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Two (related) questions I hope we will discuss: 

1. It feels that relatively few people are actively thinking 
about this problem. Why? 

2. What are the right questions to ask in this field?

Let’s take a complementary approach to Igor’s remarks:

Let’s assume confinement. What is the resulting string 
theory? 



Answers I heard to the first one:

✴ Gravity is sexy, QCD is boring 
✴ There is no sharply formulated  problem  
✴ The problem is too hard 
✴ The problem is morally solved (holography)

Will be interesting to hear what people think. Will try to 
convince you that the ones above are misconceptions.



A (limited) sharp version of the problem:

Consider an infinitely long string in the strict ’t Hooft limit. It 
defines a microscopic relativistic theory of fluctuating 2d 

geometry (asymptotically flat 2d gravity).  

What is the S-matrix? 

As reviewed by Ofer, IR is largely fixed by symmetries: this is a 
system of  Goldstones + 
maybe  some massive modes (for pure glue). 

What happens in the UV? 

ISO(1,D − 1)/ISO(1,1) × O(D − 2)



Sharp formulation of the problem tells us what are not good 
questions to ask.

A goal which looked reasonable early on:

 expansion has a form of genus expansion. Let’s solve 
the free planar theory, and develop string perturbation 

theory. Works in  SYM.
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Will never work in pure glue, worldsheet theory is not 
integrable.



What can we do instead?

✴ Find a confining theory with integrable dynamics on the 
worldsheet (looks hard, perhaps impossible,   D=2 adjoint 
QCD-like theories may be the best place to look for examples) 
✴ Bootstrap 
✴ Develop high energy perturbative expansion for a 

worldsheet theory 
✴ …
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FIG. 1: High energy worldsheet scattering at D = 2 proceeds

through a hard collision followed by a prolonged zigzag phase.

Given the underlying gauge theory is asymptotically free
it is natural to assume that the high energy limit of the
worldsheet scattering is largely determined by these ge-
ometric considerations.

To test the ASA further one needs to understand how
asymptotic freedom of the bulk theory translates into the
properties of the high energy worldsheet scattering. As
phrased so far the worldsheet dynamics appears to be
rather disconnected from perturbative QCD.

Recently a progress in this direction was achieved via
the analysis of the D = 2 case [4]. A pure Yang–Mills
theory at D = 2 is topological and exactly solvable even
at finite Nc [21–26]. To introduce local dynamics one
considers, following [27–29], a version of the model with
additional massive adjoint (s)quarks. At heavy (s)quark
masses, m`s � 1, the model can be treated perturba-
tively. The worldsheet theory arises as a subsector in
a discrete ✓-vacuum [30]. Each adjoint (s)quark field  

maps into a color singlet excitation on the worldsheet.
The color flux of (s)quarks can be thought to be screened
by infinitely heavy fundamental charges at spatial infin-
ity, which produce a flux tube. Multiparticle states on
the worldsheet are created by single trace operators of
the form

On = TrPe
i
H
A
 1 . . . n , (3)

where n is the number of particles. High energy scatter-
ing on the worldsheet is indeed dominated by time delays
proportional to the collision energy. The scattering pro-
ceeds through the formation of zigzag configurations, see
Fig. 1, which are responsible for the geometric time delay.
When an elusive gravitational description of the world-
sheet dynamics is achieved zigzags are expected to map
into black holes.

Focusing on the worldsheet dynamics brings in an ad-
vantage that the worldsheet theory always lives in two di-
mensions independently of the dimensionalityD of an un-
derlying gauge theory. This makes it straightforward to
uplift the knowledge gained in the analytically tractable

D = 2 case into higher dimensions. Of course, the pres-
ence of massless gluons precludes a direct perturbative
analysis at D = 3, 4 in certain regimes. However, it
is not unreasonable to expect the major qualitative fea-
tures present in the perturbative regime to survive also
at strong coupling.
In particular, analogously to (3), in D > 2 pure glue

theories the wordsheet excitations are created by insert-
ing the gluon field strength inside the Polyakov loop. Let
us consider a long confining string stretched along z di-
rection in the D = 4 case. Then one expects to find
one-particle excitations corresponding to operators

Oi = TrPe
i
H
z A

Fzi , Oa = TrPe
i
H
z A

Fij , (4)

where i = x, y label transverse spatial directions. Oi op-
erators match quantum numbers of the Goldstone modes
and are guaranteed to produce massless worldsheet exci-
tations. The Oa operator matches the quantum numbers
of the worldsheet axion. The corresponding excitation
is not protected and expected to acquire a mass and to
be unstable. In the lattice description operators (4) are
obtained by inserting into the Polyakov loop either a pla-
quette along one of the longitudinal directions (Oi’s), or
in the transverse plane (Oa). At D = 3 one is left with
a single longitudinal plaquette.
This completely demystifies the ASA—it reduces to

the statement that the wordsheet theory has the mini-
mal excitation spectrum compatible with the bulk matter
content. This also provides a dual view of the Goldstone
modes. Low energy Goldstone modes, as well as their co-
herent multiparticle excitations, are most appropriately
described by geometric deformations of the string world-
sheet. On the other hand, hard one-particle Goldstone
excitations can be thought of as gluons. The geometric
phase shift (2) arises in both descriptions, even though
the detailed underlying pictures are a bit di↵erent. In
the Goldstone language the time delay corresponding to
(2) arises as a consequence of the linear relation between
the energy of a string segment and its proper length L

[19],

L = `
2
sE .

In the gluon description it comes about in the same way
as in the D = 2 case—hard gluons overshoot each other,
proceed through the zigzag stage, and eventually get
turned back by a long string stretched between them.
This again results in a time delay proportional to the
collision energy. Both mechanisms are semiclassical in
nature, however, they are quite di↵erent. In particular,
the first one corresponds to a pure transmission, while
the latter is a total reflection. This di↵erence is not ob-
servable for identical particles. However, if we replace
one of the gluons with an adjoint (s)quark the di↵erence
becomes physically detectable.
To see yet another distinction consider, for simplicity,

theD = 3 case when the worldsheet carries a single stable
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FIG. 1: High energy worldsheet scattering at D = 2 proceeds

through a hard collision followed by a prolonged zigzag phase.
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properties of the high energy worldsheet scattering. As
phrased so far the worldsheet dynamics appears to be
rather disconnected from perturbative QCD.

Recently a progress in this direction was achieved via
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where n is the number of particles. High energy scatter-
ing on the worldsheet is indeed dominated by time delays
proportional to the collision energy. The scattering pro-
ceeds through the formation of zigzag configurations, see
Fig. 1, which are responsible for the geometric time delay.
When an elusive gravitational description of the world-
sheet dynamics is achieved zigzags are expected to map
into black holes.

Focusing on the worldsheet dynamics brings in an ad-
vantage that the worldsheet theory always lives in two di-
mensions independently of the dimensionalityD of an un-
derlying gauge theory. This makes it straightforward to
uplift the knowledge gained in the analytically tractable

D = 2 case into higher dimensions. Of course, the pres-
ence of massless gluons precludes a direct perturbative
analysis at D = 3, 4 in certain regimes. However, it
is not unreasonable to expect the major qualitative fea-
tures present in the perturbative regime to survive also
at strong coupling.
In particular, analogously to (3), in D > 2 pure glue

theories the wordsheet excitations are created by insert-
ing the gluon field strength inside the Polyakov loop. Let
us consider a long confining string stretched along z di-
rection in the D = 4 case. Then one expects to find
one-particle excitations corresponding to operators

Oi = TrPe
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H
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Fij , (4)

where i = x, y label transverse spatial directions. Oi op-
erators match quantum numbers of the Goldstone modes
and are guaranteed to produce massless worldsheet exci-
tations. The Oa operator matches the quantum numbers
of the worldsheet axion. The corresponding excitation
is not protected and expected to acquire a mass and to
be unstable. In the lattice description operators (4) are
obtained by inserting into the Polyakov loop either a pla-
quette along one of the longitudinal directions (Oi’s), or
in the transverse plane (Oa). At D = 3 one is left with
a single longitudinal plaquette.
This largely demystifies the ASA—it reduces to the

statement that the wordsheet theory has the minimal ex-
citation spectrum compatible with the bulk matter con-
tent. This also provides a dual view of the Goldstone
modes. Low energy Goldstone modes, as well as their co-
herent multiparticle excitations, are most appropriately
described by geometric deformations of the string world-
sheet. On the other hand, hard one-particle Goldstone
excitations can be thought of as gluons. The geometric
phase shift (2) arises in both descriptions, even though
the detailed underlying pictures are a bit di↵erent. In
the Goldstone language the time delay corresponding to
(2) arises as a consequence of the linear relation between
the energy of a string segment and its proper length L

[19],

L = `
2
sE .

In the gluon description it comes about in the same way
as in the D = 2 case—hard gluons overshoot each other,
proceed through the zigzag stage, and eventually get
turned back by a long string stretched between them.
This again results in a time delay proportional to the
collision energy. Both mechanisms are semiclassical in
nature, however, they are quite di↵erent. In particular,
the first one corresponds to a pure transmission, while
the latter is a total reflection. This di↵erence is not ob-
servable for identical particles. However, if we replace
one of the gluons with an adjoint (s)quark the di↵erence
becomes physically detectable.
To see yet another distinction consider, for simplicity,

theD = 3 case when the worldsheet carries a single stable

✴Can be studied quantitatively at least in 2d adjoint QCD 
✴ Leads to time delays proportional to collision energy (c.f. ) 
✴ Expected to lead to copious soft particle production (no-go for 

exact integrability at D>2 ?)

TT̄



✴in D=4 YM one expects to find

Xi ⇠ TrPei
H
z AFzi

<latexit sha1_base64="L+ZBh6WJGd7C0yS/zR5mIxbiL6g=">AAACCnicbZC7SgNBFIbPxluMt1XBxmY0CFZh10bLqCCWCeQGuayzk0kyZHZ2mZkVkiW1ja9iY6GIrU9gZ+OzOLkUmvjDwMd/zuHM+f2IM6Ud58tKLS2vrK6l1zMbm1vbO/buXkWFsSS0TEIeypqPFeVM0LJmmtNaJCkOfE6rfv96XK/eU6lYKEp6ENFmgLuCdRjB2liefVRrsYZiASpJVEC0lbBGyIT2huhydOMlQzby7KyTcyZCi+DOIJs/KH7fAUDBsz8b7ZDEARWacKxU3XUi3Uyw1IxwOso0YkUjTPq4S+sGBQ6oaiaTU0boxDht1AmleUKjift7IsGBUoPAN50B1j01Xxub/9Xqse5cNBMmolhTQaaLOjFHOkTjXFCbSUo0HxjARDLzV0R6WGKiTXoZE4I7f/IiVM5yruGiSeMKpkrDIRzDKbhwDnm4hQKUgcADPMELvFqP1rP1Zr1PW1PWbGYf/sj6+AELKpwE</latexit><latexit sha1_base64="56uCxQaJb1ES4QPL+2dGOuoC/ic=">AAACCnicbZC7TsMwFIadcivlFkBiYTFUSExVwgJjKRJibKXepDaNHNdprTpOZDtIbZSZhVfpwgBCrH0CNhaeBfcyQMsvWfr0n3N0fH4vYlQqy/oyMmvrG5tb2e3czu7e/oF5eFSXYSwwqeGQhaLpIUkY5aSmqGKkGQmCAo+Rhje4m9Ybj0RIGvKqGkbECVCPU59ipLTlmmfNDm1LGsCqgGVIOglth5QrdwRv03s3GdHUNfNWwZoJroK9gHzxpPJNx6VJ2TU/290QxwHhCjMkZcu2IuUkSCiKGUlz7ViSCOEB6pGWRo4CIp1kdkoKL7TThX4o9OMKztzfEwkKpBwGnu4MkOrL5drU/K/WipV/4ySUR7EiHM8X+TGDKoTTXGCXCoIVG2pAWFD9V4j7SCCsdHo5HYK9fPIq1K8KtuaKTqME5sqCU3AOLoENrkERPIAyqAEMnsAYvII349l4Md6Nj3lrxljMHIM/MiY/XGudwA==</latexit><latexit sha1_base64="56uCxQaJb1ES4QPL+2dGOuoC/ic=">AAACCnicbZC7TsMwFIadcivlFkBiYTFUSExVwgJjKRJibKXepDaNHNdprTpOZDtIbZSZhVfpwgBCrH0CNhaeBfcyQMsvWfr0n3N0fH4vYlQqy/oyMmvrG5tb2e3czu7e/oF5eFSXYSwwqeGQhaLpIUkY5aSmqGKkGQmCAo+Rhje4m9Ybj0RIGvKqGkbECVCPU59ipLTlmmfNDm1LGsCqgGVIOglth5QrdwRv03s3GdHUNfNWwZoJroK9gHzxpPJNx6VJ2TU/290QxwHhCjMkZcu2IuUkSCiKGUlz7ViSCOEB6pGWRo4CIp1kdkoKL7TThX4o9OMKztzfEwkKpBwGnu4MkOrL5drU/K/WipV/4ySUR7EiHM8X+TGDKoTTXGCXCoIVG2pAWFD9V4j7SCCsdHo5HYK9fPIq1K8KtuaKTqME5sqCU3AOLoENrkERPIAyqAEMnsAYvII349l4Md6Nj3lrxljMHIM/MiY/XGudwA==</latexit><latexit sha1_base64="xG1wMYdp387Dp3l4C2qEWVouIjI=">AAACCnicbZC7TsMwFIadcivlFmBkMVRITFXCAmMBCTEWqTepTSPHdVqrjh3ZDlIbZWbhVVgYQIiVJ2DjbXDbDNDyS5Y+/eccHZ8/iBlV2nG+rcLK6tr6RnGztLW9s7tn7x80lUgkJg0smJDtACnCKCcNTTUj7VgSFAWMtILRzbTeeiBSUcHrehwTL0IDTkOKkTaWbx+3e7SraATrEtYg6aW0KyjX/gReZbd+OqGZb5edijMTXAY3hzLIVfPtr25f4CQiXGOGlOq4Tqy9FElNMSNZqZsoEiM8QgPSMchRRJSXzk7J4Klx+jAU0jyu4cz9PZGiSKlxFJjOCOmhWqxNzf9qnUSHl15KeZxowvF8UZgwqAWc5gL7VBKs2dgAwpKav0I8RBJhbdIrmRDcxZOXoXlecQ3fO+XqdR5HERyBE3AGXHABquAO1EADYPAInsEreLOerBfr3fqYtxasfOYQ/JH1+QN8g5of</latexit>

X ⇠ TrPei
H
z AFzx

<latexit sha1_base64="h8JWvsYDR09s11IGtUKGFwIvzCY=">AAACCHicbZC7SgNBFIbPxluMt1XBxsLBIFiFXRsto4JYJpAbJHGdnUySIbOzy8ysmCwpbXwVGwtFbH0EOxufxcml0MQfBj7+cw5nzu9HnCntOF9WamFxaXklvZpZW9/Y3LK3dyoqjCWhZRLyUNZ8rChngpY105zWIklx4HNa9XuXo3r1jkrFQlHS/Yg2A9wRrM0I1sby7INaQ7EAlSQqIHqTsEbIhPYG6Hx45SWD+6FnZ52cMxaaB3cK2fxe8fsWAAqe/dlohSQOqNCEY6XqrhPpZoKlZoTTYaYRKxph0sMdWjcocEBVMxkfMkRHxmmhdijNExqN3d8TCQ6U6ge+6Qyw7qrZ2sj8r1aPdfusmTARxZoKMlnUjjnSIRqlglpMUqJ53wAmkpm/ItLFEhNtssuYENzZk+ehcpJzDRdNGhcwURr24RCOwYVTyMM1FKAMBB7gCV7g1Xq0nq03633SmrKmM7vwR9bHD5Fbmzg=</latexit><latexit sha1_base64="gHHHFtUsB1SX6/kpyiOhp0qMiiE=">AAACCHicbZDLSsNAFIYn9VbrLSq4ceFgEVyVxI0uawVx2UJv0NQwmU7aoZNJmJmIbcjSja8iggtF3IpP4M6Nz+L0stDWHwY+/nMOZ87vRYxKZVlfRmZhcWl5JbuaW1vf2Nwyt3fqMowFJjUcslA0PSQJo5zUFFWMNCNBUOAx0vD6F6N644YISUNeVYOItAPU5dSnGCltueZB05E0gFUBy5BcJ9QJKVfuEJ6nl24yvE1dM28VrLHgPNhTyBf3Kt/0sfRRds1PpxPiOCBcYYakbNlWpNoJEopiRtKcE0sSIdxHXdLSyFFAZDsZH5LCI+10oB8K/biCY/f3RIICKQeBpzsDpHpytjYy/6u1YuWftRPKo1gRjieL/JhBFcJRKrBDBcGKDTQgLKj+K8Q9JBBWOrucDsGePXke6icFW3NFp1ECE2XBPjgEx8AGp6AIrkAZ1AAGd+ABPIMX4954Ml6Nt0lrxpjO7II/Mt5/AOKcnPQ=</latexit><latexit sha1_base64="gHHHFtUsB1SX6/kpyiOhp0qMiiE=">AAACCHicbZDLSsNAFIYn9VbrLSq4ceFgEVyVxI0uawVx2UJv0NQwmU7aoZNJmJmIbcjSja8iggtF3IpP4M6Nz+L0stDWHwY+/nMOZ87vRYxKZVlfRmZhcWl5JbuaW1vf2Nwyt3fqMowFJjUcslA0PSQJo5zUFFWMNCNBUOAx0vD6F6N644YISUNeVYOItAPU5dSnGCltueZB05E0gFUBy5BcJ9QJKVfuEJ6nl24yvE1dM28VrLHgPNhTyBf3Kt/0sfRRds1PpxPiOCBcYYakbNlWpNoJEopiRtKcE0sSIdxHXdLSyFFAZDsZH5LCI+10oB8K/biCY/f3RIICKQeBpzsDpHpytjYy/6u1YuWftRPKo1gRjieL/JhBFcJRKrBDBcGKDTQgLKj+K8Q9JBBWOrucDsGePXke6icFW3NFp1ECE2XBPjgEx8AGp6AIrkAZ1AAGd+ABPIMX4954Ml6Nt0lrxpjO7II/Mt5/AOKcnPQ=</latexit><latexit sha1_base64="K6c37WLyO5/jifOeVo6BRBLB7iA=">AAACCHicbZC7TsMwFIadcivlFmBkwKJCYqoSFhgLSIixSL1JTYgc12mtOnZkO4g2ysjCq7AwgBArj8DG2+BeBmj5JUuf/nOOjs8fJowq7TjfVmFpeWV1rbhe2tjc2t6xd/eaSqQSkwYWTMh2iBRhlJOGppqRdiIJikNGWuHgalxv3ROpqOB1PUyIH6MepxHFSBsrsA/bnqIxrEtYg+Quo56gXAcjeJFfB9noIQ/sslNxJoKL4M6gDGaqBfaX1xU4jQnXmCGlOq6TaD9DUlPMSF7yUkUShAeoRzoGOYqJ8rPJITk8Nk4XRkKaxzWcuL8nMhQrNYxD0xkj3VfztbH5X62T6ujczyhPUk04ni6KUga1gONUYJdKgjUbGkBYUvNXiPtIIqxNdiUTgjt/8iI0Tyuu4VunXL2cxVEEB+AInAAXnIEquAE10AAYPIJn8ArerCfrxXq3PqatBWs2sw/+yPr8AQLDmVM=</latexit>

a ⇠ TrPei
H
z AFxy

<latexit sha1_base64="6to/iJaS6XGaPsQT/GHPRk6QzVA=">AAACCHicbZC7TsMwFIZPuJZyKzAyYFGQmKqEBcYCEmIsUm9SUyLHdVurjhPZDqJEGVl4FRYGLmJDPAIbD8KOexmg5ZcsffrPOTo+vx9xprRtf1kzs3PzC4uZpezyyuraem5js6rCWBJaISEPZd3HinImaEUzzWk9khQHPqc1v3c2qNeuqVQsFGXdj2gzwB3B2oxgbSwvt4NdxQJUlqiE6FXC3JAJ7d2ik/TcS276qZfL2wV7KDQNzhjyxb3vl3cAKHm5T7cVkjigQhOOlWo4dqSbCZaaEU7TrBsrGmHSwx3aMChwQFUzGR6Son3jtFA7lOYJjYbu74kEB0r1A990Blh31WRtYP5Xa8S6fdxMmIhiTQUZLWrHHOkQDVJBLSYp0bxvABPJzF8R6WKJiTbZZU0IzuTJ01A9LDiGL00apzBSBrZhFw7AgSMowgWUoAIE7uABnuDZurcerVfrbdQ6Y41ntuCPrI8f2k+cKg==</latexit><latexit sha1_base64="fWapinDJ6B5p/kIe3LsdCudrHJI=">AAACCHicbZC7TsMwFIadcistlwAjAxYFialKWGAsICHGIvUmtSVyXLe1ajuR7VSUKCMLr8LCwEWs8AZsPAjMuJcBWn7J0qf/nKPj8/sho0o7zqeVmptfWFxKL2eyK6tr6/bGZkUFkcSkjAMWyJqPFGFUkLKmmpFaKAniPiNVv3c2rFf7RCoaiJIehKTJUUfQNsVIG8uzd1BDUQ5LEhYhuYppI6BCezfwJDn34utB4tk5J++MBGfBnUCusPf1/N7Pfhc9+6PRCnDEidCYIaXqrhPqZoykppiRJNOIFAkR7qEOqRsUiBPVjEeHJHDfOC3YDqR5QsOR+3siRlypAfdNJ0e6q6ZrQ/O/Wj3S7eNmTEUYaSLweFE7YlAHcJgKbFFJsGYDAwhLav4KcRdJhLXJLmNCcKdPnoXKYd41fGnSOAVjpcE22AUHwAVHoAAuQBGUAQa34B48gifrznqwXqzXcWvKmsxsgT+y3n4A0u+dpA==</latexit><latexit sha1_base64="fWapinDJ6B5p/kIe3LsdCudrHJI=">AAACCHicbZC7TsMwFIadcistlwAjAxYFialKWGAsICHGIvUmtSVyXLe1ajuR7VSUKCMLr8LCwEWs8AZsPAjMuJcBWn7J0qf/nKPj8/sho0o7zqeVmptfWFxKL2eyK6tr6/bGZkUFkcSkjAMWyJqPFGFUkLKmmpFaKAniPiNVv3c2rFf7RCoaiJIehKTJUUfQNsVIG8uzd1BDUQ5LEhYhuYppI6BCezfwJDn34utB4tk5J++MBGfBnUCusPf1/N7Pfhc9+6PRCnDEidCYIaXqrhPqZoykppiRJNOIFAkR7qEOqRsUiBPVjEeHJHDfOC3YDqR5QsOR+3siRlypAfdNJ0e6q6ZrQ/O/Wj3S7eNmTEUYaSLweFE7YlAHcJgKbFFJsGYDAwhLav4KcRdJhLXJLmNCcKdPnoXKYd41fGnSOAVjpcE22AUHwAVHoAAuQBGUAQa34B48gifrznqwXqzXcWvKmsxsgT+y3n4A0u+dpA==</latexit><latexit sha1_base64="JCmOF3QQfRo+I8GmySxfVK3wIxo=">AAACCHicbZC7TsMwFIYdrqXcAowMWFRITFXCAmMBCTEWqTepCZHjOq1Vx45sBxGijCy8CgsDCLHyCGy8De5lgJZfsvTpP+fo+PxhwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejurtOyIVFbyhs4T4MepzGlGMtLEC+wB5isawIWEdktuceoJyHTzA8+IqyO+zIrArTtUZC86DO4UKmKoe2F9eT+A0JlxjhpTquk6i/RxJTTEjRdlLFUkQHqI+6RrkKCbKz8eHFPDIOD0YCWke13Ds/p7IUaxUFoemM0Z6oGZrI/O/WjfV0ZmfU56kmnA8WRSlDGoBR6nAHpUEa5YZQFhS81eIB0girE12ZROCO3vyPLROqq7hG6dSu5jGUQL74BAcAxecghq4BnXQBBg8gmfwCt6sJ+vFerc+Jq0L1nRmD/yR9fkDD+6ZWw==</latexit>

✴in D=3 YM one expects to find

Expected Degrees of Freedom

Exactly what one finds on a lattice! 
Axion coupling takes an integrable value there.

z

Would be nice to make this more rigorous by deriving 
“worldsheet LSZ”
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We recognize that the first five terms are precisely the
expansion of the square root in (3) while the last term is
nothing but (4) with D = 3 and ↵3 � �3 ⌘ �3.

For D = 4 we can proceed in the same fashion as long
as we restrict ourselves to the integrable subspace �3 = 0.
In this case, we get a set of TBA equations [6] which can
also be simplified into a single equation and solved in a
large R expansion, see appendix E 1 for details.

Next we have excited states which we can analyze
in a similar way, either through perturbation theory or
through the excited state TBA. Of particular relevance
is the level splitting between the first few energy levels
since this degeneracy lifting is a sharp signature of the
non-universal terms. For instance, in D = 3 the first level
splitting between the second and third excited states (in
the zero momentum sector) reads

E2 branons(2, �2) � E4 branons(1, 1, �1, �1)

= �
2455552⇡

6
�3

5R7
+ O

�
1/R

9
�

, (26)

where the arguments refer to the individual mode num-
bers. The basic logic that goes into computing (26) is
analogous to the derivation of (25), therefore the details
are given in appendix E 2. There we also establish the
bound on (26), that immediately follows from (15), and
comment on potential comparisons with LMC data in the
future.

Note that in our current logic, we can not completely
ignore the Lagrangian since we are exploiting the ther-
modynamic Bethe ansatz, which only allows us to relate
the S-matrix and the energy levels when the system is
integrable. It should be possible – and very interest-
ing – to relate more generally the various energy levels
with the two-to-two S-matrix, together with all higher
point amplitudes of non-integrable theories. The Lüscher
corrections [22] provide the leading term and general-
ized Lüscher corrections have been recently explored e.g.
in [23]. Perhaps the recent rederivation of the TBA in
more diagrammatic terms, see e.g. [24], can provide some
insights for such putative description. Or, developing the
approach of [25] for the flux tube may turn out useful.
It would be great to adapt these ideas to our setup and
re-derive (21) without expanding around the integrable
theory.

IV. RESONANCES

Given the bounds in figures 1 and 3 it is natural to
ask which S-matrices lie on those boundaries. This is
particularly relevant in 4D since Lattice MC shows a
rich phenomenology, with the presence of a parity odd
resonance [1, 9], dubbed QCD worldsheet axion in the
S-matrix approach to the long flux tube [2, 6].

In D = 3 we can find the S-matrices at the boundary
of figure 1 analytically. Given that in this case there is no
strong evidence for resonances from the lattice data, we
present this analysis in appendix B 4. Let us just mention

�3
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�anti
<latexit sha1_base64="KgRQXP/iAWCx+qUW8L5757VgG58=">AAACCHicbVC7TgMxEPTxDOEVHh2NRYREFd0hJCgjKKAMEnlISRTtOZtgYftO9h4inPIDfAUtVHSIlr+g4F+4hBSQMNVoZlc7O2GspCPf//Tm5hcWl5ZzK/nVtfWNzcLWds1FiRVYFZGKbCMEh0oarJIkhY3YIuhQYT28PR/59Tu0TkbmmgYxtjX0jexJAZRJncJu6wK0hk7aIrynFAzJ4bBTKPolfww+S4IJKbIJKp3CV6sbiUSjIaHAuWbgx9ROwZIUCof5VuIwBnELfWxm1IBG107H6Yf8IHFAEY/Rcqn4WMTfGylo5wY6zCY10I2b9kbif14zod5pO5UmTgiNGB0iqXB8yAkrs1qQd6VFIhglRy4NF2CBCK3kIEQmJllP+ayPYPr7WVI7KgUZvzouls8mzeTYHttnhyxgJ6zMLlmFVZlgD+yJPbMX79F79d6895/ROW+ys8P+wPv4BlZ6mlM=</latexit><latexit sha1_base64="KgRQXP/iAWCx+qUW8L5757VgG58=">AAACCHicbVC7TgMxEPTxDOEVHh2NRYREFd0hJCgjKKAMEnlISRTtOZtgYftO9h4inPIDfAUtVHSIlr+g4F+4hBSQMNVoZlc7O2GspCPf//Tm5hcWl5ZzK/nVtfWNzcLWds1FiRVYFZGKbCMEh0oarJIkhY3YIuhQYT28PR/59Tu0TkbmmgYxtjX0jexJAZRJncJu6wK0hk7aIrynFAzJ4bBTKPolfww+S4IJKbIJKp3CV6sbiUSjIaHAuWbgx9ROwZIUCof5VuIwBnELfWxm1IBG107H6Yf8IHFAEY/Rcqn4WMTfGylo5wY6zCY10I2b9kbif14zod5pO5UmTgiNGB0iqXB8yAkrs1qQd6VFIhglRy4NF2CBCK3kIEQmJllP+ayPYPr7WVI7KgUZvzouls8mzeTYHttnhyxgJ6zMLlmFVZlgD+yJPbMX79F79d6895/ROW+ys8P+wPv4BlZ6mlM=</latexit><latexit sha1_base64="KgRQXP/iAWCx+qUW8L5757VgG58=">AAACCHicbVC7TgMxEPTxDOEVHh2NRYREFd0hJCgjKKAMEnlISRTtOZtgYftO9h4inPIDfAUtVHSIlr+g4F+4hBSQMNVoZlc7O2GspCPf//Tm5hcWl5ZzK/nVtfWNzcLWds1FiRVYFZGKbCMEh0oarJIkhY3YIuhQYT28PR/59Tu0TkbmmgYxtjX0jexJAZRJncJu6wK0hk7aIrynFAzJ4bBTKPolfww+S4IJKbIJKp3CV6sbiUSjIaHAuWbgx9ROwZIUCof5VuIwBnELfWxm1IBG107H6Yf8IHFAEY/Rcqn4WMTfGylo5wY6zCY10I2b9kbif14zod5pO5UmTgiNGB0iqXB8yAkrs1qQd6VFIhglRy4NF2CBCK3kIEQmJllP+ayPYPr7WVI7KgUZvzouls8mzeTYHttnhyxgJ6zMLlmFVZlgD+yJPbMX79F79d6895/ROW+ys8P+wPv4BlZ6mlM=</latexit><latexit sha1_base64="KgRQXP/iAWCx+qUW8L5757VgG58=">AAACCHicbVC7TgMxEPTxDOEVHh2NRYREFd0hJCgjKKAMEnlISRTtOZtgYftO9h4inPIDfAUtVHSIlr+g4F+4hBSQMNVoZlc7O2GspCPf//Tm5hcWl5ZzK/nVtfWNzcLWds1FiRVYFZGKbCMEh0oarJIkhY3YIuhQYT28PR/59Tu0TkbmmgYxtjX0jexJAZRJncJu6wK0hk7aIrynFAzJ4bBTKPolfww+S4IJKbIJKp3CV6sbiUSjIaHAuWbgx9ROwZIUCof5VuIwBnELfWxm1IBG107H6Yf8IHFAEY/Rcqn4WMTfGylo5wY6zCY10I2b9kbif14zod5pO5UmTgiNGB0iqXB8yAkrs1qQd6VFIhglRy4NF2CBCK3kIEQmJllP+ayPYPr7WVI7KgUZvzouls8mzeTYHttnhyxgJ6zMLlmFVZlgD+yJPbMX79F79d6895/ROW+ys8P+wPv4BlZ6mlM=</latexit>

Yang Baxter:�3=0
<latexit sha1_base64="Q+G1ab2/x5rOeg+fPMdGk8s6Az4=">AAACFnicbVA9SwNBEN3z2/gVtbRZEgQLkTsVFEEI2lgqGKPkQphbx7i4t3fszknCcb0/wV9hq5Wd2Npa+F/cxBR+verx3gwz70WpkpZ8/90bGR0bn5icmi7NzM7NL5QXl85skhmBdZGoxJxHYFFJjXWSpPA8NQhxpLAR3Rz2/cYtGisTfUq9FFsxdLS8kgLISe1yJQ8Ju5RfgO7wA+gSmr0iXA8jJGhv5fuFX7TLVX/DH4D/JcGQVNkQx+3yR3iZiCxGTUKBtc3AT6mVgyEpFBalMLOYgriBDjYd1RCjbeWDLAVfzSxQwlM0XCo+EPH7Rg6xtb04cpMx0LX97fXF/7xmRle7rVzqNCPUon+IpMLBISuMdCUhv5QGiaD/OXKpuQAD5CqRHIRwYuZaK7k+gt/p/5KzzY3A8ZPtau1g2MwUW2EVtsYCtsNq7IgdszoT7I49sEf25N17z96L9/o1OuINd5bZD3hvn+0on1s=</latexit><latexit sha1_base64="Q+G1ab2/x5rOeg+fPMdGk8s6Az4=">AAACFnicbVA9SwNBEN3z2/gVtbRZEgQLkTsVFEEI2lgqGKPkQphbx7i4t3fszknCcb0/wV9hq5Wd2Npa+F/cxBR+verx3gwz70WpkpZ8/90bGR0bn5icmi7NzM7NL5QXl85skhmBdZGoxJxHYFFJjXWSpPA8NQhxpLAR3Rz2/cYtGisTfUq9FFsxdLS8kgLISe1yJQ8Ju5RfgO7wA+gSmr0iXA8jJGhv5fuFX7TLVX/DH4D/JcGQVNkQx+3yR3iZiCxGTUKBtc3AT6mVgyEpFBalMLOYgriBDjYd1RCjbeWDLAVfzSxQwlM0XCo+EPH7Rg6xtb04cpMx0LX97fXF/7xmRle7rVzqNCPUon+IpMLBISuMdCUhv5QGiaD/OXKpuQAD5CqRHIRwYuZaK7k+gt/p/5KzzY3A8ZPtau1g2MwUW2EVtsYCtsNq7IgdszoT7I49sEf25N17z96L9/o1OuINd5bZD3hvn+0on1s=</latexit><latexit sha1_base64="Q+G1ab2/x5rOeg+fPMdGk8s6Az4=">AAACFnicbVA9SwNBEN3z2/gVtbRZEgQLkTsVFEEI2lgqGKPkQphbx7i4t3fszknCcb0/wV9hq5Wd2Npa+F/cxBR+verx3gwz70WpkpZ8/90bGR0bn5icmi7NzM7NL5QXl85skhmBdZGoxJxHYFFJjXWSpPA8NQhxpLAR3Rz2/cYtGisTfUq9FFsxdLS8kgLISe1yJQ8Ju5RfgO7wA+gSmr0iXA8jJGhv5fuFX7TLVX/DH4D/JcGQVNkQx+3yR3iZiCxGTUKBtc3AT6mVgyEpFBalMLOYgriBDjYd1RCjbeWDLAVfzSxQwlM0XCo+EPH7Rg6xtb04cpMx0LX97fXF/7xmRle7rVzqNCPUon+IpMLBISuMdCUhv5QGiaD/OXKpuQAD5CqRHIRwYuZaK7k+gt/p/5KzzY3A8ZPtau1g2MwUW2EVtsYCtsNq7IgdszoT7I49sEf25N17z96L9/o1OuINd5bZD3hvn+0on1s=</latexit><latexit sha1_base64="Q+G1ab2/x5rOeg+fPMdGk8s6Az4=">AAACFnicbVA9SwNBEN3z2/gVtbRZEgQLkTsVFEEI2lgqGKPkQphbx7i4t3fszknCcb0/wV9hq5Wd2Npa+F/cxBR+verx3gwz70WpkpZ8/90bGR0bn5icmi7NzM7NL5QXl85skhmBdZGoxJxHYFFJjXWSpPA8NQhxpLAR3Rz2/cYtGisTfUq9FFsxdLS8kgLISe1yJQ8Ju5RfgO7wA+gSmr0iXA8jJGhv5fuFX7TLVX/DH4D/JcGQVNkQx+3yR3iZiCxGTUKBtc3AT6mVgyEpFBalMLOYgriBDjYd1RCjbeWDLAVfzSxQwlM0XCo+EPH7Rg6xtb04cpMx0LX97fXF/7xmRle7rVzqNCPUon+IpMLBISuMdCUhv5QGiaD/OXKpuQAD5CqRHIRwYuZaK7k+gt/p/5KzzY3A8ZPtau1g2MwUW2EVtsYCtsNq7IgdszoT7I49sEf25N17z96L9/o1OuINd5bZD3hvn+0on1s=</latexit>

1 zero:�3<0
<latexit sha1_base64="yEWa/IxJQc3iYIUGvx39mnnix7c=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCBwm7KijiIejFYwTzgGwIvWMnDs4+mOkV47InP8Gv8Konb+LVL/Dgv7iJOfiqU1HVTXeVHytpyHHercLE5NT0THG2NDe/sLhkL680TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9K9Ohn7zGrWRUXhOgxg7AfRD2ZMCKJe69nrqEd5Q6vJb1NFh5m17PhJ0d9OjzMm6dtmpOCPwv8QdkzIbo9a1P7yLSCQBhiQUGNN2nZg6KWiSQmFW8hKDMYgr6GM7pyEEaDrpKEbGNxMDFPEYNZeKj0T8vpFCYMwg8PPJAOjS/PaG4n9eO6HeQSeVYZwQhmJ4iKTC0SEjtMz7QX4hNRLB8HPkMuQCNBChlhyEyMUkL6yU9+H+Tv+XNHYqbs7P9srV43EzRbbGNtgWc9k+q7JTVmN1Jtgde2CP7Mm6t56tF+v1a7RgjXdW2Q9Yb5/NsZ0k</latexit><latexit sha1_base64="yEWa/IxJQc3iYIUGvx39mnnix7c=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCBwm7KijiIejFYwTzgGwIvWMnDs4+mOkV47InP8Gv8Konb+LVL/Dgv7iJOfiqU1HVTXeVHytpyHHercLE5NT0THG2NDe/sLhkL680TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9K9Ohn7zGrWRUXhOgxg7AfRD2ZMCKJe69nrqEd5Q6vJb1NFh5m17PhJ0d9OjzMm6dtmpOCPwv8QdkzIbo9a1P7yLSCQBhiQUGNN2nZg6KWiSQmFW8hKDMYgr6GM7pyEEaDrpKEbGNxMDFPEYNZeKj0T8vpFCYMwg8PPJAOjS/PaG4n9eO6HeQSeVYZwQhmJ4iKTC0SEjtMz7QX4hNRLB8HPkMuQCNBChlhyEyMUkL6yU9+H+Tv+XNHYqbs7P9srV43EzRbbGNtgWc9k+q7JTVmN1Jtgde2CP7Mm6t56tF+v1a7RgjXdW2Q9Yb5/NsZ0k</latexit><latexit sha1_base64="yEWa/IxJQc3iYIUGvx39mnnix7c=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCBwm7KijiIejFYwTzgGwIvWMnDs4+mOkV47InP8Gv8Konb+LVL/Dgv7iJOfiqU1HVTXeVHytpyHHercLE5NT0THG2NDe/sLhkL680TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9K9Ohn7zGrWRUXhOgxg7AfRD2ZMCKJe69nrqEd5Q6vJb1NFh5m17PhJ0d9OjzMm6dtmpOCPwv8QdkzIbo9a1P7yLSCQBhiQUGNN2nZg6KWiSQmFW8hKDMYgr6GM7pyEEaDrpKEbGNxMDFPEYNZeKj0T8vpFCYMwg8PPJAOjS/PaG4n9eO6HeQSeVYZwQhmJ4iKTC0SEjtMz7QX4hNRLB8HPkMuQCNBChlhyEyMUkL6yU9+H+Tv+XNHYqbs7P9srV43EzRbbGNtgWc9k+q7JTVmN1Jtgde2CP7Mm6t56tF+v1a7RgjXdW2Q9Yb5/NsZ0k</latexit><latexit sha1_base64="yEWa/IxJQc3iYIUGvx39mnnix7c=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCBwm7KijiIejFYwTzgGwIvWMnDs4+mOkV47InP8Gv8Konb+LVL/Dgv7iJOfiqU1HVTXeVHytpyHHercLE5NT0THG2NDe/sLhkL680TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9K9Ohn7zGrWRUXhOgxg7AfRD2ZMCKJe69nrqEd5Q6vJb1NFh5m17PhJ0d9OjzMm6dtmpOCPwv8QdkzIbo9a1P7yLSCQBhiQUGNN2nZg6KWiSQmFW8hKDMYgr6GM7pyEEaDrpKEbGNxMDFPEYNZeKj0T8vpFCYMwg8PPJAOjS/PaG4n9eO6HeQSeVYZwQhmJ4iKTC0SEjtMz7QX4hNRLB8HPkMuQCNBChlhyEyMUkL6yU9+H+Tv+XNHYqbs7P9srV43EzRbbGNtgWc9k+q7JTVmN1Jtgde2CP7Mm6t56tF+v1a7RgjXdW2Q9Yb5/NsZ0k</latexit>

2 zeros:�3>0
<latexit sha1_base64="PBwq8bLZW0Jn6PDDS5+C0n1Gdq0=">AAACEnicbVDLSgNBEJz1GeNr1aMgg0HwILIbBcWDBL14jGAekA2hd9LRwdkHM71iXPbmJ/gVXvXkTbz6Ax78FzcxB43WqajqprvKj5U05Dgf1sTk1PTMbGGuOL+wuLRsr6zWTZRogTURqUg3fTCoZIg1kqSwGWuEwFfY8K9PB37jBrWRUXhB/RjbAVyGsicFUC517I3UI7yltMzvUEfmKPN2PB8JOnvpceZkHbvk7DpD8L/EHZESG6HasT+9biSSAEMSCoxpuU5M7RQ0SaEwK3qJwRjENVxiK6chBGja6TBHxrcSAxTxGDWXig9F/LmRQmBMP/DzyQDoyox7A/E/r5VQ77CdyjBOCEMxOERS4fCQEVrmBSHvSo1EMPgcuQy5AA1EqCUHIXIxyRsr5n244+n/knp51835+X6pcjJqpsDW2SbbZi47YBV2xqqsxgS7Z4/siT1bD9aL9Wq9fY9OWKOdNfYL1vsXt2SdpA==</latexit><latexit sha1_base64="PBwq8bLZW0Jn6PDDS5+C0n1Gdq0=">AAACEnicbVDLSgNBEJz1GeNr1aMgg0HwILIbBcWDBL14jGAekA2hd9LRwdkHM71iXPbmJ/gVXvXkTbz6Ax78FzcxB43WqajqprvKj5U05Dgf1sTk1PTMbGGuOL+wuLRsr6zWTZRogTURqUg3fTCoZIg1kqSwGWuEwFfY8K9PB37jBrWRUXhB/RjbAVyGsicFUC517I3UI7yltMzvUEfmKPN2PB8JOnvpceZkHbvk7DpD8L/EHZESG6HasT+9biSSAEMSCoxpuU5M7RQ0SaEwK3qJwRjENVxiK6chBGja6TBHxrcSAxTxGDWXig9F/LmRQmBMP/DzyQDoyox7A/E/r5VQ77CdyjBOCEMxOERS4fCQEVrmBSHvSo1EMPgcuQy5AA1EqCUHIXIxyRsr5n244+n/knp51835+X6pcjJqpsDW2SbbZi47YBV2xqqsxgS7Z4/siT1bD9aL9Wq9fY9OWKOdNfYL1vsXt2SdpA==</latexit><latexit sha1_base64="PBwq8bLZW0Jn6PDDS5+C0n1Gdq0=">AAACEnicbVDLSgNBEJz1GeNr1aMgg0HwILIbBcWDBL14jGAekA2hd9LRwdkHM71iXPbmJ/gVXvXkTbz6Ax78FzcxB43WqajqprvKj5U05Dgf1sTk1PTMbGGuOL+wuLRsr6zWTZRogTURqUg3fTCoZIg1kqSwGWuEwFfY8K9PB37jBrWRUXhB/RjbAVyGsicFUC517I3UI7yltMzvUEfmKPN2PB8JOnvpceZkHbvk7DpD8L/EHZESG6HasT+9biSSAEMSCoxpuU5M7RQ0SaEwK3qJwRjENVxiK6chBGja6TBHxrcSAxTxGDWXig9F/LmRQmBMP/DzyQDoyox7A/E/r5VQ77CdyjBOCEMxOERS4fCQEVrmBSHvSo1EMPgcuQy5AA1EqCUHIXIxyRsr5n244+n/knp51835+X6pcjJqpsDW2SbbZi47YBV2xqqsxgS7Z4/siT1bD9aL9Wq9fY9OWKOdNfYL1vsXt2SdpA==</latexit><latexit sha1_base64="PBwq8bLZW0Jn6PDDS5+C0n1Gdq0=">AAACEnicbVDLSgNBEJz1GeNr1aMgg0HwILIbBcWDBL14jGAekA2hd9LRwdkHM71iXPbmJ/gVXvXkTbz6Ax78FzcxB43WqajqprvKj5U05Dgf1sTk1PTMbGGuOL+wuLRsr6zWTZRogTURqUg3fTCoZIg1kqSwGWuEwFfY8K9PB37jBrWRUXhB/RjbAVyGsicFUC517I3UI7yltMzvUEfmKPN2PB8JOnvpceZkHbvk7DpD8L/EHZESG6HasT+9biSSAEMSCoxpuU5M7RQ0SaEwK3qJwRjENVxiK6chBGja6TBHxrcSAxTxGDWXig9F/LmRQmBMP/DzyQDoyox7A/E/r5VQ77CdyjBOCEMxOERS4fCQEVrmBSHvSo1EMPgcuQy5AA1EqCUHIXIxyRsr5n244+n/knp51835+X6pcjJqpsDW2SbbZi47YBV2xqqsxgS7Z4/siT1bD9aL9Wq9fY9OWKOdNfYL1vsXt2SdpA==</latexit>

SU(3)
<latexit sha1_base64="6eyvSGC33FEUN4z1h9Lul1dXomw=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbkKCMoKEMAieREis6XzbhlPNDd2ukyPIH8BW0UNEhWj6Dgn/BNi4gMNVoZvdmb7xICo2W9WFUlpZXVteq67WNza3tHXN3r6vDWHFweChD1feYBikCcFCghH6kgPmehJ43u8z93j0oLcLgFucRuD6bBmIiOMNMGpn1ZFg8kngyhvTGaZ4cpSOzYbWsAvQvsUvSICU6I/NzOA557EOAXDKtB7YVoZswhYJLSGvDWEPE+IxNYZDRgPmg3aTITelhrBmGNAJFhaSFCD83EuZrPfe9bNJneKcXvVz8zxvEODl3ExFEMULA8yAUEoogzZXIWgE6FgoQWX45UBFQzhRDBCUo4zwT46ymWtaHvfj7v6R73LIzfn3aaF+UzVTJPjkgTWKTM9ImV6RDHMLJnDySJ/JsPBgvxqvx9j1aMcqdOvkF4/0LcZ6ZLQ==</latexit><latexit sha1_base64="6eyvSGC33FEUN4z1h9Lul1dXomw=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbkKCMoKEMAieREis6XzbhlPNDd2ukyPIH8BW0UNEhWj6Dgn/BNi4gMNVoZvdmb7xICo2W9WFUlpZXVteq67WNza3tHXN3r6vDWHFweChD1feYBikCcFCghH6kgPmehJ43u8z93j0oLcLgFucRuD6bBmIiOMNMGpn1ZFg8kngyhvTGaZ4cpSOzYbWsAvQvsUvSICU6I/NzOA557EOAXDKtB7YVoZswhYJLSGvDWEPE+IxNYZDRgPmg3aTITelhrBmGNAJFhaSFCD83EuZrPfe9bNJneKcXvVz8zxvEODl3ExFEMULA8yAUEoogzZXIWgE6FgoQWX45UBFQzhRDBCUo4zwT46ymWtaHvfj7v6R73LIzfn3aaF+UzVTJPjkgTWKTM9ImV6RDHMLJnDySJ/JsPBgvxqvx9j1aMcqdOvkF4/0LcZ6ZLQ==</latexit><latexit sha1_base64="6eyvSGC33FEUN4z1h9Lul1dXomw=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbkKCMoKEMAieREis6XzbhlPNDd2ukyPIH8BW0UNEhWj6Dgn/BNi4gMNVoZvdmb7xICo2W9WFUlpZXVteq67WNza3tHXN3r6vDWHFweChD1feYBikCcFCghH6kgPmehJ43u8z93j0oLcLgFucRuD6bBmIiOMNMGpn1ZFg8kngyhvTGaZ4cpSOzYbWsAvQvsUvSICU6I/NzOA557EOAXDKtB7YVoZswhYJLSGvDWEPE+IxNYZDRgPmg3aTITelhrBmGNAJFhaSFCD83EuZrPfe9bNJneKcXvVz8zxvEODl3ExFEMULA8yAUEoogzZXIWgE6FgoQWX45UBFQzhRDBCUo4zwT46ymWtaHvfj7v6R73LIzfn3aaF+UzVTJPjkgTWKTM9ImV6RDHMLJnDySJ/JsPBgvxqvx9j1aMcqdOvkF4/0LcZ6ZLQ==</latexit><latexit sha1_base64="6eyvSGC33FEUN4z1h9Lul1dXomw=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbkKCMoKEMAieREis6XzbhlPNDd2ukyPIH8BW0UNEhWj6Dgn/BNi4gMNVoZvdmb7xICo2W9WFUlpZXVteq67WNza3tHXN3r6vDWHFweChD1feYBikCcFCghH6kgPmehJ43u8z93j0oLcLgFucRuD6bBmIiOMNMGpn1ZFg8kngyhvTGaZ4cpSOzYbWsAvQvsUvSICU6I/NzOA557EOAXDKtB7YVoZswhYJLSGvDWEPE+IxNYZDRgPmg3aTITelhrBmGNAJFhaSFCD83EuZrPfe9bNJneKcXvVz8zxvEODl3ExFEMULA8yAUEoogzZXIWgE6FgoQWX45UBFQzhRDBCUo4zwT46ymWtaHvfj7v6R73LIzfn3aaF+UzVTJPjkgTWKTM9ImV6RDHMLJnDySJ/JsPBgvxqvx9j1aMcqdOvkF4/0LcZ6ZLQ==</latexit>SU(5)
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FIG. 4. At the S-matrix space boundary we encounter S-
matrices with zeros, that is resonances. In the antisymmetric
channel, to the left of the integrable point there is one single
resonance while to the right of the integrable point there are
two resonances, a broad one and a sharp one. Curiously, as
we move along the boundary we encounter S-matrices whose
resonance mass and with are in precise agreement with those
predicted in [6, 27] as extracted from SU(3) (right point) and
SU(5) (left point) lattice data.

that at the cusp Scusp = (8i � s)/(8i + s). Nicely, this
is an important S-matrix, albeit in a di↵erent context:
it describes the RG flow from the tricritical Ising fixed
point to the free fermion theory [26]. 7

Next we turn to D = 4, where the boundary must
be studied numerically. Here we find some remarkable
surprises. A first nice surprise is that the S-matrices
which saturate the bound have zeros, which physically
correspond to resonances. Figure 4 describes the posi-
tion of these resonances in the anti-symmetric channel as
we move along the boundary of figure 3. Depending on
whether we are to the right or left of the integrable �3 = 0
point, there is one (�3 < 0) or two zeros there (�3 > 0).
As we move along the boundary in the region �3 > 0, the
sharpest of these resonances passes spot on by the values
of the worldsheet axion. The two dots correspond to es-
timates based on SU(3) [2, 6] and SU(5) [27] lattice MC
simulations [1]. Because of these encouraging numerical
coincidences we will denote these two points along the
boundary as the SU(3) point and SU(5) point.

Remarkably, at these points, we find other zeros in
the S-matrices. One broader resonance shows up in the
same anti-symmetric channel along with a resonance in
each of the other two channels. The spectrum, measured

7 Precisely, SGoldstino = �Scusp, where the overall minus sign
could be easily incorporated in the formulas of the main text.

sharp scalar
resonance
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as s0 = (m + i�/2)2 at the position Srep(s0) = 0, for
the SU(3) and SU(5) points is given by

spectrum [m,�] SU(3) SU(5)

axion [1.85, 0.39] [1.64, 0.22]
axion* [3.25, 8.84] [2.83, 7.02]
symmetron [2.36, 4.99] [2.34, 4.54]
dilaton [1.88, 3.37] [1.84, 3.52]

Even though these values should obviously be taken as
benchmark values only, could these resonances be further
excitations present in the Yang-Mills long flux tubes? Of
course, these explorations must be taken with a grain of
salt since there is a priori no strong reason for the real
flux tube to be close to the boundary (recall that these
S-matrices cannot represent the elastic scattering of bra-
nons all the way up to the UV since particle production
kicks in eventually [14]).

Furthermore, we find that the axion coupling to the
world-sheet branons Q ⇡

p
8�/m

5/2 (valid for � ⌧ m)
shows a plateau for almost all the values of �3 > 0,
apart from an initial transient. The value of this plateau
surprisingly coincides within a good numerical accuracy
with Qintegrable =

p
7/(16⇡) [27]. The integrable value

of Q is fixed by demanding that the presence of the axion
results in a vanishing 2 ! 4 scattering amplitude as the
axion mass goes to zero. It is plausible, given our cur-
rent numerical explorations, that this plateau holds all
the way up to �3 ! 1, where the axion becomes mass-
less. Since the family of S-matrices we find, coinciden-
tally, contain the SU(3) and SU(5) axions, it would be
tempting to believe that all SU(N) axions lie somewhere
along the trajectory in figure 4 and a natural candidate
for the large-N axion would be the massless resonance in
the limit �3 ! 1. However, this is excluded by current
lattice simulations [9] and it is an open question how to
relate a “blind to color” S-matrix approach to the large-N
limit. In appendix D 4 we give further details on the res-
onances.

Finally let us mention a small curiosity. The world-
sheet axion is the sharpest excitation by far. One could
imagine a dilation like excitation, governing the flux tube
thickness, to be the lightest scalar mode in some flux tube
theories. Could it be that perhaps the broad dilaton iden-
tified here becomes sharper in some other circumstances?
As it turns out, there is a region where the dilaton and
axion swap their roles; it is nothing but the reflection
symmetry of figure 3 discussed in section II C. So it is
natural to expect flux tube theories – albeit with very
di↵erent physics – living on the left shore. The left and
right shores of figure 3 can therefore also be called the
dilaton and axion shores respectively. In recent QCD ex-
plorations [21] a boundary of the physical S-matrix of pi-
ons was analyzed and there also the two shores had some-
how mirror physical properties (as far as which channels
are attractive/repulsive, which ones contain the ⇢ par-
ticle etc); the two dimensional setup here highlights in
a very sharp way some of the features which are quite
challenging to probe numerically there.

V. DISCUSSION

The physics of flux tubes is very rich. At low energy
we have universality which constrains very powerfully all
physical observables. Here we bounded the first non-
universal corrections by means of the S-matrix bootstrap.
In short, the existence of a properly UV completed bra-
non S-matrix constrains the possible space of S-matrices
and their low energy expansion, and therefore the space
of Wilson coe�cients in e↵ective field theory language.
To our knowledge, this is the first time that the low
energy Wilson coe�cients are bounded optimally – see
e.g. (15). Clearly, our bounds also apply to any string-like
defect with the same symmetry breaking pattern as flux
tubes. Moreover, the very same logic could be applied
more broadly to bound other systems with spontaneous
symmetry breaking in two dimensions such as those aris-
ing from broken supersymmetry and even in higher di-
mensions. It would be fascinating to follow our approach
to bound the leading irrelevant operators showing up in
pion physics or, more ambitiously, in gauge and gravity
theories; and to compare with existing bounds based on
the analytic properties of the forward amplitude [28–30].
We look forward to pursuing this further.

As we crank up the energy our ignorance grows. At
intermediate energy we still have important hints from
lattice which strongly suggest the existence of a novel
pseudo-scalar like excitations in the flux tube. In S-
matrix language such new excitations show up as res-
onances. Here we looked for the S-matrices living at
the boundary of the allowed S-matrix space and found
that remarkably they do present a rich resonance pat-
tern and – what is more – the masses and width of the
the pseudo-scalar resonance pass spot on by the more re-
cent estimates of the putative new particle. Motivated by
this numerical coincidence, we are encouraged to take se-
riously the other broader resonances in these S-matrices.
It would be interesting to look for them on the lattice.

We could also follow the same sort of games as in [21]
(where the ⇢ particle was sometimes imposed as an in-
put) and repeat our Wilson coe�cient bound analysis
and resonance spectroscopy after fixing the position of
the world-sheet axion resonance, to the SU(3) value say,
see appendix D 3. It would be interesting to push this
kind of analysis further, with stronger interplay between
the lattice and the S-matrix bootstrap.

As we increase the energy further we reach an even
more mysterious territory. At very high energy we know
close to nothing. Do we recover integrability at high en-
ergies, that is no particle production and thus |S(s)| ! 1
as s ! 1. Or, instead, are we dominated by inelas-
tic particle production with |S(s)| ! 0 or even some
more exotic possibility? We don’t know. It would be
very interesting to figure this out and use it as input
in an improved flux tube S-matrix bootstrap. One pos-
sible approach to these questions would be to include
multi-particle amplitudes in the S-matrix bootstrap and
constrain those as well.

sharp pseudoscalar
resonance
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J
H
E
P
1
0
(
2
0
1
9
)
1
7
5

N Glueball states # of states

0 0⊗ 0 = 0++ 1

1 1⊗ 1 = 0++ + 0−− + 2+ 4

2 (0 + 2)⊗ (0 + 2) = 2 · 0++ + 0−− + 2+ + 2− + 4+ 9

3 (0 + 1 + 3)⊗ (0 + 1 + 3) = 25

3 · 0++ + 2 · 0−− + 1+ + 1− + 2 · 2+ + 2− + 3+ + 3− + 4+ + 4− + 6+

4 (0P1 + 0P2 + 1 + 2 + 4)⊗ (0P1 + 0P2 + 1 + 2 + 4) = 64

5 · 0++ + 3 · 0−− + 0P1P2+ + 0P1P2− + 3 · (1+ + 1−) + 4 · 2+ + 3 · 2−+
2 · (3+ + 3−) + 3 · 4+ + 2 · 4− ++5+ + 5− + 6+ + 6− + 8+

Table 1. Quantum numbers of 3D glueballs at first five levels, as predicted by the ASA.

J = 1 J = 3 J = 5 J = 7

J = 1 1.000 0.082 0.052 0.012

J = 3 0.082 1.000 0.020 0.033

J = 5 0.052 0.020 1.000 0.006

J = 7 0.012 0.033 0.006 1.000

(a) For the second operator in figure 2a (after

three link smearings).

J = 1 J = 3 J = 5 J = 7

J = 1 1.000 0.001 0.012 0.000

J = 3 0.001 1.000 0.000 0.013

J = 5 0.012 0.000 1.000 0.002

J = 7 0.000 0.013 0.002 1.000

(b) For the operator in figure 4 (after three link

smearings).

Table 2. Examples of absolute values of overlaps of J++ components in the E representation of Z4.

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10

n = 1 0.00 0.00 0.00 0.02 0.00 0.01 0.02 0.01 0.02 0.02

n = 2 0.01 0.00 0.00 0.02 0.00 0.01 0.02 0.00 0.02 0.03

n = 3 0.02 0.01 0.00 0.00 0.01 0.02 0.03 0.02 0.01 0.02

n = 4 0.01 0.01 0.01 0.02 0.01 0.01 0.01 0.00 0.00 0.01

n = 5 0.01 0.02 0.04 0.01 0.01 0.01 0.01 0.00 0.01 0.03

n = 6 0.02 0.01 0.01 0.00 0.00 0.00 0.02 0.01 0.02 0.00

n = 7 0.00 0.01 0.01 0.00 0.00 0.00 0.05 0.02 0.02 0.02

n = 8 0.00 0.00 0.02 0.01 0.01 0.01 0.01 0.01 0.01 0.02

n = 9 0.01 0.01 0.02 0.01 0.01 0.01 0.02 0.03 0.00 0.01

n = 10 0.00 0.00 0.00 0.03 0.00 0.03 0.01 0.00 0.00 0.00

Table 3. Magnitude of overlap between 0++ (rows) and 8++ (columns) eigenstates (at time
separation 4 lattice units; before projection out of overlaps between 0++ (rows) and 8++ states).
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Is there a hope to ever say anything about short strings 
(glueballs)?

semiclassical prediction for D=3 glueball quantum 
numbers SD, Hernandez-Chifflet ‘16



J
H
E
P
1
0
(
2
0
1
9
)
1
7
5

1

2

3

4

5

6

7

8

9

10

11

12

13

0 1 2 3 4

J

M
2
l s2

(4
π
)

J
PC

0
−−

0
−+

0
+−

0
++

J
±−

J
±+

N

!

!

!

!

0

1

2

>2

Figure 1. Glueball spins determinations prior to this work; masses are SU(∞) limits or in a few
cases SU(16) or SU(12) masses from [22]. States circled had spin determined in [18] or for J = 0
states by lack of a candidate partner of opposite parity (see also [17]). The string width ls is the
inverse of the square root of the string tension σf .
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Lattice Data circa 2016
Athenodorou, Teper ’16

ansatz worked for N=0,1,2 (14 states) 
tension at N=3



Current Lattice Data 
Conkey, SD, Teper ’19

 works for N=0,1,2,3 (39 states)
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Figure 4: Lattice results for glueball masses and quantum numbers [5].

simulations are needed to reach a definitive conclusion for these state.
On the other hand, existing results demonstrate clear contradictions between e↵ective

closed strings and actual glueball spectra starting already from theN = 2 level. Interestingly,
when the two spectra disagree, e↵ective strings always predict extra states compared to the
ASA. This is somewhat surprising—naively one might expect that e↵ective theory would
miss some states, rather than overpredict them. Perhaps, this is related to the constraints
(30), which are ignored when extrapolating the e↵ective theory results to arbitrary J and
N . However, for some reason, neglecting an analogous constraint (15) for open strings in the
ASA derivation does not lead to any contradictions (at least, as far as currently available
lattice data is concerned).

Note also that, independently of lattice data, the e↵ective theory spectrum extrapolated
to all J and N is incompatible with the tensor square structure. Indeed, the spectrum
constructed in 3 does not pass even the very basic test—total multiplicities at fixed N are
not always given by integer squared.

Finally, in spite of the di↵erence between the two spectra, they show the same exponential
growth of the total number of states at large masses, which is determined by P (x)2 factor.
Namely, using the Hardy–Ramanujan asymptotics for the number partitions

Pn ⇠ e
⇡

p
2n
3 ,

we find that both spectra exhibit Hagedorn behavior with the Hagedorn temperature equal

14

glueballs definitely look like oscillating strings! 



Often people say that string theory is beautiful, but we may 
never know whether strings are realized in Nature. This is 
definitely wrong, QCD is a theory of strings. We don’t 
understand them yet but have all reasons to expect that they 
are not disconnected from the rest of the string theory. 

Furthermore, confining strings provide perhaps the most 
basic example of a connection between gauge theories and 
fluctuating geometry. This may be the closest we will ever get 
to doing experimental quantum gravity. 

With modern lattice tools and understanding of QFT/string 
theory we are in a good position to solve this problem. It may 
take another 30 years to build a new collider and get new data 
in particle physics. But we are lucky to have a tractable and 
fundamental problem to solve while waiting. Participants of 
STRINGS 2051 will be puzzled if we don’t make an effort now 
and leave it to them.


