2. Chern connections and Chern curvatures!

Let V' be a complex vector space with dim¢ V' = n. A hermitian metric h on V is
h:VxV—C

such that ~
h(av,bu) = abh(v,u)

h(ayvy + agvg, ) = ajh(vy, w) + agh(vy, u)
h(v,u) = h(u,v)
h(u,u) > 0,u #0
where v, vy, v9,u € V and a,b, ay,ay € C. If we fix a basis {e;} of V', and set
hﬁ = h(ei, €j)

then
h=hze;®@e eV @V

ij 1

where e € V* is the dual of e; and €] € V" is the conjugate dual of e;, i.e.

() ae) =
It is obvious that (h;;) is a hermitian positive matrix.

v

Definition 0.1. A complex vector bundle F is said to be hermitian if there is a positive definite
hermitian tensor h on FE.

Let ¢ : E|ly — U x C” be a trivilization and e = (ey, - - - , e,) be the corresponding frame. The
hermitian metric % is represented by a positive hermitian matrix (h;) € T'(Q2, EndC") such that

{ei(x), e5(x)) = hiz(x), €U
Then hermitian metric on the chart (U, ¢) could be written as
h=> hge @€
For example, there are two charts (U, ¢) and (V,1). We set
g=1pop t:(UNV)xC — (UNV)xC"
and g is represented by matrix (g;;). On U NV, we have

eiw) =z e) = oo ue) = v @, Y gyes) = Y gt (wgg) = ) g (x)

For the metric
hig = (ei(x), e5(x)) = (gir(x), gpér(x nghklgﬂ

that is )
h=g-h-g"
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Example 0.2 (Fubini-Study metric on holomorphic tangent bundle 7'P"). On the
trivialization of TP", for example Uy = {Zy # 0}, and basis of the fiber e; = 9 we could set

3_21-’
) & log(1+ 00 122))
hi(z) = (1(2), e3(a)) = ===

Or
h(z) = hgdz @ dz;

When F is a hermitian vector bundle, there is a natural sequilinear map
AP(M,E) x AY(M,E) — AP™(M,C), (s,t) — {s,t}
In local coordinate, if s => 0’ ®e; and t =Y 77 Q@ ¢y,
{s,t} = Zai AT {e;, e) = Z higo! AT
1,J 1,J
Definition 0.3. A connection V on F is compatible with the hermitian structure of E, or a metric
connection if for any s € AP(M, E) and t € AY(M, E) we have
d{s,t} = {Vs,t} + (—=1)?{s, Vt}

Proposition 0.4. If V is a metric connection, then

0" =-0
with respect to any trivialization.

Proof. 1t is obvious that

0=d*{s,t} = {V?s,t} + {5, V*t} = ©0* = -0

In the local holomorphic coordinates {z'} of M, we have

O st} = {V st} + (—1)7{5,V 0.1}
az’ 9z ozt

If (E,V,h) is a Hermitian complex vector bundle with a metric connection, there is a decom-
position V = V' + V" where

V' APYM,E) — APTY(ME), V" :APY(M,E) — APTY M E)

under the decomposition
A(M,E) = @ A9, E),
p+q=l
and
V(fAS)=0f As+ (—1)8/f AV's,

V'(fAs)=0f Ns+ (—1)*8Tf AV"s.



In the local holomorphic coordinates {2'},—;... , on M, and local holomorphic frame {e,}a=1....

we set ‘
Veq = (I7.dz" + FiidEl) ® eg

then |
Ve, = ngdzl ®es, V', = ngdEl ® eg

The formal adjoint operators are denoted by
§  APTYUME) — APY(M,E), " : APTTY (M, E) — APY(M,E)
with respect to the inner product induced by h. The Laplacian operators are defined by

AN =V'§+dV; A'=V"§"+5"V", A=Vi+ 4V

For the metric connection V on the Hermitian complex vector bundle (E, h), we have the decom-

position of the curvature

0 =0*"+0e"+06%

where
0 =V? e I(M,\*'T*"M @ E* ® E)

M =VV'+ V'V e [(M,\"'T"M @ E* ® E)
00 =V"? e I(M,\"*T*M @ E* @ E)

In the local holomorphic coordinates (z°) of M and coordinates (e,) of E, we can write

0% = R}

Zjadzi NdZ ®e™ @es; QM = R%.ad? ANdF @ e™ ® eg
ol = Rgadzi ANdZ @ e™ @ eg

Here and henceforth we sometimes adopt the Einstein convention for summation.
On the holomorphic vector bundle E —— M, we can define the J-operator:

0: A*(M,E) — AP™(M, E)

If we take the holomorphic frame e = (e, - -+ ,e,) for E over U, then write s € A?(M, F) as

5:ZJi®ei

and set _ o
0s = Jo' ® ¢,

Proposition 0.5. The 0-operator is well defined.

Proof. 1If ¢ = (e},--- ,€,,) is any other holomorphic frame of E over U, with

rn
e, — 8/

Ifs=0'®e =0" @¢, then ¢ = >0, 9ji0”
then we have - _ . o o
Js =o' @ e, = 0(g;i0?) @ € = ¢;;007 @ e; = Do’ @ ¢,

since g;; is holomorphic.



Lemma 0.6. If E is a hermitian holomorphic vector bundle, then there exists a unique connection
such that:

i. 'V is compatible with the complex structure, i.e. V” = 0
1. 'V is compatible with the hermitian structure, .e.
d{s,t} = {Vs,t} + (=1)%85{s, Vt}
for any s,t € A*(M, E).

Proof. Let e = (e1,-+-,e.) be a holomorphic frame for E under some trivialization, and let
ho5 = (€asep). If the metric connection V exists, then its connection matrix w must be type (1,

0), for the (0, 1) part of w for the 9 is zero, i.e. Fii = 0. Then we have:

dh,z = d{ea, ep) = Wih 5+ hasi)

a'’yp
so we have B
Oh,g = wlh g, ie. wl = 0hzh"
Ehaﬁ = hay®}, ie. wl=0h,sh"

If we set w = h™!-Oh, we know w satisfies the condition above. Then the connection is determined
by w. ]

Remark 0.7. Here h~! = (h*P) which is the inverse of A’, that is

Z hozh®T = 0}

Now we compute the curvature in the local coordinates. In the local holomorphic coordinates
{z'}iz1.. » on M, and local holomorphic frame {e,}a=1.... », we have

0= Ol ®ey =Y R d'NdF @™ @ey € I(M AT M ® E* @ E)

By the relation © = dw — w A w, we get

08 = dw? — W' AP

«a «a a ¥

On the other hand

WP = hﬁﬁah_‘ﬁdzi
@ 0zt
we get
0?hy= (‘9h Ohs~ oh Oh 5
dw’ = — R (=00 pORZ BTNy goi A gz 4 ROl pANT A i A (i
Ya (821853 0zt 07’ ) * 0zt 0z §
and o 9
w) A w = p8 Zhad AT i p (g0
07t 029
then

jo 021077 0zt 07 )

o
where we use the formula 3
Oh*? = —h*TOhssh®7



Here use the formal expression, we have
w=~h"1-0h
then _
dw = 9d(h™'0h) + Oh~' A OR

For w A w = 0h~' A Oh Then B
O —ah"-on)

If r =1, that is F is a line bundle, then

© = ddlog h
Now we set
Yy
Rijaﬁ o Rijahvﬁ
then
= 8th + h”ah‘ﬁﬁﬂ
VO 92102 02" 9z
Theorem 0.8 (Normal frames on holomorphic vector bundles). For every point zo of
X and every local holomorphic coordinates (z1,--+ ,z,) at o, there exists a holomorphic frame

(e1,++- ,e.) in a neighborhood Q0 of xo such that
(ex(2),eu(2)) = = D RypagiZe + O(|2)°)
jk=1

where the (Rg;) are the coefficients of the Chern curvature tensor ©F under the above local
frame.

Proof. By linear transformations.

Lemma 0.9. If L is a holomorphic line bundle over a compler manifold M with trivialization
functions ¢; : L|y, — U; x C and transition functions g;; : U; N U; — C*.

(1) If (, )L is a hermitian metric on L and p; : U; — R* is given by p;(p) = ||<,0;1(p,1)||2.
Then
Hj :Mz"é]z’j\z, on UyNUj

(2) Any collections p; : Uy — R satisfies
py = ilgil, on U; N U;
defines a hermitian metric on L.

(3) The unique Chern connection on L has the curvature

O = —v/—1001log ; on U;



Proof. (1) If p e U;NU;,

wi(p) = b (o, )II? = |hit o hio b (p, 1)1
1h; (1, 95 ()II* = |95 ()Pl hi (0, 1))
= wi(p)lgi;(p)?

(2) If p € U; and vy, vy € Ly, then v; = goj_l(p, t;) for i = 1,2. We can define a hermitian metric
( ) )L on L by
(v1,v2)L = pi(p)tats

It is a well-defined hermitian metric. In fact, if p € U; NUj, by the definition of line bundles,
there exists ], t; such that

vi = ' (p.t:) = 5 (p, 1))
for i = 1,2 where
ti = gi;(p)t;
By definition
(01, v2)1 = (D) Ty = 11;(P) |93 ()| >t = pa(p)tat

So the hermitian metric is well-defined on L.
(3) We just need to check that the curvature matrix is globally defined. We have
d01log p; = 00 log
for g;; is holomorphic. [

Example 0.10 (Universal line bundle Opn(—1) of P"). We have a construction for the
universal bundle J as follows:

J = {[Z()?Zla"' 7Zn]a)‘(ZO7Zh"' 7Zn)) € P x Cn+1 | A€ (C}
P’I"OOf. Set L = {([Z(),Z1, s ,Zn],A(Zo,Zl, s ,Zn)) e P x Cn+1 | AE C} We have

P = U
i=0
where U; = {Z; # 0} C P". Then the trivialiZation functions
(ori L|UZ — UZ x C= Cn+1

where

901‘([207 Zh T 7Zn]> )\(ZOa Zla T 7Zn))) == ([Z(b Z17 e 7Zn]7 AZ@)
or equivalently
SO'L'([Z07 Z17 T 7Zn]7 )‘(Z(b Zl7 T 7Zn)>) = (ZO/ZH Zl/Z'L'7 o 7Zi/Z'L': e Zn/Zz> )\Zz)
It is a biholomorphic map and the inverse
it U x C— Ly,

is given by
SO;1<[Z(]7ZI7' o 7ZTL]7)\Zz) — ([Z07Z17 T 7Zn]7)\(Z(]7Zla T 7Zn)>>



or equivalently
w;l(ZbZQf” 7Zn7)\) = ([217227”' 717”'Zn]7)\(Zl7ZQ7”' 717211))
So we get
@i © 90;1([207 Z17 e 7Zn]7 )\Z]) = ([Z07 Z17 e 7Zn]7 )\Z’L)
The transition functions are given by
9ii([Zo, Z1, -+, Zn)) = Zi] Z;
on UzﬂUj ]

Example 0.11 (Metric on the tautological line bundle Op:(1) of P"). The tautological
line bundle L is the dual line bundle of the universal line bundle J = Opn(—1), and we denote it
by L = Opn(1). The line bundle L, dual bundle of J, by definition, it represented the transition
function

. Z;
gzg — Zz
Now we construct a hermitian metric on L. On the chart U;, we set
1
hi =3
n Z
> k=0 7
Then )
7.
hi =hi| 2| = hilgl’
So we define a metric on the line bundle L. The curvature of this metric is given by
_ " 7|7
=001 —
w og() AL
k=0
For example, we choose i = 0 and set z; = Z;/Z, i = 1,--- ,n. Then

w = 001log(1 + Z |z:?)

i=1
which is the Fubini-Study metric on THP".
Example 0.12 (Curvature of the Fubini-Study metric on 7"P"). On the chart U
b 0% log(1 —i—_zzlzl |2:]?)
" 02,0z,

Now we choose the point P = [1,0,---,0] = (0,---,0) € Uy. By Taylor’s expansion, we have

log(1+ Y [=l) =) |=* = (Q_ =) + 0(121%)

Then, around the point P,

h-= 5@'3’ — <5ij5kl + 52‘1(5jk)2k§l + O<|Z|4)

1)
that is
Ri53(P) = 05501 + 0adr. = hz(P)hy(P) + hg(P)hi;(P)

In fact, by a linear transformation,
R = highyg + hyghy;

for any P € Uy, and we will prove it later.



