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1 Introduction

We call this system and its further extensions HTS for "homotopy type system” It is an
extension of the Martin-Lof type system with some additional constructs which reflect the
structures which exist in the target of the canonical univalent model of the Martin-Lof
system.

2 Core inference rules
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Dependent products

Dix:Ty,y: Th>
Ly [T, 2. 13)>

F|_T1 Fib F,ZEZTll_TQ Fib

T LT Ta:Tyy: Tox
T+ [T, 2. T) £ [[T(T], 2.T5)

Too:T -T2 T}
U+ (1T, 2.1) £ [[T)(Th, 2.73)

x:TikFo: T
L'EN(Ty, x.0) : ([T, 2.T3)

TFTLLT, T.a:Tiko:Ty
I'F [M(Th,x.0) & AT}, xz.0) : [[[(T1,z.T3)
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THfFLf [(T,2T) Tro:T
[ F [ev](f,0) £ [ev](f', 0) : Tolo/]

F'Ef:Il(Ty,z2Ty) Tho=d:T)
[+ [ev)(f,0) = [ev](f, o) : Talo/a]

I'Fo:Ty T,x:TiFoy:Ts
' F [ev]([N(T1, z.02), 01) < 09l01/x] : Thlo1 /7]

'+ f . [H](Tl,l‘Tg)
I'E M(Ty, x.[ev](f, x, Taly/z])) 4 foI(T, 2. Ty)

Exact equality types

I'Foy: X Thoy: X
F,LIZ’ . [Id](01,02)>

Fl—olio’lzX I'Foy: X
I+ [Id] (o1, 00) £ [Id)(0/,, 02)

I'o: X FI—OQiOQ:X
T+ [Id)(01,05) < [Id](01, 0b)

I'Fo: X
I'F [refl](o) : [Id](o,0)

TFoto:X
T F [refl](0) < [refl](o') : [Id])(o, 0)

I'z: Xp ko : X
Fyo: X, o' X,e: [Id(x,2'),y : P> 'Fop: X
[ z0: X FsO: Pla0/x,20/2, [refl](x0)/e] T'F eo: [Id](01,09)

' [J](X,z.2".e.P,20.50, 01, 09, €0) : P

. d d d d d d
(*) Behavior of [J] for X = X', P = P', 0 =10, 0; = 0}, 09 = 0, and eo = e0'.
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8. [J](X,z.2".e.P,20.50, 0,0, [refl](0)) L s0[o/z0]

9.

'Foy: X TFro:X TFo:l[ld(og,09)
o Loy: X

Path equality types

X Fib TFop: X T'kFoy: X
'+ [Paths|(o1,09) Fib

'-X Fib T'kFoy=0,:X TI'lFog: X
'k [Paths](o1, 09) < [Paths] (0}, 02)

IFX Fib Tho:X ThoyZo):X
' [Paths|(o1, 09) < [Paths](o1, 0))

'EX Fib T'kFo:X
[' F [idpath](o) : [Paths](o, 0)

I'X Fib ThoZo:X
I+ [idpath](o) < [idpath)(o/) : [Paths](o,0)

I'-X Fib I'Fo: X
I'e: X, 2" : X, e: [Paths|(z,2') - P Fib I'Foy: X
[Vz0: X F sO: Plx0/x, 20/, [idpath](z0)/e] Tk eo: [Paths](o1,02)

I'F [Jp)(X, z.2".e.P,20.50, 01, 09, €0) : P

d d d d

7. (*) Behavior of [Jp] for X LX PEP oLd, 0L 0}, 09 = 0y and eo = eo'.

8

. Jr)(X, 2.2’ .e.P, 20.50, 0, 0, [idpath](0)) < s0[o/z0]

Universe of all types

I'>
U Fidb

'Fo:U
T,z : [Ell(o)>
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TFoLo U
I+ [El(0) £ [El(0)

Tko:U TFo:U T+ I[El]0)Z[E](O)
TFoLo .U

ko :U T,x:[Ell(o)Foy:U
I'F [forall](o1,z.09) : U

ko :U T,x:[Ell(oy)Foy:U

['F [El][forall](oy, z.09) 4 [TTI([El](01), z.[El](02))

IF'Fo:U TFrop:[El(o) Tt oy:[Elo)
T'F [id](01,09) : U

IF'Fo:U TFop:[El(o) Tt oy:[Elo)
I+ [El[id)(or, 00) < [Id](01, 02)

Universe of fibrant types

I'>
L'EUp Fib

I'Fo: UF
T+ [Elg](o) Fib

TFoZo - Ur
'+ [Elr](0) £ [ElF](o)

Tho:Up THo:Ur TFI[EL]0)Z[El]()
Fl—ogo’:up

Cko :Ur T,x:[Elr|(o1)F os:Up
I'F [forallg|(o1,x.00) : Up




I'Foy:Ur T,x:[Elp|(o1)F og:Up
'k [Elg|[forallg](o1, z.09) < [TTI([Elg](01), x.[Elr](02))

7.
I'Fo:Ur T'Fop:[Elpl(o) T'toy:[Elr](o)

'+ [paths](ol, 02) . UF

8.
I'Fo:Ur T'Fo:[Elpl(o) T'Foy:[Elr](o)
I'F [Elp|[paths](o1, 02) < [Paths] (01, 02)
Universe inclusion
1.
I'>

'] [ Up,zU)

2.
I'Fo:Urp
I+ [Blr](0) £ [El[ev]([j], o)

Resizing rules

1.
THT Fib Tk p: Weq(T, [Els)(t))

L'E [rr0|(T, ', p) : Up

2.
THT Fib Tk p: Weq(T,[Els)(t'))
T & [Elp][rr0)(T, ', p) < T
3.
'ET Fib Tk p:Ishprop(T)
UCF [rrl|(T,p) : Ur

4.

'ET Fib Tk p:Ishprop(T)
T+ [Elp)[rrl)(T,p) £ T

The system described above is the smallest system where some interesting mathematics can
be developed. One can also consider the following additional constructions:

The unit type and dependent sums



The inference rules are the usual ones. The n-rules saying that x 2 pair (prlx) (pr2z) for

z in a dependent sum and x 2L 2 for x, 2’ in the unit type are derivable.
The unit type is fibrant and the dependent sum where both arguments are fibrant is fibrant.

There are "unit” as object of U and dependent sum operation on families of objects of U
(reps. Ur) parametrized by types given by object of U (reps. Ur).

The empty type and disjoint union

The inference rules are the usual ones. The n-rules are derivable.
The empty type is fibrant and the disjoint union of two fibrant types is fibrant.

There are "empty” as object of Upr and obvious disjoint union operation on objects of U
(reps. Up).

Recursive types

As far as I understand the material of the last section of the "Notes on Type systems”
can be made precise in this type systems. Namely, there is a way to express any strictly
positive inductive definition as a combination of the constructions already discussed with
parametrized W-types. The later correspond to the inductive definitions of Coq of the form

Inductive IC(A:Type)(a:A)(B:A->Type)(D:forall x:A, ( B x -> Type ))(q:forall x:A, forall
y:B x, forall z: D xy, A):= c: forall b:B a, forall f: (foralld: Dab, IC A (qabd) BD q),
ICAaBDq.

and introduced by the inference rule

'Fa:A T,x:Ay:B,z:DFqg: A
Iw: [IC)(A,a,x.B,x.y.D,x.y.2.q)>

for the type and

'Fa:A T,z:Ay:Bz:DFq:A Ttkb:Bla/x] T,z:Dla/x,b/yltF f:1Cqa
I'F (A ja,z.B,xy.D,x.y.2.q,b, z.f) : [[C|(A,a,2.B,x.y.D,x.y.2.q)

for the constructor. The inference rule for the eliminator can be more or less copied from
the type of IC,.. printed by Coq. Similarly one can write down the computation rule
(definitional equality associated with the eliminator) from the general such rules used in
Coq.

The type IC' is fibrant if all the arguments are fibrant i.e. if one has

THA Fib T,2:AFB Fib T,2:Ab:BFD Fib

There are obvious versions of IC on the level of the universes ¢ and Up.



In particular, in this system the datatypes such as the types of natural numbers or binary
trees can be expressed through the W-types obtaining types which have both the computation
rules obtained in the strictly positive formalism as well as recursive n-rules which allow to
prove definitional equality by induction.

It will be very interesting to extend to this system the formalism of more general inductive
definitions (such as inductive-inductive and inductive-recursive).

Multiple universes
The system of multiple universes connected by explicit inclusions as in the specification of
TS0 is easy to add to HTS. There will be two universes for each universe - one for all types
and one for fibrant types.

Univalence axiom
Univalence axiom can be formulated in the usual way. It should use path equalities and Up.

Elementary properties of the system

Lemma 2.1 [strars/ The inference rules which are marked with (*) follow from the other
inference rules.

Proof: Straightforward by transforming definitional equality into exact equality, using J
and transforming the exact equality back to the definitional one using the "reflexion rule”.

Lemma 2.2 [uip/ In any type system with exact equality [Id], [refl], [J] satisfying inference
rules given above one has:

['Fey: [Id](01,02) T Feq:[Id](01,09)
T'Fer 2 ey [Id](01, 00)

Proof: It is sufficient to apply J with P defined by

Doy s Xyxo: Xe: [Id)(xy,22), ¢ : [Id](e, [refl](xy))>
which is derivable since

Uz X, 29 X e [Id)(xq,22) b [refl](xy) : [Id](z1, x2)

is derivable using the "reflection rule”.

Lemma 2.3 [funext/ In any type system with the dependent products and eract equality
satisfying the inference rules as above the functional extensionality holds for the exact equality.

Proof: Straightforward from the rule ensuring that definitional equality propagates through
A
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