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INTRODUCTION

This text contains the notes from a course taught at MIT in the spring of 1999, whose topics
revolved around the use of stacks in studying complex oriented cohomology theories. The notes were
compiled by the graduate students attending the class, and it should perhaps be acknowledged (with
regret) that we recorded only the mathematics and not the frequent jokes and amusing sideshows
which accompanied it. Please be wary of the fact that what you have in your hands is the ‘alpha-
version’ of the text, which is only slightly more than our direct transcription of the stream-of-
consciousness lectures. Much of what is here is somewhat incoherent, and some of it is actually
wrong. A ‘beta-version’ may perhaps appear sometime in the future, but until then the notes
should probably only be circulated via the topology underground.

Date: August 13, 1999.
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In brief, the main physical goal of the course was to present proofs of the Landweber Exact Functor
Theorem and the Morava/Miller-Ravenel Change-of-Rings Theorem using the language of stacks.
The lecturer often prophesized that in this context those theorems would seem ‘almost obvious’—
the reader can decide for himself whether he ultimately buys this. There was a secondary goal of
the course, however, and that was to introduce students to the general yoga of complex oriented
cohomology theories. There are many lectures devoted to this background machinery, much of which
appears as an aside to the main discussion. The organization is at the moment somewhat convoluted,
but there also several nice vignettes to be found here. Good luck...

1. CoMPLEX ORIENTED COHOMOLOGY THEORIES

A complex oriented cohomology theory is a generalized cohomology theory E which is multiplica-
tive and has a choice of Thom class for every complex vector bundle. The latter statement means
that if ¢ — X is a complex vector bundle of dimension n then we are given a class U = Ug € E>*(X¢)
with the following properties:

(a) For each x € X, the image of Ug under the composition
E2n(X5) N E2n(*5) N E2n(s2n) i EO(*)
is the canonical element 1.

(b) The classes Ue should be natural under pullbacks: if f : Y — X then Ujs«e = f*(Ue).
(c) Multiplicativity: Uggyn = Ue - Uy.

Remark 1.1. It may appear that we had to make some choices in writing down the maps appearing
in part (a)—for instance, we had to choose an identification of S2" with *¢. But the fact that ¢ is
a complex vector bundle gives a preferred orientation of *¢, and the induced map on cohomology
E?"(x¢) — E?"(x) only depends on the way the orientations match up.

Example 1.2.

(a) Both singular cohomology H*(—;Z) and complex K-theory K* are complex orientable.
(b) Real K-theory KO* is not complex orientable. For example, if £ is the canonical line bundle
over CP' then one can show that the map

—2 —2
Z=KO (X% - KO (S*)=7Z
coincides with multiplication by 2. So 1 is not in the image.

If € is the tautological line bundle over CP* then the zero section CP> — (CP>)¢ turns out
to be a homotopy equivalence. The Thom class Ug € E?(CP>) then pulls back to a class usually
called z (or zg) in E?(CP>).

Proposition 1.3. Any class x € E? (CP°) restricting to 1 under the composite
E%(CP™) — E*(CP') = E*(S') = E°(x)
extends in a unique way to a complex orientation of E.

We will return to the proof later.
A complex orientation on a cohomology theory E gives rise to a Thom isomorphism

Ue : B*(X) — E*T2(X%).

It also gives rise to Chern classes ¢;(€) € E%(X) satisfying
(i) Naturality under pullbacks;

(i) ea(€ ) = %y s (E)es ()
(iii) ¢1(L) = 2 € E?(CP*>) where L denotes the tautological line bundle over CP°°.
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Question: In singular cohomology one has ¢; (L1 ® Lo) = ¢1(L1) 4 ¢1(L2) for line bundles L; and
Lo over the same base X. What can we say about ¢1(L1 ® Lg) for an arbitrary complex oriented
cohomology theory?
Answer: It turns out that ¢;(L1®Ls) can be written as F'(¢1(L1), c1(L2) for some F(z,y) € E*[[z,y]].
If we write « +p y for F(x,y), then this power series will have the following properties:

(i) x4+ry=y+rz (because L1 ® Ly = Ly ® L1);

(ii) z+rp0=2=0+4F x (because L ® 1 = L, where 1 denotes the trivial line bundle);
(i) (x+ry)+rz=2+F (y +F 2z) (because tensor product of line bundles is associative).

Such an F is called a ‘formal group law’ over the ring E*. As far as is known, any formal group
law can occur as the F(x,y) for some complex oriented cohomology theory. One of the main goals
of this course will be to frame the conjectural relationships between formal group laws and stable
homotopy theory.

Some basic computations.
Let E be a multiplicative cohomology theory and let z € E2(CP>) be an element restricting to 1 (as
in Proposition 1.3). This gives a map E*[r] — E*(CP™) (for each n). One can see that "1 must
map to zero: First note that CP™ can be covered by n + 1 contractible open sets U;, and because x
is a reduced cohomology class it must restrict to zero on each U;. As a general rule one knows that
if a € E*(X,A) and b € E*(X, B) then ab € E*(X, AU B). But we can write x € E*(CP",U;) for
each i, and so 2" lies in E*(CP", Uy U...UU,41) = E*(CP™",CP") =0

We therefore get a map

E*[z]/(z"T!) — E*(CP™).

Lemma 1.4. The above map is an isomorphism.

Proof. Use the Atiyah-Hirzebruch spectral sequence
EY? = HP(CP"; El(x)) = EPT1(CP")

(which is multiplicative). The Ey term is isomorphic to E*[z]/(z"*!), and both x and the elements
of E* all have to be permanent cycles—so there can be no differentials in the spectral sequence. The
rest is left to the reader. O

We want to next calculate E*(CP°), and we can use the Milnor sequence:

0 — lim' E*~1(CP") — E*(CP>) — lim E*(CP™) — 0.

The right-hand-term is lim E*[z]/(2" 1) = E*[[x]], and the left-hand-term is zero because the maps
E*(CP"t1) — E*(CP™) are all surjective. This shows that E*(CP>) = E*[[x]].

The same argument gives that E*(CP>® x --- x CP*°) 2 E*[[x1, ... ,z,]] where z; is the pullback
of x along the projection to the ith factor.

Chern Classes.
A line bundle L — X is classified by a map f : X — CP* (which is unique up to homotopy).
Define

ea(L) = f*(a).
Let L denote the universal line bundle over CP*°, and consider the map
g:CP*® x CP*® — CP>™
which classifies the bundle L. ® L. This induces a map on cohomology
E*[[z]] & E*(CP*) — E*(CP* x CP*°) = E*[[x, y]],
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so the image of « will be some power series F(x,y) € E*[[z,y]]. By considering the universal example
above, it is easy to check that if L1 and Lo are two line bundles over a space X then

Cl(Ll (9 Lg) = F(Cl (Ll), c1 (LQ))

Note that the crucial point in this argument is knowledge of E*(CP).

Let £ — X be a complex vector bundle of dimension n and let P(£) denote the projective bundle
of &—the fibre bundle over X whose fibre over x is the projective space of £,.. There is a ‘tautological’
line bundle L¢ over P(€). Let t € E2(P(¢)) denote ¢;(IL¢). An argument using the Atiyah-Hirzebruch
spectral sequence, similar to the one from the last section, proves that:

Proposition 1.5. E*(P(¢)) is free over E*(X) with basis 1,t,... ,t" 1.

We can now mimic the Grothendieck theory of Chern classes. There exist unique elements
¢; € E*(X) such that

=t — ot 2+ (—1)"_1cn.
Definition 1.6. The ith Chern class of & is defined to be the above class c;.
Exercise 1.7. Verify the properties of Chern classes listed above.

Here is some motivation behind this definition (which also serves to prove that the theory of
Chern classes is unique). Let p : P(§) — X denote the projection, and form the pullback

prE—¢

L

P(¢) — X.

It is easy to see that p*¢{ = LL¢ © @ for some new vector bundle Q.
Write cs(€) = 1+ c1(€)s + c2(€)s? + -+ + ¢, (€)s™—this is called the total Chern class. By the
Cartan formula, we must have

pres(§) = es(p7€) = es(li) - ¢5(Q) = (1 + st)es(Q).

In particular, we find that s = —1 is a root of p*(cs(£)), hence of ¢,(£). This gives the relation

1+c1(6)- (_%) (6 - (_%)" —o.

Multiplying through by t™ gives the relation we used to define the Chern classes.

2. ForMAL GROUP LAaws

When we talk about formal group laws we really only mean those which are commutative and 1-
dimensional. The reader should also be aware of the distinction between ‘formal groups’ and ‘formal
group laws’. A formal group law is essentially a formal group with a choice of coordinate—we will
discuss this more in the future. For now, we’ll only talk about formal group laws.

Definition 2.1. A formal group law over a ring R is a power series F(x,y) € R|[x,y]] satisfying
the properties below (where we write x +p y instead of F(x,y)):

(i) x+ry=y+rw;

(’LZ) r+rp0=2=0+4p2x;

(i) (r+ry) +r2z=2+F (Y +rF 2).

Remark 2.2 (Change of Base). If f : R — S is a ring map and F is a formal group law over R,
then we can define a new formal group law f*F over S in the following way: if F(z,y) = > a;jz'y’

then we let f*F(z,y) = fa;j)z'y.
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Theorem 2.3. There is a universal formal group law: that is, there is a ring R and a formal group
law Fyniy over R such that the map

Ring(R, S) — {formal group laws over S}
which sends f to f* Funiv is an isomorphism. (R and Fyypi, will be unique up to unique isomorphism).

Proof. A formal group law G over a ring is a power series G(z,y) = >_ a;;z'y’ with some special
properties. These properties can be expressed as formulas in the a;;’s:

(i) Commutativity implies a;; = a;s;

(ii) The fact that 0 is an identity implies that a;o = 1 if i = 1 and a;o = 0 otherwise;

(iii) Associativity translates into something complicated which we won’t write down.
So define R = Zla;;]/(above relations), and let F(z,y) = > a;;z'y?. It’s easy to check that this
gives the desired universal formal group law. O

Remark 2.4. If we let a;; have degree 2(i+j) and extend multiplicatively, then R becomes a graded
ring (because the relations amond the a;;’s are homogeneous). There’s a better ‘explanation’ of this
grading which will be discussed later.

Write R = EBn R, where Rg, is the homogeneous part of R in degree 2n and note that

(i) R is connected: Ra, =0 for n < 0 and Ry = Z;
(ii) Each Ra, is a finitely generated abelian group.

Some notation: let

1 if n = p°
Cn(z,y) = d—{(x—i—y)" —z" —y"} where d,, = {p nn=r

1 otherwise.

Theorem 2.5 (Lazard). Let L = Z[x1,x2,...] where degx; = 2i. Then there is a formal group law
F over L with

F(z,y) = an - Cpy1(z,y) mod (1:1,:172,...)2

and the map R — L classifying F is an isomorphism of graded rings. (Here R is the ring of
Theorem 2.3).

Corollary 2.6. Suppose f : S — T is a surjective map of rings and let G be a formal group law
over T. Then there is a formal group law G' over S such that f*G' = G.

The proof of Lazard’s theorem is a little involved. First note that since R is connected and graded,
we only have to study homogeneous formal group laws over connected, graded rings. Perhaps the
simplest examples of such rings are obtained by starting with an abelian group A and an n > 0, and
defining a ring structure on Z @& A where ab = 0 for a,b € A, with the elements of A in degree 2n.
What are the formal group laws over such a ring?

If S is a connected, graded ring then let I = Is = {s € S | deg(s) > 0}. I/I? is denoted QS and
called the ‘module of indecomposables’. Note that graded ring homomorphisms S — Z & As, are
in one-to-one correspondence with abelian group maps QSs, — A. The case S = R tells us that
studying formal group laws over Z & As,, will tell us about QRg,,.

Now a formal group law over Z @ Ag,, must look like z +y + f(x,y) for some f(z,y) € AR Z|x,y]
which is homogeneous of degree n — 1. This f(z,y) will have the following properties:

() f(z.y) = f(y.2) (symmetry)

(ii) f(z,0)=0
(iii) f(y,2) — f(z,y+2)+ f(x +y,2) — f(z,y) =0 (called the ‘2-cocycle condition’).

Part (iii) is obtained by writing out the associativity formula for « + y + f(z,y) and taking the

homogeneous part in degree n — 1.

Definition 2.7. A symmetric 2-cocycle with values in A is an f(z,y) € A ® Z[z,y| satisfying
the above properties.
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Proposition 2.8 (Symmetric 2-cocycle lemma). Any symmetric 2-cocycle with values in A is a
linear combination of those of the form a ® Cp(x,y).

Proof. Postponed. (|
The above result tells us that any formal group law over the ring Z & As, has the form
z+y+aCu(z,y)
for some a € A. Now take A = Z and a = 1: there is a map R — Z @ Zs, classifying the formal
group law x + y + Cy(x,y). The symmetric 2-cocycle lemma shows that

Corollary 2.9. There is a canonical isomorphism QRsa, — Z induced by the map above.

Now let x,, € R be any element whose image in QQRs,, maps to 1 under the above isomorphism.
The 2’s define a map L = Z[X;, X2,---] — R.
Exercise 2.10.

(a) Show that a map S — T of connected, graded rings is surjective if and only if the induced map
QS — QT is surjective.
(b) Conclude that the above map L — R is surjective.

The next step is to show injectivity. We’ll return to this after a brief message from our sponsor:

Maps between formal group laws.
The definition of maps between formal groups is what you would expect. If G and H are groups
then a map of groups is just a map f : G — H which makes the following diagram commute

Ixf
GxG—HxH
#Gl l#H
f
G——H
We do the same for formal group laws. We should just remember that the power series rings
correspond to “rings of functions on the group” ! and hence transform contravariantly:

e JFTG (el Rl[za, yc]] r Rz, yul] Ty +TH YH
TG R[[z¢]] ~ R[[zH]| Ty

So a map between the formal group laws F' and G is a ring homomorphism f* between the ring of
functions on H and the ring of functions on G. This homomorphism is determined by where x is
sent, i.e. by a power series in z. Now we just have to be careful with how we write the composition
of two maps of power series rings in terms of where the generators get sent.

If f*(xy) = f(zg) € R[[z¢]] and the formal group law on G sends zg to G(zg,ys) then the
composite of the two is the map that sends 2y — f(z¢ +¢ ya). The upshot of all this is the
following:

Definition 2.11. Let G and H be formal group laws over a ring R. A map of formal group
laws f : G — H is a power series f(z) € R|[z]] satisfying

(i) f(0)=0
(i) f(x+cy) = f(z)+u f(y).

Lemma 2.12. f is an isomorphism if and only if f'(0) is a unit in R.

Note 2.13. A strict isomorphism is one where f/(0) = 1.

ndeed, the power series ring arose as the cohomology of CP>° and hence as a ring of homotopy classes of maps.
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Example 2.14 (Examples of Formal Group Laws).
(1) Go(z,y) = x + y (the additive formal group law).
(2) Gpu(z,y)=1—(1—-2)1 —y) =2+ y — xy (the multiplicative formal group law).
Are the above two formal group laws isomorphic? For this to be true we would have to produce

an f(z) with f(z +y— 2y) = f(z) + f(y). A little playing around suggests we do something with
the logarithm, and it’s not hard to check that

fla) = ~log(1 —) = 3 =

is the only power series that will work. So we get an isomorphism between G, and G,, only when
we can divide by each n € ZT—e.g., if our ring is a Q-algebra.
If we start with a power series g(z) = z + miz? + maz® + - -+ then we can form

G(z,y) = g7 (9(x) + 9())
and this will be a formal group law over our ring. The power series g(x) gives an isomorphism
G — G,.

Back to our regularly scheduled program.

Remember that the only thing left to do is show that the map L — R is injective. We start by
writing down the universal example of a twisted G,: let U = Z[m1,ma,...]| where | m, |= 2n. Let
g(z) = x + m1x? + mox + ... and define G(x,y) = g~ (g(x) + g(y)). This is a formal group law
over U, so there is a map R — U classifying it.

To show L — R is injective, it suffices to show the composite L — R — U is injective. And it’s
enough to check this on indecomposables (because U is a polynomial algebra):

So we need to write down what G looks like over the quotient Z + QUs,, of U.
Now in this quotient we have
g(x) =2+ muz™™ and g7 (z) = 2 — mua"
So
9 9(@) +9(y) = g M@ty +ma(@"T +y" )

= syt ma(@ Tyt ) —ma(@ by o)

= zHy+mua" +y" T —(@+y)"tH 4+
= z+4y—dpr1mpCpii(z,y).
This means that the map Z = Q Lo, — QU>, sends 1 to —d,,+1my, hence is injective. This finishes
the proof of Lazard’s Theorem.
Exercise 2.15. We've seen that the functor S — {formal group laws over S} is co-representable.
Find the object representing the functor

S +— ((the category of formal group laws over S, with maps being isomorphisms)).

3. PROOF OF THE SYMMETRIC COCYCLE LEMMA

In this section we will give a homological proof of the symmetric 2-cocycle lemma. The reader is
referred to [F] for a combinatorial proof.

Theorem 3.1 (Symmetric 2-cocycle lemma). Let A be an abelian group and let f(z,y) € AQZ[x, y]
be homogeneous of degree n. Assume that

(i) f(x.9) = f(0.2)

(i) [(y,2) = f(x+y,2) + fx,y + 2) = f(2,y) = 0.
Then f(z,y) = a ® Cy(z,y) for some a € A.
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Recall that
p ifn=p°

1
(z,y) p (z+y)" —a" -y wher {1 otherwise.

n

We begin with some simple reductions:

(a) Only finitely many elements of A are involved in the expression for f, so it suffices to prove the
lemma when A is finitely-generated.

(b) The lemma is true for A and B iff it’s true for A & B.

(¢) So using the structure theory for finitely-generated abelian groups, we are reduced to the case
where A is either Z or Z/p".

(d) If B C A and the lemma is true for A, then it’s true for B—hence we can check the case A =7
by checking A = Q.

(e) The case A =Z/p" follows from the case A =Z/p:

Proof. The argument is by induction. Let f(z,y) € Z/p"[x,y] be a symmetric 2-cocycle, where
r > 1. If we know the theorem for Z/p"~! then we can write

f(z,y) = aCp(z,y) + " 'g(z,y)

for some g(z,y) € A ® Z[r,y]. It’s easy to see that p"~'g(z,y) will also be a symmetric 2-

cocycle, and so we can think of ¢g(z,y) as a symmetric 2-cocycle over Z/p[x,y]. But then using
the theorem for Z/p we get that g(x,y) = bCy (x,y), and we're done. O

So we have reduced to proving the result for A = Q and A = Z/p. In particular, we can assume
that A is a field.
Consider the chain complex

(3.1) AL Ala) 5 Alwyy] S Alwy, 2]
where the maps are given by
da = a
d'f(x) = flz+y) —f(=)-f(y)
dg(x,y) = g(y,2) — gz +y,2) +glx,y +2) - g(z,y).

We may as well assume the modules in the complex are graded, with A in degree 0 and z,y, z in
degree 2.

Note that d'(2™) = d,,Cy(z,y), so that the 2-coboundaries (i.e., the image of d') are spanned
by elements of the form a ® d,,Cy,(z,y). Also note that the 2-cocycles (i.e., the kernel of d?) are
precisely what we have been calling 2-cocycles all along. So the symmetric 2-cocycle lemma is saying
something about 2-cocycles modulos 2-coboundaries—i.e., something homological.

Consider the co-algebra structure on Afz] in which x is primitive: z — £ ® 1 + 1 ® z. The above
complex is actually the beginning of something called the cobar construction for Afz]. Rather than
develop it in these terms, we will instead dualize and work with algebras instead of coalgebras (just
because it’s conceptually more familiar). Since we have graded our modules, dualization will not
cause us any trouble.

Definition 3.2. The divided polynomial algebra on one variable T 4[t] is the quotient of the
free A-algebra A < tq,ta,--- > by the relations

n+m

(where by convention to = 1). We will usually write T[t] instead of T 4[t].
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Remark 3.3. T'[t] is the dual of the coalgebra A[z], where z is primitive. The elements t,, should
be thought of as behaving ‘formally’ like % (but note that the latter expression doesn’t make sense
in positive characteristic). The reader may check that if A is a Q-algebra then T 4[t] = A[t].

The Bar Construction.

The point of this section is to show that the complex we wrote down in (3.1) computes
Extrp(4, A), where A =T[t]/(t1,t2,...) as a I'[t]-module.

If K is a simplicial set then we can form a simplicial A-algebra I'[t] ® K whose object in degree

n is
[r[t] ® K} - ® 1.
oKy
Here there is one tensor factor for every n-simplex of K, and the tensor products are formed over
A. There is nothing special about I'[t] here—we could have formed R ® K for any A-algebra R. (It
may be helpful to note that the tensor product is the coproduct in the category of A-algebras—this
allows one to work out the face and degeneracy maps fairly easily).

In particular, we may form I'[t] ® A’ where A! denotes the usual 1-simplex. The n-simplices of
A correspond to order-preserving maps {0 < 1 < --- < n} — {0 < 1}: O-simplices are {0, 1}, 1-
simplices are {00, 01,11}, 2-simplices are {000, 001,011,111}, etc. So the simplicial algebra I'[t] @ Al
looks like

N =T} ell|==T}el']ell|lEz=xs="--

Working out the face and degeneracy maps is left as an exercise for the reader. Note that what we
gain by saying things in this way is that it is obvious that the simplicial relations are satisfied, no
checking is necessary.

Now the inclusion of the Oth vertex A® — A' is a simplicial homotopy equivalence, so it follows
that T'[t] @ AY — I'[t] ® A! is also a simplicial homotopy equivalence. The same likewise holds for

A@rp @It @ A — A @ppy QT[] @ A,

and so the associated chain complexes are chain homotopy equivalent. But note that the chain
complex associated to the left object just has homology A in degree 0 and zero everywhere else. So
we conclude that the complex associated to A ®ppy I'[t] ® Al is a resolution of A—this complex is
called the bar construction. Each term of the complex is free as a right I'[t]-module.

The reader may check that the first few terms of the complex

Homp[t] (A ®F[t] F[t] (%9 Al, A)

coincide with the complex we wrote down in (3.1). In particular, the homology of that complex
computes Ext;’[:] (A, A). We will now prove the Symmetric 2-Cocycle Lemma by computing these
Ext-groups using a more efficient complex.

Computations.
Case 1: A=0Q.

In this case I'[¢] is just isomorphic to a polynomial algebra Q[t], and it’s easy to compute Ext
over this ring by using the resolution

0 — Q[t] =5 Q[ — Q — 0.

The conclusion is that

Q s=0
0 s>0.

In particular, Ext® = 0 and therefore every 2-cocycle (symmetric or not) is a 2-boundary. This
proves the theorem in this case.
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Case 2: A=17/p.
Let E[t] = Fp[t]/(t?). It can be checked that
T[] = X) Elt,]

k>0

(where the tensor product is taken over F,). By the Kiinneth formula, we then have that
Eti[t] (AA) = ® EXtE[tpk] (A, A).
k>0
t2

t
For a moment consider the case p = 3. E[t] may be drawn pictorially as: 1
The minimal resolution of F), = E[t]/(¢) over E[t] then has the following form:

This resolution is easy to describe algebraically, and in fact this generalizes for arbitrary p: when p

is odd, form the differential graded algebra E[t] ® Ala] ® T'[b], where the differential is determined
by

da=t and db=t""1a

together with the fact that it is a derivation. It can be checked that this complex gives a resolution
for F,, over E[t]. One way to see this is to recognize E[t] as the group algebra of a cyclic group
and notice that the resolution described above coincides with the standard resolution. One then
computes that

Extp (A4, A) = Ala] ® P[B], where a € Ext' and 3 € Ext®.
Here Ala] denotes an exterior algebra on the class «, and P[] is a polynomial algebra. So
Extrp(4, A) 2 Ao |k >0]® Pl |k >0],  a,€Ext' and 8 € Ext®.
Corollary 3.4.
(a) When p is odd, Ext%[t] (A, A) has basis {B, a;cy}.
(b) When p =2, Ext(A, A) = P[a;] and so Ext® has basis {a3, o}

Observe that one has the relations o5 = aja;.

Exercise 3.5.

(a) Show that when p is odd f3 is represented by the 2-cocycle C)x(x,y) and o« is represented
by the 2-cocycle 2P’ ypj.

(b) Show that when p = 2, o3 is represented by Cor (2, y) and «;a; is represented by 22 y? .

For n # p* we have C,,(,y) = d'(z") so we have the following
Corollary 3.6. A basis for the 2-cocycles is given by the Cy(x,y) and the xpaypb when a < b.

Notice that a?"y?" + 2?" yp" = potpb (4,7). It therefore follows that the Ci,(x,y) form a basis
for the symmetric 2-cocycles. This completes the proof.

Note 3.7.
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(a) The techniques used above to determine the 2-cocycles apply in more general situations. One
example would be the classification of cocyles satisfying

f,2) —a fle+ry,2)+ flx,y +F 2) —c flz,y) =0

(b) One can also work out a basis for all the 2-cocycles (not symmetric) for any algebra A by using
a Bockstein spectral sequence.

4. CoMPLEX COBORDISM AND MU

There are different approaches to complex cobordism; we will focus on the vector bundle/Thom
complex perspective. The best reference for the material in this section is Chapter 2 of [A].
Consider the sequence of classifying spaces

BU(1) — BU(2) < ---— BU.
Let MU (n) denote the Thom space of the universal bundle £, over BU(n). It’s easy to see that
there are natural maps X2MU (n) — MU (n + 1).
Recall that a spectrum is a sequence of pointed spaces { E,,} together with (pointed) maps X F,, —

E,+1. So in particular, the MU (n)’s assemble to give us a spectrum—this is usually called MU.
Any spectrum gives rise to a generalized homology and cohomology theory defined by

En(X) = lim mpx(Ey AX)
E¥(X) = lim [Z"X, E, 4]

The generalized cohomology theory associated to MU is called complex cobordism. It turns
to be a ring spectrum, and in fact it’s complex oriented. The latter is somewhat formal: given a
vector bundle 7 over X, one gets a map X — BU(n) expressing 7 as a pullback of &,. Taking Thom

spaces then gives X" — MU (n), which defines an element in MU 2n(X ™) by definition.

Now the amazing thing is that MU is actually the universal complex oriented cohomology theory.
It can be shown that complex orientations of a spectrum E are in one-to-one correspondence with
multiplicative maps MU — E.

The complex orientation on MU defines a formal group law on MU* = 7. (MU). Therefore one
gets a map of graded rings
Zlr1,x2,...] =L — m . (MU).

Theorem 4.1 (Quillen). The above map is an isomorphism.

We’ve seen that complex oriented cohomology theories give rise to formal group laws. The fact
that the universal complex oriented cohomology theory gives rise to the universal formal group law
suggests a very intimate relationship between the two. We will explore this more as the course
progresses. The proof of Quillen’s theorem uses computations with the Adams-Novikov spectral
sequence and complex oriented cohomology theories. We will begin with the former.

Adams resolutions.

We will follow the treatment by Haynes Miller [M]. The idea is the following. Let E be a spectrum
which we pretend to know something about and let X be another spectrum which we want to learn
about. Haynes’ idea is to think of this situation as you would in homological algebra.

Definition 4.2.

(i) A sequence of spectra A1 — As — ... — A, is exact if the sequence of homotopy functors it
represents is exact.

(ii) A map f: A — B is a monomorphism if x — A L, B is ezact.

(i1i)) A map f: A — B is an epimorphism if A L B =« is exact.
(iv) A sequence A — B — C' is short exact if x » A — B — C — x is exact.
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Lemma 4.3. A map f: A — B is a monomorphism iff there exists g : C — B such that

Ave s
is a weak equivalence.
Proof. Consider the cofiber sequence
A— B— BJ/A
Since A — B is mono, it follows that B — B/A is epi. We can now take C = B/A and g to be any
map lifting the identity. O

Something similar holds for epimorphisms so the homological algebra of spectra in this naive form
is kind of stupid.

Definition 4.4. A sequence of spectra is E-exact if the sequence obtained from it by smashing with
E is ezact.

We can now define the notions of F-monomorphism, F-epimorphism and E-short exact as above.

Definition 4.5. A spectrum I is E-injective if for each E-monomorphism f: A — B and each
map g : A — I there exists a map h : B — I making the following diagram commute up to homotopy

A>T

Definition 4.6. An E-Adams resolution of a spectrum X is a sequence
*_>Xj_“,[0j_1>[1_>...
such that

(i) Jn 0 Jn—1 ~ *
(i) Each I, is E-injective.
(iii) The sequence is E-exact.

Remark 4.7. It follows from Lemma 4.3 that defining I_; = X, we have splittings F A I, =
JnVdppr with J_1 =+, Jy=EAX,J1 =EA (Ih/X),....

ENX E/\I()%E/\Ilﬁ
Jo Jo\/J1—>J1\/J2—>"'

and the way one usually shows that a certain sequence is a resolution is by showing that the sequence
splits in this way.

Lemma 4.8. Let

x — X — Ip — 11 — -

*x —Y — Jg— J — -

be E-Adams resolutions of X and Y and let f : X — Y be a map of spectra. Then there ezists a
map of resolutions lifting f and this is unique up to chain homotopy.

Proof. Exercise. O
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Note 4.9. One can actually speak of the space of maps between two resolutions. If the spectrum FE
is a ring spectrum with higher order commutativity properties, the cells in the spaces parametrizing
the higher order homotopies give maps of resolutions shifting dimensions by the dimension of the
cell and it is in this way that all Adams differentials are derived.

Adams towers.
We will now show how Adams resolutions correspond to Adams towers.

Definition 4.10. A tower is a diagram of spectra

Xy —= N2

X ——315L

X—Xo=Ip—1,

where the sequences X,+1 — X, — X7 "I, 41 are cofibration sequences. The composites
ST 2T, = Xy — X
where the first map is the inclusion of the fiber of X,, — X, +1 are called the k-invariants of the
tower.
From a tower we get a sequence of spectra

Xl 2n 2 —.

where clearly 7, 0 jp—1 ~ *.

In general this sequence carries much less information then the tower we started out with. The
sequence just “remembers” the layers of the tower and the maps between them.

Definition 4.11. A tower is an E-Adams tower if its corresponding sequence is an E-Adams
resolution.

It is a miracle that in the case of an F-Adams resolution we can go back to get an E-Adams
tower. In general there are obstructions to constructing a corresponding tower which lie in the Toda
brackets < jo, j1,- .. ,Jn >. In the case of an F-Adams resolution the homological algebra somehow
guarantees that they all contain 0.

Proposition 4.12. FEvery Adams resolution arises from an Adams tower.

Proof. Let X — Iy — I; — ... be an E-Adams resolution. Then from the definition of a tower we
are forced to take Xo = Iy and X; = fibre of Iy — I;. We will show how to get the next stage of
the tower which should make it clear how to proceed by induction.

So far we have the following diagram

X1
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In order to proceed one more stage we need to guarantee

-1
(i) the composite X Xy T Y s null

(ii) the composite X; —» X ~1I, — N~113 is null.
It is now easy to check that these hold because the two maps are null after smashing with £ and
hence must actually be null as the I,,’s are E-injective. [l

5. THE ADAMS SPECTRAL SEQUENCE

The E-Adams spectral sequence is the homotopy spectral sequence associated to an F-Adams
tower. It turns out that this spectral sequence is useful even when we don’t know anything about
the spectrum E! We’ll see examples of this later. There are two obvious questions one can ask:

Question 1: What is the Es-term of this spectral sequence?
Question 2: To what does this spectral sequence converge?

Answer to Question 1: The Fp term is the complex
el — m iy — ...

so the Ea-term is the cohomology of this complex. By Lemma 4.8 this is independent of the choice
of resolution. In general, this is all you can say. But in good cases we can give a homological
description of the E5 term. We will discuss this in more detail in the next section.
Answer to Question 2: The spectral sequence converges conditionally to m, lim. X,,. That is, we
can tell what lim! 7, X, and lim_ 7,X, are from the spectral sequence and there is the Milnor
sequence relating these to 7, lim. X,,. I think this is what conditional convergence means.

There is also a map

X —lim X,

The space on the right hand side is called the E-nilpotent completion of X, which in good cases
coincides with LrX, the Bousfield localization of X. Rather than worry about to which extent
this map is an equivalence, the point of view we will take is that it is the completion of X we are
interested in.

In order to try to give a description of Fy we will need to assume that F is a ring spectrum.
Pretty much nothing is known if this is not the case and this might be an interesting question to
consider since we are losing generality by assuming that E is a ring spectrum. Ignoring for a moment
the difference between localization and completion, note that the abutment of the spectral sequence
depends upon the Bousfield class of E and it is not true that every Bousfield class contains a ring
spectrum. So all that we will say next does not apply in any way to the study of localizations with
respect to Bousfield classes not containing a ring spectrum.

So assume F is a ring spectrum, i.e. that we have a diagram

SSANE——=FEANE<—FEASY

o

E
Lemma 5.1. A spectrum I is E-injective iff I — E NI is the inclusion of a retract.
Proof. Exercise. (|

Lemma 5.2. For any spectrum X, the map X — E A X is an E-monomorphism.
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Proof. The diagram
EANX —FEANEAX

S |

EANX
shows that E A X — E A E A X is the inclusion of a retract. O

Corollary 5.3. Any spectrum X has an E-Adams resolution.

Proof. Let E denote the cofiber of the unit map S° — E. Then it is easy to check that the top row
of the following diagram is an E-Adams resolution for X

X——»EA{\\\\ EAEAX EAEAEAX —= -
EAX EANEANX
O

The resolution described in the previous proof is called the normalized E-Adams resolution.
This is not ideal for some purposes. For instance, if X is also a ring spectrum, one would like to
have a resolution made of ring spectra and maps of ring spectra and this is not the case with the
normalized resolution.

The standard resolution.
Let I, = EA...AEAX (n+1 copies of E indexed from 0 to n) and define maps ¢ fori =0,... ,n+1

8" :I,=EAN..NEANX S EAN...ANSAN..NEANX — I,
with the second map given by inclusion of the unit on the i-th factor.
Definition 5.4. The standard resolution of X is the resolution
XS EANX-SEAEAX S

where § = > (—1)"5".

The standard resolution is also called the bar construction.
Remark 5.5.

(i) The functor which associates

[n—IL,=EAN...NEANX

extends to a cosimplicial spectrum. If X is a ring spectrum then this is a cosimplicial ring
spectrum which we will denote by E®X.

(ii) The tot tower of this cosimplicial spectrum is an Adams tower associated to this Adams
resolution.

The E5 term.
We will now talk about the nice cases in which the Es term of the spectral sequence gets a homological
name. Recall that the Ey term is the cohomology of the cochain complex

(5.1) mEANX —=m,EANEANX == ---

There is a convenient assumption that we will make. Since F is a ring spectrum, 7, FE = E, and
m.ENE = FE.,F is also a ring. There are two maps given by smahing with the unit on the left and
right respectively

nL
E.——=XEFE.E
MR
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Note that the two maps differ by the flip automorphism of E A E.

Assumption: The map 5y, : E, — E.F is flat. When this assumption is satisfied we say that F is
flat. Note that ny is flat iff ng is.

Remark 5.6. This assumption is not too restrictive although there are several interesting cases in
which it is not satisfied.

Recall that the smash product gives natural homomorphisms
mAQmB — 1, ANB
which together with the definition of the tensor product as a coequalizer give the natural map

E.EQFE, QB X —=EFQFEX —— EEQp, BE.X

|
|3
1ApRALIAL \

mEAEAEAEA%?:%MEAEAEAXwﬂLmEAEAX
ALAUA

where the action of E, on E,.F in the top right hand corner of the diagram is through ng.

Proposition 5.7. If E is flat then the natural map
E.E®p, B, X — 1, ENENX
is an isomorphism.

Proof.

(i) The result clearly holds when X is a sphere.
(ii) Since E is flat, both the domain and range of the map are homology theories in X (i.e. take
cofiber sequences to long exact sequences of abelian groups)
(iii) Both sides take infinite wedges to infinite direct sums.

We conclude that the map is an isomorphism for all X since a map of homology theories which is
an isomorphism on coefficients is an isomorphism. [l
Notation: We will write
A=F, I'=E.F M=F.X.
Proposition 5.7 lets us write the complex (5.1) in a purely algebraic fashion. It is the complex
—ZI'oAM=—=T1'®a M---

and we now have to unravel what the natural maps in this complex are. Let’s start first with the
case X = SO or equivalently M = A. In this case all the natural maps can be derived from the
following

(i) The maps induced in homotopy by 7y, and nr which we denote by the same name
nr
A—=T
NR

(ii) The maps induced in homotopy by the three maps

ENE==EANENAE
Recall that T, FAE =T and n,FEAEANE =T ®4I'. It is easy to check that under these
identifications
SSNENE—EANEANE
induces

re€l—1RQaxel’®s
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and similarly

ENEANS® —ENENE
induces

rel—arzlel®@al
but the remaining map

ENSNE —ENENE

induces a map that we have to name. We will denote it by V: T' - T'®4 I'.

Exercise 5.8.
(a) Check that ¥(nz(a)x) =np(a) ® 1. (z) and U(z.ng(a)) = ¥(x).1 @ nr(a).
(b) Check that all other maps in the bar construction can be derived from ng,ny and V.

There are a couple of other maps which are useful although not really necessary to describe the bar
construction. The multiplication E A E -~ E induces the augmentation € : I' — A and the flip
automorphism ¢ : EAE — E A E induces a map I' — I' which we still denote by c. It is easy to
check that we have the following identities

eonp =€onr =1

Hopf algebroids.
A ring A is determined by the functor it corepresents

Ring(A,—) : Rings — Sets

This is often a better point of view than thinking of rings in terms of elements. In this language, a
map of rings is a natural transformation of functors. The category of functors from rings to sets is
actually a lot like the category of sets and it is often convenient to think of objects in this category
as sets.

We have described the Fs term of the Adams spectral sequence in terms of some complicated
algebraic data (A,T,ngr,nL,¢€,¢, ¥). In our new language, thinking of the elements in the functor
category as sets, this data defines a groupoid. Writing

Xo =Ring(A,—) and X; = Ring(T,—)
we have

(i) X; represents the set of morphisms.
(ii) Xo represents the set of objects.
(iii) ng represents range.
(iv) nr represents domain.
(v) € represents the identity morphism.
(vi) ¢ represents the inverse map.

)

(vii) W represents composition.

For the last item note that the set of composable maps is the fiber product X; xx, X1 and so
composition X7 X x, X1 — X3 is represented by ¥ : I' — I'®4 I'. Also note that the above data
gives the first three terms of a simplicial object

nL ™1
/_\ \Il
X0—€>X1 -— X3 X X, X.
A\ N—

NRrR T2

(where we haven’t drawn the degeneracies from X; to X7 x x, X1 for typographical reasons).
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Definition 5.9. A Hopf algebroid is a pair of rings (A,T) together with maps (nr,nr,¥,c,€) as
above such that

1. ng, s flat
2. Xo = Ring(A,—), X1 = Ring(T,—) and (nr,n5,¥Y,c,€) define a functor from Rings to
Groupoids.

Exercise 5.10. Check that the bar construction on (A,T') regarded as a functor from rings to
simplicial sets assigns to each ring the nerve of the groupoid associated to that ring by (A4,T).

Exercise 5.11. Consider the functor @) : Rings — Groupoids with objects
ob(Q) = Rx R={z* + bz +clb,c € R}
and maps
Map((bi, 1), (ba,c2)) = {r € R|(z +7)% + by (x +7) + c1 = 2° + bex + 2}

This is the groupoid of quadratic expressions and changes of variables. Find explicitly a Hopf
algebroid (A, T") representing this functor.

We also need to consider the case when X is not a sphere. In this case M = E, X is an A-comodule
over (A,T):
Definition 5.12. A comodule M over the Hopf algebroid (A,T') is a left A-module M together
with a coaction map

n:M-—T®a M

of left A-modules satisfying
(a) The composite M — T @4 M COL N s the identity. (Counital property)
(b) (¥ ®1id)on = (idr ® n) on (Coassociativity)

Facts:
1. Co-modules over (A,T) form an abelian category with enough injectives (this requires flatness

of nr).
2. The E5 term of the Adams spectral sequence is

EthﬁAyp) (A, M)
This is also written Ext}-(A4, M) and Extg, p(Ex, F. X).

Note that different Hopf algebroids can have the same cohomology. This is true if the groupoids
they represent are equivalent (or even locally equivalent). This suggests that the Hopf algebroid is
still not the natural object we should be considering when analyzing the Adams spectral sequence.

6. THE HopPF ALGEBROID (MU, MU,MU) AND FORMAL GROUPS

We have already seen Quillen’s theorem that the ring MU, is isomorphic to the Lazard ring which
corepresents the functor

S+ {formal group laws over S}

from rings to sets. We will now examine the Hopf algebroid (MU, MU, MU) and the functor from
rings to groupoids which it corepresents.
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Computation of E,CP>, E,BU, E,MU. Rather than specifically computing MU, MU, we’ll com-
pute the ring F, MU where E is any complex oriented cohomology theory. The computation in this
general case is no different from the special case £ = MU.

We have seen that E*(CP>) & E*[[xg]], where 25 € E?(CP) is the complex orientation of E,
and that E*(CP") = E*[z]/(2"!), where x denotes the restriction of the class zg. To compute
E.(CP™) and E.(CP*), we make use of the pairing of Atiyah-Hirzebruch Spectral Sequences

H*(CP™; E,) —= E*(CP™)

X X
H,(CP"™; E,) == E*(CP")

\ v

E, E,

The nonsingularity of the pairing in the Es-term, together with the vanishing of all differentials
in the spectral sequence for cohomology, shows that all differentials in the spectral sequence for
homology likewise vanish. Hence E,(CP™) is a free E,-module on classes by, ... , b, with b; dual to
x'. Passing to the colimit, we find that E,(CP>) is a free E.-module on generators by, b1, ba, . . .
dual to 1,2, 22, . ...

Remark 6.1. Note that the natural map E*(CP*°) — Hompg, (E.CP*>, E,) is an isomorphism.
For a power series Y anz’; € E*(CP), the corresonding map E,(CP>) — E, is determined by

by, — ay,.

Before describing the structure of E, MU it will help to discuss Thom complexes of vector bundles
and virtual bundles. Suppose V is a vector bundle over a space X. Let X" denote the Thom
spectrum of this bundle, i.e. the suspension spectrum of the Thom complex. If n is a trivial bundle
of real dimension n, then

XVt =ynxV,

So take this to be the definition of XV*+" even when n is a negative integer. If X is compact, this
allows us to define XV for any virtual bundle V € KO(X), using the fact that any such V may be
written as W — n for some vector bundle W. For more general spaces X (i.e. for paracompact X),
we define XV by passage to the colimit along compact subspaces. (This definition of Thom spectra
is a bit troublesome because we made so many choices along the way. Later, when we define spectra
more carefully, we’ll see that Thom spectra may be defined in a way which is obviously functorial
and independent of the choices.)

Define 3; € E,(CP*)%~! to be the class corresponding to b; under the Thom isomorphism, and
observe that the correspondence

~

(CP®)M~! = 72(CP>)" < £7°CP™
maps 3, to X 72b, 1.
Proposition 6.2.

E*(BU) = SymE* [E*(CPOO]/(I)Q — 1) = E*[bl,bz, .. ]

E.(MU) = Symg_[E.(CP*)*""]/(8 —1) = E[B1, 2, .|

Proof. Both statements follow from the known case F = HZ, using the Atiyah-Hirzebruch Spectral
Sequence. The multiplicative structure of E,MU is as indicated because the multiplication map
MU AN MU — MU is derived from the Whitney sum map BU x BU — BU upon passing to Thom
complexes. O
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E.MU and formal groups. Now, we want to understand the ring E, MU, and the functor it
corepresents, in terms of formal groups, but again it helps to work in greater generality. Let E, M be
complex oriented cohomlogy theories with complex orientations z g, x s, respectively. The spectrum
E A M has two complex orientations, which we shall also call xg, s, coming from the two maps

Y 2CP* B EF - EAM, YICP ™M M - EAM

Likewise, if F,G are the associated formal groups over E,, M,, then their images under the natural
maps E, — (EAM)., M. — (E AN M), define two formal groups over (E A M), which we will also
call F,G. We know that (E A M)*(CP>®) = (E A M).[[zg]]. In particular, the element x5 may be
expressed as a power series

Ty = toTE +t1(1‘E)2 + ...
In fact, to = 1 because complex orientations must restrict to a preferred class in (E A M)?(CP1).
Let g(z) be the power series x + t122 + . ... Looking at

(EANM)*(CP®) — (EAM)"(CP* x CP*®)
TE +— ZE+FYE
9(zp) — gl +rye)
9(xp)=2m = v +cym =9(zE) e 9(YE)
we see that g(x +r y) = g(x) +¢ g(y). Hence g is an isomorphism from F to G. In fact g satisfies
the additional property that g’(0) = 1; such an isomorphism is called a strict isomorphism.
Definition 6.3. Let R, S be rings, and F,G formal group laws over R, S, respectively. The functor
StrictIso(F, G) : Rings — Sets is defined by
T—{f:R—>T,9:S—T,¢: f*F — g"G a strict isomorphism}.
The previous discussion shows that a pair of complex oriented theories F, M with formal group

laws F,G determines a natural transformation 7z a : Ring(m.(E A M), —) — StrictIso(F,G) of
functors from rings to sets.

Lemma 6.4. If E, M, N are three complex oriented theories with formal group laws F,G, H, then
the following diagram of natural transformations commutes:

Ring(m EANM AN, —)

i

Ring(me EAM,—) x  Ring(m. M AN, —) Ring(m.E NN, —)

lTE,M lTAI,N l/TE,N

StrictIso(F, G) x StrictIso(G, H) StrictIso(F, H)

Here the map StrictIso(F, G) x StrictIso(G, H) — StrictIso(F, H) is defined by composition of strict
isomorphisms. The map Ring(m.(EAM AN),—) — Ring(m.(E A M), —) is induced by the natural
map m.(EAM) — 7.(EANMAN), and likewise for M AN and E A N.

Proof. Comparing the two complex orientations on E A M, and on M A N, and on E A N, gives us
three power series:

e g1, an isomorphism from F' to G over (E A M),

e go, an isomorphism from G to H over (M A N).,

e g3, an isomorphism from F to H over (E A N)..
The lemma asserts that gs = g2 0 g1 if we consider all three power series as being defined over the
ring (EAM A N),. But in the ring (E A M A N)*(CP*), we have

93(zp) =N = g2(vm) = 92(91(7E))
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which verifies that g3 = g2 0 ¢1. O
Proposition 6.5.

1. The natural transformation TE pqu s an isomorphism. In other words, E.MU corepresents
the functor which assigns to each ring R the set of triples (f,G,g), where f : E. — R is a ring
homomorphism, G is a formal group over R, and g is a strict isomorphism between f*F and
G over R.

2. The Hopf algebroid (MU,, MU.MU) corepresents the functor Rings — Groupoids which asso-
ciates to each ring R the groupoid of formal group laws over R and strict isomorphisms between
them.

Proof. First observe that the information in a triple (f, G, g) as in part (1) is redundant, because
the formal group G is uniquely determined by f and g. Furthermore, since E,MU = E.[(1, (2, . ..],
amap ¢ : ExMU — R is clearly determined by the map f : E, — R and the power series
S"¢(Bn)z™ L. Tt remains to show that this power series is equal to g(z). For this, see the lemma
below.

For part (2), we have already shown that MU, MU corepresents the functor StrictIso(Fyniv, Funiv)
which assigns to R the set of morphisms in the groupoid of formal group laws over R. It remains
to show that nz,ng, €, U identify sources, targets, identity maps, and composition in this groupoid.
All of these assertions are easy; the fact that ¥ induces the composition law for strict isomorphisms
is a consequence of Lemma 6.4. O

Lemma 6.6. The two complex orientations xg, xypuy of EAMU are related by the equation x iy =
Eﬂnx}?l.

Proof. By the remark following the computation of E,CP>, the power series coefficients of a class
in E*(CP*) = E.[[zg]] may be extracted by considering the induced map F,(CP>*) — E.. We
are working with £ A MU, and the coefficient of ;1:%“ in the power series expansion of x sy is the
image of b,11 under this induced map, i.e. it is the element in w2, (E A MU) represented by the
class

1 1INz U

Eizbﬂﬁkl
g2 —>="FE A (CP®)t—=EAMU ,
which by definition is (. O

On the proof of Quillen’s theorem. Until now, we have been using Quillen’s theorem without
having seen a proof of it. A complete proof appears in [A]; here we will only provide a short sketch
of the proof.

In the above discussion, consider what happens if we take E' = H, the integral Eilenberg-MacLane
spectrum. The formal group associated to H is G,, the additive formal group. Hence the ring
H.MU = Z|[B1, B2, . ..] corepresents the functor StrictIso(Gg, Funiv). In other words, there is an
isomorphism between G, and Fy,;, over H, MU, and it is the universal ring over which such an
isomorphism exists. We considered this ring during the proof of Lazard’s Theorem, and we showed
that the map L — Z[81, B2, . . . ] was a monomorphism and that the induced map on indecomposables,

(QL)2n —= (QZ[B1, B2, - - .])2n
7. —— 7 (generated by ;)

is multiplication by d,. Milnor, using the Adams Spectral Sequence, showed that 7. MU — H, MU
is a monomorphism and induces the same map on indecomposables. This implies Quillen’s theorem.
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7. MORE ON ISOMORPHISMS, STRICT ISOMORPHISMS, AND 7. F A FE.

If R, S are rings and F, G are formal groups over R, S, respectively, we defined in the last section
a functor StrictIso(F, G) from rings to sets by

T—{f:R—T,9:5S—T,¢: f*F — g"G a strict isomorphism}

Similarly, we can define functors Iso(F,G), Hom(F,G) by considering isomorphisms or homomor-
phisms from f*F to ¢*G in place of strict isomorphisms.

Proposition 7.1. The functors Iso(F, G), StrictIso(F, G), Hom(F,G) are corepresentable.

Proof. The functor T — {f: R — T,g:S — T} is corepresented by R® S. Pushing forward F' and
G via the natural maps R — R® S, S — R® S, we may interpret F, G as being defined over R® S.
A homomorphism between them is a power series ¢(z) = apx + a1z + ... satisfying

oz +ry) = 9(x) +c o(y)

Expanding the two sides of this equation as power series in x and y and equating the coefficients of
the monomials 2y’ gives a set of relations among the a;’s. Let I C R ® Slag,a1,...] be the ideal
generated by these relations. Then it is easy to see that:
e Hom(F, Q) is corepresented by R ® S|ag,a1,...]/]
e Iso(F,G) is corepresented by R ® S[aZ',ay,...]/1
e Strictlso(F, G) is corepresented by R ® S[ai', a1,...]/(I + (ag — 1))
O

Recall from the last section that MU,MU corepresents the functor StrictIso( Fymniv, Guniv)- This
reliance on strict isomorphisms is a weird facet of the grading. Eventually we wll restrict our
attention to complex oriented theories E for which meF contains a unit, e.g. K-theory. In
such cases the formal group law is defined over mpFE, and the “model” in such cases is that
mo(E1 A E2) corepresents Iso(Fiy, Fs). In other words, there is always a natural transformation
Ring(mo(Ey A Ez), —) — Iso(F1, F»), and in good cases this natural transformation is an isomor-
phism. For example, after formulating an appropriate definition of “flat formal group law” we will
prove:

Theorem 7.2. The natural transformation Ring(mo(E1 A Es), —) — Iso(F1, F») is an isomorphism
if one of F1, Fy is flat.

The Hopf algebroid (HZ/2.,HZ/2,HZ/2). The original impetus for thinking about formal
groups in the context of cohomology theories came from an observation of Atiyah and Hirzebruch
concerning the dual Steenrod algebra [AH]. Consider imitating the analysis of complex oriented
cohomology theories but with “real orientations” instead of complex orientations. In other words,
we let RP° play the role of CP>°, define a real orientation of a cohomology theory E to be a class in
EY(RP>) whose restriction to RP! is the suspension of the class 1 € E°(S?), and associate a formal
group to a real oriented cohomology theory using the map RP*° x RP* — RP* which classifies
the Whitney sum of real vector bundles.

The formal group associated to the mod-2 Eilenberg-MacLane spectrum HZ/2 is the additive
formal group law over the field Fo. Over HZ/2 A HZ/2 we have two “orientations”

(SHZ/2) A HZ/2
e 4

T

HZ/2 A (SHZ/2)
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We know zp can be written as a power series f(zr), where f(t) = ¢t + higher order terms. Taking
into account the formal group law, f has to satisfy
fler+yr) =zr+yr = f(zr) + f(yr)
ie. f(s+1t)= f(s)+ f(t). Since we are working in characteristic 2, this implies
f(t) = Z Cnt2n7
n>0

where (; = 1. In fact, the functor StrictlIso(G,,G,) on Fs-algebras is corepresented by the ring
Fa[C1, 2, - - -] with |¢n] = 2™ — 1. The above formula for f(t) defines a map

FalCi, Gov -] — (HZ/2). HZ/2,

and Milnor’s computation of the dual Steenrod algebra A, = (HZ/2),.HZ/2 shows that this map is
an isomorphism.

Consider the three maps HZ/2 A\ HZ/2—=HZ/2 AN HZ/2 N HZ/2 obtained by smashing the
unit map ¢ : S° — HZ/2 on the first, second, or third factor with the identity map on the remaining
two factors. Applying 7., we get three maps A*E;)A* ® A, namely a — 1 ® a,a — Ya, and
a — a® 1, respectively. We may use the composition law for strict isomorphisms of G, to work out
the formula for U. If our two strict isomorphisms are

f) = D (el
g(t) > (@)t

then their composition g o f is

goft) = D (1®G)(Gna")"

n m-+4n
= > (G @Gt

Hence

V()= ) e
i+j=n
which is the familiar formula for the coproduct in the dual Steenrod algebra.

To extend this analysis to odd primes p, in place of H*(RP*;Z/2) we would consider
H*(BZ/p;Z/p) = E[a] ® P[b], where a,b are classes in H', H? respectively. The comultiplica-
tion is given by a — a®1+1®a, b— b®1+1®b, which is like an additive formal group but
with two variables instead of one. To deal with this, we introduce the category of “super-rings”, i.e.
Z/2-graded rings with multiplication satisfying the graded commutativity relation ab = (—1)|“||b‘ba.
In the commutative case, we have affine n-space A™ whose ring of functions is k[x1, ... ,2,], so that
H*(RP>) can be identified with the ring of functions on A!. The additive group structure on Al
gives rise to a group G, whose formal completion is the formal group law over H,. In the “super”
case, we may think of Plx1,...,x;] ® Efy1,... ,ye as the ring of functions on affine (k,¢)-space
AM*. This identifies H*(BZ/p) with the ring of functions on A'! and the additive group structure
on AL gives rise to a “supergroup” Gl'! whose formal completion is the formal group law over H.,.

Exercise 7.3. Show that StrictIso(GL', G1'!) is corepresented in the category of IF,-superalgebras
by the mod-p dual Steenrod algebra.

Remark 7.4. We have indicated how isomorphisms of the formal group associated to a complex
oriented cohomology theory are related to stable operations in that cohomology theory. It turns
out that endomorphisms of the formal group are related to unstable operations. For example, in
K-theory, upon completing at a prime p, one has unstable Adams operations 1* for any k € Ly,
corresponding to the “multiplication by k” endomorphism of the formal group. These operations
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extend to stable operations only in the case where k is a p-adic unit, i.e. only if the endomorphism
is an automorphism of the formal group.

The formal group associated to K-theory. Let K be the spectrum representing K-theory. Bott
periodicity tells us that 7, (K) = Z[v,v™!], where |v| = 2. The isomorphism 75 (K) = K°(S?) maps
v to 1 — L, where L is the restriction to CP* = S2 of the tautological line bundle L over CP*.
Therefore the class z = v~1(1 — L) € K2(CP>) is a complex orientation for K-theory.

Remark 7.5. We could also take 2’ =1 — IL. as our complex orientation, leading to a formal group
law over my K.

To determine the formal group law associated to K-theory, we begin by observing that the map
K?(CP*>®) — K?(CP*> x CP>®) sends v~ !}(1 — L) to v"}(1 = L®L). In K?(CP>® x CP*>), let
r=v}(1-L®1l),y=v"(1-1®L). Then

Lol = (1—vz)(1l—uvy)
= 1—v(z+y—ovaxy)
v I(1-LeL) = z+y—vry

hence the formal group law is  — = + y — vay. Let’s call this formal group law G},. If we set v =1
we get the formal group law
T—rt+y-— Ty,

which is called the multiplicative formal group law and is denoted by G,,. We will see later that the
formal group law for K-theory is flat, hence mo(K A K) corepresents Iso(G,, Gy,).
To calculate Iso(Gyy,, G,,,) we consider power series of the form

1-(1—2)=bx— (g)x2+<g)x3—...

These determine endomorphsms of G, which if b is invertible will be isomorphisms. Let
ZIbE by, .. ] /rels — Q[bF!]

bn—l g (b)u
n

where the above relations are imposed by the requirment that the homomorphism defined above be
a monomorphism. Since Z[b(jfl, b1,...]/rels is constructed to represent some automorphisms of G,
there is a naural transformation of functors

Spec Z[bg !, by, . . .]/rels — 150(Gym, Gy
Proposition 7.6. This natural transformations is an isomorphism.

Spec Z[bE! by, ... ]/rels 2 150(Gp, G-
Note 7.7. Clark and Adams prove this from a different perspective.

Logarithm of a FGL. Let G be a formal group law over a ring R and I(z) a power series which
defines a strict isomorphism (i.e. I’(0) = 1) of G with the additive formal group law G:

Wz +cy) =IU(z) +1(y).
Taking the derivative of the above equation with respect to y and then evaluating at y = 0 we
calculate

im0+ 1@ +6 )Gy (2,0) = 1.
U'(x)Gy(z,0) =1
, B 1
') = 5w
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1

For all G we call the power series [ mdz the logarithm of G. This series though is not

necessarily defined over R, but rather over R ® Q, because integrating the coefficient of z™ will
require dividing by n. By the above calculation the logarithm defines an isomorphism of G with G,
1

if and only if this power series is defined over R. The differential md:c, which is always defined

over R, is called the invariant differential of G.
Example 7.8. G, (z,y) =1— (1 —z)(1 —y).
Gy(z,0)=1—-2z

1 z"
logg,, () = / T = > -

This calculation proves that over any Fp-algebra R the formal group laws G,, and G, are not
isomorphic.

Exercise 7.9. Work out the relationship between
o 7. HQ A E and Iso(G,, Gg).
o ToHQ[u*!] A E and Iso(G,, G ).

8. STACKS

We start with an example to give intuition. Let X be a topological space, we think of X as
a category whose objects are the open sets of X and morphisms inclusions, denoted Cx. For a
topological group G consider the assignment to each open U — X the groupoid of principle G-
bundles and isomorphisms. To each inclusion V' <— U in X there corresponds a pullback functor
from principle G-bundles over U to those over V. This assignment is (almost) a functor from Cx to
groupoids.

Definition 8.1. A sheaf on X is a contravariant functor F' : Cx — Sets satisfying the “sheaf
condition” :
If {U;} is a covering of U then

FU) - [[FW:) =[] FUinU;)
is an equalizer sequence.

The simplest example of a sheaf on X assigns to each open U the set of continuous real valued
functions on U.

Example 8.2. (Continued) The assignment to the open set U the groupoid of principle G-bundles
consists of both the assignment of the set of objects and the set of morphisms in the groupoid. Each
of these assignments is a sheaf (in as much as it is an actual functor to sets).

(We will mention the following technical difficulties but will ignore them for now:

e The collection of G-bundles on U is a class and not a set.
e Pullback of G-bundles is not functorial. Given F — U a principle G-bundle over U and

wsyloy
it is true that (jo4)*E = j* 0 4*E but (j 0i)*FE # j* 0i*F as G-bundles over W.)
Even though both the object and morphism assignment are sheaves there is an even stronger
“lifting” property that holds for this groupoid valued functor. The stronger lifing property roughly
says that given a cover and objects on each member of the cover which are isomorphic (not necessarily

equal) on the intersections then there is a lifting. More precisely, given a cover of U by {U;}, G-
bundles E; — U;, and isomorphisms we call “gluing data” oy : Eilu,nu; — Ejlu.nu; satisfying




26 COURSE NOTES FOR 18.917, TAUGHT BY MIKE HOPKINS

the “cocycle condiditon” «;j o a;; = ai, there is a principle G-bundle £ — U and isomorphisms
fi : Ely, — F;, compatible with the gluing data:

E’i UiﬁU]‘ f% E UiﬁU]‘

@i lfj

E] UiﬂUj .

We would like to generalize this stronger sheaf property. If (Xo, X7) is a sheaf of groupoids and
{Ui} a covering of U, let Descy,} be the “category of descent datum” for the covering {U;}.
e Objects: collections of objects E; € Xo(U;) together with isomorphisms o, : Ez'|UmUj —
Ejlv,nu,; in X1(U; NUj) satisfying the “cocycle condiditon” ajx, o aij = .
e Morphisms: Descyy,;((Ei, i), (B}, aj;)) consists of “morphisms” f; : E; — E} in X1(U;)
which are compatible with o;; in the sense that:

fi
Eilv,nv; —— Ejlv.ny,

laij la;j

Ejlu,nu; N Ellv,nu,
commutes.
e Gluing Property - Descent Condition: The functor
(X0, X1)(U) — Descqu,y
is an equivalence of groupoids.

Definition 8.3. A stack on X is a sheaf of groupoids (X, X1) satisfying the descent condition for
each open cover {U; — U}.

Remark 8.4. A Hopf algebroid will have a stack associated to it. Also, a stack turns out to be a
like a space - it has coverings and cohomological invariants.

Reference 8.5. The reader is referred to Mumford’s article [Mu] for a nice discussion of stacks
(which never actually uses the word ‘stack’, however).

Example 8.6. How do we make principle G-bundles into a stack?

e Let & be the category whose objects are pairs (U, Ey) where Ey is a principle G-bundle over
U. Morphisms in E((V, Ev ), (U, Ey) are pullback squares:

Ev—>EU.

|

v U

e Consider the projection funtor &€ — Cx. Let Cx,y denote the “over category of U”.
e The category of sections of
7
Ve
e
7 l

Cx/v — Cx

is a groupoid. The assignment which sends U to this category of sections is a sheaf of groupoids
(and a stack).

If M and N are stacks on X then Stacks(M, N) is the set of functors between them (as members
of Groupoids®x). Considering in addition the natural transformations we see that Stacks over X is
a 2-category.
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Stacks on a Grothendieck Topology. More generally we can define stacks over any category
with a Grothendieck topology.

Definition 8.7. A Grothendieck topology on a category C (with finite limits) is a “notion of
covering” J. Here J is a collection of sets {U; — U} called “coverings” which satisfy:
1. Isomorphisms are coverings.
2. Transistivity: {U; — U} and {Vi; — U;} are coverings implies {V;; — U} is also a covering.
3. {U; = U} covering and V — U any map implies {V xy U; — V'} is also a covering.

Example 8.8.

1. X is a space, Cx is equiped with the usual notion of cover.

2. Cis the category of all spaces with the usual notion of open covering.

3. (Spaces).t is the category of spaces where coverings are collections of maps {U; — U}, whose
image is an open cover of U, and in which each U; — U is a covering space of its image.
Note that the “open subsets” in this example have nontrivial automorphisms, unlike the above
cases.

Definition 8.9. Let (C,J) be a category with a Grothendieck topology. A sheaf on C is a con-
travariant functor F : C — Sets with the property that for any cover {U; — U} the sequence

FU) = [[FW) =[] FW: xv U;)
is an equalizer.

Example 8.10 (Affine schemes in the flat topology).
Let € = (Rings)°P. Coverings are the opposite of collections {R — R;} where

1. Each R — R; is flat.
2. (Faithful) If M is an R-module such that M ®p R; = 0 for all ¢, then M = 0.

Verify that this is a Grothendieck topology.

Example 8.11. C is Spaces, usual open covers, G is a topological group. BG is the stack of principle
G-bundles. BG is equivalent to the fundamental groupoid of BGX (if X is a reasonable space).

Exercise 8.12. Check this. Is it true in general or just for G discrete? (Difficulty may arise in
X —(morphisms in fundamental groupoid of BG¥) being a sheaf?)

Groupoid Objects in C. A category in C consists of a pair of objects X, X1 € Ob(C) corresponding
to the sets of objects and morphisms in a category, and morphisms corresponding to the usual

functions between these sets....
range

PN

X, Xo .

N
domain

ompositio.
X1 xx, X1 22K

Given a category we can construct a simplicial set called the nerve of the category by setting

(with face and degeneracy maps given by composition and the insertion of identity morphisms).
Similarly given a category in € the same nerve construction assigns to it a simplicial object in C. A
simplical object is the nerve of a category if and only if the map X,, — X1 xx, X1 Xx, -+ Xx, X1
is an isomorphism. So equivalently we can think of a category object in C as a simplicial object
satisfying the above condition (assuming € has fiber products).

A groupoid in € is a category in € (Xo, X1) together with a map ¢ : X7 — X; corresponding to
the inverse of a morphism and satisfying the obvious properties.

A simplicial set is the nerve of a groupoid if and only if any one of the following hold:
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1. Tt is the nerve of a category and it is a Kan complex.
2. The map X,, — X1 Xx, -+ Xx, X1 (where the product is over dy and on the ith component
the map X,, — X; is the one induced by (0 + 0,1+ ) check this !)
3. The nerve is a cyclic set in the sense of Connes.
The representable functors associated to groupiods in € are sheaves in groupoids (or groupoid
valued sheaves) which is our starting point for the discussion of stacks.

Associated Stacks. From here onward we assume that the Grothendieck topology (€, .J) is sub-
canonical (this means that the representable functors are sheaves).

The associated stack to a sheaf of groupoids (Xo, X1) is the stack Mx,, x,) nearest to (Xo, X1)
from the right. Morally:

ShGroupoids((Xo, X1),N) = Stacks(Mx,,x,), N)-
(Really this is a 2-category equivalence....will explain latter.)
Definition 8.13. M(x, x,)(U) = colim Descy, .y (Xo, X1)-
Example 8.14. X = pt. and X; = G. Given {U; — X}, Descqy,;(pt, G) is the category of priciple
G-bundles over X together with a trivialization over {U;}. So we have M(,; ¢y = BG.

Example 8.15. Suppose S is a space and G is a group acting on S. (S, S x @) is a groupoid in the
category of spaces. M(s,sx¢) is called the “orbifold” of this group action.

Example 8.16. C is the category of smooth manifolds (no limits, strictly speaking can’t have
Grothendieck topology). G is a Lie group, g the associated Lie algebra, and Q! the sheaf of 1-forms.
The sheaf G acts on Q! ® g by (a,w) — awa™ ! +da-a=t. (' ®g,G x Q' ®@g) gives rise to a sheaf of
groupoids. The associated stack M1 gg,ax010g) i called the stack of G-bundles with connections.

Morphisms of Stacks.

Definition 8.17. A 2-category consists of:

1. A collection € of objects.
2. For x,y € C a category of morphisms denoted C(x,y).
3. A “composition law” functor C(z,y) x C(y,z) — C(x, z) which is associative.

Example 8.18. The category CAT of (small) categories.

Definition 8.19. The objects of C(x,y) are called 1-morphisms. The morphisms of C(x,y) are
called 2-morphisms.

We have embedding functors
C— Shv(C,J) — Stacks(C,J)
where the last inclusion assigns to a sheaf of sets the sheaf of groupoids whose objcts are the memeber
of the set with only identity morphisms (check this is a stack). So we can think of C as a subcategory

of Stacks(C,J), or Stacks(C, J) as an enlargement of € and we will try to extend the notions and
constructions from C. The Yondeda lemma implies that for X € €, M € Stacks(C, J) we have

Stacks(X, M) = M(X).
The moral is we have inflated € so as to incorporate new “classifying spaces”. A representable stack

is an object of C regarded as a stack. (MY Note or equivalent to one??). We will extend this now
to the notion of a representable morphism.

Definition 8.20. Let
Mz

|

My ——N
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be a diagram of stacks. The 2-category fiber product My xn My is given by:
1. Ob(Ml XN MQ)(X) = {CL S Ml,b S M27¢ : z(a) = ](b)}
2. Mor(My xxn M2)(X) = what you would guess.

The diagram
Ml XN Mz - M2

e

satisfies a certain univeral property, but does not commute (we will talk about this more latter).

Example 8.21.
pt

|
pt—"=BG
pt X gg pt = G—here by G we mean the stack assigning to each open the groupoid whose objects
are the members of G with only identity morphisms.

Check: an object of pt X ¢ pt(X) is an automorphism of the trivial principle G-bundle over X -
this is just an element of G.

Example 8.22.
BH

|
X —>B8G
H — G, X a space. The map X — BG classifies a priciple G bundle £ — X. X xgg BH =

E x¢ G/H = E|g. Check this as an exercise.

Definition 8.23. A 1-morphism M — N is called representable if for each X € C and each map
X — N the 2 category fiber product X xn M is equivalent to a representable stack.

Example 8.24.

1. If H is a subgroup of GG, then BH — BG is representable.
2. pt — B is representable.

The principle here is to extend properties of maps in € to properties of representable 1-morphisms
in stacks.

Example 8.25. A collection of representable 1-morphisms {N; — N} is a cover if for each X € €
and each 1-morphism X — N the collection {X xx N; — X} is a cover.

9. STACKS AND ASSOCIATED STACKS

In this section we are going to do some general theorems about stacks. We want to say something
about the relationship between a groupoind (Xo, X1) on a category C with a Grothendieck topology
d that is subcanonical and its associated stack M(x, x,) as defined in the last section. We denote
by Stacks the 2-category of stacks on (C,J).

Now let M be a stack. Define the category Stacks/M of stacks over the stack M to be the
category with

e Objects: 1-morphisms N — M of stacks, and
e Morphisms: Stacks/M((N1 — M), (N — M)) = {sections N1 — Ny Xt Nz }.
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Example 9.1. Let ¢ = Top be the category of topological spaces, and let J be the usual
Grothendieck topology on TJop. Let BG be the stack of principal G-bundles. Since we always
identify an object with the stack it represents, we have Jop/BG C Stacks/BG. Explicity, Top/BG
is the category with

e Objects: all pairs (X, F) where X is a space and E is a principal G-bundle over X, and

e Morphisms: f: X — Y together with an isomorphism Ex — f*FEy of principal G-bundles.

Proposition 9.2. The category Stacks/M together with the notion of covering as defined in the
previous section is a Grothendieck topology.

Proof. Postponed. (|

Remark 9.3. This proposition allows us to think about stacks as somewhat like spaces. In partic-
ular, we can talk about sheaves, cohomology, etc. in Stacks/M.

Stacks and associated stacks. Fix a category C with a Grothendieck topology J that is subcanon-
ical. Suppose that (X, X1) is a representable groupoid in €. Recall that Mx, x,) is the associated
stack of (Xg, X1).

Lemma 9.4. The map
X1 — Xo xXn Xo
induced by the domain and range maps X1 — X is an isomorphism of stacks.
The proof will be given after the following remarks.

Remark 9.5. The above lemma says that

range
Xl —_— XQ

-

Xog—— M(X(LXI)
is a pullback square of stacks.

Remark 9.6 (Descent datum for morphisms). Suppose {U; — U} is a cover, and suppose (Ej, g;7)
and (F;, gf;- ) are objects in the descent category Descyy,3. What is a morphism between them? The
answer is: It’s what you think it is. So a morphism h : (E;, gf;) — (F;, gf;) is a collection of maps
h; : E; — F; compatible with the ¢’s on intersections, i.e. on U;; = U; Xy U; the diagram

commutes. In particular, if both gib; and gf; are identities for all ¢ and j, then h; = h; on Uj;.

Question: What does this tell us?
Answer: You never need to refine a cover to make a map. In down-to-earth language, we know that
the h;’s agree on intersections, U;; = U; xy U;. So the sheaf axiom tells us that {h;} actually comes
from a global section.

Now we can prove the lemma.

Proof. Let S be an object of €. We as usual identify it with the stack it represents. A 1-morphism
S — Xo XnMx, x,, Xo consists of two elements a, b € Stacks(S, Xo) = Xo(9) (by the Yoneda lemma)
together with an isomorphism a — b in M(x,, x,)(S). By the construction of the associated stack,
giving such an isomorphism is equivalent to giving a cover {U; — S} of S and an isomorphism in
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the descent category Descyy,1. The above remark implies that h; = h; on U;;, so we can paste them
together to get an element of X;(.5), or equivalently, a 1-morphism S — X;. O

Local presentability.

Definition 9.7. A stack M for which the diagonal map A : M — M x M is a representable 1-
morphism is called locally presentable.

We have alternative characterizations of local presentability.

Proposition 9.8. The following conditions on a stack M are equivalent.

(1) M is locally presentable.

(2) Given representable stacks A,B € C and I-morphisms A — M, B — M of stacks, the 2-
category fiber product A X B is representable.

(8) Every 1-morphism B — M from a representable stack B € C to M is representable.

Proof. Conditions (2) and (3) are clearly equivalent by definition.
(2) = (1). Let A € € be a representable stack, and let (Eq, E2) : A — M x M be a 1-morphism
of stacks. Let N be the 2-category fiber product A X ntxn M.

N M
|l
A(—>E17E2)M x M

We will show that N is equivalent to the stack A x ¢ A, which by assumption is representable. If X
is any stack, then giving a 1-morphism F': X — N is equivalent to giving a 1-morphism f: X — A
and isomorphisms

f Ey = F'<—02 f*Es.

But the groupoid of (f, F,the above sequence) is equivalent to the groupoid of (f, f*F; A [T E»)
via the maps
(c1,¢2) — 051 ocy
d— (F = f*El,Cl = d7 Cy = ’Ld)

So N is equivalent to the stack A xq A.

(1) = (2). Suppose given representable stacks A, B and 1-morphisms A EN M, B % M of stacks.
Then A x B is also a representable stack. Now A X»¢ B is representable because A : M — M x M
is by assumption locally presentable, and there is a pullback square

AXMB—>M

| L

AX B——=MxM.

O
Proposition 9.9. Assume the objects of (€,J) descend (defined below). If (Xo,X1) is a repre-
sentable groupoid on C, then the associated stack M(x, x,) s locally presentable. Conversely, if M

is a locally presentable stack, then there exists a groupoid (Xo, X1) on € with mboxdom : X1 — Xo
a cover, for which M is equivalent to the associated stack Mx, x,)-

Proof. Postponed. O

Is this correct?
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Remark 9.10. dom : X; — X is a cover if and only if range : X1 — X is a cover. Indeed, there
is an isomorphism ¢ : X; — X7 (the “flip” map) of stacks that takes f € X; to f~! € X1, and there
is a commutative triangle

X — X
\ Aqe

Definition 9.11. We say that in (C,J) objects descend if for every representable sheaf X € C,
F a sheaf on C with a map F — X, and {U, — X} a cover of X in C, for which each pullback
Fo = Uy xx F is representable, then F is also representable.

See the following pullback diagram:
Sta — 9:
Uy —X.

This condition says that one can test the representability of a sheaf locally. If X € €, let €/X be
the groupoid with

e Objects: morphisms ¥ — X in C,

e Morphisms: commutative triangles

Vi —————Y;

NS

Then the objects of (€, J) descend if and only if the functor €/— : X +— €/X is a stack on €. Note
that this functor is not contravariant, but one can rigidify it.

Remark 9.12. If C is the category of schemes, then objects do not descend.

10. MORE ON STACKS AND ASSOCIATED STACKS

We continue our journey on stacks and associated stacks. We will prove a proposition that was
stated in the previous section.

Proposition 10.1. If C/— is a stack (i.e. the objects of (C,d) descend), then for any representable
groupoid (Xo, X1), the associated stack M = M(x,, x,) is locally presentable.

Proof. By a proposition in the previous section, we need to show that given a diagram
B
|
A —Z> M
with A, B € @, the pullback A x5 B is equivalent to an object in € (i.e. is representable). We do
this in several steps.

Case 1. A = B = X with 4, j the canonical maps. We showed that Xy x2¢ X is isomorphic to
X1 in the previous section, so it is representable.
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Case 2. Suppose A — M factors through a map A’ — M such that A’ x»¢ B is representable.
Then we have the diagram

B

|

A— A —M.

But A x5t B = A x4 (A" X B). Since A’ Xyt B is representable, so is A X5 B. In particular, it
holds if A — M factors through Xj.

Case 8. Suppose there is a cover {U; — A} of A in € such that each U; Xy B is representable.
Then A xy¢ B is also representable. Indeed, since objects of € descend, A x ¢ B is obtained from
the U; Xt B by descent, so it is representable.

Case 4. B = Xo and j is the canonical map. By definition of M = M(x, x,), a map A — M is
represented by a cover {U; — A} of A together with maps U; — Xy, plus gluing data. So we have
a diagram

U — X,

|

A—M
that is commutative on the nose. Now this case follows from Case 3 and the following diagram

Xo

l

Uy—=A——>M.
In more detail: There is a diagram

Xo

|

Uij—=Xo——>M

for each i. By Case 1, X Xt Xo is representable, so Case 2 implies that U; x»¢ Xg is also repre-
sentable. Now Case 3 says that A Xy Xg is representable.

Case 5 (General case). As in Case 4, to give a map B — M is to give a cover {V; — B} of B
together with maps V; — X, plus gluing data. See the following diagram.

A

|

Vi —Xo——>M

Now A Xy X is representable by Case 4. So Case 2 implies that V; Xy A is representable for all
j. By Case 3, since we know V; x»¢ A is representable for all j, so is A x¢ B. O

Remark 10.2. Something is not right about this proof. Stacks are supposed to encode all the
descent datum. So you don’t need to talk about covers when using a stack. The proof above does
not exploit the stack properties of €/—. The diligent reader might want to find a proof that does
use the stack properties of €/— (as a good exercise).
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Question: What is special about the following map?
Xo

l

M = M(xqy,x1)

We know that we can recover X; by taking the fiber product Xg X Xg. Suppose M is locally
presentable. Consider a 1-morphism E : Ag — M. Define A; by the pullback diagram

range

A Ap
doml/ \LE
Ag ———— M.

We claim that (Ap, A1) forms a groupoid. Indeed,
G(—,Ao) and G(—,Al)

represent a functor C°? — Groupoids with

e Objects: maps X = Ao,

e Morphisms: p; to ps are isomorphisms p} E = p5E in M(X).

Now we can form the associated stack M4, 4,) and get a 1I-morphism M4, 4,) — M. The above
question is equivalent to the following
Question: When is this 1-morphism an equivalence of stacks?

Answer 1: When E : Ag — M is a cover.
Answer 2: When there is a cover X — M for which the map A x5 X — X admits a section.

Proof. Postponed, as usual. [l

Example 10.3. Let C = Rings?, the opposite category of the category of commutative rings. The
Grothendieck topology J here is the flat topology. For a commutative ring R, we use the notation
Spec R to denote the object R in €. Then the flat topology is defined as follows: {Spec U; — Spec R}
is a cover if

e cach R — U; is flat, and

o if M ®p U; =0 for all ¢, then M = 0.
Equivalently,

e cach R — U; is flat, and

e given a prime ideal p in R, there exists a prime ideal ¢ in some U; such that p =¢N R.

Example. {SpecZ[3] — SpecZ,Spec Z[1] — SpecZ} is a cover.

Example. {Spec R[z]/f(x) — Spec R} is a cover, where f(z) = ag + -+ + ap_12"" 1 + ™.

Proof. The set {1,z,...,2" 1} is a basis of R[z]/f(z) over R, so it is free over R of rank n. Hence
it is flat, and it is now clear that it is a cover. [l

Claim 10.4. For C = Rings°?, C/— is a stack, i.e. objects descend.

Proof. Tt is a dumb exercise in commutative algebra, so we postpone it as usual. The reader can
read about faithfully flat descent in, e.g. Milne’s book [Mi]. O
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Hopf algebroids and stacks. A Hopf algebroid (A,T') gives a groupoid (Spec A, SpecT') on C.
The domain map is a cover because 7y, is flat. M(gpec 4,5pecT) Will be denoted by M4 ).

Example 10.5. Take A = Z[b,c|, I' = A[r]. Then (A,T")(R) is the groupoid of b,c € R together
with maps b+ b+ 2r, ¢ — 72 + br 4+ c. Let M be the associated stack Ma,r-

Question: What is a map Spec R — M?

Answer: To give a map Spec R — M is to give a faithfully flat map R — E, elements b,c € F, and
‘gluing data’: an element r € F ® g E such that

(i) be1=1®b+2rand c®1 =1 c+ (1 ®b)r + 2r, and
(ii) d°r — d'r + d*r = 0, where the d* are the three maps

EFERrE —FEQrEQprFE
each of which takes the value 1 in the i*" position.

Question: Is there another way to define M7
Answer: Yes, we'll actually get a much smaller presentation of it.
So let B = Z[b] = A/(c). Consider the map Spec B — M, which actually factors through Spec A.

Claim 10.6. The map Spec B — M is a cover.

Before proving this claim, note that it will imply (by Answer 1) that there is an equivalence
M = M(p,rp), the associated stack of (B,I').

Proof. We need to show that given any representable stack Spec R and 1-morphism j : Spec R — M,
the dotted arrow in the diagram

Spec R x5t Spec B—— Spec B
|
' l
v j
SpecR ————= M

is a cover. Note that it is sufficient to show that there is a cover {U; — Spec R} of Spec R such that
{U; xa Spec B — U;} is a cover for each i. See the following diagram:

Spec B

l

U; — Spec R R M
We can find a cover Spec E — Spec R so that
Spec E —— Spec A

L

SpecR—M
commutes. So we may assume that Spec R — M factors through Spec A. Let Spec W be the pullback
Spec W —— Spec B

-

Spec R ———
P60 M.
It turns out that W has to be R[r]/(r? + fr + v = 0), and B — W has to be the map b — 3 + 2r.
Now it is clear that R — W is flat and gives a cover Spec W — Spec R. O

Setting R = B, it follows that I'g = B[r]/(r* 4+ br), (B,T'g) is a Hopf algebroid, and the map
M(B,rp) — M is an equivalence by Answer 1.
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11. SHEAVES ON STACKS

Recall that (C,J) denotes a category C with a Grothendieck topology §J. Also Stacks :=
Stacks(C,d) denotes the 2-category of stacks on (C,J) as defined in Section ?? . Let M denote
a fixed object in Stacks and let Stacks/M denote the over-category of the 2-category Stacks over
M (see Section ?7) .

Definition 11.1. A sheaf on M is defined to be a sheaf on Stacks/M, that is a functor
Stacks/ M — Set which satisfies the sheaf condition.
The category of sheaves on M is defined to be the category with objects such sheaves and mor-
phisms maps of sheaves.
Consider the following two functors:
Sh : C°? — Groupoids; X — category of sheaves on €/X and isos
Sh-map : C°? — Groupoids; X — cat. with obj. maps of sheaves and morphisms isos:
Fo—= 50
F1—=G
These two functors are easily seen to satisfy the descent condition i.e. they are in fact stacks (Def

8.377). Now the pair (Sh, Sh-map), together with the domain and range maps Sh-map — Sh form a
category object in Stacks.

Theorem 11.2. The category of sheaves on M is equivalent to the category of morphisms of stacks
M — (Sh, Sh-map)
That is the objects are the 1-morphisms, and the morphisms are the 2-morphisms.
Proof. We will prove this next time. (|
We now proceed into what is hopefully an oasis of truth:

Definition 11.3. A sheaf on a groupoid (Xo, X1) is defined to be the following data:

1. A sheaf F on Xo
2. An isomorphism Domain®*F — Range* F satisfying the cocycle condition for sheaves on
(Xo, X1) (see below).

The category of sheaves on a groupoid (Xo,X1) is denoted Shv(Xo, X1).

Definition 11.4 (The cocycle condition for sheaves on (Xg, X1)). Let p1,p2 € X be elements such
that Range(p1) = Domain(ps). Composition u: X1 X x, X1 — X1 gives an element p(p1,p2) € X3
with domain Domain(py) and range Range(ps). The cocycle condition demands that the following
diagram commutes:

Domain(p; )*F — Range(p;)*F —= Domain(ps)*F

Range(pz)*F
Proposition 11.5. The functor Shv(M x, x,)) — Shv(Xo, X1) is an isomorphism of categories.

Proof. For any stack A/, we have, by definition of stackification as left adjoint to the forgetful functor,
that Stacks(Mx,,x,),N) = Groupoid((Xo, X1),N). Now let N be the stack (Sh,Sh-map) from
before. The left-hand side gets identified with sheaves on M x, x,) by Theorem 11.2 and writing
out what the right-hand side means, gives the requirements for a sheaf on (Xg, X1). O
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Quasi-coherent sheaves on stacks on Aff. Let (C,J) = (Aff, flat) be the Grothendieck cate-
gory of affine schemes with the flat topology. A quasi-coherent sheaf ¥ on Af f/Spec(R) is a sheaf
on Af f/Spec(R) such that for all (flat?) ring homomorphisms R — S we have functorial maps and
isomorphisms:
S @ F(Spec(S)) ———— F(Spec(95))
{ !
;= 0"
S ® (S ®r F(Spec(R))) — 5 @r F(Spec(R))

So, the category of quasi-coherent sheaves on Af f/Spec(R) is equal to the opposite category of
R-modules.

Using this definition of quasi-coherent sheaves on Af f/Spec(R) we now get an obvious defini-
tion of the pair (Shy _.,Sh-map, . ) by requiring (Sh, Sh-map) to take values in quasi-coherent
sheaves. We now define a quasi-coherent sheaf on a stack M on Aff to be a l-morphism
M — (Shg. .., Sh-map, _. ).

Let (A,T) be a Hopf algebroid, and let M4 1) be the corresponding stack on Af f. The following
proposition is establishes the fundamental link between stacks and algebraic topology.

Proposition 11.6. We have an equivalence of categories

{ quasi-coherent sheaves on M(ary} < (A,T') — comodules
Proof. This is really easy, but I'll leave it to you. O

Let us at least explain this equivalence: Let p : Spec A — M4 ) be the map induced by the counit
Spec A — Spec T composed with the stackification. We have a pull-back square

SpecI' ——= Spec A

Lk
Spec A 2 M

so A corresponds to O and I' corresponds to p«Ogpec(a) since Spec(I) is the pushforward of the
pullback.

12. A CALCULATION AND THE LINK TO TOPOLOGY

A calculation. Let A = Z[b,c], T4 = A[r], and let (A,T') be the associated Hopf algebroid from
Example 10.57?. That is (A4,T) is the functor Ring — Groupoid which to each ring R associates
the groupoid with objects quadratic expressions 22 + bz + ¢,b, ¢ € R and morphisms x2 4 bz + ¢ —
22 + b'x + ¢ induced by a translation coordinate changes z +— x +r,r € R (i.e. b +— b+ 2r,
¢ 12 +br +c). Likewise we want to consider (B,T'g), where B = Z[b] and ' = B[r]/(r? + br).
In Section 1077 we saw the following theorem:

Theorem 12.1. The stacks M (a1 ,) and M ) are equivalent. Especially the category of quasi-
coherent sheaves on Mar ) and Mg, coincide.

Using our equivalence of categories from last time we get the following corollary.

Corollary 12.2. The category of (A,T4) comodules is equivalent to the category of (B,T'p)-
comodules. Especially
Eth‘AI‘A)(A’ A) = EXt?BI‘B)(B, B)

I think we could
in this one, if
wanted...

I'm afraid this
planation is not e
quasi-coherent
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In the first part of this lecture we will be concerned with calculating ExtzﬁBI ) (B, B). From now
on we set I' := I'g. We want to find a resolution

0—=B—=Iy—1 —- -

where the I, have the property that Ext(p ry(B,I,) = 0 for all s > 0. By a spectral sequence
argument we see that such a resolution can be used just as an injective resolution to calculate Ext,
i.e. that

EthB,F) (B, B) = HS(HOHl(B)F) (B, I*))

We want to see that we can construct a resolution with the above properties by setting I,, =T

Lemma 12.3. Let B — T be the inclusion b — b+ Or (equal to nr) and let p : T' — B be the
projection b+ b'r — b'. Then
0—-B5T 5 B0

is a short exact sequence of (B, T')-comodules.

Proof. Since exactness in the category of (B, T')-comodules is the same as exactness in abelian groups,
the only thing which needs to be justified is that 57, and p are maps of (B, I')-comodules.
To prove that 7y, is a map of (B, T')-comodules we to check that the following diagram commutes:

nL

B T

| |+

=Tz BT osT

Taking the high route in the diagram associates to a pair of composable maps the domain of the
composition. Taking the low route associates to a pair of composable maps the domain of the first
map. But these are same same, so the diagram commutes.

To prove that p is a map of (B,T')-comodules we need to check that the following diagram
commutes:

r—=> -p

ok
FresT 2279, B

Taking the high route we get b + b'r — b — np(V/) = b ® 1. Taking the low route we get
b+br— b1+ (rel+1nt1)=0b014+0Vrel4+der)—bt 1. O

Lemma 12.4 (Shapiro’s lemma). The functor I’ @ g —: B-modules — (B,I")-comodules is right
adjoint to the forgetful functor, and sends injectives to injectives.

Especially Ext(p r)(M,I" ®p N) = Extp (M, N)

Proof. The adjointness follows by checking the definition. That I' ® p — sends injective objects to
injective objects now follows from the definition of an injective object, using the adjunction together
with the fact that the forgetful functor preserves injections. The statement about Ext now follows
from the definition of Ext via injective resolutions. O

Remark 12.5. Note that I'®p — is a right adjoint, not a left adjoint as usual, since we are working
with comodules.

Proposition 12.6. For any Hopf algebroid (B,I") we have that Ext{g ry(B,I) = 0 for s > 0, and
the map B — Hom g r)(B,T'), b — nr(x)nr(b) is an isomorphism.

B ifs=0
0 ifs>0

To finish the proof one just has to navigate through the isomorphism Hom g ry(B,T") = B to see
that it is the one claimed. O

Proof. From the lemma we get Ext{g ry(B,I') = Ext3(B, B) = {
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Theorem 12.7.
Ext(p (B, B) = Z[b*][n)/(2n)
where n € Ext!.

Proof. The additive part of the statement is that Ext® = Z[b?] while Ext® = F3[b?] for s > 0, and we
will restrict ourself to this. (The easiest way to see the multiplicative structure is to use the periodic
resolution together with composition of Yoneda extensions.)

By splicing our exact sequences 0 — B — ' — B — 0 we get a resolution

0—=TI'—-TI—".--

of the (B,T')-comodule B, where the boundary map is given by b + b'r — b'. By the previous
proposition we can use this resolution to calculate Ext. Applying Hom(p ry(B, —) to the resolution,
yealds the sequence:

O _— HOID(BI‘) (B, F) E— HOID(BI‘) (B, F) —_

0 B < B

From the previous lemma we get that under the isomorphism B ~ Hom g )(B,I'), b + (1
nr(b) = b+2r), 2+ (1 2), so d(b) = 2. We also need to find d(b"). First note that ng(b?) = (b+
2r)% = b? +4rb+4r? = b2, since r? +rb = 0. Hence, more generally, ng(b?") = b*" and ng(b*>" ) =
b* (b + 2r). But this shows that d(b*") = 0 while d(b*>"!) = 2b°". We have now described the
differential d completely, and taking homology we see that we get the claimed result. (|

d

Exercise 12.8. Compute Ext(4 r)(4, A) where A =Z[a1,... ,ap], I' = A[r]. That is, analogous to
before, we look at degree p polynomial expressions 2 +ay2?~! 4 - - - +a, and get monoidal structure
by looking at the effect on the coefficients of the coordinate change x — = + r.

This is easiest done modulo Ext®, and in fact unknown in general. You should get E(y;) ® P(x2)
(i.e. exterior in degree 1 tensor polynomial in degree 2).

A fundamental example and link to topology. Let (A,I") be the Hopf algebra of formal group
laws and isomorphisms. That is, A is the Lazard ring A = L = Z[x1,29,...] and T the ring of
universal isomorphisms I' = A[by*, bo, by, ba, ... ].

With a bad notation, let MU, (X) = MU, (X)® Z[u,u"!] where |u| = 2. Let MU, be the Thom
spectrum of Z x MU — Z x BO. (This will have a lot of structure, e.g. an E., structure, if you
know what that means (it actually has the structure, even if you don’t)). We get

1. m(MUy) =1L

2. WQ(MU+ A\ MUJ,_) =T
Note that by inverting u we get isomorphisms instead of strict isomorphisms, and hence a good
connection to algebraic geometry.

Until now we have been talking about formal group laws. We are now ready to define what we
mean by a formal group. (We will make this definition more explicit in a later lecture.)

Definition 12.9. Let Mpg = Mary. The category of formal groups over R and isomorphisms is
the category of maps Stacks(Spec R, M pg) (remember, stacks is a 2-category).

We now have a functor which to a spectrum X associates the (A,TI")-comodule (MU4),(X).
(Note that we get one for each n, but all even ones are isomorphic, since we’ve inverted w.) This last
object corresponds, via our equivalence of categories to a quasi-coherent sheaf M,,(X) on Mpg.
If Spec L % M p¢ denotes the counit composed with stackification, then p* M, (X) corresponds to
the L-module m, (MUL) A X).

If X - Y — Z is a cofiber sequence, then we get a long exact sequence of sheaves

= M (X) > M (Y) = My (Z) > My (X) — -+
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either by appealing to the equivalence of category or arguing directly, using that Spec L — M pg
is a cover (i.e. flat). Also the wedge axiom is satisfied M, (VoXa) = ®aMp(Xa). So we get a
cohomology theory. We generalize this:

Definition 12.10. A formal group over a ring R is flat if the classifying map Spec R 2 Mpg is
flat.

If Spec R % Mpg is flat, then X — p* M, (X) € R-modules still defines a cohomology theory.
This amounts to unraveling the definition and using that locally we are just tensoring up over a flat
extension, which preserves exactness. Note that if we suppose that p comes from a formal group,
then we would have Spec R — Spec L — Mg, and hence p* M, (X) = m, (MU L)AX) @romv,) R
However p might be flat without the the map Spec R — Spec L being flat. We want to find out how
to recognize flat formal groups.

Another, slightly tangential question which comes up is the following: In the category of co-
modules the forgetful functor is not a right adjoint as usual so the inverse limit functor has higher
derived functors. One should try to find a way to compute the derived functors of inverse limits of
comodules. Any takers?

13. FORMAL GROUPS IN PRIME CHARACTERISTIC

In this section, we will be interested in maps from Spec K to a stack M. Observe the following
analogy with schemes: given a scheme X, we can consider the set of all maps Spec K — X where
K is an (algebraically closed) field. If we regard two such maps Spec K1 — X, Spec Ko — X as
equivalent if Spec K7 and Spec K are isomorphic over X then, in the case where X = Spec R is
affine, the set of all such maps corresponds bijectively to the set of prime ideals of R. Given a map
R — K, the kernel is a prime ideal; conversely, given any prime ideal p<R, R — R/p — (R/p)(o) is
a map into a field with kernel p.

Now, suppose that M = M4 ) is the stack associated to a Hopf algebroid.

Definition 13.1. An invariant prime ideal (for (A,T)) is a prime ideal p<A such that (nr(p)) =
(nL(p)) where (X) denotes the ideal generated by the set X.

Next, we will study maps from fields into the stack M pg of formal groups. Note that fields are
local rings.

Lemma 13.2. Let R be a local ring. Then every 1-morphism Spec R — Mpg factors (up to an
isomorphism) through Spec L — Mpq, where L is the Lazard ring. In other words, every formal
group over a local ring comes from a formal group law.

Proof: postponed.
Corollary 13.3. If R is a local ring then the map of groupoids

{formal group laws over R with isomorphisms} «— Stacks(Spec R, M p¢)

is an equivalence.

This result shows that the classical theory of formal groups over local rings carries over to the
stack setting.

Until now, we have not seen any method for showing that two given formal groups are not
isomorphic. We will now look for an invariant that can distinguish them.

Let G be a formal group over R and p be a prime. Define the p-series of G to be [p|(z) =
x+¢g -+ +¢x. Since G is commutative and associative, [p] is an endomorphism of G.

A formal group can be considered as a group object in the opposite category of the category of
linearly topologised complete local rings or something like that. Then the p-torsion of G, ,G, is
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defined to be the kernel of the map of groups (Spec R[z], G) B, (Spec R[z], G) in this category. It
fits into a diagram
pG — G

i

1—G

Taking rings of functions, this translates to

O,c <— R[] [Pl ()
]
R<—— R[] x
0<~——-z

We measure the size of ,G by R[z]/[p](z).

e Case 1: R = K = field of characteristic 0. Then [p](z) = px + .... Since p is a unit in K,
K[x]/[p](z) 2 K (by inversion of the power series [p](z)).
e Case 2: R = K = field of characteristic p.

Lemma 13.4. Let R be an F-algebra, F,G formal group laws over R, ¢ : F' — G a homomorphism.
Then there exists an integer n and a power series g € R[x] such that

e J(0)£0in R

o ¢(x) =g(z")
Proof. If f € R[z] with f'(z) = 0 then f(z) = g(z?) for some g. To see this, let f(z) = > apz™.
f'(z) = 0 implies that na, = 0 for (n,p) = 1.

If ¢ # 0 is a homomorphism with ¢'(0) = 0, then we automatically have ¢’(x) = 0. To show this,
we take the equality G(¢(z), #(y)) = ¢(F(x,y)),apply 8% at y = 0 and get:

G2(¢(1‘)7 0)(;5(0) = ¢/(F($7 O))F2 (‘TJ O) = (ZS/(‘T)F? (CL‘, O)'

Since Fy(z,0) is a unit and the left hand side is zero, we get ¢'(z) = 0.

To return to the assertion of the Lemma, we proceed inductively. If ¢’(0) # 0, we are done by
taking n =0, ¢ = g.

Now assume ¢'(0) = 0. This means we can write ¢(z) = h(a?).

Claim: There is a unique formal group law F" such that the map x — 2P induces a homomorphism
of formal group laws F' — F”.

Let us write F(z,y) = > a;;z'y’. We have to show that (z +5 y)? = 2P +p/ yP for a unique F’.
Since we are in characteristic p, we have

. A\ P . .
(L) = Satyamm

F'(z,y) = Zafj:vzy].
F’ is certainly a formal group since it is the image of F' under the ring homomorphism R — R,
T — P,
Hence we get

and hence we must define

F—— >}

N
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We check that h is a homomorphism of formal group laws:

Wa? +p y?) = bz +ry)? = ¢(F(x,y)) = o) +a ¢(y) = h(z?) +c hlyp)-
Hence we have h(z+py) = h(z)+¢ h(y) and the result follows by induction in applying it to h. O

Definition 13.5. The height of a formal group law F' over a field of characteristic p is the unique
integer n = ht F such that [p](z) = g(x") with ¢'(0) # 0. If [p](x) = 0 we say ht F = oco. In
characteristic 0, the height of every formal group law is defined to be 0.

e The height measures the p-rank of ,F'. ht F' = log,, dim R[z]/[p](x).

Lemma 13.6. The height is independent of the coordinate of the formal group, i.e. if F and G are
isomorphic then their heights are equal.

Example 13.7. R = F,. Then ht G, = oo, but since 1 — (1 — x)? = 2P, ht G,,, = 1. Hence
G, % Gp,.

A good reference for the following is Serre’s article in [CF], pp. 148ff. The original proof can be
found in [LT1].

Theorem 13.8 (Dieudonné, Lubin—Tate).

(a) If char K = p > 0 then there exists a formal group law of height n for every n € N U {oo}.
(b) If additionally K = K then any two formal group laws of the same height are isomorphic.

We first turn to the construction of formal group laws with certain given endomorphisms over
complete local rings.

Let A be a complete local domain with maximal ideal m = (7) and residue field &k = A/m =
F,» = F,, such that the associated graded ring satisfies

m’ﬂ
@ T k[n].
The examples to have in mind are:

o A =7, (which is not the topologist’s Z/(p) but the p-adics) with 7 =p, n = 1;
o A =7y :=Zpy[(n_1] where (pn_1 is a primitive (p™ — 1)st root of unity, 7 = p. This is the

ring of p-typical Witt vectors on Fn, as described below in Section 16;
o A=2Z,[r]/(x" - p);
o A=Ek[n].
Let

Fr={f € Ala] | f(z) = mx + O(?); f(z)=a? ()}

be the set of “Eisenstein polynomials” with respect to the uniformiser 7.

Lemma 13.9. Let f,g € Fp and ¢1(x1,...,2,) a linear form. Then there exists a unique
d(z1,. .., xn) € Alz1, ..., 2] satisfying

(a) ¢ = ¢1 mod deg 2 and

(b) fod(mi,....,zn) = ¢(g(x1),. .., 9(zn)) = ¢(g(x)).

Proof. Suppose by induction ¢(g(z)) = f(¢(x)) mod deg n + 1 for a (mod deg n + 1) unique ¢
satisfying also a. This is true for n = 1 by the definition of ;. Then we can write

f(¢(x)) = ¢(g(x)) = Ent1 mod deg n + 2

for a unique term FE,, ;1 homogeneous of degree n + 1. Now we try to correct ¢ by adding ¢,,+1 of
degree n + 1. We have:

F(@+ dni1) = () + Ténia
P(g(x)) + ¢n+1(g+(x)) = ¢(g(z)) +;n+1¢n+1} mod deg n + 2.
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Subtracting yields E,, 11 = (7 —7"*1)¢,41. Since A is a domain, we must take ¢, 11 = ﬁEn_H
if this exists, i.e. if 7|E,4+1 (note that the factor 1 — 7™ is a unit in A).
Computing mod 7, we find that

P(g(x)) = ¢(x9); f(P(x)) = p(2)%
80 Epq1 = ¢(x)? — ¢(27) = 0 since A/(w) = F,,. O

Application 13.10. Take f = g, ¢1(z,y) = x +y. We get a ¢(z,y) = F(x,y) which turns out
to be a formal group law. This follows from other applications of Lemma 13.9. For example,
F(z,y) = F(y,z) by uniqueness; (x +ry) +r 2 = ¢ +F (y +F 2): both sides commute with F' and
equal z + y + 2z mod deg 2, so again by uniqueness, they coincide.

Take two f,g € Fr and denote the formal group laws obtained as above by F/ F9. Then F/
and FY9 are canonically isomorphic. Once again, this follows from Lemma 13.9 by taking ¢, (z) = «.

We get a unique ¢ with f(¢(z)) = ¢(g(z)). We show that ¢ : F9 — F7. Set

h(z,y) =FI(6(x), 6(y)),
W(z,y) =¢(F(z,y).
Both series are congruent to z + y mod deg 2, and the calculations

F(h(z,y) = f (F (8(x), 0())) = F! (f(6(), f(6(y))) = FI (¢(9(2)), d(g(y))) = h(g(x), 9(y));

f(W (@, y)) = £ (¢ (F(x,y))) = ¢ (9(F(z,9))) = ¢ (F(9(x), 9(y))) = W (9(x),9(»))

show that h and h’ must agree, by Lemma 13.9.

F/J (or its reduction mod =) is called the Lubin—Tate formal group.

We will finally be interested in the endomorphism ring of a formal group law F. Lubin-Tate
formal group laws come with a useful ring homomorphism A — End(F) that determines a lot of
endomorphisms. One says that F' is a formal A-module or, in analogy with elliptic curves, that F’
has complex multiplication. We will now construct this homomorphism.

Pick any f € Fr, F = F/. For a € A, define ¢;(z) = awx. Setting f = g, Lemma 13.9
produces a power series ¢, () =: [a](x). To check that it is an endomorphism, we have to see that
Pa(T+FY) = da(x) +r Pa(y). This is true for the linear part since a(x +y) = ax + ay. Furthermore,
both sides commute with f: ¢, (f(z) +F f(y)) = ¢ (f(x +FrYy)) = f(da(z +F y)), similarly for
®a(2) +F ¢a(y). So, by uniqueness again, they agree.

Lemma 13.11. For the Lubin-Tate formal group F = F/ over the ring A, [~] is a homomorphism
of rings

A 29 gnacr)
satisfying [7](x) = f(x).

Proof. Tt only remains to show that [a + b](z) = [a](z) +F [b](x) and [ab](z) = [a] ([b](x)). Both
sides agree mod deg 2, so they are equal if all four terms commute with f. But this is trivial since
f commutes by construction both with F' and [a] for all a € A.

The second assertion follows since f(z) = [7](z) = 7z mod deg 2 and both sides commute with
f. O

Example 13.12.

1. A=Zpn = WFpn = Z,[(pn1], T = p, f(z) = pr + 27. We get a formal group law F with
[plr(z) = f(x) = 27 mod p. Its reduction mod p therefore has height n. F has coefficients
in Z, since f(z) has (this follows by the invariance under the choice of the primitive p™ — 1st
root of unity).
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2. There is a variation of this, due to Ravenel. The equation f(z) = pz +r 27 has a unique
solution for f, which can be seen as follows (due to Bobby):

We start with fo(x) = pr+2? and get a formal group law Fy with p-series fo(x). Inductively,
we define f;11(z) = px +p, 27 and F;1; as its Lubin—Tate formal group law. We have to show
that the F; converge. However, in general, if f(z) = g(x) mod 2" then F/(z,y) = F9(x,y)
mod (x,y)"™. The easiest way to see this is to regard f and g as equal elements of F, for the
complete local ring R/m™, hence Ff and F9 agree mod (z,y)".

We claim that f; = fi_1 mod x%2=%. Suppose it is true for i. Then fi1i(z) =
Fi(pr,2?) = F,_1(pr,2?) = fi(z) mod (px,2?)""2=%. The lowest term where they could
differ is 21 ~igd = g(i+Dat1=i g0 they are congruent mod z(i+Da+2=(i+1)

This group law is superior because it has a managable logarithm: We have logp(px) +
log(29) = log(pz +1 29) = log([p] (x)) = plogp (a).

F' therefore satisfies the identity
zd"
loge(s) = 3 3
3. A= Zyn]/(z™ — p). Then A/(m)F,. The Lubin-Tate formal group for A satisfies [p](z) =
[7"](x) = 2" mod 7, so it has height n.

Now let F' € Fyn[z,y] be the mod p reduction of the formal group law F' as in the first example.

We have already constructed a map
Z,» L End(F),
but this map is not surjective. Indeed, the equality F(x,y)? = F(xP,y?) shows that the map V
which sends z to P is another element in End(F'). Note that V need not commute with [a], a € Zp»;
hence we get a map Z,» (V) — End F, where R{(z)) denotes the following noncommutative power
series ring in x:
Z (V) = {Zamvm’ m € Zyp, Va = a"V} :

where a +— a? is the Frobenius automorphism which sends ¢ to ¢?.

To check the identity Via = a°V, it is enough to consider a = p, where it is obvious, and a = (¥,
which is easy.

One also checks that V o---oV (z) = 2P = [p](x).

—_————

Proposition 13.13. The maps
Z{V)/(V" = p) — End(F)
and
S, = (Z{V))* — Aut(F)
are isomorphisms. The latter group is called the nth Morava stabiliser group.

The proof will be given later.

We have shown the first part of Theorem 13.8, we still have to show uniqueness over algebraically
closed fields. Thus, let K = K be an algebraically closed field of characteristic p > 0, F any
formal group law over K of height n, and Frr be the Lubin-Tate formal group law coming from
Z,, passing through F,» and arriving at K (with respect to f(x) = pz + 7). For this, we fix an
inclusion Fpn < K such that F,» = {t € K | t?" =t}.

Theorem 13.8 will be proven once we have shown the following.

Proposition 13.14. F' and Frr are isomorphic over K.

Proof. We proceed in two steps:
Step I: F' is isomorphic to a formal group law G which satisfies:
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1. G(z,y) =Y a;x'y? with all a;j € Fpyn;

2. [pla(z) = z".
Step II: Choose any lift of G to G over Z,». Then [p]s(z) € Fip), hence G' comes from [p]5 by the
Lubin—Tate construction and is therefore isomorphic to any other Lubin—Tate formal group law.

Step I: Since F has height n, we can write [p]r(z) = g(zP") with ¢(0) # 0. We use 2) as an Ansatz
and try to solve for ¢ in the commutative diagram:

F—¢>

G
¢

F—=QG,

n

ie. ¢(x)P" = d(g(x)P"). Write
o(x) = Zbixi and g(x) = Z apz®.
i k

Then .
o) =D 0" (") = 7).

We need to solve ¢~ 197 = g.

First look at the coefficient of z: ;
b117 -1 = ax
This is solvable since K = K. Now assume inductively that we have replaced F by a formal group
law for which
g(x) =z + apz® + O(z"1).

We look for a ¢ satisfying ¢(x) = = + brz®. We have
o lod” =z + (bp" _ bk) O,

so we need by, to satisfy bgn — b, = ay; this is again possible since K is algebraically closed.
In Step I, 2) actually implies 1): We have [pl¢(z) +¢ [pla(y) = [p](x +c y), hence by 2),
G(xP",y?") = G(z,y)?". Hence

n i (3 -7 n n i n -7
S (o) () - Xt () ()
meaning that all a;; = a? )

J and therefore a;; € Fpn. O

Recapitulation of what was done above. Let K be an algebraically close field of characteristic
p > 0. Let F' be a formal group law over K of height n, and choose an inclusion F,» — K.
Goal: F is isomorphic to the Lubin-Tate formal group law coming from Z,» and f(z) = px + zP".
The proof proceeds in two steps:

Claim: F is isomorphic to a formal group law G satisfying

(i) G(z,y) = aja'y’ with a;; € Fpyn;

(ii) [plo(z) ="
Conclusion: Choose any lift of G to G over Zpn. Then [p|s(2z) € Fr, so G is isomorphic to the
Lubin-Tate formal group law for [p]s(z) (and hence isomorphic to any other Lubin-Tate group).
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Proof of the claim. We prove (ii) first. Write [p]r(z) = g(2P") for some g(z) with ¢’(0) # 0. We're
looking for a formal group law G and an isomorphism ¢ : F' — G such that the square

F—2sq

g(mp’rl)\t \men

F—<P>G

commutes. So we need (x)?" = p(g(z?")). Recall that if f(x) = 3. bz’ then f7 is defined to be
the power series f7(z) = b" "27. So our equation becomes

P (") = (pog)a).
In other words, we need to solve

ploy’ =g

Write g(z) = 3" a;z* and p(z) = Y b;xt. We have to solve for the b;’s. Looking at the coefficient
of z in the above equation, one finds that bfn_l = a1. Since K is algebraically closed, we can find a
b1 such that this holds. By twisting F' by x — bix, we see that we can replace F' by an isomorphic
formal group law for which a; = 1.

Now suppose by induction that we can replace F' by a formal group law for which g(z) = « +
apz® + O(2*+1). The goal is to show that we can also get rid of ay, and to do this we look for a ¢
of the form o(z) = = + bk,

The equation ¢~ o p? = g becomes g(z) = x + (bﬁn —by)z* + O(z¥*1), and so we need to solve

(bk)pn — bk = Q.
Again, since K is algebraically closed we can do this, and so we’re done by induction.

Now we must go back and prove (i). We’ve found a power series ¢(x), and we let G be the twist
of F' by this series. By construction of p(z) we have [p]g(z) = 22" . Now write G(z,y) = 3 a;jz'y’.
G must commute with its own p-series, so one finds that

n n

G, y"") = [ple(@) +¢ Pla(y) = [pl(x +c y) = Glz,y)"",

Sy "y = (Casaty’) =3 al @y

which means a;; € Fyn. O

or that

So Qi = afj s
14. THE AUTOMORPHISM GROUP OF THE LUBIN-TATE FORMAL GROUP LAWS
Consider the Lubin-Tate formal group law with p-series [p](x) = pz +p 2P", and let T denote its
reduction to Fpn. (Note that the coefficients of I" actually lie in F,, as we have seen before). The
goal of this section is to calculate AutI', and also EndI'. There are essentially two parts to this:

(1) Can we explicitly write down all the automorphism and endomorphisms?
(2) The functors

Fpn — Alg — Group (Fpn AN R) — Aut(i'T)
and

Fpn — Alg — Ring (Fpn SN R) — End(i*T")
are both co-representable. Can we determine the representing objects?

Lemma 14.1. Let F be the Lubin-Tate formal group law defined over Z, with p-series [p](xz) =
pr+p aP". Then over Zyu[t]/(tP" —t) the map ¢ : x — tx is an endomorphism of F.
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Proof. What must be shown is that F(tz,ty) = tF(x,y). Since our ring is torsion-free, it suffices to
do this after tensoring with Q. But rationally we have an isomorphism

log: FF — G,
and so it suffices to show that
log(tx +F ty) = log(t(x +7 y)).
Now F' is defined so that its log has the form
aP"

logp(a) =) —

p
and it follows directly that log(tA) =t - log(\) (using that #*" = t). So now one just computes that

t).
log(tx +F ty) = log(tx) + log(ty) = tlog(z) + tlog(y) = t(log(x) + log(y))
= t(log(z +r y))
= log(t(z +F y))-

Let R be an Fj»-algebra via a map ¢ : Fpn — R.
Corollary 14.2. Ift € R satisfies t*" =t then x — tx is in End(i*T).

Proof. We can define a map Z,[t]/(t*" —t) — R in the obvious way, and then we use the fact that
x +— tz was an endomorphism of I' over the first ring. (|

So we have now constructed a simple class of endomorphisms of ¢*I". Since I' is actually defined
over IF,,, there is also the ‘Frobenius’ endomorphism v defined by v(z) = 2.
Lemma 14.3. Suppose ¢(z) = Y axz* € End(T). Then ain = ag.
Proof. Since ¢ is an endomorphism, we must have that

¢([plr(2)) = [pr(p(2)-

But [p]r(z) = 2P", and the lemma follows by comparing the coefficients on either side of the equation.
O

Corollary 14.4. Any endomorphism of i*I" is of the form ZF tpx?" for some t, € R such that
" =t.

Proof. Let ¢ € End(i*T"), and set to = ¢’(0). By the lemma above we know tgn = t%. Now suppose
by induction that we’ve found tg,t1,... ,tx—1 and we want to find t5. Consider the power series

9(@) = p(a) —r (X2 taa?").

This is an endomorphism of ¢*T" (since the maps x — 2P and z — tz are both endomorphisms).
The first nonvanishing term of g(z) is of the form umaP" for some m > k, and so we define ., = wm,
and t; = 0 for k <1 < m. Now repeat ad infinitum. O

Corollary 14.5.

(a) The functor R — End(i*T") is co-represented by Fpn[to, 1, . .. ]/(tzn —tr).

(b) The functor R+ Aut(i*T') is co-represented by Fpn [t 11, .. .]/(tin —tr).

Corollary 14.6. If R is an Fp-algebra which is a domain, then the obvious map
Ly )/ (0" — p) = End(i"T)

is an tsomorphism.
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Proof. We first observe that any element a € Z,» (v))/(v"™ — p) can be uniquely written in the form
a =" apv® where each ay, is either zero or a (p™ —1)st root of unity (in other words, a} = a). The
map « sends such an element to ZF akxpk, and so the observation shows that « is a bijection. [

Presentations of End(I"). Let I' be the Lubin-Tate formal group law of height n over F,». Recall

that this is defined over IF,, even though it is constructed over IF,». We have seen that over [Fpn,
End(T") = Zp- (V))/(V" = p)

where Va = a?V for a € Zy». This is a very important algebra in homotopy theory. There are two

useful ways of thinking about it.

(i) Write z € End(T") as

o0
T = Z th’“
k=0

where tin = tg. The ¢;’s are continuous functions on End(T") if End(T") is given the topology of the
filtration by powers of the ideal generated by V' (note that V™ = p).

(ii) The elements {1,V,...,V"~!} form a basis for End(I") as a right Z,»-module. End(I") acts on
itself on the left by right Z,»-module maps which gives us a matrix representation of End(T’).

Example 14.7. Take n = 2. Then one easily checks that a 4+ bV is represented by the matrix
a pb
b a’®
In general, we note that if ag + a1V + ... + an_1 V" ! corresponds to the matrix A then ag +
afV + ...+ a%_ V"1 will correspond to the matrix A° obtained from A by applying o to all its

entries.
The element V clearly corresponds to the matrix (also denoted by V)

O “ . .. p
1 0 ()
0 1 :
0 1 0

It is not hard to check that
End(T)={A € M,(Zy): VA= AV}

This second point of view is very useful. For example, it gives us a non-trivial homomorphism
det : End(I')* — Z,» which would have no easy description from the point of view of Hopf
algebroids and formal groups.

15. FORMAL GROUPS

The purpose of this brief section is to finally write down a definition of formal groups, as opposed
to formal group laws.

Faithfully flat descent. Suppose R — S is a map of rings. We define a category Desc(S/R) called
the category of ‘descent datum’ for S/R.

(i) An object is an S-module N together with an isomorphism ¢ : S®@gr N — N ®r S of S ®g S-

modules, which is required to satisfy the ‘cocycle condition’ saying that the following diagram
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comimutes:

S@RS@RN&SQQRN@RS

N

N Q®rS®grS.
(ii) The morphisms are the obvious candidate.

Remark 15.1. If R — S is flat and we set A =S5, ' = S®pg S, then (A4,T) is a Hopf algebroid.
One can check that the category Desc(S/R) is equivalent (or isomorphic?) to the category of (A,T')-
comodules.

There is a canonical map

Modr — Desc(S/R) M- S®r M.
This is left-adjoint to the functor
Desc(S/R) — Modg N—{neN|p(len) =n®1l}.

Recall that a map R — S is said to be faithfully flat if

(i) The functor S ®g (—) is exact (flatness), and
(ii) A map of R-modules M — N is an isomorphism if and only if S ®r M — S ®r N is an
isomorphism of S-modules (faithfulness).

Remark 15.2. If R — S is flat, then the condition that it be faithful is equivalent to requiring that
S®@r M =0iff M =0.

Proposition 15.3. If R — S is faithfully flat, then the functors Modr = Desc(S/R) are an
equivalence of categories.

Proof. We check that the unit and co-unit of the adjunction are isomorphisms.

Step 1: This is easy if the map R — S admits a retraction.
Step 2: By applying S ® g (—)—which replaces R with S ®g R and S with S ® g S—one reduces to
the above case.

O

One can repeat this discussion with R-modules replaced by R-algebras, and one obtains the
following

Corollary 15.4. If R — S is faithfully flat then the functor R — Alg — AlgDesc(S/R) is an
equivalence.
Definition 15.5. Let R be a ring. A formal group over R is

(1) An augmented R-algebra A — R with augmentation ideal m, with the properties that
(i) A is complete with respect to m—i.e., the map A — lim A/m™ is an isomorphism;
(ii) m/m? is locally free of rank one over R;
(iii) GrmA = Sympg(m/m?).
(2) A map A £ lim A/m" @ A/m™ =: A®A making the following diagrams commute:

A—"> ABA A—"= A6A A—"> 484
X lt x ll@e Fl ll@F
ARA A ARA e ARARA.
Remark 15.6.

(a) A formal group over the ring R[[z]] is exactly what we’ve been calling a formal group law.
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(b) If we have a formal group for which m/m? is free over R and we pick a generator, then there is

an isomorphism R|[z]] = A and one gets an actual formal group law.

(¢) If R is a field—or more generally, a local ring—then every locally free module is actually free
(more-or-less by definition). So every formal group over such a ring actually comes from a formal
group law.

Remark 15.7. A formal group should be something which is locally a formal group law in the flat
topology. The previous definition gave something which is locally a formal group law in the Zariski
topology. These turn out to be equivalent. The reason boils down to the fact that if a module over
a local ring R becomes free of rank 1 under a faithfully flat base change R — S, then it was free of
rank 1 to start with.

16. WI1TT VECTORS

The p-adic integers Z, are in some sense constructed by starting with Z/p. A similar construction
can be done starting with =, and leads to the ring of Witt vectors.

One of the first things you learn in math is to add numbers. The digits represent a number in the
associated graded of Z given by Z D 10Z D 100Z D ---. So in some sense we’ve built the integers
out of Z/10. The usual algorithm for addition is not so good, because it is not algebraic: it requires
the mysterious process of ‘carrying’. Witt’s idea is that if we choose different coset representatives,
then we can actually make the addition and multiplication laws completely algebraic. There is a
presentation of this with a lot of good motivation in the appendix to [Mul].

Let p be a prime. Good coset representatives for pZ, C Z, are 0 and roots of unity. Write a € Z,
as a =Y -, arp"” where the ay’s are 0 or roots of unity. Define

wnmdl ke = S
i+j=n
Note that in Z/p, a¥ = a; so that w, = ag + a1p+ - + app™.
For a = (agp,a1,---) and b = (bg,b1,---) € R™, we'd like to define the Witt addition and
multiplication in the way that wy,(a +, b) = w,(a) + w,(b) and wy(a -, b) = w,(a) - w,(b). Since
we want to do this for any ring R, we may as well work in the universal case.

Example 16.1. Observe that if ¢ = (cg,c1,- -+ ) = a4+ b, then one is forced to have ¢y = ag + bo.
c1 has to have the property that

co+per = (ag+par)+ (b + pby)
(a0 +bo)’ +pc1 = (ag +par) + (bg +pb1) .
So that
1 = P\ i.p—i
01=(a1+b1)—5;(i)%b0 .
The formulae get complicated in general.

Let A =Zlag,a1,- -+ ;bg, b1, -], the universal ring. Consider the map
AOO ('UJO-,'UﬂJ)2-,'“) AOO

2
(:E07:E17:E27 o ) = (.TQ,.’I]ZO) +px17x10) +pxﬁ) +p2$27 o ) .
We’ll show that there are unique +,, and -, on the domain which map to componentwise addition
and multiplication.

Remark 16.2. If our ring is a Q-algebra, then we can solve xgn + -+ ptx, = w, for the 2’s in
terms of w’s. So there is nothing to check in this case. This also implies that if the ground ring is
torsion free and the operations +,, and -, exist, then they are unique.
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Lemma 16.3 (Dwork). Suppose R is a torsion-free ring with a ring homomorphism o : R — R
satisfying o(r) = r? mod p.
Then a sequence (wo,ws,--) € R™ is of the form (wo(a),w1(a), --) for some a € R> if and
only if
wy, —wo_1 =0 mod p" .

Moreover, the sequence a is unique.

The idea of using this lemma is thinking of o as raising to the p-th power so that

g

w, = ag 4 _|_p”*1afhl +p"ay,
n—1
Wp—-1 = ag + "'+pn_lan—l
wy = agn +op" T lay
wy, —wo_y = 0 modp"” .
Proof. If pis a prime and =y mod p, then 27 =y?"  mod p* since z =y mod p*~! implies
o’ = (y+p" )P =P +p( )y (g) (P22 4o =y? mod pF .
k
We know ag = wg. Suppose we’ve found ag, -« - , a,—1 with wgy = af +-- -+ pFay, for k < n. From
wy, =ah +---+p"tal _, + p"a,, we need to see that
Wy — (@2 +---+p" 'a?_)=0 mod p" .
The previous discussion shows
n—1— n—1— n—k
(@@ =@ =a T mod pnt
Hence o B
wi oy =(@§)" 4+ p el =af 4 +p" e, mod p”
and .
wy, — (ah 44+ p"tdl_ ) =w, —w_; =0 mod p" .
[l
Go back to A = Zlag, a1, ;bo,b1,---]. Define o : A — A by af = a? and by = b?. By the

Dwork lemma, the existence of ¢ € A* with wy,(c) = wy(a) + w,(b) is implied by
wn(a) + wn(b) - (wnfl(a) + wnfl(b))g =0 mod pn

which is fairly clear.
So there is a unique ¢ € A* such that w,(c) = wy,(a) + w,(b) for n > 0, and similarly there is a
unique d € A* such that wy,(d) = wy(a) - wy(b).

Definition 16.4. For any ring R, the ring of Witt vectors of R, W(R), is the set R* with the
above addition and multiplication.

Sometimes these are called the p-typical Witt vectors and denoted by Wy (R).
Exercise 16.5. Think through these definitions to show that W(Z/p) = Z,,.
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Big Witt vectors.
Define W, (a) = Ed|n dag/d for a = (a1, az,---). If n = p¥, this is an expression similar to that used
before. There is a similar game which produces the big Witt vectors.

Lemma 16.6 (Big Dwork lemma). Let R be a torsion-free ring. Suppose that for each prime p
there is an endomorphism oy, : R — R such that o,(x) = 2P mod p. For a = (a1,as,---) € R, let

Z dan/d.

Then the set of equations Wy, = Ed‘ dad/ can be solved uniquely for the a’s if and only if

Wp m—Wn Im mOdpn
for each prime p and each m with (m,p) = 1.
Proof. Left to reader. You might need to assume the o,’s commute, but probably not. [l

The additive group of big Witt vectors comes up in a different context:

Proposition 16.7. Given a ring R, let (1 + zR[[z]])* = ({f € R[[]]|f(0) = 1}, multiplication).
This group is isomorphic to the additive group of big Witt vectors.

Proof. Any element of (1 4+ zR][[x]])* can be uniquely written in the form

o0

H(l —apz™) .

n=1

1 —anz™) - T = boz™) = ]2 = cnz™)

where ¢ = a +w b in the big Witt vectors. Again, it suffices to check this in the universal case
A =Zlay, - ;b1,---]. In fact, we can check over Q[aq,--- ;by,---]. Taking the log of both sides

shows it:
—log {H(l — anT } Zna] — Z Wi (a %

n

—log [H(l —apz™) - H(l — bnx")} = — Z {log(l —apz") +log(l — bnx")}

:L.’ﬂ

= Z[Wn (a) + Wh (b)];
Z Wn(c)% =— log[H(l - cnx")}

So we need to check

O
Now, we are going to relate big Witt vectors to p-typical ones.
Proposition 16.8. If R is a Zy)-algebra, then
bigWitt(R) =[] W(R
(m,p)=1
as rings.
Proof. Let us define the map in the universal case A = Zla1,az2,---]. Take op(a;) = af

and o4(a;) = 0 for primes ¢ other than p. Notice that (Wi(a), Wa(a),---) splits to W™ (a) =
(Wpom(a), Wpim(a), Wy, (a),---) for (m,p) = 1. Each sequence W™ (a) has the property of the
Dwork lemma, and therefore has the form w(b™) for some unique b™ € A>. This defines the map
bigWitt(R) — [[ W(R
(m,p)=1
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a— {b™} .
It is easy to see this is an isomorphism. O

Remark 16.9. We have an explicit isomorphism
(1 +az/plll))* = ] Zp -
(m,p)=1
We can do something similar for

(1+ aZ/p[[=]]/(a™)) * = (product of cyclic groups of determined orders) .

The role of the log (actually exp) for the p-Witt vectors.
Suppose R is a torsion-free Z,)-algebra with o : R — R such that o(x) = 2 mod p. Then

exp <Z vntpp—n) has coefficients in R provided v, =vJ_; mod p".

Example 16.10. In the case where R = Z,) and o(z) = z, we would find exp(}_ ’Z—:) € Zy[[t]]
which is called the Artin-Hasse exponential. This comes up in writing the map back from

[T W(r) — bigWitt(R).

(m,p)=1
17. CLASSIFYING LIFTS — THE LUBIN-TATE SPACE

Up until now we have only looked very carefully at the points of this stack. Now we will try to
expand our vision to the local picture, a small neighborhood of these points. This involves analysis of
formal groups over complete local rings whose residue field is our point. We will begin by discussing
the contents of the second important paper of Lubin and Tate [LT2] on formal groups, which deals
with deformation theory—i.e. the theory of how to lift a structure from a residue feild to a complete
local ring sitting over it.

Let I" be the Lubin-Tate formal group law of height n over F,,. Let B be a local ring with nilpotent
maximal ideal m.

Definition 17.1. A deformation of ' to B consists of a triple (G,i,t) where

(a) G is a FGL over B
(b) i:F, — B/m is an inclusion
(c) t: G — i*(T) is an isomorphism, where G denotes the image of G in B/m.

Remark 17.2. The map ¢ is superfluous since it is unique. We have included it in the definition of
deformation because, following Drinfeld, this is the thing to do if we consider fields other than [F,,.

We will denote a deformation (G,i,t) by a diagram
G i*T

Definition 17.3. An isomorphism (G1,i,t1) ELA (Ga,j,ta) consists of an isomorphism G1 MR

Gy such that tao f = (joi~1)* oty, i.e.
f

Gléc;b

tll lb
(Goi )"

#T T j*T —L> j*T

An isomorphism is called a x-isomorphism if we can take g = id in the above definition.
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The space of deformations modulo *-isomorphism is called the Lubin-Tate space. The category
of deformations modulo #-isomorphism is the Lublin-Tate category, where the objects are *-
isomorphism classes and the morphisms are isomorphisms modulo *-isomorphisms.

Note that g € Aut(i*T") acts on the space of deformations by ¢ +— got

G

|

I ——¢*T.

Here (G, i,t) and g(G,i,t) = (G,i,got) are isomorphic via a non-*-isomorphism which we call g
given by

G—:>G

#T ——=i*T
It is easy to see that this action preserves x-isomorphism classes and as such descends to a faithful
action on the Lubin-Tate space. Writing a typical morphism in the category

f

Gléc;b

tll lb
(Goi )"

#T = j*T —L> j*T

we see that it factors as (G, 4,41) 22 (G1, j, (joi~1)*oty) —2= (G1, j, go(joi= ) oty) 2% (Ga, j, ta),
so morphisms in the Lublin-Tate category are given by pairs consisting of an object and an element
of Aut(i*T).

The Lublin-Tate category coresponds to the fiber category of the projection FGL(B) — FGL(F,)
over I'. Geometrically, I is a point of the moduli stack of formal groups and the Lublin-Tate category
is a infinitesimal neighborhood of this point given by ways of completing the diagram:

SpecF,

|
Spec B — — > Mpg

To best understand what these neighborhoods “looks like” is to find a representing pair for the
Lublin-Tate category. This is equivalent to finding a universal lift of I' and universal isomorphism.
Already we have reduced this problem to representing the objects of this category (since the previous
section showed how to represent Aut(:*I") from the previous section).

The Lubin-Tate space is a basic object in homotopy theory. Many unsolved problems in homotopy
theory have to do with the fact that this action is very hard to describe.

Theorem 17.4 (Lubin-Tate).

(a) There exists a formal group law F over Zy[[u, ... ,un—1]] for which
(i) Flo +y) = 24+ y+ wuCph(z,y) + ... + un—1Cpn-1(2,y) + Cpn(z,y) mod n? where n =
(pa Uy .- 7un—l)

(i) F =T mod n
(b) Given such an F, the functor
Ring(Zy[[ur, ... un_1]), B) = m*"=D  — {Deformations}/(x — iso)
fo— [F
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is (pro)corepresented by (F,1,1) over Zy[[u1, ... ,un—1]], and this map is in isomorphism.
(c) More precisely, in the category of complete local rings with residue field an F,-algebra the functor
of Deformations is corepresented by (F,1,1) over Zy[[u1,... ,un—1]].

We will first give several lemmas which prove the case B = F, & m,m? = 0. Then we will deduce
the general case.

NONE OF THIS MAKES ANY SENSE TO ME

For (a): Here it suffices to construct F’ over Zy[[u1,... ,un—1]]/(u1,... ,un—1)%. Let l(z) be the
logarythm of the Lublin-Tate formal group law over Z,,. wrong log?
nk
2P
@) =) —%
We can show that u u » how??
)+ Jla") &+ ==l )
is the log of a formal group law over Zy[[u1, ... ,un—1]]/(u1, ... ,un—1)%. (We just have to check that

I[(z +F y) has integer coefficients, and this is easy since it is true for [ and v? = v;v; = 0). Given
this we will prove (b).

I THINK IT SHOULD BE CUT OUT

Lemma 17.5. Let B=F, ®m,m? =0. Then
{Def}/ xiso = H*(T;m) = symmetric 2-cocycles/coboundaries.
o A symmetric 2-cocycle is an e(x,y) € m[[z,y]] satisfying
E(ya Z) - 8(:17 +ry, Z) + €($7y +r Z) - E(l‘, y) =0.
o Coboudaries are of the form
da(z,y) = a(z +ry) — a(z) — afy).
for a(x) € m[[z]].
The correspondence is given by G(z,y) = T'(z,y) +r (z,y).
Proof of Lemma. We have I' and a deformation G. By using an appropriate x-isomorphism we
can suppose that ¢ = id and G = T mod m. Now write G(z,y) = x +r y +r €(x,y), where
e(z,y) € m([z, y]]. Now
z4ry+re(,y) =z +ry+ oz +ry,0)e(z,y)

since the coeficients are in m and square to 0 (here I's denotes the derivative in the second variable
of T').

e(z,y) satisfies:

o &(z,y) =&y, z)

e c(0,y) =y

o £(y,2) +re(z,y+r2) = e(,y) +re(@ +ry, 2).
The latter statement follows from associativity of G:

(@+ey)tez = (@+ey)+rz+re(@+ey,?)
= (@+4ry+re(@y) +rz+rel@+ry,2)z +o (y +o 2)

z+r (Y +e 2) +re(z,y +a 2)
z+r (Y +r 2 +re(y, z) +re(z, y +r 2).
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So there is a correspondence between the set of such G and e(«, y) satisfying the above properties—
these are symmetric 2-cocycles on I' with values in G,.
The most general *-isomorphism is

9(x) =z +r (), () € m[[z]].
One readily checks that ¢g=*(z) = x —r a(z), since m? = 0. Then
97 'G(g(x),9(y) = Glg(x),9(y)) —r a(Glg(z),9(y)))
= g(=) +r 9(y) +re(9(x), 9(y)) —r a(g(z) +r 9(y) +r e(9(2), 9(v)))
= z+4ra(z) +ry+ra(y) +re(@,y) —r alz +ry)
= z+ry+ré(r,y)

where &(z,y) = a(z) +r a(y) +r e(z,y) —r a(z +r y) is a coboundary by definition. So the *-
isomorphism sends e(z,y) — £(z,y). Thus

{Def}/ *iso = H*(T';m) = symmetric 2-cocycles/coboundaries.

We have calculated this before using homological algebra on a 2-stage chain complex. This chain
complex is the tangent space to our stack at the point T'. [l

Lemma 17.6. H2(I';m) is free of rank n — 1 on generators which start out looking like
Cypr (x,y) + monomials of degrees higher than Pk

fork=1....n—1.

Proof. We look at the complex which computes H?:

Z/p == Z/p|[z]]| = Z/pl[z, y]| = Z/pl[z, vy, 2] . ..
where
a(z) = aly) — a(x +ry) + a(z),
fx,y) = fy,2) = fle+ry,2) + fl@,y +r 2) — f(2,y).

(We can think of this as the cohomology of Z/p with respect to the triple on ®Z,[[z]] with trans-
formations given by z — 0 and T.)

Recall the analgous complex with + = +¢_, instead of 4+, whose cohomology we already com-
puted.

H*(G,;m) has basis {ay := :vpk|k =0,1,...}

@+ +a? ¢
p

H?(G4;m) has basis {zpixpj - zpjxpi,i < J; B = Cpr =

H*(Ga;m) = E[Oéi] ® P[ﬁ??]

Now filter the I'-complex by powers of the maximal ideal. The associated graded complex for this
filtration is the +-complex. So we have a spectral sequence with Fy = H*(G,;m). We need now to
compute the remaining differentials.

Let ' be the Lublin-Tate Formal group over Z, and T" be the Lublin-Tate Formal group over Z/p.
Recall:

" "
logf () :z+?—|—... and expp(z) =z — ?—l—
Then
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(@ +y)P" +a? +y”
p
= z4+y+Cp(z,y)+...

I'(z,y) = exp(log(z) +log(y)) = z+y-— +o(z?")

In the I'-complex we have

d(aw) = ap(x) + ao(y) — ap(x +ry) = Cpn(x,y) + .. ..
We can conclude from this that in the spectral sequence «q hits 3,,. Similarly,
k k k
6(ar) = ar(z) +ar(y) —ar(z+ry) = 2" +¢" —(z4ry)’
= 2 P - (x+y—Cpn (gc,y))p’c
= Cpn+r(x,y) + higher terms.
The last equality follows from computing
(@+y)? =2 +y?" mod (p).
k k—1 k—1 k k k—1
(1‘ + y)P = (wp + P )P =P +yP + pCp(x:D , yP
o = Cp(z,y) = Cp(z?" P ") mod (p)
Combining this with the fact that Cpyn (2,y)? = Cpn+1(x,y) mod (p), we discover finally that
n+1 n+1
Con(z,y)P = Cp(a®  ,y?» ) mod (p).
So ay hits B,45. It now follows that the E-term of the spectral sequence is Fp[[01, ... Bn-1]] s0
H*(T';Z/p) is free of rank n — 1 on classes Cp: (z,y)+ higher terms.

k—1

) mod (p?).

O

Corollary 17.7. Let bi(z,y) be a symmetric 2-cocycle lifting the cohomology class Bi.. Then the
map
m"~ ! — H?(I';m)
(CCl, ceey Infl) = szbz

is an tsomorphism.
Proof of Theorem 17.4 for general B.
Part (a): Let I''(z,y) = T(x,y) +r vibi(z,y) +r -+ +r Vn_1bn—1(x,y). This looks right over
Fplvi, ... vn-1]/(v1,...,vn—1)% and it is a formal group law. We can let F be any lift to
Zp[[’l)l, . ,’Un_l]].

Part (b): The proof is by induction on k. Suppose we have proved the result for B/m*~1 (i.e.
where the maximal ideal to the (k — 1)-st power is 0). In other words, assume that we’ve shown

m/mF o x m/mP Tl Def(B/mF1) /% —iso
is an isomorphism.
Now we want to show that if we have two deformations over B/m* which agree mod (m*~!) then

Consider the following diagram whose columns are exact:

mFl/mP o oxmPl i mh——————— ker

| !

m/mk x ... x m/mF ————— Def(B/m*)/ % —iso

| |

m/mF=1 x -+ x m/mF~! ——> Def(B/m*1)/ x —iso
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We want to show that the middle row is also an isomorphism, and for this it suffices to check
that the top row is an isomorphism. Suppose G,G* are formal group laws over B/m*, with

G=G'=T mod (m)

and G = G' mod(m*F~1). The upper right hand corner consists of the set of such G' modulo isomor-
phisms which reduce to the identity modm*~*. We have then G'(z,y) = G(z,y) +ce(z,y),e(z,y) €
mF~1/m*[[z,y]] € B/mF[[x,y]]. Thus the set of such G' modulo isomorphisms which reduce
to the identity modm*~! is in bijective correspondence with these symmetric 2-cocycles ¢ mod-

ulo coboundaries which is again H?(I';m*~!/m*). This is just the case where m? = 0, so

H2(T;mb =1 /mP) =2 mb=1 /mb x ... x mP=1 /mF,
O

The chromatic spectral sequence.

We will discuss the chromatic spectral sequence, which provides much of the motivation for the
formal group point of view in homotopy theory. The cornerstone on which it rests is the Miller-
Ravenel (or sometimes Morava) change of rings theorem. Moreover, the spectral sequence can be
realized geometrically via the Landweber exact functor theorem, which we will also have to discuss.
The idea behind both of these is to find a different presentation for the stack of height-n formal
groups.

The Adams-Novikov spectral sequence is derived from the cosimplicial spectrum

MU= MUANMU==MUANMUNMU = -

We have already seen that applying m.(—) to the above complex gives the nerve of the category
of formal groups and strict isomorphisms. The Fs-term, the cohomology of the above complex,
is Extyp (MU, MU,). Note that this is also the cohomology of the structure sheaf over the
moduli stack of formal groups Mpg. From now on we’ll denote Exty; iy 1,/ (MU, N) by Ext(IN) for
short.

To help us compute more of Ext(MU,) we look at short exact sequences like

0— MU, - MU,®Q— MU, ®Q/Z — 0.

This leads to a long exact sequence of Ext groups. It’s easy to compute the middle terms coming from
Ext(MU, ® Q), since formal groups over a Q-algebra are all isomorphic to G, with isomorphisms
classified by the log of the formal group law. This is equivalent to the trivial groupoid whose one
object is G, (since the automorphism group of G, is trivial). It suffices to compute the cohomology
over this equivalent groupoid represented by the Hopf algebroid (Q, Q)-in Q-algebras. The category
of such comodules is equivalent to Q-vector spaces so there are no higher derived functors and we
have:
Ext"’(MU.®Q)=Q
Ext®' (MU, ® Q) =0, (s,t) # (0,0).

Getting back to our computation of Ext*(MU,) we need still to figure out Ext* (MU, ® Q/Z). We
will be working one prime at a time so we want to calculate Ext* (MU, ® Q/Z,)). We can write
Q/Zyy = lim Z/p"Z and we have short exact sequences

0— Z/p"Z — Z/p" " Z — Z/pZ — 0.

So if we found Ext(MU,/p) then we could work inductively to find each Ext(MU,/p™), and thus
deduce Ext(MU, ® Q/Zy)).

Let G be a formal group law over a Z/p-algebra. Then
pla(z) = vizP + ...

for some v; (possibly zero). This gives us an element v1 € ma,_o MU /p which is invariant, in the sense
that it is equalized by the two arrows 7, (MU/p) = m.(MU/pAMU /p). Therefore we get an element
v € Ext®?P~2(MU,/p). In fact the natural map F,[v;] — Ext"*(MU,/p) is an isomorphism. Now
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to find the higher Ext groups MU, /p we can play a similar trick with v1 as we did before with p
and look at the sequence

0— MU./p— vy 'MU./p — MU./(p,v°) — 0.

Here too the middle terms Ext(v; ' MU, /p) are easy to compute and so Ext’(MU,/(p,v)) will
give us Ext' (MU, /p) (and eventually Ext*(MU,)).

To find Ext(v; ! MU. /p) we consider formal groups over F,-algebras where v; is a unit—these are
the formal group laws of height 1. The groupoid of such formal groups is equivalent to the groupoid
whose sole object is the Lubin-Tate formal group I'; of height 1, and whose morphisms are all its
automorphisms.

Theorem 17.8 (Morava, Miller-Ravenel Change of Rings Theorem).
F,[vi] @ H*(Aut(T})) = Ext(vy ' MU, /p).

Note that Aut(I';) = Z.

Returning to Ext*(MU./(p,v{®)) we write MU, /(p,v$°) = lim MU, /(p,v}) where to start the
induction again we look at Ext*(MU.,/(p,v1)). Over MU, /(p,v1) the universal formal group law
has [p|r(z) = voxP” + higher terms. This gives a new element vy in Top2—o(MU/(p,v1), and in fact

yields a corresponding vy € Ext0’2(p2_1)(MU*/(p, v1)).
Theorem 17.9. F,[vs] = Ext”*(MU./(p, v1))

Following the same pattern we can try to get information from the sequence
0 — MU, /(p,v1) — vy MU, /(p,v1) — MU,/ (p,v1,v5°) — 0.
Again we have a change of rings theorem which says
H oy (Aut' (D) Fylvy ]) © Fpe = Ext(vy ' MU/ (p,v1)) © Fpe.

Here the H?(—) is to be interpreted as continuous cohomology, and Aut’(I'z) is defined in the
following way: Any element 2 € Aut(I'z) has the form toz +r ... +r tma?” 4 ... for some unique
t;’s, and the assigment x — ty gives a homomorphism

Aut (Fg) — F;2 .

The group Aut’(I'z) is the kernel of this map.

The pattern of the above analysis continues, and allows one to express the Adams-Novikov Fo-
term in terms of the continuous cohomology of certain profinite groups.

Note: It would be really nice if we could get this last section cleaned up at some point.
—dd

18. COHOMOLOGY OF STACKS, WITH APPLICATIONS

Let M be a stack of the form M, ry, where (A,T) is some Hopf algebroid. In some sense all
that we will really need about M is that

e The diagonal is representable, and
e M admits a covering by representables.

(In fact even these criteria can be relaxed somewhat).
Let F be a quasi-coherent sheaf on M. The cohomology of M with coefficients in F are
the groups
H*(M;F) := Ext*(Opm, F).
We will often abbreviate these to H*(F).

there are some m
details about t
ch.rng.thm h
which i don’t get
all
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There is a standard recipe for computing cohomology in this case: cover M by the map Spec A —
M and use the Cech nerve of this covering.

-+ -Spec A X pq Spec A X o Spec A === Spec A x g Spec A ——= Spec A

--Specl'®4 T SpecT’ Spec A.

Note that the simpicial object on the bottom is Spec(—) applied to the cobar construction for (A, T).

Write M = F(Spec A). Then there is a canonical isomorphism F(SpecT') 2 T' ® 4 M, and M
becomes an (A4, T')-comodule in a canonical way. Applying F to the above simplicial stack, one gets

- F(SpecT @4 T') = F(SpecT') =—— F(Spec A)

P RU I OAME=—TQQuxM=———7-M,
and this is of course the cobar construction Vfor the comodule M.
The spectral sequence associated to the Cech nerve is now seen to be
HP(Spec A x --- x Spec A, F) = HPTI(M; F),
where there are ¢ copies of Spec A in the product. Since F is quasi-coherent it has no higher

cohomology on affines, and therefore the spectral sequence collapses to the p = 0 line. We find that
H*(M;F) in this case is just the cohomology of the cobar complex for M as an (A, I")-comodule.

Now assume that Spec R — M is an arbitrary map. We can form the Cech nerve just as before,
and we’d like to ask the following;:

Question: If Spec R™ denotes Spec R X a4 - -+ X o Spec R (with n copies), when does the complex
H°(Spec R"™; F) compute H*(M;F)?

If Spec R — M is a cover then one can repeat the argument from above, and the claim is almost
automatic. But in fact one can get by with even less: all we need is that Spec R — M is ‘surjective
in the flat topology’.

Definition 18.1. A map Spec R — M is said to be surjective if for any given map Spec B — M
there exists some faithfully flat cover Spec B — SpecB and a map Spec B — Spec R with the
property that the diagram

Spec R
Spec B .~ SpecB——> M
commutes up to a 2-morphism
(Spec B — Spec R — M) = (Spec B — Spec B — M).

Proposition 18.2. If Spec R — M is surjective, then the Cech complex computes the cohomology
H*(M; F).

Proof. Consider the two maps

Spec R

Spec A

M.
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By surjectivity, we can find a faithfully flat extension A — A and a map Spec A — Spec R giving us
the diagram

Spec R

-

Specfl”.”—> Spec A —— M.

We can replace A by A and T' by T' ®4 A without effecting anything, and so we reduce to the case
where the map Spec A — M factors through Spec R (up to a 2-morphism).
Now let U = Spec R and V' = Spec A. Form the double complex

== UxmU U M

T ]

= U xpm UxpyV—=UxpyV——V

| [

"'§UXMUXMV2—>—>UXMV2—>V2

I [

Here V™ is short for V' x o -+ X aq V. The assumption that V' — M factors through U can be seen
to imply that the horizontal simplicial sets (except for the top one) admit a contracting homotopy.

Now apply F(—) to the double complex U™ X o4 V™ above, and take the associated chain com-
plexes. One gets:

= F(U2 X V3) —— F(U x V3)

= F(UrxVH =——F(U x V?)

= FUrxV)=—F (U x V)
The horizontal rows are seen to be acyclic, with H° the complex
F(V) = F(V?) = F(V?) — -

So the homology of the above bi-complex is just the homology of this ordinary complex, which is
H*(M;F) (as we have seen already).

But now let’s think about the columns in the double complex. These came as the result of
applying F to the Cech nerve of the map U* x o4V — U*. But this map is a cover (because U — M
was a cover, and covers pull back). So the cohomology of the columns are computing H*(U*; F).
Since each U* is affine the higher cohomology vanishes, and so the columns are acyclic and the H°
is the complex

o= F(U?) « F(U?) « F(U).
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Hence, we find that the cohomology of the double complex is the cohomology of F(—) applied to
the Cech nerve of U = Spec R — M. The conclusion is then that this latter complex computes
H*(M; F), which is what we wanted. O

For the remainder of the section we fix a prime p.

Definition 18.3. M;% is the moduli stack over Fp-algebras consisting of formal groups G with the
property that

Pla(e) = vna?” + -

where vy, is a unit. (One can check that this property doesn’t depend on the choice of a coordinate).

It’s easy to see that M;% = Mar) where A = v, 'L/ (p,v1, ... o) and T = Tpg @ A =
A®rTrg.

Proposition 18.4. The I-morphism SpecF, — ME,;LC); classifying the Lubin-Tate formal group law
18 surjective.

Remark 18.5. The map is not just surjective, but is actually a cover—proving this requires some
extra work, however, and being surjective is good enough for our purposes.

Proof. The proof is very similar to something we’ve seen already.
Given a map Spec B — M;% classifying some formal group G, we need to show that there is a
faithfully flat extension f: B — B such that f*G is isomorphic to the Lubin-Tate group I'pr.
First note that we can find a flat extension f : B — By for which f*G is a formal group law, and
for which the p-series of f*G has the form

pl(z) = vpa? + -
for some v,, € B* (essentially by the definition of M;%) Let’s now write G for f*G, and write the
p-series as [p](z) = g(zP") for some g(z) = vz + - -.
Next we try to find an isomorphism ¢(z) : G — T'p. The isomorphism must preserve the p-series,
in the sense that

p(@)" = o([pla(@)).

If we write p(z) = Y apz® and @7 (x) =5 ain z¥, then the above equation translates into

7 (2?") = plg(2"")),

p o =g.
This is secretly a collection of equations in the ax, and what we must show is that we can solve them

after some faithfully flat extension of By.

Since ¢(z) = a1+ O(2?) and g(z) = v,x+ O(z?), it’s easy to see that we must have a?” ~! = v,

for the above equation to be satisfied. So we set B; = By[a]/(a?"~! — v,,) and make the faithfully
flat extension fi : By — By (it is faithfully flat because the target is free as a Byp-module).

We again follow the practice of just writing G for f{G. By twisting G via the isomorphism
¢(x) = ax, we have arranged for the resulting formal group law to have p-series g(z?") with g(z) =
x + O(2?).

Now assume by induction that B — Bj_1 is a faithfully flat extension such that G is isomorphic
over By, with a formal group law having p-series g(zP") where g(z) has the form

g(x) = x + cx® + O(* ).

We will show that we can eliminate ¢ by extending Bi_; even further.
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As we did a few lectures back, we look for a ¢(x) of the form op(x) = x + apx® +---. Then
plow(a) =z +(af —ap)a + O,

and we want this to equal g(z) = z+cx?+O(z¥*1). So form the extension By, — By [ak]/(agn —ap—c),
which is again faithfully flat by inspection. This does it.

We have now shown that after a faithfully flat base extension the original G is isomorphic to

a formal group law whose p-series if [p](z) = 2" (and so we may as well assume that this 4s the

p-series of G). We want to conclude that G is isomorphic to I'7. There are two basic approaches:

(1) Since G' must commute with its own p-series, we know that G(zP",y?") = G(x,y)?". So if

G(z,y) = > a;jz'y? then it must be that afjn = a;;. One must show that G is isomorphic to a

formal group law coming from Fp» with the same p-series (perhaps after a faithfully flat base

change). This will be left to the reader as an exercise.

(2) Make use of the theory of p-typical formal group laws (to be discussed in the next section):
Choose a p-typical coordinate on G, and apply the Quillen idempotent.

O

19. p-TYPICAL FORMAL GROUP LAWS.

In this section we explain how specializing to Z,)-algebras greatly simplifies the Hopf algebroid
of formal group laws and isomorphisms.

The group of curves. In the study of Lie groups, it is useful to associate to each Lie group its
Lie algebra. This has the effect of producing a functor from Lie groups to Lie algebras, a category
which is much more manageable from an algebraic point of view. We will try doing something of
the same sort for formal groups. The algebraic object which plays the role of the Lie algebra will be
something called the Dieudonné module of the formal group.

Definition 19.1. The group of curves on G is the set CG = {f(z) = a1x + ax® + ... : a; € R}
with addition law given by (f + g)(z) :== f(z) +a¢ g9(x).

Geometrically, CG is the group of functions A! — G. The analog of the Lie algebra is the
quotient of C'G by the subgroup of curves whose derivative vanishes at 0. Usually one recovers the
group from the Lie algebra using the Campbell-Baker-Hausdorff formula. However, for us, this is
not an option since the formula requires introducing denominators which may not exist if R is not
a (Q-algebra. Instead we can consider the full group of curves on G together with certain natural
operations on CG:

1. Homothety: Given r € R let ({r)g)(z) := g(rz). Geometrically this is precomposition with
multiplication by r:
Al LAl S G
2. n-th Verschiebung: Given n € N, define V,,g(z) := g(«™). Geometrically this is precomposition
with the n-th power map:
ALl S g
3. n-th Frobenius: Given n € N and letting ¢ denote a primitive n-th root of unity, we define
G G
(Fag)(@) = > gz = > gw)
1=1,...,n yi n-th root of x
This formula requires a little explanation: the expression on the right is a power series on
2/ with coefficients in R[¢]. Since the formal group law is commutative and associative the
coeflicients can be expressed in terms of the elementary symmetric functions on the ¢*. But
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these all vanish except for o, (1,¢,... ,(" 1) = (=1)" so the expression is really a power series
in x with coefficients in R.

Another way to think of the Frobenius is as the Verschiebung on the Pontryagin dual (or
character group) of G.

The algebra D generated by the operations (r), V,, and F, modulo certain universal relations
is called the Dieudonné algebra. CG with its D-module structure is called the Dieudonné
module of G and it is the sought after analog of the Lie algebra: one can show that the functor
which associates to each formal group law its Dieudonné module is an equivalence of categories.

To get a better understanding of the Dieudonné algebra we can consider the case when R has no
additive torsion. When R — R ® Q we can understand the operators (r), V;, and F,, in terms of the
logarithm.

Proposition 19.2. Suppose R is a Q-algebra and let log denote the logarithm of G. Then if g € CG
and log(g(x)) = anl anx"
(a) log((r)g(z)) = > r"ana™
(b) log(Vig(2)) = 3 ana"™
(¢) log(Frg(w)) = - kanka™
Proof. Only (c¢) requires proof. Writing ¢ for a primitive k-th root of unity we have
€]

log(Frg(z)) = log | > g(¢'z'/*)

i=1,....k

k
= ) logg(¢'z'/*)

i=1

- ZZa (¢a)

Since

zk:(ém) _ { ki ko
P 0 otherwise
we see that
log(Frg(x Z kanpz"™
as required. [l

Using the formulas of the previous proposition it is easy to deduce the relations that the operators
(r), Vi, and F, satisfy.

p-typical curves. If we consider only formal group laws over Z,)-algebras the theory is simplified.

From now on we assume that R is a Z,)-algebra. We begin with a definition due to Cartier.

Definition 19.3. Let p be a prime. A curve g € CG is p-typical if for every n such that (n,p) =1
we have F,g = 0. The subgroup of CG consisting of all p-typical curves is denoted by Cpe (G).

Remark 19.4. If R— R® Q, Proposition 19.2 implies that a curve g is p-typical if and only if
log(g Z mpa?”
n>0

for some m,, € R.
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The operators V,, F, and (r) act on Cp(G). The algebra generated by these operators modulo
certain universal relations is called the Cartier algebra. One can show that a formal group law G
over a Zy-algebra is determined by the Cartier module structure on Cpe (G).

Definition 19.5. A curve g(z) on G is a coordinate if g’(0) is a unit in R.

Note that a coordinate y — g(z) determines a formal group law on R[[y]] in the usual way:
F(z,y) = 97 (Glg(=), 9(y)).
Definition 19.6. A formal group law is p-typical if the coordinate x is a p-typical curve, i.e. if
F,.(z) =0 for every n such that (n,p) = 1.

The following proposition shows that every formal group law over a Z,)-algebra is isomorphic in

a natural way to a p-typical one.

Proposition 19.7 (Cartier). If R is a Z,)-algebra then any formal group law over R has a p-typical
coordinate.

Proof. Suppose first that R is torsion free. We need to find a coordinate g so that log(g(z)) =
> muzP" . We can use the Dieudonné module structure on CG to change any coordinate g on G to
one which has this form as follows.
Let log(g(z)) = > anz™ then
log(Vi Fig(x Zlanl:v nt

If (I,p) = 1 then the [-series [I](z) is invertible in R[[a:]] Let [1/!](z) denote the inverse. Then
log([1/)V Fig(x Zamx

and
log(g(x) —¢ [1/IViFig(z)) = > anx
(n,l)=1

Iterating this process for all [ such that (I,p) = 1 clearly gives us a p-typical coordinate.
In order to deal with the general case, however, it is useful to have an expression for the p-typical
curve thus obtained. Let p denote the Mobius function defined by

(m) = 0 if 12|m for some prime !
pm) = (—=1)* if m = py...px with p; distinct primes

Then defining the operator
p(m)
(1.1 ey

(m,p)=1
one easily checks that for any g € CG, €g is p-typical. |

Remark 19.8. The operator e defined by (19.1) is easily seen to be an idempotent. It defines a
projection

CG - Cp= (G)
In topology it corresponds to the Quillen idempotent.
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Parameterizations of p-typical formal group laws. It is helpful to have different parameter-
izations of the ring classifying p-typical formal group laws. The next proposition is useful for this
purpose.

Lemma 19.9. Suppose R — R ® Q and G is a formal group law over R. Then G is p-typical if
and only if there exist v; € R such that

(19.2) Pla(z) =pr +¢via? +¢ ... +q vnz? +a+...
Proof. The expression (19.2) is equivalent to
(19.3) plog(z) = Y _ log(vaz?")

n>0

with vg = p or equivalently since R is torsion free,
1 n
log(x) = — log(vpa? )
>3

If this is the case then clearly log(x) = Zmnacp" and hence the formal group law is p-typical by
Remark 19.4. Conversely, if G is p-typical log(z) is of this form and so one clearly can inductively
choose v, € R such that (19.3) holds. Moreover the choice is unique. O

Proposition 19.10 (Cartier). Let G1 and Ga be p-typical formal group laws over a Zy)-algebra.
If [ple, (%) = [ple.(x) then Gy = Go.

Proof. Let L = Z[z1,x2, . ..] be the Lazard ring. Consider the universal formal group law F over L®
Zpy with coordinate z and let = €(z) be the p-typicalization of z. Let G denote the corresponding
p-typical formal group law and let ¢ be the ring endomorphism

L®Zy) —= Lo Ly,

classifying the formal group law G'. Then ¢ is idempotent (because € is). We write Lyec = p(L&Z(p)).
Then clearly, G defined over L, is the universal p-typical formal group law.
By the Lemma 19.9, there are elements v,, € Ly~ such that
G n
[p]G(I) = Z vnxp
Applying log., to this equation we see that in the module of indecomposables of L ® Q, up to a unit
in Z), we have

Up = PMp
The same argument used to prove Lazard’s theorem now implies that
Lpoo = Z(p) [’Ul, N ,’Un]
which concludes the proof. O

The previous proposition describes one of the two usual schemes for parameterizing p-typical
formal group laws - the Kudo-Araki parameterization.

The other scheme is the Hazewinkel parameterization. The parameters are traditionally also
called v, although they do not coincide with the v, ’s above. Let ¢ be the endomorphism of L,
defined by

o(vg) = vZ

and write f? for the power series obtained from f by applying o to the coefficients. Then the
Hazewinkel parameters v; are defined by the equation

v Un o n
(19.4) loge(z) =« + El logg (a?) + ... + n logg, (2 )+ ...
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If we write

loga(z) = Z mpa?”

then in the Kudo-Araki case we have,

" 1 n
Py, =vp +mavk L+ om0+ mppP

and in the Hazewinkel case,

n—1
[eg g
Py, = Uy + V1M +...+vim,_4

Note that the Hazewinkel parameterization gives easy closed formulas for the m,,’s in terms of the
vy,’s, unlike the Kudo-Araki parameterization.

Example 19.11. The Lubin-Tate formal group law. The p-series is given by

[pl(x) = pz +r a*"
so the Kudo-Araki parameters are simple. The expression for the log is mildly complicated.
The isomorphic formal group law with Hazewinkel parameters v; = 0 for i # n and v, = 1 has a
log satisfying the functional equation

1 n
log(z) = + — log(a® )
p

This gives an easy expression for the log:
’Vlk

log() = 3 L

k
>0 P
but a slightly complicated p-series.

Remark 19.12. Over Ly~ ® Z/p, the Kudo-Araki and Hazewinkel parameters coincide.

20. STACKS: WHAT’S UP WITH THAT?

In this section we will discuss what there is to gain by using the point of view of stacks in homotopy
theory and also talk a little about prospects for the future.

The basic miracle about complex oriented (not just orientable) cohomology theories is their close
relationship with the algebra of formal group laws. The language of stacks allows us to go much
deeper in this correspondence between algebra and topology.

There are two main theorems coming from the correspondence between complex oriented coho-
mology theories and formal group laws

1. Landweber’s exact functor theorem.
2. The Morava, Miller-Ravenel change of rings theorem.

Both of these have nice proofs in the language of stacks. But there is much more to be gained
from this language.

Spectra associated to sheaves over Mpg. Let E be a multiplicative spectrum satisfying

(a) E is complex orientable
(b) maFE contains a unit
(C) 7T1E =0

Remark 20.1. Properties (b) and (c) imply property (a).
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We have seen that this data gives us a map
Spec mgE — Mpa
so we have a way of assigning to certain spectra affine stacks over M pq. It is natural to ask the
following naive
Question: Can we go back?

This turns out to be a surprisingly good question. The answer is that in certain cases (more than
you would think) we can and there is a nice criterion for this.
Let MU be the spectrum determined by

MU*(X) = MU*(X) @ Z[ut]
Alternatively, MU is the Thom spectrum associated to the identity map
Z x BU — Z x BU

just as MU is the Thom spectrum associated to Z x BU — BU. Then ngMU = L is the Lazard
ring and under the correspondence above, MU corresponds to a very special element in the category
Af f/Mpq, namely the canonical map

Spec L LN Mpa

Let F be a flat quasi-coherent sheaf over M pg. In some cases we can associate to F a spectrum
which we will call E(F). It will be defined by descent.

The motivating fact for the construction is the following. Suppose that E is a spectrum satisfying
our assumptions. Then you should recognize that we have proved that

Spec 1 oMU N E —— Spec moE

S

Spec oMU — MFrag

is a pull back square of 2-categories.

This diagram tells us that the smash product of (certain) spectra in topology corresponds to the
fibre product over Mp¢ in algebra. Moreover, since [ is a cover, the statement should be true in
general as k; should be determined by k2 and descent data.

If we have a flat quasi-coherent sheaf F over M pqg, we get a flat L-module [*F and by flatness a
homology theory

X = U"F Qromv MUL(X)
which, in view of the remarks above, should be represented by the spectrum MU A E(F) (even
though we haven’t defined E(J) yet).
Similarly, considering the maps
SpecI’ =7! Spec L L Mg
by flatness we get a diagram of cohomology theories
(20.1) UF Quotr MUL (=) = (lom)*F @ (MU AMU).(—)

We would like to define E(F).(—) to be the equalizer of (20.1) but we can’t guarantee that the
equalizer will be exact. This will be the case however, if F comes from a flat map

Spec R — Mpg

which factors through Spec A, i.e. a formal group which comes from a formal group law. In this
case the equalizer above will split and we will get a homology theory, namely

X — Rop MU.(X)
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Remark 20.2. If we are more fancy we can actually see that this works for any representable sheaf,
without any flatness assumption.

Harder question: What about more general maps? Given a flat map
N — Mpg

can we associate to A/ a cohomology theory E(N)?

Every time we can do this we obtain an interesting cohomology theory. The answer is yes in
many cases but there is no general theorem giving a functor from such maps to cohomology theories
and this is an important problem.

We can try to define the cohomology theory E(N) using the following approach: the cover
Spec L — Mg gives us a simplicial stack over M pg and taking pullbacks under the boundary
maps do

Ng N1 No — N
Specl'®p T’ SpecT’ Spec L —— Mpq

we obtain from A a simplicial stack over M pg
No — MFG

which we would like to think of as the nerve of a covering of N.
As the map N' — M p¢ is flat, it is in particular representable so we have

N. = Spec R,

for some cosimplicial ring R,, with Ry flat over '®p - --® . Hence we have a cosimplicial homology
theory

X — Ry, Arer--@rT MUAN...A MU*(X)

This is where we run into trouble. If we could refine this to a cosimplicial spectrum E(Spec R,)
we could define

E(N) := Tot(E(Spec R,))

but if we pick spectra representing the various homology theories, the cosimplicial identities will
only hold up to homotopy modulo phantom maps.

It is definitely not the case that we can always rigidify such a cosimplicial diagram of cohomology
theories, but by a miracle this seems to happen in important examples.

Properties of the construction. Assuming however that we did have this fantasy correspondence
between flat stacks over M pg and spectra it would have the following properties:

1. E(M1 X pmpe Nao) = E(N1) A E(N2) up to natural weak equivalence.

2. There is a spectral sequence converging to 7. E(N)

Property 1 is very useful because the smash product in spectra is so much easier to understand
than the fiber product in stacks. It seems to be a new part of this miraculous correspondence
between the algebra of formal group laws and algebraic topology.

The spectral sequence in 2 is just the spectral sequence of a cosimplicial spectrum but there is a
nice homological name for the Ey term which we now describe.

There is a map

Mpe - BG,,
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classifying a line bundle. In the language of formal groups, w is the sheaf of invariant differentials
on the universal formal group. It is determined by the map of groupoids corepresented by

+1
[ < Z[A\*]

I

L<~—%

where ¢ corepresents the map assigning to an isomorphism between formal group laws its derivative
at 0.

As fairly immediate consequences of the setup and denoting by the same symbol the pullback of
w to a stack over Mg, one finds that

TomE(Spec R) = H°(Spec R;w™)
Tom+1E(Spec R) = 0
From this it is easy to identify the Ey term of the spectral sequence. We get
Byt = H¥ (N, W) = mor_E(N)

Remark 20.3. There are cohomological obstructions to rigidifying cosimplicial diagrams of coho-
mology theories. Stacks allow us to give these a natural cohomological name. This is what got me
started thinking about stacks in the first place. I then realized that this could be used to push the
analogy between FGLs and cohomology theories further.

The sphere spectrum. We will start with the worst possible example. We take N' = M pg and
the identity map

N — Mpg
In this case, the cosimplicial homology theory we get is represented by
MU —=MU ANMU ==+
which is the Adams-Novikov resolution of the sphere. Thus
EWN)=5°
and the spectral sequence that we described above is just the Novikov spectral sequence. Note how

we have brought the sphere into this picture of formal groups in a systematic way.

Elliptic cohomology. If C is a plane curve meeting each line in 3 points, we can define a group
structure on C' by decreeing that colinear points add up to 0 and choosing a point of inflection as
the unit. Such a curve C is called an elliptic curve. We want to describe the moduli stack of elliptic
curves Mgy.
If we choose oo to be a point of inflection and pick the line at infinity to be the tangent to this
point, it is an easy exercise to check that C will be defined by an equation of the form
y? +arzy + azy = 2° + asx + ag
The isomorphisms between such curves will be the automorphisms of P? which preserve the line at
infinity. It is easy to check that a general isomorphism is given by
r = AN lz4r
y — AN y+sr+t
Thus we can define a Hopf algebroid (A,T") with
A = Z[a17a27a’37a47a’6]
I = Al st



COMPLEX ORIENTED COHOMOLOGY THEORIES AND THE LANGUAGE OF STACKS 71

and we define the moduli stack of elliptic curves to be the associated stack
MEgu=Mgar)

Remark 20.4. Locally every elliptic curve embeds in the plane so this is really the moduli stack of
elliptic curves.

There is a map
Mgy — Mrc

obtained by expanding the group law of C' in the parameter x/y, which is a local coordinate near
0. By the procedure described above this yields a spectrum

€oq := E(Mgy)
and there is a spectral sequence
(20.2) H?*(Mpgy;w™) = mieoo
Given that H°(Mgy;w™) is the group of modular forms of weight n over Z, (20.2) gives us a

spectral sequence relating modular forms and homotopy groups.

The spectrum eos seems to play an important role in homotopy theory. For example, it is very
easy to compute the homotopy groups of spheres through dimension 60 using eos.

In the 60’s using K-theory it was possible to describe in a geometric way the first layer of the
homotopy groups of spheres (the image of J). Similarly, elliptic cohomology promises to describe
the second layer of the homotopy groups of spheres in a way which is close to geometry.

21. THE LANDWEBER EXACT FUNCTOR THEOREM

In this section we will see how using the language of stacks we can get both a simpler proof and
a stronger statement of the Landweber exact functor theorem.
Let R be a ring and G a formal group law over R. Write

plo(@) = Y aic’

Then for each prime p we have a sequence of elements of R

Vi 1= Qi
for ¢ > 0 where vg = p. This is not an intrinsic definition of the v;’s as it depends on the choice of
the coordinate z. However it turns out that the choice of v,, is more or less unique modulo the ideal
(p,v1,... ,Un—1) in the following sense: if we change coordinate by

x—glr)=dz+...
then modulo (p,v1,...,vn-1),
() = vaa?”" + ...
is sent to
gopllg™ (2)) = N vaa?” 4

In the language of stacks this says that v, is a section of the line bundle w?"~*

over Mg, which is
canonically defined over the stack /\/lgl]G defined by
Mipg == Man
with A=L/(p,v1,...,0n—1) and ' = Tpg @7, A.
Now let A = L be the Lazard ring. We have elements v; € A corresponding to a universal formal

group law over A. Let I' = L[toﬂ, t1,...] be the ring corepresenting isomorphisms of formal group
laws. Then we can state the following theorem of Landweber
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Theorem 21.1. Let M be an (A,T')-comodule such that for each prime p and each n > 1 the map
Un s M/(pyv1,. .. sUp—1) — M/(p,v1,... ,0n—1)
is an injection. Then for X a spectrum the assignment
X—=MU(X)®a M
is a homology theory on finite spectra.

Note that the (A4,T)-comodule MU, (X) with X a finite spectrum is a very special kind of co-
module.

Remark 21.2. Note that it doesn’t matter whether we take M to be just an A-module or an
(A,T')-comodule because we can always make an A-module an (A,T')-comodule and come down by
faithfully flat descent.

We will now formulate a variation of Theorem 21.1 in the language of stacks and give a proof of
this stronger version.

In the language of stacks, M corresponds to a quasi-coherent sheaf F(M) over M pg and MU, (X)
corresponds to a graded quasi-coherent sheaf F(X).

Moreover we have that under the map

Spec(L) AN Mra

[FF(X) QO Mpe FM) = MU(X) QL M

Since f is flat, M ®; MU,(X) is exact in the X variable if and only if F(M) ®o,,, , F(X) is
exact in the X variable. So the question we have to answer is: when is F(M), or more generally a
quasi-coherent sheaf over M pg, flat?

Exercise 21.3. Check that the Landweber conditions given in the statement of Theorem 21.1 are
necessary for flatness.

Landweber’s conditions are also close to being sufficient. They are not quite because we are only
testing exactness tensoring with special kinds of comodules. We can actually get sufficient conditions
for flatness. It is usually the case that when we apply Theorem 21.1 these stronger conditions are
satisfied.

Let F be a quasi-coherent sheaf on M pg. As we have pointed out above, we have sections v,, of
the line bundle w?"~! over Mrg. We define inductively the sheaves cF/(p, ... ,v,) by

F/(p) := coker(F - F)

F/ (D, va) 1= coker (W17 @ F/(p, .. vao1) 25 F/ (b vn))
Theorem 21.4. If F satisfies

(i) vi:w' P @F/(p,v1,... ,vi_1) = F/(p,v1,... ,vi_1) is an inclusion for each i > 1.
(i) F/(p,v1,... ,0n—1) =0 for n > 0.
then F is flat.

Proof. Let N be a quasi-coherent sheaf over M pg. We need to show that
Tor1(F,N) =0
It suffices to do this after tensoring F with Z,) for each prime p. The short exact sequence
T35 —9F/(p)
gives
Tory(F/(p),N) — Tori(F,N) 2= Tor (F,N)

so it suffices to show that
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(i) Tory(F/(p), N) =0
(i) Tori(p~'F,N) =0
Now consider the short exact sequence
WP @ F/(p) = F/(p) — F/(p,v1)
yields the long exact sequence
Tors(F/(p,v1), N') — Tors(w'™F @ F/(p),N') = Tori(F/(p), N)
and defining

o7 F/(p) 1= colim (F/(p) 25w @ F/(p) - w2V @ F/(p) 2 )

we see that is suffices to show
(i) Tori(p™*F,N) =0
(i) Tore(vy*F/(p),N) =0
(iii) Tors(F/(p,v1),N) =0
Since by hypothesis F/(p, ... ,v,—1) = 0 for large n, continuing in this way we see that the theorem
is reduced to proving

(21.1) Torgs1 (v, ' F/(p, ... ,vk—1),N) =0
for all k.
To see why this is true, recall that there is a natural map of stacks

which gives a pair of adjoint functors
Fo g — coh//\/l;% = q—coh/Mpg : £
(fin) is the right adjoint). Since M;% =M, r,) with

A, = v, 'L/(p,... ,vn 1)
r, = I'ed,
in terms of comodules we have
oM = T M/(p,... 1)
fN = N regarded as an (L,T) comodule
Moreover i") embeds g — coh/ M 5;1(); as the full subcategory of comodules where p,... ,v,—1 act as

0 and v, acts as a unit (this is independent of the choice of v,). Thus we can rephrase (21.1) as
saying that

(21.2) Toresr (F fB*F A =0
This result now follows from the following proposition. O

Proposition 21.5. If § is a quasi-coherent sheaf on Mg% and N is a quasi-coherent sheaf on
Mpg then Torm(f*")S,N) =0 form>n

Proof. We must show that the m-th left derived funtors of the functor
N fM5eN
vanish for m > n. But, as is easily checked on the level of comodules, we have

FfMeeN = MG e fMN)
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and so, since fi") is an exact functor, it is enough to check that the m-th left derived functors of
the composite functor

(n)* _

/ n) 9® n
q— coh/ Mpg — q — coh) MY, = g — coh/ M7,

N fN S fMN
vanish for m > n. This will follow from the composite functor spectral sequence and the following
two results
(a) Lyf™M* =0fort>n
(b) If A, B are quasi-coherent sheaves over M;% then Tors(A,B) =0 for s > 0
Proof of (a): There is a pullback diagram

Spec A, — Spec L

T
f(n)

Mt 2 M

Since j is faithfully flat, so is . Pulling back under i takes nonzero objects to nonzero objects so it
is enough to check that if NV is an L-module then

Tory(N,A,) =0
for t > n. This is true because there is a Koszul resolution for A,, given by
A, ® Elbo, ... ,bp_1]

with d(by) = vg, which is a flat resolution of length n.
Proof of (b): The map

Specl, EAN M;%

classifying the modp reduction of the Lubin-Tate formal group law is faithfully flat (we have only
proved that it was a cover but looking at the argument more closely reveals that it is faithfully flat).
Then since all Fp-modules are flat,
P M)
Tor»(I'y AT B) = Tors "(A,B)=0
for s >0
This completes the proof. [l

Remark 21.6. The proof just given is not really simpler than Landweber’s since it uses the language
of stacks. The good thing about it is that it uses the same idea as the proof of the change of rings
theorem and so fits in a general framework.
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