1f(as, ..., any1)
+ Z(_l)if(ala i1, - ) F (1) an g fan, . an)

=1

As usual §0f = 0. Now consider the diagram in which the rows are exact,
0—=C""Y(R,F) —=C"" (A, F) - C""(A,a,E) —0

5

0—C"(R,E) ——=C"(A,E) —=C"(A,a,E) —=0

§

0—=C"YR,E) —> C" (A, E) —~ C"(A,a,E) —0

1.3. PROPOSITION. There are maps § : C"(R, E)—=C" " (R, E) and § : C"(A,a, E)—C"" (A, a, )
which make the above commutative abd such that 66 = 0.



6
PROOF. Let f € C"(R, E) and define

5f(7‘1, R 7rn+1) = Tlf(TQ, e ,Tn+1)

+ Z(_l)if(rlv ey T4, - vrn-ﬁ-l) + (—1)n+1’l“n+1f(7“1, cee ,Tn)

i=1
If we let a — @ denote the projection of A onto R and f f the induced map from
C"(R,FE) to C"(A, E), then f(ay,...,a,) = f(ai,...,a,) so that

(57(&1, Ce ,an+1) = a17<a2, ce ,an+1)
+ Z(—l)if(al, e Qi - Opg1) F (_1)n+1an+17(a17 o, p)
i=1

so that

Of(@i, ... na1) = a1 f(as, ..., dn41)

S Y@ T ) + () T f(@ )

i=1

= §f(@1,...,0n41) since ae = @e and ab = @b for all a,b € A and all e € E. Clearly
d6 = 0 as before. Now let f € C"(A, a,E) and choose f' € C"(A, E) with f'|, = f.
Define 6f = o f’ |£”) This clearly makes the diagram commutative and we continue to
have 00 = 0 since we can take 0 f’ as the map extending ¢ f. It is only necessary to show
that § f does not depend on f". If a1 ® - -- ® a,, € a™, then at least one a; € a.

5f(61, e ,6n+1) - alf/<62, e ,an+1)

+ Z(_l)if/(ab s Tl Gppt) + (1) @ f(@ L T)
i=1

If a; € a for some 1 < 7 < n + 1, then in every term at least one variable is in a while if
a; € a, the first term is zero since a - £ = 0 and all other terms contain a variable in a
and similarly if a,+; € a. Hence we have a commutative diagram with exact rows,

0—=C"YR,E)—=C" YA, E)—~C"(A a,E)—0

0—C"(R,E) — = C"(A, E) —= C"(A, 0, E) —0

0—= C™(R, E) —= C™1(A, E) — C™(A, 0, E) — 0
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and if we use Z *n, B™ and H™ to denote the cycles, boundaries, and homology classes®,

respectively, the fundamental lemma of homological algebra gives an exact sequence
0—HY(R,E)— H'(A,E)— H'(A,a,F)
— H*(R,E) —= H*(A,E) — H*(A,a,E) — - --
—H"(R,E)— H"(A,E)— H"(A,0,E) — - - (%)

The groups H"(R, E) and H"(A, E) are the Hochschild cohomology groups.
For n =2, 3, 4 we define maps 7, : C"" — C" where C" stands for any of the groups

C"(A,E), C"(R,E) or C"(A,a, E) Recall that we have assumed that the characteristic
of k£ is not 2 or 3.

maf(a,0) = 1/2[f(a,b) — f(b,a)]
7T3f(a7 b? C) - 1/6[4f(a7 b7 C) + 2f(C, b> a) + f(C, a, b) + f(bca) - f(ba a, d) - f(aa Gy b)]
maf(a,b,c,d) =1/12[9f(a,b,c,d) + f(c,d,b,a) + f(c,a,b,d) + f(d,b,c,a)

+ fla,d,c,b) + f(c,d,a,b) + f(c,b,a,d) + f(d,c,a,b)
+ f(a,c,d,b) + f(b,c,a,d) + f(b,d,a,c) + f(a,d,b,c)
+3f(d,c,b,a) — f(a,b,d,c) — f(d,b,a,c) — f(a,c,b,d)
— f(b,e.d,a) — f(b,a,d,c) — f(d,a,b,c) — f(b,a,c,d)

— f(b,d,c,a) — f(d,a,c,b) — f(c,a,d,b) — f(c,b,d,a)]
1.4. PROPOSITION. Forn =2, 3, 4, m, is idempotent.

PRroor. If n = 2,
3 f(a,b) = 1/2[m2f(a,b) — m2f (b, a)]
= 1/4{f(a,b) = f(b,a) = f(b,a) + f(a,b)]
= 1/2[f(a,b) = f(b,a)] = m2f(a,b)]
For n = 3, we define maps o3 and 73 which will prove useful later.
o3 abc = 1/2[abe + cbal
13 abc = 1/3[abc + cab + beal

Then we claim that o3 and 73 are idempotents and commute with each other.
osf(a,b,c) =1/2[osf(a,b,c) + osf(c,b,a)]
= 1/4[f(a,b,c) + f(c,b,a) + f(c,b,a) + f(a,b,c)
= 1/2[f(a,b,¢) + f(¢,b,a)] = 03 f(a,b,¢)]

4 Actually, they should be called cocycles, coboundaries, and cohomology classes




72 f(a,b,c) = 1/3[r3f(a,b,c) + 13f(c,a,b) + 13 (b, c,a)]
=1/9[f(a,b,c) + f(c,a,b) + f(b,c,a) + f(c,a,b) + f(b,c,a)
+ f(a,b,c)+ f(b,c,a) + f(a,b,c) + f(c,a,b)
=1/3[f(a,b,c) + f(c,a,b) + f(b,c,a)] = 13f(a,b,c)]
o313 f(a,b,c) = 1/2[r3f(a,b,c) + m3f(c, b, a)]
=1/6[f(a,b,c) + f(c,a,b) + f(b,c,a) + f(c,b,a) + f(a,c,b) + f(b,a,c)]
= 1/3[osf(a,b,c) + osf(c,a,b) + o3f(b,c,a)] = 1303f(a,b,c)
Morcover, (o3 + 73 — 0373) f(a, b, ¢)
1/2[f(a,b,c) + f(c,b,a)] + 1/3[f(a,b,c) + f(c,a,b) + f(b,c,a)]
—1/6[f(a,b,c) + f(c,a,b) + f(b,c,a) + f(c,b,a) + f(a,c,b) + f(b,a,c)]
1/6[4f(a,b,c) +2f(c,b,a) + f(e,a,b) + f(b,c,a) — f(b,a,c) — f(a,c,b)]
=m3f(a,b,c)

So that w3 = 03 + 13 — 0373 which gives that

2 2., .2, 22 2 2
T3 = 05 + T35 + 05735 + 20373 — 20573 — 273073

= 03+ T3 — 0373 = T3
For n = 4, we introduce maps o4 and 74 as follows:
osf(a,b,e,d) =1/2[f(a,b,c,d) + f(d,c,b,a)]
11f(a,b,c,d) = [f(a,b,c,d) — f(a,b,d,c)+ f(c,a,b,d)
— fla,e,b,d) — f(b,c,d,a) + f(c,d,a,b)
— f(d,a,b,¢c) — f(b,a,c,d) + f(a,c,d,b)
+ f(b,c,a,d) — f(c,a,d,b) + f(a,d,b,c)]

Then we claim that o4 commutes with 74 and that if o4 f = 0, then 72f = 7,f, i.e. that
72(1 — 04) = 74, and that o4 is idempotent.

oaf(a,b,c,d) = 1/2]o4f(a,b,c,d) + ouf(d,c,b,a)]
= 1/4[f(a,b,c,d) + f(d,c,b,a) + f(d,c,b,a) + f(a,b,c,d)]
=1/2[f(a,b,c,d) + f(d,c,b,a)] = o4f(a,b,c,d)



oytaf(a,b,e,d) = 1/2[m4f(a,b,c,d) + 14f(d, ¢, b,a)]
=1/12[3f(a,b,c,d) — f(a,b,d,c) + f(c,a,b,d) — f(a,c,b,d)
— f(b,e,d,a) + f(e,d,a,b) — f(d,a,b,c) — f(b,a,c,d)
+ f(a,c,d,b) + f(b,c,a,d) — f(c,a,d,b) + f(a,d, b, c)
+3f(d,c,b,a) — f(d,c,a,b) + f(b,d,c,a) — f(d,b,c,a)
— f(e,b,a,d) + f(b,a,d,c) — f(a,d,c,b) — f(c,d,b,a)
+ f(d,b,a,c) + f(e,b,d,a) — f(b,d,a,c)+ f(d,a,c,b)]

=1/6[304f(a,b,c,d) — o4f(a,b,d,c) + osf(c,a,b,d) — o4f(a,c,b,d)
—o4f(b,c,d,a) + o4f(c,d,a,b) — o4f(d,a,b,c) —osf(b,a,c,d)
+ouf(a,c,d,b) +o4f(b,c,a,d) —osf(c,a,d,b) + ouf(a,d,b,c)]

= ny04f(a,b,c,d)
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Now suppose o4 f = 0. Then 72f(a, b, ¢, d)
=1/6[314f(a,b,c,d) — 14f(a,b,c,d) + 14f(c,a,b,d) — 14 f(a,c,b,d)
— 14 f(b,c,d,a) +1af(c,d,a,b) —maf(d,a,b,c) — 14 f(b,a,cd)
+ muf(a,c,d,b) +14f(b,c,a,d) — maf(c,a,d,b) + 14f(a,d,b,c)
=1/36[9f(a,b,c,d) —3f(a,b,d,c) +3f(c,a,b,d) —3f(a,c,b,d)
—3f(b,c,d,a)+3f(c,d,a,b) —3f(d,a,b,c)+3f(b,a,c,d)
+3f(a,c,d,b) +3f(b,c,a,d) —3f(c,a,d,b) +3f(a,d,b,c)
—3f(a,b,d,c)+ f(a,b,c,d) — f(d,a,b,c)+ f(a,d,b,c)
+ f(b,d,c,a) — f(d,c,a,b) + f(c,a,b,d) — f(b,a,d,c)
— fla,d,c,b) — f(b,d,a,c)+ f(d,a,c,b) — f(a,c,b,d)
+3f(c,a,b,d) — f(e,a,d,b) + f(b,c,a,d) — f(c,b,a,d)
— fla,b,d,c)+ f(b,d,c,a) — f(d,c,a,b) — f(a,c,b,d)
+ f(e,b,d,a) + f(a,b,c,d) — f(b,e,d,a) + f(c,d,a,b)
—3f(a,c,b,d) + f(a,c,d,b) — f(b,a,c,d) + f(a,b,c,d)
+ f(e,b,d,a) — f(b,d,a,c)+ f(d,a,c,b) + f(c,a,b,d)
— fla,b,d,c) — f(c,b,a,d) + f(b,a,d,c) — f(a,d,c,b)
—3f(b,c,d,a)+ f(b,c,a,d) — f(d,b,c,a) + f(b,d,c,a)
+ f(e,d,a,b) — f(d,a,b,c) + f(a,b,c,d) + f(c,b,d,a)
— f(b,d,a,c) — f(c,d,b,a) + f(d,b,a,c) — f(b,a,c,d)
+3f(c,d,a,b) — f(e,d,b,a) + f(a,c,d,b) — f(c,a,d,b)
— f(d,a,b,¢) + fla,b,c,d) — f(b,c,d,a) — f(d,c,a,b)
+ f(e,a,b,d) + f(d,a,c,b) — f(a,e,b,d) + f(c,b,d, a)



—3f(d,a,b,c) — f(b,c,d,a) + f(b,d,a,c)+ f(d,b,a,c)
+ f(a,b,¢c,d) — f(b,c,d,a) + f(c,d,a,b) + f(a,d,b,c)
— f(d,b,c,a) — f(a,b,d,c) + f(b,d,c,a) — f(d,c,a,b)
—3f(b,a,c,d)+ f(b,a,d,c) — f(c,b,a,d) + f(b,c,a,d)
+ f(a,c,d,b) — f(c,d,b,a) + f(d,b,a,c)+ f(a,b,c,d)
— f(b,c,d,a) — f(a,c,b,d) + f(c,b,d,a) — f(b,d,a,c)
+3f(a,v,d,b) — f(a,c,b,d) + f(d,a,c,b) — f(a,d,c,b)
— fle,d,bya) + f(d,b,a,c)— f(b,a,c,d) — f(c,a,d,b)
+ f(a,d,b,c) + f(c,d,a,b) — f(d,a,b,c) + f(a,b,c,d)
+3f(b,c,a,d) — f(b,c,d,a) + f(a,b,c,d) — f(b,a,c,d)
— f(c,a,d,b) + f(a,d,b,c) — f(d,b,c,a) — f(c,b,a,d)
+ f(b,a,d,c) + f(c,a,b,d) — f(a,b,d,c) + f(b,d,c,a)
—3f(c,a,d,b)+ f(c,a,b,d) — f(d,c,a,b) + f(c,d,a,b)
+ f(a,d,b,c) — f(d,b,c,a) + f(b,c,a,d) + f(a,c,b,d)
— fle,d,b,a) — f(a,d,b,c) + f(d,c,b,a) — f(c,b,a,d)
+3f(a,d,b,c) — f(a,d,c,b) + f(b,a,d,c) — f(a,b,d,c)
— f(d,b,c,a) + f(b,c,a,d) — f(c,a,b,d) — f(d,a,b,c)
+ f(a,b,c,d) + f(d,b,a,c) — f(bya,c,d) + f(a,c,b,d)]

Collecting terms and using that o4 f = 0, we get
1/6[3f(a,b,c,d) — f(a,b,d,c) + f(c,a,b,d) — f(a,c,b,d)
— f(b,c,a,d) + f(c,d,a,b) — f(d,a,b,¢) — f(b,a,c,d)
+ f(a,e,d,b) + f(b,c,a,d) — f(c,a,b,d) + f(a,d,b,c)]
Now (04 + 74 — 0474) f(a, b, ¢, d)
=1/2[f(a,b,c.d) + f(d,c,b,a)
+1/6[3f(a,b,c,d) — fla,b,d,c) + f(c,a,b,d) — f(a,c,b,d)
— f(b,e,d,a) + f(c,d,a,b) — f(d,a,b,c) — f(b,a,c,d)
+ f(a,e,d,b) + f(b,c,a,d) — f(c,a,d,b) + f(a,d,b,c)]
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—1/12[3f(a,b,c,d) — f(a,b,d,c) + f(c,a,b,d) — f(a,c,b,d)
— f(byc,a,d) + f(e,d,a,b) — f(d,a,b,c) + f(b,a,c,d)
+ f(b,c,d,a) + f(b,c,a,d) — f(c,a,b,d) + f(a,d,b,c)
+3f(d,c,b,a) — f(e,d,b,a) + f(d,b,a,c) — f(d,b,c,a)
— f(a,d,c,b) + f(b,a,d,c) — f(e,b,a,d) — f(d,c,a,b)]
=1/12[9f(a,b,c,d) — f(a,b,d,c) — f(d,b,a,c) — f(a,c,b,d)
— f(b,e,d,a) — f(b,a,d,c) — f(d,a,b,c)— f(b,a,c,d)
— f(b,d,a,c) — f(d,a,c,b) — f(c,a,d,b) — f(c,b,d,a)
+3f(d,c,b,a)+ f(c,d,b,a) + f(c,a,b,d) + f(d,b,c,a)
+ f(a,d,b,c) + f(c,d,a,b) + f(c,b,a,d) + f(d,c,a,b)
+ f(a,c,d,b) + f(b,c,a,d) + f(b,d,a,c) + f(a,d,b,c)
= m7sf(a,b,c,d)
Now 04(1 — 04) = 0 so that 72(1 — 04) = 74(1 — 04). Hence
T =05+ 77 + 0Tl + 20474 — 2075
=04+ 7i + 077 + 2047y — 2007y — 2047}
Oy + T oyt =204 =04 2 — sTE =04 + T2(1 — 0y)
=04+ Tl —04) =04+ T4 — o4y =Ty

This completes the proof of the proposition.
We will let C”(A, E) denote the chain groups used by Harrison in [3] of A with coef-
ficients in an A-module FE.

1.5. PROPOSITION. Forn =2, 3, 4,
C! =Ker(m, : C"(A,E) —C"(A,FE))

PROOF. For n = 2, f € C?(A, F) if and only if f(a,b) = f(b,a) for all a,b € A if and
only if mf =0. Forn =3, f € C(A, F) if and only if f satisfies,

(i) fla,b,¢) — f(a,e,b) + f(c,a,b) =0

for all a, b, ¢ € A. Now if satisfies (i), we have f(a,b,c) — f(a,c,b) + f(c,a,b) = 0 and
f(a,c,b) — f(a,b,c) + f(b,a,c) = 0, and adding we get f(c,a,b) + f(b,a,c) = 0 or that
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o3f = 0. Using this

so that m3f = 0.
Conversely, suppose w3 f = 0. Then

0= o3msf = (02 + 0373 — 0273) f = 03.f

and we see that o3f = 0 also and putting these together, we get
0=373f(a,b,c) = f(a,b,c)+ f(b,c,a) + f(c,a,b)
= f(a,b,¢) — f(a,c,b) + f(c,a,b)

so that f € C?(A, E), since f satisfies (i).
For n =4, C*(A, E) consists of those f € C*(A, F) with

(17) fla,b,¢,d) — f(b,a,c,d) + f(b,c,a,d) — f(b,c,d,a) =0
and
(2ii) f(a,b,c,d) — f(a,c,d,b) + f(c,a,b,d) — f(c,a,d,b) + f(a,c,d,b) + f(c,d,a,b) =0

for all a, b, ¢, d € A. Suppose f € C4(A, E); we wish to show that m,f = 0. First we
show that o, f = 0 and use this show that 7,f = 0 which implies that m,f = 0. From (ii)
we infer that

fla,b,¢,d) — f(b,a,c,d) + f(b,c,a,d) — f(b,c,d,a) =0
and
f(d,e,b,a) — f(e,d,b,a) + f(e,b,a,d) + f(e,b,d,a)+ f(b,e,d,a)+ f(c,d,b,a) =0

Adding these three equations gives f(a,b,c,d) + f(d,c,b,a) = 0 or o4f = 0. Also from
(ii) we have that

f(a,b,c,d) — f(a,b,d,c)+ f(a,d,b,c) — f(d,a,b,c) =

fla,b,¢,d) — f(b,a,c,d) + f(b,c,a,d) — f(b,c,d,a) =0
f(a,c,d,b) — f(a,c,b,d) + f(a,b,c,d) — f(b,a,c,d) =0
f(c,a,b,d) — f(c,a,d,b) + f(c,d,a,b) — f(d,c,a,b) =0
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We add these, using that o4f = 0, to obtain
0=3f(a,b,c,d) — f(a,b,d,c)+ f(c,a,b,d) — f(a,c,b,d)
— f(b,e,d,a) + f(e,d,a,b) — f(d,a,b,c) — f(b,a,c,d)
4 fla,e,d,b) f(b,e,a,d) — f(e,a,b,d) + f(a,d,b,c)
= 674f(a,b,c,d)
Conversely, suppose m4f = 0. Then,
0=oymf = (0F + 04y — 0§) f = ouf
from which we can see that 7, f = 0 also. Hence
0="sf(a,b,c,d) —maf(bya,c,d) +14f(b,a,c,d) —m4f(b,c,d,a)
=1/6[3f(a,b,c,d) — f(a,b,d,c) + f(c,a,b,d) — f(a,c,b,d)
— f(b,e,d,a) + f(e,d,a,b) — f(d,a,b,c) — f(b,a,c,d)
+ f(a,c,d,b) + f(b,c,a,d) — f(c,a,d,b) + f(a,d,b,c)
—3f(b,a,c,d)+ f(b,a,d,c) — f(c,b,a,d) + f(b,c,a,d)
+ f(a,c,d,b) — f(c,d,b,a) + f(d,b,a,c) + f(a,b,c,d)
— f(b,e,d,a) — f(a,c,b,d) + f(c,b,d,a) — f(b,d,a,c)
+3f(b,c,a,d) — f(b,c,d,a) + f(a,b,¢c,d) — f(b,a,c,d)
— f(e,a,d,b) + f(a,d,b,c) — f(d,b,c,a) — f(c,b,d,a)
+ f(b,a,d,c) + f(c,a,b,d) — f(a,b,d,c) + f(b,d,c,a)
—3f(b,e,d,a) + f(b,c,a,d) — f(d,b,c,a) + f(b,d,c,a)
+ f(c,d,a,b) — f(d,a,b,c) + f(a,b,c,d) + f(c,b,d,a)
— f(b,d,a,c) — f(c,d,b,a) + f(d,b,a,c) — f(b,a,c,d)
Collecting terms and using that o4 f = 0, this reduces to
0= f(a,b,c,d) — f(b,a,c,d) + f(b,c,a,d) — f(b,c,d,a)
which is (ii) above. Hence
0= f(c,a,b,d) — f(a,c,b,d) + f(a,b,c,d) — f(a,b,d,v)

and
0= f(a,c,d,b) — f(c,a,d,b) + f(c,d,a,b) — f(c,d,b,a)
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Adding these and using that o4f = 0, we get
0= f(a,b,c,d) — f(a,c,b,d)+ f(c,a,b,d) — f(c,a,d,b)
+ f(a,c,d,b) + f(c,d,a,b)

which is (iii) above. This completes the proof of the proposition.
It is true, of course, that

C" =Ker(m, : C"(R,E)—C"(R, E))

Now define
CHA a,F) =Ker(r,C"(A,a, E) —C"(A,a, F))

Also we define C? = Im(C™ — C™), where C™ stands for any of the groups considered.

1.6. PROPOSITION.
0—C}R,E)—C}AE)—C}A,a,E)—0

and

0—=C™(R, E) —= C"(A, E) — C™(A,a,E) —0

are exact for n = 2, 3, 4, the maps being the restrictions of the corresponding maps on
the full chain groups.

PROOF. ° We can write

an(al, e ,&n) = Z rpf(ap(l), e ,ap(n))
p

where p runs over the permutations of 1,...n which depend only on the n (not on the
particular group). If, as before, we let a — @ denote the map from A onto R and f +— f
the induced map from C"(R, E) — C"(A, E), then

ﬂ-nf(alv s 70%) = Z rP?(aP(1)7 o 7ap(1))
p

= 1l @pays 5 Ty)
p

= an(ﬁl, cee ,6n)

=m,f(ay,... a,)

SClearly C™ = C" @ C™. It is fairly easy to show that if the direct sum of two sequences is exact, each
of the constituents is. However, we give the original argument here.
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Similarly, if f +— f is the map from C"(A, F) —C"(A,q, E),

o f (a1, ... a,) = erf(ap(l), o Gp(1))
P

= Z e (apy, -5 ap1))
P

=m,f(ay, ..., a,)
= (ﬂ-nf)/(ala ce aa'n)
Since f — f’ is just the restriction map.

1.7. PROPOSITION. (i) 6C" C ™! forn=1,2,3, (i1) 6C* C C™, forn =1, 2 where
cl=cm.
PROOF. (i) is shown in [2]. (ii) for n = 2, suppose g € C? and f = dg, then
msf(a,b,c) =1/6[4f(a,b,c) +2f(c,a,b) + f(c,a,b)
+ f(b,¢,a) = f(b,a,c) — f(a,c,b)]
= 1/6[4ag(b, ¢) + 2¢q(b, a) + cg(a,b) + bg(c,a) — bg(a, c) — ag(c, b)
—4g(ab, c) — 2g(cb,a) — g(ca,b) — ) )
+4g(a,bc) + 2g(c, ba) + g(c, ab) + g(b, ca) — g(b, ac) — g(c, ab)
— 4cg(a,b) — 2ag(c,b) — ) )
Collwcting terms and using that mog = g, we get

ag(b,c) — g(ab,c) + g(a, bc) — cg(a,b) = f(a,b,c)

Now in the case n = 4, we shall prove something stronger, in fact that 7,0 = dm3. Let
f € C3AE). Then

70 f f(a,b,c,d) =1/120[9f(a,b,c,d) — f(a,b,d,c) + f(c,a,b,d) — f(a,c,b,d)
— f(b,e,d,a)+ f(c,d,a,b) — f(d,a,b,c) — f(b,a,c,d)
+ f(a,c,d,b) + f(b,c,a,d) — f(c,a,d,b) + f(a,d,b,c)
+3f(d,c,b,a)+ f(c,d,b,a) — f(d,b,a,c)+ f(d,b,c,a)
+ f(a,d,c,b) — f(d,a,b,c) + f(b,d,a,c) — f(c,b,d,a)]
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¢,d) —9f(ab,c,d) +9f(a,bc,d) —9f(a,b,cd) + 9df (a, b, c)

1/129af (b

)

~—

—~

~—

—~

~—

_~

~—r

—~

~—

P

o o
SEERS)
SO ]

S~— S~—

SIS
+ _

—~ Y

3 =]

<SS
s I
SO~

S~— S~—

—
_ +

—~ )

] =

=
3 Q
SHE~ )

P

~—

—~ o~~~

a,b,d

_

+ecf

—~ o~

3 ]
J s
< S
s =
_ +
S
= 3
S <)
= J
S~— S~—
g
+ _
—~
s o
~ a./
T <
=  J
SN— N—
e
_ +
—~~ —~
s o
SSIEEST
S}
RIS
SN— N—
=
+ _
—~ —~
3 <
< <
ISPt
SN— N—
= s
< O
_ +

_—~~

—~

—

b,c,a
a? d7

—_ — —

o~ o~ o~ o~

— N~ ~—

— —~ ~ ~

~—  ~— ~— ~~—

~~ o~ o~

~—  ~— ~— ~—

— N N~

= Q
s 3
= S
=S
_ _
L2 3
s <
= <
—_
+ +
Q =]
- o
S
< <=
MJ\ S~
_ _
O~
<= <
s £
=
+ +
Q -]
< <
SN
eSS
_ _

~—

+af

_ —

a)+3f(d,cb,a) —3f(d,c,ba) + 3af(d,c,b)

+ 3df (¢,b,a) — 3f(de, b

—~

—~

~—

—~

~—

—~

~—

—~

~—

—~

~—

—cf

—~

d,b,ac

~—

+f

—~

d,ba,c

~—

—f

—~

db,a,c

~—r

+f

—~

b,a,c

~—

—df

—~ o~

) Q =
= <8 &
IS
= s
Q [Nw) Q
+ + _
EENEC)
) Q =
= 88
ISTREES B
S~— S~— N~—
e
_ | +
—~

Q = Q
< S 3
ST
S = =
e
+ + _
—~ — _~
O = QO
RS )
= < 3
s = 2
= =
_ _ +
v S T
RS )
§ S 9
)

s & =
+ + _

SEERES
RS
S =
T =
+ ¥
\.d) —~
S
-~ S
< ~
S~—

- =
_ _
] S
g 8
S
- =
+ 4
= 3
SRS
S
- =
_ _
= 3
S
ST
T T
+ +

—~

(b,d,c

—~

b,d,ca) — af

~—

~—

~—r ~—

—bf
_df
Tbf

~

—bf(d,a,c

—~

d,a,ch

~—

—~ o~ o~ —

~—

— 7 —

— —_

—~

+cf(b,d,a
—af(c,b,d

P

b,d,ac
¢, b, da

S~—

+f

—~

b,da,c) — f
c,bd,a

—f

—~

chb,d,a

~—

—~

—_ = ~— ~—



18
=1/6[daf(b,c,d) —4f(ab,c,d) + 4f(a,be,d) — 4f(a,b,cd) + 4df (a, b, c)
+ 2af(d7 ¢, b) - Qf(da & G,b) + 2f(d7 bC, a) - 2f(0d7 b7 a) + Qdf(cv b7 a)

+af(c,d,b) — f(c,d,ab) + f(be,d,a) — f(b,cd,a) + df (b, c,a)
+af(d,b,c) — f(d,ab,c) + f(a,d,bc) — f(cd,a,b) + df (c,a,b)
—af(b,d,c) + f(ab,c,d) — f(a,d,bc) + f(a,cd,b) — df (a,c,b)
—af(c,b,d) + f(c,ab,d) — f(be,a,d) + f(b,a,cd) — df (b, a,c))
ams f(b,c,d) — w3 f(ab, c,d) + w3 f(a,be,d) — w3 f(a, b, cd) + dms f(a, b, c)

= 5773f(a’7 b7 & d)
This completes the proof.
1.8. PROPOSITION. 7, (Z™) C Z", for n = 2, 3, 4.

PROOF. We know that doy = m3d and that dm3 = m4d. So suppose that f € Z*. We must
show that m,f € Z*. First we note that §f = 0 means that

Souf(a,b,c,d, e)

= ao,f(b, ¢, d)e — auf(ab, ¢, d)e + auf(a,be, d)e — ouf(a, b, cd)e + ouf(a,b,c)de — easf(a,b,c)d
= 1/2[af(b,c,d, ) — f(ab,c,d,e) + f(a,be,d,e) — f(a,b,cd,e) + f(a,b,c,de) — ef(a,b, c,d)
—ef(d,c,b,a) + fled,c,b,a) — f(e,de,b,a) + fle,d, cb,a) — f(e.d,c,ba) + af(e,d, c,b)]

= 1/2[6f(a,b,c,d,e) — 6f(e,d, c,b,a)] = 0

Hence it suffices to show that f € Z* implies 14(1 —04)f = 0. Now o4(1 — 04) = 0 and
(1 —o04)f € Z*if f is, so that it is even sufficient to assume that f € Z* with o4f = 0
and show that m,f € Z*. We now compute 6674 f(a, b, c,d, €)

= nyaf(b,c,d,e)—T4f(ab, c,d,e)+714f(a,bc,d, e)—74f(a,b, cd, e)+14f(a, b, c,de)—14ef(a,b, c,d)

to which we can freely add

30f(a,b,c,d,e)+6f(d,e,c,b,a)+df(e,c,b,a,d) —df(e,c,b,d,a)+df(e,c,d,b,a) —f(e,b,c,d,a)
+3f(b,a,c,d,e) —df(d,e b,c,a)+df(e,b,c,a,d) —df(e,b,c,d,a)+df(a,c,b,d,e) —df(a,b,d,e,c)
—6f(c,a,b,d,e) —6f(a,c,d,be)+0f(a,d,be,c)+df(c,a,d,be)+df(be,c,d,a)+df(e, c,d, a,b)
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Since 0 f = 0.
3af(b,c,d,e) —af(b,ce,d)+af(db,ce)—af(bd ce)—af(c,d,eb)+af(de,b,c)

—af(e,b,¢,d) —af(c,b,d,e) +af(bd e c)+af(c,dbe)—af(dbe c)+af(be,cd)
—3f(ab,c,d,e) + f(ab,c.e,d) — f(d,ab,c,e) + f(ab,d,c.c) + f(c,d, e, ab) — f(d, e, ab,c)
+ f(e,ab,c,d) + f(c,ab,d,e) — f(ab,d,e,c) — f(c,d,ab,e) + f(d,ab,e,c) — f(ab,e,c,d)
+3f(a,be,d, ) — f(a,bee,d) + f(d,a,be,e) — f(a,d, be.e) — f(be,d, e, a) + f(d, e, a,be)
— f(e.a,be,d) — f(be,a,d,e) + f(a,d,e,bc) + f(be,d,a,e) — f(d,a, e, be) + f(a, e, be,d)
—3f(a,b,cd, e) + f(a,b.e,cd) — f(cd, a,b,e) + f(a,cd,b.e) + f(b,cd,e,a) — f(cd, e, a,b)
+ f(e,a,b,cd) + f(b,a,cd, ) — f(a,cd, e,b) — f(b,cd, a,e) + f(cd, a,e,b) — f(a,e,b,cd)
+3f(a,b,c,de) — f(a,bde,c) + f(c,a,b,de) — f(a,c,b.de) — f(b,c,de,a) + f(c,de, a,b)
— f(de,a,b,¢) — f(b,a,c,de) + f(a,c,de,b) + f(b,c,a,de) — f(c,a,de,b) + f(a,de,b,c)
—3ef(a,b,c,d) + ef(a,b.d,c) — ef(c,a,b,d) + ef(a,c,b.d) + ef (b,c,d,a) — ef (¢, d, a,b)
+ef(d,a,b,c)+ef(ba,cd) —ef(acdb) —ef(bead +ef(ca db) —ef(adb,c)
—3af(b,c,d,e) + 3f(ab, ¢, d,e) — 3f(a, be, d, e) + 3f(a, b, cd, ) — 3f(a, b, ¢, de) + 3df f(a, b, ¢, d)
+df(e,c,b,a) — f(de,c,b,a) + f(d,ec,b,a) — f(d,e,cb,a) + f(d, e, c,ba) — af(d.e,c,b)
+ef(e,ba,d) — flec,b,a,d) + f(e,cb,a,d) — f(e,c,ba,d) + f(e,c,b,ad) — df (e, c,b, a)
—ef(c,d,b,a) + f(ec,d,b,a) — f(e,cd,b,a) + f(e,c,db,a) — f(e,c,d,ba) + af(e,c,d,b)

(

(

( ) )+
( ) ) —
¢,d,b,a) — f(ec,d,b,a) + f(e,cd,b,a) — f(e,c,db,a)
( ) )
( ) )

+ef )+ £( + f(e,c,d, ba) — af(e,c,d,b)
+af(c,d,e,b) — flac,d,e,b) + f(a,cd,e,b) — f(a,c,de,b) + f(a,c,d,eb) — bf(a,c,d,e)
+bf(a,c.d,e) — f(ba,c,d,e) + f(b,ac,d,e) — f(b,a,cd,e) + f(b,a,c,de) — ef (b, a,c,d)
+df(e,b,c,a) — f(de,b,c,a) + f(d,eb, c,a) — f(d, e, be,a) + f(d, e, b, ca) — af(d,e,b,c)
+ef(bc,a,d) — fleb,c,a,d) + fle,be,a,d) — f(e,b,ca,d) + f(e,b,c,ad) — df (e, b, c,a)
+af(dbe,c)— flad,b,e,c)+ fla,dbe,c) — fa,d,be,c) + f(a,d,b,ec) — cf(a,d,b,e)
—ef(b,c,d,a) + f(eb,c,d,a) — f(e,be,d,a) + f(e,b, cd,a) — f(e,b, c,da) + af(e,b, c,d)
+af(c,b,d,e) — flac,b,d,e) + f(a,cb,d,e) — f(a,c,bd, e) + f(a,c,b,de) — ef(a,c,b,d)
—af(b,d,e,c)+ f(ab,d,e,¢) — f(a,bd, e, ¢) + f(a,b,de,¢) — f(a,b,d, ec) + cf(a,b,d,e)

—cf(a,b,d,e) + f(ca,b,d,e) — f(c,ab,d,e) + f(c,a,bd,e) — f(c,a,b,de) + ef(c,a,b,d)
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+cf(a,d,b,e) —
+bf(e,c,d,a) —
+ef(c,d,a,b) —

f(ca,d,b,e) +
f(be,c,d,a) +
f(ec,d,a,b) +

f(c,ad, b, e) —
f(b,ec,d,a) —
f(e,ed,a,b) —

fle,
(b,
f e,

fle,a,d,be) —ef(c,a,d,b)
+ f(bv €, ¢, da) - af(b7 €, C, d)
fle e d,ab) —bf(e, e, d,a)

a,db, e) +
e,cd,a)

c,da,b) +

Now, collecting terms and using that o4 f = 0, this reduces to

— f(ab,c,d.e) + f(e,ab, c,d) — f(d,
flab,e,c.d) + f(d,ab,e,c) — f(c,
— f(be,a,d,e) + f(e,be,a,d) — f(d,
+ f(be,d,a,e) — f(e,be,d,a) + f(a,
— f(be,d, e, a) + f(a,be,d,e) — fle,
— f(cd, e,b,a) + f(a,cd, e, b) — f(b,
flcde,a,b) + f(b,cd,e,a) — f(a,
+ f(cd, e,a,b) — f(b,cd, e,a) + f(a,
— fled, e, a,b) + f(b,cd, e, a) — f(a,
— f(de,a,b,¢) + f(c,de,a,b) — f(b,
— f(de,b,c,a) + f(a,de,b,c) — f(c,
— flee,b,a,d) + f(d,ec,b,a) — f(a,
— flad,b,e,c) + f(c,ad,b,e) — f(e,
— flac,d,e,b) + f(b,ac,d,e) — f(e,
— f(be, c,a,d) + f(d, be,c,a) — f(a,

Now define g € C* by
g(a‘7b?c7 d) = f(a7b7c7d) -
Then it is clear that g(a,b,c,d) =

g(a7 b7 C7 d) =

fld,a,b,¢c)+ f(e,d,a,b) —

—g(d,a,b,c) = g(e,d,a,b) =

e,ab,c)+ f(c,d, e, ab)
d,ab,e) + f(e, c,d,ab)
e,bc,a) + f(a,d, e, be)
e,be,d) — f(d,a,e,bc)
a,be,d) + f(d, e, a,bc)
a,cd,e) + f(e, b, a,cd)
b,cd,e) + f(e,a,b,cd)
b,cd,e) — f(e,a,b,cd)
b,cd,e) + f(e,a,b,cd)
¢,de,a) + f(a,b,c,de)
a,de,b) + f(b,c,a,de)
d,ec,b) + f(b,a,d,ec)
c,ad,b) + f(b,e,c,ad)
b,ac,d) + f(d, e, b,ac)
d,be,c) + f(c,a,d, be)

f(b,c,d,a)

—g(d,c,b,a) and that

_g(b7 C, d7 CL)



21
from which it follows that g(a, b, c,d) = —g(b, ¢,d,a). Then have that
daf(a,b,c,d) = —g(ab,c,d,e) — g(ab, e, c,d) — g(bc,a,d,e) + g(be,d, a, e)
—g(be,d,e,a) — g(ed, e, b,a) + g(ed, a, e, b) — g(cd, e, a, b)
—g(de,a,b,c) — g(de,b,c,a) — g(ec,b,d,a) — g(ad, b, e, c)
— g(ac,d, e, b) — g(be, ¢, a,d)
At this time we need
1.9. LEMMA.
glab,c,d,e) + g(ea,b,c,d) + g(de,a,b,c) + g(cd, e,a,b) + g(be,d, e,a) =0
PROOF.
0=—0f(a,b,c,d,e) —df(e,a,b,c,d) —df(d,e,a,b,c)—3df(c,d,e,a,b)—f(b,c,d e, a)
= —af(b,c,d,e)+ f(ab,c,d,e) — f(a,bc,d,e) + f(a,b,cd,e) — f(a,b,c,de) +ef(a,b,c,d)
—ef(a,b,c,d) + f(ea,b,c,d) — f(e,ab,c,d) + f(e,a,bc,d) — f(e,a,b,cd) + df (e, a,b,c)
—df(e,a,b,c)+ f(de,a,b,c) — f(d,ea,b,c) + f(d,e,ab,c) — f(d,e,a,bc) + cf(d, e, a,b)

(
—cf(d,e,a,b) + f(cd,e,a,b) — f(c,de,a,b) + f(c,d,ea,b) — f(c,d,e,ab) + bf (c,d, e, a)
—bf(e,d,e,a)+ f(be,d,e,a) — f(b,ed,e,a) + f(b,c,de,a) — f(b,c,d,ea) + af(b,c,d, e)
= g(ab, c,d,e) + g(ea, b, c,d) + g(de,a,b,c) + g(cd,e,a,b) + g(bc,d, e,a) =0

from which the lemma follows.
Using the lemma and the fact that g(a,b,c,d) = g(a,d, c,b), we get

0=—g(ab,c,e,d) — g(bc,e,d,a) — g(ce,d,ab) — g(ed, a,b,c) — g(da,b, c.e)
—g(bd,a,c,e) — g(da,c,e,b) — g(ac, e,bd) — g(ce,b,d,a) — g(eb,d, a.c)
+ g(ba,c,e,d) + g(ac,e,d, b) + g(ce,d, ba) + g(ed, b, a,c) + g(db, a, c.e)
—g(de,b,a,c) — g(eb,a,c,d) — g(ba,c,de) — g(ac,d, e, b) — g(cd, e, b.a)
+ g(be,a,c,d) + g(ea,c,d,b) + g(ac,d, be) + g(cd, b, e,a) + g(db, e, a.c)
— g(ae,c,d,b) — g(ec,d,b,a) — g(cd, b, ae) — g(db, a, e, c) — g(ba,e,c.d)
+ g(bd, e, a,c) + g(de,a,c,b) + g(ea, c,bd) + g(ac,b,d,e) + g(cb,d, e.a)
( ) — 9l ve) = g( (

g(cb,d,ea) — g(bd, e, a,c) — g(de,a,c.b)
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= —g(ab,c,d,e) — g(ab,e,c,d) — g(be,a,d, e) + g(be,d, e, a)
—g(bc,d,e,a) — g(cd, e, b,a) + g(cd, a, e, b) — g(cd, e, a, b)
—g(de,a,b,c) — g(de,b,c,a) — g(ec,b,a,d) — g(ad, b, e, c)
—g(ac,d, e, b) — g(be, c,a,d)

=dmuf(a,b,c,d,e)

which completes the proof.

1.10. PROPOSITION. 7,(B") C B"™ for n =2, 3, 4.

PROOF. If n = 2, suppose f € B2?. Then

f(a,b) = ag(b) — g(ab) + bg(a) =

f(b,a)

so that 0 = myf € B2 If n=3 and f € B3, then m3f(a,b,c)

=1/6[4f(a,b,c)+2f(c,b,a) + f(c,a,b) + f(b,c,a) —

= 1/6[4ag(b, c) — 4g(ab, c) 4+ 4¢g(a, bc)

f(b,a,c)— f(a,c,b)

— 4cg(a, b)

+ 2¢g(b,a) — 2¢g(cb, a) + 2g(c,ba) — 2ag(c, b)

+ cg(a,b)
+ bg(c,a)

- bg(CL, C7> +g(bCL,C> -

g(b,ac) + cg(b,a) — ag(c,b,) + g(ac,b)

— g(ca,b) + g(c, ab) — bg(c, a)
—g(bc,a) + g(b, ca) — ag(b, c)

- g(a’v Cb) + bg(a7 C)]

= 1/2[ag(b, ¢) — g(ab, ¢) + g(a, bc) — cg(a, b)

- ag(c, b7) +g<CLC, b) -

g(a, cb) + bg(a, c)]

= mag(b, ¢) — mag(ab, c) + mag(a, be) — macg(a, b)

For n = 4, we already know that dm3 = 740

1.11. DEFINITION. Z = Z" N C7,
H=22/B2, H

Z =Z7"NCy,
= Z"/B, forn =1, 2, 3, 4, where we let C} =

B" = B"NC", B" = B"NC™,

Cl and C! = 0.

1.12. THEOREM. Let 0—=a—=A—= R—=0 be exact. Then the following sequences are
exact and the sequence (x) on page 7 is the direct sum of them:

0— HYR,E)—=H)(A,E)—H!(A,a, E

i
3

)
R, E)
E)

2(R,E)—=H*(AE)—H*(A,a, E
o (A
o (A

)

) ( )

) )%HS(A,Q,E)
,E) ( )

Aa E
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0—HYR,E)—H!(A E)—H!(A,a,E)
—= H2%(R,E) — H*(A,E) — H%*(A,q, E)
—=H*(R,E) —=H}(A,E) — H3(A,a,E)
— HYR,E) — HXA,E)— H}(A, a,E)

PROOF. First we show that H" = H'&h?. 7,(Z") C Z"NZ" and (1—m,)(Z") C Z"NCY
give Z" = Z @ Z7' and similarly we see that B" = B! @& B, so that

Zn VAL zn n VAL
07 O e g

HY = 2™ — oS
B BréBr B B

To finish the proof we must show that the maps used in the exact sequence (x) on 7 map
commutative (skew commutative) to commutative (skew commutative) cocycles. In the
case of the maps induced by the injection of a into A and the projection of A onto R,
it is clear. The dimension raising map H" '(4,a, E) — H"(R, E) is given as follows:
Let f : a" ) — F with 6f = 0. Choose f € C"(A, E) which extends f. If f is
commutative (skew commutative), this may be expressed by saying that f vanishes on
a certain subspace B C a™. We can write B = C N a(n) where C is the subspace of
A™ on which all commutative (skew commutative) maps vanish. Then we can assume
f vanishes on C' also since are merely linear maps; i.e. f € C?(A, E) (C?(A, E)). Then
§f(ay,...any1) = 0 if any a; € a since fl,m € Z"(A,a, E) so that f is a well defined
map in C"™ (R, E). Also 66f = 0so 6f € Z""'(EE) Since § maps commutative (skew
commutative) maps to commutative (skew commutative) ones the theorem is proved.

2. Chapter II

This chapter is devoted to an examination of some of these groups. It is known that
H'(A,a, E) is isomorphic to all the groups Homy(a, ), Hom(a/a?, E), Homg(a/a?, E)
where since a - a/a® = 0, a/a® becomes an r-module.

2.1. THEOREM. There are exact sequences

() 0— H2(A,a, E) —Ext!(a, E) —Homy(a®,4 a, E)
(41) 0—= H2(A,a,E) —Homy(a, H (A, E)) — Homy(a ®4 a, E)

(4ii) 0—= H*(A,a,E) —Extlhg4(a, E) —Homu(a ®4 a, E)
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PROOF. Let f € Z?(A, a, E). We define and extension

¢

0—E-">B-"~a—0
as follows: Let B be the additive group a @ E and define a(«, ) = (ac, ae + f(a,«)), for
alla € A, a € a, e € E. To see that this defines an associative operation of A on B, we

compute (ab)(c, e) and a(b(a,e)).
(ab)(a, e) = (aba, abe + f(ab, a))

a(b(a,e)) = a(ba,be + f(b,a)) = (aba, abe + af(b, a) + f(a,ba))

so that we must show that af(b,a) — f(ab,a) + f(a,ba) = 0, but this just says that
6f(a,b,a) = 0% Welet # : E—= B by 6(e) = (0,¢e) and ¢ : B— A by ¢(a,e) = a.
O(ae) = (0,ae) = a(0,e) = ab(e) [and] ¢(a, (o, €)) = p(ac, ae + f(a,a)) = aa = ap(a,e)
so that (0, B, ¢) € Ext'(a, E). Suppose that (6, B, ¢) is equivalent to the split extension;
i.e. that have a map t : — a @ FE such that the following diagram is commutative

¢

0o—-E—9% .pB a——>0

0 E a® bk a 0

where unlabeled maps are the obvious ones. If t(«, e) = (¢, €'), then by the commutativity
of the diagram «a = «’. Also, £(0,e) = (0,e) by the commutativity of the diagram which
gives t(a,e) = t(a,0) + t(0,e) = (a,€ — €) so that ¢ — e depends only on a. Let
g(a) = ¢ — e and we get that t(a,e) = (o, e+ g()). Than

t(a(a,e)) = tlaa,ae + f(a,a)) = (aa,ae + f(a,a) + g(a))

while
at(a,e) = ala, e + g(a)) = (aw, ae + ag(w))

and setting these equal,
fla,a) = ag(a) — glaa) = dg(a, )

Now suppose there is a map ¢ : a — E with f = 6dg. Mapt : B—=a® E by
t(a,e) = e+ g(a). Then

t(a(a,e)) = tlaa,ae + f(a,a)) = t(aa, ae + ag(a) + g(ax))

= (aa, ag(@) — g(aa) + g(aa)) = ala, e + g(a)) = at(a; e)

6Note that aF = 0 so that the fourth term of 6 f(a,b, ) is 0
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Hence we get a monomorphism of H2(A, a, E) into Ext!,(a, E). Now let

0—E B-%-q—>0

be an extension of £ by a. Choose a linear map g : a — B with g the identity map.
Then for a € A, a € a, f(a,a) = ag(a) — glaa) € E. We define f : a® a—FE by

fla,B) = f(a, B) — f(B,a) = ag(B) — Bg(a).
flaa, B) — af(a, B) = aag(B) — Bg(aa) — aag(B) + Bag(«)
= (ag(@) — g(aa)) =0
since a - E = 0, and
flaa, B) = f(a,aB) = aag(B) — g(aaf) — ag(aB) + g(aas)
= a(ag(B)) — g(aB) =0

so that f € Hom(a ® a, E). If ¢’ is another choice for g, then ¢'(a) — g(a) € E for all
a € a, so that if f/ =8¢’ and f (a, B) — f'(8, @), then
f(Oé,B) - f (avﬁ) = f(a7ﬁ) - f(ﬁ,Oé) - fl(a7ﬁ) +f/<5>a)
= ag(B) — Bg(a) — ag'(B) + By'(@)
= a(9(B) — g'(8)) — Blg(a) — g'(a)) = 0

since a- £ = 0. f+ 0 under this map if and only if f(«, ) = f(B,«a) for all a;, § € a.
Clearly if f is in the image of H?(A, a, E) it satisfies this condition. Conversely, suppose
f satisfies this condition. Then by choosing a basis for a and extending it to a basis for
A, we can find f*: a® —= E which extends f and continues to satisfy f*(a,b) = f*(b,a)
for all a, b € a®. Now if o € a and a, b € A, we have

[ (aa,b) — f*(a,ab) = bf*(a,a) = f*(b,aa) — f*(ba, ) + bf*(a, «)
= f(b,aa) — f(ba,a) +bf(a,a) =0
and
af*(e,b) — f*(aa,b) + [*(a,ab) = bf*(a, ) = af (b, @) = f(b,ac) + f(a, ab) = bf(a, @)
= abg(a) — ag(ba) — bg(aa) + g(bacr) + ag(ab) — g(aab) — bag(c) + bg(aa) =0

and we see from this that f* € Z?(A,a,E). Clearly f* induces that given extension,
which proves that (i) is exact.
Now let f € Z2(A,a,FE), a € a, and a, b € A. Then

flaa,b) — f(a,ab) +bf(a,a) =0
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—af(a,b) + f(ba,a) — f(b,aa) +af(b,a) =0
—f(b,a) + f(ab,a) — f(a,ba) =0

Adding as using that f(a,b) = —f(b,a), we get after divison by 2, f(«aa,b) — f(«a,ab) +
f(a,ba) = 0. Subtracting this from the first equation above, we get f(ab,a) = bf(a,a).
From this we see that f(a,ab) = af(a,b) + bf(a,a), so that each o € a, f(a,-) is
a derivation of A to E. Hence if we make H'(A, E) into an A-module by (ag)(b) =
ag(b) for all a, b € A and g € H'(A, E), we see that f € Homu(a, H'(A, E)), and that
fla,B8) = —f(B,a), for all a, B € a. Conversely, let f € Homu(a, H'(A, E)) satisfy
fla,B) = —f(B,al) for all o, 5 € a. Now we think of f as a map from a ® A — E.
Extend to a map f*: A® — E which continues to satisfy f*(a,b) = —f*(b,a).” Then

[ (aa,b) — f*(a,ab) + bf*(a,a) = f(aa,b) — f(a,ab) +bf(a,a)
=af(a,b) —af(a,b) —bf(a,a) +bf(a,a) =0

and

af*(a,b) — f*(ac,b) + f*(a,ab) — bf*(a, o)
=—af(b,a)+af(b,a) +bf(a,a) —bf(a,a) = 0.
Hence the image of H2(A, a, E) is
{f € Homu(a, H'(A,E)) | f(o, B) = —f(B,a) for all a, B € a}
Now map Homu(a, H'(A, E)) into Hom(a ® a, E) as follows: Let f € Hom(a, H'(A, E)),
then f:a®@ A—FE. If , B € a, let f'(a,8) = f(a,8) + f(B,a). Thenif a, b € A,
fllaa, B) = flac, B)+f(B,aa) = af (o, B)+af(B, a)+af(B,a) = a(f(e, B)+f(B, @) = af' (e, B)

Since f'(«a, B) = f'(B, ) we see that f'(«,af) = f'(aB,a) = af'(5,«), so that f can be
thought of as a map in Hom(a ®4 a, E'). The kernel of this map is clearly the image of
H?(A,a, FE) so that the sequence (ii) is exact.

Extlo4(A, E) is the group of extensions

0—~E-~B-% a0

where B is a two-sided A-module with possibly different operations on each side, and 6
and ¢ are two-sided A-homomorphisms. Ext!(a, E) can be thought of as that subgroup
consisting in which the operations are the same on each side. Suppose f € Z%(A,a, E).
Let B be the additive group a @& E and define a(a,e) = (a,ae + fa,a) and (o, e)a =
(wa,ea + f(a,a)). The verifications that (ab)(a,e) = a(b(a,e)) and that («,e)(ab) =
((a, €)a)b are the same as in the proof of the exactness of (i).

(a(a,€))b = (aa, ae + f(aa))b = (aba, abe + bf(a,a) + f(aa, b))
= (aba, abe + f(a,ab) + af(a, b)) = a(ba,be + f(a, b)) = a((a, €)b)

"The original here is f* : al® — E, but this makes no sense.
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since 0 f = 0. Suppose that f induces the split extension so that we have a commutative
diagram

0 FE B a 0

0 E ad F a 0

As before we see that t(«, e) = (a, e+ g(a)) and that f = dg. Conversely, if f = dg. then
f is commutative and makes A operate the same on sides of B and then just as before f
induces the split extension.

Suppose

0-—>E-~B-sa-—+0

is a two-sided extension of E by a. Let g : a — B a linear map such that ¢g is the
identity. Let fi(a,a) = ag(a) — g(aa) and fo(a,a) = g(a)a — g(aa) for all @ € A and
a € a. Then

afi(b, ) — fi(ab, @)+ fi(a, ba) = abg(a) —ag(ba)) — abg(a) + g(aba) + ag(ba) — g(aba) = 0
while
fa(aa,b) — fa(ar, ab) + fo(a, a)b = g(aa)b— g(aab) — g(a)ab+ g(aab) + g(a)ab— g(aa)b = 0

and

afa(a,b) — falaa, b) + fi(a, ab) — fi(a,a)b
= ag(a)b — ag(ab) — g(aa)b + g(aabd) + ag(ab) — g(aadb) — ag(a)b+ glac)b =0

We associate the extension with the pair (fi, f2). Suppose ¢’ is another choice for g and
f1, f} are the corresponding maps. Let h = g — ¢’. Then (f; — f])(a, @) = ah(a) — h(ac)
and (fo — fo)(a,a) = h(a)a — h(aa) = ah(a) — h(aa) since h(a) € E, and A operates
the same on both sides of E. In accordance with this we will say (f1, f2) ~ (f1, f5) if and
only if there is an h € C'(A, a, E) with (f1 — f{)(a,a) = dh(a,a) and (f2 — f3)(a,a) =
6h(a,a). The map from Z2(A,a, E) —= Extlg4(a, E) associates with f the pair (fi.f2)
where fi(a,a) = f(a,«) and fo(a,a) = f(a,a) for all @ € A and o € a. From the
previous discussion we see that the kernel of this map is exactly B%*(A,a, E). Hence
we have a monomorphism from H?(A, a, E) to Extly,4(a, E). If (fi, f2) is in the image,
then for all o, 8 € a, fi(a,B) = fa(a, 5). Conversely, suppose this is satisfied. Then
by the usual basis argument we can find a map f € C?(A,q, F) with flags = f1 and
flaga = fo. From the relations satisfied by f; and fy we infer that §f = 0 and hence f
is in the image of H?(A,a, ). Now given a pair (fi, f2) corresponding to an extension,
let f'(a, B) = fi(e, B) — fa(a, B) for all v, § € a. We then see that f' = 0 if and only if
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(f1, f2) is in the image of H?(A, a, E), so that f' = 0.

f/(aavﬁ) - af’(a, 5) = f1<a04,ﬁ) - f2(a’a7ﬁ> - af1<0575> + af2<a75)
= aag(B) — g(aaf) — glac)B + g(aaB) — aag(B) + ag(af) — g(aa)p
= (ag(a)B — g(a))B =0

since E - a = 0. Similarly, f'(a,a8) = af'(a, ) = f'(aa,B) so that f' € Homy(a® a, E).
This completes the proof.

In the next part of this chapter we apply some of these results to the theory of local
noetherian algebras. Let A now denote a commutative radical algebra with ascending
chain condition and let A* denote with an identity adjoined; i.e. A* is that additive group
A & k made into an algebra by defining (a, \)(b, u) = (ab + pa + \b, A\u) for all a, b € A
and A\, 4 € k. Saying that A is a radical algebra is the same thing as saying that A* is a
local algebra with maximal ideal A.

2.2. PROPOSITION. H(A,E) = H"(A*,F) and H(A,E) = H!(A*, E) forn =2, 3, 4.

PROOF. In [4], it is shown that H"(A, E) =2 H"(A*, E), for all n > 1, with the isomor-
phism by restriction. If we consider the sequence

0— HY(A,E) -2~ HY (A", E) "~ H'(A*, A, E)
% H2(AE) 2~ H2(A*,E) -2~ HX(A*, A, E)

B H3AE)—E- H3(A*, B) %~ H3(A*, A, E)

U HYA,E) -2~ HY A", E) "~ H (A", A, E)
we see that iy = dy = iy = d3 = 13 = dy = iy = 0 since j, j3 and j4 are isomorphisms.
Hence the commutative and skew commutative parts of these maps are 0 and we have
0—H}!)A,E)—H}!(A*,E)—0and 0— H(A, E) — H»(A*, E) —0 are exact for
n =2, 3, 4. k becomes an A-module if we let a\ =0 for alla € A, X € k.

2.3. PROPOSITION. H"(A, k) = Tor’ (k, k).

PROOF. H"(A, k) =2 H"(A*, k) from above. From [1], page 170, we see that H"(A*, Homy(k, k))
Ext"y. (k, k). But of course Homy(k, k) = k, so we have H"(A, k) = Ext}.(k, k). Now we
need

2

2.4. PROPOSITION. dimy Ext’y.(k, k) is finite.
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Proor. We have 0—= A— A*—=k——0 the beginning of a free resolution for k. Suppose
we have

0—>K,——>F,—>Fy —> e~ A k=0

exact with every F; free and finitely generated. Then K, is a submodule of F}, a finitely
generated A*-module and A* is noetherian, so K, is finitely generated. Hence we can find
a finitely generated free module F),,; mapping onto K,. Let K, 1 be the kernel of this
map, so we have

exact with every F; free and finietly generated. Hence, inductively, we have a free res-
olution for k in which every Fj is finitely generated, F; = >  A*, the sum being finitely
SO

Hom - (F}, k) = HomA*(ZA*,k) &~ ZHomA*(A*,k‘) = Zk

and hence is a finite dimensional space. Ext’.(k, k) is a quotient of a subspace of this
and hence is a finite dimensional space. This completes the lemma.

Now by [1], page 120, Tor®" (Homy(k, k), k) = Homy (Ext". (, k, ), k) but again Homy,(k, k) =
k and since Ext’;. (k, k) is finite dimensional, we also have Homy (Ext’. (k, k), k) = Ext’. (k, k),
so that Tor? (k, k) = Ext”. (k, k) = H(A, k).

Now, in [5], it is shown that if A* is a local algebra with maximal ideal A and

dim;(A/A?) = n, then dim(Tor" ) > TZL with equality for all ¢ > 1 if and only

if equality for any ¢ > 1 if and only if A* is regular.

Let P™(A, k) bethesetof all f € Z™(A, k) with f(ao(1), - -, o)) = sgno f(ai, ..., an)
for all permutations o of 1, ..., m where sgno is +1 or —1 according as ¢ is even or odd
(i.e. the alternating maps).

2.5. LEMMA. If the characteristic of k does not divide m and f € P™(A, k) then f(a1,...,a,) =
0 if any a; € A2

PROOF. Since f € P™(A, k) and A -k =0, we get that

0=4f(as,as,...,ame1,01) = —f(asas,aq,...,ame1,01) + -
+ (=)™ f(ag, ..., amamyi1,a1) + (=1 f(az, ..., Gni1,a1) (1)
and
0=4f(ag,aqy...,Qmi1,01,09) = —f(az, aq, ..., amy1,01,02) + - -
+ (=)™ f(as,...,amamira1,a2) + (=1)"f(as, ..., ani1,a1a2)

(—=1)"f(asg,asaq, ... ,a1) + -+ f(ag,as, ..., amy101) + (—=1)" f(aras, as, . . ., Gpi1)
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and multiplying by (—1)" we get
0= —f(az, azau, - .-, amyr, 1) + -+ (=1)" 7" f(ag, as, . .., ami101)
+ (=)™ f(araz.a3, ..., Qmyi1) (i7)
Adding (i) and (ii) gives
—flagas, ..., amy10,) + (=1)" flarag, ..., @my1) =0

or
<_1)mf(a17 a2Qa3, . . . 7am+1) + (_1)mf(a/1a27 as, ... 7am+1) - O
and finally
f(al, asas, . . . ,am+1) = —f(alag, as, ..., am+1)

Then using again that f is an alternating map, we get

f(al, cees A4, - ) = —f(a1 ceey @51ay, .. Gerl)
= ... = (—1)]'71]0(@1(12, as, . .. ,am+1)
Then '
0= (5f(a1, as, . .. >am+1> = Z(—l)’f(al, RN ,CLjCLjJrl, RN ,aerl)
Z —flay,a2,a3, ... ,a4me1) = —mf(arasz,as, ..., ami1)
and if the characteristic of k£ does not divide m, f(ajag,as,....ams1) = 0. Since f this

implies that f(ay,...,a,) =0 if any a; € A%
Hence f induces an m-linear map from A/A? to k. Conversely, any m-linear alternating
map from A/A? to k comes from such a cocycle. For if g : A/A? —k is such a map, let

flay,ag, ... an) = gla +A2,a2+A2,...am+A2)

Then since g alternates, so does f. Moreover g = 0 since every term has a variable in
A?. Tt is well known that the dimension of the space of m-linear alternating maps of an

n-dimensional vector space into its coefficient field is ( m ) Hence we have

2.6. PROPOSITION. dimy P (A, k) = ( :1 )

2.7. PROPOSITION. If f € B™(A, k), then ) sgno f(asqy, .- ., Gom)) = 0, where the sum
1s taken over all permutations of 1,...,m.

PROOF. see [6].

2.8. THEOREM. [If the characteristic of k does not divide m!,® then B™(A, k)NP™(A, k) =
0.

8Obviously this means that the characteristic is > m
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PRrROOF. For if f € P™(A, k), then

0= ngnaf(aa(l),...,ag(m)) = Zf(al,...,am) =m!f(a,...,an)

which gives that f(ay,...,an,) =0.
2.9. PROPOSITION. P"(A, k) C Z"(A, k) for m =2, 3, 4.
PROOF. It is sufficient to show that if f € P™(A, k), then 7, f = f.

maf(a,b) = 1/2[f(a,b) — f(b,a)] = f(a,b)
msf(a,b,c) =1/6[4f(a,b,c) + 2f(c,b,a) — f(b,a,c)+ f(b,c,a) — f(a,c,b) + f(c,a,c)]
=1/6[(4—24+1+1+1+1)f(a,b,c)] = f(a,b,c)

maf(a,be,d) =3/4f(a,b,c,d) +1/4f(d, c;b,a) + D

where D is a sum of terms of the form 1/12[f(a,y, z,t) — f(t,z,y,2) and is 0 for an
alternating map, so w4 f = f.

2.10. THEOREM. If H*(A, k) =0, then A is reqular. If A is reqular, then H™(A, k) = 0,
form =2, 3, 4.
PROOF. Using Tate’s theorem and Proposition 2.3, we get that dim, H™ (A, k) > ( m )

with equality if and only A is regular. Consequently, since dimy P?(A, k) = ( , Ais

reguar if and only if H™(A, k) = P™(A, k). Now for m = 2, P(A k) = H%(A, k) so that A
is regular if and only if H2(A, k) = 0. Moreover, by Proposition 2.9, P,, (A, k) C ZM(A k)
so that if A is regular, H*(A, k) = 0, for m = 3, 4.
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3. Appendix

Here we give a more natural proof of Theorem 16 of [2] and add a few miscellaneous
results.

3.1. THEOREM. Let A be a commutative algebra with identity, and S a multiplicatively
closed subset of A with 1 € A, 0 ¢ A and Ag the algebra of quotients. Suppose E is an
Ags-module, then H?(Ag, E) = H?(A, E).

PRroOOF. We first consider the case in which there are no zero divisors of S in A. In this
case A is a subalgebra of Ag. We know from [2] that H2(A, E) is the group of extensions

0—=E-~B-%. 4.0

in which B is a commutative algebra, F is an ideal of B with E? = 0 and be = ¢(b) for
allbe Bande € L.

3.2. LEMMA. If B is such an extension, then B has an identity.

PROOF. Choose b € B with ¢(b) = 1. If e € E, be = e. ¢(b* —b) = 0, so if we let
e = b* — b, then since e? = 0,

(b—e)P=0b"—2be=0"—2eb=b"—e+b—b>=b—e¢

so that replacing, if necessary, b by b — e we may assume that o> = b. Then if ' € B,
by — ' € E, so that bb/ — b= b(bb' — ') = b*b' — b/ = 0 and we get that b = 1.7
Now let T' = ¢~ 1(S).

3.3. LEMMA. There are no zero divisors of T in B.

PRrROOF. For if b € B. t € T with tb = 0, then 0 = ¢(tb) = ¢(t)p(b) and ¢(t) € S, so that
¢(b) = 0. Then b € E so that 0 = tb = ¢(t)b. But E is an Ag-module, so that b = 0.
Hence we can form the ring of quotients By. Map ¢r : By —= Ag by ¢7(b/t) = ¢(b)/o(t)
and 07 : E— Br as 0 followed by the inclusion of B into By.

3.4. LEMMA. The sequence

O

0—>F By~ Ag—>0

15 exact.

PROOF. Clearly 07 is a monomorphism, ¢ is an epimorphism, and ¢r07r = 0. If ¢ (b/t) =
0, then ¢(b) — 0 and b € E. Then b = ¢(t)(b/d(t)) = t(b/H(t)) so that b/t = b/¢(t) € E.

Also as a corollary to the proof, we have

9A conceptually simpler argument is to use the multiplication (a,e)(a’,e’) = (ae’,a’e + ae’ + f(a,a’))
on A@ E. Let g(a) = —f(1,a). Then (f —dg)(1,a) = —1f(1,a) —af(1,1). Using that 6f(1,1,a) =0
yields 1f(1,a) — af(1,1) = 0, so that, replacing f by f — dg, we can suppose that f(1,a) = 0 and then
(1,0)(a,e) = (a,e+ f(1,a)) = (a,e).
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3.5. COROLLARY. ¢/t = e/¢(t) for alle € E andt € T.

We denote this extension (0g, Br, ¢r) by (6, B, ¢)r. It will be shown that the map
T : H*(A E) — H*(As,E) given by T(0,B,¢) = (0,B,¢)r is well defined and an
isomorphism of the groups.

Suppose (0, B, ¢) amd (0', B', ¢') are two extensions. Their sum, which we will denote
by (0, B,¢) * (¢, B',¢') is given as follows. Let M = {(b,0') € B® B’ | ¢(b) = ¢'(V')},
N ={(f(e),—0'(¢')) | e € E}, and BxB' = M/N. We denote the class containing (b, ") by
bxl'. Define ¢px¢’ by (¢px¢')(bx') = ¢(b) = ¢'(V') and %8 by (0x6')(e) = O(e)*0 = 0%’ (e).
Let 7" = ¢'"1(S) and T+ T" = (¢ * ¢')1(9).

3.6. LEMMA. (0, B, )7 * (0, B, ¢y ~ (0% 0", B« B', ¢+ &)y

Proor. We define f : By x By —= (B % B')p. as follows: Let b/t x V//t' € By % By.
Choose u € B" with ¢'(u) = ¢(t)/¢'(t'). ¢'(u) is invertible in Ag so there exists v € B,
with v — 1 =e € E. Then

u(v —e/¢'(u)) = uww —ue/¢'(u) =1+ e — ¢'(u)e/¢'(u) =1
which gives that u is invertible in Bf,. Then 0/ /t' = ul’ /ut’,
¢'(ut') = ¢ (t')¢'(u) = ¢/ ()b (1) /&' (1) = (1)
and
¢'(ub') = ¢ (ut't') = ¢'(ut')¢'(V'/1') = p(t)p(b/t) = P(b)
so that (bxub')/(t x ut') € (B * Bl and we let this be f(b/t = b'/t'). (Using the same

argument as before it is see that ¢ x ut’ is an invertible element of (B * B')p.p.) It is a
straightforward calculation to show that does depend on uw and defines a homomorphism of

BrxBl, to (BxB') .. If f(b/txb'/t") = 0, then there exists e € E with b = 0(e) and ub’ =
—0'(e). Then from Corollary 3.5, b/t = 0(e/p(t)), and b/t = ub' Jut’ = —0'(e/¢' (ut')) =
—0'(e/p(t)), so that b/t x b'/t" = 0. Moreover, if (b*V')/(t xt') € (B % B')p.r, then
fo/t«b/t') = (bxV)/(t+t') so that f is an isomorphism. Also we have
(@ % @ )rur f(b/t 5 V' [T') = (&5 @) (b % ub') /(£ % uit'))

= (¢x @) (bxubl) /¢ x & (t * ut')

= ¢(b)/6(t) = dr(b/t) = (o1 * ¢ ) (b/t * V' /1)
and

f(Br x 07,)(e) = f(0(e) /1% 0/1) = (6(e) % 0)/ (1 x 1) = (6 5 ')z (e)

This proves the lemma.

3.7. LEMMA. (0, B, ¢) is the split extension if and only if (6, Bo)r is.
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PROOF. Suppose (0, B, ¢) splits, with g : E @& A — B the isomorphism. Define g :
E & As — Br by gr(e,a/s) = g(e,0) + ¢(0,a)/g(0,s) for all e € E,a € A and s €
S. It is easily checked that gr is an algebra homomorphism. If gr(e,a/s) = 0, then
g(0,a) = —g(e,0)g(0,s) = —g(es,0), or since g is an isomorphism, (0,a) = —(es,0).
Hence (e,a/s) = 0. Further, if g(e,a)/g(€’,s) € By, then

/

g(se —ae’) + g(ae’, as) = g(se,as) + g(se’, s*)g(e/s — ae’/s*,0) + g(0,a)g(0,a)g(e, s)
= 9(67 a>g(07 S) + g(e/s - ae’/s2, 0) + 9(07 a)g(e', 3)
+gr(e/s —ac'/s*,a/s))(g(e,a)/g(e,s)

so that gr is an isomorphism. It clearly induces an equivalence between (6, B, ¢)r and
the split extension.

Conversely, suppose (6, B, ¢)r is the split extension and h : F @& Ag — Br is the
isomorphism. If b € B, choose (e,a/s) € E @& Ag with h(e,a/s) = b, then a/s =
or(e,als) = ¢(b) € A, so that s is an invertible element of A and (e,a/s) € E & A. If
(e,a) € E® A, choose b € B with ¢(b) = a, and (¢/,a'/s") € E® Ag with h(e’,a’/s") = b.
Then d'/s'" = ¢rh(e’,d'/s") = ¢(b) = a, so that h(e',a) € B. h(e,a) = h(e/,a) + h(e —
e,0) = h(e,a) +0(e —¢) € B. Hence if we let g = h|gga, then g defines an equivalence
between (0, B, ¢) and the split extension. Hence the proof of the theorem in the special
case in which S has no zero divisors in A reduces to

3.8. LEMMA. The map T is an epimorphism.

PROOF. Suppose (I',C,A) is an extension of E by Ag. Let B = A™'(A) 2 A7(0) =
['(E). Let 0 : E— B just be I" and ¢ : B— A be the restriction of A. Clearly (6, B, ¢)
is an extension of F by A. We claim that (

th, B¢)r ~ (I', C,A). Now if t € T, then ¢(t) = A(t) so that by the same argument as in
Lemma 3.6, ¢ is invertible in C. Map f : Br—=C by f(b/t) = b/t. Clearly f is an algebra
monomorphism since the operations in Br and C coincide. Let ¢ € C' and A(c) — a/s.
Choose t € T with ¢(t) = s, then A(ct) = A(c)A(t) = (a/s)s = a so that ¢t € B and
¢ = ct/t gives that f is an isomorphism. Moreover, it clearly gives an equivalence of the
extensions.

The theorem will now follow from

3.9. LEMMA. Let f : A—=Ag. Ifa=ker(f) and R = A/a, then H>(A, FE) = H*(Ag, E).

PROOF.
HOHlA(a, E) H"[_‘102(1%7 E) HHCQ(Av E) ‘>H02(A7 a, E)

is exact so it is sufficient to show that Hom4(A, E) = H*(A,a, E) = 0. ' Now we know
that for all a € a, there exists s € S with as = 0 But E is an Ag-module so there are

10This is a consequence of Theorem 1.12 that actually asserts the exactness of
H'(A,a,E) —= H*(R,E) —= H*(A,E) —= H?*(A,q,F)
But since H! (A, a, E) is a subquotient of Hom 4 (A4, F) it will be 0 when the homset is.
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no zero divisors of S in E. Hence if f € Homa(a, E), 0 = f(sa) = sf(a) which implies
that f(a) = 0. Since a was arbitrary, f = 0. Now let f € Z?(A,a,E), a € a, and
s, t € S with sa = ta = 0. Then 0 = sf(t,a) — f(st,a) + f(s,ta) — af(s,t) together
with ta = 0 and a- E = 0 give f(st,a) = sf(t,«) and similarly f(st,a) = tf(s,al) so
that (1/s)f(sa) = (1/t) f(t, «). If we let g(a) = (1/s)f (s, ), it is easily checked that g is
a linear map. Then if a € A, 0 = sf(a,a) + f(s,aa) —af(s,a) = g(aa) — ag(a). Hence
H?(A,a,FE) =0 and the theorem is proved.

3.10. THEOREM. If R is an affine algebra'’ and H*(R, E) = 0 for all finitely generated
R-modules E, then H*(R, E) = 0 for all R-modules E.

REMARK. This improves Theorem 22 of [2].

PRrROOF. If R is an affine algebra, we can find a polynomial algebra A in finitely many
variables over k and an epimorphism ¢ : A— R. Let a be the kernel of this map. We
have the exact sequencw

HY(A,E)—Hom(a, E) — H*(R,E) —0

since H%(A, E) = 0 (see [2], Theorem 11). Hence H?(R, E) = 0 if and only if the map
from H'(A, E) to Homa(a, E) is an epimorphism. If this is true of all finitely generated
modules F, then we can take F = a/a® which is a quotient module of a submodule of a
finitely generated module over a noetherian ring. Then there is a derivation d : A—a/a?
which when restricted to a bives the canonical projection of a onto a/a?, i.e. d(a) = a+a?
for all @ € a. Now let F be any R-module, and f : a — E an A-homomorphism. Since
a-FE =0, f(a®) = 0 and f induces an R-homomorphism f : a/a? — E. Consider
g=fd: A—F.

g(ab) = fd(ab) = f(ad(b) + bd(a)) = afd(b) + bfd(a) = ag(b) + bg(a)

for all a,b € A so that g € H'(A, E) and if a € a, fd(a) = f(a+a?) = f(a). This proves
the theorem.

3.11. THEOREM. If A is an algebra with identity 1 and E is an A-module with 1-E =0,
then H"(A, E) =0, for all n > 0.

For n = 1, the result follows from f(a) = f(1-a) =1- f(a)+a- f(1) for all a € A, and
feZYAE). If n>1,and f € Z"(A, E), let g(a1,...,an_1) = f(1,a1,...,a,_1). Then

0=0f(1,...,a,) =1- f(a) = > (=1)'f(Lar,...aai+1),...a,)
= - Z(—l)ig(al, e @iy e, Oy)

from which the theorem can be seen.!?

5 quotient of a polynomial ring in finitely many variables
12Clearly, if 1- E =0, then A- E = 0.
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3.12. COROLLARY. If A has an identity, and E is an A-module, then H"(A, E)
H"(A,1-F).

PROOF. The result can be seen from the sequence
H" ' —~H"(A,1-E)—=H"(A E)—H"(A,E/1.)

3.13. COROLLARY. H'(A,E) = H!A,1-E) and H(A,E) = H})A,1- E), forn
1,23, 4.

REMARK. This improves Theorems 17 and 22 of [2].

Il
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