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Abstract

In this paper we explore new relations between Algebraic Topology and the the-
ory of Hopf Algebras. For an arbitrary topological space X, the loop space homology
H,(QXX;Z) is a Hopf algebra. We introduce a new homotopy invariant of a topo-
logical space X taking for its value the isomorphism class (over the integers) of the
Hopf algebra H,(2XX;Z). This invariant is trivial if and only if the Hopf algebra
H,.(92XX;7Z) is isomorphic to a Lie-Hopf algebra, that is, to a primitively generated
Hopf algebra. We show that for a given X these invariants are obstructions to the
existence of a homotopy equivalence XX ~ %2V for some space Y.

Further on, using the notion of Hopf algebras, we establish new structural prop-
erties of the cohomology ring, in particular, of the cup product. For example, using
the fact that the suspension of a polyhedral product X is a double suspension, we
obtain a strong condition on the cohomology ring structure of X. This gives an im-
portant application in toric topology. For an algebra to be realised as the cohomology
ring of a moment-angle manifold Zp associated to a simple polytope P, we found
an obstruction in the Hopf algebra H,.(QXZp).

In addition, we use homotopy decompositions to study particular Hopf algebras.

Keywords. Hopf algebra, Lie-Hopf algebra, loop suspension spaces, double suspen-
sion spaces, quasisymmetric functions

1 Introduction

The notion of Hopf algebras came from the study of the homology of topological spaces
with additional structures, that is, with multiplication. The expression Hopf algebra was
coined by Armand Borel in 1953, honouring the fundamental work of Heinz Hopf on
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['-manifolds. Soon after, Hopf algebras became a subject worthy of extensive study on
its own. Hopf algebras have nowadays numerous applications in various area of mathe-
matics and theoretical physics. In this paper we explore new relations between Algebraic
Topology and the theory of Hopf Algebras.

A pointed topological space X is an H-space if there is a continuous map p: X X
X — X called multiplication such that the base point acts as a left and right unit. H-
spaces appear in mathematics all the time. The most classical examples are topological
groups: spaces X with a group structure such that both the multiplication map p: X X
X — X and the inversion map X — X, z — x~!, are continuous. Other examples
are based loop spaces, Eilenberg-MacLane spaces, finite H-spaces such as Lie groups,
and the 7 sphere, the homotopy fibre of an /7/-map and so on.

A significant breakthrough in the study of H-spaces was achieved by Hopf and Borel
(see [H, B]) who classified graded Hopf algebras which can be realised as the cohomol-
ogy rings of H-spaces, and consequently gave a necessary condition on a Hopf algebra to
be the cohomology algebra of an H-space. They showed that the existence of the comul-
tiplication in a Hopf algebra restricts the multiplicative structure considerably. Using this
Hopf algebra classification, it is easy to see that, for example, CP" is not an H-space.
The Hopf and Borel theorems give necessary but not sufficient conditions for a space
to be an H-space; for example, although the cohomology of BU (2) satisfies the condi-
tions of the Hopf and Borel theorems, BU(2) is not an H-space. It is worth noting that
Hopf and Borel studied possible multiplications of appropriate Hopf algebras and their
results are based on algebra isomorphisms of Hopf algebras while not studying further
their coalgebra structures.

Ever since Hopf and Borel’s work, there has been an extensive development of the the-
ory of graded connected Hopf algebras (see [MM]) using algebraic and topological tools.
Let A be a Hopf algebra. Denote by P(A) the primitives in A, by I(A) the augmentation
ideal of A, and by Q(A) = I(A)/I(A)? the indecomposables. Then A is primitively gen-
erated if the natural map P(A) — I(A) — Q(A) is onto. Such a primitively generated
Hopf algebra A is called Lie-Hopf algebra.

Let R be a principal ideal domain and assume we work with a topological space X
such that H*(X x X;R) =2 H*(X;R) ® H*(X; R). The diagonal map on X induces
the cup product in H*(X; R) and dually it is closely related to the comultiplication in
the Hopf algebra H,(Q2X.X; R). We show that the cup product presents in certain ways
obstructions to H,(Q2XX; R) be a Lie-Hopf algebra. Our starting point is the Bott and
Samelson theorem [BS] which in an analogous way to the Hopf and Borel classification
of Hopf algebras gives necessary conditions for graded Hopf algebras to be realised as
the homology algebras of loop-suspension spaces. Namely, they prove that the homology
H,.(QXX; R) is the tensor algebra on the reduced homology of X.
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One of the classical problems in homotopy theory is the Milnor double suspension
problem, posed in 1961, in which he asked whether the double suspension of a homology
sphere is homeomorphic to the standard sphere. This problem can be generalised in ho-
motopy theory to the problem of describing all spaces which after being suspended twice
become a triple suspension space. Utilising the theory of graded connected Hopf alge-
bras, in particular by studying the properties of comultiplications, we look for a necessary
condition for a topological space X to have the property that XX ~ Y2Y for some Y.
Our approach is similar in nature to the one used in the study of H-spaces in the sense
that we explore certain properties of naturally arising Hopf algebras. The main result is
the following theorem.

Theorem 1.1. Let X be a space such that ¥ X ~ Y?Y for some Y and assume that
H.(X;7Z) is torsion free. Then the Hopf algebra H,.(Q2XX;Z) is isomorphic to a Lie-
Hopf algebra.

As will be discussed in Sections 4 and 5, spaces with the property that ¥X ~ 32V
are not rare; they appear, for example, in the context of polyhedral product functors -
which are functorial generalisations of moment-angle complexes Zy, complements of
hyperplane arrangements, some simply connected 4-manifolds and so on. Note that the
class of manifolds with this property seems to be quite narrow and hard to detect. Thus
the result about moment-angle manifolds, that is Zx when K is the dual of the boundary
of a simple polytope is of great importance.

Corollary 1.2. Let Zx be a moment-angle complex such that H.(Zx;7) is torsion free.
Then the comultiplication in H,(Zx;Z), dual to the ring structure of H*(Zx; Z), defines

a Hopf algebra structure on the tensor algebra T(H . (Z; 7)) which over Z is isomorphic
to a Lie-Hopf algebra.

The last result motivates us to establish new structural properties of the cohomology
ring, in particular, of the cup product. Consider a topological space X such that H*(X; Z)
is torsion free. Although, in general, a topological space X might have a non-trivial cup
product, once suspended, all the cup products are trivialised. However, looking at the
Hopf algebra H,.(Q2¥XX;Z), in particular at its coalgebra structure, we can recover the
information about the cup product in the cohomology of X. This way we associate to
the cup product in H*(X;7Z) a structural property that can be read off the Hopf algebra
H,.(QXX;Z). For example, if a topological space X has the property that ¥ X ~ 32V
for some Y, then the Hopf algebra H,(Q2X.X; R) is isomorphic to a Lie-Hopf algebra
meaning that there is a change of basis over R in H,(X; R) such that the reduced diagonal
A: H,(X;R) — H,(X;R) ® H,(X;R) becomes trivial. The dual statement gives a
structural property of the cup product in H*(X; R).
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The strength and beauty of this approach lies in the strong connection between algebra
and topology. In Section 6 we detect some properties of the algebra of quasi-symmetric
functions by identifying it with H,(QXCP>; R) and by applying homotopy theoretic
decomposition methods.

2 S"S-spaces
We start by introducing the notion of S™S-spaces.

Definition 2.1. For a givenn € NU {0}, a CW complex X is said to be an S"S-space if
there is a CW complex Y such that X" X ~ Y"1y,

It is seen readily from the definition that if X is an S™S-space, then it is also an
Sn+1S_space. Thus a trivial example of S™S-spaces is given by a suspension space X,
that is, X ~ >} for some topological space Y.

Milnor considered a homology 3-sphere M? with 7, (M) # 0 and asked whether the
double suspension of M3 is homeomorphic to S°. This was partially proved in 1975 by
Edwards [E], and in a sharper form in 1979 by Cannon [C]. It provided the first example
of a triangulated manifold which is not locally PL.-homeomorphic to Euclidean space. The
solution of the Milnor double suspension problem provides us with a non-trivial example
of an S?S-space. In general, Cannon [C] proved that the double suspension X257 of
any homology n-sphere S% is homeomorphic to the topological sphere S™*2, therefore
showing that a homology sphere is an S2S-space.

Our study of S™S-spaces begins by detecting operations under which the family of
S™S-spaces is closed.

If we start with a topological pair (X, X5) of S™S-spaces, a natural question to ask
is whether the quotient space X /X, is an S™S-space. The pair (S*, S*~!) where S*~!
is imbedded as the equator in S* gives one of the simplest examples where the quotient
Sk /Sk=1 ~ Sk \/ Sk is an S°S-space for k > 1.

Lemma 2.2. Let (X1, Xs) be a topological pair of S™S-spaces. Then the quotient space
X1/ X, is not in general an S™S-space.

Proof. We prove the lemma by constructing an example. Let £ — S? be a disc D?
bundle associated to the Hopf bundle over S2. Then OF = S® and E/OF = CP?. In this
way we have constructed a topological pair (E, OF) of S*S-spaces such that E//OF is not
an S1S-space. O

There are several operations under which the property of being an S™S-space is pre-
served.
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Lemma 2.3. Let X1, ..., X} be S™S-spaces. Then the following spaces are S™S-spaces:
1. XiV...V Xy,

2. Xi NN X,

3. X1 x...x X,
Proof. Let us assume that X" X; ~ XY, forsome Y;andi = 1, ..., k.
1. The following homotopy equivalences
YUXIV ... VX)) =YX VL VEX 2 YT (Y VLV Y)
give statement (1).

2. Statement (2) is proved by the following homotopy equivalences

SUXA. . AXE) = STTIYVIAXOA. L AX ~ SYIASTTIVAL L AX ~ STTRYIALL LAY

3. Notice that (X7 x X5) >~ X X7 VEX,V3E(X;AX,). Now by statements (1) and (2),
Zn<X1 X XQ) >~ E”Xl \/EnXQ \/En(Xl /\XQ) ~ En—l—l}/l \/Z"HYQ\/E’”Q(Y} /\}/2)
The proof of statement (3) now follows by induction on k.

]

A generalisation of Lemma 2.3 can be given in terms of the Whitehead filtration of
X1 X ... x Xj. For k pointed topological spaces (X, x), the Whitehead filtration T}, is
defined in the following way

T , = {(x1,....7%) | where x; = x for at least [ coordinates}.
Notice that T,f =Xy x...x X, T,f_l is known as the fat wedge, le =X;V...VX,,
and T = *.
Lemma 2.4. Let Xy, ..., X be S"S-spaces. Then T} is S™S-space for 0 < 1 < k.

Proof. We prove the lemma by induction on /. The statement for [ = 1 is true by Lemma 2.3(1).
Let us assume that 7} is an S™S-space. Notice that 7}" includes in 7}, for 0 <1 <k —1
and that there is a cofibration sequence

+1

T — T, — VX AX, A AKX

1Si1<...<il+1§k

which after being suspended becomes trivial, that is,

ST, ~ ST/ V  OSXa AX, AL AKX,

1<iy <. <ip41<k

1+1

Now by the induction hypothesis and Lemma 2.3(2), we get that Tl’fH is an S™S-space,
which proves the lemma. []



6 Victor Buchstaber, Jelena Grbi¢

Lemma 2.5. Let X be an S™S-space. Then
1. the space QX" X is an S S-space,
2. the space QXX is an S™S-space.

Proof. Both statements are direct corollaries of the James splitting [J], Q2> 7 ~ \/Z":1 WALN
where Z(®) denotes the k-fold smash power of Z. ]

The above elementary operations over S™S-spaces already indicate that the class of
S™S-spaces is wide.

In the remainder of the paper, of special interest to us will be the case n = 1. We show
that the class of S'S-spaces is unexpectedly large by describing non-trivial homotopy
theoretic constructions which produce S*S-spaces.

3 Applications of the theory of Hopf algebras to S'S-
spaces

We start by recalling some fundamental definition of the theory of Hopf algebras. Let R
be a commutative ring.

Definition 3.1. An R-algebra (A, ma,n4) is a Hopf algebra if it has an additional struc-
ture given by R-algebra homomorphisms: A,: A — A ®p A called comultiplication;
€a: A — R called counit, and an R-module homomorphism S4: A — A called an-
tipode that satisfy the following properties

1. coassociativity:

(IdA®AA)AA = (AA(X)IdA)A: A— AR AR A;

2. counitarity:
mA(IdA X €A>AA =1d4 = mA(eA X IdA)AA;

3. antipode property:
ma(ldg ® Sa)Aa =naea = ma(Sa @ Idy)A
where m4: A ® A — A is the multiplication in A and 7,4 is the unit map.

Definition 3.2. Two Hopf algebras (A, ma, A4, €4,m4,S54) and (B, mp, Ag,€5,n5, SB)
over R are isomorphic if there is an algebra isomorphism f: (A, ma,n4) — (B, mp,np)
satisfying
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) (f®f)oAs=Apof,
i) foSys=Spof,
iii) €4 =epof.

Note that f uniquely determines the Hopf algebra structure of B if the Hopf algebra
structure of A is given.

Definition 3.3. A Hopf algebra A is called a Lie-Hopf algebra if the set of multiplicative

generators {a; };cny comprises primitives, that is,
Aa; =a; ® 1 +1® a; forevery 1.

Let R be a PID and let X be a connected space such that H, (X ; R) is torsion free. Then
the Bott-Samelson theorem [BS] asserts that the homology H,(Q2XX; R) is isomorphic
as an algebra to the tensor algebra T'(H,(X; R)) and the adjoint of the identity on XX,
the suspension map F: X — QXX induces the canonical inclusion of fl*(X ; R) into
T (ﬁ*(X ; R)). This tensor algebra can be given many different Hopf algebra structures
by considering different coalgebra structures on the module H, (X; R) not necessarily
coming form the topology of the space X. In the following proposition we identify that

Hopf algebra structure that is naturally coming from the topology of the space (2X.X.

Proposition 3.4. Let T(H.(X; R)) be the Hopf algebra where the coalgebra structure is
generated by the comultiplication on H, (X; R) induced by the diagonal Ax : X — X X
X. This Hopf algebra structure coincides with the Hopf algebra structure of H,.(QXX; R)
where the comultiplication is induced by the diagonal map Aqyxx: QXX — QXX X
Q¥ X.

Proof. For any H-space H with multiplication pj, we have the following commutative
diagram

HH
HxH H
lAHXAH iAH
IdxTxId

HxHxHxH—" S HxHxHxH™ g xH

where T is the twist map. Since the composite (py X pg) o (Id x T x Id) is the natural
multiplication on H x H induced by 15, we have that the diagonal Ay is a multiplicative
map.

To prove the proposition notice further that 2> X is a universal space in the category
of homotopy associative H-spaces (see [J]). The universal property states that any H-map
from (2> X to a homotopy associative space is determined by its restriction to X. Now
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since the diagonal Agyyx: QXX — QXX x QXX is an H-map, it is determined by its
restriction to X which is the composite X 2% X x X ZH OnX x QXX. This proves

the proposition. ]

Corollary 3.5. Let C be a co-H-space. Then the Hopf algebra H,(QXC'; R) is a Lie-Hopf
algebra, that is, it is primitively generated.

Proof. By Proposition 3.4, the comultiplication in H,(QX.C; R) is generated by the co-
multiplication on H +(C; R). Now directly from the definition of a co-H-space, we have
that the reduced diagonal A: C' — C A C is trivial, showing that H,(C’; R) consists
only of primitive elements. U

We generalise the last statement to spaces which are not necessarily co-H -spaces but

once suspended become a suspension of a co- H-space.

Theorem 3.6. Let X be a topological space such that > X ~ C where C' is a co-H-
space and assume that H.(X; 7) is torsion free. Then over Z the Hopf algebra H,.(2XX; 7,)
is isomorphic to a Lie-Hopf algebra, that is, to a primitively generated Hopf algebra.

Proof. Letp: XX — XC be a homotopy equivalence. Since (2 is an H-map it induces
a Hopf algebra morphism Qp,: H,(QXX) — H,(QXC) which is an isomorphism
of Hopf algebras as (2 is a homotopy equivalence. Now the statement of the theorem
follows from Corollary 3.5 since H,(Q2XC') is a Lie-Hopf algebra. [

Throughout the rest of this paper we assume the coefficient ring R = Z and thus, for
the sake of convenience, in integral homology and cohomology we suppress the coeffi-
cients from the notation.

Let p: X — X2Y be a homotopy equivalence. Then by the Bott-Samelson theorem,
we have

H,(OXX) 2 T(H.(X)),  H,(QS%)~T(H,(ZY)).

Let {a;} be an additive basis for H,(X) and let {b;} be an additive basis for H,(XY).
Then the elements b; are primitive, thatis, Ab; = 1®b;+b;®1. If we know the cohomology
ring H*(X), we can calculate the comultiplication Ay : H,(X) — H.(X) ® H.(X).

Lemma 3.7. The comultiplication Ax : H.(X) — H,(X)® H,.(X) is determined by the
Hopf algebra homomorphism

0.: H(QXX) — H,(QX%Y).

Proof. From the definition of a Hopf algebra isomorphism, the comultiplication Ax is
determined by the formula Agszy . (a) = @, @ @« (Aqgsxa) where a € H,(X). O
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Proposition 3.8. The Hopf algebra H,.(QXX) for X = QXZ with Z a co-H-space is
isomorphic to a Lie-Hopf algebra. The change of homology generators is given by Hopf

invariants.

Proof. The proof follows from the James splitting of X, that is, XX ~ ¥OX7 ~
Y(Viee, Z®). Since Z is a co-H-space, H,(QX(\/7, Z*)) is primitively generated.
Since the James splitting is given by Hopf invariants, the statement of the proposition
follows. L

Hopf and Borel used the theory of Hopf algebras to find a necessary condition on
homology of X so that X is an H-space. Using the same theory but studying in detail
the coalgebra structure, we give a necessary condition on the homology of X to be an
S1S-space.

Corollary 3.9. Let X be a CW-complex such that H,(X) is torsion free and let the di-
agonal A: H,(X) — H.(X) ® H.(X) define a Hopf algebra structure on H,(23XX) =
T(H,.(X)). If the Hopf algebra H,(QX.X) is not isomorphic to a Lie-Hopf algebra, then
X is not an S'S-space. O]

4 Examples of S'S-spaces

In this section we present several examples of S S-spaces. In doing so we also illustrate
how our invariant can be explicitly calculated and related to some classical homotopy
invariants.

4.1 “Small” CW-complexes

The “smallest” topological spaces amongst which we can find non-trivial S'S-spaces
are two cell complexes. Let a: S¥ — S! where k > [ such that Yo ~ x. Taking its
homotopy cofibre, we obtain a space X = S'U,e**! whichis an S*S-space. Slightly more
generally start with a wedge of spheres and attach to them a single cell by an attaching
map « such that Yo ~ *. In this case we also obtain an S*S-space. As an explicit example,
take the Whitehead product S™"~! -5 S™v S™ which is the attaching map for 5™ x S™.
As Yw =~ x, there is a stable splitting $(S™ x ") ~ Smtly §ntly gmintl proving
that S™ x S™ is an S1.S-space.

4.2 Simply-connected 4-manifolds

Note that the classical Pontryagin-Whitehead theorem (see for example [F]) asserts that
closed simply-connected 4-dimensional manifolds with isomorphic integer cohomology
rings are homotopy equivalent. This result was strengthen by Freedman who proved that
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smooth, closed simply-connected 4-manifolds with isomorphic integer cohomology rings
are homeomorphic.

Using our invariant we can reformulate Pontryagin-Whitehead and Freedman theorem
in the following way.

Proposition 4.1. Let M, and M, be closed simply-connected 4-manifolds. If XM, ~
Y. Mo, then the manifolds M, and My are homotopy equivalent.

Proof. The statement will follow readily from Proposition 4.4. ]

Corollary 4.2. Let M, and My be smooth closed simply-connected 4-manifolds. If > M, ~
.My, then My and My are homeomorphic. ]

Recall that the Hopf invariant is a classical obstruction to X CP? being a double sus-
pension. Here, as a mere illustration of the calculation of our invariant, we show that that
CP? is not an S*S-space. To prove that, according to Corollary 3.9 we need to show that
the Hopf algebra H,(Q2XCP?) is not isomorphic to a Lie-Hopf algebra. We first calculate
the coproduct structure of H,(CP?). Let u; € Ho(CP?) and uy € H,(CP?) be gener-
ators. Then the coproduct in H,(CP?) is determined by Au; = 1 ® u; + u; ® 1 and
Aus =1 ® ug + u; ® ug + us ® 1. By Proposition 3.4, the coproduct in the Hopf algebra
H,.(QXCP?) = T(uy,uy) is determined by the coproduct in H,(CP?). Thus we have

Aup =10u1+u1 ®1, Aus =1® us + uy @ ug + us ® 1.

We use the bar notation to denote the tensor product in T'(uy, us). The group H,(Q3XCP?) =
7 & 7 is generated by us and u;|u;. The only possible change of basis is given by
wy = uy, we = us + Aug|u; for some integer A\. From the fact that w, is a primitive
element, we have the following relation

Awy =1Qwa+we®1 = 1Q@ug+u; @ui+us @1+ A1 Q@ u; +uy @ D)|[(1®u +u; ®1).
Thus we obtain the following condition on A
142X =0. 4.1)

This equation has no solution over the integers, proving that CP? is not an S'.S-space as
there is no Hopf algebra isomorphism between H, (Q2XCP?) and a Lie-Hopf algebra. In
this way we have also reproved the classical well known result that the suspension of the
Hopf map S® — S? is not null homotopic.

Remark 4.3. In an analogous way we can prove that no Hopf invariant one complexes
are S1S-spaces and as a consequence we see that the suspension of the Hopf map is not
null homotopic.
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If instead of CP? we take S? x S?, then the analogous equation to (4.1) takes the form
1 4+ A = 0 which is solvable over Z by taking A = —1. Thus there is a change of basis in
H.(QX(S? x S?)) which induces a Hopf algebra isomorphism with a Lie-Hopf algebra.
Topologically, following the arguments of Subsection 4.1, we also know that S? x 52 is
an S'S-space, as $2(S5? x S?) ~ ¥2(Stv ST v S3).

To approach simply-connected 4-dimensional manifolds M4 more generally, we use
their classifications in terms of the intersection form on H?(M*). Let us denote the
intersection form matrix by A. We ask for a condition on A so that M* is an S'S-
space. Following our programme we want to construct a looped homotopy equivalence
OXM* — Q¥2Y for some C'W-complex Y. Let us assume that Ho(M*) = Z* is gen-
erated by u; for 1 < ¢ < k. For dimensional reasons all u; are primitive. If the matrix A
is non-trivial, then a generator v € H,(M*) is not primitive and its coproduct is given by
Av=v®1+1®v+u"Au. Thus we are looking for a change of basis

U; i) )\ilwl + Aigwg + ...+ )\kak

where all w; for 1 < i < k are primitive. In matrix form f(u) = Aw where A is the
k-matrix (\;;) such that det A = £1. In degree 4, we look to find a primitive generator
w € Hy(M*). For dimensional reasons, f(v) = @ + > yuwi|w; for some vy € Z; or
equivalently, in matrix form f(v) = @ + w' T'w for the k-matrix ' = (7;;).

For M* to be an S'S-space, the following diagram needs to commute

f ~
v W+ w' Tw

A |a

v®1+1®v+uTAu4f>@®1+1®@+(w®1+1®w)TF(w®1—|—1®w).

From here we deduce the necessary condition
ATAN=-T-T7
or equivalently, if we denote A~! by L, then
A=L"(-T -=TL.

rem Since all u; are primitive, as a particular case we can choose A to be the identity
matrix. rem For an easy illustrative example, consider S? x S? and its associated quadratic

()

Taking A to be ((1) (1)), then T = (8 _01> satisfies the condition A = LT (-I'—T'T)L.

matrix
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Proposition 4.4. Let M, and My be simply-connected 4-dimensional manifolds. Then
M and My are homotopy equivalent if and only if as Hopf algebras, H.(2XM;) and
H.(QXM,) are isomorphic over Z.

Proof. Recall that the homotopy type of simply-connected 4-dimensional manifold M is
classified in terms of the intersection form on H?(M). A Hopf algebra isomorphism of
H,(QXM,) = T(H,(M,)) and H,(QXM,) = T(H,(M,)) induces an isomorphism of
the intersection forms on H?(M,) and H?(M,), which proves the non-trivial part of the

proposition. [

4.3 The complement of a hyperplane arrangement

Let A be a complex hyperplane arrangement in C', that is, a finite set of hyperplanes in
C'. Denote by M(A) its complement, that is, M (A) = C'\ supp A. The cohomology
of M(A) is given by the Orlik-Solomon algebra A(.A) (see for example [OT]). As there
are many non-trivial products in this algebra, we can see the Hopf algebra H, (23X M (A))
is not primitively generated. On the other hand, it is well known that XM (A) breaks
into a wedge of spheres (see for example [S]) and therefore it is an S*S-space. Thus
we can conclude that the Hopf algebra H,.(Q2¥M (.A)) is isomorphic to the Lie-Hopf
algebra H,(Q2\/ S™). In a subsequent paper we will study properties of the cup product
in H*(M(.A)), that is, of the Orlik-Solomon algebra A(A).

5 Polyhedral products as S'S-spaces

A new large family of S'S-spaces appeared as a result of recent work of Bahri, Bendersky,
Cohen, and Gitler [BBCG]. We start by recalling the definition of a polyhedral product
functor. Let K be an abstract simplicial complex on m vertices, that is, a finite set of
subsets of [m] = {1,...,m} which is closed under formation of subsets and includes the
empty set. Let (X, A) = {(X;, 4;, z;)}, denote m choices of connected, pointed pairs
of CW-complexes. Define the functor D: K — C'W, by

D(o) = HBZ», where B; =

=1

X, if 2€0
A if iefm]\o

with D(()) = A; X ... x A,,. Then the polyhedral product (X, A)¥ is given by

(X, A)X = colim D(o).

ceK

When (X, A) = (D? S"), we recover the definition of the moment-angle complex Z
introduced by Buchstaber and Panov [BP].
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In [BBCG] it was proved that

E(Dn-ﬁ-l’sn)K ~ \/ Z2+n|[||KI‘
I¢K
which shows that (D"*!, S")X and in particular the moment-angle complexes Zy, are
S1S-spaces. This shows that the collection of S'S-spaces is large and consists of many
important spaces which are studied in various mathematical disciplines such as toric
topology, complex, symplectic and algebraic geometry, combinatoric and so on.

A natural question that arises is to determine which polyhedral products are S'S-
spaces. Recall that for two topological spaces X and Y, the join X * Y is homotopy
equivalent to XX A Y. Following [BBCG], the space 13(0) denotes the smash product
B A...\B; foro = {iy,...,i}. Similarly, X7 denotes the smash product X;, A. . .AX;,
for I = {iy,...,ix}. We now collect three statements on the stable homotopy type of
certain polyhedral product functors proven in [BBCG].

Theorem 5.1 ( [BBCG]). Let K be an abstract simplicial complex with m vertices, and
let
(Ka A) = {(Xh Ai7 xl)};il

denote m choices of connected, pointed pairs of CW-complexes with the inclusion A; C

X, null-homotopic for all i. Then there is a homotopy equivalence

DX, A — % <\/ ( \ AR <o * f)(@)) .

I ceEKy

]

Theorem 5.2 ( [BBCG]). If all of the A; are contractible with X; and A; closed CW-
complexes for all 1, then there is a homotopy equivalence

ﬂXAﬁ—%E(VXﬂ.

IeK

]

Theorem 5.3 ([BBCG]). Ifall of the X; in (X, A) are contractible with X; and A; closed
CW-complexes for all i, then there is a homotopy equivalence

ﬂxAW—az<qu*@>.

I¢K
O]
Corollary 5.4. The polyhedral products considered in Theorems 5.1 and 5.3 are S*S-
spaces. For the polyhedral products in Theorem 5.2 to be S'S-spaces we additionally

need each X; to be a suspension space. 0
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5.1 Structural properties of the cup product

From the point of view of cohomology rings, a particularly interesting case of polyhe-
dral products is the moment-angle complex Z; = (D? SY)X where K is an arbitrary
simplicial complex. The cohomology of the moment-angle complex is known in terms of
the Stanley-Reisner algebra Z|K] (see for example [BP]). Our approach to the theory of
Hopf algebras allows us to give a condition on the algebra necessary for it to be realised
as the cohomology of a moment-angle complex. The previous analysis showed that the
moment-angle complexes are S'S-spaces, implying that the Hopf algebra H, (QXZx; Z)
is isomorphic, as a Hopf algebra, to a Lie-Hopf algebra. In other words, in the Hopf al-

gebra T'(H,.(Zk)) where the coproduct is induced by the coproduct in H,(Zx) there is a
change of basis such that T(ﬁ*(Z i )) becomes primitively generated. Dually, this prop-
erty can be seen as a new structural property of the cup product. Thus we proved the

following characterisation property of the cup product for the moment-angle complexes.

Proposition 5.5. For an algebra A to be the cohomology algebra of the moment-angle
complex Zy, there must exist a change of basis in T(A*) such that T(A*) becomes a
Lie-Hopf algebra, where A* denotes the dual of A. O]

This statement readily generalises to the whole family of S'S-spaces.

Proposition 5.6. For an algebra A to be the cohomology algebra of an S*S-space, there
must exist a change of basis in T'(A*) such that T'(A*) becomes a Lie-Hopf algebra. [

Example 5.7. Let us consider the 6-dimensional moment-angle manifold M = (D? S')¥
where K is a square, that is,

K= {{1}, {2}, {3}, {4}, {1,2}, {2, 3}, {3, 4}, {14} }.
From the work of Buchstaber and Panov [BP], we know
H*((D?, SY5, 7Z) =2 H* [A[uy, ug, us, ug] @ Zlvy, v, v3, v4]/ (0103, v204) ; d]

where |u;| = 1, |v;] = 2 and the differential d is given by d(u;) = v; and d(v;) = 0 for
1 <7 < 4. By a straightforward calculation, we find that the 3-dimensional cycles are
a; = u1v3, Gs = Usly, the 6-dimensional cycle is b = u;usv3v,4, and the intersection form
on H3(M?®) is given by the following matrix

(0,

Thus in integral homology we have H,(QXM;Z) = T(ay, as,b), where |ai| = |as| = 3
and |b| = 6, and the comultiplication is given by A(aq;) = 1 ® a; + a; ® 1 fori = 1,2
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and A(b) = 1®b+ a3 ® ay — az ® a; + b ® 1. Therefore this Hopf algebra is not
primitively generated. We want to show that this Hopf algebra is however isomorphic
to a Lie-Hopf algebra by describing the change of this basis to a primitive one. As a;
and a- are primitive elements, we take w; = a; for ¢+ = 1,2. For dimensional reasons,
w3 = b+ Araq|ag + Aaas|as + Azaq|a; + Mgas|as. As we want ws to be primitive, we need
the following relation to hold

A(ws) = 1@wsz+ws®1 = A(D)+ A\ A(ar)A(az) +AaA(a2) Alar)+A3A(ar) A(ar)+ A (az) Alaz).

By a direct calculation, we conclude that for w3 one can take, for example, w3 = b+as|a;.
Thus we have confirmed that H,(Q2YX.M;Z) is isomorphic to a Lie-Hopf algebra.

Example 5.8. Now let us look at the 7-dimensional moment-angle manifold M = (D?, S1)K
where K is a pentagon, that is,

K = {{1},{2}, {3}, {4}, {5}, {1,2},{2,3}, {3,4},{4,5}{1,5} }.
Following [BP], the cohomology algebra is given ny
H*((D2> Sl)K;Z) =N [A[U17U2,U3,U4,Us] ® Z[U17U2,U3,U4,U5]/(U1U37711U4,U2U47U2U5,U3U5) ; d]

where |u;| = 1, |v;| = 2 and the differential d is given by d(u;) = v; and d(v;) = 0 for
1 <7 < 5. There are five 3-dimensional cycles a; = u vz, ay = ugv1, a3 = UgVy, Ay =
UsVs, a5 = uzvs; five 4-dimensional cycles by = uqusva, by = Usugvs, by = usuivs, by =
uzu4v1, b5 = ujusvy and one 7-dimensional cycle ¢ = ujususv vs. All non-trivial cup
products are given by a;b; = bja; = cfor 1 < ¢ < 5. Thus in integral homology we
have H,(QXM;Z) = T({a;, b;}3_,, c), where |a;| = 3, |b;] = 4 and |c| = 7, and the
comultiplication is given by A(a;) = 1®a;+a;®1, A(b;) = 1®b;+b;@1for1 <i <5
and A(c) = 1®c+ 30 (a; @ by + b; @ a;) + ¢ ® 1. Thus this Hopf algebra is not
primitively generated. We want to show that this Hopf algebra is however isomorphic to a
Lie-Hopf algebra by describing the change of this basis to a primitive one. As a; and b; are
primitive elements, we take for wo; 1 = a; and wy; = b; for 1 < ¢ < 5. For dimensional
reasons, wi; = ¢ + ZL(AMNE + Aixsbila;). As we want wq; to be primitive, we need
the following relation to hold

Afwn) = 1@wn +wi @ 1=A(c) + Y (MA(a) Ab;) + AipsAbi) Aar)) -

i=1

We conclude that for wy; one can take, for example, wy; = ¢ — Z?:l a;|b;. Thus we have
confirmed that H,(2XM; Z) is isomorphic to a Lie-Hopf algebra.
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6 Applications to algebra

6.1 Quasi-symmetric polynomials

In this section we use our new homotopy invariant to study the ring of quasi-symmetric
functions. We start by recalling the main definitions, following mainly the notation of
Hazewinkel [Ha]. For more details on applications of topological methods to the study of

quasi-symmetric functions see Buchstaber and Erokhovets [BE].

Definition 6.1. A composition w of a number n is an ordered set w = (jy,...,Jx), for
ji > 1, such that n = j; + ... + ji. Let us denote |w| = n, [(w) = k. The empty
composition of 0 we denote by (). Then |()| =0, I(()) = 0.

Definition 6.2. Let ¢, 15, ... be a finite or an infinite set of variables of degree 2. For a
composition w = (ji, .. ., jx), consider a quasi-symmetric monomial
My= Y ..t My=1
I <..<lg

whose degree is equal to 2|w| = 2(j1 + ... + Ji).
For any two monomials M, and M, their product in the ring of polynomials Z[t1, o, . . .

is equal to
=3 ( ¥ 1)u
w Q'+ =w
where for the compositions w = (j1,...,jk), & = (G4, -, Jp), W' = (G, Jm),

and 2" are all the k-tuples such that
QL =(0,....51,--,0,...,5,...,0), Q" =(0,....,5{,...,0,....90m...,0).
This multiplication rule of compositions is called the overlapping shuffle multiplication.

Thus finite integer combinations of quasi-symmetric monomials form a ring. This ring
is called the ring of quasi-symmetric functions and is denoted by QSymmlty,...,t,],
where n is the number of variables. In the case of an infinite number of variables it is
denoted by QSymml(ty, t5, . ..] or QSymm.

The diagonal map A: QSymm — QSymm ® QSymm given by

k
AM,.,...a) = Z May,...a) @ Mg,y ,...an)

=0
defines on QSymm the structure of a graded Hopf algebra.

In [Ha] Hazewinkel proved the Ditters conjecture that QSymmlty, to,...] is a free
commutative algebra of polynomials over the integers.

Let R be a commutative associative ring with unit.
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Definition 6.3. A Leibnitz-Hopf algebra over the ring R is an associative Hopf algebra
‘H over the ring R with a fixed sequence of a finite or countable number of multiplicative
generators H;, 7 = 1,2, ... satisfying the comultiplication formula

A(H,) = > H®H;, Hy=1
i+ji=n
A universal Leibnitz-Hopf algebra A over the ring R is a Leibnitz-Hopf algebra with
the universal property: for any Leibnitz-Hopf algebra H over the ring R the correspon-
dence A; — H; defines a Hopf algebra homomorphism.

Of special interest to us will be the free associative Leibnitz-Hopf algebra over the
integers Z = Z(Zy, Zs, . ..) in countably many generators Z;.

Definition 6.4. A universal commutative Leibnitz-Hopf algebra C = Z[C;,Cs, .. ] is a
free commutative polynomial Leibnitz-Hopf algebra in generators C; of degree 2:. We
have C = Z/J¢, where the ideal .J; is generated by the relations Z,Z; — Z,Z;.

The Leibnitz-Hopf algebra C is a self-dual Hopf algebra and the graded dual Hopf
algebra is naturally isomorphic to the algebra of symmetric functions Z[oq,09,...] =

Symm/(ty, to,...] C QSymmlty, ty,...] generated by the symmetric monomials
g; = Mwi = Z tllw'tli
h1<...<l;

where 0; = (1, ..., 1).
——

The isomorpilism C = C* is given by the correspondence C; — o;.

The Hopf algebra of symmetric functions Symm has a non-commutative analogue
NSymm obtained by replacing the polynomial algebra in the definition by a free asso-
ciative algebra NSymm = Z(oy,...,0,...). The diagonal of NSymm is defined by
the same formula as in Symm and is still cocommutative. The dual of NSymm is the
commutative algebra of quasi-symmetric functions QSymm.

Looking at the homology of {2>C P> with integral coefficients we get a Hopf algebra
which is isomorphic to NSymm (see [BR]). This was the starting point for Baker and
Richter to positively solve Ditters conjecture using topological methods. By calculating
the cohomology algebra H*(2XC P>°) they showed that QSymm is a polynomial algebra.

For the sake of completeness and as an illustration of the close relation between topol-
ogy and algebra, we explicitly calculate Hopf algebras related to the quasi-symmetric al-
gebra QSymm by identifying them with the (co)homology of certain topological spaces.

We have the following Hopf algebras:

I
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1. H.(CP®)isadivided power algebra Z[u, us, . ..|/I, where the ideal I is generated
it+j

by the relations w;u; — ( ; )uiﬂ-, with the comultiplication

Au, = Z Up & Up—k; (6.1
k=0

2. H*(CP*) = Zlu] is the polynomial algebra generated by a single generator u in
degree 2.

IL.

1. H,(QXCP®) = T(H,(CP>)) = Z{uy,us,...) with u; being non-commuting
variables of degree 2:. Thus there is an isomorphism of rings

H.(QSCP>®) =~ Z

under which w,, corresponds to Z,,.

The coproduct A on H,(Q2XCP>) induced by the diagonal in Q23C P> is compat-
ible with the one in Z:

Au,, = Z U @ uj.

i+j=n

Thus there is an isomorphism of graded Hopf algebras.
2. H*(2XCP>) is the graded dual Hopf algebra to H,(QXCP>).

I11.

H.(BU) = H*(BU) = Z[oy, 09, ... ] = C.1tis a self-dual Hopf algebra of symmetric
functions. In cohomology o; are represented by Chern classes.

IV.

1. H(QXS?) = H.(QS?) = Z|w] is a polynomial ring with degw = 2 and the
comultiplication
Av=1uw+tw®l

2. H*(QXS?) = Z[uy, ug, . . .| /1, where the ideal [ is generated by the relations w;u;—
i+ u;+q, is a divided power algebra. Thus H*(2X5?%) = H,(CP>).
+j P g

i

V.
H.(QX(QXS?)) = Z{w;,wy,...). Itis a free associative Hopf algebra with the co-

multiplication

Aw, =Y (Z) Wi @ Wy 6.2)
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VI.
H, (QX (.2, 5%)) = Z{&, &, . ..). It is a free associative algebra and has the struc-
ture of a graded Hopf algebra with the comultiplication

A, =106 +& Q1. (6.3)

Lemma 6.5. (i) Over the rationals, NSymm ® Q = H,(QXCP>;Q) is isomorphic
to a Lie-Hopf algebra.

(ii) Over the integers, NSymm = H,(QXCP>) is not isomorphic to a Lie-Hopf alge-
bra.

Proof. (i) Let f: QXS* — K(Z,2) ~ CP be the map which realises a generator
of H?(QX5?) = Z. This map is a rational homotopy equivalence. As H,(2X5%; Q) =
Q[w] with degw = 2 is a Lie-Hopf algebra, the map fg induces a Hopf iso-
morphism between NSymm ® Q = H,(QXCP>;Q) and the Lie-Hopf algebra
H.(QXS5% Q).

(ii) Following the first example in Section 3.1, we conclude that NSymm = H,(QXCP*>)

is not isomorphic to a Lie-Hopf algebra.
[]

We will use topological methods to find a maximal subalgebra of the algebra H, (QXCP>)
which over Q is isomorphic to H,(QXCP>; Q) but over Z is a Lie-Hopf algebra.

Theorem 6.6. The Hopf algebra H,(2X0X.5?) is a maximal subHopf algebra of H,(Q2X.CP>)
which is isomorphic to a Lie-Hopf algebra.

Proof. Let us start with the map f: QXS? — CP> which realises a generator of
H?(2%58?) = Z and which induces an isomorphism in rational homology but which ob-
viously does not induce an isomorphism over the integers (see examples I (1) and IV (1)).
By taking the loop suspension of f, we get a loop map QX f: QXOQ2S5% — QXCP>
which in rational homology induces a Hopf algebra isomorphism. Using the James-Hopf
invariants, we produce a homotopy equivalence between XQX.5% and X \/;~, S* show-
ing that QXS5? is an S'S-space. Now by Theorem 3.6, we have that H,(Q2XQ35?) is
isomorphic as a Hopf algebra to a Lie-Hopf algebra, which finishes the proof. [

6.2 Obstructions to desuspending a map
In this subsection we explicitly write obstructions to desuspending the homotopy equiva-

lence

i=1

2 (Q8s?) — % (\/ 52i> . (6.4)
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The homotopy equivalence
a: Q% (\/ 52"> — QB(ONS?)
=1

induces an isomorphism of graded Hopf algebras
[0/ Z(fl,fg, .. > — Z<U}1,U}2, .. >
and its algebraic form is determined by the conditions

Aa*fn = (a* & a*)<A£n)

For example, a.§; = wy, a.&s = wy — wy|wy, a.&s = ws — 3we|wy + 2wy |wq|w;.
Thus using topological results we have obtained that two Hopf algebra structures on
the free associative algebra with comultiplications (6.2) and (6.3) are isomorphic over Z.
This result is interesting from the topological point of view, since the elements (w,, —
a.&y,) for n > 2 are obstructions to the desuspension of homotopy equivalence (6.4).
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