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Relative functorial sementics, M. Triples vs. theories.
; by P, E, J, Linton

1. The conetruction of Kleisli asscociates with each triple
™= {1, ;i on a category fi a category KL(T! (cf, [1] and [31),
'having the same nbjects as § , and a functor £ A—> K1{Tj ,
working as the identitjr on the objects and having a right adjoint
u@ that, n objects, works like T , the adjunction isomorphisms

being the identity maps
. ; : il
Kl(ur)(f“A, B) = kT (a, B) a—éfﬂ (4, ™) = Q(a, uw'B),

2. This note records a simple and informative conceptual argument
for the complete identification {amnounced in [2] and arduously
established in [3]) of the Eilenberg-Moore category ﬂfm of algebras
over T (cZ. (0]1) with the category of Lawvere-style algebras over
the Kleisli category X1(T) . It will be recalled that the former
is equipped with a canonical "underlying H—object" functor
v ﬂmj —> {3 , and that the latter is, by definition, any
R-valued functor serving as a pullback of the diagram

5}{1(&1')
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in which Y is the Yoneda embedding and the functor category
notation is used 1o indicate categories of contravariant functors,

3. To see that or serves as pullback of (1), use is first made
of the Yoneda Lemma and the category (% )ﬁ, of Eilenberg-Moore
coalgebras over the "composition with the ingredients of T" cotriple
T = (T, 'Yl, p\ on the ontraveriant functor) catcgory E’,ﬁ' . Here

PX) =Xen , ¥ =Xom, fy =Xop .

-

Each Eilenberg-loore M-algebra B = (B, ‘,:-,) becomes { 3]} a coalgebra

e = (0, » = (R D, A D - Al-, ) S Qr-, 3))

over the cotriple ﬁ‘ « In this way, there arises a functor
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2ifting ¥ over U: AT —» i ad G (S g —> S . The
Yonede TLamma now indicates: first, that a ﬁ‘-coalgebra gtructure on
a represented functor YE "is" nothing more than 2 T-algebra
structure on B ; next, That ¥ 4s fully faithfulj; end iast, that

¥ s U ﬂm‘ —> § the puilback of the dimgram
[ R
Tl o

(2) : ¢ %
_ %
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4. For UC[I‘ to be the pullback of diagram '\1) ; therefore¢, it woudd
be nice if SK]'(‘E) and {\%ﬁ)@f were iscomorrphic as categories over
<5, It is nice: they are, The cdjointness between & ana A g
with adjunction triple _'IP or 9 , provides an adjunction making
S‘*ﬂr right adjoint to %f;m , with adjunction cotriple T on ==
Moreover, 5 is. easily seen to create equalizers of S—y ~split
pairs, iﬂr being a bijection ca the object classes. Thus, Beck's
Theoren ( cf. [3)), in its cotriple version, completes this proof and
ends the argument, Of course, Beck’s Theorem could have been applied
directly to the pullback of (i}, but checking its hypotheses would
have been more tedious, and the isomorphism of this peragraph would

have escaped notice,

5+ P.S.: The reader whom onr nohatioxn (:znd referenoes) mccessfully
misled into assuming. comfortably; that 5 referred to his faworitc
category of sets and functions is hereby invited to choose an arbi-
trary multilinear category ,":5 ond to place himself in the cosmos of
S-categories, where, bearing in mind that, even Though Ki{T}
remains (cf, (53) an Cy-cotegory vhen T is an C~triple on fhe
S -category ft, the oormruct:.ons of ﬁ the functor caisegories,
the pullback of (1), and \@ 3@ may force him to enter the larger
cosmos {cf. {7J) of pro-SS-cotegories {so that Straet’s suggested
procedure £8] isn?t readily applied), ke may nevertheless casure
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himselr, using (4) ang (6] for the Yoneda Lamma ang Beck’s Theoren,
that the argument here bPresented remaing entirely valig,
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