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Preface

A Lorentzian manifold is a pair (M™!, g), where M"™"! is a (n+ 1)-dimensional differentiable
manifold and ¢ a Lorentz metric such that g assigns to each point p € M a non-degenerate
symmetric bilinear form g, of index 1 on 7, M.

T,M
M
Here "index 1" means that there is a basis ey, . . ., e, of T}, M such that
-1, 1 =7 =0,
gplei,ej) = 1, fallsi=j5=1,...,n,
0, otherwise.
The metric g depends smoothly (C*°) on p, i.e. for local coordinates z°, ..., 2" on M, the
functions g ( a?civ %) =: g;; are smooth.
~V C R?
A\
)
i

One writes

g= Z gijdxi ® da’.

i,j=0

In general relativity, the spacetime (i.e. the set of all events) is modelled by a four-dimensional
Lorentzian manifold. The Einstein equations on such spacetimes are of the form:

curvature expression = energy-momentum-tensor.



vi Contents

This equation provides the following correspondence:

world lines of massless particles (e.g. photons) = lightlike geodesics

world lines of particles with mass = timelike geodesics

The aim of the lecture is to investigate the global properties of Lorentz manifolds.



1 Important Examples

1.1 The Minkowski space

Notation 1.1. On R", we define the Euclidean scalar product via

(z,y) =) _a'y"
i=1

On R"*!, we define the Minkowski scalar product via
(@) = =2+ 2y’
=1

We then denote the "Euclidean part" by & := (x!,... 2").

Definition 1.2. An (n + 1)-dimensional Lorentzian manifold is called Minkowski space if
it is isometric to (R™, {(-,-))).

Remark 1.3. The Minkowski space is the spacetime of special relativity. Here, all g;; are
constant, that is all Christoffel symbols and thus the curvature tensor R vanish. The geodesic
equation reads ¢ = 0, where ¢’ := 2’ o ¢, so the geodesics are the affin-linearly parametrized
straight lines.

Definition 1.4. The light cone is defined as the set

C:={z eR"™ | ((z,z)) = 0}.

Definition 1.5. A vector z € R™™\{0} is called timelike or lightlike or spacelike if
{z,z)) <0or {x,z) =0or (x,x)) > 0. We call = causal if it is timelike or lightlike. The
zero vector is considered as spacelike.
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Definition 1.6. The set of timelike vector / consists of two connected components and we
choose a time-orientation by picking one component /, and call its members future di-
rected. The members of the other component /_ are called past directed. Correspondingly,
we define

Ci = [Ni, Ji o= E

The sets of future/past directed lightlike and causal vectors are given by
C:\{0} and J.\{0}, respectively. —Moreover, the set of spacelike vectors equals
R\ J U {0}.

€0

Span{ey, s}

Lemma 1.7. Letz,y € R"™ and t > 0.
(i) For A€ {I.,Cy, Jo, RN\ J.}, we have: 1€ A = tre A

(ii) For A € {1, J.}, wehave: z,y€ A — z+y€ A

Proof. (i) Since ((tx,tx)) = t* ((x,x)), the sign of {(x,x)) and hence the causal type of z is
preserved. Moreover, due to ¢t > 0, the orientation of causal vectors does not change.

(ii) Clearly, if z, y are both future/past directed, then so is x + y, so we just check the causal
type. For z, y timelike and equally oriented, the Cauchy-Schwarz-inequality provides

2 2 2 N ~ ~ ~
(2% +4°)" = (2°)° +22%° + (4°)" > &> + 2 2] - |91 + 9]
> (|2)12 + 2 (&, 9) + (|91 = |2 + 9)* = |z + yl|*

The proof for causal vectors is obtained by replacing ">" by ">". [
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Corollary 1.8. The subsets 1., J. of R"*! are convex.

Proof. For A€ {I,,J.}, letz,y € Aandt € (0,1),i.e.t,(1—¢) > 0. Thentz, (1—t)y € A
by (i), and tz + (1 — t)y € A by (ii) of Lemma 1.7. O

Definition 1.9. A map ¢: R""! — R"*! is called Lorentz transformation if

(o(x), o)) = (z,9), = yeR™.

Definition 1.10. A basis by, . . ., b, of R"*! is called Lorentz-orthonormal, if

{(bo, bo) = —1, {(bo, b)) = 0, {(bi, bj) = 0y, t,j=1,...,n

Example 1.11. The standard basis ¢y = (1,0,...,0)", ..., e, = (0,...,0,1)" is a Lorentz
orthonormal basis of R"*1.

Proposition 1.12. A map ¢: R"™ — R"" is a Lorentz transformation if and only if it is
linear and ¢(ey), . .., ¢(ey) is a Lorentz orthonormal basis.

Proof. "=>": Let ¢ be a Lorentz transformation, then by definition, we have that
o(ep),...,¢(e,) is a Lorentz orthonormal basis, so we just have to show linearity. Let
v="> 1 ve; € R"and ¢(v) = Y7 w'¢(e;), so that

(v.e) =007, (Dv). dley)) = o,
where 0g = —land o; = 1if j = 1,..., n. Therefore,

n

o(v) = Zai (o(v), de)) dles) = > v'd(es).

1=0

"=—": For ¢ linear and ¢(ey), . .., ¢(e,) a Lorentz orthonormal basis directly follows

(o). o)) = D 'y (dler), dley)) = =" + Z 'yt = (@, y). -

1,7=0



4 1 Important Examples

-1 0
0 1,
matrix A represents a Lorentz transformation if

(@, Joy) = (@, y) = (Az, Ay) = (Az, JuAy) = (2, A" JAy),

that is, if and only if J, = A*J,A. Thus, we just showed

Let J, := ), and hence {(z,y)) = (x, J,y) for all z,y € R"*. It follows that a

Proposition 1.13. Ler A € Mat(n + 1,R). Then the following statements are equivalent:
o A represents a Lorentz transformation.

e The columns of A yield a Lorentz orthonormal basis of R"1.

o J, = AJ,A.

Proposition 1.14.

(i) Let £(n + 1) denote the set of all Lorentz transformations on R" 1.
Then (£, 0) is a group.

(ii) The matrix A\ of a Lorentz transformation satisfies det A = +1.

Proof. (i): By Proposition 1.12, every Lorentz transformation is an isomorphism and simple
calculations show that id, ¢!, g o) € £ forall ¢,+) € Z. (ii): Proposition 1.13 (iii) implies

1= —detJ, = —det (A"J,A) = (detA)® = detA =+1. O

Example 1.15. 10
1. Let A be an orthogonal n x n-matrix, i.e. A'’A = 1,,. Then A := (0 B) represents a

Lorentz transformation, since

Lo (1 0\ [=1 0\ (L 0\ /(-1 0}
A‘]"A_(o At)(o 1n> (o A)_<O AtA)_J“'

cosha sinh o 0
2. Let A := | sinha cosha O , that is the matrix of a Lorentz boost. Due to
0 0 1,1
cosh? o — sinh? @ = 1, this represents a Lorentz transformation.

3. The matrices J,, and —1,,,; represent Lorentz transformations.
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Theorem 1.16. For all x,y € R"*L, the following statements are equivalent:

(i) (=, 2) = (v, y)

(ii) There is some ¢ € L (n + 1) such that p(x) = y.

Proof. "<=": ({y,y)) = (o(x), ¢(x))) = {x, ).
"=": Let z and thus y be timelike, and set —c? := ((z, z)) = ((y, y)), where ¢ > 0. It suffices
to consider y = cey. Without loss of generality, let = be future directed (otherwise replace it

by Jyz),ie. = (2 :i’)t with 2° > 0. Since there is some A € O(n) such that A% = \ej, we
can assume that v = (2%, 2%,0,...,0)", so we have

~@P+ @) = (@) = () = ¢ = —(x—O)Q+($—1)2=—1-

The solutions of this equation yield a hyperbola, for which we have the parametrization

a— (sinh a, cosh a). Hence, there is some o € R such that (I—CO, x—:) = (Sinh a, cosh a),
i.e.

ccosh a .
cosha sinha 0 csinh o 0
Az = | sinha cosha 0 0 = =y
0 0 1,1 : :
0
0 O

Lemma 1.17 (Cauchy-Schwarz inequality). Let z be timelike and x,y € R™"! such that
(x,z)) = 0= (y, 2). Then the Cauchy Schwarz inequality holds:

| =) | < VI G 2 [V Gy o)) |-

Furthermore, equality holds if and only if x,y are linearly dependent.

Proof. Without loss of generality, we can assume that z = cey for some ¢ # 0. Then by
assumption, we have z° = 0 = ¢, and hence ((z,y)) = (Z,7), so the statement follows from
the familiar Cauchy Schwarz inequality for (-, -). O

Lemma 1.18 (inverse Cauchy-Schwarz inequality). For z,y € I, we have

| {20 | = V1 Gz, 2 [V Gy o) |-

Furthermore, equality holds if and only if x, y are linearly dependent.
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Proof. By application of some Lorentz transformation, without loss of generality, we can
assume that y = cey for some ¢ > 0. Then we have

(2, y)” — [ {z, 2 {y,u) | = (%) = | (a2 ) = S2])° > 0.

Moreover, linear dependence is equivalent to & = 0, for which equality holds. [

Note that if (x,y)) = 0 for x timelike, the inverse Cauchy Schwarz inequality particularly
implies that y is spacelike. On the other hand for n > 3, there are spacelike x, y such that

{(z,y) = 0.

.....

lowing statements are equivalent:
(i) Ao >0
(i) Aey € I,
(iii) A(1y) C I

Proof. By definition, Lorentz transformations do not change the causal type of vectors since
{(-,-)) is preserved, and hence Aey € I. On the other hand, (Aeo)o = ago, that is, () and (i7)
are equivalent. Furthermore, the implication (iii) = (i) is trivial.

(1) = (i1i): Let x € I, and hence c(t) := tz + (1 — t)ey € Iy for all t € [0,1] due to
convexity of 7, (Corollary 1.8). Then from (ii) follows Ac(t) € I, and thus Az € I, again
by convexity. [

In the following, we will not distinguish between Lorentz transformations and the matrices
representing them.

Definition 1.20. The elements of the subset .£T(n + 1) := {\gp > 0} C Z(n + 1) are
called time-orientation preserving Lorentz transformations.

Corollary 1.21. Z"(n + 1) yields a subgroup of £ (n+ 1), and for all A € £"(n+ 1), we
have A(11) = L.

Proof. Let A1,\y € Z"(n + 1), then Ay (A5(I1)) C Ai(I4) C I by Proposition 1.19,
and hence AjAy € ZT(n+ 1). Furthermore, if A~ley € I for A € £T(n + 1), we had
A7 (—eg) = —A7*(eg) € I, thatis, —eg = A( — A™eg) € I, which is a contradiction due
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to I, NI_ = (. It follows that A~teg € I ,ie. A=t € ZT(n + 1), and hence £T(n + 1) is a
subgroup of .Z(n + 1) since clearly 1,,,; € Z"(n + 1).
Moreover, the equality can be directly seen via

I, =AN'A(I,) c AN (L) C 1L,
and similarly A(/_) = I_ by I_ = —I and linearity of A. O

Example 1.22. 1. Let A € O(n), then (é 21) e LM n+1).

2. Let A € O(n), then (_01 Sl) € Ln+1):=ZLn+1)\ZL(n+1).

3. All Lorentz-Boosts (Example 1.15, 2) are in Z"(n + 1).

We define the following subsets of . (n + 1):
ZLin+1):={A€ZL(n+1)| detA =+1},

L =L+ 1)NZLn+2), ZLin+1)=L*n+1)NnL(n+1).

Definition 1.23. A map ¢): R"*! — R"*! is called Poincaré transformation, if it is of the

form
(x) =Ax+b

for some A € Z(n+ 1) and b € R**1.
We denote the set of all Poincaré transformations of R"™! by £(n + 1).

Proposition 1.24. The isometry group of Minkowski space is given by & (n + 1).

Proof. Letn := —dz® ® da® + Y " | dz' ® dz’ the standard Minkowski metric on R™ ",
For all ¢y € &#(n + 1), we have di) = A and each Lorentz transformation is an isometry of
the Minkowski space by definition. Therefore, 2(n + 1) € Isom (RyiL ).
Let ¢ € Isom(Ry.) and c(t) = exp,(tX), i.e. the unique geodesic with ¢(0) = p and
¢(0) = X. Then tocis a geodesic as well with (¢)oc)(0) = ¢(z) and 5 }t:O (oc) = dip,(X),
that is

¥ (exp, (tX)) = expy, (£ dyu(X)). (1.1)

Recall that X ~ x + X represents the canonical isomorphism T,R"* = R"*1 so (1.1)
provides for x = 0:

D(X) =¥ (expy(X)) = expy) (deo(X)) = dyoo(X) 4+ ¢(0) = AX +b.
Note that diyy € Z(n + 1) since ({ dipo(X), die(X))) = (X, X)) as an isometry. O
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We define the analogous subsets (@li(n + 1) of Z(n + 1) by correspondingly restricting di)
to L.

Example 1.25. Apart from Minkowski space, there are several other flat Lorentzian manifolds:
* Open subsets of Minkowski space
* The quotients
T =R/Z27 . ST X R =R Zey, RxT"=R"/Ze; @ ... 0 Ze,.

Here the quotient R"™ / ~ is equipped with the unique Lorentz metric, with respect to
which R — R"™! / ~ is a local isometry.

1.2 The de Sitter space

Consider the smooth function = — (x) := (x,z)) with dy, = —22°dz® + 237" | 2’ dz’.
In particular, all z # 0 are regular points for v and all ¢ € R\{0} regular values.

Definition 1.26. For fixed » > 0 the hypersurface
Sp(r) == 77(?) C R

is called n-dimensional de Sitter space.

As a differentiable manifold, S7'(r) is diffeo-
morphic to R x S"~! via

SM(r) — R x S,

(xo,i’)l—> xo,; ,
r2 4 (29)2

where S"~! denotes the (n — 1)-dimensional
standard sphere. The inverse map is then given

by (4%, 9) — (% /(y°)2 4+ r2 - §).

0 SR 0
grad,y = —22" (—%) +2) o' =2) o (1.2)
i=0
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The normal bundle is spacelike since

n(grad,v, grad,y) = 4y(z) = 4r° > 0,

so the Minkowski metric 7 induces a Lorentz metric g on ST (r). Furthermore, a unit normal
field is given by v := % grad, which by (1.2) induces a map

ST (r) — ST(1), v(z) =—. (1.3)

By identifying 7,,)S7'(1) = v(z)* = T,S}(r), we consider dv, as the endomorphism
Lid: T, 57 (r) — T,S7(r), which is the shape operator of 7,5 (r) at z given by W (X)) = X.

Here and in the following X,Y, Z denote vector fields on S7'(r). For the curvature, Gaufy’
formula provides

=0
——t—
REO(X.Y)Z = REi(X,Y)Z +9(W (X), Z)W(X) = g(W (X), Z)W(Y)
1
=3 (g(Y )X —g(X, Z)Y)
and for £/ a non-degenerate plane spanned by the vectors X, Y, we obtain that the sectional
curvature of S7(r) is constant:

K(E) - IEEYIVX)  Ge(e(n V)X —g(X, V)V X) 1
g X, X)g(V,Y)—g(X,Y)2  g(X,X)g(Y,Y)—g(X,Y)2 o2

Let (e, . .., e,—1) be aLorentz orthonormal basis of 7,57 (r) and sete; := g(e;, e;) € {—1,1}.
It follows for the Ricci curvature

ric(X,Y) Zszg R(X,e)e;, Y 25,g gle;, e) X —g(X, ez)eZ,Y)
1 n—1
and therefore
. n—1 n(n —1)
ric = ——g, scal = ———.
r r
Remark 1.27. For n = 4, we obtain the Einstein tensor G = ric — %scal cg = —%g, so the

Lorentzian manifold S7(r) is a vacuum solution of Einstein’s field equations with cosmological
constant 3.

We proceed with the geodesics of S}'(r). For given z € S} (r) and X € T,57(r)\{0}, i.e.
{2, X)) = 0 due to (1.3), let E C R™"! be the plane spanned by x and X. Let X be non-
lightlike, that is, £ is non-degenerate and hence R""! = F @ E*, and A the reflection about
E.ie. A’ = 1dgp and A| o = —idgu. This yields a Lorentz transformation since
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(Az, Ay) = (A(zp +2p1), Alye + ypr)) = (T5 — 2L,y — YpL)
= (=g, ye) + (rpr, ypr) = (z,y) .

It follows that y(Az) = ~(x) and hence A(S}(r)) C SP(r), so A‘S{L(r) is an isometry on
ST (r) with fixed point set ST () N E. Therefore, the components of S}(r) N £, considered as
point sets, are geodesics of ST ().

For X € T,S7(r) lightlike, we choose a sequence (X,);en C 1,57 (r) of non-lightlike
vectors such that X; — X. Then E; := span(z, X;) converges to the plane £ spanned by =
and £, and we have exp,(tX;) — exp,(tX) for all £. Hence, the connected components of
ST(r) N E, again considered as point sets, are lightlike geodesics of S7'(r). Let us interpret
this geometrically:

Let X be spacelike. Since x is spacelike as well, 7| g 18
positive definite, so the intersection

SHrNE = {y e E|y(y) =r*}

is a closed spacelike geodesic.

Let X be lightlike. Then 7’ 18 positive semidefinite and
degenerate, and S7'(r) N E consists of two parallel straight
lines:

St(r)NE = {ax + BX | y(az + BX) = o*y(z) ;7“2}
:{ozx—FBX}oz:il,/BER}
:{j:x+ﬁX‘B€R}.

Let X be timelike, so 7} 5 1s indefinite and non-degenerate.
Then S7'(r) N E is given by two hyperbola components:

SH(ryNE = {owc + BX ’ o’y (x) + By (X) . r?}

:{ax+,6X‘a2+ﬁ2L§):1}.
r
<0

Hence, the two hyperbolas correspond to o > 1, v < —1.
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Note that the second case (X lightlike) is contained in the third one (X timelike) since y(X) = 0
implies & = £1 and arbitrary choice of 3 € R.

The determination of the geodesics particularly implies geodesical completeness of S7'(r), i.e.
exp, is defined on all of 7,57 (r) for all z € S} (r). Now for some fixed z € S}(r), we
investigate, which y € S} (r) can be reached from z via some geodesic.

The cases y = +x are trivial since for any spacelike X, we have +x € S7(r) N span{z, X }.
In all other cases, x, y are linearly independent, and hence they uniquely determine some plane
E := span{z,y}. The geodesic connecting = and y therefore has to run in

ST (r) N E, which yields two connected components if the
starting vector of the geodesic is causal. It follows that n(r)
\ / unreachable

from z, are exactly those points, which can be reached from
—x via some causal geodesic, i.e. lie in the other connected
component. Fory = az+ X with causal X, thatis |o| > 1,
we have ((z,z + y)) = (1 + «)r?, and thus the set points on
S7(r), which can not be reached from x via some geodesic,
is given by

{ye St | (v +y) <0, y#+a}.

the points y, which can not be reached via some geodesic
points

Remark 1.28. This property yields an important distinction from the Riemannian world. On a
connected and geodesically complete Riemannian manifold, every pair of points can be joined
by some geodesic according to the Hopf-Rinow-Theorem.

Proposition 1.29. Let M be some connected semi-Riemannian manifold, p € M and 1,19
isometries of M with 11(p) = V2(p) and dipy|, = dips|,. Then we have 1y = 1)s.

Proof. Let ¢ := ;" o ¢y € Isom(M), so that ¢(p) = p and de)|, = idr,»s. We show that
then v = id;;. The subset

U:={geM|e(q) =g |y =idpn}C M

is non-empty since p € U, and is closed due to continuity of ¢ and diy. For ¢ € U, exp,
is a local diffeomorphism, i.e. exp,: @' — € is a diffeomorphism for some neighborhoods
QC M, QY eT,M of gand 0. Recalling (1.1) provides

w(expp(tX)) = eXDy(p) (t~ dw‘p(X)) = exp, (tX),

thatis V' C U. Since M is connected, we obtain U = M. O]
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Proposition 1.30. The map

Z(n+ 1) — Isom(Sy(r)), A— A‘S”(r) (1.4)

is a group isomorphism. Moreover, Isom (S7(r)) acts transitively on S7(r), that is, for all
z,y € SP(r), there is some ¢ € Isom (ST (r)) such that ¢(z) = y.

Furthermore, for all XY € TS} (r) with (X,X) = (Y,Y)), there is some ¢ €
Isom (S} (r)) such that dy)(X) =Y.

Proof. Clearly, we have A suy € Isom (S} (r)) and injectivity of the map (1.4). For all

x,y € S7(r), Theorem 1.16 implies existence of some A € Z(n + 1) such that ¢(z) = y.
Hence, without loss of generality, we can assume that X,Y € 7,,S7(r) (otherwise replace Y’
by A7'Y). Let A € £ (n) such that AX =Y and define

B := (gl (1)) e Z(n+1).

Due to T,,57(r) = x*, the map ¢ := B‘S”(r) satisfies ¢(z) = z and dy(X) = BX =Y,
which proves the second claim. 1

For the first property, it remains to show surjectivity of (1.4). Let ¢ € Isom (S} (r)), fix some
x € SP(r) and set y := ¢(x). For A € L (n + 1) satisfying Az = y, x is a fixed point of
Y1 = A"t o) € Isom(S7(r)), so we obtain a linear isometry diy: T,.S7(r) — T,.S7(r).
Choose B € Z(n + 1) such that Bx = z and dB|x = dyy| , then ¢y := B~'A7 o ¢p €
Isom (S7(r)) fulfills ¢»(z) = = and d¢2|x = idg,sp (). Now from Proposition 1.29 follows
Yy = idsy (). thatis § = AB|, . O

Remark 1.31. Proposition 1.30 states that S7(r) is a homogeneous (first property) and
isotropic (second property) space.

1.3 The anti-de Sitter space

dr' @ dz’ + > dz' ® da'’ of
=0 1=2
index 2 and consider the smooth function x — g(x, z) =: ¥(x).

1
We equip R"*! with the semi-Riemannian metric g := —

Definition 1.32. For fixed » > 0, the n-dimensional anti-de Sitter space is defined by

HY(r) =7 (=1").
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Just like ST'(r), H*(r) is a smooth hypersurface of R"*!, which is diffeomorphic to R x S"!
via

0 1
Hi(r) — R xS (2% 2" %) — L
VIEP+ 72 EE + 2

The inverse map is then given by y — (1/|[7]|> + 72 - 4°, \/[|9]> + 7 - y*, 7). The normal
bundle of H'(r) is similarly generated by

dy=2 t—
grad,y ;xaﬂ,

which, considered as an element of the Minkowski space, is equal to 2z. It follows
n(grad, ¥, grad,y) = 4g(z,z) = 43(z) = —4r* <0,

so unlike S7'(r), the normal bundle of Hj(r) is timelike. Hence, the induced metric g on
H?7'(r) has index 1 and therefore is a Lorentz metric. Furthermore, the curvature quantities of
H7}(r) coincides with those of S}'(r) up to a sign:

R(X,Y)Z = —T—lz(g(Y, 2)X — g(X, Z)Y),

1 -1 -1
K:_ﬁ’ ric:—nr2 g, scalz—n(n—2),

r

for vector fields X, Y, Z on H?(r). The universal cover H?'(r) of H?(r), which is diffeomor-
phic to R", is also called anti-de Sitter space.

Remark 1.33. The manifolds HZ(r), H}(r) are vacuum solutions of Einstein’s field equations
with cosmological constant _%'

Similarly to S7'(r), geodesics are obtained as point sets H]'(r) N E, where £ C R™*! some
two-dimensional subspace. Also in anti-de Sitter space, there are pairs of points, which can
not be joined by some geodesic. Finally, the isometry group

Isom(H}(r)) 2 O(2,n — 1)

acts transitively on H?(r') and isometries of H”(r) can be lifted to isometries of H™(r).
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1.4 Robertson-Walker spacetimes

Definition 1.34. An (n + 1)-dimensional Lorentzian manifold (), g) is called Robertson-
Walker spacetime if it is of the form

M=1xS, g=—dt® dt + f(t)%gs,

where I C R is an open interval, (S, gs) a complete and connected Riemannian manifold
with constant sectional curvature K° = k, and f: I — R asmooth and positive function.

Examples for S are the model spaces, i.e. the standard sphere S™ (x = 1), Euclidean space R"
(x = 0) and the hyperbolic space H" (x = —1), as well as quotients of these like real projective
space RP" = S™/Z,, lense spaces or the torus 7" = R"/Z". Unlike for x < 0, there is a
complete classification of complete and connected Riemannian manifold with constant and
non-negative sectional curvature, for x < 0, there is a huge amount of such manifolds and no
classification available.

Example 1.35.

1. For S =R" I =R, f =1, we obtain the Minkowski space M = R"*!,
2. For S =S5", I =R, f =1, we obtain Einstein’s static universe.
LetS; :={t} x SC Mandv := %. We determine the shape operator W of S; with respect

to v. Let X,Y, Z be vector fields along S; such that, without loss of generality, the pairwise
Lie brackets of X, Y, v vanish. Then Koszul’s formula leads to

g(W(X),Y) =g(V¥rY) = %(8;( g, Y) +0,9(X,Y) = 9y g(X,v))

\:6—/ —:VO
= %%(ﬂ'gs(){,y)) =f'f 9s(X,Y) = f7'9<X7Y>7

thatis W = fTI -1id.
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We proceed by investigating the geodesics of Robertson-Walker spacetimes and start with the
special case c(t) := (t, zo) for some fixed zg € S.

Zo
| M O
S
I

Let o denote the geodesic reflection in S about =y, which
is an isometry of S (at least in some neighborhood of
Zp), so the map

p: M — M, (t,z) — (t,0(x))

is an isometry of M. Hence, the fixed point set R x {xz¢}
of ¢ is a geodesic as a point set. On the other hand, c is
the parametrization by proper time of this set and hence
a geodesic.

Now let us consider a general geodesic c of (M, g). We write ¢(s) := (¢(s),~(s)) with ¢,
mapping into I and S, respectively. It follows ¢/(s) = t'(s)v + +/(s) and thus

VI =V {v++)=tv+tV, v+ Vi A

=t"v+ (') V) v+ Vv + VY VY

=0 =2t/'VMy
¥

= t/,]/ + 2t,W</y/> + V,?/’}/ + V“j/’}/ + g(v,];//[’y/, V) 14
————
=g (W(v’)ﬁ’)

Here we used [/, 7] = 0 and that ¢: ¢t — (¢,7(so)) is a geodesic of the form we discussed
before with ¢(t) = v and hence Vv = 0. Therefore, demanding ¢ to be geodesic leads to the
following system of equations
" / / " / / ! S 7 f/ / S 7 (fOt)/ /
0=t"+g(WH) ") =t"+ ffas(WH),~) = Vi + 2t7’y =V + ZW%
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Hence, we just showed

Proposition 1.36. A smooth curve c = (t,) in M is a geodesic if and only if

(fot) ,

" =—f"fas(W('),7), V;qﬁ, = —QWV

In particular, up to reparametrization, vy is then a geodesic of (S, gs).

Proof. Choose a parametrization ¢ such that f o ¢ = const.

Corollary 1.37. For lightlike geodesics, the function s — t'(s) - f (t(s)) is constant.

Proof. This is implied by the first equation in Proposition 1.36:

0= f/ . g(CI,CI> — —(t/)zfl + f/fZQS(Py/’,y/) — _(t/)Qf/ 4 f/t// — —(t/ . f)/

Remark 1.38.

Explanation of the cosmic redshift:
The world line of a photon is a lightlike t(sy
geodesic c. Its energy measured by an
observer v is —g(c¢’,v) = t’. Then for
the wavelength \ := t—rf of the photon, we
obtain

t'(s1)f(t(s1)) = t'(s2) f (t(s2))
(t(s1)

S1
(t ( 52 ) worldline

worldline of
a photon
(lightlike
geodesic)

worldline of
a galaxy far,
far away

f
— —
f

Let us investigate the curvature of (M, g). Recall that for semi-Riemannian manifolds (.5, gs)

with constant section curvature x, it reduces to the simple expressions
R(X,Y)Z = k(g9s(Y, 2)X — gs(X, 2)Y),
ric’ (X, Y) = k(n — 1) - gs(X,Y),

scal® = kn(n — 1).

From that we extract the curvature of (M, g). Recall that RM is completely determined by its

tangential and normal component as well as g(RM (X, v)v, Y):
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* Tangential part for vector fields X, Y, Z on S; via Gau3’ Formula:
tan(RM(X,Y)Z) = RS(X,Y)Z + g(W(Y),Z) - W(X) — g(W(X),Z) - W(Y)
N 2
=k(gs(Y, 2)X — gs(X,2)Y) + (7) P 9s(Y, 2)X — gs(X, 2)Y)
= ("{ + (f/)Q) (95(Y> Z>X - gS(Xv Z)Y)

K+ (f)?
— T(g(y, Z)X — g(X,2)Y).
e Let II denote the second fundamental form of S;, which is linked to W via
g(W(X),Y) = ({I(X,Y),v). For vector fields X, Y, Z on S; define

(VxINNY,Z) =VxII(Y,Z) - II(VxY,Z)—1I(Y,VxZ).
Then the Codazzi equation provide
nor(R(X,Y)Z) = —(VxI(Y, Z) + (VyII) (X, Z),
which, due to metricity of g, results in
g(R(X,Y)Z,v) =g(VxW(Y) - W(VxY) - VyW(X) - W(VyX),Z) =0,
since VxW(Y) = W(VxY) = dx& - Y =0.
* It remains the mixed term
RM(X, vy = VY Vv =V Vv —Vig v = =V (W(X)) = Vi{ x)_vaxV
= — (VW) (X) - W(VYX) - WW (X)) +W(V)X)
" 12 7 2 "
= (Vaw) (X)W (x) = —”;#X - (f7) X = —fTX.
We proceed with the Ricci curvature. Let (eq, ..., e,) be a local orthonormal frame of 7°S;.
* For vector fields X, Y on .S;, we obtain
ric”(X,Y) = —g(RM(X,v)r,Y) + ig(RM(X7 ei)e;,Y)
i=1
%(QL]N)Q Z (g(ei; €i)g9(X,Y) — g(X, €)g(ei,Y)

=1

_

fg(X,Y)-i—

g

:(n_ l)g(X,Y)

_ (f_” L =D+ (1))

7 7 > g(X,Y).
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e It directly follows

(n—1)(s+ (f)?
N <f2 ) 9(X,v) =
* For the remaining part, we obtain
n f//
rict (v, v) = —g(RM(V, v)v,v) + Zg(RM(ei, V)V, €) = —n—.
— =1 !
—— i,

Consequently, the scalar curvature is given by

scalM = —ric™ (v, v) + Zn:rjcM(% e)) =n (2;” X (n— 1)(;32—1- (f,)2)> .
i=1

Remark 1.39. From the derivation of RM (X, v)r, we can somehow derive a more general
principle: For any Lorentzian manifold, which is foliated by spacelike hypersurfaces with
normal field v such that Vv = 0 (we call this a Riemannian foliation), then the shape
operator W of the hypersurfaces satisfies the following Riccati equation

RM( vy + VYW +W? =0.
Let us now give a physical interpretation of these formulas via Einstein’s field equations.

Certain terms in the energy momentum tensor have a physical interpretation, which can be
now expressed in geometric terms:

(ric™ scleg)(X, Y) = {(1 — g) (n—1) (% 4 <§>2> (- 1)%"}9()(, Y),

g
=:!p pressure

. lM -1 + f/ 2
(rch — SCZ g)(l/, v) = n(n2 ) B f(2 ) :

N J/
'

=:p mass density

where X, Y are vector field on S;.

Definition 1.40. A Robertson-Walker spacetime is called Friedman cosmos if p = 0.
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Remark 1.41. The condition p = 0 leads to a second order ODE in f, which can be solved.
For n = 3, we obtain

(i) k = 0 : Neil’s parabola

t) = C(t —to)3.
£(t) = Cft — t) P
(ii) k =1 :cycloid k=20
t(0) = C(6—sinb), f(t(0)—to) = C(1—cosb).
k=1
(iii) k= —1: "

t(#) = C(0—sinh @), f(t(d)—ty) = C(1—coshb).

Remark 1.42. Let ()M, g) a Robertson-Walker spacetime and c(s) := (¢(s),v(s)) a lightlike
geodesic. Then ¢ = t'v + +' provides

0=g(c,) ==+ (fot) IVI" = [IWI=7—

Now let ¢’ > 0, then for fixed sy € R, the last equation provides

Lb) = [Is)lsds = [ fi;((f)) < [

S

For f growing sufficiently fast, i.e. > or e!, we have L[y] < oo, so the curve y does not leave
the ball with radius L[7] around 7(so). Therefore, from any spacetime point, there are parts of
the universe, which can not be observed, a phenomenon known as the Horizon problem.
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1.5 The Schwarzschild half-plane

In this section, fix m > 0, which we physically interpret as the mass of a rotationally symmetric
black hole.

Definition 1.43. The Lorentzian manifold
1

M =R x ((0,2m) U (2m, 0)), g = —h(r)dt x dt + hir)

dr ® dr,

where h(r) := 1 — 22, is called Schwarzschild half-plane.

The non-vanishing Christoffel symbols are

h h
F(l)oz F81 :F(fo:ﬁa Fh :_%’

2 Y

and hence, for the sectional curvature, we obtain

RY h' 2m
K=" =h( =0T+ —TIp,) = —— = —.
g1 ( 1o ol 10 01) B 3
Let us determine the lightcone of the tan- ‘

gent space in (¢, r), i.e. the set of all light-
like vectors. For X = a% + b%, this is
the case if

Ozg(t,r)(XaX)Z—GQ‘h(T)JF% N N N X

< b==h(r)-a.
The lightlike curves c(s) := (¢(s),7(s)) of

M satisfy ¢/(s) =t'(s)& +1'(s)2 with 0

r" = +h(r) - t/, that is, for fixed sy € R, m 2m
we have
S S /( )d T(S) d
r'(s)ds rdr
t(s) —t = [¥(s)ds=+ | —2— =+ .
) =tto0) = [ tyas=2 Ge) | i
S0 S0 r(so
r(s)—2m 5 ( ) 5
p+2m r(s) —2m
= 4+ dp =+ — 2m log —F0——+— |.
/ P (T(S) 7(s0) + 2mlog (5] = 2m)
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207

Due to }1—% K = oo, M cannot be extended to 157
r = (. Furthermore, there are geodesics, which
reach r = 0 within "finite time", so M fails to
be geodesically complete.

The singularity at r = 2m, on the other hand, is

on
|

removable by some change of coordinates, the i
so-called "Kruskal-coordinates".

For fixed t; € R, the maps
(t,r) — (t + to, 1), (t,r) — (—=t,r).

are isometries and hence, the subsets {to} x (0,2m) and {to} x (2m, o0) provide a timelike
and a spacelike geodesic, respectively.






2 Causality

2.1 Fundamental Notions

Definition 2.1. Let A/ be a Lorentzian manifold and &?(T'M) denote the power set of the
tangent bundle. A time-orientation of )/ is a map

¢: M — 2(TM)
such that, for all p € M,
* ((p) is one of the connected components /. (p) of 7,,M and

* there is a chart (z, U) around p such that %L} € ((q) forallq € U.

M is called time-orientable if it admits a time-orientation (, and a pair (M, () is called
time-oriented Lorentzian manifold.

Proposition 2.2. Let M be a Lorentzian manifold. Then the following statements are equiv-
alent:

(i) M is time-orientable.
(ii) M admits a continuous timelike vector field.

(iii) M admits a smooth timelike vector field.

Proof. (iii) = (i1): trivial.
(17) = (i): Let X be a continuous timelike vector field and for all p, define ((p) as the
connected components that contains X (p). For fixed p, choose (z, U) such that 5% |q € ((p),
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and hence ¢(X, 525) < 0in p. By possibly shrinking U and due to continuity of X and 52,

we obtain g(X, W) < 0 on all of U and thus %‘q € ((q) forallq € U.

(i) = (i17): Let ¢ be a time-orientation and {p, }o, C M such that {U,, }, yields a locally finite

cover of M with corresponding partition of unity {p, }, and % € ((q) forall ¢ € U, and
@ lg

«. Then the convex linear combination X := ) pa% is a well-defined and smooth vector

field on all of M and thus X (p) € ((p) for all p € M since ((p) is convex, so in particular X
is timelike. L

All examples considered in chapter one are time-orientable. Note that, unlike orientablity, time-
orientablity not only depends on the topological space M but also on the metric g. Moreover,
there is no connection between both orientablity properties as the following examples show:

Example 2.3.

orientable

AXXX A —— .
{ \ time-orientable
\\\ Glue together////’ X X X X

~

not orientable
XXXy —— &
not time-orientable

orientable
Akl B ) oo
t time-orientable
e v P
not orientable
] — (o)
time-orientable

From now on let (M, () always be a connected and time-oriented Lorentzian manifold, which
we address simply by M. A curve cin M is always considered to be continuous and piecewise
smooth. Furthermore, we call a causal curve future or past directed if for all s, we have

d(s) € ¢(c(s)) or d(s) € —¢(c(s)), respectively.
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Notation 2.4. For p, q € M, we define the following relations:

p <K q <= Jfuture directed timelike curve from p to q.
p<q <= dfuture directed causal curve from p to q.
p<q = p<gorp=gq.

For A C M, we define

I (A):=={qeM|3peA: p<q} thechronological future of A,
Ji(A) = {q eM { dJpeA: p< q} the causal future of A.

Analogously, one defines the chronological and causal past I_(A) and J_(A) of A, respec-
tively. Moreover, for A = {p}, we write I(p), J+(p).

Remark 2.5. We have I.(A) = U, 4 [+(p) and J(A) = U, J=(p)-

Example 2.6.
t MO
\]{@}\\,%\
A
M = Rl%/[ink \' r /1' r\V + X

p
/ a

M := Ry / Zeo

Identify

-

_

~ (S' x R, —d§” + dr?)
— ]i(p) =M= Ji(p).

The relation "<" is transitive, i.e. p < ¢ and ¢ < r imply p < r, since one can always
connect future directed timelike and causal curves, respectively. Even a stronger version of
transitivity holds:

Proposition 2.7. Let M be a connected time-oriented Lorentzian manifold and p,q,r € M.
Then the following two statements hold:

pLqgandqg<r — p<r, p<qgandq<Lr — p<<r.
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Proof. We merely prove the second statement (the proof of the first one is similar). Since the
case p = q is trivial, we assume p < ¢. Let ¢;: [0, 1] — M be a causal future directed curve
from p to ¢, and ¢y [1,2] — M a timelike future directed curve from ¢ to r. The idea is to
consider the concatination and find a timelike future directed deformation of it. Let t — E(t)
be the parallel vector field along ¢; with E(1) = ¢5(1) and X () :=t - E(t). Furthermore, let
c1,s denote a variation of ¢; with
x /T
C2
301,8
s

c15(0) =p, c15(1) =c2(1+5),

&1
p
By assumption, we have g(c'lys, c’l,s) |s:0 < 0 and moreover, due to freeness of torsion of the

Levi-Civita connection,
\V4 801 s (901 s
=29 — =~ (¢ —(t
o0 g(as at ( )7 at ( )>

0
%g(ém(t% él,s (t))
_ \V4 60175 .
—2(5, 0 a0)
——
— X (1)=tE(?)

s=0

= 2g(E(t),¢1(t)) <0

since F' is parallel and both, £ and ¢, are timelike and future directed. Hence, for s > 0
suitably small and all ¢ € [0, 1], we obtain 2g(¢1,(t), ¢1,5(t)) < 0. It follows that, again for
s > 0 suitably small, ¢; ,: [0,1] — M is timelike and future directed and thus, so is

Clys(t), t e [0, 1]
ca(t + s), tel,2—4]

)

c: [0,2—s] = M, t»—>{

which connects p and 7, i.e. p < 7. [

Corollary 2.8. Forall A C M, we have

[ (A) = L (I.(4) = T+ (1:(A) = L. (J(4)) T (J+(A)) = T (4).

Proof. We start with the first statement for which it suffices to show
I (A) C I (I4(A)) C J4(I+(A)) C I(A).

The second inclusion is trivial and the third one follows directly from the Proposition. This
remains true if we replace J (1, (A)) by I, (J1(A)). However, for the first inclusion, we
considerp € I, (A),i.e. thereis some future directed, timelike curve c: [0, 1] — M connecting
A and p. For some ¢ € (0,1), let 7 :=c(t) € I, (A), thatis p € I, (r) C I (1+(A)).

For the second statement, recall A C J;(A) and furthermore J (J;(A)) C J(A) due to
transitivity of "<", i.e. J,(A) C J4(J4(A)) C J(A). O
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Proposition 2.9 (GauB-Lemma). Let M be a Lorentzian manifold, p € M and x € T,M
in the domain of exp,. For some iy € R, let furthermore v := tox € T,M and w € T, M,
and we obtain

9(dsexp,(v), dy exp,(w)) = g(v, w).

Proof. T,M w

Note that the identity, which we would like to T
prove, is homogeneous in v, so without loss of 0. 0
generality, we assume t, = 1, that is v = x. '
We start by defining EXbp
Y [0,1] X (—e,e) — M —_—
p

(t,s) — exp, (t(v + sw)).

This map satisfies
O oY
ot s
i.e. it remains to show g<d¢(1 0), ‘w(l, 0)) = g(v,w). For each s, the curve ¢ — 1)(t, s) is a
geodesic with velocity vector v 4+ sw at t = 0, so it follows

—7 (1,0) = dzexp(v), (1,0) = d, exp(w),

=0

—
9., (% % VU opN (00 VO
ot (875’83) (atat as> <8t atas)

[0y VO Lo (o o\
= 9(57 %E) 299 (81&’%) = g(v,w) + sg(w,w).

=g(v+sw,v+sw)

For f(t) := (8—11’@ 0), g—f(t,())),we obtain f(t) = g(v,w) and £(0) = 0, that is

10 =9 50,0 520.0)) = gto.w). 0
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For any differentiable curve ¢ : [0, 1] — M and differentiable vector field X on M, recall the

notations V(X o) O
ocC C

= Ve X, i

ot Vet dt

(t) = Vc(t)c

Remark 2.10. Note that this only holds if one vector is "radial", i.e. a multiple of the vector,
where the differential is evaluated. Hence, the Gau3-Lemma allows the exponential map to be
understood as a radial isometry.

Lemma 2.11. Ler M be a time-oriented Lorentzian manifold, p € M and v: [0,b] — T,M
a curve running in the domain of exp,, such that v(0) = 0 and c := exp, o7 is timelike and
future (past) directed. Then v(t) € I.(I1_) forall t € (0, b).

Proof. a) We merely prove (t) € I since the other case is completely similar. Let ¢(z) :=
g(x, x) the corresponding quadratic form on 7, i.e. in Minkowski coordinates

a(x) = = ()" + ) _(")?,
=1
which are chosen such that 525 is future directed. Note that for & € T,T,M,

g(gradxq, §) = d.q(&) = —22°¢° 42 Z '€ - grad g = 2x.
i=1

Then for v = w = 2x, the Gaul3-Lemma provides

g(dz exp,(grad,q), d, exp,(grad,q)) = g(grad,q, grad,q) = 4¢(x),

so P(x) := d,exp,(grad,q) is timelike for all z € I C T,M. Furthermore, it is future
directed if x is.

b) Consider the case of 7y being smooth, so ¢((0)) = ¢(0) = 0 and ¢(0) = dgexp, (7(0)),
i.e. 4(0) is timelike. Hence, for ¢ > 0 suitably small, we have (¢) € I, so in particular
q(7(t)) < 0, forall t € (0,¢]. Therefore, it remains to show that g((t)) < 0 forall ¢ € (0, b].
Assume there exists some t; € (0,b] such that ¢(y(¢;)) = 0 and without loss of generality let
it be the smallest one. By the mean value theorem there has to be some ¢, € (0,t;), where
g o y assumes an minimum, that is y(t,) € I, and @(to) = 0. On the other hand, the
Gauf3-Lemma then yields

%Q(v(t)) = dya(§(t)) = g(grad,ya,3(1))

=y ( d, ) exp, (grad,,q), dy) exp, ((7(?5))) = g(P(v(t)) é(t)),

SO @(tg) < 0 due to a). It follows that such a ¢; does not exist, so q(fy(t)) < 0 and hence
~(t) € I forall ¢t € (0,b].
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¢) Now let v be piecewise smooth and 0 := by < b; < ... < by := b a partition of [0, b] such
that + is smooth on (b;, b;;) for all i. Due to b), we have y(t) € I forall ¢ € (0, b;] and we
assume 7((0, bk]) C I, forsome k =1,..., N — 1. Due to a), we obtain for the right-sided

derivative
(151_{% Q(V(bk + 5)()5 B q(7(bk)) _ g(P(’}/(bk))7 c'(v(bk))) <0

since by assumption, ¢(t) is timelike and future directed for all . Applying b) leads to
Y([br, by11]) C I and thus completes the proof. O

Notation 2.12. For (2 C M and any A C (2, we define
I$(A) = {ge { dJpeA: p<ginA}

and analogously 1(A) and J¢(A).

Corollary 2.13. Let M be a time-oriented Lorentzian manifold and p € M. Furthermore,
let @ C M and Y C T,,M be open neighborhoods of p and 0, respectively, such that 2’ is
starshaped with respect to 0 and exp,,: ) — Q a diffeomorphism. Then we have

12(p) = exp, (I(0) ), J2(p) = exp, (Ju(0) N V).

T,M

L(0)N &Y

exp,

Proof. We only prove the statements for "+" since "—" works analogously. We start with "C"
in the first equality, so let ¢ € I$}(p), i.e. p < ¢. Letc: [0,1] — Q be the timelike future
directed curve with ¢(0) = p and ¢(1) = ¢. Since exp, is a diffeomorphism, we obtain a curve
v = exp;l oc: [0,1] — €, which, due to the Lemma, maps to 7 (0), and thus

oy (q) =y() €L,(0) = qeexp, (10)NQ).

Letx € I,(0) N and consider the ray t > tx, t > 0,in I, (0) N Q. Hence, t — exp,(t) is
atimelike and future directed geodesic connecting p with exp,(z) in 2, thatis exp,(z) € I{(p).
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For the second equation, one proves "D" similarly, so it remains "C". Let ¢ € J,(p) and
(gi)ien C 2 a sequence of points with ¢; < ¢ and ¢; — ¢. From Proposition 2.7 follows
p < g, ie. ¢; € I¥(p) and thus exp, ' (¢;) € 1,(0) N QY from the first equation. On the other

hand, we obtain exp,*(¢;) — exp,'(¢), i.e. exp,*(q) lies in the closure of I, (0) N € in €,

which is J,.(0) N € and we conclude ¢ € exp,* (J..(0) N €Y).

O

hoods U,V of p and q, respectively, such that p' < ¢ forallp’ € U and ¢ € V.

Proposition 2.14. "< " is an open relation, i.e. p < q implies the existence of neighbor-

Proof.

Let p < ¢ with corresponding timelike and future di-
rected curve c: [0,1] — M. Setp’' := c(¢) withe > 0
chosen small enough such that there is an open neighbor-
hood §2 of p’ with p € (2 and so thatexp,, : " — Qyields
a diffeomorphism for some suitable starshaped neighbor-
hood ' of 0 in T,y M. Then U := I(p') is an open
neighborhood of p in M. Analogously, define V. Then
forallp” € Uand ¢” € V,wehave p" < p' < ¢ < ¢"
and thus p” < ¢".

Corollary 2.15. For any subset A C M, the subsets 1.(A) C M are open.

Proof. The Proposition shows that /..(A) is open in 2 and so is [ (A) = U e 4 [=(p)-

Attention! /.(A) and J4(A) need not be closed
evenif A C M is.

Example 2.16.
Let M = R?\{(1,1)} with Minkowski metric.
Then J ((0,0)) is not closed.

]

Proposition 2.17. For any A C M, we have

L(A) = Ju(4),  J:(4) C L(4),

and equality holds in the last statement if and only if JL(A) is closed.
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Proof. We start with the first statement, for which "C" is trivial since /(A) is open and
contained in J1(A). For the other direction, let p € .J, (A) and choose ¢ < p such that
q € j+(A). Hence, there is some r € A with r < ¢ < p, which implies r < p and thus
p € I.(A). The proof for "—" is similar.

For the second statement, we start with J, (p) C I,(p)", solet ¢ € Jy(p). Since clearly
p € I;(p), we assume p < ¢. Let ¢: [0,1] — M be the corresponding causal and future
directed curve and for all € N, set ¢; := c( — %) Furthermore, choose r; such that r; — ¢,

which implies p < ¢; < r; and hence p < r, thatis r; € I (p). For any A C M it thus

follows
Ji(A) = U J+(4) C U Ii(p) C I.(A).
peEA peA Y
Ccl+(A)

If we have equality, then J, (A) is obviously closed. Conversely, if J,(A) is closed, then
equality is implied by 7, (A) C J,(A) = J+(A). O

Proposition 2.18. Any compact and time-oriented Lorentzian manifold contains a closed
timelike curve.

Proof. Let M be a compact and time-oriented Lorentzian manifold, so {]+ (p)}p <y Yields

an open cover of M. Due to compactness, we find a finite subcover {I+ (p)}phm,pN, which,
without loss of generality, can be chosen such that no element of this cover contains another
one. Hence, if p; € I (p;) for some i > 2, then I, (p;) C I.(p;), which is a contradiction.
Therefore, p; has to be covered by I, (p1), i.e. p1 € I (p1), which implies the existence of a
timelike and future directed curve that is closed. O

Definition 2.19. Let M be a connected and time-oriented Lorentzian manifold. Then M
satisfies the

* chronology condition if it does not contain any closed timelike curves.
* causality condition if it does not contain any closed causal curves.

* strong causality condition if for any p € M and any neighborhood U of p, there is
a neighborhood V' C U of p such that any causal curve that starts and ends in V' is
completely contained in U'.

forbidden!
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Remark 2.20. We have
strong causality condition = causality condition = chronology condition.

In general, the converse implication do not hold.

Let M :=R?/(Z- (1,1)) with metric and time-orientation induced by the Minkowski space
R2. This satisfies the choronology condition but not the causality condition since the ray
t—t-(1,1) yields a closed lightlike curve.

Example 2.21.
1) Due to Proposition 2.18, any compact and time-oriented Lorentzian manifold does not
satisfy any of these conditions.

2) Let M := R?/(Z - (1,1)) with metric Identify
and time-orientation induced by the Minkowski t X closed
space R2. This satisfies the choronology con- lightlike
dition but not the causality condition since the curve

ray t — t- (1, 1) yields a closed lightlike curve.

3) Let M = {R?/(Z - (1,0))}\(G1 U Gy), Identify,
where G = { %,s) ‘ s > —%} and é_\ Gy
— (-1 1 . N
Gy = {( 8,5) s < 8}. Then M satis 2NN
fies the causality condition but not the strong Gy /

causality condition.

Definition 2.22. The length of a curve c: [a,b] — M is defined via

b

L[] ::/ lg(c(t), e(t))] dt.

a

Remark 2.23. Lightlike curves have length zero.

Definition 2.24. For p, q € M, the function

sup { L[c] | cis a causal and future directed curve frompto g}, p<gq
7(p,q) = 0 b4 a

is called time difference between p and q.
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Example 2.25.
1) For (M, g) the Minkowski space, we have

r(p.0) = /| (0~ a.p—ah |

Consider the line segment ¢ — tq + (1 — t)p on [0, 1], which clearly yields a causal and future

directed curve connecting p and ¢ of length \/ ‘ {p—q,p—q) {

For p — q lightlike, we have \/ ‘ {p—q,p—q) | = 0. On the other hand, all causal curves

connecting p and ¢ are necessarily lightlike and hence of length 0, that is 7(p, q) = 0.

Now let p — ¢ be timelike. After applying some Poincaré transformation and without loss of
generality, we can assume that p = 0 and ¢ = (¢,0,...,0) for some 7' > 0. Let ¢ be a causal
and future directed curve connecting p and ¢, i.e. ¢ > 0. After some reparametrization, we
may assume (t) = ¢, i.e. ¢(t) = (¢, z(t)) for some curve z: [0, 7] — R™. For the length of
¢, we obtain

L= [ I-1+laI] = [ V-0 ¢t <7 = | (o - ap—ap |

2) For M the Lorentz cylinder, we have Identify
7 closed
7(p,q) = o0 p} lightlike
curve

forall p,q € M.

Proposition 2.26. For any time-oriented Lorentzian manifold M, we have
1. 7(p,q) >0 — p <L q.
2. Ifp<qandq <r, thent(p,q) +71(q,7) < 7(p,r) (inverse triangle inequality).

3. The function T: M x M — R is lower semi-continuous.

Proof. 1)"<": If p < q, then there is a timelike and future directed curve c connecting p and
¢, which therefore is of positive length.

"=": Let 7(p,q) > 0, i.e. there is some causal and future directed curve of positive length.
Thus, it contains some timelike segment, on which we choose some p1, ¢; such that p; < ¢;.
It follows p < p; < ¢4 < ¢, that is p < ¢ due to Proposition 2.7.
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2) We first consider the case 7(p, ¢), 7(q,7) < oco. For any € > 0, there are causal and future
directed curves ¢y, co from p to ¢ of length L[c;] > 7(p,q) — € and from ¢ to r of length
Licy] > 7(q,7) — €, respectively. It follows

T(p,r) < Llcy Uco] = Lley| + Liea] > 7(p,q) — e+ 7(q,7r) —

and hence the claim since € can be chosen arbitrarily small.

Now let 7(p, q) = oo, i.e. there are arbitrarily long causal and future directed curves from p
to g. Then concatination with any fixed causal and future directed curve from ¢ to r shows
7(p,r). The case 7(q,r) = oo can be treated similarly.

3) Let p, q € M. We distinguish 3 cases:
(i) 7(p, ¢) = 0: Nothing to show here.

(ii) 0 < 7(p,q) < oo: Choose ¢ > 0 such that, without loss of generality, ¢ < @. Let
c: [0,1] — M be a causal and future directed curve from p to ¢ with L[c] > 7(p,q) — 5.

Furthermore, choose 41,0, € (0,1) such that L|c|jos,], L[clis,1] < . Fori = 1,2, set

pi = c(6;) and Upi=1(p ) which are open neighborhoods of p and g, respectrvely
Then for any p’ € Uy and ¢’ € U,, we have

0, d) =70, p1) + (01, 1) + (@1, q)
> 0+ Lec|i5, 55] +0

> L[d] — L{clos] — Lcli]

(iii) 7(p, ) = oo: It follows that there are arbitrarily long causal and future directed curves
from p to q. The same construction as in (ii) leads to neighborhoods of p and ¢, respectively,
such that elements of these neighborhoods are similarly connected by arbitrarily long causal
and future directed curves. ]

In general, 7 is not continuous, i.e. not upper semi-
continuous, as the following example shows:

Let M := R?\ ({0} x [~1,1]) and arrange p, ¢ € M as in the
picture. Any causal curve connecting both (red curve) has to
run entirely in J_(q) N J4(p) (shaded region), so for ¢ > 0
small, every causal is almost lightlike, hence short. However,
if we shift ¢ to the right, at some point new causal curves
(blue) of large length appear.
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2.2 Curve deformation

Definition 2.27. A curve c: [a,b] — M, so which we find a function a: [a,b] — R such

that v
~éft) = alt)é(t)

for all ¢ € [a, b], is called pregeodesic.

Clearly, geodesics are pregeodesics with @ = 0, and every reparametrization of a geodesic is
a pregeodesic since for any geodesic ¢ and ¢ := ¢ o ¢, we have

¢ 5
0

V. V,. . 'y 09
o= 6 oo =6 @oan +it (o) =

:0

Conversely, if ¢ is a pregeodesic, then setting

w0 o [oma)ie = a2

provides a geodesic ¢ := ¢ o ¢.
Remark 2.28. The proof of Proposition 2.7 already showed: If c: [a,b] — M is a causal

curve, ¢, a variation of ¢ with s € (—¢, ¢) and variational field X such that g( %X, ¢) < 0, then
¢, is timelike for s suitably small.

dt ?

Lemma 2.29. Let c: [a,b] — M be a causal curve, which is not a lightlike pregeodesic. In
each neighborhood of c, with respect to the compact-open topology, we find a timelike curve
with the same start and endpoint.

Proof. Without loss of generality, we consider [a, b] = [0, 1].
a) If there is some ¢, € [0, 1] such that ¢(¢y) is timelike, then ¢ contains a timelike segment
and we can deform it to some timelike curve like in the proof of Propsition 2.7.

b) Let ¢ be smooth and lightlike but not a pregeodesic. We obtain g(¢,¢) = 0 and thus
0= dg(¢,é) = 29(F¢,¢), ie. Ye(t)Le(t) for all ¢ € [0,1]. On the other hand, for any
lightlike Minkowski vector v, we have the decomposition v+ = Rv @ E for some spacelike
subspace E. Therefore, if both, Y-¢(¢) and ¢(t), were lightlike for all ¢, then ¢ would be a
pregeodesic, which is ruled out by assumption. Hence, ¢ has to be spacehke somewhere, in

particular g(—c, EC) does not vanish everywhere.

> dt
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Choose some timelike Yy € 7o) M such that (Y5, ¢(0)) < 0, and let Y be the parallel vector
field along ¢ determined by Y (0) = Y;. It follows that Y (¢) is timelike and g (Y (¢), ¢(t)) < 0
forall ¢ € [0, 1]. If we find some X (t) := a(t)Y (t) + b(t)3¢(t) with smooth a, b such that

a(0) = b(0) = a(1) = b(1) =0, g(%, e) <0,

then X determines a variation of ¢ as in the Remark and hence yields the claim. Recall

9(X%¢,¢) = 0, which leads to

dt
AL (VAR S e N (AP
I\ c) T I\ qeC AT

=0 =0

~ = —
VX . —ag(Y,¢) +a VE N big (Ve e) 4o v—2éc'
g dt’ - g I g dtv g dta g dt27

. . V.V,
=ag(Y,¢) _bg(EC’EC)

V.Y
g(mcamc)

Then v := o0 > 0, which is non-
zero somewhere, so we find some smooth b
b: [0,1] — R with b(0) = b(1) = 0 and 0 1
1
[ =1 ~
0

Then a(t) := fot(bv + 1)(s) ds satisfies a(0) = a(1) = 0 and furthermore, we obtain

VX . . V.V, V.V, V.V,
g(ﬁ,0> =(by+1)g(Y,¢) —bg(ac, EC) < bg(Ec, EC) — bg(EC’EC> =0
<0

>by

c) Finally, let ¢ be piecewise smooth and lightlike. If one of these smooth segments is not
a pregeodesic, then it can be deformed to a timelike segment following b) and due to a) the
whole curve can be deformed to a timelike one.

Let every segment be a lightlike pregeodesic and let ¢ be not differentiable at ¢y, € (0, 1), that
is the left- and right-sided derivative c'(tac) at t( are lineraly independent. According to a), it
suffices to treat the case of one such t, i.e. ¢ is smooth on [0, ) U (%o, 1].
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Let Y'* be the parallel transport of ¢(t) along
¢, so ¢(t), Y~ (t) are linear dependent with the
same orientation for all ¢ € [0,%,] and so are
¢(t),Y*(t) forall t € [ty,1]. ForY :=Y™+ —
Y ~, the Cauchy-Schwarz-inequality provides

g(Y(t),é(t) =

g(Y=(t),¢(t7)) <0, te]0,t)
—g(Y*(t),¢(t)) >0, t€ [to,1]

Y

since both vectors are lightlike and have the
same orientation.

Let a: [0,1] — R be continuous at ¢, and smooth everywhere else such that

>0 on |0,
CL(O) = a(l) =0, a’(ti) { <0 on [to 1]

Then X (t) := a(t)Y (¢) satisfies

X(0)=X(1) =0, g<

p

'):wmx@<o
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and hence the corresponding variation with fixed start and endpoint yields the desired timelike

deformation of c.

If cis a lightlike pregeodesic, then, in general, it can not
be deformed into a timelike curve with the same start
and end point. Consider, for instance, the Minkowski
space and p and ¢ connected by some lightlike geodesic
as in the picture. Obviously, there is no timelike curve
connecting p and ¢ that this geodesic can be deformed

into.

O

Lemma 2.30. Let c be a lightlike geodesic and cs a variation of it with variational field X
such that X 1c¢ at the start and end point. If there is a sequence s; — 0 such that cs, is
timelike for all v, then we have X | ¢ everywhere.
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Proof. Let (s;);en be such a sequence and without loss of generality, let either all s; > 0 or all
s; < 0. Since c is lightlike, we obtain

g<é5i7ési) B g(é, C) 0

lim —g<cs“csi) = lim = £g<ésac‘s)

)
s=0

which, due to assumption, is either < 0 or > 0 for all ¢ € [0, 1], respectively. It follows that

=2 zc' cl =2 z%c cl =2 Ec'
o Nos™| ) T Noras | ) T o

is either < 0 or > 0 for all ¢ € [0, 1], respectively. On the other hand, we have

Jo(ZE ) ar= [ (oo 5 ) )ar= ol —o

o ,. .
%g(CmCS)

dt
=0

Due to the constant sign of g(~:X, ¢), we obtain -5 g(X, ¢) = 0, so g(X, ¢) is constant on [0, 1],
that is 0. ]

If ¢, is a variation of c such that every c; is a geodesic, then the corresponding variational field
J(t) = 863_(t)|5:o satisfies

Os
V2J B zzacs B zz(‘?cs B z 2805 + R, J)
A2~ 0totds|_, Otdsot|_, Osotot|_, o
~———

=0

Definition 2.31. A vector field J along a geodesic c is called Jacobi field, if

V2]

—7 T R(J,¢)é = 0. (2.1)

The Jacobi equation (2.1) is a linear, ordinary differential equation of second order in J.
Therefore, a jacobi field can be found along all of ¢ and is determined by the data .J(0) and

¥Z2(0). The set of jacobi fields constitutes a 2 dim ()M )-dimensional vector space.

Lemma 2.32. Let J be a smooth vector field along some geodesic c. Then we have
(i) Jis aJacobi field.

(ii) There is a geodesic variation c, of c with variational field J.
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Proof. We have already seen (ii) = (i), so it remains to show (¢) = (ii).

Let J be a Jacobi-field along c. We choose a smooth J(U)
curve v with y(0) = ¢(0) and 4(0) = J(0). Let X; and /
X, be parallel vector field along 7y given by X (0) = ¢(0) J \ i
and X5(0) = %2(0). Set O

2
ﬁ

X(s) = X1(s) + sXa(s), ¢s(t) == exp, ) (LX(s)).
Then we have

co(t) = expy g (tX(O)) = €XPc(0) (té(0>) = c(?), /
—\ S
SO ¢ is a geodesic variation. Therefore, its variational 5
field %C; is a Jacobi field, and we complete the proof

s=0
by showing that it coincides with .J.

Since Jacobi fields are determined by their initial data, it suffices to check:

0c, e B
88 im0 - aS eXp’\/(S) (0) 0 - 7(0) - J<O)7
Voo _Va VX, VX, v
=0
Example 2.33.

1. Let ¢ be a geodesic and J(t) := (at + b)¢(t) for some a,b € R. Since

V() = %(ac’(t) (at +1) Vdf (t )) — aY5(t) = 0 = (at + B)R(é, 6)é = R(G, T,

:O

J is a Jacobi field with corresponding geodesic variation ¢,(t) = ¢((1 4 as)t + bs), i.e. a
mere reparametrization of c.

2. For M = R" the Euclidean or Minkowski space, the Jacobi equation reads - dtQ = 0 with

solution J(t) = tX(t) + Y (¢) for any parallel vector fields X,Y. The corresponding
geodesic variation of the straight line c is then

cs(t) = c(t) + s(tX(t) + Y (t)).
3. For M having constant sectional curvature x, we obtain

R(X,Y)Z = r(g(Y, Z)X — g(X, Z)Y)
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for vector fields X, Y, Z. Let c be a geodesic and X, Y parallel vector fields along ¢, which
are pointwise orthogonal to ¢. For § € R, we introduce the generalized sine and cosine
function via

\/igsin (\/gt), 5 >0, \/ig cos (\/St), 5 >0,
5§(t> = l 0=0 , cé(t) = 1, 0=0

ﬁsinh (V10]t), 6<0 ﬁcosh (VI0]t), 6<0

which then satisfy s§ = —ds; and ¢§ = —dcs. Hence, J(t) := 5,,(t) X (¢) + ¢, Y (2),

where 1) := g(¢, ¢), fulfills ¥of = —nr.J. On the other hand, we have

R(¢,J)e=r(g(J,é)¢—g(é,¢) J) = —nrl,

=0 =n

so J is a Jacobi field.

AP T T
A e A

k<0

Let P C M be a semi-Riemannian submanifold and p € P, so for vector fields X, Y on P, we
have

(VxY)(p) = (VXY) () + 11,(X(p). Y (p))

VvV vV
€T,P EN,P

Recall the second fundamental form I1,,: T,,P xT,,P — N, PP, whichis bilinear and symmetric,
and we introduce II,,: T,P x N,P — T,P via

g(II(X,v),Y) == —g(II(X,Y),v),

where XY are tangential and v normal to P. This map is clearly bilinear as well, and for
some fixed X, it is given by II(X,-) = —II(X,-)": N,P — T,P.
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Lemma 2.34. Let P C M be a semi-Riemannian submanifold, p € P and c a geodesic in
M with ¢(0) = p and ¢(0) € N,P. For J a Jacobi field along c, the following statements
are equivalent:

(i) J is the variational vector field of some geodesic variation c, of ¢ with ¢,(0) € P and
¢s(0) € Neyo) P for all s.

(i) J(0) € T,P and tan(%Z(0)) = ﬁp(J(O),c'(O)), where tan: T,M — T,P is the
orthogonal projection.

Proof.

(i) = (ii) : The curve y(s) := c¢s(0) runs 7
in P, that is J(0) = +(0) € T,P. For X ?
some tangential vector field on P and since S
9(X(7(s)),¢5(0)) = 0 for all s, we have

0= goCeam)| o TE0.00) <o x0) 55
—o( T 0.60) )+ o(11,60). X)) o (X0 55| )
- g( — I1,,(J(0), ¢(0)) + %(0),)((?))

This holds for any tangential vector field X and hence provides the identity. (i) = (i) :
Similar to the proof of Lemma 2.32, the geodesic variation is given by c,(t) = exp, (tX(s))
with Ux o7

10)=p,  A0)=J0),  X(0)=0),  —=(0)=--(0),

and it remains to show y(s) € P and X (s) € N, )P for all s. Since J(0) € T}, P, we can
choose 7 such that it runs entirely in P. Let

U(s) € NP be the normal-parallel trans- J
port of ¢(0) along v, i.e. U(0) = ¢(0) and ¢
nor(YY) = 0, and let V(s) € NyP de-

ds
note the corresponding normal-parallel trans-

port of nor(%Z7(0)) along 7. Then X(s) :=

U(s) + sV (s) € Ty P satisfies
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Thus, for any tangent vector field Y along -y, we obtain

ot (). v ) = (07 0)

:%Q(U(s),Y(s)) —g(@,%@)) :—g(w,ﬂp(w,Y(O))
~0 5=0 EN,P —¢(0) —J(0)
= g(1I,(J(0),(0)), Y (0)) = g(tan(%(O)),Y(O)),
and hence tan (%X (0)) = tan(¥Z(0)), thatis ¥X(0) = ¥2(0) due to (2.2). O

Definition 2.35. Let P C M be a semi-Riemannian submanifold, p € P and c a geodesic
in M with ¢(0) = p and ¢(0) € N,P. We say that P has a focal point along c of order /. at
tif

W= {Jacobi fields J along ¢ | J(0) € T, P, tan(%(O)) = pr(J(O),c’(O)), J(t) = 0}

is positive. c(t)

We call ¢ the focal value of P along c.

Example 2.36.

1. For P = {p}, wehave = dim {.J(0) = J(¢) = 0}. In this case, we speak of conjugated
points rather than focal points.

2. Let M := S", P := {p} and ¢ a geodesic, p
parametrized by arc length with ¢(0) = p. Then
for any parallel vector field F along c with &L ¢,
we obtain a Jacobi field

J(t) :=sin(t) - E(t)

with J(0) = J(km) = 0 for all £ € N. Hence,

along any such geodesic, the point p has a con-

jugated point at t = km, k € N, of degree —p
w=mn-—1
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Remark 2.37. Let dim(M) = n and dim(P) = m. The condition J(0) € 7, P reduces
the dimension of the vector space of Jacobi fields along ¢ by n — m. Moreover, the
condition tan(%Z(0)) = 1I,,(J(0), ¢(0)) yields a further reduction by m, so the space of
Jacobi fields satisfying both conditions is n-dimensional. This space contains the Jacobi

field J(t) = t¢(t), which does not vanish for any ¢ # 0, and therefore

w<n-—1.

3. Consider the Euclidean space R"*! and P = S™. Forp € P set ¢(t) := (1 — t)p and
for E' € T, P consider the vector field ¢t — E(t) given by parallel transport along c. We
obtain a Jacobi field

(0)) = —E. Further-
more, [I(X,Y) = g(X,Y)-¢(0) and thus \
I1(X,(0)) = —X. It follows that \
tan(%(())) = I1(E, ¢(0)) = IT(J(0),¢(0)) \

and hence, S™ has focal points along ¢ of ¢
degree n at 0, thatis t = 1.

n—k
4. Againin (n + 1)-dimensional Euclidean space, consider R

the cylinder P := S* x R"* and for p = (p1, p2) € P,
let ¢(t) := ((1 — t)p1,p2). Let E € T, S* and define CD/C
the parallel vector field F(t) and the Jacobi field J(t) as - b=
in example 3, which then satisfies >]5‘;:—/

VJ - |

|
P —|— T =<

Therefore, correspondingly, P has a focal point of order \\‘_/

k along catt = 1.

5. In M = R}, consider P = H" and P = S}. For fixed p € P, let c(t) := (1 — t)p,
which is a geodesic in M and due to elementary properties of the submanifolds A", ST
(see section 1.2), c stands orthogonal to both with respect to the Minkowski metric, i.e.
¢(0) € N,P. Considering £(t) and J(t) as in example 3 shows that in both cases P has a
focal point of degree n along c att = 1.
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Proposition 2.38. Let M be a Lorentz manifold, P C M a spacelike submanifold and
c: [0,b] — M a lightlike geodesic in M with c(0) = p € P and ¢(0) € N,P. Set q := ¢(b).
If P has a focal point along c before q, that is for some t € (0, b), then in every neighborhood
of ¢, with respect to the compact-open topology, there is a timelike curve from P to q.

The proof of the Proposition needs some preparation and we start with an example:

Example 2.39.

For M := R}, ., consider P := {1} x S! and
point p := (1,1,0) € P such that the curve
c(t) := (1 — t)p is a lightlike geodesic. Then
¢ hits ¢ := (3, ,0) for any 8 € R, and for
e > 0 small and p. := (1, cos(e),sin(e)), we
calculate

(g —pe,q — pe))

g—1 f-1
- << B —cos(e) |, | B— cos(e) >> =—(s
— sin(e) —sin(e)

= —3*4+28—1+ % —2Bcos(e) + cos’() + sin®*(e) = 28( 1 — cos(e) ).

———
For 8 = 0, the connecting curve >0
t t . t
ce(t) == pe + 5((] —pe) = <1 —t,cos(e) + Z—)(ﬁ — cos(g)), sin(e) (1 — 5)

is a timelike geodesic, which, on [0, b], converges uniformly to ¢ for ¢ — 0.
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Lemma 2.40. Let M be a semi-Riemannian manifold, P C M a semi-Riemannian subman-
ifold and c: [0,b] — M a geodesic with ¢(0) = p € P and ¢(0) € N,P. Then

I = {t € [0, 0] | P has a focal point along c at t}

is compact and contained in (0, b).

Proof. Let ¢ denote the set of Jacobi fields J along ¢ with J(0) € T,P and

tan (%2 (0)) = I7(J(0),¢(0)). For some Riemannian metric & on M and with

VJ

E(t)

I|J|| :== sup ‘J(t)‘h+ sup
te[0,b]

)
t€[0,b] h

it becomes an n-dimensional normed vector space, where n := dim(M).

We show that 7 is closed. Consider a sequence {t; };c; in I converging to some ¢ € (0, b] and
corresponding J; € V\{0} with J;(¢;) = 0, i.e. {J;}ie;r C T. Without loss of generality, e
assume ||J;|| = 1. Let J € ¥ denote the limit of some subsequence, which therefore fulfills
||.J]| = 1, and thus, in particular, J # 0.

LetII7: T,y M — T M denote the parallel transport along ¢ with respect to the Levi-Civita-
connection given by the original semi-Riemannian metric on M. Then we have

()], < |J(t) =TT (8:) + T T (8:) — 10 Ji(t) |
=0

< |J() = I J(t) + TpJ ()|, +CNlJ = Jil]

N

h

~
—0

for some constant C' > 0 and by continuity of .J. It follows that J(¢) = 0, thatis t € 7.
Now assume ¢ = 0, i.e. J(0) = 0 and

tan (%(0)) — T1(J(0),(0)) = 0.

It remains to show nor(%(O)) = 0, which then yields J = 0 and therefore contradicts
||.J|| = 1. Note that
I J (t; 15 J (t;) — J (0 J
nor(o—() = nor( 0 /(%) (©) — |nor (V—(O)) ,
ti |, ti—0 A dt h

and on the other hand
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115 J(t,) 1 [ (vJ, . VI
nor( Oti >h—t—inor(/ﬂo(g(7)— dﬂ_(T))dT—&@)}l
0 €T, P
Fl =)
1 _ .
< - [ ==Y
- tz/ O< dT (T> th
0
t;
C
g; |J = Ji||dr =C|J = Ji|]| — 0
“ 0
for some constant C' > 0. O]

Corollary 2.41. Let M, P, p as in the Lemma. If P has a focal point along c, then there is a
well-defined first focal value min J > 0.

Remark 2.42. Furthermore, one can show

M Riemannian — J discrete
M Lorentzian and ¢ causal — J discrete
M Lorentzian and c spacelike = Every compact subset of (0, ] is the set of

focal points for some choice of M and c.

Proof of Proposition 2.38. Letty, > 0 be the first focal value of P along c, so there is a Jacobi
field J # 0 along ¢ with

J(0) € T, P, tan(%(O)) — [(J(0),&0)),  J(to) =0.

Note that since ¢ is the first focal value, we have J(t) # 0 for all ¢y € (0, to).

Claim a): There is some § € (0,b—ty) suchthat J = f-U on [0, to+ ], where U is a spacelike
unit normal field along ¢ and f a smooth function with f ‘ 010) > 0 and f| (to.t0t8) < 0. Since
J is a Jacobi field and c a geodesic, we have

d2 2
o (J,¢) <%,é> = (R(¢, J)¢,é) =0,

so (J, ¢) is a function of the form at + 3, «, 5 € R, which, by assumption, vanishes for ¢t = 0
and t = to. Therefore, (J, ¢) = 0, that is J_L¢ on all of [0, b].
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This does not rule out that .J is tangential to ¢ somewhere since ¢ was assumed to be lightlike.

If there was some ¢; € (0,1o) such that J(t,) = ac(t:), then J(t) := J(t) — £¢(t) would
provide a Jacobi field along ¢ with J(0) = J(0) € T,P and ¥/ = %/ — ¢, which therefore
satisfies

tan(%(O)) - tan(%(O)) — T1(J(0), &(0)) = TT(J(0), &(0)).

Furthermore, J(t;) = 0, so t; < to would be a focal value, which contradicts the assumption
on to. Thus, J is nowhere tangential to ¢ and hence spacelike on (0, ty).
We write J := ¢ - Y, where Y is a smooth vector field along ¢ and

oft) = { t(to—t), J(0)=

0
to—t,  JO)#£0

h

By the recent results, Y has to be spacelike on (0,
This is also true if J(0) = 0 because then Y (0)

m%(to) # 0 since ¢'(tg) # 0.
Moreover, Y (0), Y (¢y) are spacelike. For J(0) # 0, we obviously have Y (0) = %J (0), which
is spacelike. For J(0) = 0, (J, ¢) = 0 yields

d . VJ . VJ .
0= E <J, C> = <E,C> — E_LC

to) and clearly J(0) # 0 implies Y (0) # 0.
= &4 (0) # 0, and similarly, Y'(to) =

If Y'(0) was tangential to ¢, i.e. Y'(0) = ac(0), we would have ¥Z(0) = ¢/(0)Y (0) = atoc(0)
and thus, due to the initial conditions, J(t) = atq - ¢(t), which contradicts J(tg) = 0.
Analogously Y (to) = ac(to) implies Y7 (to) = ay'(to) - ¢(to) and hence J(t) = ay/(to) - tc(t),
which also does not vanish for ¢t = ¢.

It follows that Y is a nowhere vanishing smooth and spacelike vector field on [0,#y] and
therefore also on [0, ¢y + d] for some § > 0. Setting U := ‘—; and f := ¢ - |Y| thus proves

Claim a).

Claim b): There is some 0 € (0,b — ;) and a _--U
vector field V' along ¢ with V(0) = J(0) and
V(to+ ) = Osuchthat V_L¢on 0,4+ 0] and
(ZV 4+ R(V,¢)é, V) > 0on (0,1 + ).

For f,U as in the proof of claim a), we write
V= (f+h)U = J + hU for some h yet to be
determined. Then (2.1) provides

ViV L. ViJ " , VU ViU N N
5B + R(V,¢)é = D +h U+2hE+h P + R(J,¢)é+ hR(U, é)é
VU VU
= h"U + 2n' h R(U, ¢)¢

+ = + (dt2 + R( ,c)c)
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and thus

V2V VU v2U
<F + R(V,é)é, V> = (f+h) (h” (U,U) +2H’ <E’ U> +h <W + R(U, &), U> )

=1 . " (.

=

~~

=:l

= (f+h)(W' + hl).

Pick some o > 0 such that [ > —a? on [0,%y + ¢] and set h(t) := (e’ — 1) with § :=
—{ngigg > 0,i.e. f+h>0on(0,%]and (f+ h)(to + ) = 0. Without loss of generality,
we assume that f + h has no positive zeros before ¢y + ¢, thatis f +h > 0 on (0,ty + ). It

follows that

V2V N "
< —I—R(V,C)C,V>:(f+h)(h +hl) >0
dt? —— N —

>0 >0
since A" + hl = a?h + 2B + hl > o?3 > 0.

Claim c): There is a smooth vector field X along ¢ such that on [tg, ty + J], we have

X(0) = (J(0),J0)),  X(tg+5) =0, %(<v, %> e e)) <0

We directly calculate

(11(J(0),J(0)),¢(0)) = —(II(J(0),¢(0)), J(0))

_ <tan<%(0)),w> - - <%<0), J(0)>

€T, P
as well as
AN w0 ¢ g+ pfent - 1) VY
<V, dt>_<J+b(6 1)U, & + afe U+b(e 1) dt>
(Y ot ot _ vJ
_<J, 1) H{(V.aBeU) +b(e™ — 1) <U, dt>.

This particularly implies (V' (0), 33-(0)) = —(II(J(0), J(0)), ¢(0)) + aB|.J(0)]|.

We assume (II(.J(0),J(0)),é(0)) =: —a # 0, so there is some Ly € N,P such that
11(J(0),J(0)) = aLg and (Lo, ¢(0)) = —1. Let L denote the parallel vector field along
¢ determined by L(0) = Ly, for which therefore (L, ¢) = —1 holds. Then

X(t) = ( <V(t), %(t)> + M(g)”(t - 5))L(t)

to +

yields a vector field along ¢, which satisfies
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ap|lJO)]]

X(0) = (a+ a|lJO) ~ =57

PN 4 + 5))L(0) — aLo = I1(J(0), J(0))

X(to+0) = <V(750+5) Vd‘;(t()+5)> L(to+ ) = 0.

=0

Furthermore, (L, ¢) = —1 ensures
)4 (%))
_aBIlJO

to+0

Now consider the case (11 (.J(0), J(0)),¢(0)) = 0,ie. (V(0), 57(0)) = af3]|.J(0)||. Here we
choose two parallel vector fields L and Z along c with (L, ¢) = —1and Z(0) := II(.J(0), J(0))
such that (7, ¢) = 0. Correspondingly, we set

X(t) = <<V(t),%(t)> L BTON, —5)>L(t) 4 (1 S )Z(t)

to+0 to+0

and analogously to the previous case, we obtain
X(0)=0-L(0) + Zy = 1 (J(0), J(0)), X(tg+6)=0-L(0)+0-Zy =0,

=0

d(/ vV Bl ~= (2.9
. a ; G
E(<V’E>+<X’c>) = hro L S0

The existence of such V' and X now allows
the construction of the claimed timelike curve.
Let 7v: (—&,e) — P be a smooth curve with P .\

7(0) = pand
7(0) = J(0) = v(0),

q
c(to + q)

VP")/ Y
—(0)=0.

For instance, choose 7(s) := exp? (s.J(0)). This satisfies

V4 ik
~0) = T:(0) +11(J(0), J(0)) = X(0).
——

=0

Now choose a variation ¢, of ¢ with

¢ V oc¢
_ ty 1 8) = cft = o =X
cs(0) = 7(s), cs(to +6) = c(to + 9), s | _, v, ds 0s |,

S
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Since c is lightlike, we have (¢, ¢) ]5:0 = 0, and moreover

12(0 c>‘ — EC' — zacS ¢
20s "7 s=0 0\ 9s 70/ \Ot Os |,

:<%,é>:%<v,é>_<v,%;>:o.
-0 ~—~

For the second derivative, we obtain

18_2<C c') _g Z%C — ﬂﬂ 22808 ¢
20827 0 0s\otos /|, \ At dt ds 0t Os |,_,
vV vV V V 0Ocq . N
= <E’ E> + <§a_ 95 > RV OV ¢)
(%)= X
d \A%4 . ViV N
= E<<V’ E> + <X>C>> - <V’F> - <R(VaC)C; V>
<) V2V N b)
< —< B +R(V,C)C,V> < 0.
It follows (¢, ¢5) < 0, i.e. ¢ is timelike on [0, ty 4 4] for s # 0 sufficiently small. O

Lemma 2.43. Let P C M be a spacelike submanifold and c: [0, b] — M a lightlike geodesic
with ¢(0) =: p € P, but ¢(0) ¢ N,P.
Then in every neighborhood of ¢, we find a timelike from P to q := c(b).

Proof.

By assumption, there is some X € 7}, P such that (X, ¢(0)) #
0, and without loss of generality, we assume (X, ¢(0)) >
0. Let X be the corresponding parallel vector field along c
determined by X (0) = X,. Then the vector field V(t) :=
(1 —£)X(t) fulfills V(0) = X, and V (b) = 0. Furthermore,
choose a variation ¢, of ¢ with %&| _ =V, ¢,(0) € P and
¢s(b) = ¢ for all s.

Since c is lightlike, we have <c‘s, c'5> ’5:0 = (0 and moreover

9, \A%4

2

e =2 (S 0,600)) = = (X(0).600) = =3 (X c(0)) <0

Thus, for s > 0 sufficiently small, we have (¢,,¢,) < 0, i.e. ¢, is timelike. O
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Therefore, we just proved

Theorem 2.44. Let M be a Lorentzian manifold, P C M a spacelike submanifold and
c: [0,b] — M a causal curve with ¢(0) =: p € P.

Then in every neighborhood of ¢, we find a timelike curve from P to q := c(b), unless c is,
up to parametrization, a lightlike geodesic with ¢(0) € N, P such that P has no focal values
to < balong c.

Remark 2.45. Compare this to the corresponding statement of Riemannian geometry:

Let M be a Riemannian manifold, P C M a submanifold and c: [0,b] — M a curve with
c(0)=:peP.

Then in every neighborhood of ¢, we find a shorter curve from P to q := ¢(b), unless c is, up to
parametrization, a geodesic with ¢(0) € N, P such that P has no focal values t, < b along c.

2.3 Convex sets

Definition 2.46. Let M be a semi-Riemannian manifold. An open subset U C M is called
convex, if for each p € U, there is an open subset €2, C T, M, which is starshaped with
respect to 0, such that exp,,: {2, — U is a diffeomorphism.

T,M
p Qp

S

In particular, for every ¢ # p in U, there is, up to reparametrization, exactly one geodesic from
p to ¢ that runs entirely in U.

Example 2.47.

1. Let M = R" Euclidean or Minkowski space. Then U is convex if and only if for all
p, q € U the segment of the straight line connecting both is contained in U.
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2. Let M = S™ the standard sphere and U := B, (po) the ball of radius r centered at p,. For
r < %, U is convex, but not for r > %

Po Po
U U 2 different
geodesics
connecting p
and q
p 4q

Let M be a semi-Riemannian manifold and D C T'M the maximal domain of exp, which is
open. We set
E: D— M x M, X — (7(X),exp(X)),

where : T'M — M denotes the footpoint map.
For fixed p € M, we write @D, C T),M for the maximal domain of exp,,.

Lemma 2.48. Let M be a semi-Riemannian manifold, p € M and X € T,M. Furthermore,
let exp,: D, — M be non-singular at X, i.e. dexp, |, is invertible. Then also E is
non-singular at X.

x

Proof. We just have to show injecitivity of dF } > solet V' € ker dE ‘ < € IxTM. For
mi: M x M — M, i = 1,2, the projection on the 7. factor, we obtain

dr| (V) = d(m 0 E)| (V) = dmi|, (dE| (V) =0,
=0
so V' has no component in "horizontal" direction, thatis V' € TxT,M = T,,M. Therefore, we

can apply dexp, |  and employ its injectivity:

dexp, | (V) = d(m o E)| (V) = d@]E(X)(dE|X(V)) =0 — V =0.

TM

«~—— zero section
T Dy .
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Corollary 2.49. If exp,, is non-singular at X € T,M, then there is a neighborhood of X
in T'M that is mapped diffeomorphically to some neighborhood of (p, exp,, (X )) in M x M
under E. In particular, there is a neighborhood of 0 € T,M in T'M that is mapped
diffeomorphically to some neighborhood of (p,p) € M x M.

Proposition 2.50. Let M be a semi-Riemannian manifold and p € M. Then every neigh-
borhood of p contains a convex neighborhood of p.

Proof. a) Let V' be some neighborhood of p, on which, without loss of generality, Riemannian
normal coordinates are well-defined, i.e. there is a subset of 7}, M/, which is mapped diffeomor-
phically to V" under exp,,. Furthermore, let (é1,...,e,) be an orthonormal basis of 7),M. The

normal coordinates (z!,...,2") of any ¢ € V are characterized by exp,, (Z?:l xiei) = q.

For e > 0, set
U, = {expp (inei> Z (1:2)2 < 5},
i=1

i=1
so for ¢ suitably small, we have U. C V. Thus, due to Corollary 2.49, E = (7, exp) maps some
neighborhood €2 C T'M of 0 € T, M diffeomorphically to U, x U, thatis {) = E-! (U6 X Ug).
Hence, for each ¢ € U, exp, maps , := QN T, M diffeomorphically to {¢} x U, = UL, i.e.
it remains to show that 2, is starshaped with respect to 0 € T, M.

TM

VXV M x M

pp) | T~ UsxUe

b) For any ¢ € U, consider the symmetric matrix 5B determined by the components
bij(q) := 0ij — ZFZ (x(q))".
k=1

Then B(p) is the identity matrix and hence positive definite. For £ small enough, we can
assume this also for B(q) for all ¢ € U..
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c) Let Q) denote the "starshaped hull" of €2, which means

o ——
7~ \\\

Q= {tv|veq, tel0,1]}. ,/ N\
f \
[ \
Again, for € chosen small enough, we can assume 1 y’\\ . }
\ 0
E(Q)cVxV. h
Letv € Q, and thus tv € QNT,M forall t € [0, 1]. Therefore, Riemannian normal coordinates
of exp,(tv) exist for all ¢, for which we write ' (¢), ..., 2™(t). Consider

n

=30 = f=2) ok f:2z<(:t’“)2+xk"’“>.

k=1
The geodesic equation and b) provide

n

f=2) ((:i:k)2 — zn: Ffjjzia'sj> =2 zn: biji'd > 0.

k=1 ij=1 i,j=1

It follows that f is concave, so since exp,(0) = ¢ € U
and exp,(v) € exp,(€,) = Uc, we have f(0), f(1) < ¢
and thus f(t) < eforallt € [0, 1]. Therefore exp,(tv) €
U.andthus tv € Q, forallt € [0, 1],1i.e. €, is starshaped
with respect to 0.

Lemma 2.51. Let M be a semi-Riemannian manifold and c: [0,b) — M a geodesic. Then
the following statements are equivalent:

(i) c can be continuously extended to b.

(ii) c can be extended as a geodesic to |0,b + €) for some € > 0.

Proof. We merely prove (i)= (ii) since the other direction is trivial. Let ¢ be the continuous
extension of ¢ to [0, b] and let U be a convex neighborhood of ¢(b). Choose some ¢, € [0, b)
such that ¢(ty) € U. Due to convexity, there is an open subset 2 C Tt(t9)M such that
€XPe(yy): §2 = U is a diffeomorphism.
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Wtw

c(0)

The curve exp,; ) ocis aline segment in 2, which is continuously extendible to exp_;  (2(b))-
Now we extend this line segment to €2, so its image under €Xp,(4,) provides the desired extension
as a geodesic. 0

Remark 2.52. Let U C M be convex and define the map
A: UxU-—TM, (p, q) — ¢pq(0), (2.3)

where ¢, ,: [0,1] — U denotes the geodesic with ¢(0) = p and ¢(1) = ¢. Then we obtain

E(A(pa Q)> = E(épq(o)) = (p, €XPe(0) (épq(0>)) = (p, q),

so A is the inverse of the local diffeomorphism £ and thus in particular smooth.

Warning! Convexity of U,V C M does not imply that U N V' is convex. For instance, on
M := S*, take the subsets

S ——

Here U and V are convex but U N V is not even connected.
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On the other hand, this implication holds if additionally their union is contained in another
convex subset:

Lemma 2.53. Let U,V,W C M be convex and U UV C W. Then U NV is convex.

Proof. Letp € UNV and QY := exp, (W), i.e. Q" C T,M is open and starshaped with
respect to 0. Analogously, we define Q¥ and QY.

For v € QUY, let ¢ := expp(v) € U, so the unique geodesic connecting p and ¢ in W is
t = exp,(tv). Due to convexity, this coincides with the corresponding unique geodesic in U,
i.e. tv € QU forall ¢ € [0, 1]. For the same reasons, we also have tv € QY forall ¢ € [0, 1], so
QU and Y are starshaped with respect to 0 and hence so is 2V N QY which implies convexity
of UNV. [

Definition 2.54. An open cover U := {Ua}a of some semi-Riemannian manifold M is
called convex cover of ) if all countable intersections of its elements are convex sets, i.e.
Ua, N ..., Uy, is convex for all o; and k € N.

Proposition 2.55. Let M be a semi-Riemannian manifold and U an open cover of M.
Then there is a convex refinement, i.e. there is a convex cover K = {K 5} P and for all (3,
there is some o such that Kg C U.,.

Proof. Define
U, = {U cM } U is convex and U C U, for some a},

which is a cover of M due to Proposition 2.50. Let U, be a refinement of U; such that for all
U,V € Uy withUNV # (), we find some K € U; containing U UV (recall that the topology
of M is countably generated). Then

K = {U M | U is convex and contained in some element of Uz}

yields another cover of M, from which we show that it is convex.
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Forany k € N,letUy,..., U, € K withU; N ... N Uy # (). Then
U1UU2 C W1 U W2 Cc K — U1 ng is convex,
—~ ~~
€Uy €Uy €r
(LiNUy)UU; C U UTs € K — U, NU,N Uy is convex,
clUq
U;nN...NUyis convex. O]

Lemma 2.56. Let M be a convex and time-oriented Lorentzian manifold and p,q € M.
Then we have

(i) Forp # q, we have

g€ Ji(p) (I+(p)) <= Alp,q) € T,M is causal (timelike) and future directed.

(ii) J+(p) = 1+ (p)
(iii) The relation "<"is closed, i.e. p, — p,q, — q and p, < q, for all n imply p < q.

(iv) Every causal curve c: [0,b) — M, which runs in some compact subset of M, is
continuously extendible to b.

Proof. For Q := exp, (M), Corollary 2.13 yields

Ji(p) = exp, (J+(0) N <), I, (p) =exp, (I:(0) N Q),

so the claims (i) - (iii) follow from the respective statements on Minkowski space.

Let {t; };en be a monotoneously increasing sequence with lim ¢; = b. Since it is contained in
1— 00

a compact set, (c(tz)) ieN has at least one accumulation point, and we show that there is exactly

one, which then extends c. Let p, g be accumulation points, i.e. there is a monotoneously

increasing subsequence {s; };en C {t; }ien such that
c(sgi) — D, C(SZH-I) —q
if 2 — oo. Without loss of generality, we assume c to be future directed, so for all < we have
¢(s21) < c(tait1) < c(s2i42)

and hence p < g < p due to (iii). Therefore, (i) implies that A(p, ¢) is future and past directed,
that is A(p, ¢) = 0, which provides p = q. O
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2.4 Quasi-limits

Definition 2.57. Let M be a time-oriented Lorentzian manifold, K a convex cover of M
and (¢, )nen a sequence of causal and future directed curves.

A limit sequence for (c,), relative to K is a (finite or infinite) sequence of points
Po < p1 < ...such that

1. For each p;, there is a subsequence (c,,, ), and for each m = m(j), there are parameter
values ¢,, 0 < t,, 1 < ... such that for all j, we have

la. lim ¢y, (tm;) = p)

1b. p;,pj+1 and, for all m > m(j), the segments ¢,,,, ([tm,;, tm,j+1]) are contained in
one element of K.

2. If (p;), is infinite, it is nonconvergent. If {p,}; is finite, it has more than one point and
no strictly longer sequence satisfies 1.

Remark 2.58. Let K; € K contain p;, p; ;1. By assumption,
we have ¢, (tm.j) < cn,.(tm.j+1), and since "<" is a closed
relation in convex sets, we obtain p; < p;;;. On the other Cnm (tm,j+1
hand, p; < pj+1 in M implies p; < p;41 also in Kj, so the ¢, (¢ ;)
unique geodesic 7; connecting p; and p;; is causal. The
broken geodesic

Yi=vUnUrU. .. .

is called quasi-limit of the sequence (c,,),, related to K.

Example 2.59. In all following examples, let M := R, ..

1.) Let C,,, n € N, denote the line seg-
ment connecting (0,0) with (n + 1 n).
Every limit sequence lies on the light-
like geodesic {(s,s) { s > 0}, so up to
parametrization, s — (s, s) is the unique
quasi-limit of the sequence of curves (¢, ).
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2.) Let C), be as in the first example. Ev-
ery accumulation point of (¢, (t,)), lies on the
lightlike geodesic {(s,s) ‘ s > O}, but for a
limit sequence p; < ps < ..., we cannot have

bj = (Sj73j>7 55 < 1
Pir1 = (Sj+1,8j41),  Sj41 > 1

since those points would not be contained (0,0)
in the same convex set. For example,

pj = (1- ol= %) yields a limit sequence

and s — (s, s) on [0, 1] a quasi-limit.

3.) For C,,, n € N, the line segment connecting
(0,0) and (n+ £, (—1)"n), we have two quasi-
limits s — (s, £s), s > 0.

(0,0)
4.) For C,,, n € N the line segment connecting
(0,0) and (1,1 — 1), the points
b1 = (07 O) <p2:= (17 1) (O 0)

yield a limit sequence.

Proposition 2.60. Let M be a time-oriented Lorentzian manifold with convex cover K and
cn: Iy, = M,n € N, causal and future directed curves with lim ¢, (0) = p € M, where
n—0o0

I, = 1[0,b,] if b, < oo, and I, = [0,b,,) if b, < oco. Then the following statements are
equivalent:

(i) The sequence (cy,), has a quasi-limit relative to K with py = p.

(ii) There is a neighborhood U of p such that infinitely many c,, are not entirely contained
inU, ie. c, -+ p.

Proof. (i) = (ii): Let py := p < p1 < p2 < ... denote the limit sequence and we choose
disjoint neighborhoods U, U; of p,p;. Due to ¢,,, (t;,1) — p1, we have ¢, (tm1) € U, for
almost all m, and hence ¢,,,, (t,,.1) ¢ U, so U does the job.

(ii) = (i): a) Let U be a locally finite refinement of K such that for all U € U, the closure
U is compact and contained in some K € K. We assume that Uy € U is a neighborhood of p
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such that infinitely many c,, are not entirely contained in U.
Let (c%l))n the subsequence of curves, which leave U, and set

to i=inf {t > 0] cP(t) ¢ Uy},

that is (tm) € 0Uy. Due to compactness, there is a convergent subsequence, and we define
p1 as the corresponding limit. Then ¢ (0) < ¢’ (t,,,) implies

p = lim cg)(O) < lim cg) (tm) =
n—oo n—oo

and py < p; follows from py € Uy and p; € AU, that is py # p;.
We repeat this procedure as often as possible, where we respect the following convention: If
several U € U contain the point p;, we define U; as the so far least chosen one. Then property
1 in Definition 2.57 holds by construction.
b) We proceed with property 2 and start with the case that the constructed sequence p <
p1 < pp < ...is infinite. Assume that p; converges to some ¢ € M and let V € U be a
neighborhood of ¢. Then almost all p; are contained in V' and hence, almost all corresponding
neighborhoods U; hit V. Therefore, due to local finiteness, at least one U; must have been
chosen infinitely many times in the construction. On the other hand, note that V' itself would
also serve as such an U;. Then the convention, we followed in the construction, demands that
V' must have been chosen infinitely many times as well, i.e. p; € OV for infinitely many j,
which contradicts p; — ¢.
c) Now assume the construction to break down after finitely many steps, i.e. produces k points

p=po <p <...< pg. Hence, there is a subsequence of curves (cﬁlkﬂ))n, which entirely

run in Uj, € U, and compactness of U}, as well as Lemma 2.56 provide a continuous extension

of ™ 1o b, if it was not already in the first place. Furthermore, after maybe switching over

to some subsequence, we have c%kﬂ)(bn) —q €Uy
cl) Assume ¢ = p; and that the finite sequence is extendible by some p;.; > p; such that

p=po < ...Dpr < pr+1 has property 1. Then on Uy would have

ety (tng+1) < i (by,) — Pk <Pkt S 4= P,
——— Y
—Pk+1 -4

which implies p; = pi11, since Uy is contained in some convex set. Therefore, py1 does not
yield an extension, so p = py < ... < pi is the limit sequence.

c2)If pr #q,ie. ¢ >pe, p=po<p1 <...<pr <prr1 = qhas property 1 by construction
and 2 by cl), so it yields a limit sequence. [

Remark 2.61. Due to property 2 in Definition 2.57, any quasi-limit v is future-inextendible,
i.e. if it is parametrised on [a, b), there is no continuous extension to b (otherwise the sequence
(p;); would converge to y(b)).
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2.5 Cauchy hypersurfaces

Definition 2.62. Let M be a connected and time-oriented Lorentzian manifold.

A subset A C M is called achronal if there no p,q € A such that p < ¢. In other words,
every timelike curve hits A at most once.

A subset A C M is called acausal if there no p,q € A such that p < ¢. In other words,
every causal curve hits A at most once.

Remark 2.63.
1. Acausality implies achronality but not cive verca.
2. Subsets of achronal (acausal) subsets are achronal (acausal).

3. The closure of an achronal set A is achronal: If there were p,q € A with p < ¢ then
choose sequences (py, )n, (qn)n in A converging to p and g, then p,, < g, for n large enough
according to Proposition 2.7, which is a contradiction.

Example 2.64.
Let M = R};,.. The subset A;
(spacelike hypersurface), A, (the (n— m As

1)-dimensional hyperbolic space) and
As (future light cone) are achronal
subsets. A; and A, are even acausal.

Definition 2.65. The edge of an achronal subset A is defined as the subset

edge(A) = {p =\

for all open neighborhoods U of p, there is a timelike
curve in U from 1Y (p) to IY(p), which does not hit A [
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Example 2.66. Let M be n-dimensional Minkowski space.

2 Causality

1. For the subsets in Remark 2.63, we have edge(A;) = () fori = 1,2, 3.

2. Let Ay := {0} x B for some B C R""!, then edge(A4) = {0} x 9B:

For b € B with some open neighborhood Uy C
B (with respect to R"™1), let p := (0,b) and

U C B the double cone over U, that is

U =1.(Uy) UUy U I (Up).

Every timelike curve from IY(p) to I{(p) has

to meet {0} x B and thus p ¢ edge(Ay).

R

edge(Ay)

On the other hand, b € 0B implies V\ B # () for any neighborhood V' of b with respect
to R"~!. Hence, for each open neighborhood U of p (with respect to R™), we find some
p = (1,0) € {0} x (V\BNU) and a timelike curve connecting /Y(p’) and 1¥(p’)
running through p’. Since {0} x R™~! is achronal, it is hit by this curve at most once,

which is in p/, so it does not meet Ay, i.e. p € edge(Ay).

Remark 2.67. If A is achronal, we have A\ A C edge(A):

For p € A\ A and any open neighborhood U of p, there is a timelike curve connecting / Y(p)
and IY(p) and running through p. Since A is achronal, there is no other intersection point of
A with this curve, in particular not with A. Therefore, p ¢ A implies that the curve does not

meet A at all, that is p € edge(A).

Lemma 2.68. For every achronal subset A C M, the subset edge(A) is closed.

Proof. We show edge(A) = edge(A), so let p € edge(A) and U a neighborhood of p € M.
Furthermore, let V' C U be an open neighborhood of p contained in Y (1Y (p)) N 1Y (1Y (p)).

Since p € edge(A), there is some p’ € V N edge(A). It follows that there is a timelike curve

c: [—1,1] —» V with
px = c(£1) € IL(Y),

which does not meet A. Note that
pr eV CIV(IY(p)) NIY(1Y(p)) im-
plies that we can extend c to some timelike
and future directed curve c: [-2,1] — U
such that ¢(—2) € IY(p). For similar reasons,
we can moreover extend it a to timelike and

future directed curve c: [—2,2] — U such that
c(2) € I{(p).

Rnfl
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We show that this yields a timelike curve in
U connecting Y (p), IY(p), which does not hit
A, either. Assume it does. Since IV (p_) is
a neighborhood of p’ and p’ € edge(A) N A,
there is some p” € ANIY (p_). Then any con-
catination of c][72771] with some timelike and
future directed curve from p_ to p” would meet
A twice, which yields a contradiction since A

was assumed to be achronal.

Definition 2.69. A subset S of an n-dimensional differentiable manifold M is called topo-
logical hypersurface, if for each p € S, there is an open neighborhood U of p in M and a
homeomorphism ¢: U — V, with some open V' C R" open, such that

e(UNS)=vVn ({0} xR*).

R x {0}
g Y V CR"
U /\\
(a0 N ) e
g N

Example 2.70. The subset S := (' (0) C R" is a topological hypersurface with, for instance,
v: R" — R", (xo,xl,...,x”_l)r—>(x0—||:f:||,i’).
———

=z

Proposition 2.71. Let A C M be achronal. Then the following statements are equivalent:
(i) Anedge(A) = 0.

(ii) A is a topological hypersurface.

Proof. (i) = (i): Let A be a topological hypersurface with U, V, ¢ as in Definition 2.69
for some p € A. Without loss of generality, let U be connected, so U\A ~ V\{2° = 0}
implies that U\ A has two connected components. The subsets I{ (p) are open and connected
and, due to achronality, have empty intersection with A. Moreover, every timelike curve
through p meets both, IY(p) and IY(p), and, again by applying the homeomorphism, also
both connected components. Hence, /¥ (p) are contained in different connected components
and since U is separated by A, every continuous timelike curve connecting IV (p) and IY(p)
has to meet A N U, that is p ¢ edge(A).
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(i) = (ii): Forp € A, let U be a neighborhood such that every timelike curve connecting _[7 (p)

and / f (p) meets A. Without loss of generality, we assume U to be a coordinate neighborhood,

i.e. there is a diffeomorphism & : U — 13 (17 ) C R™, and % to be timelike and future directed.

Then U contains a smaller neighborhood U of p such that
1. £U)=(a—6,b+6) x N=:V forsome a,b €R, § >0and N C R"! open,
2. {xeﬁ’xoza} Clg(p)and{xeﬁ|x0:b} c 1Y(p).

For fixed y € N C R""!, the curve

la,b] — U, s+ &7 (s, y),

is timelike and meets A by assumption on U. Since A is achronal, this determines a map
h: N — (a,b) by demanding £ (h(y),y) € A and we obtain

UﬂA:§_1<{(h(y),y) ‘yEN)}).

Assuming continuity of A, the map
o U—V,  pr—s (€0 = h(ED).E0)

yields a homeomorphism with ¢(p) = (0,y) if p € U N A since then p = £‘1(h(y), y) for
some y € N. If h was not continuous, there would exist a sequence (y,)neny and y € N
such that y, — y but h(y,) - h(y). Let ¢ := £~ *(h(y),y). Since h(N) is contained in the
compact set [a, b], there is a subsequence (¥, ), such that h(y,,) converges to some r # h(y),
and hence £7'(r,y) € IY(¢q) U I¥(q) =: IY(g). Therefore, IV(g) is an open neighborhood
of £7(r,y), i.e. for m large enough, we have ' (h(ym), ym) € IY(q), which contradicts
achronality of A. O
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Corollary 2.72. Let A C M be achronal. Then the following statements are equivalent:
(i) edge(A) = 0.

(ii) Ais a closed topological hypersurface.

Proof. (i) = (ii): Due to Proposition 2.71, A is a topological hypersurface. It is moreover
closed since A\ A C edge(A), thatis A = A.

(ii) = (i): Proposition 2.71 ensures A NedgeA = (). On the other hand, by definition, edge(A)
is a subset of A, so A = A provides the claim. ]

Definition 2.73. A subset B of a time-oriented Lorentzian manifold M is called future set
or past set if /, (B) C Bor I_(B) C B, respectively.

Example 2.74. For M = Ry}, ... an example for a future set would be
{(=°.7) eRxR"™ | 2® — || > 0}.

Remark 2.75. If B is a future set, then M\ B is a past set.

Corollary 2.76. Let M be a connected and time-oriented Lorentzian manifold and B C M
a future set with B ¢ {(), M'}. Then OB is an achronal and closed topological hypersurface.

Proof. Regarding Corollary 2.72, we just have to show that 9 B is achronal and edge(0B) = ().
Letp € OB and q € I (p), so I_(q) is an open neighborhood of p, which moreover meets
B and thus ¢ € I, (B). Since I, (B) is open and B a future set, we have I, (B) C B and in
particular I, (p) C B. Analogously, we obtain I_(p) C int (M\B).

It follows that I, (0B) N 0B, so OB is achronal since any timelike curve running through 0B
fails to meet it again. Moreover, every timelike curve connecting /_(p) and I, (p) has to hit
dB, which shows edge(dB) = (. O

Definition 2.77. A subset S C M of a time-oriented Lorentzian manifold is called Cauchy
hypersurface of M if any inextendible timelike curve hits it exactly once.

Example 2.78. A
Let M = Ry, and Ay, Ay, A3 the subsets
of Example 2.64. Although all of them are
achronal, only A is also a Cauchy hypersurface
since, for instance, the inextendible timelike

A
curve ¢ does not hit A5 or As. .
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M.
M\A

¢(0) = q, which is past-inextendible in M.

Lemma 2.79. Let M be a connected Lorentzian manifold, A C M closed and
c: [0,b) — M\A a past directed causal curve with ¢(0) =: p, which is past-inextendible in

(i) For all ¢ € I,”""(p), there is a timelike past directed curve c¢: [0,b) — M\ A with

(ii) There is a timelike past directed curve ¢: [0,b) — M\A with ¢(0) = p, which is
past-inextendible in M, unless c is a lightlike pregeodesic without conjugated points.

Proof. Without loss of generality, let b = oo and (c(n))n non-convergent. Choose some

metric d on M, which induces the given topology on M.

(i): Let pg := g > p, where ">" is with respect to
M\A, so ¢(1) <« p since ¢(1) < ¢(0) < po. On the
corresponding timelike connecting curve, choose some
p1 such that 0 < d(pl,c(l)) < 1.

Inductively, we find p; with c¢(k) < pr < pr_1 and
d(px, c(k)) < . which provides a timelike past directed
curve ¢ through all p, and starting at py = ¢. Further-
more, it is past-inextendible: If ¢ was extendible by some
Poso, then pr, — po, and thus

d(poo; c(k)) < d(poo, pi) + d(pr, c(k)) — 0.

~
—0 <1/k

This leads to ¢(k) — p.. and hence a contradiction.

(ii): Let c not be a lightlike pregeodesic without conju-
gated points, so neither is c‘ 0.d] for some a > 0. Accord-

ing to Theorem 2.44, there is a timelike curve from ¢(0)
to c(a) in M\ A.

It follows that p € 17" (c(a)), so we can apply the proof
of (i) by replacing ¢ by c] 0a P by ¢(a) and ¢ by p.

Remark 2.80.

The assumption on ¢ in (ii) can not be dropped
as the following example shows: Let M =
Ry, and A= —H"1

Lightlike past directed lines, which start at 0,
do not hit A, but every timelike, past directed
and past-inextendible curve ¢, which starts at 0,
does.
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Proposition 2.81. Let M be a connected and time-oriented Lorentzian manifold and S C M
a Cauchy hypersurface of M. Then we have

(i) S is achronal.
(ii) S is a closed topological hypersurface.

(iii) Every inextendible causal curve hits S.

Proof. (i): If there was a timelike curve hitting .S at least twice, each maximal extension as a
timelike curve would do either, which yields a contradiction.

(ii): Through any p € M, we find an inextendible timelike curve, which therefore has to hit
S, so we clearly have M = I_(S) U.S U I, (S). This is a disjoint union because if /L NS or
I_(S) N I4(S) were not empty, this would imply the existence of a timelike curve meeting S
twice. It follows that the subsets /1. (S) U S are closed as complements of the open sets /- (.5),
so they contain I (.S), respectively, and hence,

0IL(S) =1.(S)NM\1L(S) C (I+(S) U S) N (I_(S) U S) =S.
This implies 01_(S) = S = 91,.(S) since S C 01.(S) holds for any subset S of a Lorentzian
manifold. Thus, every timelike curve from 7_(S) to I, (S) has to meet S, that is edge(S) = ()
and the claim follows from Corollary 2.72.
(iii): Assume cto be a causal inextendible curve
in M, which does not meet S and, without loss
of generality, runs entirely in 7, (S). For some
point p on that curve, letq € [ f\r/[\s(p), so due to
Lemma 2.79, there is a past-inextendible curve ~
(with respect to M) in M\ S, which starts in
¢ and runs entirely in 7, (p) as well. Then the
maximal future extension of ¢ in M also runs
entirely in 7, (S) and therefore would yield an S
inextendible timelike, which does not meet S I_(S)
and thus contradicts the assumption on S.

hypersurface is not hit exactly once

Remark 2.82. In general, a Cauchy / ¢
/

by any causal curve. Let, for instance, S
M = Ry, and consider S and c as
in the picture. Here the intersection is N

. \ /
a whole lime segment. '

Y
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Theorem 2.83. Let M be a connected time-oriented Lorentzian manifold, X a smooth
timelike vector field on M and S C M a Cauchy hypersurface. Then the map p: M — S,
which assigns to each p € M the unique intersection point of the corresponding integral
curve of X with S, is well-defined, continuous and open, and we have p‘ ¢ = ids. In
particular, S is connected.

Proof. a)Letc: (a,b) = M, —oo <a <0< b< oo, denote the maximal integral curve of
X and p := ¢(0). It follows that ¢ is inextendible since if ¢ was continuously extendible by ¢
to b, the integral curve of X through ¢ would extend c as a integral curve, which contradicts
maximality. Therefore, p(p) is the unique intersection point of ¢ with S, i.e. p is well-defined.
b) Consider the flow W: @ x M x R — M of X, where 20 denotes the maximal domain of V.
Since S C M is a topological hypersurface, sois S x Rof M x Rand D(S) := (S x R)ND
of . Note that ¢ := ¥ ] 0(s) is continuous as a restriction of a continuous map and bijective

by assumption on S and X. Since D (S) and M are topological hypersurfaces of the same
dimension, the map ¢: D(S) — M is a homeomorphism by Brouwer’s Theorem ("Every
continuous and injective map between topological manifolds of the same dimension is open").
It follows that p = 7 o0 ¢)~! is open and continuous since the projection 7: M x R — M is.

c) For p € S, the unique intersection point of the corresponding integral curve of X with S is

p.ie. p(p) = p.
Since p is continuous and surjective, i.e. p(M) = S, and M is connected, S is connected as
well. O

Corollary 2.84. Any two Cauchy hypersurfaces Sy, Ss of M are homeomorphic.

Proof.
Let X be a smooth timelike vector
field M and p;: M — S;, i = 1,2, ] S,
maps defined as in Theorem 2.83. X/
Then the maps
P integral //
P1|523 S2 . Sl curves of X 52
R — —
P2|g - 1 —> 02
1 / M D

are inverses of each other and hence
homeomorphisms.



2.6 Globally hyperbolic subsets 69

2.6 Globally hyperbolic subsets

Let M always be a connected and time-oriented Lorentzian manifold.

Definition 2.85. A subset ) C M is called globally hyperbolic if
1. The strong causality condition (Definition 2.19) holds on §2.

2. For all p, g € (), the causal diamonds

J(p,q) == Ji(p) N J_(q)

are compact and contained in €.

Example 2.86. Let M = Ry, .. For arbitrary subsets

A, B C M, consider N B
Q:=J.(A)NJ_(B).
A
Clearly, property 1 holds and J(p, ¢) is compact for all
p,q € Q. For all p, g € 2, we moreover have q

J(p,q) € Ji(p) C J+(Q) J(p,q)
C ‘]+(J+(A)) = J+(A),

and analogously J(p,q) C J_(B), thatis J(p,q) C Q.

Lemma 2.87. Let K C M be compact and let the strong causality condition hold on K.
Furthermore, let c: [0,b) — M, 0 < b < 00, a future-inextendible causal curve starting in
K, i.e. ¢(0) € K. Then there exists some ty € (0,b) such that c(t) ¢ K forallt € [ty,D).

Proof. Assume otherwise and let (s;);en C (0, b) be a sequence converging to b with s; < ;11
and c(s;) € K for all 7, which implies ¢(s;) — p € K for some subsequence. Since c is
future-inextendible, there has to be a sequence (¢;);en C (0, b) converging to b with ¢t; < ¢;,1
for all i but ¢(¢;) - p. Therefore, by passing on to some subsequence, we find a neighborhood
U of p such that ¢(¢;) ¢ U foralliand s1 < t; < 59 <ty < ....

On the other hand, we have c(s;),c(s;+1) € V for all neighborhoods V' C U of p and i
large enough, so the strong causality condition demands c([si, siﬂ]) C U and consequently
c(t;) € U, which yields a contradiction. ]
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Lemma 2.88. Let K C M be compact and let the strong causality condition hold on
K. Furthermore, let c¢,,: [0,1] — K denote future directed causal curves with ¢, (0) — p,
c(l) = qgand p # q.

Then there exists a causal future directed broken geodesic vy from p to q and a subsequence
(cnm)m such that

lim Lc,,.] < L.

m—00

Proof. Due to Proposition 2.60, (¢, ), has a limit sequence p =: py < p; < pa < ... and we
start by showing that is is finite.

Assume it was infinite, so the corresponding quasi-limit would be a causal future-inextendible
curve starting in p, which, by Lemma 2.87, leaves K without return, i.e. p; ¢ K for all i large
enough. Since ¢, (tm,) — p;, we would have ¢, (tm,i) ¢ K for alle m, i large enough, but
c was assumed to run in /.

We obtain the limit sequence p =: pg < p; < ... < py := q. The corresponding quasi-limit
therefore is a causal future directed broken geodesic from p to q. The points p;, p; 1 as well as
the segments c,,, ([tmﬂ», tm,iﬂ]) are contained in a convex set, which depends on ¢ but not on
m. Then for instance Gauf3’ Lemma implies

L[Cnm|[tm’i7tm’i+1]:| S |A<pm,i7pm,i+1>|7

where py, ; := cn,, (tmj), | - | == /| (-,-) | and A the map defined in (2.3). It follows that

N—-1
L [Cnm] < Z ‘A(pm,iapm,i-‘rl) ‘
i=0
For m — oo, the right hand side converges to |A(pi, pi+1)| = L[y]. After passing to some

subsequence, (L |cy,,|) ~converges as well and we obtain

lim Llc,,] < L[y O

m—ro0

Lemma 2.89. Forp < qin M, let J(p,q) be compact and let the strong causality condition
hold on J(p, q). Then there exists a causal geodesic from p to q of length 7(p, q).

Proof. Let ¢,,: [0,1] — M denote causal future directed curves with ¢,(0) = p,c,(1) = ¢
and L[c,] — 7(p,q). The strong causality condition yields ¢, ([0,1]) C J(p, q) for all n, so
Lemma 2.88 ensures the existence of a causal future directed broken geodesic vy from p to ¢
with

7(p,q) = lim Lle,, ] < L[] < 7(p,q)
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and hence L[y] = 7(p,q). If y actually was not smooth in some t,, i.e. not an (unbroken)
geodesic, it is well-known that we would then find a variation with fixed endpoints with non-
zero first variation of arc length. By some similar procedure as in the proof of Lemma 2.29,
we would find a longer causal curve from p to ¢ but by definition of 7, L[y] = 7(p, ¢) implies
that ~y already is the longest curve. 0

Remark 2.90. In the Riemannian geometry, this Lemma corresponds to the statement con-
tained in the Theorem of Hopf-Rinow that on a complete Riemannian manifold, any two points
can be connected by some shortest geodesic.

Proposition 2.91. Let 2 C M be a globally hyperbolic subset. Then T is continuous and
finite on €2 x €.

Proof. Note that 7 < oo on €2 x {2 follows directly from Lemma 2.89. Furthermore, 7 is
always lower semi-continuous, so we just have to check upper semi-continuity. Suppose there
was some (p,q) € Q x 2, where 7 fails to be upper semi-continuous, i.e. we find 6 > 0 as
well as sequences (py, )nen, (¢n)nen converging to p, g such that

7(Pny @) > 7(p,q) +9

for all n. Choose causal future directed curves
cn: [0,1] = M with ¢,(0) = py,cn(1) = qn
and Llc,] > 7(pn.qn) — +. Since Q is
open, we therefore find p~, ¢" € € such that
p~ < p,q" < q. Since I, (p7),I_(q") are
open neighborhoods of p and ¢, respectively,
we have p, € I, (p~) and ¢, € I_(¢") for n
large enough, and moreover

e ([0,1]) C Li(p)NI-(¢") C J(p~,q"). (2.4)

Due to global hyperbolicity of €, J(p~,¢") is compact and satisfies the strong causality
condition, so Lemma 2.88 implies the existence of a broken geodesic v from p to ¢ and a
subsequence (cy,,)  such that

lim Lc,,] < Ly < 7(p,q)

m—ro0

It follows that ] .
L[Cnm] > T(pnnm%lm) - TL_ > T(p7 Q) +0 — )

m nm

which, for m — oo, yields 7(p, q) > 7(p, ¢) + d and hence a contradiction. ]
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Proposition 2.92. Let Q2 C M be an open and globally hyperbolic subset. Then "<" is a
closed relation on ().

Proof. Let (pn)nen, (¢n)nen C 2 converging to some p, g € 2, respectively, such that p,, < g,
for all n. We have to show that then p < ¢. Since "=" is a closed relation, the statement is
trivial if p,, = ¢, for infinitely many n, so without loss of generality, we assume p,, < ¢, for
all n (otherwise pass on to a suitable subsequence).

Let ¢,: [0,1] — M be the corresponding causal future directed curves with ¢,(0) = p,, and
¢n(1) = gy, Like in the proof of Proposition 2.91, we choose p~, ¢ € ) such that (2.4) holds,
so we find a causal broken geodesic from p to ¢ and hence, we have p < q. 0

2.7 Cauchy developments and Cauchy horizones

Let M always be a connected and time-oriented Lorentzian manifold.

Definition 2.93. For A C M achronal, the set
D(A) := { peEM | Every past-inextendible causal curve through p meets A}

is called future Cauchy development of A.

Analogously one defines the past Cauchy
development of A and we call

D(A) := D.(A) U D_(A)

Cauchy development of A.

Remark 2.94.
a) AC Di(A) C AUIL(A) C Jo(A).
b) Ds(A)N I+(A) = 0 since A is achronal.
¢) Fom a) and b) follows
AC Dy(A)ND_(A)C D(A)N (AUI(A)) = Dy(A)NA= A,
and thus A = D, (A) N D_(A).
d) D(A) N 14(A) = Dy (A\A.
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Example 2.95. 1. For M = Ry, . and A := {0} x Ry}, we have
Dy (A) = Jp(A) = AUIL(A).

2. Let M be any Lorentzian manifold with some Cauchy hypersurface S. By definition, every
inextendible timelike curve meets S, that is /.. (S) U S C D4 (S) and a) yields equality.
On the other hand, we found the (disjoint) decomposition M = I_(S) U S U I.(S), sob)
implies equality and thus M = D(SS).

3. For M = Ry, and some B C M, let A := {0} x B. Then D(A) is the double cone

over B.
x&/ . {0} xR~

4. For (M, g) = (R x S',—dt? + d6?)
and A = {0} x S', we clearly have

D(A) = J+(A).

For p € I, (A) and M = M\{p},
we still have D_(A) = J_(A), but
D, (A) is given by the union of A and
the open region between S and both
future directed null-geodesics ema-
nating from p, i.e.

Dy (A) = J(A\J4(p)-

Lemma 2.96. Let A C M be an achronal set.
(i) Every causal past directed curve, which starts in D, (A) and leaves D (A), meets A.

(ii) Every past or future-inextendible causal curve through p € D(A) meets 1_(A) or
I, (A), respectively.
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Proof. (i): Let c¢: [0,b] — M be a causal and past directed curve with ¢(0) € D, (A) and
c(b) ¢ D, (A). Hence, we find some past-inextendible causal curve -y, which starts in ¢(b) but

does not hit A. Then the concatenation ¢ U -y yields a past-inextendible causal curve through
¢(0) € D4 (A) and thus meets A, i.e. ¢ does. q p

(ii): We just prove the first case, since both can be treated
similarly. Remark 2.94 a) yields

D(A) C AU L (A)UI_(A).

Let ¢ be a past-inextendible causal curve starting in

p € D(A), so for p € I_(A), the claim is trivial.

Letp € AUI,(A) and choose ¢ € I, (p) N D(A). The

proof of Lemma 2.79 (i) with A = () shows that there

is a past-inextendible timelike curve ¢ starting in ¢ such

that ¢ meets /(c(s)) for all s. Remark 2.94 d) implies

q € D,(A), so ¢ meets A in some ¢(s) and therefore ¢

meets [_(A). .

Theorem 2.97. Let A C M be achronal. Then D(A) is globally hyperbolic.

Proof. a) We start by showing that D(A) has the causality property.

Assume there was a causal loop ¢ through some point in lo)(A), i.e. due to Lemma 2.96 (ii),
we find points ¢+ € I.(A) on c. Hence, there are ¢/, € A such that ¢. € I.(q¢), that is
¢ < q+ < q- < ¢_. This would imply the existence of a timelike curve meeting both ¢,
which contradicts achronality of A.

b) We show that D(A) has the strong causality property.

Assume that it does not hold at some p & lo?(A), i.e. there is a sequence of causal future
directed curves ¢,,: [0, 1] — M, n € N, with le cn(0)=p= 1Lm ¢, (1) and a neighborhood
U of p such that for all n, ¢, does not entireTILy ;iln in U. Due Ttlo Olgroposition 2.60, there is a
limit sequence p =: pg < p1 < ... of (¢,)nen. If it is finite, then py = p, that is p < p and
hence a contradiction to the causality condition.

Therefore, suppose the limit sequence is infinite and the corresponding quasi-limit -~y
future-inextendible. According to Lemma 2.96 (ii), it meets /. (A) and does not leave it,
that is p; € I, (A) for some element p; of the limit sequence. Possibly passing on to some
subsequence and after a reparametrization, there exists s € (0, 1) such that ¢,(s) — p;. In
particular, we have ¢, (s) € I (A) for n large enough.

Applying Proposition 2.60 to (C"‘[s 1])n provides a limit sequence p =: qo > ¢; > .... Ifiit
was finite, we would have gy = p and again p < p; = qn' < qo = p, which contradicts the
causality condition. Therefore, we consider an infinite
limit sequence with a past-inextendible causal curve 7
starting in p € D(A) as the corresponding quasi-limit.
From Lemma 2.96 (ii) follows that 7 hits /_(A), so we
would find n € Nand ¢ € [0, 1] such that ¢,,(t) € I_(A),
which contradicts achronality of A.
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¢) We show that J(p, q) is compact for all p, ¢ € D(A)

From p % ¢ follows J(p,q) = 0, so here the claim is trivial. Furthermore, p = ¢ implies
J(p,q) = {p}, since for any r € J(p,p)\{p}, we would have p < r < p, which contradicts
achronality of A.

Thus, we consider p < ¢ and we show that every sequence (z,),en C J(p,q) has a
subsequence, which converges in J(p,q). Let ¢,: [0,1] — M causal future directed curves
from p to q through z,,. Furthermore, let K be a cover of M by open and convex subsets U
such that the closures U are compact and contained in some open and convex set and such
that, due to Proposition 2.60, we find a limit sequence p =: pg < p1; < ... of (¢, )nen relative
to K. We show that we can always find a finite one:

cl) Assume that all such limit sequences were infinite. Adopting the approach of b), we find a
subsequence of reparametrised ¢, such that ¢, (s) — p; € I, (A) for some fixed s. Again the
sequence (C"’[s,u)n provides a limit sequence ¢ =: ¢y > ¢1 > ..., which has to be infinite
since otherwise we would have found a finite limit sequence

P=po<p1<...<pi=gqn < ...<(qo=¢(¢

of (¢p)nen. The corresponding quasi-limit is past-inextendible and as in b), it hits /_(A),
which contradicts achronality of A.

c2) Letp =: py < p1 < ... < py := ¢ be a finite limit sequence of (¢, ),y relative to K.
Passing on a subsequence of (¢, ),en yields x,, € cn([snﬂ-, smﬂ]) for all n and fixed ¢, so all
x, are contained in some fixed U € K. Due to compactness of U,a subsequence of (,)nen
converges to some z € U C V, where V is open and convex. Now Lemma 2.56 implies
x € J(p, q) since

Cn(Sni) < xn < cp(Sniv1) = pi<ez<py = p<z<gq

d) It remains to show .J(p, ¢) C D(A) for all p, ¢ € D(A).
Clearly, we only have to consider p < ¢ and we start with the case p,q € I, (A). Choose
¢+ € I (¢)ND(A) C I.(A)NDy(A) andset U := I (A) N I1_(q4). Since

J(p,q) C T (14(A)) N J-(I-(q+)) = L (A) N 1-(g4) =T,

this yields an open neighborhood of
J(p, q) and we show that it is contained in
D(A). Forz € U, let c be atimelike future
directed curve from z to ¢, which fails to
meet A due to achronality. Hence, for any
past-inextendible causal curve -y starting
in z, the concatenation c U +y yields a past-
inextendible causal curve, which starts in
¢+ and therefore meets A. It follows that
meets A and thus z € D (A).
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Now consider the case p € I (A),q € I.(A).
Choose p— € I_(p) N D(A) and ¢, € I,(q) N D(A),
so U:=1,(p-)NI_(gq.) is again a neighborhood of
J(p,q) and we show U C D(A). Let x € U. Since
for x € A, the claim directly follows from A C D(A),
we assume = ¢ A. Let c_, ¢, be timelike future directed
curves from p_ to x and z to ¢, respectively. Due to
achronality of A, at least one of both curves does not
meet A.

On page 421, [O’Neill1983] claims that for achronal set A, the causality condition holds on
all of D(A). The following example demonstrates that this is not the case.

Example 2.98. Let M := S* x R with coordinates (u,v) and g := — du® dv— dv® du. The
time-orientation is determined by X := % + % and we consider the subset A := S* x {0}.

glue together!

ZX

\

The subset A is achronal: For any timelike curve s — (u(s), v(s)), we obtain

, 0 g ,0 0 L
O>g(u%+va,u%+v%) = —2u'v.
Note that v # 0, which implies either v'(s) > 0 for all s or v'(s) < 0 for all s. Hence, this
curve meets A at most once.

On the other hand, A fails to be acausal: For each p € M\ A, there is a inextendible timelike
curve through p, which does not meet A. It follows that D(A) = A and A does not satisfy the
causality condition since A itself yields a causal loop.

Al
D glue together!
| \
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Corollary 2.99. Let M be a Lorentzian manifold, which exhibits a Cauchy hypersurface.
Then M is globally hyperbolic.

Proof. Let S C M be a Cauchy hypersurface of M, soolo?(S) is globally hyperbolic by
Theorem 2.97. On the other hand, we have D(S) = M = M = D(S). O

Lemma 2.100. Every spacelike achronal (smooth) hypersurface is acausal.

Proof. Suppose there was a causal future directed curve c: [0,1] — M with ¢(0),¢(1) € S,
where S is a spacelike achronal hypersurface. By Theorem 2.44, there is a timelike curve from
S to ¢(1), which contradicts achronality of A, unless c is a lightlike pregeodesic without focal
points before ¢(1) with ¢(0)_LS. Since S is spacelike, NS is timelike, so ¢(0) and thus c is
not lightlike, i.e. c fails to be causal. L]

Proposition 2.101. Let S C M be an acausal topological hypersurface. Then D(S) is open
and globally hyperbolic.

Proof. Recall that due to acausality of .S, the union [ := [_(S) U S U I (95) is a disjoint one,
since if I_(S) NS or I, (S) U I_(S) were not empty, we would find timelike curves hitting S
at least twice.

a) We show that I C M is open in M, i.e. every p € S is contained in I:
By Proposition 2.71, we have S Nedge(S) = ()

and thus p ¢ edge(S). Hence, there exists
a neighborhood U of p such that all time- [Y(p)

like curves in U from IY(p) to I¥(p) meet S. N, {l27] <&
Let 2°,...,2" ! be Riemannian normal coor- U p

dinates around p with timelike z° and |27 < ¢; S S

for some fixed €; > 0. Choosing the ¢; suitably

small ensures {xo = iso} C U. Then the
2Y-coordinate lines meet S and therefore run 1Y (p)
entirely in I, so ﬂ;:& 27| < e;} yields an

open neighborhood of 1.

b) Next we show that S is actually contained in ZO)(S):
Suppose p € S \D(S ) and let U be an open neighborhood of p such that U is compact and
U c V N1 for some convex subset V. Since p ¢ D(S), we find a sequence (2, )ney in
M\ D(S) converging to p. Without loss of generality, for each n, let x,, € I, (S) N U, and
since x,, ¢ D, (S), there is a past-inextendible timelike curve ¢,, which starts in z,, and
does not meet S. Since U is contained in the convex set V, everys ¢, hits the boundary OU
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(Lemma 2.56 (iv)) and we call the first intersection point ¥,,. Then we have y,, < x,, and due
to compactness of OU, we find a subsequence converging to some y € 0U. By Lemma 2.56,
the relation "<" is closed, that is y < p and even y < p since y # p. In particular, y € 1.

bl) If y € I,(S), we would find g € S such that ¢ < y and thus ¢ < p, which contradicts
achronality of S.

b2)y € S contradicts y < psince S is achronal.

b3)Ify € 1_(S), there would exist some n such
that y,, = ¢, (t,) € 1_(S). On the other hand,
by definition of y,,, we have

¢ ([0,8,]) CU CI=1_(S)uSUIL(S).

Recall that ¢,, does not meet .S, so ¢, ([0, t,] has
to be contained in /_(.S), which contradicts the
assumption ¢, (0) = x,, € 1. (S5).

c¢) We show that D(.S) is open if S C M is closed:

For S closed, it suffices to show that D (S)\S = 1 (S) N D(S) is open since it would directly
follow that D_(S)\S is open and therefore, D(.S) can be written as the union of 3 open sets:

D(S) = (D, (S)\S) US U (D_(S\S) < (D, ()\S) UD(S) U (D_(S)\S) € D(S).

J/

Vo
open

Assume p € D, (5)\S was not an inner point. Then we find a sequence (z,,)neny ¢ D4 (5)\S
converging to p such that for each n, there is a past-inextendible causal curve ¢, : [0,b) — M
starting in x,,, which does not meet S (except maybe in x,,). Due to b) and since .S is closed,
{M\S, D(S)} yields an open cover of M. By Proposition 2.55, there is a refinement K by

open and convex sets, which therefore either are not contained in D(S ) or do not meet S. Let
~ be a quasi-limit of (¢, ),y relative to K starting in p, which is a past-inextendible causal
curve. Due to p € D, (S), v meets S in some unique point y(s) and for p = py > p; > ...
the corresponding limit sequence, let ¢ be the index such that

pi > Y(8) > pis1-

Hence, the element of K, which contains the corresponding segment of ~, meets S (in (s))
and is thus contained in D(S ) by choice of K. Acausality of S implies p; ¢ S, that is
pi € DL(S)\S = I.(S)N D(S). Itis even contained in the open set 1, (S) N D(S) C D, (S),
so for n large enough, ¢, has to meet D, (S). Consequently, as a past-inextendible causal
curve, it also meets S, which yields a contradiction.

d) Finally assume that .S is not closed. Note that due to acausality, the Cauchy developments
of different connected components of S are pairwise disjoint, so without loss of generality,
assume S to be connected. Clearly, S is closed in I, so replacing M by its connected open
submanifold [ in c¢) shows that D(.S) is open in /. On the other hand, the Cauchy development
of S'in [ and in M coincide, i.e. D(S) is an open subset of M and thus globally hyperbolic by
Theorem 2.97. ]
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Remark 2.102. Proposition 2.101 becomes wrong if one replaces "acausal" by "achronal" as
is demonstrated in Example 2.98.

Lemma 2.103. For each achronal subset A C M and p € D(S)\I_(A), the intersection
J_(p) N D4 (A) is compact.

Proof.

Let (2,)nen C J_(p) N D, (A) a sequence with no
subsequence converging to p, and for each n, choose
a causal past directed curve c,, from p to z. Note
that if such a sequence does not, there is nothing to
proof. By Proposition 2.60, there is a limit sequence
pP=ipo>p1> ... A

a) Assume that the limit sequence is finite, i.e.

p > pp > ... > py and we find a subsequence

of (z,,)nen converging to py, so it remains to show

pnv € Di(A). Letp, € I, (p) N Dy(A), that is D_(A)
pr > p > py and thus p. > py, so there is a
timelike past directed curve v from p, to py. If v
does not meet A, we directly have py € D, (A). If
v meets A, then py € ANI_(A),butpy € I_(A)
would imply also z,, € I_(A) for n large enough,
which contradicts z,, € Dy (A).

b) If the limit sequence is infinite, the quasi-limit vy is
a past-inextendible causal curve curve, which starts
in p and meets /_(A) by Lemma 2.96. Therefore,
p; € I_(A) for i large enough and consequently, for
n large enough, x,, € I_(A), which again contra-
dicts z,, € D, (A). O

Definition 2.104. Forallp € M and A C M, set

7(A, p) :==sup7(p,q).
qgeA

Theorem 2.105. Let S C M be a closed, achronal, spacelike and smooth hypersurface and
p € D(S) such that there is a geodesic c from S to p of length 7(S, p). Then c is orthogonal
to S, it has no focal point before p, and it is timelike, unless p € S.
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Proof. Due to Lemma 2.100, S is acausal, and by Proposition 2.101, D(S) is open and
globally hyperbolic. Without loss of generality, we only consider p € D (.S). Furthermore,
Lemma 2.103 implies compactness of J_(p) N D, (S) and hence

J(p)NS=J.(ppnDi(S)NS

is compact as well since S is closed. Proposition 2.91
ensures continuity of 7 on J_(p) NS, so the maximum
of 7(-,p) on J_(p) N S is attained at some ¢. By Lemma
2.89, there is a causal geodesic ¢ of length 7(g, p) con-
necting ¢ and p. If ¢ was not orthogonal to S or if ¢ had a
focal point before p, this curve could be deformed into a
longer timelike curve from S to p, which contradicts the D_(S)

maximality of the length of c. u

Definition 2.106. Let A C M be achronal. Then we call

H(A) := D, (A\I_(D+(4)) = {p € D:(4) | Ii(p) N D+ (A) = 0}

future Cauchy horizon of A. Analogously, one defines H_(A), the past Cauchy horizon
of A. The Cauchy horizon of A is given by

H(A) == H,(A) U H_(A).

Example 2.107. Let M := Ry ..
1. For A; := {0} x R""!, we obtain D1 (A;) = J+(A,), and consequently H(A) = {.

2. For Ay, = H”*1 the (n — 1)-dimensional hyperbolic space, we have
D(As) = Di(Ay) = I.(0)but D_(As) = C(0),s0 Hi(Ay) = 0and H_(Ay) = C(0).
(0

3. For A3 := C,(0), we have D(A3) = D, (A3) = J+(0) and H(As) = Hi(As).

4. For dim(M) = 2 we consider
Ay := {0} x (—1,1) and obtain
H(A,) as in the picture.
Particularly note that
H. (Ay) ¢ Jy(Ay) since
(0,41) € Ho (A)\J, (Ay).
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Lemma 2.108. For all achronal A C M, we have
(i) HL(A) is closed.
(i) Hi(A) is achronal.
(iii) If A is closed, then

D, (A) = { peM ‘ every past-inextendible timelike curve through p meets A}.

(iv) If A is closed, then
OD1(Ay) = AU HL(A).

Proof. (i): Since D1 (A) is closed and I (Di(A)) is open, this follows by definition.

(ii): Since I, (H(A)) is open and I, (H.(A)) N D;(A) empty by definition, we obtain
I (H(A)) N Dy(A) = 0 and therefore I, (H,(A)) N Hy(A) = 0. Note that this implies
achronality of H (A).

(iii): We introduce the short-hand notation

X := {p € M | every past-inextendible timelike curve through p meets A}

and start with "C": If there was a p € D, (A)\ X, we would find a past-inextendible timelike
curve c: [0,b) — M, which starts in p but does not hit A. In particular p ¢ A, and since A is

closed, there is an open and convex neighborhood U of p such that U N A = ().
Choose ¢ > 0 such that ¢ := ¢(¢) € U and

thus p € IY(g). Since IV (q) is an open neigh- w U
borhood of p and p € D, (A), there is some /
r € 1Y(q) N D4 (A) with v the corresponding “

timelike and past directed curve from r to q.
Due to convexity, v runs entirely in U, so it
does not meet A. On the other hand, the con-
catenation y U c‘ e.b) yields a past-inextendible

timelike curve, which starts in » € D, (A), so
it has to meet A. Contradiction!

We proceed with "D": Let p € D, (A) and choose ¢ € I \D+(A)(p), so in particular
q ¢ D, (A). Therefore, we find a past-inextendible causal curve in M, which starts in p but
does not meet A. Lemma 2.79 implies the existence of a past-inextendible timelike curve,
which starts in r € D (A), i.e. it has to meet A. Contradiction!

(iv): We start with A C D (A): We already know that A is contained in D, (A), and if there
was some p € AN D, (A), we could choose ¢ € D, (A) N I_(p), which implies the existence
of a past-inextendible timelike ¢ starting in ¢. Since ¢ € D, (A), ¢ must hit A in some r € A,

i.e. » < p. On the other hand, p,r € A, which yields a contradiction.
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Next we show H, (A) C D, (A): By definition, we have H, (A) C D, (A). If there was any
p € Hi(A)N D4 (A), the intersection I (p) N D (A) would not be empty, which contradicts
p € Hi(A).

It remains to show 9D (A) C AUH (A): Assume there was any p € 9D (A)\ (AUH,(4)).

Then, in particular, p € D, (A)\A, so (iii) implies p € I,(A). On the other hand,
p € Dy (A)\H;(A), so there exists a ¢ € I (p) N D;(A), and I, (A) N I_(gq) is an open
neighborhood of p. We complete the proof by showing that this neighborhood is contained in
D, (A). Then p would have to be an inner point, which contradicts p € 9D (A).

Let r € I.(A) N I_(q) and ¢ a past-inextendible causal curve starting in . Furthermore, let
- be a timelike and past directed curve from ¢ to r, which necessarily stays in I, (A) due to
r € I, (A) and therefore fails to meet A since achronality of A demands AN I, (A) =@. On

the other hand, ¢ € D, (A) implies that v U ¢ hits A, so ¢ has to hit A and hence r € D (A).C]

Proposition 2.109. For any closed and acausal topological hypersurface S C M, we have
(i) H(S) = 1.(S) N 8D4(S) = D+(S)\D+(S).
(ii) Hy (S)N S = 0.
(iii) H(S) is a closed and achronal topological hypersurface.

(iv) In each point of H, (S) starts a past-inextendible lightlike geodesic without any con-
Jugated points, which runs entirely in H, (S).

Proof. (i): We already know that H,(S) C D, (S) C S U I(S), where the last inclusion
follows from Lemma 2.108 (iii). If there was any p € H,(S) N D,.(S), I (p) would hit D(S)
since according to Proposition 2.101, D(.S) is open, but due to achronality of S, we have
I.(p)N D_(S) = 0. Therefore, I, (p) has to meet D, (S), which contradicts p € H,(S), and
thus H,(S) N D, (S) = 0, that is H,(S) C 0D, (S). Moreover, from S C D, (S) follows
that also H, (S) N S = 0, so the inclusion, we started with, implies H, (S) C I.(S). On the
other hand, Lemma 2.108 (iv) provides

L.(S)NOD(S) = (SUH(S)) N I.(S) = H(S) N 1.(S) = H.(S).

It remains to show D, (S)\D,(S) C H.(S) (we already proved the converse inclusion).
Hence, for all p € D, (S)\D,(S), we show I.(p) N D, (S) = 0. Letq € I,(p) and v a
timelike and past directed curve from ¢ to p. Since p ¢ SU I _(S) and p ¢ D, (S), v does
not meet S and there is a past-inextendible causal curve c starting in p, which does not meet S
either. Therefore, v U c is past-inextendible causal curve, which starts in ¢ but does not meet
S, thatis g ¢ D, (S).

(ii): Follows directly from (i) and achronality of .S:

H, (S)NS=0D,(S)NI (S)NnS=10.
T
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(iii): Consider the past set B := D (S) U I_(S) (Definition 2.73), so Corollary 2.76 ensures
that 9B is a topological hypersurface. On the other hand, (i) and 7_(S) N I, (S) = () imply

H,(S) = 0D, (S)NI1.(S) = 0B N I.(S),

so H, () is an open subset of a topological hypersurface and thus a topological hypersurface
on its own right. Achronality and closedness of H (.5) follows from Lemma 2.108.

(iv): For p € H,(S), (i) ensures the existence of a past-inextendible causal curve ¢, which
starts in p and does not meet .S. Due to Lemma 2.108, such a curve fails to be timelike, so ¢
can not be deformed to a timelike curve starting in p and avoiding S. By Lemma 2.79 (ii), ¢
has to be a lightlike (pre-)geodesic without any conjugated points, and it remains to show that
it does not leave H, (.5).

If ¢ hit D, (.S), it would hit S as well, which yields a contradiction. If ¢(s) ¢ D, (.S) for some
parameter value s, we would find a past-inextendible timelike curve -y, which starts in ¢(s) and

does not meet S. Applying Lemma 2.79 (ii) to c‘ 0.5y provides a timelike, which starts in p

and does not hit .S, which contradicts p € D, (5). H

Corollary 2.110. For any non-empty, closed and acausal topological hypersurface S C M,
we have

(i) S is a Cauchy hypersurface if and only if H(S) = ().

(ii) S is a Cauchy hypersurface if every non-inextendible lightlike geodesic meets S.

Proof. (i): From Proposition 2.101 we know that D(.S) is open. Moreover, S = D, (S5) N
D_(S) since any non-inextendible timelike curve through some p € (D, (S) N D_(S))\S
would have to meet S in the future and the past of p ¢ S, which contradicts achronality of S.

It follows that

0D(S) = DIS\D(S) = (D4(5) UD_(S))\D(S) = (D (SN\D(S)) U (D-(S\D(S))

= (D (S\D+()) U (D= (S\D_(S)) = H,.(S) U H_(S) = H(S),

where the fourth equality is due to Proposition 2.109 (i). Recall that we M is always assumed
to be connected, which leads to

HS)=0 <= 0DS)=0 <= D(S)=M,

and the last statement is obviously equivalent to .S being a Cauchy hypersurface.

(ii): Regarding (i), we show that forall p € H(.S), there is a past-inextendible lightlike geodesic
through p, which does not meet S. Without loss of generality, assume p € H, (S). According
to Proposition 2.109 (iv), there is a past-inextendible lightlike geodesic ¢, which runs entirely
in H,(S) and does not hit S since H(S)NS = () due to Proposition 2.109 (ii). If the maximal
extension of ¢ to a future-inextendible geodesic met S in some ¢ € S, then ¢ > p. On the other
hand, p € H,(S) C 1.(S) implies g € 1, (S) N S, which contradicts achronality of S.  [J
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Example 2.111.

1. Let M = S?(r) be the de-Sitter space and S := M N X, where X C R™"! a spacelike
hyperplane. It follows that S is an acausal hypersurface.
Moreover, due to the results of section 1.2, every lightlike geodesic is of the form M N E
for some degenerate hyperplane £. The intersection X N E therefore is a spacelike
straight line and thus hits M. It follows that .S is a Cauchy hypersurface and in particular,
according to Corollary 2.99, M is globally hyperbolic.

2. Let (M, g) be a Robertson-Walker spacetime, i.e.
M =1x N, g=—dt® dt + f(t)’gn

for some complete Riemannian manifold (N, gy) and f € C*(I,R,), and consider
S :={to} x N for some fixed t, € I.

For any causal curve ¢(s) = (#(s),7(s)), we obtain

0> g(c(s),d(5)) = —(£(s))" + F(t()" - an (V' (5),7(5)).

and thus |[t'| > ¢ - ||7/||~. Note that t'(s) = 0 would imply +'(s) = 0 and consequently
c(s) = 0, which is not causal. Therefore, ¢ > 0 on all of / or ¢’ < 0 on all of I, so S is
acausal since t(s) = t, for at most one s.

Now let ¢ = (¢,7): (a,b) — M be an inextendible lightlike geodesic and without loss of
generality, let ' > 0. Choose sq € (a,b) and set 6 := max; f, where

J - { [to,t(SO)}, to S t(So)
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Due to Corollary 1.37, the function t’( fot) =: 7 > 01is constant and thus ¢ = 23>0
on J. For 7(s) := t(so) + 4(s — o), we obtain t(sg) = 7(s¢) and moreover, t(s) > 7(s)

if s > sgand t(s) < 7(s) if s < sq. Since 7(s1) = to for s1 := so + %(to — t(s0)) and
~y is a pregeodesic in the complete Riemannian manifold NV, the equation ¢(s) = ¢, has a
solution in the compact interval spanned by s, and s; as long as ¢t € J. It follows that S
is a Cauchy hypersurface and hence, M is globally hyperbolic.

2.8 Hawking’s singularity theorem

Reminder: For M a semi-Riemannian manifold and S C M a p-dimensional submanifold,
for all z € S, the mean curvature vector H (z) is defined by

1 p
H(z) = gzﬁjﬂ(eg‘,@j),
j=1

where e, ..., e, denotes a generalized orthonormal basis of 7,.S and ¢; := g(e;, €;).

Theorem 2.112 (Hawking’s singularity theorem). Let M be an n-dimensional connected
and time-oriented Lorentzian manifold with

ric(X, X) >0

for all timelike X € TM. Let S C M be a Cauchy hypersurface with mean curvature vector

field H and future directed unit normal field v. Assume that there exists some 5 > 0 such
that

(H,v) 2 p.

Then the length of every timelike and future directed curve starting in S is bounded by %

Physical interpretation: The Lorentzian manifold M models the spacetime and the Cauchy
hypersurface .S the present spacelike universe. Einstein’s field equations in dimension 4 read

1
8T = ric — §sca1 - g,

where 7' is the energy-momentum-tensor. This implies 87tr,(7") = scal — % - 4scal = —scal,
so the field equations can be reformulated via

811 = ric + 4ntry(T) - g,

which leads to

1
H(X,X) 20 = T(XX) 2 Sty (T)g(X, X)
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for all timelike vectors X. This inequality is known as the strong energy inequality, where
T(X, X) is interpreted as the energy density measured by an observer, whose world line has
the tangent vector X. Furthermore, the condition (H, v) > [ stands for a spacelike universe,
which contracts at a rate at least /3, so Hawking’s theorem states that the time, such a universe
exists, is at most %, which therefore stands for the time, a big crunch singularity would occur
at the latest.

For the proof, we need the following proposition:

Proposition 2.113. Let M be a Lorentzian manifold, c: [a,b] — M a timelike geodesic

and ¢y a smooth variation of ¢ by timelike curves with variational field V := %? o and
acceleration field A .= 8'; %C; .o~ Then we have
d . ¢(a) c(b
1. EL[CS]L:O = < ) Te(a) |> <V » Ta(b)]
d? _ ¢
2. @L[Cs] s=0 o <A<a 7 é( a)|> <A >

_Z%(<R(V,é)V,é> + (% %) (51 )

Proof. Letc: [a,b] — M be atimelike geodesic and ¢, a smooth variation of ¢ with variational
field V' and acceleration field A.
(1) For V, = ‘9‘35 , we obtain

b _ Vés

b
a a - 2(% ¢,
L[Cs]zg/\/—<cs,cs>dt: 2\/%&5

b b b
Vo, é\ . Ve, ¢\ , vV, ¢
“/<£WE>‘”‘ /<at as’|cs\>dt‘ /< ot ’|cs\>dt’

a a a

which, for s = 0, provides the claim:
b
d / <VV ¢ >

— L[ey]
ds o3
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(2) The second claim follows directly from direct calculation of the second variation:
b
d Vs ¢
S / <V ¢ > dt
a0 ot '’ |cs|
b
/ V VV
ds Ot

ﬁL[CS]

s=0

EANAYA
w0 €] dt 35 |cS

b
(R g+ TTE| E) (VL
0|C| |¢[2

ot Os
——

=A

Vcs (9|cs|

)
(145,

0

c'>)dt

0
/ é d ¢ V¢ vV o1 (SF ¢

- _ R(\V,&)V, =)+ — (A, =)= {4, ~— = dt
[ ((rvavgg) + g (1) <’dt|é\ +<ohf Tt e >>

a
=0

. b b . 2
¢ ) ¢ 1 /VV VV 1 VvV .
—‘<A7m> ;/(<R<V’C>V’m>+m<—dt’—dt>+—|e|3< i C> ar- -

Proof of Theorem 2.112. Let v be a future directeed timelike curve from S to some p. It
follows that p is an element of 7, (S) = D (S)\S, so due to Theorem 2.105, there is a timelike
geodesic c: [0,b] — M with ¢(0) € S,¢(0)LS,c(b) = p and Lic] = 7(S,p). Moreover,
without loss of generality, we assume c to be parametrized with respect to proper time, i.e.
|¢| = 1 and thus L[c] = b. Therefore, it remains to show b < %
Let e € TS be a unit vector and £ the spacelike,
parallel unit vector field along c given by £/(0) = e. Fur-
thermore, let ¢, be a variation of ¢ with variational field
V(t) = (1 —£)E(t),cs(0) € S and ¢,(0) € S. Since
c is the longest connection of S with p, by Proposition
2.113, we have

E
Vi P
-

2

d
0 2 @L[Cs]

s=0 =0
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To an orthonormal basis ey, ..., e, of T,)S, we obtain corresponding E, ..., E,_;, and
summation yields

b
-1 -1
0> ((n—-1)H,v) —|—/<1——) rlcc',c')—nb Z(n—l)ﬁ—l-()—n ,
0

0

thatis b <

e

Example 2.114. 1) Let M be an (n + 1)-dimensional Robertson-Walker spacetime.

S Z {ty} x N N

1

to

We already proved that ric(v,v) = —nfTN, where v = %. For the proof of Hawking’s
singularity theorem, we employed the assumption ric(X, X') > 0 merely for x := ¢(t), where
stands c stands for a geodesic that starts in .S and orthogonally to it.

Here, we actually have X = v, so the assump-
tion ric(v,v) > 0 is equivalent to f” < 0,
i.e. f being concave. The shape operator of
S :={to} x N in M with respect to v is given
by

!/
t
w— L0 g
f(to)

and hence, H = ((to))y and (H,v) > g if and . S y

) t to+ %
onlylfwg)g —B. 0 0t 73
2) Let M be n -dimensional Minkowski space and thus ric = 0. Consider S := —H"(r),
where H" () = {x e M | (z,z) = —r* 2% > 0}. Then for any p € S, we have
H(p) = —% and v = —2, and therefore

(H).v(0) = —5 (p.p) = = = 8

B~ T
:—7"2

On the other hand, we know that the maximal time- 0
like geodesics that start in S have infinite length! v(p)

The reason for that is that S is not a Cauchy hyper- D
surface in R} ., but it is in D(S) = I_(0), where

the maximal timelike geodesics that startin S indeed

have length r = % In this example, the estimate in H(p
Hawking’s singularity theorem is sharp.
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2.9 Penrose’s singularity theorem

Lemma 2.115. Let H € R" and ((-, -)) the Minkowski product. Then the following statements

are equivalent:

(i) For all future directed and lightlike X € R"™, we have (H, X)) > 0.
(ii) For all future directed and causal X € R"™, we have (H, X)) > 0.

(iii) H is past directed and timelike.

Proof. (iii) = (ii): After applying some some time-orientation-preserving Lorentz transfor-
mation, without loss of generality, we may assume H = —ce( for some ¢ > 0.

@ (X | (H,X) > 0}
\/ {X] (H, X)) =0}

{X ] (H, X)) <0}

(17) = (4): trivial.

(i) = (iii):

— N  {H|(HX)>0}=1(0). O
XeC (0)\{0}

Definition 2.116. A connected time-oriented Lorentzian manifold is called timelike future-
complete if for all future directed timelike vectors X € T'M, the geodesic t — exp,(y(tX)
is defined on all of [0, co). Similarly, one defines timelike past-complete as well as lightlike
future- and past-complete Lorentzian manifolds, respectively.
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Example 2.117. Let M := D(— H" ') = I_(0) C Ryy;,.. The Lorentzian manifold M is
not timelike or lightlike future-complete but it is timelike and lightlike past-complete.

Definition 2.118. A closed and achronal subset A C M is called future-trapped or past-
trapped if J (A)\7,(A) or J_(A)\I_(A) is compact, respectively.

Example 2.119. For ¢

(M, g) == (RXSl, _ dt2+d92), J+ () \ 1+ (p) |_9
the subset A := {p} is both, p

future- and past-trapped. ‘\ldm}ﬂ/’

Remark 2.120.

1. Recall that achronality implies A N I (A) = 0, thatis A C J,(A)\I;+(A), and hence,
future-trapped subsets have to be compact.

2. For arbitrary A C M, the subset J (A)\I,(A) is achronal since
p € L (J(A\I1(A)) C 14 (J4(A) = 1 (A) = p & J (AN (A),
and therefore I, (J4 (A)\I+(A)) N (JL(A)\IL(4)) = 0.

Lemma 2.121. Let M be an n-dimensional Lorentzian manifold, p € M, { € T,M lightlike
and ey, . .., e,_o spacelike and orthonormal with e; 1{ for all j. Then we have

(V)

ric(¢, () = ; (R(C,ej)e;, 0).

1

J

Proof. Consider some spacelike e,,_; and some timelike e,, such that e,, .1 + e, is a multiple

of fand ey, ..., e, is a generalized orthonormal basis of 7),M/. By definition, we obtain
n—1
ric(¢,0) = Z (R(C,ej)e;, ) — (R(L, e)en, L),
j=1

so we have to show (R((, €,,_1)e,—1,¢) = (R((, €,)en, (). Note that e,,_; +¢,, being a multiple

of / implies
<R(€7 €n—1 + en)en—la €> = Oa <R(€a €pn—1 + en)ena €> = Oa

and the claim follows from subtracting the second equation from the first one. [
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Proposition 2.122. Let M be a Lorentzian manifold, P C M a spacelike submanifold of
codimension 2 and mean curvature vector field H. Furthermore, let c: [0,b] — M be a
lightlike geodesic that starts in some p € P such that ¢(0) € N,P. Moreover, we assume

(i) ric(é(t), é(t)) > 0forall t € [0, 0],
(ii) (H(p),&(0)) > §
Then c has a focal point in (0, b).

Proof. Assume that ¢ has no focal point in (0, b].

a) Let ey, ..., e,_2 be an orthonormal basis of 7,,PP, to which we consider Jacobi fields J;
along ¢ determined by the initial values J;(0) = e; and Y2 (0) = ig (ei,¢(0)). In addition, let
Jo(t) :=t - ¢(t) be the Jacobi field given by Jy(0) = 0 and %7 (0) = ¢(0).

b) We show that Jo(t), ..., J, »(t) constitutes a basis of c(t)* for all ¢ € [0,b]. Note that
Jo(t) Lé(t)* since c is lightlike. For all i = 1,. — 2, we have

LT 6 <Z—;Ji,é> = (R(¢, Ji)é, ¢) =0,
(J;(0),¢(0)) = (e;,¢(0)) = 0,
S0, )]y = (5 (0),é(0)) = (1€ 6(0)), (0) ) =0,

and thus (J;, ¢) = 0 due to well-posedness of the initial value problem, that is J;(t) € ¢(t)*
for all ¢. It remains to show hnear independence of Jy(t),..., J,—2(t). Assume it was not
for some ¢ € (0,0], i.e. S77 o Ji(t) = 0 for ay, ..., a, » € R not all equal to zero. This
provides a non-trivial Jacobi field J := Z?:_OQ o J; satisfying

:Z()éiel'ETpP, J(t) :0,

tan(vdi ) _tan<za 1T (€5, ¢ +agc'(0))
_ tan(jgz_jaiﬁ(ei, c'(O))) — tan (ﬁ(J(O), é(O))),

so t would be a focal point, Wthh contradicts the assumption.
c) We show <Vd‘f, J; > = <JZ, 1 > for all ¢, j. The symmetries of R provide

d [ /VJ VLN /V2i V2,
a(Garn)-(0%2)) - o) - (0

= <R<C7 JZ>Cv ‘]]> - <Ju R(C, J])C> =0
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and hence, (%, J;) — (J;, YY) is constant. Furthermore, by symmetry of II, we obtain

dt’

<Vd‘f (0), Jj(0)> — <J¢(O), Vd‘f (0>> = (11 (€5, ¢(0), e5) — {es, 1T (e5,¢(0)))
= —(I(es, €5), ¢(0)) + (ej, €4,¢(0)) = 0,

forall i, j > 1, and moreover,
(Ti20.5,0) = (00, 520)) = €0).e) - (0.2 0) =0

forall  =0,...,n — 2, which proves the claim.

d) Let V' be a smooth vector field along ¢ with V' (¢)Lé(t) for all ¢ with V(0) € T, P and
V(b) = 0. We show that

/b(<%’%> —(R( V)V7C'>) dt — (¢(0), I1(V(0),V(0))) = 0

and equality if and only if V' is tangential to c.

Due to b), there are smooth functions f;: (0,0] — R such that V'(¢) = > fi(t)Ji(¢) for all
t € (0,b], and we introduce the vector fields X := > 2 f;- Jyand Y := EZL 0 fi- ¥ With
them, we have Y = X + Y, and therefore,

d A% VY VY

= (X+Y,Y)+ < Z >+<V,nifi~%>

n—2

= (X +Y,Y) +Z<f] J],fz- > <V2fl >

,j=0

= (X +Y,Y) +Zf]fz< ],vdi>+<V,R(é,V)c'>

i,7=0

g}
~

= (X +Y,Y)+(X,Y) = (R(c,V)c, V>

_<vv A%

e E> — (X, X) = (R(¢,V)e, V).

For small € > 0, integration yields

b

/b(X,X> dt:/<<%,%> —<R(c’,V)V,é>—%<V,Y>)dt
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- /b (<%7%> — <R(c’,V)V,c'>) dt — (V(e),Y (e)).

£

Note that in addition to Jy(t), ..., Jy,—2(t), we find a further basis 1.Jo(t) = ¢(t), ..., Jo—2(t)
of ¢(t)*, which, however, is also the case for t = 0. Hence, tfy(t), fi(t),. .., fo_o(t) and
continuously extendible to ¢ = 0, and furthermore, V' (0) = >"._, fi(0)J;(0) = >_._, fi(0)e;

since V' (0) € T,,P. It follows that
vJ, = VJi
- <a>> - <v DCE <a>>
2
(

(V(e) V() = <V<a>, fle)ee) + 3 i) ©)
- <v<o>, ] fi(0)~vd‘f(0)> - <v<0>,2fz<o> (e 0>)>

= (V(0), IT(V(0),¢(0)) ) = = (IT(V(0), V/(0)),é(0))

We just proved that

b

/b <<%, %> —(R(c, V)V, é>) dt + (11 (V(0),V(0)),é(0)) = lir%/ (X, X) dt.

E—
3

Since X (t) is defined as a linear combination of .Jy(t), ..., J,_a(t), we have X (¢)Lé(t), ie
X (t) fails to be timelike. Therefore, (X (t), X (t)) > 0 for all ¢ € (0,b], which is the desired
inequality. Clearly, equality holds if and only if (X, X) = 0, i.e. X(¢) is lightlike for all ¢
and consequently, fl =...= fn_g = 0. Because f;(b) = 0 for all 4, this is equivalent to
fi=...= fa_2 =0, which leads to V' (t) = fo(t)Jo(t) = tfo(t)c(t), so V is tangential to c.

e) For some unit vector e € 7, P, let I/ denote the corresponding parallel vector field along ¢
with £(0) = e and consider V (¢) := (1 — £) E(t). Then V satisfies the conditions in d) but is
not tangential on ¢, and hence,

o
A

S O — _

<<%%> (R V)V, c>) dt — (¢(0), I (V(0), V(0)))

<612 ~(1- %)2<R(c E)E c>) dt — (¢(0), I (e, e))

b
1
3 /1—— (R(¢,E)E, ¢y dt — (é(0), 1 (e, €)).
0
Considering e := e; and summing over all 7, Lemma 2.121 provides the desired contradiction:
b
n— 2 .
/ 1_- " ric( tie(i.¢) dt = (0~ 2) (#0). Hp)) <0 0

————
0 2 >

o=
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Proposition 2.123. Let M be a connected, time-oriented and lightlike future-complete
Lorentzian manifold with ric(X, X) > 0 for all lightlike X € TM. Furthermore, let
P C M be a compact, achronal and spacelike submanifold of codimension 2. Then P is
future-trapped if the mean curvature vector field H of P is timelike past directed.

Proof. a) For some arbitrary Riemannian metric h on M, set

P = {X € TM | X is lightlike future directed and h(X, X) = 1}.

The footpoint map 7: NP — P turns E
into a two-fold cover of P. Moreover, P
is compact.

b) For X € 15, we  have
((H(m(X)),X)) > 0 by Lemma 2.115,
and due to compactness, we find some
b > 0 such that ((H(m(X)), X)) >
for all X € P.Since M is lightlike
future-complete, ¢ — cx(t) := exp(tX)
is well-defined on [0, c0), i.e. on [0, ], in
particular. Now Proposition 2.122 ensures
that cx has a focal point in (0, b].

c)Letg € J.(P)\I.(P). By Theorem 2.44, there is a lightlike and future directed geodesic
¢ from P to ¢ without any focal points before ¢ and such that ¢(0) € NP. Clearly, we have
¢ = cx and thus, cx (t) = ¢ for some X € P and t € [0,b]. Therefore, .J, (P)\I, (P) for the
compact subset K := {tX |0 <t <b, X € ?} so exp(K) is compact as well.

d) For (gn)nen C Jo+(P)\I+(P) and after maybe restricting to some subsequence, we have
Gn = oo € exp(K) C Jy(P). Suppose ¢, € [ (P), thatis g, € I(P) for all n
large enough since /. (P) is open, which contradicts the assumption on (g,).en. Hence,
(oo € Jo(P)\I.(P),ie. J(P)\I(P) is compact. O

Lemma 2.124. Let M be a globally hyperbolic Lorentzian manifold and K C M compact.
Then J.(K) is closed.

Proof. For (p;)ien C J4+(K) with p; — p € M, we show p € J,(K). Choose (¢;)ieny C K
with ¢; < p;, so after maybe passing to some subsequence, (g;);cn converges to some g € K.
Recall that < is a closed relation by Proposition 2.92, so ¢ < p, and hence,p € J, (q) C J, (K).
The proof for J_(K) is similar. O
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Theorem 2.125 (Penrose’s singularity theorem). Letr M be a conneceted and time-
oriented Lorentzian manifold with ric(X, X') > 0 for all lightlike X € TM. Furthermore,
assume that there is a non-compact Cauchy hypersurface S C M and a non-empty, com-
pact, spacelike and achronal submanifold P C M of codimension 2 with past directed and
timelike mean curvature vector field. Then M fails to be lightlike future complete.

Proof. Assume that M was lightlike future complete.

a) Since M has a Cauchy hypersurface, it is globally hyperbolic by Corollary 2.99. Moreover,
J+(P) is closed due to compactness of P by Lemma 2.124, and thus

Je(P\LL(P) = J(P)\J1(P) = 0J..(P).

Recall that J, (P) is a future set, so dJ, (P) is closed topological hypersurface by Corollary
2.76. Moreover, due to Proposition 2.123, it is compact, so 0., (P) represents an achronal
and compact topological hypersurface of M.

b) If 0J,(P) was empty, we would have J, (P) = I, (P), which is open and closed at the
same time, and furthermore non-empty since P C J,(P). This implies M = I, (P) because
M is connected, so particularly P C I (P), which contradicts achronality of P.

¢) Let p: 0J,(P) — S the map given by the flow
of some smooth and time-oriented vector field X 0J4(P)
just like in Theorem 2.83, which is well-defined \
since S is a Cauchy hypersurface. Furthermore, it

is injective due to achronality of 0.J, (P), and thus —]
a continuous and injective map between topological

manifolds of the same dimension. By Brouwer’s X 5
theorem (see for instance [Vick1973]), p(0J4(P)) — |

is open. On the other hand, 0J,(P) is compact, 1

and therefore, so is its image under p. It follows that M

p(8J(P)) = S since M and hence S is connected,
which contradicts compactness of S.

Example 2.126. 1) Exterior Schwarzschild model:
For fixed m > 0 and h(r) := 1 — 22, consider the spacetime given by

1
M =R x (2m, ) x S?, g:=—h(r)dt® dt + ol dr ® dr + r’gg, (2.5)
T

where gg2 stands for the standard metric on S?. Some direct calculation shows ric = 0.
Now let S := {0} x (2m,00) x S? C M, which is a closed and spacelike hypersurface with
unit normal field ﬁ%. It is non-compact but totally geodesic as the fixed point of the

isometry (t,7,7v) — (—t,r,7).
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For ¢(s) =: (t(s),r(s),(s) some causal curve in M, we have

-2 -2 2
> g(¢,¢) = —h(r) - £+ — + 2| 7]% 2> T 4.
0> g(C, C) (T> + h(T‘) +r ||’7||S = = h(?”)2 + h(?") ||’7||S

Therefore, any zero point s, of ¢ would directly be a zero point of 7 and +, which would lead
to ¢(s9) = 0 and thus to a contradiction to causality of c. It follows that #(s) > 0 for all s or
t < 0 for all s, i.e. ¢ hits S at most once, so S is acausal.

Now let ¢(s) =: (£(s),7(s),7(s) denote some future-inextendible lightlike geodesic (a, b) —
M. Tt is not hard to see that as long as r stays in some compact interval [rq, 5] C (2m, c0),
we can solve the geodesic equation, i.e. the case a > —oo or b < oo only occurs if for s = a
or s — b, we would obtain r(s) — 2m or r(s) — oo, respectively.

From #2 > #:)2 follows

S1 S1 7“(50)

e 7(s) dr _ rls)
t(s1) — t(so) = /t(s) ds > / h(r(s)) ds > / m > [T+ 2mlog(r — 2m) r(s0)]

50 50 r(s1)

where, without loss of generality, we assumed 7 > 0. Note that r + 2mlog(r — 2m) — oo
and r + 2mlog(r — 2m) — —oo for r — oo and r — 2m, respectively, and recall that % is
a Killing, that is %g(c’, %) = g(c', Vé%) = 0. Thus, if r stays in the the compact interval
[ro, 1] and hence (a,b) = (—00,00), we extract the constant —E := g(¢, &) = —h(r)t. In
particular, this implies

ie oo o L >0 = t(s1) — t(s0) > 7( )

= — mn — =7 s1) — t(s T(51 — 50).
h(T’) - TE[To,Tl] h(?“) ! 0/ = ! 0

In any case, the ¢-component runs over all of R, so ¢ hits S and hence, S is a Cauchy hypersur-
face by Corollary 2.110.
Now consider P := {0} x {ry} x S?, which is a non-empty, compact and spacelike subman-
ifoldof codimension 2 contained in .S. Since S C M is totally geodesic, the mean curvature
vector field of P in M coincides with the one of P in S, i.e. spacelike, such that we can not
apply Theorem 2.125.

2) Interior Schwarzschild model:

In (2.5), replace (2m, o0) by (0,2m), so h < 0, and hence, % is spacelike and % is timelike.
Let S :=R x {ro} x S? for some rq € (0,2m). A similar discussion as in 1) shows that S is a
spacelike, non-compact Cauchy hypersurface and 7' := {0} x (0,2m) x S? is totally geodesic.
Therefore, the mean curvature field of P := {0} x {ro} x S?in M is the same as in T'. Because
HG is normal, we have H = ¢(rg)-2, where c(rq) does not depend on the point in P since the
group SOj acts isometrically on M and transitively on P. One calculates ¢(ry) = —%, so the
mean curvature vector field is timelike and, provided the right choice of time-orientation, past
directed. Finally, Theorem 2.125 ensures the existence of lightlike geodesics, whose maximal
domain is not all of R, which are interpreted as the worldlines of photons falling into the black

hole.
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2.10 Structure of globally hyperbolic Lorentzian manifolds

Reminder: A Lorentzian manifold M is globally hyperbolic if J(p,q) := J+(p) N J-(q) is
compact for all p, ¢ € M and the strong causality condition holds (Definition 2.85). We already
know that the existence of a Cauchy hypersurface implies global hyperbolicity (Corollary
2.99). Let M always be a connected and time-oriented Lorentzian manifold. Furthermore, let
[+ M — R some smooth function with f > 0 and | 3 fdvol = 1.

Remark 2.127.

1. Here, dvol denotes the Riemannian volume element. For integrable functions ¢ with

support contained in some chart x: U — V and coordinates z°, ..., 2", we have
/gpdvol = /cp(x)\/ | det (gj(2))|dz' ... dz"™.
M M

2. There exist some f € C°°(M) with f > Oand [, f dvol = 1. In the case of finite volume

vol(M) := [}, dvol < oo, it is trivially given by the constant function f := —voléM),

. . . ; -1
Otherwise, choose a partition of unity (p;);en and constants ¢; := (2] Jas P dvol) > 0.
Then f := Z;’il c;p; is clearly positive and moreover satisfies

/fdvol:ch/pjdVOI:Zszl.
M =t m j=1

We introduce the functions

ve: M — [0, 1], ve(p) == / f dvol.

I+(p)

Lemma 2.128. For any future directed and timelike curve c: (a,b) — M, v, o ¢ is mono-
toneously decreasing and v_ o c is monotoneously increasing.
For M moreover satisfying the chronology condition, even strict monotonicity holds.

Proof. Clearly, we have ¢(t;) < c(t2) if t; < to, so in particular,

L (c(ts)) C I (c(th)) 22 / fdvol < / f dvol,
Iy (c(t2)) Ly (c(t1))
that is v (c(t2)) < vi(c(t1)). Analogously, we obtain monotonicity of v_ o c.

Assume M to satisfy the chronology condition and consider the open set /_ (c(t2)) NIy (c(tl)) ,
which is non-empty since it contains c(t) for all ¢ € (¢1,t3). Furthermore, it is disjoint with
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I, (c(t2)) because any element of I_ (¢(t2)) N1 (c(t2)) would imply the existence of a timelike
closed curve, which contradicts the chronology condition. It follows that

vy (elta)) = / f dvol < / f dvol < / £ dvol = vy (e(t)). O

flettz) et (I (et (eftr)) D)

Remark 2.129. In general, v, fail to be continuous.

q 7/
Example 2.130. Let b
M :=R*\{(0,2) | > 0} \\\f:&&.@%\ 1_(p)

be equipped with the Minkowski metric. QTSI
Then v_ is discontinuous along

{(t,2) |[t=2>0} I-(q)
and v, is discontinuous along

{(t,2) |t = —x < 0}.

Lemma 2.131. The functions v are lower semi-continuous.

Proof. Let (p;);en C M be a sequence converging to some p € M, for which we show
liminf vy (p;) > vL(p).
71— 00

We carry out the proof only for v, since it works similarly for v_. For any ¢ € I (p), we
have p € I_(q) and thus, for 7 large enough, p; € I_(q) and I, (q) C I;(p;). It follows that
v (pi) = [, f dvol and therefore

liminf v, (p;) > / f dvol. (2.6)
11— 00
I (9)

Choose some future directed timelike curve c: [0, 1] — M with ¢(0) = p and put g,, := c¢(2).
Then we directly have 7, (¢,,) C I.(g,+1) and consequently

U Li(an) € L)

n=1
Conversely, for any z € I (p), thatisp € I_(z) and ¢, € I_(z) for n large enough, we find
z € I(qn), so also the converse inclusion holds, i.e. equality. From that, we deduce the claim:

(2.6)

liminfo, (p;) > lim fdvol = / f dvol = vy (p). O
n—oo

1—00
I+ (qn) I+ (p)
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Lemma 2.132. If M is globally hyperbolic, then v, are continuous.

Proof. Let (p;);en C M be a sequence converging to some p € M, for which we now show

limsup vL(p;) < v (p).

1—+00
Again, we give the proof only for v, since everything works analogously for v_.

a) For ¢ € M\ J,(p), we show that I_(q) N I, (p;) = 0 if 7 is large enough.

Assume that there exist r; € I_(q) N I (p;), i.e. ¢ < r; < p;, for infinitely many . Since
p; — p and ">" is closed in the globally hyperbolic case, we obtain ¢ > p and hence
q € J4(p), which contradicts the assumption.

b) Due to Lemma 2.124, J, (p) is closed, so

M\J.(P)= | I-(9.

q€M\J+(p)

Since the topology of M has a countable ba-

sis, there is a countable and dense subset

{Zn}nen € M\Jy(p). To every z,, choose p
some ¢, € M\J,(p) such that z,, € I _(g,),

which leads to

L

M\J(p U I_(qn).

For the open sets Xy := UTJLI I_(g,), we directly obtain Xy C Xy and Xy NI (p;) =0
for 7 large enough by a). For every IV, we therefore have

lim sup / fdvol < /fdvol =1 = limsupvy(p;) <1-— /fdvol 2.7

1—00 1—>00
pz)UXN

Recall that A}im Xy = M\ J;(p) and 01, (p) is a zero set, so taking the limit N — oo provides
—00

limsupovy (p;) <1-— / f dvol = / f dvol = / f dvol = vy (p). O

1—00
M\J(p)

Theorem 2.133 (Geroch 1970). Let M be a globally hyperbolic Lorentzian manifold.
Then there is a Cauchy hypersurface S C M and a homeomorphism R x S — M, under
which any {t} x S is mapped to a Cauchy hypersurface.
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S

Proof. a) We start by proving lirrg vy (c(t)) = 0 for any future-inextendible timelike curve
t—
c¢: [a,b) — M. Analogously, one shows %m; v_ (c(t)) = 0 if cis past-inextendible instead.
%

By assumption, for any ¢ € M, the causal diamond J (c(a), q) is compact, so according to
Lemma 2.87, we find some ¢y € [a, b) such that c(t) ¢ J(c(a), q) for all ¢ > t,. It follows that
c(t) ¢ J_(q) and consequently, I (c(t)) N 1_(q) = 0 forall t > t,.

Choose (g )nen C M such that M = |J>>, I_(g,), and set Xy := |J"_, I_(g,). To each N,
we find some ¢y € [a, b) such that I, (c(t)) N Xy = @ for all t > ¢y. For those ¢, similarly to

(2.7), we obtain
vy (c(t)) = / fdvol <1— /fdvol,

Ly (e(®)) Xy

which directly leads to

t—b t—b

limsup vy (c(t)) <1— /fdvol o limsup vy (c(t)) < 1— /fdvol = 0.
Xy M

b) Next we show that S(vg) := {q eM | v-lg) _ vo} is a Cauchy hypersurface for all vy > 0.

v+(q)
Clearly, it is achronal since Z—; o c is strictly monotonic for each timelike curve c. Let

c¢: (a,b) — M non-extendible, future directed and timelike abd choose some ty € (a,b). For

all t > t;, we obtain
v_(c(t)) S - (c(to)) KL

vy (e(t)) — vy (c(t))
() _ v (el0)

< — 0
vy (c(t)) ~ vi(clto))
for all t < t,. It follows that Z—; o ¢ is strictly monotoneously increasing, which therefore maps

v_(c(t)) _
v (et)) — 00

as well as

(a, b) bijectively to (0, 00), so for each vy, there is exactly one ¢ € (a, b) such that
This implies ¢(t) € S, i.e. chits S.
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c) Now let py, 4,: S(v1) — S(v2) denote the homeomorphism induced by the flow of some
smooth and timelike vector field on M. Set

v—(q)
¢o: M — R x S5(1), qn—)(log s Po_(a) q>.
0 ve(9) " W@ A7
This map is continuous and maps the Cauchy hypersurface S(v) bijectively to { log(v) } x S(1).

In particular, the map itself is a bijection and therefore a homoemorphism.

Theorem 2.134 (Bernal-Sanchez 2004). Any globally hyperbolic Lorentzian manifold
(M, g) is isometric to

(R x S, —Bdr? +g7),

where 3: R x S — R is smooth and positive and g. a smooth family of Riemannian metric
on S. Furthermore, {10} x S is a smooth and spacelike Cauchy hypersurface for all .

The theorem of Bernal and Sénchez provides the last piece for the main result of this section:

Theorem 2.135. Let M be a connected and time-oriented Lorentzian manifold. Then the
following statements are equivalent:

1. M is globally hyperbolic.
2. M has a (topological) Cauchy hypersurface.
3. M has a smooth, spacelike Cauchy hypersurface.

4. M is isometric to (R x S, —3d7r? + g,) as in Theorem 2.134.

Proof. (4) = (3) and (3) = (2) are trivial. (2) = (1) follows from Corollary 2.99 and
finally, (1) = (4) is a consequence of Theorem 2.134. O

We dedicate the rest of the section to
the proof of the theorem of Bernal and l

Sénchez. Let M be globally hyperbolic

and ¢t = log;’—;: M — R the continu- \i’

ous and surjective function due to Geroch, Ne,
which is strictly monotoneously increas- ’\/‘{f

ing along each timelike curve and such that (

Ny, = t~!(to) are Cauchy hypersurfaces
for each 5 € R. Then we obtain M

J+(Nt0) :t_l([t07oo))7 ‘]—(Nt0> :t_l((_oovto])7
L (Nyy) =t ((to,0)), I_(Ny,) =t ((—00,t9)).
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Lemma 2.136. Forallt, < ty < t3 < ty4, there is a smooth function h: M — R such that
(i) -1 <h<1
(ii) If grad,h # 0, it is timelike and past directed at p.
(iii) h=—1ont " ((—o0,t1) and h = 1 on t*((t4, 00)).

(iv) gradh # 0 on t~'((t2,t3)).

gradh  timelike

past directed

We start with the proof of the theorem of Bernal and Sdnchez and prove Lemma 2.136
afterwards.

Proof of Theorem 2.134. a)Toeachk € Zandt, .= k—2,ty == k—1,t3:= k+1,t4 := k+2,
Lemma 2.136 provides some h;: M — R, and we set 7 := hg + 22021 (h_;C + hk).

_k._2 _k.+2 0 k._2 k—li—Z

[ [
| |
h,k + hk -2 : < [—2, 0] : 0
| |
| |
| |

m
=)
i)

N\

For each compact K C M, there is some k such that K C ¢~ ((—ko + 2, ko — 2)) and hence,
h_p + h, = 0on K for all £k > kq. It follows that 7 is a well-defined and smooth function.

b) We show that grad 7 is timelike and past directed on M.

For all p € M, we either have grad,h, = 0 or grad, hy is timelike and past directed. Let
pet! ((k -1, k+ 1)), i.e. grad,hy is timelike and past directed. In particular, the level sets
S., := 77 *(79) are spacelike hypersurfaces.
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c) We show that S, are actually Cauchy hypersurfaces.
Let c: (a,b) — M be an inextendible, timelike and future directed curve, so by b), we have

Sr(els)) = {gradyy 7. l5)) > 0

Therefore, 7 o c is strictly monotoneously increasing, that is, every value 7 is assumed at most
once and thus, c meets S;, at most once. For some suitably fixed ¢, and p € ¢t ([to, oo)), we
obtain

[to—2]

(p (P)+ ) (heklp) + hi(p)) = =14 Y 2= —1+2[tg— 2] =2te] — 5
k=1 k=1

by the properties of h_, + hy. Choose 7 such that 2|ty| —5 > 7, > 7. Since N, is a Cauchy
hypersurface, there is some sy € (a,b) such that ¢(so) € Ny,, and thus, 7(c(so)) > 74 > To.
One shows analogously that 7 o ¢ also takes values < 7, so indeed, ¢ meets S,.

d) Consider the diffeomorphism ¢: R x Sy — M induced by 7 and the flow along grad7. The
corresponding pulled back metric along ¢ on R x S is of the form —3dr? + g, since the
level sets Sy, are spacelike and grad7_L.S; because for any differentiable function, its gradient
vector field is always orthogonal to its level sets. [

Before proving Lemma 2.136, we need some further technical Lemma and Whitney’s famous
embedding theorem:

Theorem 2.137 (Whitney). Every n-dimensional differentiable manifold can be embedded
in R as a closed submanifold.

Proof. (see, for instance, [Whitney1936]). O

Corollary 2.138. Every differentiable manifold can be given a complete Riemannian metric.

Proof. Let M be an n-dimensional, differentiable manifold and ¢: M < R?"*! the differen-
tiable embedding given by Theorem 2.137 such that «(M) C R***! is a closed submanifold.
For ¢, the Euclidean standard metric on R?"*!, we obtain a complete Riemannian manifold
(M, 1*go). In order to see this, it suffices to show that every sequence in ¢(M) that is a Cauchy
sequence with respect to t*gg, converges. Let (p;)ieny C (M) be a Cauchy sequence with
respect to gg. Due to completeness, it converges in R*"! to some p, and since +(M) is closed,
we have p € +(M), so the claim follows from the Hopf-Rinow-theorem. O
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Lemma 2.139. Let di be the Riemannian distance function given by some complete Rie-
mannian auxiliary metric gr on M. Let N C M be a closed subset covered by a family
W .= {Wa M } ael } of open subsets of M. Furthermore, assume that every W,
is contained in an open subset C, with diam(C,) := sup {dR(p, q) ‘ p,q € Ga} < L
Then there is a countable, locally finite subfamily W' = {W;},en C W covering N. The
corresponding subfamily {C;};en C C is locally finite as well.

Proof. Let p € M and B,(r) the open ball centered at p of radius » > 0. Since (M, gg) is
complete, the closure B, (r) is compact and so are the subsets

K= B,(m)\By(m—1), N:=K,NN

for all m € N. Note that M C J,,cy K and consequently, N C J,,,cy Vi~ In fact, due to
compactness, IV, is covered already by finitely many subsets W ,,,, ..., Wy ., € W, so

W={Wipm |meNj=1,..kn},

is countable, and therefore so is also the corresponding subfamily of C. Moreover, (/' covers
N and it is locally finite since W, N W .,y = 0 for |m — m/| > 3. ]

Proof of Lemma 2.136. We perform the construction in several steps. For that, let M be
always globally hyperbolic and ¢ := log Z—; : M — R Geroch’s continuous and surjective 'time
function’:

a) Let t; < t9, and we write N; := N,,i = 1,2. For p € Ny and C, C I (N;) a convex
neighborhood of p, we show that there is a smooth function H,,: M — [0, co) such that

(i) Hp(p) =L
(ii) supp(H,) is compact and contained in C, N I (Ny).
(iii) For g € J_(Ns), the gradient grad H), is either zero or timelike and past directed.

For 7 the time difference function (Definition 2.24)

on C, and p’ € I_(p) N I (Ny) such that
J(p)NJ_(Ns2) C C,, we define H,, on I_(N,) via C,
/ -2 / -2 p
"W g e T(Ny) NG, T Ny
Hp(q) = N/
Oa qc I—(NQ)\GP P
and suitably extend it to all of M with compact M

support in C,. By construction, H,(p) = €’ = 1
and H,(q) = 0ifq ¢ I, (p') since then 7(p/, q) = 0, M
so (i) and (ii) are satisfied.
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For (iii), consider f: ¢ — 17(p/,¢)? on Cp, i.e. f = 0 outside of I..(p'). For ¢ € I (p'),

let v: [0,1] — C, be the unique timelike, future directed geodesic from p’ to g, so for all
t,t" €[0,1] witht' < tand ¢ := \/—g(ﬁ(l), (1)), we obtain

r((0)20) = [ 1i(s)]ds = elt = 1)

It follows that going forward/backward along v means going in the direction of maximal
increase/decrease of ¢ — 7(p/, q), i.e. grad, 7 is proportional to y(¢). In particular, we have
grad, f = o - §(1) for some v # 0, which is

_96WAM)  glerad, A1)

—2 2

1 d
2 q F(y(®) _ =1

—_ 1,242
—2ct

c

Therefore, gradq f is timelike and future directed. Note that, where it does not vanish, we have

Hya) = (v ) 24 5f@)7Y) = erd H, = —erad, [ Hy(g)
which proves (iii) since H,(q) > 0.
b) We show that there is a smooth function H: M — [0, co) such that
(i) H=0onJ_(N).
(i) H > %on Ns.
(iii) grad H is timelike past directed on V := H~*((0, 3)) N I_(N>).
Let dg be the auxiliary metric from Lemma 2.139.

For p € Ny, let C, be a convex neighborhood of p
with diam(C,) < 1 and H,, as defined in a). Then

1
Hp_l((ﬁ,oo)) =W, C G,

since supp(H,) C Cp, and W := {W, },en, satisfies the assumptions of Lemma 2.139 with
N := N,. Therefore, we find a countable and locally finite subfamily ¢’ = {ij } jen C W,
which covers Ny. Let W; := W), and H; := H,, the corresponding functions with compact
support in C; := C,,, and we set

H:=> H (2.8)

jEN
Due to local finiteness of {C;};en due to Lemma 2.139 and hence also {supp(H;) }jeN, this is
a well-defined and smooth function M — [0, co). Now (i) and (iii) follow from the respective
properties of the H; by a), and moreover, for all j € N and p € W}, we have H; (p) > %, SO

(ii) follows from N, C |J; W;.
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c) For t; <ty < to with Cauchy hypersurface NV := N;,, we show that there is an open set U
with J_(N) C U C I_(N,,) and a function H*: M — [0, 00) with

(i) supp(H™) C I(Ny,)
(ii) For p € U such that H(p) > 0, grad, H* is timelike past directed.
(iii) We have H* and thus grad H " timelike past directed on J, (N) N U.

We construct U as follows: Choose convex neighborhoods, which cover N and are completely
contained in /_(Ny,) (see, for instance, the construction of H in the proof of b)). Define U
as their union united with /_(N) and set Ny := Ny, Ny := N;,. Then (2.8) provides such a
function H™.

d) For ¢y < tq, let N := Ny, be the corresponding Cauchy hypersurface and U C I_(V;,) an
open neighborhood of J_(/N'). We show that there is a function H~: M — (—o0, 0] with

(i) supp(H™) C U
(ii) Forp € U, we have either grad,/~ = 0 or grad, [/~ is timelike past directed.
(iii) H~ = —1onJ_(N).

The proof is similar to the one for b). We adopt all quantities introduced so far but add "~
if they refer to the converse time orientation. For instance, T denotes the time difference with
respect to the converse time orientation, /_(N) = I, (N) etc. Let Ny := Ny, and Ny := N,
and we cover [N by convex neighborhoods C, as in the proof of b), which are completely
contained in U. Similarly, define H via (2.8) with H; replaced by —H j» which are constructed
analogously to a). This satisfies (i) and (ii). Note that H (p) < —% for all p € N due to b) (ii)
and the sign, and define H~ := ® o H, where ®: R — R denotes a smooth function with
| (coet) =1 | 10 >0 20)=0.

These properties ensure that (i) and (ii) still hold. Note that a timelike gradient points in the
direction of maximal decrease of a function, so H ~ is decreasing in past direction by (ii) and
thus, (iii) follows from H~ ’ N < —%.

e) For some ¢, € R, let NV := N,;,. We show that there is a function H:= I/—LO : M — R such
that (i)-(iii) of Lemma 2.136 are satisfied as well as N C V;, := int (supp(grad H ))
Let U and H® as in ¢) and d), and note that (H* — H‘)‘U > (. We set

2HT

Hiy(p) = Tr -

1

which is a smooth function with ﬁto | M = 1 due to supp(H ~) C U. Furthermore,

Ht-gradH- — H -gradH"
(H* —H~)?

gradﬁto =2

vanishes or is timelike past directed, so the properties of H* imply that f[to does the job.
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f) For 1 < to <ty < t3 < t4, consider the compact subset K C ¢~*([t1,%5]). We show that
there is a function H: M — R, which satisfies the assumptions on H in e) and additionally,
KcV= int(supp(gradf[)).

For each V;, with ty € [ty, 2], according to e), choose the corresponding ﬁto, so K can be
covered by the corresponding open sets V;,. By compactness, there are finitely many V;,,
already cover K, so the function

%O,m

1 Z
m
=1
does the job.

g) Let (v;);en C Ry, be a sequence of timelike vectors from the same cone [, or /_. We
show that if v := Z;; v; is convergent, v is timelike as well and contained in the same cone.
Since the causal cone is closed, Z;’iz is causal, so the claim follows from the fact that the sum
vy + Z;’; of a timelike and a causal vector, which lie in the same cone, is timelike. h) Finally,
we show the claim of Lemma 2.136:

Let t; <ty < t3 < t4 and {G,},en be an exhaustion of )M be relatively compact subsets, i.e.
open sets such that

G is compact, G; C Gy, M = U G

Furthermore, let K; := G; N J.(N;,) N J_(N,,), and for each K;, consider the function

H — H with H given as in f) for K := K; with K; C V; := int (gradﬁj). Due to local
normal convergence, the naive ansatz

00 1 _
=2 5
j=1

defines a continuous R-valued function, but it is neither clear whether it is also smooth nor
if partially differentiation and summation commute. We ensure these properties by slight
adaptions:

Choose a countable and locally finite atlas A := {W,};en orf M such that every chart
(W,z!, ... 2") € A is relatively compact and the restriction of some larger chart containsing

W. Every G overlaps with only finitely many W, ..., Wj,., and since D; := Ufil W, is
compact, there is some c¢; > 1 with H; < c¢; on D, such that

O°H,
8x118x12 e 8xls (Q)

\V/S<j,QED]‘,ll,...,ZSE{l,...,TL}I < ¢j.

We define

H' =Y —H (2.9)
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which defines a C*-function on M for all s: Let jo € Nand W € A withp € G;, " W.
For all j > max{j, s}, the summand ﬁ - H; and all its partial derivatives up to order s are
J

bounded by 2% on G, N W. It follows that the series (2.9) and the series’ of the corresponding
partial derivatives converge uniformly in a neighborhood of p, so the partial derivatives of the
series are given by the series of the respective derivatives of the summands. Thus, H* satisfies
all demanded properties of & in Lemma 2.136 except (i). Instead, we have

H* (J_(N,)) =c-<0 and  H"(J_(N,)) =c4 > 0.
For any smooth ¢: R — R with ¢/" > 0 and ¢(c+) = +1, h := 1) o H* does the job. O

We close this section and these lecture notes with an overview about rather recent results and
improvements concerning the characterization of globally hyperbolic Lorentzian manifolds.

Definition 2.140. Let M a globally hyperbolic Lorentzian manifold. A Cauchy time-
function is a smooth function ¢t: M — R with timelike past directed gradient at each point
such that ¢~*({s}) C M is a Cauchy hypersurface for all s € R.

Note that Cauchy time-functions are strictly monotoneously increasing along any causal future
directed curve, and that Geroch’s theorem 2.133, more precisely its proof, provides the existence
of such a function for every globally hyperbolic Lorentzian manifold. By some further result
(see Theorem 1.2 of [Bernal-Sanchez2006]), also the, in some sense, converse statement holds:

Theorem 2.141 (Bernal-Sanchez 2005). Let M be a globally hyperbolic Lorentzian mani-
fold and S C M be a spacelike smooth Cauchy hypersurface. Then there exists a Cauchy
time-function t such that S = t='({0}).

It is moreover possible to relax the causality assumptions as it turns out that, provided com-
pactness of the causal diamonds, causality implies strong causality. For this, we introduce
further properties of spacetimes in the "causal hierarchy of spacetimes":

Definition 2.142. A connected and time-oriented Lorentzian manifold M is called
* reflecting if p € J, (q) < g€ J_(p)forallp,q € M.
* non-totally vicious if there is some p € M, through which no timelike loop passes.

* future (past) distinguishing if 7, _(p) = I, (_)(q) implies p = q.
If it is both, we just call it distinguishing.

* causally simple if it is distinguishing and J (p) C M are closed subsets forall p € M.
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With the terms introduced so far, this hierarchy reads:

globally hyperbolic =- causally simple = strongly causal = distinguishing
(2.10)
= causal = chronological = non-totally vicious.

A complete list and proofs can be found, for instance, [Minguzzi-Sanchez2008]. In fact, for
causal simplicity, it suffices to demand causality instead of being distinguishing:

Proposition 2.143. Let J.(p) C M be closed subsets for all p € M. Then M is causal if
and only if it is distinguishing.

Proof. We only show the implication that does not follow from (2.10). Assume /. (p) = I_(q)
for some p, ¢ € M and let {g;};en C M be a sequence with ¢; << ¢ for all j. Closedness of
J+(p) implies ¢ € J, (p) because

q€1:(q) = I (p) = Ji(p)

due to Proposition 2.17. Analogously, one shows p € J,(q), i.e. p < ¢ < p, thatis p = ¢
due to causality. 0

Lemma 2.144. Let M be a connected and time-oriented Lorentzian manifold. Then the
following implications hold:

Vp,q: J(p,q)is compact — Vp: Ji(p)isclosed — M is reflecting.

Proof. We start with the first arrow: Assume .J,(p) was not closed for some p € M, so there is
some r € J,(p)\J+(p) and we choose g € I, (r). Due to Proposition 2.17, we find a sequence
{r;}jen C Ii(p) with 7, — r. Since r € I_(g), which is an open subset, we have r; < ¢
for all j large enough. Hence, there is a subsequence contained in J(p, ¢), which converges to
r ¢ J(p, q) and thus contradicts compactness of J(p, q).

For the second arrow, recall that p € I, (q) < ¢ € I_(p) always holds for all p,q € M by

definition of /., and hence, the claim follows directly from Proposition 2.17. U

Theorem 2.145 (Bernal-Sanchez 2006). Letr M be a connected and time-oriented
Lorentzian manifold such that J(p, q) is compact for all p,q € M. Then the causal condition
and the strong causal condition are equivalent.
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Proof. By Proposition 2.143 and Lemma 2.144, compactness of the causal diamonds and
causality imply causal simplicity and thus strong causality due to the causal hierarchy (2.10).[]

Therefore, apart from the condition on the J.-subsets, for global hyperbolicity and causal
simplicity it suffices to demand causality, respectively. In fact, in some circumstances, global
hyperbolicity hold even without such a condition:

Proposition 2.146. A reflecting and non-totally vicious Lorentzian manifold M is chrono-
logical.

Proof. Suppose it was not, i.e. there is some p € M with p < p, and let ¢ € M not be
passed by a timelike loop, that is ¢ ¢ I(q) U I_(g). It follows that either I, (p) # M or
I_(p) # M since otherwise, we would have ¢ € I (p) and thus ¢ < p < ¢, which contradicts
the assumption on ¢g. Without loss of generality, we assume I (p) # M, so let r € 01, (p),
that is p € 0I_(r) by reflectivity. Due to p < p, I (p) is an open neighborhood of p, which
implies € I (p), a contradiction. O

Theorem 2.147 (Hounnonkpe-Minguzzi 2019). Let M be a connected, non-compact and
time-oriented Lorentzian manifold of dimension > 3 such that J(p,q) is compact for all
p,q € M. Then M is globally hyperbolic.

We only sketch the proof and refer to [Hounnonkpe-Minguzzi2019] for a complete argumen-
tation with references.

Sketch of the proof. a) Assume M = [, (p) forall p € M, so particularly M = J.(p) and thus
M = J(p,q) forall p, g € M, which would imply compactness of M. Hence, M is non-totally
vicious and also reflecting and thus chronological by Lemma 2.144 and Proposition 2.146.

b) Next assume that M was not causal, so let c: I — M be a causal curve witha,b € I, a < b
such that c(a) = ¢(b). However, due to chronology, there cannot be any two points p < ¢
on c¢ since then p < ¢ < p, which would imply p < p. By Lemma 2.29, c is a geodesic
(up to parametrization), and it particularly follows that, once parametrized, c cannot develop
"corners", that is ¢(a) o< ¢(b).

Let p,r € M be points on ¢ and thus € J.(p) as c is a causal loop, which directly leads
to Ji(p) = Jo(r). Since c is lightlike, we have 01, (¢) = 01, (p), which is non-empty as it
contains ¢ and yields an achronal subset due to the properties of c. Since J (p) is a future set,
01 (p) is an achronal topological hypersurface by Corollary 2.76 and furthermore Lipschitz.
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Note that lightlike curves have a domain consisting entirely of critical points, so be the Morse-
Sard theorem its image cannot fill a manifold of dimension > 2. Since dim M > 3, we
therefore find ¢ € 01, (p)\c, i.e. ¢ € J(p) due to closedness and the curve connecting p and
¢ has to be a lightlike geodesic since otherwise ¢ € I (p). Recall 01 (¢) = 91, (p), so for all
r € ¢, there is a lightlike curve connecting r and ¢, which cannot be given by c. Therefore,
there is only a piecewise lightlike curve connecting 7, p and ¢ with a corner at p, which can
be deformed into a timelike one, that is ¢ € I (r) = I (p) due to closedness of c. This is a
contradiction to the assumption on ¢, so c fails to exist. O]

Clearly, we have to demand non-compactness due to Proposition 2.18. The dimensional
condition comes from the Morse-Sard theorem and indeed, there are counterexamples in
dimension 2:

Example 2.148. Let G; == {(]) + (;) } € R? and con- L (p)
sider the cylinder M :=R?/(J; G; together with the \
induced Minkowski metric, i.e. oriented in lightlike di-

rection. Due to continuity of the quotient map, the causal lightlike loop P

diamonds are compact since they are in R3, ., but it is
not hard to find a closed lightlike curve. eo el
The picture shows that for each p € M, the boundary of \/

I (p) is indeed represented by only one lightlike loop, so

an argumentation as in the proof of Theorem 2.147 does \_/

not apply. identify
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