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DELI GNE-BETLINSON COHOMOLOGY

H6ldne Esnault*  ,  Eckart  Viehweg

In these notes we describe the Deligne cohomology of a complex
manifold as well  as Beil insonts algebraic cohomology theory of a quasi-
project ive complex manifold and some of i ts propert ies. In fact, most
of the content of our manuscript can be found (in a more compressed
form) in the f irst paragraph of Bei l inson's art icle [3].  We tr ied to
include al l  detai ls needed., and we hope that tur presentation is
suff iciently "down to earth" to serve as an introduction to this theory.

We like to emphasize that credit fox the ideas presented here
should be given to A. Bei l inson, S. Bloch, p. Deligne and some other
mathematicians, whereas any possible inaccuracies and errors are due
to us (and to our efforts to be as expl ici t  as possibte).

In 51 we recal l  the definit ion of the (analyt ic) Deligne cohomo-
Logy and - fol lowing [4] -we give S. Blochts definit ion of the requlator
map for curves, hoping that the concrete description in this case may help
to understand the more formal calculations of the foJ_lowing chapters.

In 52 we describe the Del- igne-Beil inson (D - F) complex on a
good compacti f  icat ion of a quasiproject ive (rea1 or complex) manifold
and the corresponding cohomology theory. The properties of the
D - E - cohomology arising from abstract nonsense are discussed and some
of the cohomology groups are determined. At the end of 52 we explain
to some extent the descript ion of the D -E- complex lR(p)n by using
real C- forns.

The formal definition of the D - 5 - cohomology using relative cohomo-
logy is explained in 54. This rnight be a more conceptional approach.
However, we have tried to avoid using the relative cohomology as far
as possible, although i t  forces us to use a rather art i f ic ial way of
de f in ing  the  produc t  on  the  D-E-  complex  (3 .3 ) .

In 53 the definitj-on and properties of the product are explained. We
could not resist to include the calculat ions of al l  the compatibi l i t ies
and homotopies needed.
Without giving al l  detai ls, we sketch in g5 the usual extensions of

*  suppor ted by a  Heisenberg fe l lowship ,  DFG
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t h e d e f i n i t i o n s o f t h e c o h o m o l o g y t h e o r y t o s i m p l i c i a l s c h e r n e s o f

finite type over c. At the end of this section one constructs a complex

of sheaves in the Zar isky topology, which on open subvariet ies descr ibes

t h e  D - 5 - c o h o m o l o g Y .

In s6 we recal l  the def in i t ion and some propert ies of  the cycle class

in  the  De  Rham cohomo logy  { fo l l ow ing  [2 ] , [ 9 ]  and  [1 ] ) .  Espec ia l l y  we

explain the behaviour of those classes vtith respect to the Eodge L .

f i l t rat ion. These construct ions are needed in s7. There we f i rst  ex-

plain the relations between the Deligne cohomology of a projective

manifol-d and the intermediate Jacobian of Griffiths' We reproduce

De l i gne ' s  de f i n i t i on  o f  t he  cyc le  c lass  i n  t he  D-6 -cohomo logy  ( [10 ] )

and we conpare it to the Abel-Jacobi map. our presentation is slightly

di f ferent f rom the one given in t1ol .  Final1y, in 58 we sketch the de-

f in i t ion of  Chern classes of vector bundles in the D-6-cohornoJ-ogy.

i t e  dono t  cons ide r  i n  t h i s  no te  Be i l i nson ' s  desc r ip t i on  o f  t he  D-b

cohomology as an extension of  Hodge st luctures'

Notations and conventions :

Throughout these notes x is a complex analytic variety. Even if

x happens to be algebraic, i t  is considered as an analyt ic vari-ety'

except if the index uzar" is added. correspondingly oi denotes the

De Rham complex of holomorphic differential forms.

we use the notations of the derived category, whenever it is necessary

of bounded complexes (even if it is sometimes not explicitly mentioned)

A nice introduction can be found in [6] or [14]. In part icular we

constantly use the notat ion of a cone of a map f :  A' -> B' of

complexes. Tf the maP just exists in the derived category we always

replace B' by an inject ive resolut ion.

lH' is the hypercohomology functor from the derived category of n'

sheaves to the derived category of abel ian groups whereas nrS(A') is

the q-th cohomology of the complex If ' (A') -  I f  A is a subring of

lR we \,tr ite

e ( p )  =  ( 2 i n ) P  '  A c  l D

of course, for the purpose of this volume, one needs the cohomology

theory  fo r  rea l  a lgebra ic  var ie t ies .  I lowever ,  as  exp la ine i l  in  (2 .1 ,T I ) ,

this theory is obtained from the one for complex varieties by a quite

simple procedure, "compatible with al l  the statements made in these

n o t e s " .
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The dilogarithm function and the regrulator map on a Riemann

Fur face  (a f te r  S .  B loch )

1 . 1 .  F o l l o w i n g  t 5 l  w e  d e f i n e  t h e  D e l i g n e

a complex analyt ic manifold X as

o  z ( p )  - >  0 x  +  C I l  . .

ä , . r ,  
( x ' z � ( P )  )  :  =  l n q  ( x ' n ( n )  P , a n ) '

complex V'  (gl  
0 ,^n 

on

---+> ni-' - + 0

(where V,(p) is in degree zero) and the Del igne cohomology as

For s impl ic i ty,  in this paragraph, we drop the sub-scr ipt  "an" and

$rrite n @l O and H7 .

1 .2.  Vi le def ine a mult ip l icat ion

'  n ( p l O  o  n ( p ' l O  - > % ( p + p ' 1 0

by x U Y  =
i f  d e g x = 0

if  deg x

otherwise

and deg Y = P'

[ * .  y
'f xnav
Io

tr is a morphism

i n  n @ |  9  b y  d

inc lus ion)  and

of  complexes.  In  fac t ,

(where ,  o f  cou rse ,  d

t l  = deg x and p'  = deg

denote the dif ferential

0, ,  is  the
Ä

h a v e :

i f  we

:  z  (p )

Y ,  w e

d ( x U y ) , =

I t  is qui te easy to show that

1  .3 .  Us ing theuusual  arguments

calculat ing the Cech-cohomology

structure on pgeHfi (x ,n (p ) ) . rn
i . e .  f o r  c r € H ; ( x , E ( p ) )  a n d  ß

This  r^ r i l l  be  shown i -n  (1 .6)  for

=  d x U y +  ( - 1 ) P x U d y  c

l ' * 'ay
.l "'Ut = dxndy

[;""u'

P = 0 ,  V '

P  =  0  ,  V t  =

P  >  0 ,  P t  =

otherwise

p ' l
p ' f
e', l

i s  assoc ia t i ve .

from homological  algebra, or by

on a suitable cover hre obtain a ring

fact, the product is ant j-commutative,
r r l

€  " ; ' ( x , B ( p '  )  )  s  r i  ß  =  ( - 1  ) 9 9 ' ß  u  s .

p = p t  = q = q t  - 1  a n d  i n  a  m o r e  g e n e r a l



r
set up in 53. For the reader.Iüho vtants to check the anticonmutativity-

directly we just reveal that the homotoPy betw€en x U y and

( -1  )  l t 'P  ' y  
U *  . i "  g iven  by :

1.4[.  Examples for low values of  p and q:

i) (p = O) obviously^ z,(OlO = t and nl1.x,z(Olt is nothing but the

singular cohomologry IIY (x r, ).

i i )  (p = 1, S = 1) I f  0i  denotes the sheaf of invert ible holomorphic

func t ions ,  v (1 lg  i s  quas i - i somorph ic  to  0* t -11  v ia  x  - ->  exp(x ) .

For a suitable opgn cover {Uo} of X an element of H;lx,e,(1l) is
v

represented by a Cech-cocycle

'  
l t ) )  * c o ( o )( 2 L r  * o ß  , F o )  €  C ' ( T ,  l

where the cocycle condit ion says

ö ( F o )  : =  
%  

- F ü  = 2 L T r  * c r ß .

H e n c e  f o  : =  e x p ( F o )  i s  t h e  r e s t r i c t i o n  o f  f  € H 0 ( x r 0 * )  a n d  t h e

isomorphism

" l t x , % ( 1 ) )  - >  n o ( x , o i )

maps the cohomology class of  the cocycle to f .

iii) (p = Z, q = 2l iThe exponential * 1----- expl2{;) and multiplication

with - izir)-1 on Qx defines a quasi- isomorphism:

zt2to "--+ toi .3-!9s--> oll t-r t.

l v
Hence I  €H;(X,nl2l l  can be descr ibed by a Cech-cocycle

O r  P t  =  0

otherwisev

[ o  P  =

h ( x  @  Y )  =  
{

L t - ' '  )P*  n

hrith

(  ( 2 i n ) 2 . r o ß y , H o ß , 0 o 1  e  c 2  w , e l l  x  c 1  ( 0 )  *  c 0  ( n 1 )
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( 2 L r )  2 r o ß y  =  6 H o ß

An e lement  o f  l t1  (x r0 i

( E o ß , 0 r . , )  €  9 1  1 o * )

\^t i th öEoß = 1 ,  d log

The image of p under the

groups is given by

1
Ecrß  =  exp  ( *  Hoß)

iv)  The mult ip l icat ion

u  :  n0  ( I , o i )  '  Ho

r , r i r h  f  ug  =  ( ; *oß ,  
*  Fo

tha t  l og  f l u  i s  de f i ned

f  U  g  by  the  Socy l ce  (Eoß

1

9 o ß  =  g

' l  . 5 .  P .  D e l i g n e  ( s e e  [ 3 ] ,  1

group of rank one bundles q

iden t i f y i ng  (E ,V )  w i th  the

w h e r e  E I U  =  0 u  -  " o  ,  e ß
0 

"c[

By  de f i n i t i on  6Eoß  =  1

,  -dHoß = 6CIo .

1
CI*) is represented

x  c o ( n 1 )

E s ß  =  ö t o  '

isomorphism of the

by

two cohomology

and
-1 /-\

o ffi 
ooq,

u  r  r | ( x , % ( 1 ) )  " r ; ( x , % ( 1 ) )

( 2 L r  m o ß r F o ) ,  ( 2 L n  n c r ß r G o )

can be wri t ten via the isomorphisms i i )  and

)->  H6(x ,% (2)  )

t - - - -+ (  (2 in)  2*oßnßy 
,2Ln

(x ,0 i )  - -+  l t l  ( x ,

'  9) .  Hence , forg '
(and denoted by

, ro ) r^tith

109ß f )  
and

- 1  at r t  = r + I o q f
gcx, zL'fi -cx,

.3 )  interprets u1 (*,0i  ----> nl l
with holomorphic connection V

*BoG'g ' Fod Go )

i i i )  a s

1
0i ---+ CI*)

V
a Cech cover { Uo } such

1o9a f)  one can descr ibe

g g .
g

as the

c l a s s  o f  t h e  ö e c f r - c o c y c l e  ( E o ß r o o ) ,

=  Eoß '€c l  and  V  €o  =  oJ* ' ec f , .

and the Leibniz rule

V eß =  tß Ecrß 
: "  

= Eoß 0q €o *  dEoß €s

Eoß. The group structure

r^rith connection and 0 
*

corresponds to the

equipped with the usual

impl ies

e-product

= f l  l o g

bundles

ö trt
0

o f
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dif ferent ia l  d is the uni t .  On the other hand. each
f r o m  a  p a i r  ( t , V ) .  h t e  h a v e  ( E , V )  =  ( O X , d )  i f  a n d
non- t r iv ia l  f la t  sect ion,  loca l ly  descr ibed by Fo - .

l r g '  E s ß = U o .  a n d  0  = V l c [ . € o =  U o r o a o + d U o . € o .  H e n c e
and  on l y  i f  Eoß  =  Uc l  /Vg  and  ro  =  d  l og  Us ,  t ha t  i s ,

(  ö  ;d)  ( Ic r , )  f  o r  t ro  -  1  / ra .

V
Cech-cocycle comes

only  i f  E  has a

0 
I,f ith

( E , V )  -  ( 0 x , d )  i f
i f  ( 6 c r ß , r o )  i s

If one looks

u1 (x ,  o i

at the exact sequence

nlr --+> H1 (x,oi) --+ Hl (x,CII)

one finds the well known fact that a rank one bundle with trivial first

De Rham Chern class has a holomorphic connection.

- From now on we will identify the cohomology classes ittiltx,Op -tnlt

with the i somorphic-classes of bundles with connection. The
produc t  fUg in  (1 .4 ,  i v )  de f ines  fo r  two func t ions  f  ,g€  t to (x ,d f )  a

rank one bundle with .  connection, which r,re cal l  r( f  ,g).

l,- nuna _1-5.

a )  r  ( f  , g )

b )  r ( 1  - g

Proo f .

in part

( s e e  t 4 l )

o  r ( g r f )  =  ( 0 X r d )

, g l  =  ( 0 x r d )

f o r  f  , 9  €  Ho  ( x , 0 i )  .

V
We choose a Cech-cover such that

b)  )  are  def ined.

i f  9 , 1  -  g € Ho (x ,  o i )  .

loga g ,  1o9a f ( o r  l o g o ( 1  - g )

a )  T h e n  r ( f  , g )  a  r ( g r f ) is represented by

logßr)  
.  , * (  

logos losts)

.  d f .
ro9^ ,9  v l  .

t l t !

1 ' �

B a ß  =  g

=  
* ( l o s o f

A f la t  sect ion is  g iven by

= exp (-+- Ioq f . Iocr o) .

obtain a f lat section one

1  , -

r ß l Ä o  =  g z l t ( l o g o ( 1  
- g )

g g +
g

b ) has to f ind

- l o s u ( 1 - s ) )

To I  ^ .  sa t is f  y ing
0



- d t r o - 1 ia n d  # = T * l o s o ( 1  - s ) r y  .
, . c f ,  - L t t  e  g

The second di f ferent ia l  equat ion leads to the solut ion

t r o  =  e x P ( -  *  I l o s o ( 1  - e ) { l
u Y

(S .  B loch ' s  d i l oga r i t hm func t i on )  .

S ince  l ogo (1  -  g )  -  l og r ( t  -g )  i s  cons tan t  on  the  conponen ts  o f

Uaß one has

rulro = ""p (* '  I  t toso (1 -  s) -  losu (1 -  s l  ls$l

=  . * p ( *  ( 1 o 9 * 1 1  -  s )  -  t o g a ( 1  -  s )  ) l o g  g )  .

1.8. From now on, !üe consider a compact Riemann surface y, a f ini te
set of points S and J :  X = y - S -> y. We define 0f (*S) to be
the sheaf of meromorphic functions, holomorphic and invertible on x

1

and fl"(log S) to be the sheaf of meromorphic differential forms,

holomoiphic on X and of logar i thmic growth at  S. I f  f ,9€ t to(y,o+(ts) )
t he  cocyc le  o f  r ( f  , g )  i s  by  (1 ,4 ,  i v )  i n  f ac t  a  cocyc le  i n

0*. (*.s ) --+ nl tros s ) .Y  r -

For  x€S le t  o rd , .  : .0 f  ( *S)  *Z*  denote  the  order  o f  a  zero
or pole and let resx : Oltfos s) ----> Gx denote the cauchy-poincare
residue. We have res*C 1og = ord*r

1

kernel (f_lord* ) = 0$ and kernel 1l I res*) = 0.,, .
x€s -€S

Altogether we obtain a dist inguished tr iangle (see 16l or (2.21

for this notat ion)

(1.e) ci  r : '*  toi  {Jes' nl l  --- '  (0!(*s) d los' nltrov sl l

\ /
t 1 1  \  /  ( o r d , r e s )

\ L

r l  I  z-=* |  lc_l _**_.-r-- l laSt-11
iE3 * ffi x' exp(zr_n, iE3 *

The component.s of the induced maP

I r1  (y ,o i ( *s )  ->  n l t los  s )  )  - - ->  n1  ( " , * *  a i t -11)  =  
k*  

a l



g

are denoted by äx. I f  on

an element p of  the lef t
a n y  c [  $ r i t h  x € U 0 .

v
a Cech cover  {uo}  o f

hand side ,  t4en ax (  p )

(Ec rß r to )  rePresen ts

exp (2Lr.  re sxrrr '  )  for

Y

a )

L e m m a  1 . 1 0

The natural map

r-s a

b )

e  :  ( 0$ ( *s )  ->  n l t l os

quas i - isomorph ism.

A 'r = T !, therex x

T - - ( f  , 9 )  = [  ( - 1
x '

s ) )  ->  R j * (0 i  +  nJ , l

"tame-symbol "T is thex

) 
ord*t . ordjcg ord fx' g

-o rd  q
- f  * - ]  ( * )

P r o o f .

a)  A induces a  morph ism of  the t r iang le  (1 .9)  in to  the t r iang le

a i  -  l j * c |  
g ' r ' >

- \ /

1 1 l \  /
\ I L
j l  c j  r-1 l
x€s ^

Rj*(o i  ->  n l l

being an isomorphism at two corners.

T* are mult ip l icat ive in both arguments.  As for

T * ( f  , g ) ' T x ( g , f )  -  1 .  I f  b o t h ,  f  a n d  g  a r e  u n i t s  o n e
=  1  and  T* ( f  , g )  =  1 .  F rom the  de f i n i t i on  o f  T *  one

9r9)  =  1 .  I f  t  i s  a  loca l  parameter  a t  x  r^ /e  can wr i te

g =  v- tp  for  locar  un i ts  u  and v .  By mul t ip l ica t iv i ty

proof of  b )  is reduced to

b )  ä * o  r  a n d

a or one hasx
h a s  ä * - r ( f r g )

o b t a i n s  T x ( 1  -

f  =  u . t v  a n d

a n d  ( 1 . 6 , a )  t h e

0 )

ß )

f  a u n i t a n d  g  = t

f  =  g  =  t t

!,rhere we may assume that arr pores and zeroes of

r ( t , t )  6  r t . f , t l  =  r t . $ , t l  =  r (+ ,+

( b y  ( 1 . 6 , b ) )

ä * t ( t , t )  -  ä *

fol lows from

t are in

)  -  ( o x , d )

S .  S i n c e

and since the same holds for T* $re have

r  ( t  -  1  , t )  a n d  T *  ( t r t )  -  T *  ( t  -  1  , t )  .  H e n c e  c a s e  ß )
o ) .  T h e  e x p l i c i t  d e s c r i p t i o n  o f  r ( f , g )  i n  1 . 4 ,  i v )



s  r , t  = = l -  l o q g d t-0  2Ln 
- -  >  c [ -  t

( f , t ) = 1 / t ( x )  =  T *  ( f , t )

o f  a  f ie ld  one has

-+ lirn rr 1 ("-r,0ü(*S) -* f4(tog S) )
€v

.6  ,b)  .  Therefore  r  fac tors

1_l
x€X

l_t
x€X

where the first line is the exact sequence obtained from the Gersten-

Quillen resolution (we just need that this is a complex, rn'hich is easier
to prove ) and the second line is the exact sequenee of the triangle
( ' l  .9). Therefore we obtain

T h e o r e m  1 . 1 2 ( B l o c h ,  [ 4 ]  ] induces a map

r  :  K,  (Y)  -> u l  (Y,C*;  -  l t1  (Y,  0 i  - - -+  n l l

(cal Ied the regulator map) .

R e m a r k s  1 . 1 3 .

te  11s

and

1 . 1 1 .

us that for

res (,ü = =]-
x cx, zLlT

a sui table cover of

tega f  ( x ) .  The re fo re

Y

a rx

By l4atsumoto I  s descr ipt ion of  KZ

K Z ( c ( Y ) )  =  c ( Y ) *  r z E ( Y ) * / < g  @  ( 1  - g ) , 9 e  a ( Y )  - { O , t } > .

On the other hand, induces a map

at(y)ono (y) * = 
H 

H0 (y-s,O$ (,ts) )*u"O (y-s,gi Fs) )

whose kernel  contains al l

over

The descr ipt ion

introduction to

F '  (p  )  such that

s  o  ( t  -  s ) ( t

K- ,  (C  (Y )  )  .z

From (1 .10rä)  we have a  commutat ive  d . iagram

l l  t *
K 2  ( Y )

-+ lHt (",0i -+ nll --> 
H?

Kz

nI1

( Y )  )

, 0 ü  (

(a

I'
( Y .  l l  a x

l --+

c*x
I

v
c *

x

due to S. Bloch of the regulator map may serve as an

the constructions of 52 . There r/,re \4ri11 def ine complexes

on an open Riemann surface



. .lil

1 n
X  =  Y  -  S  l H  

'  ( X ,  F ' ( 1 ) )  =  H "  ( Y  , ? i ( r ' S )  )

and such that

( 2  . 1 2 1

rt2 lx,F'(zD =lr1 (x,0i --- oL) = u1 (y,oi(*s) ----> ol(ros s11.

I t  wi l l  be even possible to real ize F'(p) as a complex of sheaves in

the Zariski-topology, whereas for any algebraic manifold and q > 1

*7.'  (x ,%(n ) p ) - 
4;: (X, cr ' in , .

The reason why this construction is not necessary ln the case of a

curve is just that the target. group of the regulator map is

l t 2 ( x , F ' ( z ) )  a n d  t h a t  2  >  d i n n Y  .  ( 2 . 1 3 )

52 The Deligne-Bei1i

In this section we rvant to generalize the definition of the Deligne

cohomology in severaL respects. In particular we want to explain

A. Beilinson's "theory wLth logarithmic growth along the boundary" which
- using GAGA - can be viewed as an algebraic version of the Deligne

cohomoJ-ogy  (see [3 ] ] .

For the applications to higher regulators described in this volume,

A. Beilinson uses cohomology theories for real algebraic manifolds. The

difference between the complex algebraic and the real algebraic theory

only comes in when one calculates examples or when one tries to deter-

nine the image of the D - 5 - cohomology in the Hodge filtration of the

De Rham cohomology. Hence, as long as it is not stated otherwise,

the definitions and resultsi hold in either of the following situations:

2.1 .I .  X is an algebraic variety over t [  considered with the classical

topology and 0- denotes the sheaf of holomorphic funct-ions .

lH' is the hypercohomology viewed as a functor from the derived cate-

gory (of comp.lexes ) of u -sheaves on x to the derived category of abelian

groups and - for a complex F' of sheaves - Hq(x,F') Ls thevq-th

cohomology of the complex l l l ' (XrF'),  as usual calculated by Cech-cohomo-

logy or using inject ive resolut ions.
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II) X is an algebraic variety over lR . Then a sheaf (or a complex

of sheaves) F on X is defined to be a pair (Fro) consist ing of
a sheaf (or a complex) F on x(A) and an involut ion o conpatible
wi th  the  complex  con jugat5 .on  F-  on  .X(C) ,  i .e . :  o :  F  5  t - * t .
Of course, all morphisms and quasi-isomorphisms of complexes are

supposed to be compatible with thä involution chosen, <s> = r,/2

o p e r a t e s  o n  ] t t 9 ( x ( C ) , F ' )  a n d  o n  t h e  c o m p l e x  u ' ( x ( a ) , F ' )  ( i n  t h e
derived category). If E'(<o>, ) denotes the group cohomology functor
on the derived category of abelian groups with o-action, we define
l H ' ( X , F ' )  =  t t ' ( < o > , ü ' ( x ( a ) , F ' ) )  a n d  ] I t q ( x , F ' )  a s  t h e  q - t h  c o h o m o l o g y
of this complex. In down to earth a"r*" *P-9 1X,F') is the abutment of a
spec t ra l  sequence HP( .o rÄtq(x (a) ,F ' )  )  and,  i f  F '  i s  a  complex  o f
s h e a v e s  o v e r  Q , .  u 9 ( x , F ' )  a r e  t h e  i n v a r i a n t s  u 9 ( x ( c )  , F ' l o .

Exampl-es ;

On the constant sheaf tD on X(O), there are two possible involut ions:
F-:lD ----+ F-*lD = C acting on O as identity and o:O ----> F_*C
acting as complex conjugation. We ahravs, assume that !.he sheaf tD
on x is the pair (C,o). Correspondingly, i f  S. l  ,^, dänotes the
complex of lR-valued C to.." trre invorltio., .rräJ5il or, Äitcl = si(a)"na
is the one induced by o on the second factor. Restricting. this
to the subcomplex 0itCl of holomorphic forms we obtain the involution
operating on the coefficients of a differential form by conjugation.
On the algebraic differential forms this corresponds to the action of
Gal (A/lR) induced by base change from lR to C on the algebraic Kähler
differentials. Denoting all- those involutions by o rde remark that o
respec ts  the  Hodge decompost ion  o f  # (x (c ) ,a )  i .e . :  o  (# -p 'p )  =  Hk-p ,p .

2.2. Let u:A' ----+ B' be a morphism of complexes of sheaves on X.
The cone of u is the complex

C o n e ( A '  +  B ' )  =  C ;  : =  A ' [ 1 ]  e  B '

r^r i th the dif ferentials

Aq*1 e 69 _q* Aq*z e Bq*1

( a , b )  J -  ( - d ( a ) , u ( a )  + d ( b ) ) .
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The naturat inclusion BQ ----* Cl and the projection
u

complete the triangle

A' ---------+ B'

. \  /t 1 l \  /\ U
C; (where B'c---+ C ' ---+> A' [ 1 ] is exact)

An arbitrary tr iangle in the derived category is dist inguished, i f  i t  is

the image of one of those just constructed. I f  one applies a Qerived

functor to a dist inguished tr iangJ-e one obtains a dist inguished tr iangle,

For example if

A' --> B'
( /

\ . /
r t  \  , /

\ .tzc

is dist inguished, then

ü' (A') --------------> nI' (B')

' \ /
t 1 1  \  /

t, t/
IH'(C') (where n{ '  denotes the hypercohonology

functor in the derived category)

is distinguished and - regarding the cohomology of the complexes

n ! ' ( A ' ) ,  H ' ( 8 ' )  a n d  n i ' ( C ' )  -  o n e  o b t a i n s  t h e  l o n g  e x a c t  s e q u e n c e

. . .  - - - >  n 1 s  ( 1 .  )  > n 1 q ( 8 . )  - - - +  l r q ( c ' )  - -  u g * l  ( A ' )  - - - >  . . .

(see [6] or [14] for a nice introduction) .

Lemma 2 . 3. Let u" : Al ----> B' and u2 : Ai ----> 8' be trvo morphisns
|  |  r r . - f i ^  z

o f  c o m p l e x e s  a n d  C ' = c o n e  ( A . ,  e  A ; ' t  
' 2 >  

B ' ) t - t l .  r h e n

c. = cone tol lf----- cone (Az 
-ot 

, B. ) ) t-11

= cone 6 ;  
- :1  

cone (Ä i  
o1  

t  8 ' )  )  t -1 I

Proof. Atl  three complexes are equal to A1 e A; o Bjt-t l  with the

d i f f e r e n t i a l  6 [ : 1 ]  =  - s  ,  J . . e . :

( a 1  , a 2 , b l  l - + - ( - d ( a . ,  )  , - d ( a 2 l  , u . ,  ( a . ,  )  -  u 2  ( a r l  +  d ( b )  )  .
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sequences :

a )

b )

c )

Let CIX (1og D) be the

holomorphic on X and with a

a f i l t ra t ion o f  CI i  (1og D)

De Rham complex of

t  most logar i thmic

by subcomplexes

D)  - - ->  n** t  { ton D)

meromorphic forms on x,

poles along D. ! {e have

n l t l o s  D )  ) .

( s e e  [ 7 ] ) :

quas i- i somorphj- sros 3

Us ing  the  no ta t i ons  f rom 2 .3 . $re have three long exact

- uQ (c') ue tni I  o l tq Äi l  --+ n1q (B') -+ n1q*t ( c ')  --->

- -> l tq (c ' )  - - - ->ue tn i  I  f i q (cone(A j  
- t ^  

t  B ' ) )  - ->u tq*1  (c ' ) - :

- - > l t q ( c ' )  - - - > u q t n l t  - - + l r q ( c o n e ( A i  t 1  
t  s i l l  - + n 1 q * l  ( c ' ) - > .

2.5 Let X be a n-dimensional algebraic manifold (over C over lR) .
A "good compacti f icat ion " of X is a proper algebraic manifold X with
a n  e m b e d d i n g  j :  x - - - - > f  s u c h  t h a t  p = T - x  i s  a  n o r m a l  c r o s s i n g
divisor ( i .e.:  local ly in the analyt ic topology D has smooth components
intersecting transversal ly) .

rB = (o nP* ( tog

of logarithmic forms needed are

a f f j - ne  n j *nX=  j *C I i .  The re  a re

->  n j *C Ix  =  j *01  < -  C I * ( Iog  D)

The propert ies

a )  S ince  j  i s

R i *C

and hence

b )

HQ (x , c )  -  uq  (T ,C Ix (1og  D )  )  .

The natural maps

,p : HQ tT,rf,*1 I -* uq (T,t3)

r  :  n rQ t f , r f )  - +uq (x ,0v ( l og

It9 (xrc) carries a mixed Hodge structure, and the Hodge filtration
rPn9 (x ,c )  i s  g iven  by  Im( t ) .  Moreover  the  cokerne l  x9(x ,c )  / rPg9(x ,c )
of r is the same as s91X,ofp (1og D)) where nf t fos ol denores
the complex

and

D)  )  a re  i n jec t i ve .
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0 * 0f ---+ n{ (1og p) . ----- n*-'(log o) ---+ o.

The cokernel of rh is g9-P 11,9P 11os D) ) .
v x

c) By GAGA, uetf,r f ; t  can be catculated using the . corresponding

complex of algebraic differential forms in the Zariski iopology.

d) nqlX,r 'Bl is independent of the good compacti f  icat ion chosen.

Def in i t ion  2 .6 .  Le t  A  be  a  subr ing  o f  IR  and a(p)  =  (2 in )P 'a  c  C.

The Deligne-Beil inson complex (D - E - complex) of (X,X) is

a ( p ) p  =  e ( P ) p , 1  =  c o n e  ( R i * A ( p )  e  F B  € - 1  t  R i * O i )  t - l 1  w h e r e  e

and r are the natural maps and where nj*oi j.s represented in such

a way that both maps exist (for example by the direct image of an
inject ive resolut ion of Oi).

If f : Y ----> X. is a morphism of algebraic manifolds we can choose
good öompactifications V and X such that f extends to E::y ----+ x.
Thereby  \ re  ob ta in  a  morph ism E* :e (p)p , *  -+  E*e(n)p ,y

2 .7. Other descript ions: By (2.3 ) r/re may write as well :

A(n)p = cone ( rB -+ R j *  (cone (A(p)  -> CI" )  )  )  t -1  I  or

A  (p )  p  =  cone  (n i *a  1p1  cone  ( rB  n j *ax )  )  t -1  I  .

Using the second d.escr ipt ion one sees immediately that n @) p l*  
is

quasi- isomorphic to the complex %, (pl  
0 ,^n 

def ined in (  1 .1 )  .  A

quas i - isomorph ism o z  % (p l  
O ,un 

->  f ,  (p)  p  l *  
is  g iven by

n@) -+ 0* --+> ... -> CIl-z ,, CIl-1 --> 0
.;tr, 

Jtü* =q .:- i 
t*i-'-r;'n*n*rnp-1 

tü* *i.trnl

fo r  < rn  ( r , r )  =  (d r . r ,u r ) ' ( - t1P and or (o r )  =  ( - t )1 . ,  .  The proo f  fo l lows

eas l l y  s ince  6n_11n1 =  (  o ,c tn )  and 6n( r l  ,n )  =  ( -d r l , , - , t+ i ln )  .

L,enrna -2=L ltq (i,a(p),) is independent of the good compactification
chosen.

Proof. n'(x,a(pln) is one edge of a dist inguished tr iangle whose other- v

tno edges,
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l r '  ( X , R j * A  ( p )  )  o  l H '  ( f  , t B )  a n d  l t '  ( X , R j * 0 x )  ,

remaj-n quasi-isomorphic und.er r* for a morphism r : f r -> X

between good compact i f icat ions of  X.

Since each manifold over C al lows a good compact i f icat ion hre

can def ine:

Definit ion 2.9. Let X be an algebraic manifold (over C or n)
Then the Deligne-Beilinson cohomoloq,y (or O - E cohomology) is
defined as

n $ { x , a { p ) )  =  u 9 ( i , a ( p ) a )  .

Keeping in mind that Cone (Ff, ---> ni*O*) is quasi-isomorphic to
ofp troq ot and that cone (Rj*A(p) --;  nl*n; l  = Rj* a/A(p) we can
r e w r i t e  ( 2 . 4 )  a s :

9qf9!Lgry_2.,_t0- There are J-ong exact sequences

a) ----- Hrq(x,A(p) ) ----> n9(x,A(p) ) e rPs9 (x,c) ----> lrg(x,c) -----

- - +  " ; * t  ( * , A ( p )  )  - >  . . .

b) ----- H|(x,A(p)) ----+ lr9(x,A(p) ) =+ n9(x,c)/rP -----* ";*t (x,A(p)) ---+

c) ---* Hrq(x,A(p) ) ----> rPsQ(x,c) F--+ Hq(x,c/A(p) ) * "3*t (x,A(p) ) -->

Propos i t i on  Z .  t  Z .

i )  " ; ( X , A ( p ) )  =  o  f o r  q s o  a n d  p : 1

i i i )  Let 0(X)1._ denote the group of algebraic invert ible functions'  ' 4 l . ( '

on x. Then ther6 is a natural map

i i )  " l t X , A ( 1 ) )  =  { r e  n 0 ( x , j 1 , 0 * / a ( 1 ) ) ;  d f  € " 0 ( X , n * ( t o s D ) ) }

p  :  0 ( x ) ä r g  " l t x , A ( 1 ) ) .

For A = n the map p is an isomorphism.
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Proo f .

f o r  p Z

ii ) hle

S ince

1  i )

have a

(-/
A ( 1 )

A ( 1 ) 3

Hq (x ,  rDlA (p

fol lows fr

morphism o

3 = cone (r]

l "
t l

= Cone (FO

) ) =  o  f o r  q < o  a n d  r P H o ( x r c )

o m  ( 2 . 1 0 r c ) .

f complexes

j * cone  (A(1 )  - - -+  C I i )  )  t -11

R j *cone  (A(1 )  -+CI i )  )  t -1  l

= 0

By  (2  .4  , c l  h re  ob ta in

o ---) Ho (X ,j*tr/A( 1) ) ---+

o ---> n*tlos D)

4 e
l t ' ( f  , A ( 1

I
ü n

e  j * o x l A ( l )  - 5

(ur, f  )  l - -+

)  )  - + >  r l H t  ( * , lD)  
-> H

I

n* t los  D)  @ j .nL -+

( +dur , +ür-d.f )

'  
, x ,  j * C I / A ( 1 )  )

f
o  - - -+  Ho  (X , tD lA (1 )  )

1- >  " i t x , A ( 1 )  )  -  1 1 H 1  ( * , n )  - >  H 1  ( X , t D  / A ( 1 l l

and using the five Lemma ute find

A ( 1 )  j -s quasi  isomorphic to

n to be an isomorphism.

and n] tx,etr t t is given by s0 (ker a) .

i i i )  r he  l nc l us i on  z (1 )  - - - +  A (1 )  i nduces  n l ! , z , ( 1 ) )  - - - >  n l t x , e ( l ) )
and we just have to consider E = A.

Since

oxlz( l )  U 
; l  

corunutes,

""n\ 
.*/  

u'on

and since -rp € ttO (f , j*0i) is meromorphic along D if and only if

d  l o g . p e  s 0  l f , 4 t l o g  D ) ) ,  w e  o b t a i n  f r o m  i i )  t h a t

" l t x , % ( 1 ) )  =  t p e  " o ( " , i * o { ) ;  e meromorphic along D].

H0 (X r  0*  (v 'D)  )  are  the samel im
v

By

A S

GAGA, the meromorphic functions

the algebraic funct ions.

2 . 1 3 .  R e m a r k .  A s  j - n  ( 1  . 1 )  o n e  d e f i n e s
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*$, "r ,  
(x,A (p) )  = l tq (x,A (p) -> 0x -> .  .  .  -*n!-  1 t

w h i c h  b y  ( 2 . 7 )  -  i s  t h e  s a m e  a s  1 t l q ( X , A ( n ) p l " ) .  o n e  h a s  t h e

natural map

" ; ( X , A ( p ) )  - - - - >  " 8 , . r , ( x , A ( p )  ) .

This map is of  course an isomorphism i f

i f  p  >  d im  X ,  s ince  i n  t h i s  case

X is  compact ,  but  a lso

A ( n ) p  =  C o n e  ( R j * A ( p ) +  n j * C I i ) t - 1 1  =  R j ' . ( A ( p ) p l x )

H o w e v e r ,  f o r  e x a m p l e  f o r  q - p = 1  a n d A = n , $/e have j us'b seen that

0 ( x ) ä r n  =  " l t x , % ( 1 ) )  t - *  , ; , a n ( x , % ( 1 ) )  =  H 0 ( x , o i ) .

2 . 1 4 .  T h e  " r e a I "  D - b - c o h o m o l o g y

Let Si  be the complex of  lR -valued C- forms over X (C) and

Ai be the complex of  tD-valued C- forms. Since C = lR (p) (E lR(p-1)

for al l  p r  one has maps

np -1  ,  C I i  - ->  A*  =  s *  u rR (  IR (p )  @ 1R1p-1 )  )  - - ->  sx (p -1 )  , =  s i  " tR .R (p - l )

In the d.erived category those are the same as the pro jections

C -> lR (p-1) .  Therefore  we have quas i - isomorph isms

. Cone (lR (p) ---+ 0") ----* si (p - 1 )

we denote the induced maps rf ----* j*0i * i*si(p- 1) also by
nn_1 .  s i nce  n j * s " ( n -11  =  j * s i ( p -1 )  ,  ( 2 . 7 )  imp l i es :

(-)
Let IR (p) ,, : =

t\) v

ep :  lR (e )o  - - ->  rR(n )p  be

P p l n ( p ) = o  a n d  P p l n j * C I i

C o r o l l a r v  2 . 1 6 .

L e m m a  2 . 1 5 . cone t r f ; :k l - *  j *sx(p- l )  )  t -11,  and le t
the morphism given by pp 

I rR 
= id,

= np_ 1 .  Then pp is a quasiL. isomorphism.

a )  Fo r  q
n P

H -  ( X , f R ( p )

S p

p l  .

" ;  (X, rR(p)  )  is  the q- th  cohomology o f  the complex



b )

/g

,dtxn(1)) = {ne H0(x, i*sl)r  dn r ies in rm(Ho(x,{( losD}) gH0(X,j .s l))}

= {n e H0 (x-,j*sll ; drn € H0 tx,d(tog D) ) }.

More precisely, i f  dn = nO (o) then drn = 
|o .

c )  I f  d i m X = 1  t h e n

n f t * , : n t z l )  =  t t 1  ( x , a 1 ( 1 ) )

Proof .  n (p) , ,  i s  the  complex

o -+ i*s!(n-1 ) -> ... - j*{2(p-r1 --n$tros ot e j*s[l (n-r) +r{+1 (los D)oi*sl(rF1)+..

n  .  ^ i ,where j*S| (n - t  )  is in degree one. Since al l  the j*Si (p - 1) are

acycl ic one obtains a).

For p = q = 1 a) implies that l t i (x, lR(1) ) is the kernel of

H0  (X ,a * ( l os  D )  )  e  n0  (X ,  j * so )  H0  (X  , n * ( I os  D )  )  o  H0  (X ,  j * s l )

( tp ,n )  F-+  (d tO,  +rq  -dn) .

If dn = r',e ttren d"n = jo and dq = O , and we obtain the two
u 1 z z

descr ip t ions  o f  H;  (x , lR(1) . )  g iven  in  b )

c )  i s  obv ious  s ince  on  a  curve  t3=o and i r lo=  j *s i (1 ) t - l  I  i s

quas i - i sornorph ic  to  R j *R(1)  t -11 .

2 . 1 7 .  R e n a r k s .

i) The isomorphism between the tlto explicit descriptions of
1

H ; ( x , R R ( 1 ) )  o b t a i n e d  i n  ( 2 . 1 2 , L L l  a n d  ( 2 . 1 6 , b )  i s  g i v e n  b y

f  F n ' ( f )  = n  a n d  d . f  =  2 d z ( n . ( f ) ) .

i i )  Us ing  the  language o f  cur ren ts  ( [11 ] ,  chap.  3 .1 ) ,  one can rewr i te

(2.16,b1 in a sl ightly dif ferent way. For examPle, i f  X is a curve and

S  =  T - X ,  w e  w r i t e  a *  =  R e s * ( 2 c l z n )  =  R e s * ( d g )  f o r  x € S .  S i n c e
n _  ' l

dzn € H" (x,OT (1og D) ) ,  n has logarithmic poles and both, n and d"\,

are integrable. I f  t ."n denotes the current associated to d"l  the



general ized Cauchy

dzTarn =

where 6 is thex
impl ies that d, \

fo rmula  impl ies  ( loc .  c i t .  )

2 j - r  I  R e s  ( d  n ) d  =  i n  I  a  öu  x -  z "  x  u  x  xx€S  ( c )

,lq

Dirac distr ibut j -on. On the other hand, this equal i ty

has at  most logar i thmic poles. Hence

" l t xJR(1)  )  =  {n  €  H0  (x ,s$ )  ;n  in tes rab te  and dzra 
zh 

tn*.} 
(CIi*ö*)

S 3 Products

The ai-m of th is sect ion

g i v e n  i n  ( 1  . 2  )  o n  %  ( p l  
D  , u n

( X r x ) ,  w h e r e r  ä s  i n  S  2 ,  X

3 . 1 .  Example: I ,r Ie def ine

u o : A ( t ) p 1 "  6  A ( q ) p l *  - +  A ( p  +  q ) 0 l x

where x (and y) are supposed to be a local section of a(p), FP
or n*. For A = ! this product is compatible under the quasi-isomorphism

c descr ibec l  in  (2 .7 )  w i th  the  produc t  de f ined in  (1 .1 ) ,  1 .e .

o  z , ( q ) 0 r u . r ,  
,  

,

I
l ( s o s )
{,
r , ( q ) o l *  

u o  
,

is  to extend the def ini t ion of  the product

to the ful l  D 6 complex of  a pair

i s  a  g o o d  c o m p a c t i f i c a t i o n  o f  X  ( S e e  [ 3 ] ) .

by x  U o  y =

x ' y

} ( o Y

x ^ y

x ^ y

0

i f  x € A ( p ) ,  y € A ( U )

i f  x € A ( p ) ,  y € C I x

i f  x € r P  ,  y € r q

i f  x e 0 "  ,  y € F q

otherwise

z ( p ) 0 , " r , ( p +

I
,1,

( p +

T' e ) ? , . r ,

cl

q l p  
l x

% @ ) p l *  @

is commutat ive.
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Defini t ion 3.2.  Let q,  € lR .  Then hre def ine a product

U o  :  A ( p l  O  @  A ( 9 ) p  A ( p  *  e )  0  b y  t h e  f o l l o w i n g  t a b l e :

a f ü)

ap a ap q 0 ( 1  -  q ) a  ' u ,
p q

f p 0 f  ^ f
p q ( - 1 ) d e g  f p  o  e  .  f p ^ r q

0)p O . r p . a q ( t - o ) r p n f q 0

represent ing elements of

A ( q ) Fö nx

a ( p ) A ( p  +  q ) 0 CIx

rB 0 pP+9- D CIi

ax CIx CIx 0

concentrated in one deqree.

3.3. To make sense out of this defini. t ion of a product one should inter-
prete this table in the following vray:

On X we have the Droducts

A ( p )  o  A ( q )

A (p ) " CIi ----> ni

CIi e a(e) -+ CIi

j*r| " CIx CIi

C I ;  " j *Fg  nx

as descr ibed above. They f i t  together to def ine a product

Uo :Cone  (A (p )  o  j *FB  C Ix )  t - 11  o  Cone  (A (q )  o  j * t g

>

q



?t

One has to verify for elements y and Tt of degree u and .yt

t h a t  6 ( v  U c  y ' )  =  ö Y  U o  y '  +  ( . 1 ) u y  U o  6 y '

Here agal"n 6 is as in (2.2) and -ö = ö[-1]  is the dl f ferent ia l  in

the cone, shifted by -1 . The left hand side is

a ap q 0 ( 1 - a ) . n d t n

0
( - 1 ) F ' o

( - 1  )  
2 l t o

Utn n rq*
f  ndop g

| 

" - andarp

( 1 - s ) d o n  n  f q  +

( 1 - o )  ( - t ) P - 1 r -  d f
P q

0

whereas the right hand. side is

Here the entries l ive in

0 ,  ' a  .
p

+  ( 1  -  o ) a

a
q

o a
p q

( t - c r ) . n  .  f q

+  (  1  - s )  . n .  ( - f q )

0

+ ( 1 - s ) a n d u rq

c t ( - f p )  .  " q

+ (- I  l2tLs" - fp .  aq X
( - 1  )  P + 1  o  ( - d f p )  n o q

+ (-  112ILuf  ̂ MrI)
q ! -

CI, '  ag' Utn

+ 0

( 1 - s ) d g n f n

+ ( -1  )  P  (  t -o )  r r rnn  ( -d fq ) 0



e ( q ) ( j * F ö )  , , CII

e ( p ) o" 0 CIl '

( j * F B ) p 0 o p + p  
I

u u x

nl- t CIl o p + p  
I

o u x 0

27"

p t p ' - 1

F D ,  A (  ) ,

i *FB

CIx rnte

C I x )  t - 1 1

Taking in jec t ive  reso lu t ions o f

A ( p ) p  6  A ( e ) p

-  0 i )  t - 1 1  - - - >  R j * c o n e  ( A ( p  +  q )

lr le complete this product to a product

obtain a prod,uct

@ Rj *Cone (A (q) ej *rf i

C I l t - 1 1

prod.uct FP- D

computations

)  p .  one has

@ FB ---> t |*n .  This is possibre

the wedge product commutes v'ith

ö ( fn  n  tn)  =  [ -a fn  n fq ( - 1 ) P ' f p n d f n , - f p n f n J

in rB*n e nj *CIx
ö f  U  f  =  l ' - d fp o q - p

whereas U tn =

A  f q , - ( 1  - o ) f n
t - a t n , - f p l  e F B e n j * o x
n fq ]  and s imi lar ly

A(n)p o A(s) ,  - - ->  e(p+9) ,  =  cot t .  ( rB*9 - - - -?  Rj*cone(A(p+q)  - - -+  n*) ) t - r l

by taking the usual vredge

since by the fol lowing

the d i f fe rent ia ls  in  A (

( - 1  )  * t n  uo  u tn  =  t -  ( - 1  )  
p f p  n  u tn , -  ( - t  )  

2 ro tp  n  f q l  .

3.4 Remark. The qui- te compl icated descr ipt ion of  the product is

necessary, since at this stage, we tried to avoid the more fornal

language of sheaves on pairs of topological spaces. Nevertheless, the

reader should compare the defintion with the definition of the tensor-

product of those pairs, given in (4.5 - 4.8). From now on, we just work

with the mult ipl- icat. ion table (3.2) to veri fy the propert ies of the

product' and we leave it to the reader to distinguish whether a given
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express ion l ives  on

P r o p o s i t i o n  3 . 5 .

choose elements

a n d  p  t .

b )  Le t  y " be an element of

s i d e r  ' U 0 .  I f  \  r \ '  a n d  y "

or aI I  the three elements of

two of the elements belong to

The same holds if two of the

X  o r o n  T .

and y '  l i v ing in A ( n ) p  a n d  A ( U ) p  i n  d e g r e e

A(r )  p  .  Us ing a)  i t  i s  enough to  con-

represent al l  the three elements of  A( )
( )

Fo '  the assoc ia t i -v i t f  i s  obv ious.  I f

C I i  ,  t h e n  ( y u O y ' ) U O v  =  y u O ( y ' U . y " ) = 0 .

elements are belonging to A ( ) and one

b )

a) U.,  , .  is  ant i -commutat ive. More general ly ,  Lf
t / 4

concentrated in degree p and p'  then

and y t are

y  u o  y ,  =  ( - 1 ) P ' F ' r ,  U  ( 1 _ s ) y  .

UO and U1 are  assoc ia t ive .

c )  T h e  e l e m e n t  ( a O  =  1 ,

U0 and a r ight - ident i ty

A(0 )0  i s  a  l e f t - i d ,en t i f y  f o r

d )  F o r  c l , ß  €  I R the products Uo and Uß are homotopic.

P roo f :

f O  =  1 )  i n

fo r  U1  .

Vte

p

a )

Y =

l -s

f p

obvious from the def ini t ion. For example i f

€  t j * tB ) *  ana  Y '  =  ,q  €  n l ' - t  ,  t r ren

y u o y '  ( - 1 )  * o t n  ^  , g  =  ( - 1 )  [ r + p  ( t ' r ' - t ' o r n  
^  f p  =  ( - 1 )  [ r ' p  y ' u  ( 1 - o )  y

to  FJ  )  o t  one to  A(  )  and two to  FJ  S ince  c=0 bo th

uo In;ra ( ) and uo I r I  )  eCI-
one "of the two sides"can ^be

( r n ' f q , f r )  a n d  b o t h ,  ( y U 0 y '

ap .  "q '0 r  ,  ap ' t q  ^  f ,  and  tp

are zero.  Hence the on ly  cases le f t ,  where

n o n z e r o ,  a r e  ( . n , ä n , r d , ) r  ( . n , r q , f , )  a n d

u c  y "  a n d  y  U g  ( y '  u 0  y " )  a r e

re spect ive Iy .

)

A f  n fq r

c )  Aga in  i t  i s  enough  to  cons ide r  UO and  (1 ,1 )  UOy '  i s  g i ven  by



d ) The homotopy between U 0  a n d  U ß  i s given by

2 E

i n  t h e  n o t a t i o n  o f  ( 3 . 2 1  .

r  ( - t  ) r  ( o  -  ß ) v
)'l
tg  o therwise

h  (  ö y  I  y  '  )  =

Y ' ) )  = Q  i f

i f

h 3 (A (n ) p 6 A (q) pf----* (A (p + q) O.k-t

h ( y @ y f )  -
A  Y '  i f  Y  €  n [ - 1  a n d  Y '  €  n P  

' - 1

where -  as usual -  'y  and y '  are elements of  degree p and i ! ' ,
.  t l

each in A( ),  F; '  or ni .  we have to shor^t that

y u o y  -  y ' u ß y '  =  ( h d  +  ö h )  ( y e  y ' )  =  h  ( 6 y o y ' )  +  ( - 1 ) F t  ( v "  6 Y ' )  +  ö ( h ( r o v ' ) ) .

The left hand side is given by

0 0 ( ß-cr ) .n'  tq

0 0 ( - 1 ) r ( o - ß ) f p ^ r q

( s - ß ) r n ' . q ( ß - s ) t p  ^  t n 0

For the right hand side lre remark f irst that

y ' * r q  ,  h ( y o ö y ' ) = Q  i f  y + o p  a n d  ö ( h ( y o

( y r y ' ) +  ( r n ' r q ) .  V t e  h a v e

(hd + öh) (urnourn) = (-1 ) r*1 (o-ß) donaurn + (-1 ) 
2tt 

1a-ß)rpntue

( h ö  +  ö h )  ( " n *  r n )  =  h ( ö a p  a  o r q )  =  ( - 1 )  ( s  -  ß ) a n  ̂  r q

( h d  +  ö h )  ( f p  "  , q )

( h ö  +  ö h )  ( r p  "  . p )

=  ( - 1 ) P * 1  ( o - ß)  ( - t n )  ^  0q  ,

ö a n )  =  ( - 1 ) ' u  ( a  -  ß ) r n ' " p

+ ö ( (-1 ) It (a'ß) t,rp^t,rq) =0 ,

and
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( h ö + ö h )  ( r p  *  t n )  =  ( - 1 ) ' r  ( o  -  ß ) r p  r .  ( - f q )  .

3 . 6 .  L e t  e A r A ( n ) p - > n . i * A ( n )  a n d .

er  :  A(P l  o  FB be the  Pro jec t ions

en : A(n)p - ^ 
t Rj*A(p) ---------r R,j*ni and

efi : a(pl tB --!-" nj*ox

By definit ion of a(p)p 12.61 .n -.ö is the cornposit ion o, aro r.O"

in a distinguished triangle and hence "n -.ö is homotopic to the zero
map. We define products

e - o  i d
Uo :  A(p) ,  o  R j *A(q)  R j *A(p)  o  n j *A(e)  - -+  R j *A(p  +  q)

^ e_o id
ur : A(P)a " tB rf;, o rp� ^ "B*n

and

e,ro id
un : A(P)? 6 Rj*oi --!l----------*- Rj*ai o nj*ni 5 nj*oi .

Since UO can - up to homotopy - also be defined as

e l o i d
A(n)o o *j*ni .--]1--.---> Rj*oio ni*n; -A--+ ni*n;

the morphism

Rj*A(q) e rq -€:5 ni*n;

is compatible r,iith UA,UF and, up to homotopy, $rith U0.
M o r e o v e r  e A { y  U O . y r }  = y  U o  e o y '  a n d  e " ( V  U O  y , )  = y  U F . F y ,  a s  o n e
eas i l y  ver i f ies  us ing  the  mul t ip l i ca t ion  tab le  (3 .2 ) .

For the natural map n : nj*Oi --+ a(e )p one has as well-

Y uO n,rn, = n (y Un rrq) .  Altogether we obtain:

Propos i t i on  3 .7 .  I n  t he  t r i ang le

nj*A(e)  t - tJ  -  n j *CIx
{

\ o'/ rtt
\  A ( a ) p
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the ollerations of A (P ) p ief ined by uo, u1 , uo and uo

with the morphisrtls.

a.re corüpatibLe

3.8. Since e(p)p has a f lat resolut ion (of f ini te length) over

z  ( t 6 l  v , 6 )  o n e  h a s  a  m a p  e ( p ) t  " L  e ( e )  ' p  +  A ( e ) ,  o  e ( s ) p  T h e r e f o r e

one has for all o € lR a Product

u o  :  A ( P ) p  " L  a ( q ) D  - >  A ( P  +  g ) t

anC - by the usual constructions fron homological algebra a prod'uci on

the hypercohömology. By (3.5,d) this product is independent of o .

(3 .5 )  and (3 .7 )  g ive  immedia te ly :

AbcgJ€E--3..L uo induces a product u , making 
n9n 

";(x,A(p)) into a

b ig raded r ing  w i th  un i t .  For  Y  €  H$(X,A(p)  )  and t '  €  
$  

(X ,A(p ' )  )  $ te

h a v e  Y u Y ' =  ( - t ) g g ' Y ' u Y .  M o r e o v e r  o n e  h a s  a n  o p e r a t i o n  o f

^e^n f ;  t x ,e (n)  )  on  , . ,eonq{x ,A{p)  ) ,  oeorPnq{x ,c )  
and enq (x 'c )  coming

i iä 
-.o,ra 

and .n- 'äro* the stanääid products. The 6xact sequence

3 .

$Ie

]R

---- H|(x,a(p) ) ----+ tt9 (x,a(p) ) e rPnQ (X,lD) ----+ ng (x,c) --* ";*t (x'a{p) )

is compatible with the operations -

1 0.  The product on the "real"  D -  b cohomolo

re tu rn  to  the  no ta t i ons  i n t roduced  in  (2 .141 .  On

( p ) p  =  C o n e ( F B  
- t p - 1 ,  

j * S X ( p - 1 ) ) t - 1  I  o n e  d e f i n e s  a  p r o d u c t

ü - fi-tn| o ffi io *Gq)p

given bY

L e r n m a  3 . 1 1 .

is  a  morph ism of  complexes.a ) ü

b )

' p

9p*q o U0 is homotoPic to

:  rR(n) .p e f r le  is  rhe

ü  o  ( p *  6  p - )-  " p  ' q .

quas i - isomorphism

(where

given

( -1  )deg 
fp  nnb^ =n

i n  ( 2 . 1 5 ) )



7+

L a r  n f  - ( - t ) F f  n d fa  * ^ p r . - q  \  |  ,  - p  , r  s 5

Proo f :

whereas

6 Y  u  Y '

S ince

np*q-l (fnn fn)

a)  Fo r

ö  ( Y  I

p+q- ', 
( fn'rfq ) l

i s

1 S

[  0,(-  1 )  f  n-df-' p p + (-  l f l tnpfpnd"ql

and y '  o f  degree a n d  p t

y , )  €  ( r f + e , P + I r ' + 1  e  i * s [ * P ' ( p + q - 1 )

L s (aga in  the  d i f f e ren t i a l s  a re  wr i t t en  as  ö t -11  =  -ö  )

A S

[  0 ,dsn^ tq f ,q *  ( - t  )  P -1sp^Tqd fq ]

and ( - 1 ) P y u ö y '

. f  A  ? I  f  + T  f  A ' r I  - f
[ F r  p  q q  p p  q - r  q

= T r
p+q-1

* n q - 1 f q ) )  =  ? T

[ 0 , - ( - 1 ) P * l n n d f n  ̂ s q ]

I o , d s n

t -  ( - 1  )  
p fp  ^  u tn  , -  

F - l l 2gnp fp  A  nq_ t  f q l

) Psn ,,,

we obta in  a)  .

( (nn,-t fp * nptn) n (nqfq
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b) The homotopy is

r  ( -1  )  P i r -  y  A  T r -  ny '
h ( y o y ' )  =  {  P '  q - l

tg  otherwise .

c nP-  1  and y  '€CI i  -1

etements of u1 (X^fi l i  I  Dl . Then

i f

Iite have to verify that

P p Y  ü p n y '  -  o n + n ( v  u o  Y ' )  = h ( ö y o y ' )  +  ( - 1 ) p r r ( y o ö y ' )  + ö ( h ( y 6 y ' ) ) .

T h e  l e f t  h a n d  s i d e  i s  ( s e e  ( 3 . 2 )  )

n q - 1  t q

1T ,( lJp - r  p
- T I"  p+q-  1

As in the proof of (3.5d) al l  the terms occuring on the r ight hand side
are evidently zero except

A ' I T  fq q
(on n  fn )

(hö+öh) (rn*n)

(hö  +  6h )  ( apo

( h ö  +  ö h )  ( f p

( h d  +  ö h )  ( r n

(hö+öh) (rn"tn)

= (-1 )tr+1 tnndrp^rq-1 *q) + (- l f t t(nprpnnq-ttuq)* (-1 )ptd{rrn.,^rq-1rg))=0,

t q )  =  5 ( ö a p  o  , q )  =  ( - 1 ) . p - n g _ 1 r q

r " q )  =  ( - 1 ) P + 1 T r p ( - t n )  n  n q - 1 r q

o  r q )  =  ( - 1 ) p h ( o p  @  ö a n )  =  ( - 1 ) ' * n n r n - * q - 1 . q  =  0

= t-t )2pnnurnnnq-1 (-fq) n -np*g-1 (rpnfq) * nn-.,rp*qfq .

Examp le  3 .  1 ,2 .

L e t  [ 9 ,  n ]  a n d  [ g ' r n ' ]  r e p r e s e n t  t w o

[ e r n ]  t  [ g ' ,  n ' ]  =  t t p  A  e ' r  1 1 n  n r g '  n 1 g  A  r l ' 1 .

As hre have seen in (2 .  161

( - 1 ) * n n f p n  n q _ 1 r q
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" l t x , rR(1)  )  -  {n  e  n0  (X , i *s f ; ) ;  d " r  €  H0 (x ,C I+( tos  D)  ) }

where (p corresponds to 2dzn. Hence the product of two elements

n and n' is given by

l | . d z r t  r  d " n '  , 2 -  ( n  .  n . , d " n '  -  1 1  I  . n . , d " n )  1  . .

) - l n )
i n  r H - ( x , R ( 2 ) o l  =  E 6 ( x . n ( 2 ) ) .

In part icular, i f  dim X = 1 and therefore a3 = O, rt  Urt '  is represented

b y  2 . n ' r l d z n r  -  2 . 1 1 ' . 1 1 d z n  i n  n 0 t x , s l t r t t l a f r o t x , s $ t r ) )  =  u 1  ( x , n ' ( 1 ) )

S 4 Relat ive cohomology

In [3] the o - 6 - cohomology is defined using relative eohorology.

This approach, giving nf ' (T,A(p)r) as a derived functor on the category

of sheaves on pairs of topological spaces, appl ied to {f f , ,nj*Cott" (A(p)->ni) ) ,
w i l l  be  needed in  S  5  to  de f ine  a  D-5-  complex  on  X in  the

Zariski-topology. One also defines a tensor product on this derived

category, to obtain the product for the O - 6 - complexes in the

zariski-topology. In fact, using this tensor product one can simpli fy

the  de f in i t ion  (3 .2 )  and c la r i f y  the  cons t ruc t ions  descr ibed in  (3 .3 ) .

4 .1 . Let j : T ----+ T be a cont j.nuous morphi-sm of topological spaces .

A sheaf on (T,r) is a t t ipre F T,r ,  = (Fi F,,p) where T i-s a sheaf on

4rF  is  a  sheaf  on  T  and 9 :  F- - - - -+  J*F  a  norph ism o f  sheaves .

Correspondingly a morphism o r FT,t -  Fi, f  is a pair of morphisms

E. :F  - - -+  T ' ,  o  ,  F  - - -+  F '  such tha t  ag=tp 'd .

4.2. Let str(T,t) denote the category of sheaväs on (T,T). I t  is easy

to see that Sh(TrT) has enough inject ives. For exarnple: i f  T and

I are injective sheaves on T and T respectively, the triple

J T , r =  l J = 1 O  j * 1 , J = ' L , p r r l  i s i n j e c t i v e i n  s h ( T , T ) .  I f  F E , ,

i s  a n y  s h e a f  w e  c a n  f i n d  1 r ' I  s u c h  t h a t  t :  T c - + T  a n d  p : F c - > 1 .

Then (t O po9,p1 defines an inclusior FE,T + Jf , f  
.  Therefore each

sheaf has a resolut ion by those "special inject ive sheaves".

4.3. Consider the functor

ro : str (T,r) -> Ab defined as
n

r ' ( rF , r )  =  xe r (H0  lT ,? l  -9 -+  n0 ( r ,F ) ) .
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obv ious ly  r0  is  le f t  exact .  r f  p+ (Tr r )  is  the d .er ived category

of complexes of sheaves in Sh (TrT) ,  bounded below, hre def ine

Rr ' , D* (T, r) --> p* (eu )

to be the der ived functor of  f0 .

P ropos i t i on  4  .4  .

a)  I f  F i , *  =  17 '  ,F :  , ,o ' |  i s  a  complex  o f  sheaves  on  (T ,T)  then

n.pi
a1" (  t1, r  )  = Cone f r r '  ( r ,T ' )  - - - - - -+ H'  ( r ,  f  

' )  )  t -11 .

b) I f  f  is  a good compactJ. f  icat ion of  the algebraic manifold x and

t :  o(p) r ,x ,x^  denotes the complex ( r f ; ,cone (e(p)  5  O*)  , - r  )  on
{x ,x)  then Hä(x,A(p))  is  the q- th  cohomology of

nr .  (A  (p )  r ,X ,x  )  .

Proof. I t  is enough to veri fy a) for the special inject ive sheaf
Ji, ,  defined in (3.2). on the r ight hand side of the equali ty we have
the cone of

u '  (T , J l  =  so  ( r ,T )  o  H0  ( r ,  I  )  
- n t "  

o r '  ( T , J )  =  H0  (T ,1 )  ,

wfi:h_is quasi-isomorphic to tto (T,7) . On the other hand nf' (JT,r) = nro (JE,,t) =
H -  ( T ,  I  )  a s  w e I I .

b )  B y  ( 2 . 7  )  " ; ( x , A ( p )  )  i s  r h e  q - r h  c o h o m o l o g y  o f

u'(T,core(S3 ni*cotela(p) ---+ q))t-l l) = coneGl'{f,rf;) ---.u'(x,6rE(A(p)-> q)))t-1 I.

4.5 . for t!'ro complexes of sheaves

1 . n =  
( l ' , F ' , < P ' )  a n d  G E , r =  ( G ' , G ' , , P ' 1

we def ine  the  tensor  p roduc t  FTr*  "  %, ,  to  be  the  complex  (E ' ,E ' ,n ' )

!'rith

E '  =  7 '  o  G '  a n d  ( f o r  p '  =  t p ' o  i d  -  i d  o  r i , ' )

E '  =  C o n e ( ( j * T '  o  c . )  o  ( F .  o  j * Q .  )  
p ' >  F . o c . ) t - 1 1 .

The connecting norphism n' is - on the level of sheaves - defined by
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ni= ( - t ) i . t ( ia  o  v i )e( tp io id)e 01,  E i*  j * t j *F "  o i1  e  3* t* " : *At te  t j *P-1oj*d-11

S ince

a n d  n '

i  r  - _ _ _  _ i- n l-s the zero map n 
* commutes with the dif ferential s

is  a  morph ism of  complexes.

4.6. rf  c(TrT) denotes the category of complexes of sheaves on (T,t)

and K(TrT) the corresponding homotopy category we have thereby

cons t ruc ted  a  b i func tor  o  c (T ,T)  x  c (T ,T)  - - -+  c (T ,T) .  S ince  the  6

product respects homotopies it also defines the bifunctor

o  :  K(T , r )  xx ( r , t )  - - -+  K(T ,T) .  For  a  f i xed  comprex  FE- '  ,

fu - o respects triangles and if both 7 and F are flat F.*- r" maps
" f  

, ' I  L r  L

exact complexes to exact ones. Hence FT,, " respects guasi- isomorphisns

in this case. sh(T,T) has enough f lat sheaves (for example, i f  P on

T and P on T are flat and p -p------ I and V \7 both surjective,

lV ,  j "V  o  P ,  id  o  0 )  maps sur jec t i ve ly  to  (7 ,  F ,9 )  v ia  (ö ,q  o  E  *  p )  )  .

The standard machinery of derived categories and derived functors

shows the existence of a left derived functor

T

o "  :  D  ( T r T )  t D  ( T r T )  - - - - +  D  ( T ' T )

( s e e  t 1 4 1 ,  f o r  e x a m p l e ) .

From now on \^re assume that T and

dimension. Then both Rf '  and oL

of bounded complexes.

4 . 7  .

E have f in i te cohomological

are defined on the derived category

I f  HF , - =  (H '  , f l '  ; y ' )  i s  a  th i rd  comp lex  o f  sheaves ,  a  pa i r i ng

(and  us ing  f l a t  reso lu t i ons  as  i n  3 .8

is given by a pair

and

U X  :  C o n e ( ( j * F ' 6 G ' ) ( E  ( F ' o  j * G ' )  +  F ' o G ' ) [ - 1 ] - - - - +  H '

compatible with n' and y'  .  Taking the special inject ive resolut ions

described in (4.2) one obtains from u a pair ing

U  :  R f  ' ( F T , f )  o  R f  ' ( % r r )  - - +  R I ' ( H r r T ) ,  a n d

u  :  R f  ' ( F T r r )  " L  R f  
' ( G T , r )  - - - +  R f  ' ( H r r r )  .

u t  F i , ,  @ Gö, r : - - ->  Hö , t
F,  , ,  

6L %,  r  
- ->  Ht ,  t )

u- :  7'  o E' --+> H'
Ä
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4 . 8 .  I f  a s  i n  ( 4 . 4 r b t  w e  c o n s i d e r  o n  ( X r X )  t h e  c o m p l e x e s

F * , *  =  A ( p l o , ; ; ' r x  ,  G x r x  =  A ( q l  D  r x , x  
a n d  t r x , *  =  A ( p + 9 1 0 , T . r x  '

the  mul t ip l i ca t ion  tab le  (3 .2 )  de f ines  pa i r ings

A ( p ) ? , x , x  o "  A ( 9 ) p , T , x  *  A ( P + 9 ) p , " , "

In fact ,  the f i rst  calculat ion made in (3.3) shows that Ua,X is

wel l  def ined and the second part  of  (3.3) shows at the same t ime that

Uo,x is a morphism of complexes and that Uo = (Uor1iUorx) is

compat ible with the morphisms n'  f rom (4.5) and Y'=-1 .  I lence (3.2)

def ines a product

3 1  ' { a ( n } ? , x , x )  o "  R r ' ( A ( s )  0 , 7 , x |  
- - - - +  R f  ' ( A ( P + 9 ) 2 , 1 , * )

which - on the cohonology of the cornplexes - coincides with (3.9) and

is independent of d .

S 5 Extensions and c

5.1 The definit ions.and propert ies of the O - 5 - cohomology given in

52 and 53 carry over to the case of separated simplicial schemes Z. of
finite type over G :

A s  i n  [ 8 ] ,  8 . 3 ,  v r €  c a n  f i n d  a  d i a g r a m  X ' . < J = x .  P ) 2 .  w h e r e  p

satisfies cohomological descent and where X. is proper and smooth

and D. = X. - x. is a norma 1 crossing divisor. l i te def ine nf i  tx. ,a tp) )
as the hypercohomology (in the sense of cohomology of simplicial: schemes)

o f  Cone(Rj1A(p l  e  r f ; . - - - - - rn j *n i . ) l - r l .  As  in  (2 .8 )  one ob ta ins

the independence of n$(x.,4(n)) of the compacti f icat ion X.

s . 2  r f  X l  *  
j ' -  

x l  P ' o  z .  i s  a  s e c o n d  d i a q r a m  a n d
l r

(T,t) :  (X. ,x. )--)(f  . ,x. )  a morphism, compatible with p ani l  p' ,  one
knows, that 1* is an isomorphism on the cohomology with values in a(p)

and tE. Moreover ( loc. ci t .)  ?* is an isomorphism on the F-f i l t rat ion

on the  DeRham cohomology .  By  (2 .10 ,  a )  t *  ,  n$(x . ,a (p)  )  - -+n f i t x l ,A(p)  )
is an isomorphism as well. Since two diagrams as in (5.1) are dominated
by a third one (Ioc. ci t .)  we can define:
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Def in i t ion  5 .3 .  The D b cohomology o f  Z  -  is

" ; ( 2 . , A ( p )  )  : =  H f i t x . , A ( p ) )  .

Remarks 5.4. rf  f  :  Y. -+ z. is a morphisn of simplicial schemes

one has - choosing the smooth hypercoverings and compactifications ,i,
in the right way - the obvious map

f *  ,  H7 (2 .  ,A (p )  )  - - -+  " ;  (Y .  ,A (p )  )  .

The exact sequences (2.10) exist  as wel l  for s impl ic ial  schemes, the

definition and the properties of the product rernain unchanged. As in

(2,1rI I )  the o -  E -  cohomology exists as wel l  for s impl ic ial  schemes

over lR .

5.5.  Sheaf i f icat ion of  the Zar iski  topology

Theorem. Let 
'X 

be a smooth alqebraic manifold.

a) There exists a complex AlPlg,g^, of sheaves in the Zariski topology

on X such that for all open subvarieties xr c x one has

u $ t x ' , a t n )  )  =  n q ( x i . r , A ( p ) p , r " r )

b ) Irle have natural- morphisms

c O  :  A  -  o ( 0 1  0 , " ^ ,  a n d  " 1  t  0 * . , 2 ^ r [ - 1 ]  - - +  o l l l 1 , r ^ .  .

(c1  induces  on  x r  c  x  the  morph ism p  descr ibed in  (2 .12 , i i i )  )  .

c) In the derived category of sheaves in the Zariski-topology we have

a product

o ( p l o , r ^ ,  o L  a ( 9 ) p , 2 3 ,  - +  A ( p  *  9 l  o , . z ^ ,

inducinq on xr c x the product defi i ' .ed in (3.9).

Proof. Let U be the category of complex algebraic manifolds (or

real ones - in case 2.1,II1. we denote by II  the category of pairs

(V,v), where V is a proper complex (or real) algebraic manifold and

vcV the comDlement of a normal crossing divisor.
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We define a sheaf F*r* on II  to be a col lect ion of sheaves

n; . ,  = (F.u, F,, ig.,) on (V,v) (as in 4.1 ) ,  together with a morphism
v t v  _ v  v  v

f* :  (Fg,Fu,ou) --+ (f lFgrf*Fu,f*e') for each morphism

f : (ü,U) ----+ {V,v1 , satisfying (f  .g) * = g*of * and id* = id. One

denotes by Sh(n) the category of sheaves on II .  As in (4.2) one f incls

that Sh(lI) has enough i-njeclives. f f o: II -> t, is the "forget-functor.l'

o ( ( t ,V) ) = V, one def ines for F*, * € Sh ( l I)  the direct image

o*f1,,1, to be the Zariski sheaf on U associated to the presheaf

x  J - - -+  I in>  "  
t0  (F1 , * ) ,

( x ; x )  e  o - '  ( x )

where I0 is the functor described in (4.3), and where the l i rnit  is

taken over the direct family o-1 (") of al l  good compacti f icat ions of
x. o* :  Sh(II) ---+ sh(U) is left  exact. Let Ro* : D+ (II)  ----> o* (U) b.
the derived functor. Since

Ho  (X ,o *  (FX ,x )  )  =  1 im_  ro  (  FX , * )

Txlo

one has for a complex Fi , * of sheaves on II :

nl9 1x,Ro*F*,* )  =  l im nrq {Fr . : ( )

o=G, 
^'

Le t  A (p )p r * , *  be  the  comp lex  o f  sheaves  i n t rod .uced  i n  (4 .4 rb ) .

T h e n  w e  d e f i n e  O ( p l O , r u ,  : =  R o * A ( p ) p , * , *  .  F r o m  ( 4 , 4 )  a n d  ( 2 . 9 )  o n e

obtains

Hllrq(xzar,A(p) 0,z,arl 
= 1:1m RI'q(A(p) 0,x,xl 

= lim 1flff,a(n)p) = 
$tx,a(p) ).

o-G, TGr

b) Since a(0)p is quasi- isomorphic to the constant sheaf A
n l tx ' ,41011 =  a  fo r  each connected  open subvar ie ty  X t  o f  X  and
we obta in  cO .  S imi la r ly ,  by  (2 .12 , i1  we can descr ibe  e(n)p ,2" ,  fo r
p>0 by  a  complex  s ta r t ing  in  degree 1  and (2 .12 , i i i )  g ives  on  each open
subvariety X' c X the morphism

c1 : o(x')ä1g = H0{x;ar,oi,ro) ----f i1 lxl*,A(119,2-.) = r<er(rf (x;"r,{e{1 )p,o_.)1) L

d,*äur,  (A(  1 l  o ,zar l2 l ,  .
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c) By (4.8) the products Ua from (3.2) define products on the con-

p lexes  A(  ) r ,T ,x  fo r  a l l  ( f , x )  e  I I  .  The produc t

A ( p ) p r * r *  o "  a 1 n ; ,  
, * , *  

-  A ( p + g ) p r * , *

in the derived category gives / .

' T . T .

Alglp,ru ö A(elp,76y ---+ no*(A(p)p,*,* ö A(9)p,*,*) -> Ro* (A{p*gl j ,*,* l  = a-(p+i lp,7* .

In [10] one f inds the def in i t ion (due to P. Del igne) of  the class

of a cycle in the DeLigne cohomology. Before descr ibing this construct ion

in a sl ight ly modif ied way (S 7) we.recal l  some of the propert ies of  the

cycle class in the De Rham cohomology. Especially we will need that

those cycle cl-asses behave wel l  wi th respect to the F-f i l t rat ion (6.10).

Since !v'e do not know any reference we sketch a proof. üle thank F. ElZein

and ,J.L.  Verdier for useful  conversat ions on those tooics.

6.1 . Let Y be an algebraic manifold over 0 and h (.  y be an
irreducibl-e subvariety of codimension p. We will frequently use some
properties of the local cohomology with support in n (see for exarple
[ 1 4 ] ) :

a) I f  F'  is a cornplex of sheaves and yrc y an open subvariety one
has an exact sequence

.  .  .- uf,-", {v, F') ---+ uf, tv,r '  ) * *in", (y', F' ly, I ----* ufl l ,  (y, F' ) -+ .. .

b)  I f  F  i s  a  loca lLy  f ree  0*  sheaf  and J  <p  one has  n l tv , f l  =  6 .

c) Assume that n - Y, + n. Then b) appl leit  to the cycle n - y,

implies that

" f  ( Y , F  ' ) - - >  * f l n " r  ( y ' , F 1  y , ) .

d )  Let F'  be a complex of  local ly f ree 0x sheaves r^/ i - th Fi  = 0

f o r  i c p .  T h e n  * t i ( X , F ' )  =  0  f o r  ) < 2 p  a n d

otin (x, F' ) c-> "f (X, FP ) .
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In fact ,  one has the spectral  sequence associated to the
" f i l t r a t i on  bä te "

E * j  =  n l ( x ,I  n -

By  b )  n ]  t x ,  Fa )  -  0  f o r  j1  
n .

Hence E+1,  = 0 for  a l l  i  +

tP""P =otin i*,  F'  )  is embed.ded

and of  course for  i  <  p .

2p. For i  + j  = 2p one obtains that

E?P = H!  (x ,  FP)  .I  n '

F t )  + o n t * j  ( *  , F ' I

< p

j

in

o f

The example $re have in mind is: I f  FP

C I X  ( s e e  2 . 5 )  t h e n  o n e  h a s  a n  i n c l u s i o n

denotes the F- f i l t ra t ion

utin (x, rP ) ( x ,C I l ) .

Since n is smooth at  the general  point  one can f ind div isors
. . 'D on Y and an open af f j-ne subvari-ety Y t of y such that' p

Di n Y I  are non singular div isors intersect ing transversal ly and
that

e-> Hpn

6  . 2 .

D 1  "

D i =
such

{ u !  =  Y '  -  D i } i = 1 . . . D

element of HP- 1 (yi -
-  n '  .  L e t  c  ( n ' )  b e  t h e

the tecfr-cocycLe

n t  
- l f l Y t  =

p
n  D !  .

i =1  l -

is a cover ing of
n r  o P  tr l  ' r v l r _ n r l  g r _ v e n

Y r

by

d t " n . . . A d tr P

a ,  t  .  . .  *r p

where t .
l-

is  the def in ing equat ion of  D., '
L

p
U D J , ,

i = 1

B y  ( 6 . 1  r a )  w e  h a v e  a  m a p

c  ( n ' )  b y

1 : "f  (Y,CI?)

r n e o r e m  0 . 1 .  t t Z f  a

There ex is ts  a  cvc le  c lass
,tP r.r ^P r" ;  (Y ,C I i )  such  tha t

( Y ' r n ? , )c-_> Hfi,

H P - t ( " '  - n ' , C I $ , _ n , )  - >  H f  ; t y , , n i , )

sur jec t ive  s ince y  I

a n  ( Y t  , r l  t  ) .  M o r e o v € r r

is af f ine. We denote the image of

by  (  6 .  1  , .c ;  we have an inc lus ion

c n  ( n )  = . n  ( Y r r t  ) o f on Y , l1zing in
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1

R e m a r k  6 . 4 .

defined by

fore cn (n )

determined

(CCI  (Y r r t )  )  =  . n  (Y '  r r " r '  )

a )  F .  E l  Z e i n

a cocycle in the

is the image of

b 1 r  ( 6 . 1  , d )  .

t  9 I  shows in addit ion that .n (n )  -  can be

c losed d i f fe rent ia l  fo rms tn$)  
t r  

-  There-

a class c,  (n )  in ot in (Y, rP )  ,  uniquery

b)  rhe  imase  o f  c r (n )  i n  u f f , f " , o ; f  =  n f f , t v , c l  i s  deno ted  by
c^(n). of course, one can also consider the fundamental class of n

u ?* r !  ) r t
i "  u l f f , t v , z t  o r  -  a f te r  mu l t i p l i ca t i on  w i th  (2 i r )P  -  i n  n f f l , t v , z te l t
we denote  i t  by  c " (n ) .  The image o f  co  (n )  i s  aga in  cn(n) .  In  fac t ,

by the descript ion of (6.2) and (5.3) i t  is enough to consider the case

p = 1. For divisors the equali ty of the two classes easi ly fol lows from

t h e  d e f i n i t i o n  o f  c " ( n )  ( s e e  [ 7 ] ) .

Remark  6 .5  .  Le t  D  be

Then the image of cn (n)

a normal crossing div isor on Y, containing

j -n *f  (" ,  n? (  loq D) )  is zero.
n .

Proof  .  Keeping the nota t j -ons f rom (6 .2)  i t  i s

i m a g e  o f  c  ( n  '  )  i n  H p - t  ( "  '  -  n '  . o p  ( 1 o g  ( Y 'r l  , u u y t _ n t '

choose the d iv isors  D1 r .  .  .  ,Dp such that  D =

Then the cocycle

enough to

n  D )  )  )  i s
r

i !  t  Di  for

show that the

zero. we ffiäy

some f .

d t . , n .  ndt

t 1  ' ' : '

in  cP- '  ,n? ,  ( los
c ( n t )  =  0 .

6 . 6 .  L e t

X  =  Y  I r

has natural

D

" t p

( Y ' n D )  )  ) extends to u l * 1 r . . . r p
p

=  Y I  U
i = r + 1

D !
I

and

f : X ---> Y be a birational morphisllt r isomorphic over

such that  D = f -1  (n)  is  a  normal  c ross ing d iv isor .  one

maps

" l ( " , n Y )  r * ,  H 3 ( T , C I * )  o '  H p o ( x , C I * ( r o q  D ) ) .

pro€os-it ion. The image of c,, (n ) in HB (X, A* ( log D ) ) is zero .

Proof .

c l a s s e s

to get

c l a s s e s

One would  l i ke  to  say that  f *cn(n)  is  the sum of  cyc le

of  cod imens ion p  cyc les  and that  (6 .5  )  impl ies  (6 .5  )  .  However

hold of  f  *c 
n 

(n )  we have to use the descr ipt ion of  cycle

given by B. Angäniol  and M. Lejeu,ne-Ja1abe.r t  [1]  :
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Let M' be a perfect complex of 0* sheaves on Y' The f irst
1 1 . ! T .

At iyah c lass r f i  e  r * t l  tU ' ,n |  o t  M' )  is  the obst ruct ion for  M'  to

have a holomorphic connection. One defines the p-th Atiyah class

1fi. as the p-th exterior power of 1fi. in r*tP(M',ni t" it '{ '} ' rf

1,,(t is acyclic outside of a subvariety Z c.Y one uses the isomorphism

p
Ynx tP  (M '  ,  o

and the trace

m

to def ine the p-th Newton class

( s e e  [ 1 ] '  S  r r ) .

As shown in

a constant the

f*rH = rP
v n  t , f * 0 1

wi th  
'pu l lbacks

T h e r e f o r e  ( 6 . 6 )

m

Lemma 6.  7 . -

outs ide o f

P r o o f . lrle denote by

u x t P  ( M '  ,  M ' 6  n * l  s x t P ( M ' , M '  6  n * ( l o g  D ) )

the logarithmic AtiYah class of M '

@ L  M ' ) o l i *  n x t P ( 0 ,  @ L  M ' , n l  6 L  M ' )

u x t P  t o ,  o L  M '  , 0 ?  @ L  M ' ) ----> nxtP ,O r^rnl)

' u f i .  in  t * *  Ex tPr r r^ ,CIP" ) -Ht (Y ,CI?)

t h e  p r o o f  o f  I T ,  2 . 5 . 3  ( l o c .  c i t - )  c C I ( n )

same as the p-th Newton class nuB - By

in  Ex tP ( t f *on ,n *  oL  L f *0n ) .  The  t i 3 . .  i s

(  t  13 I  ,V ,  3  .  9  .3  )  and one ob ta ins  r *nv 'E-  =- n
fo l lows f rom:

is  up to

r r ,  4 . 2 . 1
compatible
D pulr*on '

Let  M'  be a  per fec t  complex o f  sheaves on X,  exact

D.  Then  o tDv f i . )  =  0  f o r

s  '  H p o ( X , o * )  - >  H B ( X , n * ( l o s  D ) ) .

as r,,relI Lhe morphism

and we cal l  s ( I f i .  )

case I:  Assume that M' is quasi- isomorphic to a local ly free sheaf

on a smooth divisor D'S D. We may write M'= 1i,{- 
1c-9-> i ,{01 for

locally free 0" - module" M-1 and ,1t0. on a suitable öech cover

{ui} we have isomorphism" ,ut iu, * O3l and, i f  f i  is an equation

for D' n Ui ,  roi = giui can be given bi a diagonal matrix l t i th 1

and f i  in  the  d iagona l  .  As  in  [1 ] ,  I I ,  1 .5  the  logar i thn ic  A t iyah

class is represented by a Cech-cocycle of morphisms

ö :  ( i 0 , .  . . , i o )  :  t r  I u i o , . .  .  , i L  
+  , t , [ r + p - k  @  C I * ( l o g  o 1  l u i ' , . .  

. , i k
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I n  o u r  s i t u a t i o n  o n l y  r = 0 ,  k = p  a n d  r = - 1  ,  p : k a p - 1  r n a y  o c c u r .

l {e  c la im,  tha t  " ( f f i . )  can  be  represented  by  a  cocyc le  Of t i . , . . . , ip ) .

S ince  a( f i , . )  i s  ob ta ined f rom a(1 , i . )  by  ex ter io r  p roduc t  ( I I  ,  1 .4
M M

l oc .c i t ) ,  i t  i s  enough to  ver i f y  th is  fo r  p  =  1 .  S ince  M'1 , ,  has  a

Iogarithmic connectiJn for al l  i ,  ctf ]r .1,,  )  is zero. , t  i . '*""rrr in
r  M  l u i

part icular that 6'" ( i)  is for al l  i  on- U. a coboundary in the-  - l  r  -

corresponCing complex. Hence t/re can chanqe the whole cocycle to obtain

the representation wanied.

- 
(Exp1icit ly, i f  we use the notät ions from II ,  1.5 (Ioc. ci t)

6 -1  ( iO)  =  d (q i ' lU io )  =  B 'd f  where  B is  a  d iagona l  mat r ix  hav ing  on ly

1 or 0 in the diaqonal. we have a morphism

"# :  M-1 lu io ->  M-1 6  CI+ ( los  o1 lu .

denotes the

öecrr cocycle

t o

dif ferential in thea n d  o ] . , t i n l  =  e i  '  r f  .  r f  d ,
v  

- r  v  r n
Cech complex h/e häve to change the

obta in the representat ion $/anted.  )

S i n c e  M '

ob ta in  0 ( I f i . )

I lcm (M' i g. . ,rM' .
J-0. . . j-p

ol  t i )  by d '  (#)  to

D $/e may pass to the l imit and

nfitrw ol u.* o ) 
= tim rbm(ro_ " g'lu.. 

, ,M'{trw o) iu* *) .t 0 .  .  . t p  m  m  t 0 .  .  . t p  - 1 0 .  . . t p

B y  d e f i n i t i o n  o f  t h e  t r a c e  m a p  i n  t 1 3 l ,  V ,  3 . 7 r t h e  t r a c e  m a p  c a n

calculated on a öecn-cover ing. Hence cr {Dvf i .  )  is represented, by

co l lec t ion o f  e lements  o f

t * *  H o m ( o o - , i u . ,  
r , n * , l o s  

o 1  l u i ^ - - - i  )
m  t o ' ' ' t p  a o ' ' ' t p

Those groups however are zero.

To reduce the general case to case I, we need that the logarithmic

Nev.tton classes ctDvfi .)  with support in D are addit iVe for exact

sequences of perfect complexes, acycl ic outside of D. In fact, the
p r o o f  i n  [ 1 ] ,  I I ,  4 . 3  u s e s  j u s t  t h e  a d d i t i v i t y  o f  t h e  t r a c e  ( [ 1 3 ] , V ,  3 . 7 . 7 1
and carries over to logarithnic Newton classes rdith support.

C a s e  I I :  I f  D  f c  D i s  smooth and M'  quas i - isomorph ic  to  a  0O,  -module ,

local ly f ree resolut ion A/.  Since N is bounded

is  acyc l ic  outs ide o f

as a öecfr  cocycle in

be

a

we can take an o o '
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and

-vr.1

( O  * N - r + l  +  . . .  +  l \ f s  *  0 ) + (0 * N-r + . . .  *  Ä/-s *  0) '> (0 *  N-r *  O)

i s  exac t ,  case  I I  f o l l ows  f rom case  I .

C a s e  I I I :  f f  l l l ' any 0X coherent sheaf F

F *  =  F  @  0 * ( - . I . * i D i ) .  F o r

0 :  - shea f  . t a  * ; f . i "  i n  case
t ) .

l-

is  quasi- isomorphic to

D,  we can f i l te r  F  by

r . . . . r f f i r )  F * / F * ,  i s  a n

is  any  per fec t  comp lex ,

$t i th support in

m r  =  ( m 1  , . . . r * i * l

C a s e  I V :  I f  M '

I I .

acyc l  ic outs ide of D , hte use

the sur jec t ion

- 1
( 0  + M  .

$r i th  kernel

i n  " l n l ( Y , n l ) ,  w h e r e  I n l  i s
n o t a t i o n s  f r o m  ( 6 . 6 ) ,  f  t  T  - - >

o v e r  X = Y  l n l  a n d  s u c h  t h a t

cross ing d iv isor  one obta ins  as

+  M - " - 1
- s  

+  0 )  +  ( O  - |  l t d - s / t m  ö _ "  +  0 )
ö

- Q

(O + M-r ->

to  reduce the  proo f  o f  (6 .7 )  to  case I I I .

6.8. The definit ions of the. cycJ-e classes with values in OP, FP, c

and ! are - as usual - extended to the group zP(y) of codimension

p-cycles. For exErmple, for n = X vit i  e .zP(y). one defines

c n ( n )  =  X  v t ' m u l t ( n i ) ' c n (  ( n t ) r . U )

the suppor t  o f  n .  T f ,  keep ing the

Y is a birat ional  morphism, j -somorphic
- 1

f  ' ( l n l )  =  D  i s  a  n o r m a l  c r o s s i n g

w e l l  t h a t  c f * ( c n ( n ) )  =  0 .

Remark  6 .9 .  One  can  cons ide r the statement corresponding to (  5 .6 )  for

denotes the F- f  i l t ra t j -on o f  Oi (1og D)

cr (n)  is  mapped to  zero  under

"F instead

it vrould be

o f  " 0 :  I f  F ;

nice to know that

*?i, (v,rP1 -> o3n rx,rf;) .

hl i thout th is we st , i l l  obtain:
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Prg lgE_. i t ion  6 .10.

c -  ( n )  l i e s
.E

l ies  in  the

in the

image

If  Y is a complete algebraic manj- fold and i f

ke rne t  o f  * ? f i , ( v , rP1  -> l t 2p ( y ,FP1  ,  r hen  , c r ( n )

of the composed map

(X, n$ (Ios

1 
cx.r*

( x

l

I  
1 ' Y

"Tn | (Y,np")

D ) )

rrrith exact f irst rolr

One has a commutative

l ies in the i-mage of t o  Y .

u2P- t  tx , rB)  ß  >  HP- t  tx ,n* ( ros  D) )

T

*? l ' t

ß '  is in j  ect ive

( 2 . 5 ) .

( 6 . 2  r d )  a n d ,  s i n c e is  compact , is  sur jec t ive

7.1 . Let Y be a complete algebraic manifold, n a codimension p

cyc le  and x  =  Y . -  In l .  we de f ine  l t i - ,  (y , r (p ) " )  as  the  hypercohomologf
i  I n l  -  u

S r o u p  H i n , ( Y , z ( p ) r ) .  B y  d e f i n i t i o n  o f  n l p l O  a s  a  c o n e  ( 2 . 6 )  w e  h a v e

an exac t  sequence (2 .2 )

----- r{fü1 (y,a) --+4p,(t,ztetet - f,fi, (y,zrp1 16{P, tv,rg 4 rff, tv,o ---> ...

codimens ion H?P;1
l n l

of the two natural

. Therefore hre may

Since 2p -  1 is smal ler than the real

Moreov€r r  s ince e is the di f ference

r  ,  0 ( c , T / , ( n ) , c . r ( n ) )  i s  z e r o  ( s e e  6 . 4 1

I
Y r F P )

x

( v , c )  -  o  .
maps e and

regard,

r : rn2p-t tX,rB) u2p-t (",rP) ----> *?fi |  
(y,FP) .

Proof ;  Under  the assumpt ion cn(n)  l ies  in  the kerne l  o f

"Tn  |  
(Y ,oY)  ->  Hp  ( " ,C I l )  and  by  (6 .1  ,a )  in  rhe  image o f  Hp- t  ( * ,n l )

(6.6) and the commutat ive d, iagram

HP- t  t * ,C I * ( tos  D)  )  ->  HP-1

\

\  
Hp-1

impl ies that  cn (n )
diagram

(x,nl) t--* 
"Tn | (Y,CIPy)



. q'z

(c*(r t  )  ,  c, . ,  (n )  )  as an element

By the forget morphism

) r ,n tT ; r ( v ,n (e )p )  - - ->

we obta in  the cyc le  c lass  o f

the sequel .

of  *? i  ,  
(Y ,n(n)  p)  ,  and hre ca l l  i t

"?rn (Y ,% (p ) )

c ,  ( n )

R e m a r k  7  . 2 .  I f  Y  i s  n o n

on a good compact i f icat ion

*?fi r (Y,rlV-"1 ) instead or
cF (Y,  n )  of  the c losure n
nt2P (Y , rP ) rve can as well

r R l

wi thout  suppor t ,  ca l led ü  (n  ) l-n

compact and n @l g is the D b complex

1,,  the same construct ion works with

} I?p .  ( y ,Fp )  .  However ,  s i nce  the  c lass* ' l n  
l  t  " -

of  n j -s already def j -ned as an element of

compactify f j-rst and use at the very end the map

I f

( n
n and.  n '  in tersect  proper ly

n ' )  a n d  ü ( n ) U V ( n ' )  = ü ( n ' l ' ) .

g :  Yr ---*  Y is a morphism and n a codimension

is of  cod, imension p as hIel l ,  then

? l .n  {Y "n (n )  o )  and  g *  (ü  (n ) )  =  ü  ( s *n )  i n

Proof. The second equali ty fol lows from the f irst one.^By (3.7) the

cup produc t  i s  compat ib le  w i th  the  usua l  p roduc ts  on  f f f  ' , tV ,Z t . t t  and

"f ' , tv,r ' ) .  since "O is uniquely deterrnined by "2, and c.F , the

first equality follows from the eorresponding ones for % and cF
( s e e  [ 9 ] ,  f o r  e x a m p l e ) .

The same argument proves 3

P r o p o s i t i o n  Z . S .  I f

p  cyc le  such that  g*n

g * c r ( n )  =  c O ( g * n )  i n

^6 ,  (Y ,  ,% (p )  )  .

" ' rn  (v ,n(p)  )  - - -+  " ' rn  (Y,%(p)  )

to get c lasses in the D b cohomology of Y .

7 . 3 .  L e t  n  b e  a

f f  both  in tersect

product U '  V" (p|  
0

g ives

codimension p-cycle and n '  a codimension q-cycle.

p rope r l y  n -n r  i s  a  cod imens ion  p  +  q  cyc le .  The
T .

o -  n @ l p  - - - - - >  z , ( p * g l D  d e f i n e d  i n  ( 1 . 1 )  ( s e e  a l s o  5 3 )

u ,  or?f i t  (y ,n@tot  "q 'n?r  (y ,%(uteL > *? lY;? l  , "  ,%(p+e)ot  .

P r o p o s i t i o n  7  . 4 .

" r ( n l  U  c ' ( n ' )  =  " 0
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E r o p o s i t i o n  Z . 6 .  L e t

cod imens ion p  cyc les

Proof .  By def in i t ion  o f

p  c y c l e  E  o n  y * P 1

, k :  Y  =  Y x { * f } -  >  ! x

t ( x . ,  )  = * 2 ,  r T '  ( i d x t )

H e n c e  ( i d x r ) *  i s  t h e

I i '  (Y  x  lP  1  
, rP)

be two ratj-onally eguivalent

t  ( n 1  )  = t  ( n r )  .
n 1
on

and \2

Y.  Then

rat ional  equivalence there is a codimension

. , - t d  * 1  , x r € n 1  s u c h  t h a t  n k  =  r [ t E )  f o r

lP '  .  I f  r  i s  an j -somorph ism of  p1 wi th
*  (  E  )  =  \2 .  1 : k  ac ts  on  H '  (p  1  

,% l  as  i d ,en t i t y  .

i den t i t y  on  H ' ( y  x  l p1  ,%)  and  the re fo re  on

B y '  ( 2 . 1 0 , ä )  ( i d x r ) *  i s  t h e  i d e n t i t y  o na S  I ^ I e l I .

) and

ü ( n 2 r =  r f  '  ( i d x t ) * ( u ( E ) )  =  r f  ( ü ( E ) )  =  ü ( n . ,  ) .

i . e . :  C H P  =

r f  def ines a

zP  (y  |  / r a |  eq .  and

ring-homomorphi sm

cH '  (Y )  ->  H ;  (Y )  .

p9o cHP (Y) be 
l l "  

chowrins of Y,
-  

Hi  (Y)  = 
pgo , ;n  (Y,% (p)  )  .  rhen

"3n (v  x  n1 ,% (p l

C g r o l f a r y  7 . 7 .  L e t  C H ' ( y )  =

q / :

Moreov€r r U
g  :  Y r  - - > ' Y .

is compat ible with g *  :  C H ( Y )  - >  C H ' ( Y ' )  f o r

Proof. By (7.6) V factors over CH'(y). Usinq the moving Lenna i t
is enough to verify the compatibility of rf with the product for
cycles intersectl"ng properly, and to veri fy the compatibi l i ty of V
with g* , for cycles n with codin (n) = codim (g*n). rhis has been
d o n e  i n  ( 7 . 4 )  a n d  ( 7 . 5 ) .

Z .  g .  c r i f f i t h ' s  i n

Recall that Y is a complete algebraic manifold. ay t?tffie subgroup
rPnQ (y,c) of u9(y,c) is isomorphic to l tq1v,rp1 and the quotient
group tt9 (v,c),zrP is isomorphic ro lH9 tv,njP) .  since

rPH2p-1  ( " , n )  nm =  o

the  image o f  g2P-1  (y ,z (p) )  in  H2P-1  1y ,g17FP is  a  la t t i ce  and

,  , rP(y )  =  "2p-1  $ ,c )  /H2P-1  $ ,n (p l )  +  rPu2P-1  (y ,c )  =ü2p-1  {v ,o jP)  / r?p- ' l  (y ,u  (p )  )

is  a complex torus, cal led the p-th intermediate Jacobian of
d .enote  by  HgP (y)  the Hod.ge cyc les  o f  y ,  i .  e .

Y .  We
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n f t v l  =  K e r  ( H 2 p  ( y , % ( p )  )  e  u 2 P  ( y , F P )  e - t  t  H 2 p  ( y , c )  )  .

This  co inc ides wi th  the usua l  def in i t ion ,  s ince

F P * 1 ' 2 P ( Y , G )  n m  =  o  a n d  t h e r e f o r e

K e r ( e - r )  =  r - 1  ( p P ' P )  n H 2 p ( y , % ( p ) ) .  T h e  e x a c t  s e q u e n c e  ( 2 . 1 0 r a )

impl- ie s :

(7  .g )  0  - - ->  . rF  ( y )  ->  ,3n  ( y ,%(p )  )  ->  HgP(y )  ->  0

i s  e x a c t .

By (3 .7 )  the  cup produc t  respec ts  the  exac t  sequence (7 .9 ) .  Hence

J'(Y) = -Q^gp (v) is an ideal of the corRmutative r ing
P u u r h

Hi (Y) = 
.90 Hä'-  (v,z 1p1 1 .

P r o p o + t i o n  Z . t O .

J ' (Y )  i s  an  i dea l  o f square  ze ro .

Proof.  An el-ement of  , fP(x) is represented by an element of
, r ' - 1  <n  L  0

lH-r  '  (y,r ,y l . )  or,  by Hodge theory,  of  k*.0,92o_1H" 
(y,n;)  .  The di f  ferent ia l

d is  zero on "k(v ,o f )  and (7. ro t  fo f fS iB- t ro*  the def in i t ion of  L
g i ven  i n  ( 1  . 21  .

Let us return to the cycle map

, f  ,  zP (y )  ->  "3n (y  ,%(p)  )  .

By construction e " V : zP(y) -* t t2P(y," (p) ) and factors through
r o {.r :  zP (y) ----* g2P (y,rP} are the usual cycle maps. Hence, i f  HP {v}n
denotes the subgroup of cycl-es homologous to zero, e o V ancl i o t
a re  zero  on  7P{v)n .  By  (7 .9 )  we ob ta in  a  l i f t ing  o f

V i"p 1,., .  to !6 z zP (Y) 
n 

----+ ,rP {y) .  rn fact, by 17 .71 VO factors through" -  r .  r  h

cHP (Y )  
h  

=  zP  ( y )  
n / ra t  .  eq .

T h e o r e m  7 . 1 1 . ü0  i s  the  Abe l  Jacob i  map.

fnstead of the or iginal  def in i t ion by currents we use (proposed in [10])

7.12. The i lescr ipt ion of  the Abel-Jacobi map using mixed ,Hodge structures.

L,et  n be a codimension p cycle on Y. One has the exact sequence



{5

0  - ->  s2P-1  ß ,n1p11  0 ,  "2P-1  (x , z1p1r  - - - -  n f f  l ( v , z1p1)  
- *  s2p (y ,s (p ) ) -> .

where x = Y - In I . ett the cohomology groups carry mixed Hodge

structures and the morphisms in the exact sequence respect them.

S ince  H i i l l (Y , r {p ) )  i s  genera ted  by  the  cyc le  c lasses  o f  the  components

of n, and since those cycle classes are by constructlon (6.4) of

type (p,p), the cokernel of ß is of type (p,p) and ß induces

i somorphisms

u2P- ,  ( " ,c )  /FPn2P-1  ( " ,n ) u2P- t  ( *  , c ,  / IPH2P-1  ( * , c )^/..-..>

and

( 7 . 1 3 ) rP (Y) :-

Regarding the exact sequence

fundamental  c lass co|.nl  is the

uniquely determined up to Im ( ß ) .

i m a g e  i n  H 2 P - t ( * , ( f , )  .  B y  ( 7 . 1 3 )

De f  i n i t i on  7  .14 .  (  E l  Ze in  and  Zucke r ,

,P  { v )  n  . rP  ( v )  i s  ca l l ed  the

P r o o f  o f  7 . 1 1 .  C o n s i d e r  t h e

H2P- t  ( *  , a l  / n2P-1 ( Y , 2 , ( p )  )  *  P P g 2 P - 1  ( X , C )

one f inds that for n €

image of  a c lass { tn e
ltl) 

4t

We denote by c ' (nl  as
l\-/
cn(n l  def ines an e lement

zP  (y )  x  t he

H2P- t ' i *  
in  @))

wel l  the

Vö (n )  € rP  (Y)

, r ,  t  .
Y 0  '

t 1 0 l  )

Abel Jacobi map .

.rP (y)

1
I
0

c_> *7n

commutative

2 n
H - Y y  ( Y  , 8  ( p ) )

"ilPl (Y ,% (p ) )-> *'"i

( Y , %  ( p )  )  - +

t
I
I
( Y , % ( n ) p ) )  - - >

d iagram of  exact  sequences:

H 2 P  ( v , r P )

p

* inn,(Y,FP)

p t

o

@

- >  H 2 P  ( y , c )

4

I
0 1 ^-; "inoi(y, c ).

^

I

l*
uzv-1

H2p- t  ( x ,%(p ) )  e  n12p - t  ( * , rP )  0 ' ,  u2p -1  ( " , n )

F o r  n € z p ( Y ) h  ! . r e  h p  o 9 { n l  ,  c r ( n ) )  =  0  .  T h e r e f o r e
( - q z , ( n ) ,  c r ( n ) )  =  p ' ( c r ( n ) '  c r ( n ) )  f o r  s o m e

-
( ü 0 ) ,  

i ü l  I  e  H 2 p - t  ( "  , % ( p l l  o  H 2 p - t  ( " , F P ) .

( Y , C )
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f"\J - ?n_ 1
S i n c e  0 ( % , ( n ) , c r ( n ) )  =  0 ,  g ' ( c , , ( n ) ' c r ( n ) )  l i e s  i n  ß ( H - v ' ( Y r c ) ) .

By the snake- lemma one f inds Vg(n)  to  be thg image of
- 1 l-J /\.r, 

L'� ({

ß- f  o  '  t i o I . ü  , c ,  t n )  )  i n  , :P  ( v )  .  By  (6 .10 )  ö f  n  I  l i e s  i n  t he  image

o f

u 2 p - 1  t x , r B )  =  r P u 2 p - 1 ( * , n )  - >  m 2 p - t  ( * , F P ) .

d - l -
There fo re  0 '  ( :A  (n )  , c "  (n )  )  and  0 '  ( c ,  (n )  r0 )  de f i ne  the  same e lemen t  i n

H 2 p - ' ( * , a l / t P H 2 p - 1  ( * , o )  +  n 2 p - t  ( " , n @ l l

a n d  b y  ( 7 . 1 3 )  ü g ( n )  =  ü i ( n ) .

Remarks.a)The construct ion of  the Abel-Jacobi map and of the cvcle map

in the Del igne cohomologry has been done in [10] and [3]  in a s l igrht ly

di f ferent way. At f i rst  g lance i t  seems surpr is ing that the proof of

( 7 . 1 ' l  )  i n  [ 1 0 ]  o r  [ 3 ]  d o e s  n o t  n e e d  t h e  s t a t e m e n t  l i k e  ( 6 . 1 0 ) .

However,  the proof given there uses a descr ipt ion of  the Abel-Jacobi

nap by currents,  which is di f ferent f rom the one given in (7.121 .

I f  one assumes that 'both coincide ,  i t  proves (6.10) directJ-y,  wi thout -

studying the pul lback of  cycles. On the other hand one can use (6.10)

to show that rfö is the same as the Abel-Jacobi map defined by currents.

b) A di f fenent t reatment of  these topics can also be found in the Chap-
ten  by  U . , - I annsen  (91  .2 ! -23 )  i n  t h i s  book .

5 8 Chern classes in

8.1.  Let X be an algebraic manifold or -  using $ 5 -  any sinpl ic ia l

scheme of finite type over C. Tn this section we sketch tr^ro methods

to def ine Chern classes

c^ (E) € Hip tx,n tp l  Ip t

for  Ioca1ly f ree O--sheaves E (cal led bundles in the sequel-)  of  rank r- , l

on X. They should depend just on the isomorphism class and satisfy

A) (Functionality) for any morphism

f : Y -----> X one has f * cn (E) = cp (f *E) .

B) (Compatibi l i ty wi th the Chern-classes in H'(  ,%1 ,

cn (E) is mapped under . , n?oP (x,z (p) ) ---> u2P (x,z (p) ) to rhe usual
Chern classes of E.
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of

for any

c lasses

course we can as

subring A of
) r ,

i n  H ; t  ( X , Z  ( p )  ) .
U

hre l l  cons ider  Chern 'c lasses in  H?p (x  rA (p)  )
U

lR . However those are j ust the image of the

PJgpgE;!!ig!-!.,2 j The Chern classes are uniquely deternined by conditions

A and B .

The c lass i fy ing space BG = BGLr  (C)  is

type over C and r äs proved in I S ] there

weight  (prp)  ,  such that

P r o o f .

f in i te

of pure

a simpl ic ial  scheme of

are elements c
p

H ' ( B G , T , )  -  W , l c l

The re fo re  H2P-1  ( " c ,n )  =

i somorph ism.  By  (2  .10  ,  a  )

e ,  "3,  (BG, n &l

i s  an isomorph ism,  and the Chern c lasses

are uniquely determined by B. I f  .  E on

one can take a hypercovering p t ZO ---+>

on each Zu . Then there j-s a morphism f
l l r . r

f  *E- : ' ^  =  p*E.  By A the Chern c lasses o fr
Since the D E cohomology of Z.  and

o b t a i n s  ( 8 . 2  )  .

, . . .  r " r ]  .

o  a n d  r : l t 2 P ( B G T F P )

o r  ( 2 . 1 0 r b )

)  --+ H2P (Bc,z,  (p) )

1 5  a n

of the universal  bundle Eunr
X is any bundle of rank r

X such that  p*E is  t r iv ia l

z Z. --+ BG such that

g*E are uniquely determined.

X  a re  i somorph ic  (5 .2 )  one

8.3. For a non-singular variety A.Grothendieck defines in [12] Chern

classes {trl of vector bundles E in the chow group cttP (x) . Those

are functiönal and, under the cycle map cz , compatible with the.Chern

classes in "2P 1x,x(p) ) .  Therefore cn (n) :  , f ,  f  
i t" l  

)  def ines chern

classes for vector bundles on X, satisfying A and B by (2.7) and

(6 .4) .  o f  course ,  one has  to  use  (5 .1 -3)  to  ex tend th is  de f ln i t ion  to

arbitrary simplicial schemes of finite type over C.

8 .4 .  A  second cons t ruc t ion  o f  Chern  c lasses  is  based o1r  (2 .12 , i i i )  and

the spl i t t ing principle:

Recall that for an alqebraic manifold x we constructed an isomorphism

induces a morphism ( in the der ived category) of  complexesB y  ( 5 . 5  r b )
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of sheaves in the Zar isky topology

c . ,  :  0 {  _ - ->  Z  (11p 
,7^ r l1 )  

.

Taking hypercohomology of sheaves in the Zarisky topology this gives

a map

1 ' )c "  :  H ' ( x , 0 i )  - - - - >  u f i ( x , z ( 1 ) ) .
t Ä u

since invertible sheaves correspond to elenents of tt1 (x,Oi) we can

use c. to define the f irst Chern cLass of an invert i-b1e sheaf.
I

The induced morphism

0 i  - *  a ( l p , za r l l l  - - - - - >% (1 )  t 1 l

is in the derived category the "edge" morphism of the exponential

seguence. This shor"rs that e(c.  (L))  is the f i rst  Chern class of  L
)

i n  H-  (x ,z  (1  )  )  .

propg.Sj!ig4-_g_.5= Let E be a vector bundle of rank r on X,

n : lP = lP (E) ----> x the corresponding projective bundle and

0p(1)  the  tau to log ica l  inver t ib le  sheaf  on  lP .  Then fo r  a l l  9 ,9 '

nf i ln  ,z ,n ' ,  ,  -= iQl  " -n; -zn (X,r  (q '  -  p)  )  u c ,  (0*  (1)  )p

Proof. As is well  known, the same maps are isomorphisms for I I ' (  , l ( .)) ,
H ' (  ,C)  and by  [8 ]  fo r  l l { ' (  ,F ' ) .  Ay  (S .9)  the  cup produc t  i s  compat ib le

wi th  the  exac t  sequence (2 .10 ,a)  and there fore  (8 .5 )  ho lds .

8.6. Now one can define Chern classes of rank r vector bundles in

the way of Hirzebruch and Grothendieck:

) t ! l -t n  n f i t  F , z ( r ) )  =  e  n * n i p ( x , r ( p ) )  u  c ,  ( 0 ,  { t ) ) r - P
o = 1

we have a relation

r

- l ^ , - ' t ) P  
-  r * y p  u  c . ,  ( o *  ( 1 ) ) r - P - o

D = U

with tn  e  nf ,P (x ,z1p; )  and yO = 1.  We def ine cn(E)  = yn



As in 1,12)  one

and addit ive. Since

spl i t t ing pr inc ip le

Eqt l

shows that the Chern classes obtained are functor ial

the usual Chern classes can be defj-ned by the

as  we l l  ,  one  ob ta ins  (8  .  1  ,B )  .

t 1 l

t2 )

t 3 l

t 4 l

t s l
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