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Del igne  ,  homo logy ,  Hodge= O-con jec tu re  ,

and motives

Uwe Jannsen

f n S 1 of  th is paper \^re review the def in i t ion and the

proper t ies  o f  De l igne homology as g iven by Be i l inson lee 1  ]
and.  Gi l le t  t  c i  2 )  .  For  a  complex var ie ty  x  ,  HD.(X,A (b  )  )

_ (
(a -  T ' ,  lR ,  .  .  .  )  is the extension of  two groups descr ibed in

terms of the Borel-Moore homology Hu ( X, - ) , the deRhram
' homology Hf R 

t  x l  ,  and i ts Hodge f  i l t rat ion. I {ost  of  the other

propert j -es -  functor ial i t ies ,  relat ive seguences ,  products -

are surnmarized by the fact that Deligne cohomology and homo-

Iogy form a twisted Poincar6 dual i ty theory in the sense of

B loch and Ogus tBOl .  Here the usua l  Po incarä dua l i ty  in  fgrm

,of 
ä Dorr-degenerate pair i r rg -  which does ,not exj-st  for the

, Oel igne cohomology is replaced by a dual i ty isomorphism for

smooth X
' - f l

,  H ä t * , A ( j ) ) 3 r ' z a _ r ( x , A ( a - j l l  ,  d = d i m x .

Since homo:Iögy is CoVäriant for propär mörphisms,
i
suff ices to def ine the Gysin morphisms needed for

o f  a lgebra ic  cor respondences.  Another  app l ica t ion
j - s  t he  easy  de f i n i t i on  o f  cyc le  c lasses ,  l ead ing

the Abel-Jacobi map.

The construct ion of  Del igne homology is based on currents

and C*-chains and fol lows the l ines of  Del igne t  s basic papers

[Oe 2]  ,  loe  3  ]  :  For  smooth var ie t ies  one works wi th  smooth

compact i f i ca t ions and logar i thmic  s ingu lar i t ies ,  and for

a r b i t r a r y  o n e s  w i t h  " s i m p l i c i a l  r e s o l u t i o n s " ,  i . e . ,  b y

replacing a var iety by a sui tabl-e s impl ic ial  one with the same

this 
's 

t i -  11

the operati-on

of homology

d i rec t ly  to



( c o ) h o m o l o g y .  B y  t h i s  m e t h o d  a n y  s i t u a t i o n  U c X = Y ,  w h e r e  X
is proper,  U S X is open and Y = X:U is the closed comple-

ment ,  can be trans f  ormed j-nto a s impl ic ial  s i tuat ion ,  where
x.  j -s  smooth and proper  ,  hence u .  is  smooth,  and where y .

j -s  a  d iv isor  w i th  normal  c ross ings r  so  that  the techn ique o f

logarJ- thmic  s ingu lar i t ies  app l ies  .

For the proofs and the understanding of Del igne homology

one needs the Hodge theory of  Borel-Moore homology. Since I

cou ld  not  f ind  good re ferences,  r  have g iven a  shor t  but

comp le te  t rea tmen t  o f  t h i s  i n  52 ,  based  on  De l i gne ' s  t heo ry  o f

mixed Hodge complexes.  These a lso lead natura l ly  to  Be i l inson t  s

absolute Hodge cohomology, .  which gives a ref  inement and nevr

interpretat ion of  Del igne cohomology ,  by relat ing i t  to

morph isms and extens ions o f  mixed Hodge s t ruc tures.

Be i l inson has not  on ly  def ined Chern maps and characters

c , c h  ,  K z j _ i ( x )  . +  " ä ( X , e ( j ) )  ,

but al-so homological  counterparts
n

r  K ; _ 2 b ( x ) . + H ; ( X , Q ( b ) )  ,

which together with ch form a Riemann-Roch theorem as in

I  Ci  1 ]  .  Since many construct ions j -n the K-theory,  l ike Gysin

maps or  the Qui l fen spect ra l  sequence,  are  def ined v ia  the

K |  -groups,  th is  is  very  usefu l  fo r  ca lcu la t ions ,  even i f  one

is mainly interested in the regulator maps
/ i \  i

r = c h  ,  K z j _ i ( X ) \ J /  - )  H ö ( X ,  R ( j ) )

for a smooth and proper var iety X .  Bei l inson t  s conjecture on

the sur jec t iv i ty  o f  r  E  IR and resu l ts  o f  Sus l in  and Soul6  on
/ i \

t he  Adams e igenspaces  * r j _ i  (X )  \  ' t r  c  * r )_ i  (T )  s  e  r -ead  to  a

con jec tu re  on  the  con iveau  f i l t r a t i on  " i  H l t x ,  n ' ( j ) )  .  Th i s

is  the Hodge-0-con jec ture .  we rev iew at l  th is  in  53 and

i l lus t ra te  i t  by  an example,  prov ing a  formula  o f  Be i l inson

for  the regu la tor  on K1 (X)  o

In  54  we  reca l l  Be i l i nson ' s  con jec tu re  fo r  mo t i ves  w i th

coe f  f  i c i -en ts ,  i .  e .  ,  f o r  D i r i ch le t  se r i es  w i th  coe  f  f Lc ien ts  i n
a number  f ie ld  E +Q ,  and repor t  on some ideas o f  P.  Del igne

wr j - t ten down in the let ter I  Oe 5 ]  .  Among other things De l igne
reformula tes  Be i l insonts  con jec ture  in  terms of  L-va lues in  the

range o f  convergence and a  d i f fe rent  ra t iona l  s t ruc ture  on



nf, tx,  IR (  j  )  )  ,  and moreover he interpretes the con j  ecture in the

set t ing o f  a  con jec tura l  ca tegory  o f  mixed mot ives.

I  woul-d l ike to thank the DFG and the MSRI (Berkeley) for

their  support  dur ing part  of  th is ra/ork.

S1 Del igne homology

Let  X be a smooth proper  analy t ic  space over  C or  over

lR  ,  o f  d imens ion  d .  De f  i ne

n l :n  _  sheaf  o f  c - -  (p ,q )  - fo rms on  x  (o f  ten  ca l led  Oi 'n )  ,
X

I gP;9 :  sheaf  of  d is t r ibut ions over  CI-p; -q
Xx  

=  shea f  o f  cu r ren ts  o f  t ype  (d+p ,  d *g  )  on  x  (o f  ten

ca l_  led  ,  1d+p  ,  d *e t
' x  I  o

Thus  an  e lemen t  o f  rgPr9 (u )  f o r  u  c  X  open  i s  a  con t i nuous
x

l i nea r  f  unc t i ona l -  on  f  ̂  ( u ,  C I - | ' - 9 )  .
x

a )  E a c h  C - - ( p r q )  f o r m  ü ) g j -ves  a  sec t ion  o f
'C IP ;d ,9 -d  by

x
(r)t r-*

Here the cho ice o f  /1  determines an or ienta t ion on a l l

complex ana ly t ic  spaces X (such that  on X = C wi th  the

c o o r d i n a t e  z = x + R  y  t h e d i f f e r e n t i a l  d x A d y  i s a

volume form) ,  and the factor in f ront of  the integral  makes

the expression independent of  the choice of  / :T and the

assoc ia t ion compat ib le  w i th  the act ion o f  the invo lu t ion o

in  the  case  o f  a  rea l  ana ly t i c  space  X  ( see  be low) . -

An L1  - func t ion  f

1 r ,_______ 
J O. A O .

12nfJ7v x

b ) g ives  a  sec t ion
- Ä

o f  t f )  \ ' t 7
@

X

- d
Dy

ür , r ,  -1__-_=  I f  .  ü ) ,
e r f i 1 "  x

c ) A smooth or iented. topoloqical  C--r-chain M c  X  g ives  an



e lement ö * l_n o 's lP:9  (x )  by  in tegrat j -on:
@

p+q=r X

(.,)t  r> I  u)t .
M

CI;;  and 'CI*;  form double complexes in a natural

n*- and '0*-  be the associated sirnple complexes and

the f i rs t  f l . l t ra t ion on these

F i ( ' ) o t *  =  o  
( ' ) n P ' Q  

.
X-" p+q-n X-

p > i

sray;  le t

F i  b e

We normal ize  the d i f fe rent ia l  on 'CIX-  such that  dD (  o  )

( -1 )deg  Dn(dc^ r )  
.  Th i s  d i f f e rs  f rom the  conven t ion  i n  t cH l

369, but \^Ie al so have interchanged ur and ü) t in 1 . 1 a )

compared with [GH] By our choices the pair ing

C I ' o ( x )  E  r f , l ' * ( x )  +  r C I ' _ ( x )
x " x x

is  a morphism of complexes g3,g induces a lef t  operat ion of

0 ' _  o n  t 0 ' _  .
X X

1 .2 .  Lemma The  na tu ra l  embedd ings

( , Q ' - [ -  2 d , ] , r i - d )
X

Proof  I t  i -s  c l -ear  that  the f i  1  t ra t ions

pieces vJe

are transformed as

=

p .

( a i r F i )  c - '  ( 0 ' - r r i )  . , 1 ' 1 a ) ,
X-

are  f i l te red quas i - isomorph isms .

the gr

- + C I

A
2t l l

I
^i--r trx

i nd ica ted ,  and  on

o iu u x

Itz i l l
I

oi- /or tjo o x  " o * t *

which fo l low f rom

Q- ' -  is  f la t  over
x

aded

i r '
@

X

ve

d ,

h a

i -
@

X
,t
I
E 0

quas i - isomorphisms

. -it

@ r rt x
o o tuux-

. .

i=O

r C I

z t l
,., i" X

a

-+

I

- Ä  . - Ä
t Q  u t  u  

I€
X X

and 5- femma) ,  s incethe case

0 x .
(  a -

F o r a s u b r i n g  n  c A

the complex of  s ingular

A ( k )  -  A ( 2 n 1 P 1 ' 1  k  
,  a n d

cohomological-  complex :

= r R  a n d  k € n  l e t  C . ( X r A ( k ) )  b e

C--cha ins  on X wi th  coef f ic ients  in

l e t  ' C '  ( X , A ( k )  )  b e  t h e  a s s o c i a t e d
i  -  '  , r ^ i  

l d  
, ^ i + 1r C *  =  C  .  a n d  ( t C -  +  ' C  

)  =
- I

I  . . 4

( c ,  $ - ) - d > c- i - . t  )  .  fne s ign is  most  natura l ly  obta ined by - regard ing



a cha in  complex in  an abe l ian category  A as a  cocha in  complex

in the dual category Ao ,  and then applying the sign con-

vent i -on o f  I  sCe 4)  xVr I  ' l  .  1  .5  to  the cont ravar iant  functor

id . :  Ao - '  A  .  A lso i t  i s  necessary  for  mak ing the eva luat ion

m a '  

( x r a )  @  t c ' ( X r A ( k ) )  - A ( k )

a morphism of compl-exes ,  where C '  (  X ,A) is the complex of

C--cochains with values in A and the usual-  di f ferent ia l-

d f  ( c )  =  f  ( dc )  .  F ina l l y ,  w i th  ou r  s ign  conven t ions  1  .  1  c )  de -

f ines a morphism of complexes

e  :  ' c '  ( X  r A  ( k )  )  - +  ' C I ' - ( x )  .
X

I f  X  is  an ana ly t ic  space over  IR ,  wh ich by def in i t ion

is  a  complex ana ly t ic  space wi th  an ant iho lomorph ic  invo lu-

tion F_ : X -+ X , the sheaves F on X used above are

equi-pped with j -nvolut ions o over F--  (  i .  e.  ,  morphisms

o.3 F -' (F-) *F such rhar tr g (F-) *F tr! 
t"r 

rrl l -r = F is
the ident i ty)  ,  by send. ing a di f  ferent ia l  o to ry and a

distr ibut ion D to { ;D .  The induced involut ion on the

group F (X)  o f  g loba l  sect ions wi l l  a lso  be denoted by o  .

T h e r e  i s  a l s o  a n  i - n v o l u t i o n  o  o n  r C ' ( X r A ( k ) )  ,  s u c h  t h a t

o (s tM l )  =  d [ r -u1  ,  and  a l l  maps  above  then  a re  o -equ iva r ian t .

' l  
.  3  .  Def  in i t ion l t i th  the inc lus ion I  :  Fk '  CI

de f ine
' C b ( X r A ( k )  )  =  C o n e ( ' C '  ( x , A ( k )

a n d  c a l l  ' r # t X , A ( k ) )  =  H [ (

homology group of X ( 9"

o v e r  I R  l e t  ' r | t X , A ( k ) )

(group hypercohomology) .

We now cons ider  smooth,  not  necessar i ly  proper  var ie t ies

by in t roducJ-ng logar i thmic  s ingu lar i t ies .  Let  U c  X be an

open subspace such that the complement Y = X:U is a div isor

with normal crossings. Then the complex CI i .Yt of  holomorphic

d i f fe rent ia ls  w i th  logar i thmic  s ingu lar i t ies  a long Y is  de-

f i ned  and  has  l oca l l y  f ree  componen ts  [oe  2 )  3 .1 .  Le t  F i  be

the  na i ve  descend i -ng  f i l t r a t j - on  on  C I ) i .Y t  r  äs  i n  [Oe  2J  3 .2 .2 .

Then the complexes CIX.Yt and CI.*  are f i l tered bi-modules

over the ant icommutat ive di f ferenäial  graded. algebra CIX (by

)  o  F k ' Q ' - ( X )
X

a >  r  Q ' _  ( x )

X

' 0 ' " o ( x )  )  t - 1 1
X

- ( x )
X

e -  1=-

€

' C b ( X , A ( k ) ) )  t h e  . e , - t h  D e l i g n e

n)  .  I f  X  i s  an  ana ly t i c  space
' r | � t x l n '  , A ( k )  )  =  H [ ( < o > , ' c b ( X , A ( k ) ) )



the exter ior product)  ,  and by

duced b i -module  s t ruc ture  on

r e s p .

functor ia l i ty  there  is  an in-
t Q '  

.
@

X

1  . 4  D e f i n i t i o n Def ine the complexes o f  C*- forms,  resp.

cur rents ,  w i th  logar i thmic

Q ' * . Y t
X

r e s p .  t  C I ' - a Y t
x

a n d  d e f i n e  f i t t r a t i o n s  F a
'l

F *  C I '  < Y >
@x

1

F * t f l '  < Y >
@

X

s ingu la r i t ies  a long Y by

= CIxtYt oe-'- CI--- '
X X

-  A ; . Y t @ o .  ' Q ' _  ,/ \  oox 
x-

on these by
'l

= F* CI*aYt En_._ A___ |""X X
i + Ä

= tt  
'  *CIi<Y> 

@n_._ t 0__ .""x x
The grading in  the tensor

degrees in  CIx.Yt  and 
(

in  the tensor  product  of

+  ( - 1 ) d e g  o r ' �  
c r E d ß  .

1  .5 .  Lemma The  inc lus ions no;q. =
X

induce isomorphisms of 0 -modules
@x

o o t Q
o*  

ou* -

8 , . ,  t 5 - l - d ' q
'x x-

products is given by the sum of the
t \' Q ' -  

,  a n d  t h e  d i f f e r e n t i a l s  a r e  a s
. xc h a l n  c o m p l e x e s :  d ( o  @  ß )  =  d s  E  ß

nlcv> o
p+q=n

o CIP+d<Y>
. *  

u u x
p+q=n

Q '
cp

X

-t

-t

- Ä
a n d  r f ) - q r q  c  r e '

co co
X X

n
a- '  <Y> ,

6

X
n|  0 '^  <Y> .

@

X

Proo f  I f  \ ' v7e  fo rge t  abou t  the  d i f  fe ren t ia l s ,  1  .2  g i ves  an  i so -

morphism of grad.ed modules

A a  
r u

I l =
@

X
p

t a ) .
ü r @

X
hence the resu l t  fo l lows by

The j -somorphisms above j -nduce natural-  bigradings on

0 '  -<Y> and '  0 ' -  <Y> ,  such that  QP'Q<Y> :  n l . " t  Er r  0q-  and
x - x * x - x ' x x -

r 6 P r 9' s l - l - ' <Y>  
=  n l *u<Y>  to *  ' n - : ' q  .  The  d i f  f e ren t i a l  on  these  can

be computed by the fol lowing " twist ing" formula.

over  the graded.  a lgebra AX

CI-'. g.., f,)o r 
'

""x " 0x ""x- '

a;  Err  'CI- : '  ,./\ "x x
tensor ing wi th CIX.Yt  over  CIX .



1  . 6 .  L e m m a I f  f o r  a  l oca l  sec t i on

1 . 7 Lemma The embeddings

D  o f  r e - d r q

X-
A D  =  E  u r 1  E  D 1

j l )

as  loca l  sect ion o f  '  a -3 . *  1  ,g  =  CI l  I  r t . ,  n - : ,  q  
,  w i  th  1oca l

sect ions ur l  or CI l  "X; Dl or , :ä,n*;  rhen ror a local
) Ä J @

section c, l  
-of 

nl."t  one has x

d ( r , r s D )  =  ä t r r E D  +  ( - 1 ) d e g  t ( r O 5 o  +  
I ( r ^ r j )  

o  o j )  .
J J

(S im i la r l y  fo r  no :q  )  .
X

Th is  i s  c lea r  f rom the  de f in i t i on .

( a x < Y r r F i )  < - +  ( C I ' _ - . Y r r F i )  . - +
X

are  f i l t e red  guas i - j - somorph isms.

( ' 0 ' - . Y > [ * 2 d ]  r r i - d )
x

c. i  t t '_ .y> = n l .v t  E()  no: '  t  
,- - F  " " X -  - * -  u u x '  -  

U X  
- ' X @

cr | -d  '  n  ^  (Y)  :  n l .v t  Er)  'CI - : ' ' - i -d  ,-E' xo" x ,x x
and the formula  o f  1 .6  shows that  these are  isomorph isms of

complexes ,  Lf  on the r ight u/e take the di f ferent ia ls induced

by the I ' -maps ,  which are 0x- l - inear.  Hence the quasi- iso-

morph isms fo l low f rom those in  1 .2  ( for  i=O)  by  tensor ing wi th

the local Iy f ree O"-module ni ." t  .

Proof  Via the isomorphisms in 1 .5 we have

1 .8 .  Remarks a) Vf i th respect to the ment ioned bigradings one

has
F k  

( ' ) n n  
< y >  = o  

( ' ) n p r g < y >  
,

P*c1=n X
p>k

Hodge f i l t ra t ions in  [x i  1  .whi-ch is the def in i t ion of  the

There is  an inc lus ion

@

X

o n - F i  t ' ' n - ' - -  c  F i  
( * 6 )  

n x < y >  E o . e ' -  =  F i  
( ' )  

e  c o < y >  ,t ' x  x -  x  Y x x  x
which however may be str j -ct :  for x = lA1 = spec CIt t l  and y =

{ t=o } tfre e lement * E 1 is contained in the s tal-k at t=o

of the r ight hand. " iä" for i= l  ,  but not in the stalk of  the

le f t  hand s ide.  Probably  the def j -n j - t ion  o f  the Hodge f  i l t ra t ion



b y  t h e  l a t t e r  i n  [ e e  1  ]  1 . 8  i s  a  m i s p r i n t .

b)  For  each (p  rq)  ,  the sheaf  Ap:q<Y> can be rea l j -zed as a

sheaf  o f  d i f  fe rent ia ls ,  namely  u .=X"  subsheaf  o f  j  *Ap lq  ,
where j  :  U <-> X is the open immersion. This gives H" embed-

d ing o f  complexes n* : l " t  +  , -nu-  ,  wh i -ch is  a  quas i - iso-

morph is f f i r  c f .  IOe  2  ] "S3 .

c )  B y  a  r e s u l t  o f  K i n g  t K i l  1 . 3 . 1 2 ,  e a c h  s h e a f  ' p P ; 9 < y >  i s

a  quot ient  o f  r  pP;e  ,  and can be rea l ized as a  shäaf  o f  d is -

tr ibut j -ons -  Namelf ; ,  there is a certain subsheaf Ap:q (  nuI l  Y )
v

of np : .q (  the forms " vanishing holomorphical ly orr*  Y "  )  such'u@
.f\

t ha t  Tor  the  shea f  t  (C Ip :q  (nu l l  y )  )  o f  d i s t r i bu t i_ons  over  i t
X

t h e  o b v i o u s  m a p  '  g P ' q q y ;  _  n * * n < y >  s 0 _ _ ' n _ : ' 9  -  o  t n p ; q  ( n u I l  y )  )
x-- r\ "x 

x- x-
is  an isomorphism and the rest r ic t ion map I  gP I  Q -+

0  (  nP ;9  (nu l l  Y )  )  i s  su r  j ec t i - ve .  A l l  t h i s  i s  cömpat ib le  w i th

theXd i  f fe ren t ia l s  .

L e t  ' C y  ( X  r A  ( k )  )  =  
I  C '  ( X  r A  ( k )  )  b e  t h e  s u b c o m p l e x  g i v e n  b y

the s ingular  C--chains on X wi th suppor t  on Y ,  and.  d.ef ine
' c '  ( X r y r A  ( k )  )  =  ' c '  ( X r A  ( k )  )  / ' C ; ( X r A ( k )  )  .  I n t e g r a t i o n  a s  i n

1 . 1  c )  i n d u c e s  a  m a p  e :  ' C ' ( X r Y r A ( k ) )  - )  t C I ' _ . Y > ( X )  ( c o m p a r e

1 . 8  c ) ) .  X

1  . 9  .  D e f  i n i t i o n L e t  ' c ö ( X r y , A ( k ) )  :  c o n e ( ' c ' ( X r y r A ( k ) )  o
' n - - . " > ( x ) ) t - 1 1  

,  a n d  c a l l  ' r | � t X , y r A ( k ) )  =
x
t h e . Q , - t h  D e l i g n e  h o m o l o g y  o f  t h e  p a i r

1..J_O= Let ? '*  be the category whose ob jects are pairs

(X rY) as above X a smooth proper analyt ic space and

Y c X a div isor with normal crossi-ngs and whose morphi-sms

are  p rope r  morph isms  f  :  X+Xr  w i th  f  (Y )  =  
y r  and

f (X :y )  =  X r :Y r  .  Then  the  cocha in  comp lexes  i n  1 .9  a re  co -

var iant functors on ?* .  Hence the same is t rue for the

Del igne homology, and moreover,  v/e can def ine a complex
tCb(e rA(k ) )  f o r  any  d iag ram tg  i n  ? *  ( -  cova r ian t  f unc to r

g: I  -+ ;*  f rom a smal l  category I  into ? '*  )  by

F k ' o ' - < Y >  ( x )  =
,,, X

H ' ( ' c b ( X r Y , A ( k )  )  )
( X , Y )  .

1 i m
?

' c b ( Q , A ( k ) )  =  L ' c b ( X i , Y i , A  ( k )  )  .



Here  (X i ,Y i )  =  ca  ( i )  f o r  i  €  ob  ( I )  ,  and  L  l im  i s  t he  l -e f t
I

derivat ive of  the dj-rect  l imit  l im :  Hom ( I  ,Ab) -+ Ab ,  making
'cb(Q,A (k)  )  we l l  def  ined in  the 5 . r i r rä-category  o f  the cate-

gory  Ab o f  abe l ian groups.  fn  cer ta in  cases we have canoni -

ca1 representat ives for L l i *  of  a diagram of complexes and

de f  i ne  ' ab (e rA  ( k )  )  by  these .  Fo r  examp le ,  f o r  a  s imp l i c i a l

o b j e c t  ( X .  r Y . )  i n  ? *  (  I  = A o  ,  w h e r e  A  i s  t h e  c a t e g o r y  o f

standard sj-mpl ices [ne 3 ]  55 )  v/e have

' c b ( ( X .  r y . )  r A ( k )  )  =  s r N , C b ( X .  r y ,  r A ( k )  ) ,

where rN is  the canonica l  functor  t ransforming a  s impl i -

c ia l  abe l ian group A.  in to  the cochain  complex 'NA.  w i th
- i

( tNA.  )  
4  =  A i  and  d i  =  a l te rna t ing  sum o f  the  face  maps ,  and

sC '  
'  

i s  the  assoc ia ted  s imp le  comp lex  o f  a  b i - comp lex  C '  '  .

In  any case the Del igne homology of  a  d iagram A is  def ined by

Q O' ^ ö ( e r A ( k )  )  =  H - ( ' c b ( e , A ( k )  )  )

The case of relat ive cohomology is not di-rect ly included in

this picture.  One ei ther has to start  wi th I  = r  -* .  and then

pass  to  f i l t e red  de r i ved  ca tego r ies  as  i n  [ ee  1 ) ,  o r  one  may

s imply  def ine

' C b ( f  , A ( k )  )  =  C o n e  ( ' C b ( X r Y , A ( k )  )  -  ' c b ( X '  , Y '  , A ( k )  )  )  ,
0 0

, ö ( f , A ( k )  )  =  H " ( ' c ö ( f ,  A ( k )  )  )

f o r  a  m o r p h i s m  f :  ( X r Y )  - +  ( X ' r Y t )  i n  ? *  o

For analyt ic spaces over lR al l  complexes have a o-act i -on,

and as in 1 .3 one def ines the Del igne homologies over lR by

replacing the homology of the I  Cb-complexes by their  <o>-

hypercohomo fogy .

1 . 1 1 .  L e m m a T h e  h o m o l o g y  o f  t C '  ( X  r Y  , B )  i s  c a n o n i c a l l y  i s o -

the Borel--Moore homology of U = X:Y .morphic to

Proof In both the or iginal  paper by Borel  and Moore I  e]41 and

the reformulat j -on by Verdier IVe ]  1 .2 (Borel-Moore) homology

is def ined as the hypercohomology

" ? t  ( x , B )  -  ' " ; ;  ( x , 2 1

of  a complex of  sheaves TX on X ,

g raded)  homo logy  shea f  i n  [e ]41  (and

=  H - i  ( x r T x )

ca l l ed  the  (d i f f e ren t i a l

wr i t ten in  homolog ica l
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notatj-on) and defined as the dua Lizing complex Rf ! u, for

f :  x  - )  Spec  c  i n  [ ve ] .  Tx  i s  on l y  de f i -ned  up  to  quas i - i so -

morph ism,  i .  e .  ,  in  the d .er ived categoty  ,  and f rom both

approaches  can  be  desc r ibed  as  fo l l ows  ( l oc .  c i t .  and  [go r ]  V

57)  .  For  any complex o f  abe l ian groups A '  le t  DA'  =

H o m ' ( A ' ,  [ Q  - Q /  n ] )  ,  w h e r e  [ Q  *  A /  % ]  i s  t h e  c o m p l e x  w i t h

0  i n  deg ree  O ,  A /% in  deg ree  1 ,  ze ro  e l sewhere ,  and

0  +  A /n  the  canon ica l  p ro jec t i on .  S ince  th i s  i s  an  i n jec t i ve

reso lu t ion o f  the group n  ,  DA'  represents  RHom (A '  ,n )  in

the der ived category .

Let  F '  be a  f ine  reso lu t ion o f  the constant  sheaf  7 ,  on

X ,  then the presheaf

V F  T X ( V )  ' =  D  f c ( V r F ' )

is  a  complex o f  sheaves.  I t  has f labby components ,  hence

Hi  ( x , r x )  -  H i  t r ;  ( x )  )  .

F ina l l y ,  s ince  D  respec ts  quas i - i somorph isms ,  fX  does  no t

depend  on  the  cho ice  o f  F '  up  to  quas i - i somorph ism.

In  par t i cu la r r  w€  may  take  fo r  F '  the  comp lex  o f  sheaves

ö ;  assoc ia ted .  to  the  p reshea f
X !

V  b  C '  ( V , % )

o f  s i n g u l a r  C - - c h a i n s  w i t h  c o e f f i c i e n t s  i n  7 ,  ,  s e e  [ w a ] 5 . 3 1 .

lVe  use  the  fo l l ow ing  th ree  fac ts .  The  map  C ; (V ,%)  +  f c (V rd* l

i s  a  q u a s i - i s o m o r p h i s m  [ w a 1  5 . 3 2 ,  5 . 4 6 .  F o r  a  c o m p l e x  o f  a b e -

l ian  groups A '  the canonica l  morph ism A '  -+  DDA'  is  a  quas i -

isomorphism, i f  the homology groups of A'  are of  f in i te type

o v e r  Z  .  F i n a l l y  ,  C ;  ( V ,  % )  =  C '  ( X , B )  c a n  b e  i d e n t i f i e d  w i t h

H o m ( ' C '  ( x r X : V , % )  , Z )  =  H o m ( t C '  ( x , w )  , % )  .  A l t o g e t h e r  $ / e  h a v e

canonica l  quas i - isomorph isms

T - ( v )  =  D I " ( v , d ; )  +  D C ; ( v , %  )  -  D  H o m ( ' c ' ( x , x : v , z ) , z
Ä

r 0

t C '  ( X r X : v , %  )  - + D D t c '  ( X r X : v , E  )

for  each open V c  X .  The map 0 is  a  quas i - isomorph ism,  s ince

n  j - s  quas i - i somorph ic  to  tA  -+  A /n  I  and  'C '  (X ,X - -V ,% )  i s

a  f ree %-module .  Tak ing the homofogy g ives the resu l t .



1 1

1 .12. Remarks a )  The equal i ty T*, .  (def j -n i t ion as above )  =
Ä

Rf '% i s  shown  in  [no r ]  v  57 .  The  equa l i t y .o f  t he  cohomo logy

f  or lows immedj -a tery  f rom verd ier  duar i ty :  .  Ha (x ,  Tx)  -  Ha (Tx (x )  )
i i ^ r ^=  H r ( D f c ( x , F ' ) )  =  H t ( R  H o m ( R f  t n , n  ) )  =  u a ( R  H o * ( ä , R f  ' n ) )  =

H i ( x , R f ! % )  .

b )  The  f i n i t e  genera t i on  o f  t he  homo logy  o f  'C '  (X ,X :y ,% )
can  be  deduced  f rom the  p roo f  o f  1 .15  be low .

c )  rn the for lowing h/e rather wri te 'Hä Bett i  homol.qgy

ins tead o f  ' "ä*  ,  s ince these groups def ine the (un ique)  ho-

mology theory  assoc ia ted to  the Bet t i  ( -  s ingu lar )  cohomology

H:  in  the sense o f  B loch and Ogus [eO]  .
TJ

1 . 1 3 .  C o r o l l a r y  a )  T h e  D e l i g n e  h o m o l o g y  d e f i n e d  i n  1 . 9  o n l y

depends on U and not on the pai 'r  (  X, Y ) in ?'  wi th X:y=U r
0 0

a n d  ' H :  ( U , A ( k )  )  : =  ' r ; ( X , Y , A ( k )  )  i s  a  w e l l - d e f i n e d  f u n c t o rU '

on the category Säfr* of  smooth var iet ies over C (  resp.

over IR )  wi th proper morphisms .

b)  There is  a  long exact  sequence

.  .  .  4 ,  ̂ #  tu ,A (k)  )  * '  " f  (u ,  A (k  )  )  oFk '  " f *  (u f ; l  t  " f *  (u)  * '  ̂ 8* '  (u ,A (k  )  - .  . ,
f unc to r i a r  f o r  p rope r  morph isms ,  where  ' " f t u ,A (k )  )  i s  t he

Bore l -Moore homology wi th  coef  f  i c ients  in  A (k)  (wh ich is

s i m p l y  ' " ; ( u , %  )  o  A ( f )  s i n c e  A ( k )  i s  f l a t  o v e r  B ) ,
?' f  
i* jul  is .n? l .- t fr  deRlram homology of U , and,

F^ 'H ;R (U)  :  
'H ;R (u )  i s  r he  k - rh  s rep  o f  r he  Hodge  f  i r r r a r i on .

Proof The deRham homology of U is by def in i t j -on the homo-

logy

' s ? '
@

X

j * ' C I  * * j * 0 ' * t 2 d ]  +  Q ' - . Y > [ 2 d ]  +  ' 0 ' -  < Y >  .
U U X X

The subspace rk 'H{ . tu)  is  def ined as the image of  the map
l k u K L

H -  ( F " ' Q - - < Y >  ( x )  )  +  H ^  (  ' n ' * . " >  ( x )  )  ,  w h i c h  i s  i n j e c t i v e  b y  1  . 2

and theXcorresponding reäult  f  or the d.eRham cohomo togy I  oe 2]

3 . 2 . 1 3  i i )  .  H e n c e  1  . 1 1  a n d  t h e  d e f  i n i t i o n  o f  ' C D ( X , Y r A ( k )  )
as a cone immediately give the exact sequence in b) wi th

o f  ' n ' - ^ (U)  ,  wh ich  i s  i somorph ic  to  the  homo logy  o f
U -

<Y> (X)  v ia  the quas i - isomorph isms of  f ine  sheaves
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' H ä ( X , Y , A ( k )  )  i n s t e a d  o f  ' ^ ; ( U , A ( k )  )  .  T h i s  i m p l i e s  a )  .  r n

fac t ,  by  Hi ronaka I  s  reso lu t ion o f  s ingu lar i t ies  any U in
r u - - N

Sch*  can be represented as U = X\Y for  (X,  Y)  in  ?r*

where v/e ident i fy smooth var j -et ies X over C (resp. ß,  )

w i th  the  smoo th  ana ly t i c  spaces  X (C)  by  GAGA ( resp .  X (A)

w i th  F* !  X (A)  +  X (C I )  i nd .uced  by  the  comp lex  con juga t i on )  .

Hence by the same arguments as in I  oe 2]  3 .2 .C we only have

t o  s h o w  t h a t  f o r  a n y  m o r p h i s m  f :  ( X r Y )  +  ( X ' , Y ' )  i n  3 *

which is  the ident i ty  on X:Y = U = X ' :Y '  ,  the induced map
0 ?' ^ ; ( X , Y , A ( k )  )  +  ' r ; ( X " Y " A ( k )  )  i s  a n  i s o m o r p h i s m .  T h i s  f o l -

lows f rom the long exact  sequence proved above and the f ive-

Iemma.

1  . 1  4 .  R e m a r k A more canonical  \nray to def  ine the Del igne ho-

mology o f  U  i s
? 0' r i . ( u , A ( l < ) )  =  1 l *  ' H ; ( X , Y , A ( k ) )  ,

where  the  l im i t  i s  taken  over  the  p ro jec t i ve  sys tem o f  (X ,Y)

in  ; *  wi th  X\Y = U (note that  the l imi t  is  taken over  a

sys tem where  a l l  t rans i t i on  morph isms a re  i somorph isms) .

1 . 1 5 .  T h e o r e m

lR there are

and cohomology

For a smooth connected var iety

canonical  isomorphisms between

' ^ | t u ,A ( k )  )  :  u f ; a+ t ( u ,A (d+k )  )

w h e r e d = d i m U .

( X , Y )  i n  ' r r *

of  sheaves on

U over C or

Del igne homology

wi th  u  =  X :Y  ,  and  l e t  ' ö i * , " )

X assoc ia ted  to  the  comp lex  o f

Proof  Choose

be the complex

presheaves

I f  j :  U ' +  X

ru
I  o '-  ( X ,  Y )

where 'ö;  =

is  the

=  j * j *

ä ."  ( x , A )

V  r - + ' C '  ( X , Y U  ( X : V ) , %  )  .

open immers ion,  one obv ious ly  has

t 7 '  a n d  i * r F .  =  i * r F .' ( X r Y )  s r r u  J  - ( X r Y )  J  " X t

i s  the  shea f  assoc i -a ted  to

V P ' C ' ( X r X : V r Z )  .
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r f  ' ö ;  +  r '  i s  a  quas i - i somorph ism in to  a  comp lex  o f  i n jec t -2t

ive sheaves, \^/e get a commutat ive diagram with exact rov/s

o  +  f y ( x , r ' )  - +  r ( x , r ' )  +  r ( u r r ' )  +  o

* ß r

t o 1

+ßz + ß g

( 1 . 1 5 . 1 )  o  +  f y ( x , ' ö ; )  +  r ( x , ' ö ; )  +  f ( U , ' ö * )

t o 2 f o 3

o  +  ' c " ( x , z )  +  ' c ' ( x , z  )  +  t c ' ( X r Y , B )  + o .

S ince  ' ö ;  i s  homotop ica l l y  f i ne  ( compare  [ ve ]  1  .1  .1  and

[sw ]  p  -  BB /89 )  ,  91 ,  g2  and  ß3  a re  quas i - i somorph i - sms ,  and
s ince x  is  compact ,  o1 and oz are  quas i - isomorph isms
(  see l -oc  .  c i t .  )  .  Hence o3 is  a  quas i - isomorph ism.

.  Bu t  ' d |  j - s  canon ica l l y  a  reso ru t i on  o f  n  (d )  t 2d  l :  t he
i- th homology has stalks f

I

'  I  o  i +  - 2 ' d
l i *  H a  ( ' c '  ( x , x \ v , B  ) ) = H - i  ( x , x : {  x } , 8  1  =  1
x € v  

- r  
I  a  i = - z d
L

a t  x  €  X  ,  a n d  f o r  V  c X
- ) A  ) Ä

H  o * ( ' C ' ( X , X - . V r Q ) )  =  H Z a ( X r X s , e )  -  H o m ( " : o ( V , e ) , e 1  =  0 ( d )

by the canonica l  t race map " :u  (v ,e  (d)  )  =  r 'd  (x ,  e  (d)  )  -+  e
mapping the cyc le  cLass o f  a  po in t  to  1  .  These normal iza t ions

make the diagram

%  ( d )  t 2 d l  >
X

l r
( 1 . 1 5 . 2 )  I  1 1 . 1 .  a )

..,, .t
' C . ( X , % ,  1 . 1  c )  

, , e . - ( X )
X

commute  ( the  compos i t i on  maps  12y ,q1d  to  ü ) ,  t -+  Iu ) ,  ,  where
X is or iented by the choice of  / :4) .  X



B y  t h e  q u a s i - j - s o m o r p h i s m s  ' ö i x , v )  =  j * j * ' ö x  - +  j * j * r '

we see thaf r  f f ' -u  -  (X ,  y I  rep resen ts  R)  *  (n  (d  )  l  u )  [  
2d  ]  i n  t he

der i ved  ca tego ry  D '  (X )  o f  sheaves  on  X  ,  and  f rom 1  .15  .2

o v e r  c y c l e s  ( 1 . 1  c )  a n d  1  . 8  c )  )

c a n o n j - c a l  m a p  R i , r %  ( d ) l u [ 2 a ] ' +

we see that the map 'E' ,
i * , " )  

-  'C I ' _ .Y t  i nduced  by  i n teg ra t i on
X-
ca lan be ident i f ied  wi th  the

Rj  *CIü  t  2d I  v ia  the quas i - iso-

morphisms nj  *CIü *-  Oxcy> '+ '  n ' - . "> 
[  -2d ]  ..(\ x

I {  we  rep lace  n  by  the  coe f f i c i en ts  A (k )  i n  t he  above ,

s o  t h a t  r * '  ' r  ' 1a i * , y ) ( A ( k ) )  i s  t h e  s h e a f  a s s o c i a t e d  t o  V r +
' C ' ( X , X r ( V n U )  r A ( k )  )  ,  t h e n  t o g e t h e r  w i t h  1 . 7 .  w e  o b t a i n  q u a s i -

isomorphisms between

'Tö , (x ,y )  (A(k )  )  :=  cone ( 'ö iX ,y )  (A( ld )eFJ< 'q ,s " t ta ;<Y,  t  -1  l
X X

and
A (k+d )  r ,  (X,u1 t  Za l=cone (Rj  *A (k+d)  oFk+d0"<y>+Rj , rCIü)  t  2d, -1  l

By def in i t ion, the L-tn hypercohomology group of the l -at ter

complex o f  sheaves on x  j -s  n2ra+t (U,A(d+k) )  .  On the o ther

hand.,  the L-tn hypercohomology of 'T, ;  
,  (X, y)  (A (k) )  

. ,  
t :  the

Z - t n  h o m o l o g y  o f  ' d ö , ( X , y )  ( A ( k )  )  ( x )  ,  s i n c e  
E l "  

r t ' n ] - < Y >

a r e  s o f r  a n d  ' ö i * , y )  ( A ( k )  )  ( x )  -  ' ö * t A ( t < )  )  ( u )  i r  ( u , r '  ( e ( k )  )  )

is  a  quas i - isomorph ism.  F ina l ly  the map o3 induces a  quas i -

i somorph ism be tween  '  Cö  (X ,  Y ,  A  ( k  )  )  and  'T ;  
,  ( x ,  y )  (A  ( k )  )  ( x )  .

1 .16 .  Remarks  a )  I n  seve ra l  expos i t i ons  the  tw is t s  n '  ( d )  do

n o t  o c c u r ;  € . g .  i n  [ V e ]  a n d  [ e o r ]  V  5 7 ,  b u t  i t  i s  m o r e  c a -

nonical  to introduce them. The normal izat ions Cepend on that

o f  the cyc le  map,  which is  determined by the case o f  d iv isors .

So our  cho ice is  f ixed by def in ing the f i rs t  cyc le  map (Chern

cLass )  to be the connect ing morphism

P i c  ( x )  :  H 1  ( x , 0 ; ) - '  t t 2 ( x , B ( 1 ) )

assoc ia ted.  to  the exponent ia l

O  - +  W , . 2 r R t

which does not depend on the

trace maps our normal izat ion

d iagram

sequence

o * e 5 P o ; - + o  ,

choice o f  /4  .  rn  terms of

corresponds to the commutat ive
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H2d(x,e( ,c)  )  - !5 0
nl

c

l l
C I ,

nl
H 2 d  ( x ,  c )

^ r  l l l
" ; f ; (x,c)

tr
---)

tr

def ine the Del igne homology of arbi t rary schemes

schemes  by  " s imp l i c i a r  reso lu t i ons " ,  see  Ioe  3 ]

I  o J '  I
x

(.ü t l->

Q r  / 4 ) d

c o m p a r e  1 . 1  a )  a n d  1 . 1 5 . 2 .  V i a  t h e  c a n o n i c a l  c o m p a r i s o n  i s o -

morphisms these are also compat ible with the canonical  t race

maps in  6 ta1e or  a lgebra ic  deRham cohomology ,  c f  I  DMOS f  p .22.

In  par t icu lar ,  a l l  maps become o- invar iant  for  var ie t ies  over

lR,  and t r  u) r  €  A for  X and u) '  def ined over  0
b) The proof of  1 .  1 5 shows that one has canonical  isomor-

ph i3ms of  long exact  sequences
l - 1  ?  |  L  ?  ö - 1  o

.  .  . r ' H - ^ * . ( u ) - ' H i ( u , A ( k )  ) - ' H ;  ( u , A ( k )  ) o F ^ ' " i * ( u )  " * '  ' " 3 * ( u ) - .  .  .
L't(

+z +z +a +z

. . .**,3**t1 (u) *tfe.L(u,A(d+k) ) 4u* 
L (u,o(d+k) )*ru*\ßff L $)tttn3** L @)*. . .

with the cJ,assical  isomorphisms for the Bett i  and deRham theo-

r i e s  ( c f .  t  e o  I  S z )  .

c )  f  cou ld  no t  p rove  tha t  i * rä '  r nd  ' ö ;  ( case  y  =  A )" ( x , Y )  '  x
a r e  f l a b b y  a s  s t a t e d  i n  [ g e  1  ]  ,  p r o o f  o f  1 . 8 . 5 ,  a n d  h a v e

some doubts whether i t  is  t rue.

! . 1 7  .  h 7 e  n o w

and  s imp l i c i a l

and [sca 4 ]  ub is  for  the proofs  o f  the fo l lowing s ta tements :

I f  Z j -s a scheme which is separated and of f  in i te type

over C or lR ,  there is a smooth simpl ic ial  scheme U. and

a n  a u g m e n t a t i o n  U .  3  z  ( i . e . ,  a  m o r p h i s m  U o  +  z  r  o r ,  e q u i -

va lent ly ,  a  morph ism in to  the constant  s impl ic ia l  scheme de-

f i ned  by  Z )  such  tha t

f,

the maps Ur,  -+ (  cosk "_ 
1 =krr_ 

1 U. )  , ,  
are proper and sur j  ec-

t ive  for  a l l  n  ( i  .  e .  ,  u .  - )  z  is  a  proper  hypercover i rg)

there is an open immersion u.  a+ x.  into a smooth proper

s impl ic ia l  scheme such that  the complement  y .  is  a  d i -
v j -sor  w i th  normal  c ross ings.

a )

b )



I U

B y  a )  ,  U .  ' +  Z  h a s  c o h o m o l o g i c a l  d e s c e n t ,  i - e - ,  t h e  m a p

F  +  Raxa*F

is  a  quas i - isomorph ism for  a l l  sheaves F on Z .  Note  that

R a * a * F  c a n  b e  r e p r e s e n t e d  b y  s  N  ( a .  )  * I  :  ,  i f  f :  i s  a  r e -

so lu t ion o f  a*F wi th  components  rT  in jec t ive  on Ur ,  ,  and '
n

N is  the normal iza t ion functor  t ransforming cos impl ic ia l  ob-

jec ts  in  any abe l ian category  A in to  cocha in  complexes in

A .  Since the maps .rr ,  Ur,  -+ Z are necessar i ly proper for al l -

n

p o r t ,  i . e . ,

R t " ( z , E )  +  R f " ( U . , a * F )  -  s  N f " ( U . , r l )

j -s  a  quas i - isomorph ism.  By tak ing F = n  and app ly ing

R Hom ( -  ,% )  we deduce that  the morph ism a a lso has descent

for  the Bore l -Moore homology:  for  U.  th is  is  by  def in i t ion

the homology o f  R Hom(Rf  c  
( IJ .  ,% )  ,% )  ,  fo r  z  compare remark

1 . 1 2  a )  .

More genera l ly  ,  L f  Z .  is  a  s impl ic ia l  scheme whose compo-

nents are separated and of f  in j - te type over C (  or over G.) ,

and whose face and degenerat ion maps are  a t l  p roper ,  there  is

a  smooth s impl ic ia l  scheme U.  and a  morph ism U.  +  Z.  such

that

a'  )  U .  - r  Z.  ind.uces an isomorphism in the Borel-Moore homology '

and such that b) holds f  or IJ.  :  f  or  example ,  '  take a

smooth proper hypercover ing U. .  - )  Z.  such that the analogue

o f  b  )  ho lds  fo r  I J .  .  ,  and  l e t  U .  :=  AU.  .  be  the  d iagona l .

The f i rs t  case is  inc luded in  th is  by  tak ing for  Z .  a  con-

s tant  s impl ic ia l  scheme.

In  both  cases $ /e  may regard (X.  ,  Y .  )  as  a  s impl ic ia l  ob-

j ect in ;* , and \^/e de f ine
?  ?  1  1 n  I' r i . ( z .  , A ( k )  )  - ' H ; , (  ( x . , Y .  )  , A ( k )  )  

' = ' - H ' ( s ' N ' c ö ( x - , Y . , A ( k )  )  )
0

( -  ' H i .  ( z  , A ( k )  )  i n  t h e  f  i r s t  c a s e  )  .

1 . ' 1  8 .  T n * e o r e m  a )  T h i s  i s  w e l l  d e f i n e d ,  i . e . ,  i n d e p e n d e n t  o f

-  t h e  c h o i c e  o f  ( X . , Y .  )  ,  a n d  m a k e s  ' " # t z , A ( k )  )  ( r e s p -
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0'H ; (2 .  ,A (k )  )  )  a  f unc to r  on  the  ca tego ry  sch*  o f  sepa ra ted

schemes of f in i te type over c (or over rR )  and proper mor-
p h i s m s  ( r e s p .  o n  t h e  c a t e g o r y  o f  s i m p l i c i a l  o b j e c t s  i n  S c h * ) .

b)  There is  a  long exact  sequence
P p  k  !  c - l  ?  ?+ t.  .  .€, rü(z,A(k)  ) - ' 'q  (z,A(k)  )eFr ' 'Hh(z)  L-  r ' '4*  f t ) - ' t ' ,  (z ,A(k)  )  + .  .  .

f unc to r i a l l y  assoc ia ted  to  Z in  Sch*  ( s im i l a r l y  f o r  s imp l i -
c i a l  o b j e c t s ) .

c )  The canonica l  map e induces an isomorph ism
! o' H ; ( z , A ( k ) ) @ e c  j  ' H ; R ( z )  .  r f  f  :  z  +  z '  i n d u c e s  a n  i s o m o r -

ph ism in  the Bore l -Moore homology,  i t  induces an isomorph ism
between the long exact  sequences o f  b)  (s imi lar ly  for  s impl i -
c i a l  o b j e c t s  i n  S c h *  )  .

Proo f r f  ( X . r Y . ) as  ind ica ted  above ,  the

deRlram homology of

( 1 . 1 8 . 1 )

with the

(  1  .  1  8 . 2 )

i s  c h o s e n  f o r  Z .

Z .  i s  d e f i n e d  a s

p 0
' " i * ( 2 . )  =  H ' ( s  ' N r Q ' o o . y . > ( x . ) )  

|
x . .

Hodge f i l - t ra t ion s tep Fk be ing the image of

1  :  n L  ( s ' N F k ' n ' - . " . > ( x . )  )  +  g L  ( s , N , 0 ' - . y . > ( x . )  )
x'. '  x.

same def in i t ion  for  the case o f  a  (constant  s impl ic ia l )

scheme z ,  which we shal l  not t reat separately in the fol low-

ing.  On the o ther  hand i t  fo l lows f rom the descent  cond i t ion

a '  )  and 1  .  1  1  ,  that  the Bore l -Moore homology o f  z .  can be

computed as
? t 0' " ; ( z . , A ( k )  )  = ' H ; ( u . , A ( k )  )  =  H t ( s ' N ' c '  ( X . , y . , A ( k )  )  )  .

f f  v/e tensor these groups with C r  h/€ obtain the groups

i n  1 . 1 8 . 1 ,  b y  t h e  q u a s i - i s o m o r p h i s m s
' c ' ( x n , Y n , %  )  o  c  +  ' o - * . Y r r t ( x r r )  

,  n  I  o  ,
X,,

proved in  1  .  1  5  and app ly ing s  'N to  the cor responding s impt i -

c ia l  d iagram.  Th is  shows the f i rs t  c la im in  c )  ,  and that  the

deRham homology groups are wel- l -def ined by 1 .  18 .  1 .

By Hodge theory  (see 2  .9)  ,  r  i s  in jec t ive ,  hence u /e  obta in

t h e  s e q u e n c e  o f  b )  f o r  ( X . , y . )  i n s t e a d  o f  z .  :  n o t e  t h a t

s ' N  C o n e ( K l  +  L : )  =  C o n e ( s ' N K .  +  s ' N L . )  f o r  a  m o r p h i s m  K l + L l
o f  complexes o f  s impl ic ia l  abe l ian groups.  Again  by  Hodge theo-
r y  ( s e e  2 . 9 ) ,  a  m o r p h i s m  f . :  ( X . r y . )  - '  ( X : r y : )  i n d u c e s  a



morphism in the deRLram homology which is str ict ly compat ible

w i th  the  Hodge  f i l t r a t i on .  f n  pa r t i cu la r ,  i f  f .  i nduces  an

isomorph ism in  the Bore l -Moore homology,  i t  induces an iso-
k

morphism for  'Hön and t " ' "ö*  ,  too,  hence for  I  Hö by

the f j-ve- Iemma . For the remainj-ng statements we no\^/ may pro-

ceed as for  1  .  13 here \^ /e  have to  use the fo l - Iowing f  ac t .

Any morphism Z. g Z! can be extended to a commutat ive dia-

gram

X . : Y .  =  V .

a *

z .

w h e r e  ( x . , Y . )  a n d  ( x : , Y : )  a r e  s i m p l i c i a l  o b j e c t s  i n  T * ,

f  i s  j - n d u c e d  b y  a  m o r p h i s m  f  :  ( X . , Y . )  - +  ( X : , Y : )  ,  a n d  v

and v '  have descent  for  the Bore l -Moore homology :  for  exam-

p le ,  take  the  d iagona ls  in  su i tab le  hypercover ings  V .  .  +  Z  .

a n d  V : .  - +  Z ' .  ( c f .  [ D e  3 ]  6 . 2 8 ) .

5  v :  =  x ! - . y l
{ a  t

g  z i

The fo l lowing

p e r t i e s  o f  D e l i g n e

1  . 1 9 .  T h e o r e m  L e t

Z - + X

X

Proof  Par ts

[ e e  1 ]  ,  a n d

l c i  2 l  ( f o r  F

proof for the

F b e I R o r C

__iY v v \ ^ - >  H ö , r ( X r A (  j

f)
H ;  ( x , A ( b )  )

.  The functors

) )  ,  i , j  €  n ,

-ä
: =  ' r o *  ( X , A  (  - b )  )  ,  a  , b € %  ,

theorem suml lErr i  zes a good par t  o f  the pro-

cohomology and homology.

fo rm a tw is ted Poincar6 dua l i ty  theory  j -n  the sense o f  B loch

and Ogus [BO]  1  .3  on the category  o f  a l l  schemes which are  se-

parated and o f  f in i te  type over  F  .

( 1 . 1 9 . 1 )  . . . - H D u ( y . , A ( u )  ) - ' H ' ^ r " , A ( b )  ) - H 3 ( u , A ( b )  )  - r : - 1  ( y , A ( b )  ) - .

o f  t he  p roo f  can  be  found  i n  Be i l i nson ' s  paper

the resu l t  \ ^ /as  a lso announced by Gi l le t  in

= A)  .  As an i l lus t ra t ion we sha l l  sketch the

ex is tence o f  a  long exact  seguence

for a c losed immersi-on Y c+ X with open complement

( s e e  [ e e  1 ]  1 . 8 : 4 ,  b u t  a l s o  2 . 1 1  d )  b e l o w ) .

U = X : Y
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F i r s  t

a  d iv isor

there is

(  1  . 1 9 . 2 )

assume that X is smooth and

wi th  normal  c ross ings.  Then

an  exac t  t r i ang le  ( k  e  n )

proper and that y is

i t  i s  shown  in  2 .9  tha t

are  d iv isors  wi th  normal  c ross ings.

s impl ic ia l  vers ion o f  the smooth

s ' N ' c b ( ? .  r 7 . - ? .  r A ( k )  ) 3 'cö(x,x-x) ja, 'c
t
I  o r

' cä  (x )
the natural  map n 

0 induces a quasi- isomorphism with ker o3 .
But ker o1 and ker o2 compute the Del igne homology of
X:X and z  ,  respect ive ly ,  by  s tep 1  ,  so  ker  o3 =

coker (ker o1 -+ ker o) in fact  computes the Del igne homology
o f  Z :  (X :X )  =  y  by  s tep  2 .

For arbi t rary X and Y there exists a smooth proper s im-
p l ic ia l  scheme X.  r  äD open subscheme x .  =X.  ,  and an augmen-
t a t i o n  x .  g  x  s a t i s f y i n g  1 . 1 7  a ) ,  s u c h  t h a t  y .  =  n - 1  ( " )  |

, ( v , 2 1

tl

X . : X .  a n d  ( f  . : X . 1  U  y .  =  Z .

Thus,  every th ing reduces to  a

s i tuat ion,  and $ /e  are  done.

s , N , C b ( v . , A ( k ) )  3 ' c ö ( X , A ( k ) )  . +  , C ö ( X , y , A ( k ) )  . +  ,

where the complexes compute the Del igne homology of yrX and
U  ,  r e s p e c t i v e l y r  s o  1 . 1 9 . 1  i s  o b t a i n e d  a s  t h e  a s s o c i a t e d  h o m o -
logy sequence.

Next assume that x and y are proper but otherwise
arb i t rary .  Then there ex is ts  a  smooth proper  s impl ic ia l -  scheme
augmen ted  to  x  ,  X .  g  x  ,  such  tha t  y .  =  n -1 (y )  i s  a  d i v i so r
wi th  normal  c ross ings in  X. and  f i  sa t i s f i es  the  cond i_ t ion
1  -17  a )  .  Then  Y .  ' +  Y  and  U .  =  X . :Y .  -+  U  a l so  sa t j - s f y  homo-
l o g i c a l -  d e s c e n t ,  h e n c e  x .  ,  y .  a n d  ( x . r y . )  c a n  b e  u s e d  t o
compute the Del igne homology o f  Xry  and u  r  r€spect ive ly ,
and  \ ^ /e  use  the  s imp l i c i a l -  ve rs ion  o f  1 .19 .2 .

Now assume that X is smooth and Y is a div isor vr i th nor-
mal  c ross ings.  There ex is ts  a  smooth compact i f i ca t ion X o f
X such that X:X and. (X-x) U y = z are divisors wj-th normal
c r o s s i n g s  o n  X .  L e t  Y  b e  t h e  c l o s u r e  o f  y  i n  X ,  a n d  l _ e t
7.  and ?. be the coskel-etons of  the normal- i  zat ions of  Y
a n d  Y  ,  r e s p e c t i v e l y  ( c f .  2 . 9 \ .  T h e n  s r N r c ö ( ? . r ? . - . ? . r A ( k ) )
computes the Deligne homology of Y , so \^/e have to show that
in the commutative diagram
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Del- igne cohomology wi th suppor t  in  a c losed subscheme Y c X

is  def ined as re l -at j -ve Del igne cohomotogy of  j :  U=X:Y <ä X ,

i . e . ,
i *( 1  . 1 9 . 3 )  H l r . " ( X , A ( k )  )  = H [ ( c o n e ( R r p ( X , A ( k )  )  4  R r , ( u , A ( k )  )  )  t - 1  ] ) ,

v t L

w h e r e  R f r ( x , A ( k ) )  a n d  R f p ( u , A ( k ) )  a r e  s u i t a b r e  c o m p l e x e s

of abel ian groups which compute the Del igne cohomology of X

and U r Taspect ively.  This immediately gives the long exact

sequence

( 1 . 1 9 . 4 ) . . .  - r | . , 2 ( x , A ( k )  )  - r | ' , y  ( X , A  ( k )  )  - ^ ; , y : Z  ( X : Z , A ( k )  )  - +

- " t :1 , (X,A(k)  )  e  . . .
f o r  Z  c  Y  c  X  .  The  Po incarä  dua l i t y  i somorph ism fo r  smooth  X ,

( 1 . 1 9 . 5 )  t ' i  t t t  ' \ / - : \ '  t u  ' - DH 6 , v ( X , A ( j ) )  ;  H 5 a _ i ( y , A ( d - j ) ) ,  d .  =  d i m  x ,

f o l l o w s  f r o m  1 . 1 5 ,  t h e  c o n s t r u c t i o n  o f  1 . 1 9 . 1 ,  a n d  t h e  c o m m u -

tat ive diagram

*p t Io,A(k+d) o,  (Vo,xo-n; lv)  )  [za]  S 
'cotXo ,zo,A

t r :  
v  v  v  

l r :
nf  (xo 'A (k+d)  

o ,  (To,xo)  )  [2d]

tn*
l o

n f  ( I - , a (k+a ;  
D , (V , * ,  I  I zaJ

s  ' N ' C i  ( X .
' U

t i *
l "

s r N ' C ; ( x .
U

(k) ) <^,,

o , A  
( k )  )  +

, 2 .  , A  ( k )  )

1  1 q

#  
' c ' ( x o r x o \ x

I
I

..1, (no)
1  1 q- j# ' rö (x , )c \x ,A

*

( k )  )

, f . -x .  ,A  (k ) )

which expresses the compat ib i l i ty  o f  1  .1  5  wi th  covar iance for

open immers ions o f  both  s ides.  Here :  denotes a  quas i - iso-

morph ism,  X.  - r [  and X.  are  as  above,  w i th  Xo-n] iy  3  U

and X is a smooth compact i f icat ion of  x such that x\ .x is a di-
v isor  w i th  normal  c ross ings and oo extend.s  to  ( Io , Io- "o  ) *  (x , I :x )  .
The maps on the lef t  and on the r ight inf luce j  *  in cohomology and
homology, respect ively,  j  t  being def ined l ike q,r  a.bove .  Note that
by th is  const ruc t ion the Poincarä dua l i ty  is  comp' "g ib te  wi th  1  .1g.1
a n d  1 . 1 9 . 4 ,  i n  t h e  o b v i o u s  s e n s e .

For  the def in i t ion  o f  the capproduct

i n D
^ ö , y  ( x , A (  j )  )  E  " ; ( y , A ( b ) )  - '  H ;  _  i  

( y , A ( b - j )  )

\ ^ / e  r e f e r  t h e  r e a d e r  t o  [ e e  1  ]  1  . 8 . 6 .

1)
T h e  c a n o n j - c a l  c l a s s  n x  €  H 5 a ( X r A ( d ) )  f o r  X  i r r e d u c i b l e

of  d j -mension d is  by def in i t ion the image of  1 € A under

the isomorphism in the fo l lowing lemma.
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1  .2O Lemma Le t be separated and o f  f in i te

= d i m  x  .  T h e n  " " " f X r A ( b ) )  3 =
n

and  H ;  (X ,A  (b )  )  van i sh  fo r

type over C
' H ;  ( X , A ( - b )  )  ,

a > 2 d ,  a n d

X

dor lR , and let

HlRtx l  : -  'Ho f ; tx l

O A
*€"  (a  )
T]fT = d]

X .

=  s e t  o f

, Z u ( u , a ( d ) )  
t o ,  

" ä

ü
n;(ut,el  3 H;

(note that roHf,* tul  = "3* (u) )  .

d  
(  u , A  ( d )

j)
( u r a )  =

-  (X) be the group of cycl-es of  dimension n on
n '  

L  1

f ree abel ian group on the i r reducible reduced

c X of dimension n .  As for any twisted Poin-

theory ,  the canonica l  c lass  prov ides us wi th  a

, A  =  , D r u ( X , A ( d ) )  3  n ä u ( X , A ( , c ) )  :

i s  an  i somorph ism,  where  X , .  \  =  { x  g  X  I  d im
( d )

i r reducible components of  dimension d of

Proof  The vanish ing is  known for  the Bore l -Moore homofogy,

and hence fo l lows for  the other  homology theor ies by 1 .  1  8 b)

and c ) .  For the j-somorphism \,ve may assume X to be reduced

by 1 .  1  B c)  and the f  act  that  the Bore l - -Moore homology only

depends on the under ly ing reduced complex analy t ic  space.  Then

t h e r e  i s  a  s m o o t h  o p e n  s u b v a r i e t y  ö + V c X ,  w h i c h  j - s  o f  p u r e

dimension d and dense in  every i r reducib le component  of  d i -

mens i -on  d  ,  a ld  the  res t r i c t j -on  maps  HZa(XrA  (d )  )  -  H2d  (UrA  (d )  )

are isomorphisms for  the Bet t i  and the Del igne homology by

1 . 1 9 . 1 ,  t h e  B e t t i  a n a l o g u e  o f  i t ,  a n d  t h e  a b o v e  v a n i s h i n g  r e -

s u l t .  H e n c e  i t  s u f f i c e s  t o  p r o v e  t h e  c l a i m  f o r  U ,  b u t  b y

1  . 1 5  v / e  h a v e  c a n o n i c a l l y

)

O A
conn .  comp.  o f  U

1 JL,  Let  z
X  ,  L . € . ,  t h e

subschemes Z

carä dua l i ty

cycle map

n
"L0:  Zr ,  (X)  -+  Hin(X ,A (n)  )

n n
lz l  t+  image of  T1z under  H| .n(z  ,A(n)  )  -H"zn(XrA (n)  )  .

S ince nZ by def in i t ion  is  compat ib le  w i th  the canonica l  c lass

in  the Bet t i  homology,  the composi t ion "1g = tA "LD is  the

usual-  cycle map into the Bett i  homology .  I  f  X is smooth ,

t hen ,  by  app ly ing  the  Po inca r6  dua l i t y  1 .15 r  w€  ob ta in  a  cyc le

map



" rD ,  zm (x)  - '  ^1^  (X,A (m)  )

on the group Z* (  x)  of  cyc les of  codimens j -on m = dim X-n .
lVe sketch the proof that th is cycle map agrees with the

one

are

d e f i n e d  i - n  [ E V ] .  L e t  Z  e X  b e  o f  c o d i m e n s i o n  m  .  T h e r e

canonical -  morphisms of  f  unctors

b y  I 1 z  t o  t h e  r e l a t i v e  c y c l e  c l a s s  d e f i n e d  i n  l n v f  7 . 1 .  T h e

maps I  are compat ib l -e with the cupproducts as are the re l -a-

t i v e  c y c l e  c l - a s s e s  ( t n v l  7 . 4  a n d  [ v e ] 3 . 5  f o r  H ? * - ( x , %  ( m ) )  3
) r n  v  t h

H7r"' (x , n fu) ) . By this and local LzLng ( compare the argument in

[nVJ  6  .2 )  \ ^ /e  a re  reduced  to  the  case  o f  d i v i so rs .  r f  m  =  1  , l e t
Z t  = Z  b e  a  d j - v i s o r  s u c h  t h a t  Z  =  d i v ( f )  i s  p r i n c i p a l  o n  U -

X:Z I  ,  then the claim fol l -ows from the commutat ive diagram

( p  ,  , ; , 2 ( x ,  n ( ) ) )  - '

and we have to show that p maps

- - 2 m  t a ,  h ,  r  \  r u

H-0" , '7 (X '  n( . r . ; . )  )  -+

u l t x , a ( i ) o , u n )  ,

the re la t j -ve  c l -ass g iven in
n

H ; n ( z ,  n ( ü )

( d l o g , 6  )

o H 1

t
H o ( u , C I l ) ( U ,  % ( 1 ) )  - +  H ; , ( X , g x )  o H i , ß ,( x , %  ( 1 )  )

1 1 2

o ( u ) *
u

o  (u ,ä rn
A
l a

1
H ; ( u  ,  z  ( 1 )

u1 (u ,  n ( l )o ,un)  - - - - - - - - ) n ? ,  r )  , 1 t )  D , a n )

(  ö  t h e  c o n n e c t i n g  m o r p h i s m  f o r  o  + E ( 1 )  - +  0  " * P r 0 *  - +  o  ) ,
s ince f  is  mapped to  the cyc le  c lasses in  both  theor ies  (c f .

l n v f  6 . 2  a n d  3 . 1 . 2  b e l o w )  a n d  n f , U x ,  n ( l )  
D , u n )  

- H 2 ,  r * ,  % ( 1 \  p , a n )
is  in jec t ive  (  [nv ]  6 .1  b)  and the cor responding resu l - t  fo r  the
Bett i  cohomology) .

Now le t  X be smooth and proper ,  and 1et  2* {X)o =  Ker  " fB

= z* (x)  be the subgroup o f  cyc les  which are  homolog ica l ly

equivalent to zero (  for the Bett i  cohomology) .  By the cohomolo-

gical  analogue of 1 .  1 8 b) \^/e have a commutat ive diagram

o -+ ;m(x)  -+  H2m(x,  n  fu)  )  -+  Hg*  (x )  .+  o
+ 4 ^
lg tä  |  "Lo Jbr"

o  - +  , m { x ) o  - '  z * ( x )  . +  z m ( x ) / 2 * { X ) o  . +  o  ,

where

J m ( x )  =  H 2 * - 1  ( x , c )  / e t t 2 m - ' ( *  ,  z ( m )  +  F m  H 2 * - t  ( * , n )
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is  the m- th  in termedia te  Jacob ian [GH]  p .  331

H g * ( x )  = H 2 f r ( x , % ( m ) )  n  , - 1 F * H ' * ( " , a )  =  H 2 * ( x ,

j -s the group of Hodge cycles of  codimens j_on

,

%

m

and

( m ) )  n

o n X

a - 1 " m r m

1  . 2 2 .  L e m m a

as def ined by

The map "fb coincides with the Abel--Jacobi map

Gr i f  f  i ths  and Wei -1 .

Proof By de f  i n i t i on ,  the  comp lex ' c b ( x ,  %  ( k )  ) i s  g i ven  by

( c B , ? r , .

( d  . 8 ,  d  "u l  - e

' c [ + t  ( *  , %  ( r ) )  e

CI)

" B * r  c " - d . n )

-,k , ", ,Q,+ 1 ,.,r.,, o
- c  , ) 6  

@  r r r r ( D  
t Q - - ( X )  

.

x x
of codimension m is the

' c $ $ ,  n & ) )  =  , c [ ( x ,  % ( k ) )  @  F k , e n - ( " )  e  ' n g - 1  t x )
X X

'"t* ' (*z , ( k ) )  _

The c lass  o f  an  a lgebra ic  cyc le  y

class of  
.  
(ye ryg,,  rO) ,  where yE"-= (2ntFa) 

- tytop 
for a topo-

log ica l  C- -c la im y top in  t  g -  z r r  (x ,%)  ,  n  =  ä im X-m ,  wh ich

represents  y  and is  or iented accord ing to  the cho ice o f
t n  ( c f .  1 . 1  a ) ) ,  a n d  w h e r e  y F  €  F - n ' n - _ l t t x )  i s  t h e  d i s t r i -

but ion o '  r+  (2r t f t )  
-n  

J r "o  u) '  .  Th is  " .ä  eas i ly  be seen by

choos ing a  reso lu t ion oä s ingu lar i t j -es  Z g  Z for  each z  in

the suppor t  o f  y  and.  observ ing that . the fundamenta l  c lass

TlZ o f  Z  is  mapped to  \z  v ia  n  and hence to  cr  (z )  v ia

Z 3 z <) x .  r f  y is homologous to zero, there are elements

s  €  ' c - 2 t - 1  ( x ,  % ( - n ) )  a n d  f  €  F - n ' n - - 3 " - t ( * )  w i t h  d s  =  y B

and,  d f  -  yF .  Hence (ye ,yF ro)  is  r rämologous to  (q  o ,  es-  r  f  )  ,
i .  e .  7  c1 i  (V )  €  Jm (x )  i s  g i ven  by  the  c lass  o f  es -  r  f  i n

H - 2 n - t  ( ' n t - r * ,  ,  i  H 2 m - 1  ( * r u )  .  T h i s  i s  e x a c t r y  t h e  c l a s s i c a l

def  in j - t ioä  o f  the Abel - -Jacob i  map:  i f  we eva luate  th is  c lass

aga ins t  f o rms  o  €  Fn - tn ' } * t ( " )  v i a  the  po inca rä  pa i r i ng ,  v /e

obtain the integral of ä over s, since the'product wittr f vanishes.

1 .23 .  Remark  Us ing  on l y  Be t t i  cohomo loqy ,  t he  de f i n i t i on  o f

f  undamentat  c tasses in  "3 i  , (x  ,  z  (m)  )  &"31r(x  ,  % (m) )  is  eas ier.)
t han  i n  , ;  ( x ,% (m)p rä r r ) ,  where  non - t r i v i a l  f ac t s  o f  deRham the -

o ry  a re  needed .  The  b i j ec t i v i t y  o f  e  fo l l ows  f rom 1 .19 .4  and  the

version with support  of  I  rv ]  2 .1 ob )  .  Here one uses ' , t0, '2m tv
^ :n  

suppor t  o f  I  ev ]  2  . l ob )  .  He re  one  uses  F - - " ;ä  
,7 (x )' *  

( x , rmn i )  ;  t h i s  wou ld  a l so  s imp l i f  y  t he  p roo f  o f  t  Ey land not H;

7 . 1 1 .
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52 Hodge theory for homology, and absolute Hodge cohomology

We reca l l  the fo l lowing def in i t ion  due to  Del isne ,  I  De 3  ]

s B .

2  . 1  D e f i n i t i o n  L e t A be a  noether ian subr ing o f  IR ,  then

A-Hodge complex K '  is  a  d iagrama m ixed  (po la r i zab le )

( 2 . 1 . 1 ) KA (KÄoQ, w) g, ( ^ a , w , F )

such  tha t

a )  K;  is  a complex of  A-modules ,  bounded bel -ow,  such that
f\

t he  homo logy  g roups  a re  f i n i te l y  qenera ted  as  A-modu les ,

b )  (KÄ@e,V{ )  i s  a  comp lex  o f  A8Q-modu les  w i th  an  ascend ing

f i l t ra t ion  Vü  ,  and  o  i s  a  morph ism in  the  der i ved  ca tegory
+

D ' ( A )  o f  b o u n d e d  b e l o w  c o m p l e x e s  o f  A - m o d u l e s  s u c h  t h a t

KÄ @ 0 - '  KaeO is  a quasi - isomorphism ,

c )  ( K C r W r F )  i s  a  b o u n d e d  b e l o w  c o m p l e x  o f  C - v e c t o r  s p a c e s

wi th  an  ascend ing  f i l t ra t j -on  V \7  and  a  descend ing  f i l t ra t ion

F ,  and.  ß is  a morphr ism in the der ived.  category D+F(AOQ)

of  bounded below f i l tered complexes of  A@Q-modules such that

(KaeO EAC,W)  -+  Kö ,V \ i )  i s  a  f i t t e red  quas i - i somorph ism '

d )  f o r  a l l  m  €  n

"'I*o"o -  (c r [x ; , r l

i s  a  (po la r i zab le )  AOQ-Hodge-comp lex  o f  we igh t  m ,  i . e .  t he  d i f  f e ren -

t ia ls  o f  Cr [x ;  are  s t r ic t ly  compat ib le  w i th  the induced

f i l t ra t ion F ,  and F induces a  pure (po lar izab le)  A8Q-Hodge

st ruc ture  o f  we ight ' 'm*n on Hn(cr [^ ; * r l  fo r  n  €  n

The construct ion of  mixed A-I iodge complexes is equivalent

to  the const ruc t ion o f  mixed A-Hodge s t ruc tures,  äs  fo l lows

f rom the fo l lowing fundamenta l  resu l t  o f  De l igne and the beaut i -

f u l  conve rse  p roved  by  Be i l i nson f  reca l l ed  i n  2 .3  be low .

2 . 2 .  T h e o r e m  ( [ D e  3 ]  8 . 1 . 9  ( i i )  a n d '

(po la r i zab le )  A -Hodge  comp lex ,  then

induce  a  m ixed  (po la r i zab le )  A -Hodge

the  spec t ra l  sequence  assoc ia ted  to

cr-t

( v )  )  r f  K '  i s  a  m i x e d

f o r  a l l  n € Z  ü i [ n ]  a n d  F

st ruc ture  on Hn (*A)  ,  and

F  d e g e n e r a t e s  ,  L . € .  I



2 5

( 2 . 2 . 1 )  u t ( r t * o )  3  F a H n ( K ö )  c  H n ( K ö )

under the map induced by the inclusion t t*ö = Kö .

By  the  de f i n i t i on  o f  morph isms  in  de r i ved  ca tego r ies  ,  2 .1 .1

is represented by actuar morphisms of comprexes

'Kaoo (  ' K ä ,  W )

\

K; ( K ö , W , F )  ,

where  oZ  i s  a  quas i - i somorph ism,  31  i=  a  f i l t e red  morph ism,

and 92 is  a  f i l te red quas i - isomoroh ism,  and \^ /e  ra ther  ca l l

these diagrams mixed A-Hodge comp_lexes , or a-!-.Hodg_e complexes

i f  t h e y  a r e  p o l a r i z a b l e  ( c f .  [ B e  2 ] 3 . 9 )  .  T h e r e  i s  a n  o b v i o u s

not ion of  morphisms and quasi- isomorphisms between them, and

by invert ing the Latter ones one obtains the category ofuro of

A-p:Hodge complexes up to quasi- isomorphism.:  I t  becomes a tr i -

a n g u l a t e d  c a t e g o r y  b y  t h e  c o n e  c o n s t r u c t i o n  ( [ B e  2 ] 3 . 1 o ) .

_ _ f  f  .C_ _ is  a bounded below complex in  the,  category A-MH of

mixed A-Hodge structures, there is an ;obvious mixeC. A-IIo<l.ge com-
p lex  F . '=0 -_ (C ' )  w i th  K , ,=C ' (w i th  f i l t r a t i on  f r .  de f i ned .  by

i Ä  
n  A

W K" = I^I xn) -
: 
"[ l- "m*n-' "

2 . 3  T h e o r e m  ( [ B e  2 J  3 . 1 1 )  T h e  f u n c t o r  C ' r - , - ) O t C ' - )  i n d u c e s  a n
la

equivalence of  t r iangulated categor ies between DD (A-MHp) ,  the

ggrly_qd_ cgtegg_ly 9 f_ b-ggn{e{ ."o_*pt_ex.gs_ of li1"_9t__p_o1ar i z ab Ie

A-Hodge structures, and the subcategory o$p- "- "f  o;;  ^
n  r f � L  n  t n

formed by bounded complexes.

?
2 .4  The abso lu te  (Hodge)  cohomology H;  (K '  )  o f  a  mixed A-Hoqge

complex K'  is def j -ned as the C--tn homology of the complex

RrHK'=cone (Ki€ftoK;@'oftonFoKö (ct' ß!' *Äoeoft;*ö) t -1 l,

( c r , ß ) ( t c o , k e , k c )  =  ( c r . , k o - " z k O , ß . ,  k r - ß 2 k c ) ,  f t .  =  ( D e c  w ) .  t h e
" f i l t r a t i o n  d e c a l 6 e "  ( s e e  [ B e  2 ]  p .  5 1 ) ,  w h j - c h  u p  t o  s u a s i -

( KA8Q, v^r)
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i somorph ism does  no t  depend  on  the  cho ice  o f  ' *ö ro  and  rKö  
|

i . e . 7  o n l y  d e p e n d s  o n  K '  a s  g i v e n  i n  2 . 1 . 1 .  I f  C '  i s  a  c o m -

plex in  A-MH and K'  _  0 (C'  )  ,  Rf  gK'  represents F.HomO_I{H (A ,  C '  )  ,

where  A  i s  the  t r i v ia l  (pu re  o f  we igh t  O)  A-Hodge  s t ruc tu re ,
0 0

hence  H;  (K '  )  co inc ides  w i th  the  hyperex t -g roup  Ex t i_ *  (A ,  c '  )  .

I 4o reov€r  r  v ia  O the  m j -xed  Hodge  s t ruc tu re  on  Hn  (C ' )  i s

De l igne 's  m ixed  Hod .ge  s t ruc tu re  on  Hn  (K ; )  ,  hence  the  hyperex t

spec t ra l  sequence  g ives  a  spec t ra l  sequence

*t'n = nxtf,-* (A,He (KÄ) ) =+ "fi*q (*' )( 2  . 4  . 1 )

where ExtPA-MH
p.  298 .  On the

st ruc ture  H

is the Yoneda Ext-group ,  see I  sca a] l  fc.  D .  l

other hand r \d€ obtain f or a mixed A-Hodge

nxt f ,_*  (A,H)  = nP,(0 (Hl  I  =

( 2 . 4 . 2 )

where  e :  H  -+  HC i s  the

has to show this formula

,2- .-2r.  Bei l inson def ines the weak absolute

forget t ing the weight  f  i l t ra t j -on W ,  i .  e .

be the ,q,-th homology of

f  H o E - 1  ( w o n F o H c )
l
1 

Coker (HCIvIoHeOW'

I

L o
canonical  map (  in

by other means to

, P = O  ,

oFoHu-Heoh/oH6f, p= 1 ,

rPZ2 '

r e a l i t y ,  B e j - l i n s o n

p r o v e  2  . 3 )  .

cohomology of  K '  by

,  b y  l e t t i n g  H [ - .  ( K '  )' H w

R f  - - K '  =  c o n e ( K A o K Ä e o e r o x ;  ! L 9  ' K Ä o o  o  ' * ö ) [ - 1 ] .
f{ 

\n/

In the der ived. category o+ (a) th is complex j -s isomorphic to

(  2 . 5 . 1  )  cone  (K i  o  r o *ö  +  Kö )  t - 1  l

wi th  e  -  ßs  and r  the inc l -us ion r  so  by  proper ty  2  .2  .1  h /e  ob-

ta in  a  long exact  sequence

( 2  . 5  . 2 )  . . . *  H [  (K '  )  *  H [  (KA )  o roun  , * ö )  t -  ]  r i g  r xa l  *  H . f l t x '  )  j . . .  ,
H v / '  A '  $ '  q : '  

H h / -

and induced short exact seguences

( 2 . 5 . 3 )  o - + H n - 1  ( K ö )  / e n l - 1  t * ; l + F o H [ - 1  t ^ n l  - " , 1 o , ( K ' )  - +
t l

,  i { l  (KA) f l  e l  roHn ,*ö) + O

Comparing this with the short  exact sequences

( 2 . 5 . 4 )  o  - +  E x r l - *  ( A , H  L - 1  ( K Ä )  )  -  H h ( K ' )  - +  H o m o - M H  ( A , H I  C * 1 1  I  - r  e

obtained f  rom 2 .  4 .1 and the vanish j -ng of  nxt f , -o* f  or p Z2 ,
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\^/e See that

wej-ghts are
a.- 1 g"

H  =  H -  
'  

, H

K ' ( X ,  % ) :

0
H ;  ( K '  )  - '

<o (v{ H' o

H [ . ,  ( K ' )  i s  a n  i s o m o r p h j - s m ,  i f  t h e
Lrw

="H)  for  the mixed A-Hodge s t ruc tures

?-6 . .  F ina l ly ,  fo r  k  e  T- ,  the k- th  Tate  tw is t  K '  (k )  o f  a

mixed A-Hodge complex K '  is  def ined as

'Kaoo Ee aZn rqlk (  '^ö,v^I  [  2k ]  )

312r

C ' ( X r Q )

-/ \a

( K ö , w [ 2 k ] , r l k l )  ,

and InI [ 2k ] and

= W i * Z k  e t c . ) . I f

C '  by  the  Hodge

o f  a l g e b r a i c

that  for  a smooth,

\''u
1, 1-

Ki@n z (zn ufr 1 
^ (KaoOse (2n rÄi')  ̂  

,w t 2k I )

where  ß1  ( k )  i s  i nduced  by  mu l t i p l i ca t i on ,

r [ k ]  a r e  t h e  s h i f t e d  f i l t r a t i o n s  ( V ü [ 2 k ] i

K :  =  0 ( C ' 1  ,  t h i s  c o r r e s p o n d s  t o  t e n s o r i n g

s t r u c t u r e  z  ( U )  (  [ o e  2 ]  2 . 1  . 1 3 )  .

?.J.2 We apply al-I this to the Hodge theory

var ie t ies .  I t  i s  the bas is  o f  Hodge theory

proper var iety X over C

K ' ( X ,  n )  :  R f  ( X , % )  - '  ( n f  1 X , 0 ' ) , F )

with the Hod,ge f i l t ra t ion F is  a pure Hodge complex of

w e i g h t  O .  I t  c a n  b e  r e p r e s e n t e d  b y  C '  ( X ,  Z )  +  ( Q ' _ ( X )  , F )  o r

by the mixed %-Hod,ge complex 
X

C ' ( X ,  n ) ( c ' ( X r Q )  , ! n I )

( c ' ( X r G )  , W )

\ integration
(  C I ' _  ( x )  , w ,  F )

X

wi th  t r iv j -a l  we ight  f  i l t ra t i -ons:  W_ t  
-  O ,  Wo = €v€ry th ing.  I f

\ ^ I e  d e f i n e  K ' ( X r A )  i n  a n  a n a l o g o u s  w a y ,  t h e n  b y  2 . 5  a n d  2 . 6

we have canonical  isomorphisms
0 N

, ö ( x , A ( k ) )  =  n H *

(no te  tha t  t he  Ta te  tw is t . f r . r rg "=  rno  to  Fk  ) .  S ince  H l (X rA)

has a pure Hodge structure of  weight L ,  \^re have isomorphisms

o  -  " f ; t  ( * )  / r rL - . t  ( * , o (k )  )+Fk -  "$ t * ,A (k )  )  +  H [ ( x ,A (k )  )ne - l r k  +  o

(2.7.1) 1i  t  I
o ' '  " * .1-*"(o ,HL-t  (* ,o)  (k)  )  -  " f i (K ' (X,A) (k)  )  '+  Homo-r"(o,"  (x ,e)  (k)  )  - '  o



provi  ded 9"-2k :  O .

Si -mi lar Iy ,  $ /e def ine the mixed A-Hodge complex

' c ' ( x r A g Q )  ( t O ' " o ( x )  r v ü )
' K ' ( X , A ) :  * /  \ i a  1 . 1  " ) y  \ t u

' C ' ( X r A )  ( ' C ' ( x r e o e )  , w )  ( ' e ' _ ( X )  , w r F )  ,
X

(t r iv ia l  we ight  f i l t ra t ions)  ,  and have

0 0' ^ ö ( X r A ( k )  )  =  H - , ^ , ( ' K ' ( X r A )  ( k )  )
H*

by the canonical  quasi- isomorphism

' c ; ( x r A ( k )  )  =  c o n e  ( ' c '  ( X r A ( k )  )  o  F k ' C I ' - ( x )  t - t ,  ' e ' * ( x )  )  t - 1 1v x x

i  R I H ' K ' ( X , A )  ( k )

To see that  'K '  (X ,A)  is  indeed a  mixed A-Hodge complex,  vüe

may use the quasi- isomorphism

K ' ( X ' A )  ( d )  t 2 d l  j  t K ' ( X r A )

proved in 1 .  ' l  5.

I t  turns out that one can rather s imply def ine the mixed

Hodge structure on the cohomofogy and homofogy of s impl ic ial

schemes with smooth and proper components.

Z..S .  F-Ige.g=.+!.*ol  Let X. ,  Y. be simpl ic ial  schemes orr"r  C

with smooth and proper components ,  and let  f  :  X.  -+ Y. be a

morphi- sm.
1 r \  0

a) The mgp 1 '  l  H* (x.  ,A)  Eec -+ t  
'  ' "3*  (x .  )  is  an isomorphism,

b  A  U I (  / r \  0
and there is  a  canonica l  mixed A-Hodge s t ruc ture  on '  ' " ;  (X.  ,A)
such that

i )  the Hodge f i l t rat ion is given by the Hodge f i l t rat ion on
/ l \  

. :  ^  - k ( t ) , ,  1 ,  t t t  \  . : -  L r ^ -  r - - - -  ^ - c  ! 1 ^ ^  . ! - - : ^ - r .'  ' " i l * ( x . )  
,  i . € . r  F ' - '  ' H o n ( x . )  j - s  t h e  i m a g e  o f  t h e  i n j e c t i v e

map

H [ ( x .  r F k ( ' ) o ' - )  - +  H l ( X . ,

l l .
H [ ( " ( ' ) N F k ( ' ) s U .  _ ( X . ) )  

. +  H g ( r ( ' ) N ( ' ) e .  _ ( X . ) )  |
x .  x .

i i )  the weight  f i l t ra t ions are  the ascending f i l t ra t ions ( those

for  which Gt ,  =  " ; ' t )  assoc ia ted.  to  the spect ra l  seguences

( 2 . 8 . 1 )  u ? ' n  =  ' H g ( x - p , A )  : + ' " 9 * n ( X . , A )

t . ' '  n:-"") -  t '  )  "3*(x. )
l l x
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( 2 . 8 . 2 )  " ? ' n  =  " g ( x p , A )  r +  " E * n ( X . , A ) .

b )  Af ter t .ensor ing with Q, the spectral  sequences above dege-

nerate at  Ez ,  g j-v ing cr[* ,  
(  '  )  Hl  (X. ,Aoe) as the subguot ient

, ; t  '  9 "* r  
o f  " ; t  '  L* r  

-

c )  There is  a  commutat ive  d iagram of  canonica l  pa i r ings

V o n ' " 3 * ( x . )  x ' " ; l ( x . )  - + c

( 2 . 8 . 3 )  
t t  I r  U l

I  .  - 0
ü " r o t  H ; ( x . r A )  x  r H B - ( x . r A )  - +  A

the uPper  one per fec t ,  the lower  one per fec t  a f ter  tensor ing

with 0 ,  such that v ia these

( 2 . 8 . 4 )  F - i ' " ; l ( x . )  ; H o m n ( " 3 * ( x . ) / r i * 1  , o )  ,

( 2 . 8 . 5 )  w - r , ' " ; u ( X . , A s e )  3  " o * o r e f n f  f X . , A s e )  / w n _ 1  , A E e )  ,
j - . e . ,  t H o g ( X ' ' A E Q )  i s  t h e  d u a l  o f  t h e  m i x e d  H o d g e  s t r u c t u r eg D

H;  (X .  ,AEe)  .

d)  The d iagram

Proof a) For the homology we only have to prove that

s t N t C ' ( X .  r A ) - +  ( s r N r c .  ( ) ( .  , A S Q r l ' I )  _ > ( s r N r f ) .  
" " ( x . ) r l v r F )

s r N ' K ' ( X r A ) :  l l  t . t O  X -
' c '  (  ( x .  )  , A )

is  a mixed A-Hodge complex, where the weight f i l t rat ions are
given by the second ascending f i l t rat ions of  the double com-
p l e x e s :

w *  ( s  ' N ' C '  ( X .  , A g Q )  )  _  o  ' c r  ( X _ t  ' A E Q )  ,
tcm
rEn

W *  ( s  ' N '  S ? _ _ _  ( x )  )  =
x- t<m X*,

rEn 
-E

a ,  - 0
" ; ( x , r A )  *  ' H ; - ( x . r A )  - '  A

- , t  r -  r l
o  

t * l  
- o . l f *  i l

" ;  ( Y .  , A )  x  ' " ; ' ( Y .  
, A )  - +  A

is commutative, and f * and f * are morphisms of mj-xed A-
Hodge s t ruc tures.  rn  par t icu lar ,  they are  s t r ic t ly  compat ib le
with the weight and the Hodge f i r t rat ions.
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and the

of  the

Hodge f i l t ra t ion is  induced bY the Hodge f i l t ra t ion

' n " _ ( xp )  :

P  
F k  s  r N ' f l '  

- ( x . )  = @  u k , e t o o  ( X - r )  .
r  ,  t€T., X_t

t N ' K '  ( x r A )  j - s  t h e  H o d g e  c o m p l e x

X .

Bu t  t h i s  i s  c lea r ,  s i nce  Cr [  s

o f  we igh t  m

s N K '  ( X .  , A )  :

' c '  ( X _ * r A )  [ m ] ' +  ( ' 0 ' - ( x - * )  [ m ]  r F )  .
^-m

For the cohomofogy the complex considered by Del igne in [Oe 3 ]

8 . 1  . 1  9  i s  g u a s i - i s o m o r p h i c  t o

' ( x .  
, A E Q )  ( s N C ' ( X .  r C ) , W )

\a ,rZ \ intesration

( s N C '  ( X .  r A @ Q )  , W )  ( s N O '  - ( X .  )  , W r F )
X .

where N is  the cohomologica l  analogue of  I  N above r  maPPing

a cosimpl ic ia l  abel ian group A.  to  the cochain complex NA.

w i t h  ( N A .  )  
i  =  A i  a n d  d i  =  

i t l  
( - 1 ) ' u u  ,  a n d  w h e r e

w - * ( s N C '  ( x .  , A E Q )  )  =  o  c r  ( X a , A S Q )  ,
t>m
rEn

s i m i l a r l y f o r  C I r a n d

1-

F o  ( s N s - l '  
" o  

( X .  )  )
x .

s o  t h a t  G { s  N K '  ( X .  , A )  i s

C .

sNC

/
t-/

s N C ' ( X .  r A )

c ' ( X m r a )  [ - m ]

No te  tha t  H [  ( x .  , pk  
(  '  )

s ince the sheaves "t f

= o  "ko t_  (x r )  ,
r  , L € %  X t

quas i - isomorph ic  to

(Xmra )  [ -nn ]

\n tegrat ion
( Q ' _ ( x m ) [ - m ] , F )

Äm

CI '
x .

( ' )

- )  
=  n l ( = ( ' ) N F k ( ' )  * " k ( ' ) C I ; . o o ( x . )  )  |

Aq are f  ine and hence acyc l - ic  .
oox
Ŷ

b )  B y  t h e  d . e f i n i t i o n  o f  t h e  s p e c t r a l  s e g u e n c e s  2 . 8  . 1  a n d  2 . 8  . 2

( c f .  [ O e  3 ]  5 . 2 . 3 ) ,  t h e y  a g r e e  w i t h  t h o s e  g i v e n  b y  t h e  w e i g h t

f i l t ra t ion,  as  def ined above,  hence the c la im fo l lows f rom a

genera l  proper ty  o f  mixed Hodge complexes (  [Oe 3  ]  B .  ' l  .9  ( iv )  )  .

c)  For a smooth and proper scheme X over C we have a com-

mutat ive  d iagram of  pa i r ings



3 1

( 2 . g . 6 )

( 2 . 9  . 7 )

' Q ' _ ( x )

X

I'' c '  ( x ,  c )

C I '  ( x )
6

X
IKt

c ' ( X r 0 )

- ) C

li
- r C

def ined by eva luat ion and by in tegrat ion (Mro)  r '  Jw as in

1 ,1  c ) .  I n  t he  i nduced  commuta t i ve  d iag ram M

V o' Q ' . o ( X )  H o m i ( 0 ' _ ( x )  r C )
x f v x /

e l  ü^  1 . "' c ' ( X r c )  ü u ,  
H o m n ( c ' ( X r c ) r c )

the morphisms r ln ,  e and t< V are quas i - isomorphisms ,  hence

the same is t rue for üA .

For a morphism f :  X + Y of smooth and proper schemes the

d j- agram

C ' ( X r A )  x  t C ' ( X r A )

r- | Jt.
C ' ( Y r A )  x  t C ' ( Y r A )

- r A

l t
l l

- r A

commutes by def in i t ion, hence q/A and üA are functor i -al  in

x .  Th is  g ives ana logous quas i - isomorph isms r ra  and Ua for

ou r  s imp l i c i a l  scheme X .  ,  s i nce  s  N  Homn (B :  ,C )  =  HomO(s  tNB:  ,C )
for  a  s impl ic ia l  complex B:  o f  C-vector  spaces.  Moreover ,

{ ,A comes f  rom a pair ing

Y a :  s N C ' ( X . r A )  x  s N C ' ( X . r A )  + A  ,

and \^/e may de f ine the pairings 2 . 8 . 3 by the latter and q/CI .

s ince q /a  is  a  quas i - isomorph ism,  üon is  per f  ec t  ,  and th is

impl ies  the per fec tness o f  ü" re  ,  and then o f  üeraOe ,  be-

cause the t  '  I  " *  (x .  ,  Q)  are  f  in j - te -d imens iona l  vector  spaces

e  ( ' r H * ( x . , e )  
E c :  t ' ) H 3 n ( x . )  a n d  ( ' ) H * ( X . , A s e 1  3

/ f  \  0.  , " ; ( X . r Q ) S ( A 8 Q )  .

Obv ious ly ,  the pa i r ings V are  compat ib le  w i th  the f i l -

t r a t i o n s  F  a n d  v ^ I  ( V ( v ^ I i s v ü j ) = * r * j e t c . ) r i f  v r e e n d o w  A

and  c  w i th  the  t r i v i a l  f  i l t r a t i ons  ,  i . € .  r  ü r  ro  
i s  a  pa i r i ng

of mixed A-Hodge structures into the tr iv ia l  Hodge structure A.

H e n c e  $ I e  o b t a i n  t h e  m o r p h i s m s  2 . 8 . 4  a n d  2 . 8 . 5 ,  w h i c h  m u s t  b e

isomorphisms by the non-degeneracy and the str j -ctness of

morphisms of mixed Hodge structures.

d )  The  func to r i a l i t y  i s  c lea r  f rom the  d iag ram 2 .8 .7  and  i t s

simpl ic ial  analogü€ r  and f*  and f*  are morphisms of mixed
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A-Hodge structures sj-nce they are induced by morphisms of mixed

A-Hodge complexes.

?J r .  We want to apply this to prove the Hodge theoret ic state-

ments  in  the proof  o f  1  .  1  B.

Let X be smooth and proper over C or lR ,  and l -et  Y c X
N 1  r

b e  a  d i v i s o r  w i t h  n o r m a l  c r o s s j - n g s .  L e t  Y  =  Y '  l l  . . . 1 1  Y -  b e

the normal iza t ion o f  Y (  Ya the i r reduc ib l -e  components  o f

Y ,  which are smooth and proper) ,  and let  ?.  = .oskX ? be

the coske le ton o f  V /x  (see [oe 3  ]  5 .  1  )  .  Th is  j -s  the same as

the  ne rve  o f  t he  cove r ing  Y  =  UYr  ,  i . € .  r  ?m cons i s t s  o f

the  (m+1)  - f o ld  i n te rsec t i ons  o f  t he  Y i  t hen  V . .  ' +  Y  i s  a

proper hypercover j-ng, and hence has descent for the Borel-Moore

homology.  S ince 'Cy(X,  n)  computes the Bore l -Moore homology

o f  Y  ( c o m p a r e  1 . 1 4 . 1  a n d  [ e [ , I ]  3 . 5  b ) ) ,  w e  s e e  t h a t  t h e  m a p
.tTn in the fol lowing commutat ive diagram is a quasi- isomorphism

u

Y ) ( x ) - + ' Q ' - ( x )  i r Q - . Y > ( x )  - ) o
X X

O  +  r f ) '

X

S

( 2 . 9 . 1 )

S

"" (?' )

? .  , A  ( k )  )

t  
t x  r v l

J 6

:
Y .

Y .
' t

c

, A

( o n
@

t
l l T

' N ' f )

t'
I

' N ' C

I
JN

C ;  ( X

C" x

I ( k )  )  - '  ' c '  ( X , A  ( k )  )  - +  ' c '  ( x r Y  r A  ( k )  )  - +  o

O n  t h e  o t h e r - h a n d ,  L f  \ ^ / e  l e t  ' 0 i " " ( o n  Y ) ( X )  -  K e r  o  a s  i n c l i -

ca ted,  f i '  i s  a  f i l te red quas i - isomorph ism for  the Hodge f i l -

t r a t i o n  b y  [ r u ] 3 . 7 . 1  ( t h e s t a t e m e n t  f o r  l x . Y > r c f  .  2 . 1 1  g )  b e l o w )

Together  \de obta in  canonica l  quas i - isomorph isms ßC,  ßF and

ß,. ,  s i t t ing in a commutat ive diagram
I l  

ß n

C o n e ( s t N t C '  ( Y .  r A ( k )  ) ' '  s ' N ' C '  ( X r A ( k )  )  + i  r C '  ( X r Y r A ( k )  )

L o  
o

c o n e ( s ' N F ^ ' o ' - ( V . )  +  " ' N F k ' f , ) ' * ( x )  )  b  F k ' C I ' - . 1 ,  1 * )
Y .  X  X

I

( 2 . s . 2 )  J r - ,
C o n e ( s t N t 0 ^ - ( ? . )  - )  s t N t

Y.

ß o
j '  r 0

X

s i m p l i c i a l  o b j e c t  i n

o

J'-,
-<Y> (  x )

I
o ' o o ( x )  )

X

M o r e  g e n e r a l l y ,  l e t  ( X .  r y .  )  b e  a



;*  .  Then for each n \^/e get a proper hypercover ing ?* -+ y-  n .  r I
as above r '  hence a bi-s impl ic ial ,  scheme 7. .  and a morphism

of  s imp l - i c i a l -  schemes  u  :  AY . .  -+  Y .  -+  X .  ,  where  Z .  =  ^? . .  i s

t h e  d i a g o n a r  o f  7 . .  ( s e e  [ o e  3 ] 0 . 4 ) .  B y  l o o k i n g  a t  t h e  s i m -

p l ic ia l  ana logue o f  2  .9  .2  ,  app ly ing the normal - iza t ion functor
'N and then the E j - lenberg-Z i lber  quas i - isomorph ismr  w€ nour

obtaj-n a commutat ive diagram wj- th quasi- isomorphisms ß
u *

C o n e  ( s t N ' C '  ( 2 .  t A ( k )  )  - -

o
k  u *

C o n e  (  s  t  1 , 1 p ' t  I  g '  
* ( z  . )  +

Z .
( 2  . 9  . 3 )  J ,  u *
C o n e  ( s  r N ' Q '  

_ ( 2 . )  
- - - - - ?

z .
Here the le f t  co lumn is

mj-xed A-Hodge complex
u *

K '  =  t K '  ( u )  =  C o n e  ( s t N r K ' ( 2 .  , A )  ( k )  - - *  s r N ' K .  ( X .  r A )  ( k )  )  ,

z.  and x.  having smooth and proper components ,  hence v/e can
apply al l  propert ies of  mixed A-Hodge to the r ight corumn.

I n  p a r t i c u l - a r  ,  t h e  m a p  r  o f  1  . 1 8  . 2  i s  i n  j  e c t i v e  b y  2  . 2  . 1  ,
and,  s ince the above quas i - isomorph isms are  functor ia l  in
( X .  , Y . 1  ,  a  m o r p h i s m  f  :  ( X .  , Y .  )  - '  ( X :  , Y :  )  w i l l  i n d u c e  m o r -

phisms in the deRham homology, whj-ch are str ict ly compat ible

with the Hodge f i l t rat ion, s ince they come from morphisms of

m i x e d  H o d g e  s t r u c t u r e s  f  *  :  H *  ( ' K '  ( u ) O )  +  H *  ( ' K '  ( u ' ) a )  ,  w i - t h

ur  :  A?:  .  -+  X!  def ined as above.

In  fac t ,  by  us ing  the  canon ica l  guas i - i somorph isms  ßC,ßF
and ß,. ,  for " t ransport  de structure" ,  $/e can put canonical

T I

mixed A-Hodge s t ruc tures on the homology o f  rc '  (  (X.  ,Y.  )  ,A)
=  s ' N t C ' ( X . r Y . r A )  ,  v a r y i n g  f u n c t o r i a l l y  i n  ( X . r y . )  ,  s u c h

that the Hodge f i l t rat ion is given by the Hodge f i l t rat j -on of

H * ( s t N ' 0 . , _ . " . > ( X . ) )  =  H * ( s t N t C ' ( X . r Y . r A ) ) @ A A  .  B y  t h e  s a m e
X .

c o n s t r u c t i o n s  a n d  a r g u m e n t s  a s  i n  1 . 1 7  a n d  t h e  p r o o f  o f  1 . 1 8 ,

we obta in  the fo l lowing resu l t .

2 . 1 O  T h e o r e m  a )  L e t  Z be a separated scheme of  f in i te  type

over C ,  then there is a canonical  mixed A-Hodge structure

on the Borel-Moore homof ogy ' "*  tX rA) ,  g" € a ,  such that the

s t N t c ' ( x .

e
v

s t N F " t e '
X .

Iv
s r N r Q '  (

6

) ( .

the  d iag r

, A ( k ) ) )  b = ' N ' c ' ( x .

- ( x . )  )  - lE  = ' * rL ' 92?

, Y . , A ( k ) )

c o < Y > ( x ' )x .
ß o  t

x . )  )  - - +  s ' N ' n ; . " o . y . > ( x . )  .

am KÄ @ to*ö + Kö for rhe
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Hodge  f i l t r a t i on  i s  t he  Hod .ge  f i l t r a t i on  o f  ' u f * t z l  :
?'H :  (  z ,A )  E^c  and  fo r  a  p rope r  morph ism f :  z  +  z '  t he  maps

D 0 t \

f * l  ' "J(  z-)u -+ ' "#f  z '  ,A)  are morphisms of  mj-xed A-Hodge struc-

t u r e s .

b)  For  the tw is ted Poincarä ual i ty theory given by

x  " 3 f x , A ( b )  )

d

(

I

\

as mixed A-  

\
Hodge s t ruc turesf

w h e r e  n l  t X , A ( b )  )  =  ' " ; t  ( x , A ( - b )  )  ,
( [ e O ]  1 . 3 )  a r e  m o r p h i s m s

z +  x  ' . ^ ^ - > " i , z ß , A ( j ) ) =  " i ,  z $ , A )  (  j  )

=  n :  ( X , A )  ( - b )

a l l  morph isms occur r ing in

of  mixed A-Hodge s t ruc-the axioms

tures .

2 . 1  1 .  R e m a r k s  a )  T o  p r o v e  2 . 1 O  b )  f o r  t h e  c o n n e c t i n g  m o r p h i s m s

o f  t h e  l o n g  e x a c t  s e q u e n c e s  1 . 1 . 1  a n d  1 . 2 . 3  i n  [ e O ]  ,  n o t e  t h a t

the la t ter  come f rom exact  t r iangles of  mj-xed A-Hodge complexes

K;  - '  K ; '+  K ;  +  ,  and  hence  the  connec t ing  morph isms come f rom
l z 5

morphisms of mixed A-Hodge complexes Kä + Ki  t  1 l

b )  Al l  construct ions for Del- igne cohomology and homology can

be made on the l -eve l  o f  mixed Hodge complexes.  Thus,  Be i l inson

in  I  ee 2 ]  def  ines mixed Hod.ge complexes K '  and 'K '  fo r  ar -

b i t rary  var ie t ies ,  and obta ins  abso lu te  Hodge (co)  homology cr

De l i gne  ( co )homo logy  by  app ly ing  R fH  o r  R f , , ,  t o  t hese  ( see

2 .4  and  2 .5 )  .  One  cou ld  and  pe rhaps  shou ld  p r8n "  a l l  s ta te -

ments  about  Del igne (co)homology a long these l j -nes.  fn  [ee 2)

Bei l inson def ines the homolog ica l  complexes as dua ls  o f  com-

plexes with compact support  K; ,  but one may also def ine the
I  K ' - comp lexes  by  s ta r t l - ng  f  rom '  K '  (X ,  A )  as  de f  i ned  i n  2  .7

a n d  u s e  t h e  c o m p l e x  t K ' ( u )  i n  2 . 9  f o r  a r b i t r a r y  s c h e m e s .

c )  By only working with s impl ic ial  schemes with smooth and

proper  components  in  2 .8  and 2 .9r  w€ have avo ided put t ing weight

f i l t r a t i o n s  o n  ( c o m p l e x e s  q u a s i - i s o m o r p h i c  t o ) ' C '  ( X , Y r A )

and  '  n ' - . ">  (X )  and  then  us ing  the  more  d i f  f  i cu l t  r esu l - t  o f
v

D e l - i g n e ?  l o e  3 ]  8 . 1 . ' l  5 ,  t h a t  a p p l y i n g  s N  ( r e s p .  s ' N )  t o  a

cos impl ic ia l  ( resp .  s impl ic ia l  )  mi -xed Hodge complex aga in  g ives

a mixed Hodge complex.

d )  I n  [ g e  1  ]  1 . 8 . 4 ,  B e i l i n s o n  s e e m s  t o  a s s e r t  t h a t  n C  a n d  r C I
in  2 -9 -1  above  a re  embedd ings ,  wh ich  obv ious l y  canno t  be  t rue .
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e)  The  d iag ram 2 .8 .6  commutes  w i th  ou r  s ign  conven t ions ,  bu t
n o t  w i t h  t h e  o n e s  i n  [ D M O S ]  p p .  1 3 , 1 4 .

f  )  The  cons ide ra t i ons  i -n  2 .9  show tha t  G i l l e t ' s  de f  i n i t i on
of De l - igne homology I  c i  2]  Ieads to the s ame groups as here .
g)  The nota t ions used for  cur rents  in  the l i te ra ture  are  qu i te
diverse. For the convenience of the reader we compare our no-
tat ion with that of  Fu j  ik i  [ ru ]  and King tKi  I  ,  for  a smooth
proper  var ie ty  x  and a  d iv isor  w i th  normal  c ross ings
i :  Y  - +  x ,  w i t h  o p e n  c o m p l e m e n t  j :  u  c >  x ( d  =  d i m  x )  .

here King Fu j  i k i quas i : isomorph lc  to

o ' -
X

CI' _aY t
x

0 ' _  ( n u } l
X

' 0 ' _ t  - 2 d  l
X

,  o ' 1 2 d  ( o '
X

-  - . - 2 d' 5 J  '  
_  < Y >

X

Ax

Ai  ( los  Y)

A*  (nu l l  Y )

,o ;

' ? *  ( o n  Y )

'  D ; ( l o s  Y  )

Ex

tri /*
,o ;

' t X . " t

,  D; /o ;<Y>

Y )

5.3,,.4i-e*e'],I'-.8-osngga-.8_€.ge-.r:c-gLle-gsgs

c

Rj *  j  *c

j , j * c

c

I
i * R i ' c

R j * j * c

category  o f  reduced,  quas i -

va r ie t i es  i n  t h i s  sec t i on .

has the Qui l - len spectral

. 4

E  K r  / \ . , \-p+q  ^ ' p+q t^ r  '

o n  * t * ' ( p )

the  re -

Y )

For a f ie ld F ,  let  Vt be the
pro jec t ive  schemes over .  F  ,  ca l led

RecaLl that for a scheme X one
sequence o f  homolog ica l  type IOui ]S

( 3 . o )

where K I  denoces Qui l len t  s K-th€or1z of  coherent sheaves
i s  the  se t  o f  po in t s  o f  x  o f  d imens ion  p ,  and  r ( x )  i s
s i - d u e  f i e l d  o f  x  €  X .

E 1  =  o
P r g  x € X .  . K p * q ( " ( x ) )  

= '

( p )

3 . ' l  .  L e m m a  I f  X i s  a  var ie ty  o f  d imens ion d  over
j-s a canonical  j -somorphism

o  r c ( x ,  
x  d i v ,  o  z )  3  " Z u _ 1 6 / F , B ( d - 1 )

x € X  r  r .  x € X ,- - - - - ( d )  
r d - 1 )

i s  t h e  d i v i s o r  m a p  I  e u i  f 5  . 1  4  ,  I  c r a y  J  .

F  - l R  o r  C  ,
)n .  a . -  / x )r ' l  '  " d ,  

1 - d  
'

where d iv  =

there

=  K e r (

t ' lo d ,  
1  - d

) ,
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Proof  F i rs t  assume that  X is  smooth o f p u r e  d i m e n s j - o n  d .

Then v/e have canonical  isomorphisms

?  -  x  n  1  1  1 q  l )u ä , r - a ( x )  =  0 ( x )  ä r g  3  n $ t x ,  n ( 1 ) )  ' ' J t >  , l u - 1  ( x  ,  % ( d - 1 )  )  ,

s e e  [ n V ]  2  . 1  2  c )  f o r  p  .

In  genera l ,  X  conta ins  a  smooth open subvar ie ty  U o f

pure dimension d such that the complement Y = X\U is of

smal ler dimens j -on. From the long exact homology sequence

1 .19 .1  and  the  van ish ing  resu l t  i n  1 .2O \ ^ /e  ob ta in  a  commuta t i ve

exact diagram
n

o -+  ,5a_1  (x  ,  z (d -1 )  )  ->

( 3 . 1 . 1 )  I
) l

o  +  E ä , 1 _ d ( x )  - '

t  (u  ,  z  (d -1 )  )  -+  , ' ru - ,

( * )
d i v

tD

y€Y

, r 0n 
2d.-

f
0  ( u )x

a l g

( Y ,  n  @ - 1 )  )
4\
1 1  . 2 O
a

( d - 1 )

de f in ing  the  do t ted  i somorph ism we need .  S ince  every th ing  i s

func to r ia l ,  i t  does  no t  depend  on  the  cho ice  o f  U  .  The

commut ing of  (  *  )  can be seen as f  o l l -ows .  By passing to the

normal izat ion and us ing the covar iance for  f in i te  morphisms

we may assume that  X j -s  normal ,  hence regular  in  codi -mension

o n e . B y r e m o v i n g s u b v a r i e t i e s o f Y o f d i - m e n s i o n < � � � � �

may assume that  X is  smooth and hence pass to Del j -gne coho-

mology.  By 1 .2O \^7e may rest r ic t  to  Bet t i  cohomology and

f ina l ly  have to check that  for  smooth X

( 3 . 1  . 2 )

H l t u ,  % ( 1 ) )

t
I

o (u) ärn

-+

d iv

' 3 , v ( x  '  % (
A

l " t

1 ) )

B

A'

is  commutat ive, where .1g is the

wel l -known,  in  fac t ,  more or  less

(compare  I sca  + ] l t cyc le  I  2  .  1  )  .

o
Y € Y  ( d - 1  )

re la t i - ve  cyc le  map.  Th is  i s

the def  in i t ion of  the l -a t ter

3 - .2  .  By  the  de f  i n i t i on  o f  the  Chern  c lasses  and  charac te rs

wi th va lues in  the Del igne cohomology

( 3 . 2 . 1 )

( s e e  I e e

( 3  . 2  . 2 )

c , c h  :  K * ( X )  - +  
i \ o " l t - m ( X , A ( j ) )

1 l  2 .3  and  [ sc f r ]  54 ) ,  f o r  smoo th  X  t he  compos i t e

K1 (x )  eS  o  (x ,  l rn  3  n [a ,  n  ( )  )
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co inc ides  w i th  "  
1  ,1  

=  "h1  
,  1  

.  We noh /  sha l l  show tha t  fo r  gene-

ra l -  X  o f  d imens ion  d  the  compos i te

) p - , 0( 3 . 2 . 3 )  K i  ( x )  - )  t ; , t - a ( x )  :  H z a - 1  ( x , % ( d - 1 ) )  ,

where the f i rs t  map comes f rom the spect ra l  sequence 3 .O,  has

a  s im i l a r  i n te rp re ta t i on .

The Riemann-Roch theorem as formulated by Grothendieck

[SCe  6 ] ,  us ing  Chern  c lasses ,  Ko  and  Kä  ,  has  been  re fo rmu-

l-ated and extended by Baum,. Ful ton and MacPherson [ef ] ,11 by

usi-ng certain natural  t rans f  ormat ions r  between Kä and homo-

fogy.  Gi l le t  has shown how to  ex tend th is  to  h igher  a lgebra ic

K- theory  r  i f  one has a  tw is ted Poincar6 dua l i ty  theory  sat is -

fy ing cer ta in  fur ther  proper t ies  I  C i  1  ]  .

Bei l inson has wri t ten down another set of  axioms which

assures the ex is tence o f  the wanted t ransformat ions,  and he

has proved that  the Del igne (co- )homology sat is f ies  these

axioms ,  the main points being the fol_lowing ones.

The Del igne cohomology can be obtained as the ZarLski

hypercohomology of certain complexes

A  ( p )  
o  , r u ,  G € n  )

o n  t h e  ! : _ g  z a r i s k i  s i t e  o f  U n  ,  s e e  [ B e  1 ]  1 . 6 . 5 ,  a n d  [ E V ]
5.5  for  a  s l igh t ly  weaker  s ta tement .  The Poincarä dua l i ty  iso-

morphi sms
u 2 d - ä t . .  z . t Ä - l - \ \  

r u  n
n 0 - , r - - ( x , A ( d - b ) )  - +  H ; ( Z , A ( b ) )  ,  ä , b  €  n  ,

for Z cl-osed in a smooth var i -ety X of pure dimension d

is induced by quasi- isomorphj-sms

( 3 . 2 . 4 ' � )  R f z ( X , A ( d - b ) 0 , r u ) ;  , C ö ( Z , A ( - b ) )  
,  b  €  n  ,

which fol low from the corresponding quasi- isomorphisms for X

and j : X:Z = U c-+ X and the commutative diagram

'  R r  (X ,A  (d -n  )  o  , zu )  
;  ' cb (X ,A  ( - b )  )

j *  +  + j *

R f  ( u , A  ( d - b )  
D  , r u ,

;  '  c b ( u , A  ( - b )  )

b y  t h e  c o n e  c o n s t r u c t j - o n  ( c f .  1 . 1 5  a n d 1 . 1 9 . 3 ) .  F i - n a r l y ,



3 B

t hese  da ta  sa t i s f y  t he  cond i t i ons  a )  f )

f o r  d )  compare  the  p roo f  o f  3 .1  above .

l-n I e e  1 ]  2 . 3 ;

The ax ioms of  Be i l inson and Gi l le t  do not  imply  each o ther :

ü lh i le  the homology groups o f  Gi l le t  do not  necessar i ly  ar ise

f rom ( func to r i a l l y  g i ven )  comp lexes  i n  o+ (aU)  ,  t he  Gys in  i so -

m o r p h i s m  a n d  i t s  p r o p e r t i e s  ( [ C i  1 ]  1 . 2  v i )  a n d  v i i ) )  a r e  p o -

s tu l -a ted by Be j - l inson on ly  f  o r  the complexes o f  g loba l  sect ions

R f ( x r - )  .  A s  f a r  a s  I  c a n  s e e ,  t h i s  s u f f i c e s  f o r  a l l  t h e o r e m s

proved by Gi l l -et  in I  Ci  1 ]  ,  however the compat ibi l i ty of  the

Po inca rä  quas i - j - somorph ism (c f  .  3 .2 .4  above )  w i th  open  immers -

ions should  probably  be inc luded in  Be i l inson 's  ax ioms to  ob-

ta in  a  canonica l  res t r ic t ion map in  homology and proper ty  i i i )

o f  [ C i  1 ]  4 . 1  .

In  any case,  the Del igne (co-  )  homology sat is f  ies  a l l  the

axioms, hence for the universal  case A = A vre obtain :

3 .  3 .  Theorem There are homomorphisms for = l R

or c l

x  i n  u r r F

compatible with the covar iance for proper morphisms and contra-

va r iance  fo !  open  immers ions  o f  bo th  s ides  such  tha t  t ( [ 0 *J )
= Td (X)  n  t l  ,  where r l  i s  the fundamenta l  c lass  in  the De-

? r r
l igne homology and Td (X)  €  u9o Ho "  (X,  Q (v  )  )  i s  the Todd c lass

of X , and, such that for a c-fosed immer sion Z -+ X the

fol lowing diagram is commutat ive

r :  K ; ( x )

( .3 .3 .  1  )

( x )

where ch is the

[ c i  1 ]  ( 2 . 3 4  i i ) )

' +  o  H ! - 2 b ( x , e ( b ) )  ,
ben  m- m

K ; + n ( z )  ,

s u p p o r t  ( c f .

(  e  _ H 2 D t . ; ^ ( x , e ( j )  )  )  o  (  e  H : _  2 b u , e ( b ) ) )  
g  e  H

j € n  v  r  L  
b € n  r t -  z D  

c € %
n_  2 [ , 2  , a  (  c  ) )

0
m+

l.
I

t

I
I
I

EK Zm

ch8t

K;  ( x )

Chern  cha rac te r  3  .2  .1  w i th

*; (zt :xf i tx lFor smooth X the canonical  j -somorphism
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\urrd(x)

@  H f J  " * ( * , e ( j )  )
j € n v f u

/
r  ^  ?  ( p o i n c a r 6

I I  l x ' d r r . r i t y )

t e r m s  j - n  e  n S J t u , e ( j ) )  ,
j > o  v

3 . 4 .  E x a m p l e  S i n c e  T d  ( U )  =  1  +

we have a commutative diagram

D nH z a _ 1  ( X , e ( d - 1 ) )  -  ^ ) a _ r  ( u , e

nd-l " ' l  nd-l " ' l

K i  ( x )  K i  ( u )

can be obt

3 .  3 .  1  i m p l

( 3 . 3 . 2 ) n l ?

( 3 . 5 . 1 )

a ined

i e s  a

xfi rxl
I

xr ll
,1,

K ; ( z )

as capproduct  w i th  [0*J  e

commutat j-ve diagram

e  H 7 ) " * ( x , e ( j ) )
j e n  v  ' L

I
n r (  0*J  )  |

Iv
--+ e Ho^ -,- (X, e (b) )

b€a  m-  l I )  -

K;  ( x )  r  so  tha t

Converse ly ,  the proof  o f  the theorem cons is ts  in  showing that

one may def ine r  by this diagram .

( d - 1 )  ) "$r) . 1 s
T-._ , Q ( 1

A

| .r'
I
I

1  ( u )

) )  .

nd -  
1

U

K

) )

1 1 1

el -

where  nd -1  i "  t he  p ro jec t i on  on to  "o ru -1  ( - , e (d -1

r i s o n  w i t h  3 .  1  .  1  s h o w s  t h a t  3 . 2 . 3  c o i n c i d e s  w i t h

af ter  tensor ing wi th  O .

Compa-

O T

3 .5 .  Reca l l  t ha t  the  Q- ra t iona l  mot i v i c '  (o r  abso lu te )  cohomo-

Iogy and homology of  a  var ie ty  X over  a f ie ld  F can be de-

f ined  as

" t ( x , e ( j )  )

^l
" ; ( X , Q ( b ) )

=  * r j - i ( x Y ( j l  ,

=  ' " ; t ( x , Q ( - b )  ) = K;- zbffi) 
(-b)

where K*  (X)  (  j  )  denotes the subspace o f  K* ' ! * )  q  
=

Km(X)  @nQ r  or r .wh ich the Adams operator  r | , ^  ac ts  as  mul t i -
p l ica t ion by  k l  fo r  every  k

Note that the def in i t ion of  the Adams operators ' ,1,k on

K ; (X )  ( ca l l ed  Ok  i n  [Sou  1  7 .21  requ i res  the  embedd ing  o f

X into a smooth var iety W and then changing the Adams oper-

a t ions on the re l -a t ive  K-groups x f r  tw l  =  K;  (X)  by  mul r ip l i -
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cat i -on wi th  cann iba l is  t ic  c lass  es  o f

independ ent of v^i

n** to make everything

3.6 .  Lemma Let  W be smooth of  pure d j -mension d ,  X c  W
i l  ^tr

a c losed immers ion,  and n i ;  €  ,äa(W,  Q (d  )  )  :  CHa (1 ,ü)  g  (c f  .

a )  be low)  be the fundamenta l  c lass  o f  W ,  cor responding

the cyc le  c lass  o f  W .  Then the fo l lowing ho l -ds .

a )  c h ( K * ( w ) ( j ) )  =  Y i t , * * t * , Q ( j ) )  ,
t h \  n

b )  r ( K ; ( x ) t " ' )  c  H ; _ 2 b ß , Q ( - b ) )  f

c  )  the capproduct  wi th  t#  induces a commutat ive d i -agram

be

3 . 8

to

" i l , * (w ,e ( j ) ) c h \
-: -  K I  .

Z J - I

^ t  l ,n '.;;t
( w )  ( j ) , b  , * ( w , e  (  j  )  )

, l
) | noincarä dr:ality
V

n
H z a _ i  ( x , Q  ( d - i  1  1

tD

( 3 . 6 . 1 )

, r 0

Proof The f  i rst  property is proved in I  Scfr  ]  54 ( t f re proof

there a lso works wi th  suppor ls  ) ,  and by I  Sou f  7  .2  iv )  one has

x x ( r d ) ( j )  n r # = * ; ( x ) ( j - d )  B y 3 . 3 . 1  a n d  l s o u J 7 . 2  w e h a v e- - m ' - - '

a commutative diagram

"'i K
Y

( 3 . 6 . 2 )  n [ ( ) v f l n '
V

* ( * )e  +  K* (w)  ( j )

'.l: "# I
0 ( j ) )

( n*)

Q ( v )  )  ,

wi th  the graded terms for  the y- f i l t ra t ions on the le f t .  The

isomorphisms g are j -nd.uced by the inc lusions ** ( !ü) (  j  )  
=

i
t?**  (vü)  

e 
and * ;  (x1 (  u)  

= tü* ;  (x)  
0 ,  and rhe lef  r  square is

commutat ive s ince t  0* l  = n$ + terms in FI-  1K;  
(w) 

0 
s ince

^ l n f i
. ( n w )  -  " L 0 ( t w l )  =  n ;  €  ^ z a ( v ' I , Q ( d ) ) r  s € €  3 . 8  b )  b e t o w ,  a n d  r h e

capproduct wi th i t  g ives the Po j -ncarä dual i ty isomorphism, the

remain ing c la ims fo l low.

'  " !a- i  (X,  e (d- i )  )  =x; j - i  (x)  (  j -d)  - - - r - -+
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3 . 7  .  T h e  d i f  f e r e n c e  b e t w e e n  3 . 6 .  1  a n d  3 . 3  . 2  i s  e x p l a i n e d  b y

the fact  that the capproduct wi th ng does not coincide with
Y ' w

the canonical  isomorphism Kf i  ( ! ' I )  
0 

5 *;  (*)  
O 

.  The lat ter is not

even compat ible with the Adams operators as remarked above.

However,  one has the commutat ive di-agram 3 .6 .2 ,  and can use

the isomorphisms p in i t  to descr ibe the mot iv ic cohomology

v ia  the  Y - f i l t r a t i ons .  Th i s  i s  d .one  by  sou16  in  [ sou  1 ]  ,  and

he proves that

z 4  x  h " ^ 9  ^ h , r ( x , Q ( j ) )  ,

x  r , , . ^ ) "1  tX ,A(b) )  ,

def ines a  tw is ted Poincarä dua l i ty  on U"  ,  w i th  the re-

s t r ic t ion - - it ha t  , i l ,  r ( x ,  Q  (  j  )  )  has  so  fa r  on l y  been  de f i ned

for  X smooth.  Then 3  .6  c  )  can be in terpre ted by say ing that

the  maps  tD  and  ' rO  in  3 .6 .1  ,  wh ich  Be i l i nson  ca l - I s  t he

regu la tor  maps,  are  morph isms between tw is ted Poincarä dua l i -

t i es ,  i n  t he  obv ious  sense .

3 . 8 . Lemma a) Af ter tensorj-ng

3.  O degenerates a t  E2 on the

nonica l  isomorph isms H{*  (x ,  e  (  j
M .  ru  )  

4 'J

n ' ) : + t ( X ' Q ( j ) )  =  " l * 1 , - j ( x ) o  '

b)  V ia  the isomorph isms in  a)

is  g iven by the cyc le  map.

i ,  j  €  %  f

ä r b  €  n  ,

0  ,  the  spec t ra l  sequence

p+q  =  O,  1  and  g ives  ca -
/ \ ' \  c H - r ( X ) ^  a n d

, - j t ^ ' Q  J  \ c

wi th

I i nes

) )  = 82.
J

Proo f a )  h a s  b e e n  p r o v e d  b y  S o u l 6  [ s o u  1 ]  5 . 2 ,  a n d  b )

fo l lows f rom the case j  =  d im X by functor ia l i ty .  fn

case i t  amounts to the equal i ty r  t  n{)  -  n!  ,  which can

checked in  the Bet t i  homology by 1 .2O,  where i t .  i s  we l l

r  - t z  " \ : ( x , e ( j ) )  -  r o r j ( * , e ( j ) )

thi s

be

known.

1  .2O and  3 .  1  imp ly  tha t
n

^ z a ( x , Q ( d )  )

T)
H i a _ 1  ( x , q ( d - 1 ) )

3 . 9 . fn view

, t 0

o f 3 . 8  b )  a n d  3 . 4 ,
AT

" ä u  ( x ,  Q  ( d )  )  ;
( 3 . 9 . 1 )

l r- D " ! u -1  ( x ,e (d -1  )  3

are  i somorph isms  fo r  X  o f  d imens ion  d  ove r  IR  o r  C .

S imi lar  isomorph isms cannot  ex is t  in  g :enera l  ,  because Bei l inson



has proved that for a smooth var iety X the image of the re-

gulator map

r o z  " i l ( X , Q ( j ) )  ' +  " ä ( x , Q ( j ) )

is  countable for i

Note  ,  however ,  that  Be i  l inson 's  con j  ec tures in  par t icu lar

would imply,  that for a smooth and proper var iety X over 0

the map

( 3 . g . 2 )  t D  =  c h :  " t l , { ( x , e (  j )  )  E  I R  - )  " ä ( X , R  (  j )  )

i s  su r j ec t i ve  fo r  i

s t a t e m e n t  o f  t h e s e  c o n j e c t u r e s  ( [ e e  1 ]  3 - 4  a n d  [ s c r r ]  5 5 )  f o r

i
-: ,, c1

a:z j -1  tx ) ;BH2) - ' ( * ,R( j -1  )  )  + r2 j - ' ( * ,q /H2 i -2  ( * ,n  ( j )  )+F} - ,H l t - t  (x ,Rü)  )

map above, by the commutatj-ve

i *  ) Ä - 1
( j  )  )  - - - - - )  ^ - D ' '  ( x ' r R  ( j  )  )

4\

0  l ' oI
( j )  )  - - - - )  " " t - '  ( * , Q ( j )  )

is  conta ined in  the image of  the

diagram

" ' ru-2j-1(

3 . 9

2 i - 1
) )  + -  H ; 'r u  _  

U  r Z

2 i  - 1
) ) +- Hi,'

r u  M r Z

z , Q  ( d -  j

f. ' l  t5
I

z , Q  ( d -  j

( X ,  Q

,lt

l r
I

I

( x ,  Q

fo r  Zr3  X o f  cod imens ion j -1  and the f  ac t ,  that  c l  (  t  z  I  )

€  Im  i *  by  func to r i a l i t y .

The  su r jec t i v i t y  o f  3 .9 .2  wou ld  have  a  remarkab le  conse -

quence, by the fol lowing property of  the mot iv ic cohomology.

3 . 1 0  L e m m a  F o r  a  s m o o t h  v a r i e t y  . X . ,  " t 1 , , {  ( x r O ( j ) ) .

i n  c o d i m e n s i o n  :  i - j  ,  i . € . r  N r - - ' " t t ( x l Q ( j ) )  =  H f i

fo r  the con iveau f i l t ra t ion Nv o f  H i l  ,  def ined

\ )  i
*u" t (x ,e( j )  )=  u  rm(Hf i  , r ( * ,e ( j )  ) *H i l (x ,e(  j )  )  )=  u  KerGr f i tx ,Q(  j )

has support
( x , Q ( j ) )

by

)*Ht (r-z ,e ( j )
7EX closed of
cod.imension

compare Ieo]

7ß. closed of
codimension

Proo f For smooth X the

in cohomological

spect ra l  sequence

no ta t i on  ( x  (P )  -  { x

3 . O  i s  u s u a l l y

€ X l c o d i m  x  =  p ]wr i t ten
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( 3 . 1 0 . 1 )  E ? ' 9 ( x )  -  o / - \  K  ( r ( x ) )  +  E p + q  =  K _  / w \
*a i  (  e)  

' * -p-q '  -p-q '^ '  '

v ia  the isomorph ism K; (x)  :  Km(X)  and re index ing.  Soulä  has

proved that  3 .  1  O.  1  induces a  spect ra l  sequence

( 3 . 1 O . 2 )  " f  ' 9 ( X )  ( j )  =  O , _ , K  - _ r r ( r < ( x 1 1  
( i - n )  

* n P + e ( j )  - K  _ ( X ) ( j ) ,
x€x  (p )  -p -q  '  - p -q  '

s e e  [ S o u J  5 . 2 .  O n  t h e  o t h e r  h a n d ,  f o r  a  f i e l d  F  o n e  h a s
/ . r \

K * ( F ) t v r  =  o  f o r  v > m  ,

b y  r e s u l t s  o f  S u s l - i n  [ S u 1  ( s e e  [ S o u ]  T h m .  2  a n d  5  i i ) .  T h i s

i m p l i e s  E ? ' q ( x l ( j )  =  O  f o r  j - p > - p - q  .  F o r  - p - q  =  2 j - L

v / e  s e e  t h a t  E f ' 9 ( * ) ( j )  =  o  f o r  p < i - j  ,  h e n c e  t h e  p a r t  o f

t h e  s p e c t r a l  s e q u e n c e  3 . 1 0 . 2  c o n t r i b u t i n g  t o  " i l ( ) ( , Q ( j ) )  =
( ;

K r u - u  ( x )  " )  l i v e s  i n  c o d i m e n s i o n  > i - j  ( n o t e  t h a t  3 . 1 O . 2  i s
Z J - L

compatible with restr ict ions to open subvariet ies and that

I i *  E? ' t (x -z)  (  j  )  =  O where z  runs over  a l - l  subvar ie t ies  o f

codimension 5p )  .

Be i l i nson  th inks  tha t  t he  map  3 .9 .2  i s  a l so  su r jec t i ve  fo r

a smooth and proper var iety x over IR ;  by 3 .  10 this would

imply

-3.1.J -.l l.o,9g_9;?:,so-p.jgc_ggr-e- (Beilinson Iee 1 ] 1 . 1o) rr x is a
smooth and proper var iety over ,C
has support in codimens j-on i- j  ,

't

i n  H ö ( X , I R ( j ) )  t h e r e  i s  a  c l o s e d

s ion i - j  such that  x  l ies  in

a n d  i < 2 ) , r h e n  " i t x , n ' ( j ) )
j - . e . ,  f o r  e v e r y  e l e m e n t  x

subvar ie ty  ZcX o f  cod . imen-

t h e  i m a g e  o f  H *  , ' ( X ,  l R ( j ) ) ,
v  t L

t h e n  c a n o n i c a l l y  " ä  ( * ( * 7  .  .  .  )
' o

t  q  S p e c  c  +  s p e c l R  ,
. . )  o

3 . 1 2 .  R e m a r k s a) Note that , i f \^re regard . X as a scheme over
IR  v ia  po :

:  " ä ( * roo , .
b) Recal l  that t f rE uiual  Hod.ge .  con jecture is equl-valent to

t - l

s a y i n g  t h a t  t h e  e l e m e n t s  i n  ^ ; t  ( X r e ( j ) )  n  g ) t J  a r e  s u p p o r t e d
j - n  c o d i m e n s i o n  j " .  f n  f a c t ,  B e i l i n s o n f  s  f o r m u l a t i o n  [ e e  1 ]

1 . 1 0 . 1  c o m b i n e s  b o t h  c o n j e c t u r e s  a n d  i n c l u d e s  t h e  c a s e  L  = 2 ) .

c )  I n  I ae  2J  Be i l i nson  genera l i zes  the  Hodge-O-con jec tu re  to

arb i t rary  smooth var i .e t ies ,  but  a t  l -east  a  par t  o f  th is  is  d is -

proved in [ , la ]  .  Namely f  or non-proper var iet ies X there are

counterexamples aga ins t  the sur jec t iv i ty  o f  the map

* r  ( x )  (  j )  - +  e r F T ) i * r . j " 3 j - 1  t X , e ) n r j  H 2 i - 1  ( X , c )  ,
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a l ready  fo r  d im  X  =  2  and  j  =  2 .  f n  v iew  o f  t h i s ,  i t  wou ld  be

ve ry  i n te res t i ng  to  tes t  con jec tu re  3 .11  fo r  p rope r  su r faces

a n d  ( i , j )  =  ( 3 , 2 )  ( s e e  t h e  e x a m p l e  b e l o w ) .

3 .-1 3.- ETamp.Ie Let us

standard sequence for

isomorphisms

H 2 ) - 2  ( X , R (  j - 1 )  )  n n j - 1

cons ide r  t he  case  L  =  2 j -1  .  By  the

D e l i g n e  c o h o m o l o g y  ( s e e  2 . 7  . 1 )  w e  h a v e

, i - 1  3  H 2 i - 2  ( X , c  )  / H 2 ) - r  6 , r R (  j )  )  +  F j  3

__DHäa_2j+1 (z , R (d^- j ) )

( 3 . 1 3 . 1 )  ' t 0 T
^tr

Häa_ 2j+1 (z ,Q (d-  j  )  )  o,  n

, . B t
,,2o e -  

i + 1  , - d +  i ( z )  
o  R

f o r  z  3 x  o f c o d i m e n s

;  H Z J - 1  ( * ,  R ( j ) )  ,U

but no simj- lar isomorphism with support  j -n a subvariety Z ,

s ince the Hodge theory  is  d i f fe rent .  Hence the con jec ture  does

gg.q assert  that the cycles in the lef t  group are supported in

cod imens ion j -1  in  the Bet t i  sense (which is  fa lse ,  compare

3 .12  b )  )  ,  bu t  one  rea l l y  has  to  work  w i th  the  De l j -gne  ( co l  homo-

logy. The commutat j -ve diagram (a = dim X)

the map ' tD on the le f t  fo l l -ows as in  3 . ' l  ,  shows that  for

L  =  2 j -1  con jec tu re  3 .1  1  i s  ac tua l l y  equ iva len t  t o  t he  su r jec -

t iv i ty of  the regulator map t0 on the r ight.

r  f  ,s ing is the sincrular io"u= of z ,  one has a commu-

tat ive diagram
n  G / 1  ' \ r  K  . , 0  

'  
-  1

u v  I r 7, ' 2d . -2 )+ . t  , - , IR (d - j ) ) . - 5  H5a -2 j+ , ( z - zs r -ng , rR (d - j l l  = r i ( z - zs r -ng ,R , (1 ) )

( 3 . 1 3 . 2 )  ' t r I fo
:  o (  z. . t t t . . . .zsi-ns) I rn,E3-  j+1  , j -a  

(z )  L  >  n l - j+1  
, j - , c  

(z :zs in9 '

s im i l a r l y  f o r  X :Zs ing  ,  i n  wh ich  K  i s  i n jec t i ve  by  1 .2o .  By

t h e  d e s c r i p t i o n  o f  p  i n  [ n V )  2 . 1 2  i i ) ,  2 . 1 6  b )  a n d  2 . 1 7  w e

have a commutat ive diagram for a smooth var iety U

I

0
j )

n

x

r

(

i

(

I

0

1

,

,

Z

X

l
,

(

V

1

2
0

1

H

Z

j

2 j
M ,

H

no

+-

+

i

R ( j

t
) t o

rvhi

) )

]R

-l

ch

- ,  " 3 t - ' ( " ,  r R ( j ) )

l r ,
- ,  "?n t - l  (X ,e(  j )  )@e *

l f  ' ' t
E3-i+1 

,-d+ j 
(*) s R

the sur jec t iv i ty  o f

'DI
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n [ rc ,  rR (1 )  )  :  {e  e  c * (u ,  rR)  l a r  e  n$  <D> (ü )  i

l * " l o s f  =  l o s l f l  t r = R e e
I

( 3 - 1 3 - 3 )  t I I  { t p e  r ( u , G / 1 R ( 1 ) l a , o e  n } < D > ( ü ) }

lä  =  expe f " . . , .I

o ( u "  i "  ( -  
z ( 1 ) ) l d o €  

1  -
) " r n  < -  t t p € r ( u , 0 / % ( 1 ) ) l d e e  C I g  < D > ( Ü ) ]  ,

i f  u  i s  a  good  compac t i f i ca t j - on  o f  u  = ,  Ü -o  ( i . e . ,  Ü  i s

smooth and proper ,  and D is  ad iv isor  w i th  normal  c ross ings) .

S i m i l a r  t o  [ U V ]  2 . 1 4 t  t h e r e  i s  a  d e s c r i p t i o n  o f  t h e  r e a l  D e l i g n e

homology 'u${v,  R (k) )  as the .q,- th homofogy of the comprex

( 3 .  1  3 . 4 )  c o n e  ( r k ' e . , - . D > ( ü )
U

where I  Sü is  the complex

is  the  p ro jec t ion

' Q * . D > ( Ü )  - r ' C I ' _ ( U )  =  ' S ; @

U U

n k - 1  "  1
_: :__-  'sü (k_1 )  (u)  )  t_1 I  ,

of  real -valued currents and nk_1

c ' +  ' S ü s  R ( k - 1 )  : =  ' s ü ( k - 1 )

i n d u c e d  b y  t h e  d e c o m p o s i t i o n  c : I R ( k )  o I R ( k - 1 )  T h i s  i s  c o -

var j ,ant  in  (Ürn)  e  ob (?* )  .  ,  and.  one has the po incarä dua l i ty

quas i - isomorph j -sm Sü 1 '  1  a)u  'Sü ( -d)  t -2d I  .  Us ing th is  f  o r  su i t -

ab le  good compact i f i ca t ions o f -  z -zs ing and X:Z=in9 r  3 .  1  3 .3

for  Z-Zs ing,  and.  3 .13.1  for  Z-Zs ing and X:Zs ing ,  one ob-

ta ins  the fo l lowing.

v i a  
_ t O ,  

a  f a m i l y  ( f s )  i - n  t l -  j + 1  , - d + j ( x )  
( i . e . 1  f o

€  c ( x s ) '  ,  c o d i * x ( I o )  =  i - 1  ,  a n d  l - d i v ( I * i  =  o  )  i s  m a p p e d

t o  t h e  c r a s s  i n  
" 1 2 3 - 2 1 a ; , ,  

n 1 ( ; - 1 )  n H 3 - 1 , i - r o  r " n r e s e n t e d .  b y  t h e

current

f :  t , l  P  :  I _ - . : - -  l o s l f , ,  l u r .
(2ntH) o- l+ I  c l r ,  ,  o l r ; t "n 

J .

This has to be interpreted in an appropr iate \n/ay, s ince this

c u r r e n t  i s  n o t  c l o s e d  a s  i t  s t a n d s .  V i a  3 . 1 3 . 4 ,  t h e  i m a g e  o f
( f o ) i s t h e c 1 a s s o f t h e c 1 o s e d c u r r e n t f * n - . n ü = f � �
1  

-  
1  i -  1  r  2 i - 2  .  ? , i - 2  . - -  ] : . '  .

+  r t t  * + ( - 1 ) , '  v  i n  H ' J - z  ( X , R ( j - 1  ) )  / H z J - z  ( X , h ( j - 1 )  )  n  1 r l + r l )

?  H 2 j - 2 ( * ,  n 1 ( j - 1 ) ) n  H j - 1 , i - 1  ,  w h e r e  ü  i s  a n  e l e m e n r  o f

r j tQ  - ( x )  w i th  d . f  = -T r - :  . dü  .  Th i s  g i veg  the  same resu l t  as
x-  l -  |

f  ,  i f  h re  i n teg ra te  aga ins t  (d -  j  *1  ,d -  j + l  )  - f o rms .  S ince  a  cyc$

o f  deg ree  2 ) -2  i n  r l  +  r l  i s  a  sum o f  cyc les  i n  F l  and  FJ ,

the above class only depends on f  and coincides with the cl-ass

cons t ruc ted  by  Be i l i nson  i n  [ee  2 ]  6 .
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Conc lud ing ,  Be i l i nson fs  Hodge-D-con jec tu re  i n  t h i s  case

amoun ts  to  say i -ng  tha t  H2) -2  ( * ,  t r t  ( j - 1  )  n  H  
j -  1  ' i -  1  i =  genera ted

by  such  cu r ren ts .  Here

e s s e n t i a l :  i f  Z  =  U  Z o

c o n s t a n t ,  s o  f  i s  a n

c l a s s e s  o f  t h e  Z  
o  

a n d
) ; - )  / r - , r \ \  ;  * i - 1( H ' t  - ( X , Q ( j - 1 ) )  

n  H

t he  s ingu la r j - t i es  o f  - supp ( f )  a re

i s  smoo th ,  a l l  f o  a re  necessa r i l y

lR- l- inear combinat ion of  the cycle

in  pa r t i cu la r  l i es  i n
; - 1, r  , )  

E l R .

S4 Be i l i nson ' s  con jec tu res  fo r  mo t i ves  w i th  coe f f i c i en ts

and a  re formula t ion

Both  fo r  the  in t roduc t ion  o f  coe f f i c ien ts  and  fo r  De l igne 's

re formul-at ion and in terpretat  j -on of  Bei  l inson '  s  con j  ecture the

language  o f  mot i ves  i s  essen t ia l  r  so  h re  sha l l  b r ie f  I y  reca l l

t h e  d e f i n i t i o n .

4 .1 .  Be i l i nson  app l i es  Gro thend ieck ' s  genera l  p rocedure  to  the

fu l l  Chow groups.  So for  a  f ie ld  k  and a  number  f ie ld  E he

s ta r t s  w i th  a  ca tego ry  C(k rE )  ,  whose  ob jec ts  a re  symbo ls  EX

for each smooth project ive var iety X over k ,  and whose ho-

momorphism sets are the ü-vector spaces

Hom (Ex ,  EY)  = a "d im "  ( * xy )  EE  ,

w i th  compos i t ion def  ined by the in tersect j -on product :  fo r

f  € H o m ( E X t , E X 2 )  a n d  g  € H o m ( E x Z , E x 3 )  o n e h a s  9 o f  =

P t : * ( p I Z t ' n ) r S )  w h e r e  p i j t  X 1  * X 2 * X 3  - +  ) ( t x X ,  a r e  t h e  p r o -

j ections . Note that X l^,^^">EX then becomes a covariant f unctor ,

by send.ing f : X -' Y to the graph of f in X x Y . Then the

ca tego ry  M(k ,E )  o f  mo t i ves  ove r  k  w i th  coe f f i c i en ts  i n  E

is  obta ined f  rom C (k ,  E)  by  format ly  ad jo in i -ng images o f  pro-

j ec to rs  and  i nve r t i ng  the  Le fsche tz  ob jec t  E ( -1 )  de f i ned  by

the un ique decomposi t ion EP1 = E Spec 0  O E ( -1)  .  Hence every

mot i ve  lM  in  M(k ,E )  i s  g i ven  by  a  t r i p fe

l M  - -  ( X r p , r )  |

wi th X smooth and pro ject ive over k ,  P € CHdi* 
*  (*  xX) EE ='

E n d ( E X )  a n  i d e m p o t e n t ,  a n d  r e  % .  F o r  l N  =  ( y r q r t )  o n e  h a s
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H o m ( M  , a ü  )  =  q  H o m ( E X ( r ) , E y ( t )  ) p  =  q c n d i *  Y * r - t ( X x y ) p ,

note  that  Hom (Ex ( r )  ,  Ey ( t  )  )  :  " "d im Y*r - t  ( *  xy)  En is  a  le f  t

End (EY)  -  and a  r ight  End (nx1-modure,  EX ( r )  =  EXEE (  t  )  
E t  =

( X r i d r r )  .

By replacing the Chow groups by other groups with s imi lar

formal  proper t ies ,  o ther  not ions o f  mot ives are  poss ib le  and

wi l l  in  fac t  be needed la ter .  Hence \^ /e  ca l l -  the ob jec ts  o f

M(k ,E )  Chow mot i ves  to  d i s t i ngu i sh  them.

4  .2  .  f  f  one  has  a  tw is ted  Po inca rä  dua l i t y  t heo ry  (H* ,  H*  )
on VX with a cupproduct in the cohomology such that the

cyc le  map is  compat ib le  w i th  th is  product  s t ruc ture ,  then one

can extend H't .  to M (k ,  E )  as f  oI  lows .  Let

H i ( E x ( r ) , j )  =  u i * " ( * , j * r )  o z E

f  € H o m ( E x ( r )  r E Y ( t ) )  d e f i n e

( 4  . 2  . 1 )

and for

f ' F  :  H a ( n v 1 t ) , j )  - +  H a ( E x ( r ) , j )

b y  f * ( o )  -  ( n r . ) *  ( c l ( f )  U  n $ ( a ) )  .  H e r e  t h e  G y s i n  m a p
,  r  - - i + 2 d i f t  y r -  ,  

t  
r  r  1 j  i , ,  

'
( n x ) *  :  H '  - ( E ( x x Y ) ( r - t ) , j + d i m  y )  ' +  u t ( E x ( r ) , j )  f o r  t h e

pro jec t ion nXt  XxY - )  X is  def ined v ia  the Po incarä dua l i ty

isomorphism and the covar iance of homology for proper mor-

phi jsms .  This extends to M (k,  E )  in an obvious \^ray by let t ing

H i ( n v l  , j )  -  p * H i ( n x 1 r ) , j )  f o r  r \ , I -  ( X , p , r ) .

Examples for k = 0 ,  which \^/e shal l - .  a lways assume in the

f o l l o w i n g ,  a r e  H o n ,  H e t  ,  H 7 r  € . g . ,  " ä ( l M E l R r A ( j ) )  =

_ _  { ,  r , , 4 *  z E  ,  _ .p*  [H i ' - "  ( *  
ö  

R  ,A  (  j + r )  )  @nEf  .  lVe  can  a l so  app ly  th i s  t o  the

motiv ic cohomology, and by the compat ibi l i ty of  the Chern

character with the product structure the regulator maps
'  

Q ( j ) )  - +  r ' 0 ( " r e R , I R ( j ) )  a r e  c o m p a t i b l e  w i t h  t h etD  :  H f r (x ,
act ion of  correspondences p ,  hence can be def j -ned for mot ives.

Recal l  that one obtains mot ives for absolute Hodge cycl-es

by replacing the Chow groups above by the groups of absolute

Hodqe cycles zÄH (-  )  of  t i re sane codimension I  oe 4]  O .  9 ,  and

then passing to the oual cateEory,  to obtain agreement v l i th

loc .  c i t . .  Thus  the  cyc le  r r räps  CHI - ( xxy )  -+  z fo ( I { xy )  ae f i ne

a contravar iant functor f  ron i l , l  (e rE )  to this category.  rn
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par t icu l -ar ,  fo r  i  €  n  we can def ine E-mot ives for  abso-

r u t e  H o d s e  c y c r : =  " i . " ( l v l  I  
=  p * [ " i ; t t ( x ) ( r )  o  E ]  ,  h a v i n s

r e a l i z a t i o n s  " 3 * ( l r , I )  ,  " ä . ( m e ö , e L )  a n d  " ; ( 1 4 @ c , e )  w i t h

the induced compar ison isomorph isms IDe 4 ]  SO

The numberings are such that everywhere where cl-assical ly

stands an X \^re can wri te a Chow motive 14 .  Conversely,  i f

a  reader  wants  to  fo l low the res t  o f  th is  chapter  w i thout

car ing for Chow motives, he may read X where h/e have wri t ten

a n  I { .

4 . 3 .  T h e  i - t h  L - f u n c t i - o n

an  Eu le r  p roduc t .

( 4 . 3 . 1 )  r , t ( l r [ r s )  -

w h e r e f o r  L  + p

of a Chow motive

i

l l L ; ( l , r , s )  r
p

M  i s  d e f i n e d  a s

( 4 . 3 . 2 )  " ; ( M  , s ) = L p ( " ä a ( I 4 s  e , e r )  , s ) = _ /  de t  (  1 - r r *p
-= 

t "äJr4-ru,e/ tn)
p

tn an inert ia group at p in Ga l -  t  OZO ) anä trn a geo-

metr ic  Frobenius  in  the cor responding decomposi t ion groups.

Note that "äa (  u o , ,  gL) is indeed. a f ree Q{.8 E-mod.u1e ,  as

fol lows from the comparison isomorphisms with n* t  u Ec, Q) EQ a .I J '  
_ L

By  the  usua l  con jec tu res  on  L - func t i ons  ( see  [Se ]  and  [pe  4 ] )

the above determinants are in u I  p-s ]  ,  independent of  L + p,

and the Eu1er product converges for Re s

analy t ic  funct ion wi th  va lues j -n  C @ E oy r  egu iva lent ly ,  an

a r r a y  ( .  . .  r " ;  ( l M  , s )  , .  . .  )  ,  i n d . e x e d  b y  o  €  H o m ( E r c )  ,  o f

C -va lued  L - func t i ons ,  by  the  i somorph ism c  E  E  :  uHom(E 'o )

( c f .  [ O e  4 1  2 . 2 . 2 )  .  B y  t h e  W e i l  c o n j e c t u r e s  p r o v e d  b y  D e l i g n e

this is t rue for ru -  (X, id ,y)  ,  i f  \^ /e remove the f  actors L1p
for  those p  ,  where X has bad reduct ion.  By spec ia l iza t ion

of  cyc les  and the Lefschetz  t race formula  th is  ex tends to  ar -

b i t r a r y  I t { =  ( X , g , r )

Conjec tura l ly ,  L t  ( lM ,  s )  has a  meromorph ic  cont inuat ion

and a funct ional  equat ion

( 4 . 3 . 3 )  ( L - . L ) a ( M , s )  =  ( e - . e ) a ( n v 1  , s ) . ( L . L ) - t ( u u r 1 - s )  ,

w i th  the Chow mot ive n \ , Iv  =  (Xret rd im X-r )  .  Here the ant i -

invo lu t j -on t  
on End (Ex)  =  a"d im 

X (xrx)  @ E is  the map in-

duced by t ranspos i t ion  o f  the two fac tors  o f  XxX .  The e-
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factors , i  as the L-factors Li  onry depend. on the i - th

z-adic  reat izar ions "ä.  (  u  oö ,eL)=y*  t  "ä t "  ( * 'od ,e .L( r )  )  sE l
as  QzsE-Ga r (g tU -modu res  ,  and  t : (M ,s )  anä  r l t u ,= )  a re
determined by the i - th  Bet t i  rear j -za t ion "ä  ( lM oc, lR )  =

p*  [  "ä*"  ( * reG,  ]R ( r  )  )  OU I  as  lR E E-Hodge s t ruc ture  wi th  "  in -

f i n i t e  F roben ius  "  ( see  I  oe  4 ]  55  )  .

The following lemma shows the agreement with thg formu-

l a t i o n  g i v e n  i n  [ o e  4 ]  5 5  ,  s i n c e  b y  d e f i n i t i o n  L l  ( M  , s )  =
-r

L ( H i H ( r M  ) , s )  .

4 4.  Lemma One has canon ica  I l y Hfr (uv I = "i." (l ',r ) v (E-duat)

Proof For a f i e ld  R  and  f i n i te -d imens iona l  R-vec to r  spaces

ArB one  has  a  commuta t i ve  d iag ram o f  canon ica l  i somorph isms

Ho*REE ( ASE , B@E )
t t  

)  H o m R S E (  ( B S E ) u ,  ( A @ E )  )

tr
H o m * ( B v  r A v )  @ R E  r

where tr  denotes the transposi t ion and v the dual for REE

and R '  respect ive ly .  Hence i t  su f f ices to  show,  that  for

var ie t ies  X and Y o f  d imens ion d  and e  r  r€spect ive ly ,

and a  cor respondence f  €  Hom(QXTQY) = C. 'e  / rz - ' \  the cor res-I l  \ t r ^ r / Q

pondence  f  t  €  CHe  (yxx ) ,  =  Hom(Ay  (e )  ; 0x  (d )  )  i näuces  the

transposed maps via Poihcarä dual i ty in the real i  zaLions ,  L.

€.  ,  that wi th the canonical  t race morphisms tr  the diagram

t'
Hom*(A ,B)  O*n

1

H ;  ( Y , R )

I
f 'ß |

Iv

t r@idg_--+

) a -  i
x  H ; -  

t ( Y , R ( e ) ) - +  H 2 e ( y , R ( e ) )  3  R

t l
tl
tl

4  (X ,  R ) H 2 d - i  ( )  - r  H 2 d ( x , R ( d ) )
t tx

c o m m u t e s ,  ?  = D R r 6 t  a n d B r a n d ' R = Q r Q [  a n d . Q r r € -

spect ive ly .  Th is  fo l lows f rom the formula

t t x  ( px *  ( n f  ( v )  u  c I ( f  )  )  u  x )  =  t r x r v  ( pü  ( y )  uc r  ( f  ,  u r i  ( x )  )

=  t r y , x ( p ü ( v ) u p { ( x ) u c 1 ( f t ) )  =  t r " ( v  u  p " * t n { t x ) u c l ( f t ) )

where \^/e have used the relat ions trx p** = trx*y = try"x ü *

R

Ir r'r 
.

x , R ( d )

) ,
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and  ü*Ü*  =  i d  ,  f o r  r f  :  XxY  + "YxX the  t ranspos i t i on .

Bei  l inson pos tu late s  the ex i  s tence of  a Chow mot ive l t {o

with

( 4  . 4  . 1 )

( 4  . 4  . 2 )

- i
L  

* ( X 4 v  
r s )

" : t ( l , I v , s )

(The equal i ty  4  .4  .2  fo l lows f rom [Be 1  ]  3  .  1  .?d the resu l ts

4 . 1 4  a n d  4 . 1 5  b e l o w ,  a n d .  t h e  e q u a l i t y  ( L . L - _ ) - t ( u u , s )  =
_ @

' l n

( L . L - ) t ( I ' I " i * s )  t o t l o w s  b y  c o m p a r i n g  4 . 3 . 3  w i t h  B e j - I i n s o n ' s- @ '

funct ional  equat ion) .  For lM _ EX one can take I4o = EX, too,

by the hard Lefschetz  isomorph ism

HiH (x )( 4 . 4 . 3 )

= r , i  ( l to ,  i+s )  ,
i n

=  L : ( 1 { " r i + s )  .

for  i

and  a  c lass  o f  an  ampre  d i v i so r  L  €  cH1  (x )  .  s  j - nce  4  .4  .3  i s

not  compat ibre  wi th  the act ion o f  cor respondences,

Irtay to d.ef ine I4o in general . Of course, \^re have

"i",r<) n

Since we only need the L-funct ions 4

in any case can be computed from }1 via

wri te everything with the more canonical

see  no

( I , I o  , s )  =

. 4  . 1  a n d  4  . 4  . 2  ,  w h i c h

4 .4 r  v/€ may and shal  l

motive ntlv .

I
_ i
IJ

L ( ( q * ) o H i H ( x ) , s )  f o r  M -  ( X , q , o )  ,  w h e r e  ( q * ) o  i s  d e f i n e d

by the commutative diagram

( 4 . 4 . 4 ) ( q * ) o !.I
I
I

I
{/

" i"  (x) E
uu-: " i f i- i  (*) (d-i)" i

the problem is to show that (q* )  
o = (qo )  *  for some idempo-

t e n t  q o  €  C H d ( x x X ) "  s o  t h a t  o n e  c a n  t a k e  u o =  ( X , e o r o )  
:

4  .5  .  Reca l l  that  fo r

phi sms

H i + t  ( * x I R ,  l R ( n )" 0

( 4 . 5 . 1 )

+ 1 we have canonical .  isomor-
1

n
z

1 !  " l * (x "m.  )  /H !B(XxrR,  rR(n )  )+Fn" i * (Xx IR )

d i:  " ;  ( xx rR ,  rR (n -1  )  )  /F "H IR(xxn .  )
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used  in  the  fo rmu la t i on  o f  Be i l i nson ' s  con jec tu re  fo r  X
I scrr  ]  S s .  s ince then also n+ L+2r 

1 ,  and. er

compat ibl-e with the act ion of  correspondences r  w€ obtain the same j-so-

morph isms  w i th  1 , I -  (X re r r )  i ns tead  o f  x  .  F j -na11y ,  i f  t he
" i n t e g r a l  p a r t "  H i l  6 n , Q  ( * )  )  c  H f i  ( X , e ( * )  )  ( s e e  I g e  1  ]  2 . 4 . 2 . 1 )

is  compat ib le  w i th  Gys in  maps,  one can def ine s imi lar  subspaces
i

" t ( M n , Q ( j ) )  c  n i l ( M , Q ( j ) ) ,  a n d  t h e n  B e i l j - n s o n r s  c o n j e c t u r e  f o r
a  Chow mot ive 1{  over  O wi th  coef f ic ients  in  E can be s ta-
ted as fo l lows

4 . 6  C o n j e c t u r e

a l  L e t  p i , ,  : _
- i  v

L  
- ( 1 , I '  

, s )  a t

Let  n

ord -s : l - n

s  =  1 - n  I

l-

2
L

+  1  be  an  i n tege r .
- i  v*  (  I t , I  ' '  ,  s  )  be the mul t ip l ic i ty  of

b )  The regulator map rOOlR :

is an j -somorphism.

p i , ,  =  d im*  o t  ä *1  
( * t lR ,  lR  (n )  )  .

" i l *1 (wra,  e (n)  )  en -" ;*1 (non,  rR(n))

then

c )  L e t  R ( i , n )  b e  t h e  E - s t r u c t u r e  o n  d ? t , * o r " ä ] 1  ( u o * , , r R ( n ) )

de f i ned  by  de t "H f ;  ( r v ro rR ,  rR  (n -1  )  )  o lde r "F "H i *?uJ  l=1 ,  v j . a  rhe
exac t  sequence

o - '  , " "J * ( lMO IR)  '+  H f r  (uE n ,  rR(n -1 )  )  +  " ; * t  ( *E  rR ,  rR(n ) )  -o

l I I
r " H j * u )  o n  " ; ( r M E R , e ( n - 1 ) y  E r R

- o .
a n d  l - e t  L - t ( t u r ' l  - n ) *  =  l i m  ( s - ( 1 - n ) )  

u i r n " i ( t r [ v , s )  
b e  t h e

s-+'l -n
lead ing  coe f f i c i en t  o f  1 - i (  I , t v r s )  a t  s  =  1 -n  .  Then

t o ( d e t u u f i * 1  (  M n , e ( n ) ) )  =  L - i (  r r { v , 1 - n ) * . R ( i r n )

F o r  n = l +  12 ' '
3 . 7  a n d  3 . 8 .  f f  a l s o

p of bad reduct j -on

4  .5  a  )  f o l l ows  f rom

p l i c i t i es  o f  t he  L1

or

the

a r e

the

, c f

i + 1
T  we  re fe r  t he  reader  to  [ee  1 ]

E u l e r  f a c t o r s  l l t l M , s )  a t  p r i m e s
p

non- zero for Re s ,  
+  1  ,  con jec tu re

funct ional  equat ion ar id the known mult i -

.  [ B e  1 ]  3 . 3 .  a n d  4 . 1 5  b e l o w .

4 .7 .  ExampLes  a )  Le t  x  =  spec  F  fo r  a  number  f i e ld  F

which i -s Gal-ois over A .  The Galois group G = Gal @ /A) acts



on F f rom the le f t  and hence on X f rom the r ight .  For

o € G d.enote by oX the corresponding automorphism of X

and the i -nduced e lement  in  End (Ex)  =  cHo (XxX)  @ B '  one eas i -

Iy checks that o l> oX induces an E-algebra isomorphism

E l c l o p  ;  E n d ( E X )  ,

E tc lop  be ing  the  oppos i te  a lgeb ra  o f  t he  g roup  r i ng  E [G ] .  Fo r

a cohomology theory g* the assj-gnment o

g ives the usua l  le f t  ac t ion o f  G obta ined by functor ia l i ty ,

and  (ox ) *  i s  t he  ae t i on  o f  o  1  .  Any  i dempo ten t  p  €  E tG l

def  ines a  mot ive  lM = (EX,  p)  =  EX,  P ,  O)  ,  and in  th is  manner

o n e  o b t a i n s  t h e  c a t e g o r y  o f  A r t i n  m o t i v e s .  L e t  V  =  E [ G ] p t :

H o m "  ( E t c l p ,  E )  ,  w h e r e  ( I a o o )  t  =  I . o g - 1  .  T h i s  i s  a  1 e f  t  G -

module ,  hence a  te f  t  "e  =  Gal  (  rc /A)  -module  v ia  the canonica l

pro j  ect ion r :  "e -++ G .  f  c la im that

L o ( M , s )  -  t , ( v , s )  |

w h e r e  L ( v , s )  =  T T " n ( V , s )  i s  f o r m e d  a s  i n  4 . 3 . 2 ,  v i a  t h e  g e o -

metr ic Frobenius elements.  In f  act  ,  Lf  \^/e use an embedding

cx,: f a+ ö to identify

"3 . (x* re ,e .Q,1  3  runo(xx 'Q)=o[x (o)  =  0 t " * (F 'd '  ä  a .q , tG] ,

f : n o ( X t r d ) ' + Q [  r \ ' ^ - ^ . ^ . . >  E f ( f m ( S p e c o , o x i d ) ) o

"e
ac ts

o u  I

( i  =

acts  v j -a  f i  as  le f t  mul t ip l ica t ion,  and for  r  €  G ,  r *

as r ight mult ip l icat ion by r-  1 .  Hence Ho (  1 ' I  sO ,  Qg )  =

E t  G I  p t  as  Gr-mod.u le  ,  so  the resu l t  f  o1 lows by 4  ;3  .2  -

Now Bei l inson has shown that the regulator maps

o ,  n

rpErR :  a ln<nxo10(n))

IZ
K2rr_t  (0r , )  o E I  rR

1- +  H ö ( E X @ ] R , ] R  ( n ) )

lz
-+ r{ tn<en, rR(n-1 ) ):trR (n-1)x (a) 

l+on

-  
0 *

are  i nduced  by  the  maps  K2r r - t  ( 0 r )  +  K2 r , -1  (A )  -+  IR  (n -1 )  '  f o r

0 0  €  H o m ( F , C ) ,  a s  d e f i n e d  b y  B o r e l  ( s e e  [ B e  1 ]  A  5 - 2 ) .  H e r e

0- is the r ing of  integers in F ,  and 
+ 

denotes" the f ixed'
.H'

space for the involut ion o act ing via the complex conju-

gat ion in  n{  (n-1  )  and X (A)  -  Hom (F,  C)  .  Fur thdrmore the

n u m b e r  " 1 - r ,  €  ( I R o  E ) " / E *  s u c h  t h a t
\ r  / / r t \

t o ( d e t u K r r r - t  ( 0 r )  I  E )  =  " 1 - r ,  d e t " t O ( n - 1 ) x ( a ) l * E E
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can be determined by choos ing an EIG]- isomorph ism

0 :  w : =  t e ( n - 1 ) x ( a ) , + r  E  I  K 2 r , - t ( 0 r )  o  n : -  K

and  tak ing  the  de te rm inan t  o f  ( rD  I  IR )  o  (0  I  i d rn )  w i th

respect  to  an E-bas is  o f  W .  Thus,  by  the commutat ive  d ia-
gram

rO EIR ttl
]R]R

( 4  . 7  : 1 )

l xov lGo

I
flcr*oid
v

p K  O

lwovl Gon

. l

$1*ttu
pVtI E IR

Ir,,igv] 
Gg

I

f*"tu
p v l  @

08 idR \
r.E IR

TD ]R

w h e r e  o w ,  t w  E  E [ c ] p t l c  3  H o m " ( E [ c l p , w ) G  3  p v , ü  e t c .  a r e  t h e

c a n o n i c a l  E I C ] - i s o m o r p h i s m s r  \ r r €  s e e  t h a t  B e i l i n s o n ' s  c o n j e c t u r e

i n  t h i s  c a s e  a m o u n t s  t o  t h a t  o f  G r o s s  ( s e e  [ N e u ] ) :  t h e  l e a d i n g

c o e f f i c i e n t  o f  L A r t i r r ( v r s )  -  L ( v v r s )  =  l , o ( l q u  r s )  a t  s  =  1 - n

shou ld  be  thede te rminar r t  o f  the  map 4 .7 .1 .  Here  Vv  =  Hom(VrE)
ru
=  E t c l p  i s  t h e  d u a l  o f  V  =  E t c l p t  ,  a n d  L A r t i r r ( V , s )  i s  t h e

Ar t in  L -se r ies ,  de f ined  v ia  the  a r i thmet i c  F roben ius  e lements .

b )  L e t  l M = ( x r p , r )  b e a c h o w m o t i v e . s a y t h a t  ( r [ r i r f f i )  i s

c r i t i ca r ,  i f  ne i t he r  r , l t r u ,= )  no r  " ; t ( l , I v r1 - s )  has  a  po le_
at  s  = m .  This means that  m is  cr i t ica l  for  the associated
motive for absoLute Hodge cycles " i "  (  I , I  )  [  oe 4]  2 .3 .  ,  and by

4 .15 i t  impt ies rhat , ; t*  1 (  *u ErR ; 'ä (  1 -m) )  vanishes provided
i

m < 
Z r  The l  Be i l insonfs  con jec ture  has to  be in terpre ted in

the \^ ray  that  L- l -  ( i l  ,m)  €  (n  o  E) ' /n '  i s  the determinant  o f

the isomorphism

t t -*" ;ä r*u )  o rR 3 " ; t  (uv o rR ,e (-m) )  en

" ; t  ( ryrv  I  rR,e ( -m) ee (1-m) Eu,- / " ; t  ( ruv ER,e (  1-m) )

wi th  respect  to  the ind icated E-s t ruc tures .  By 4  .4  th is  map is

dual to
i

H ; ( 1 , I @ I R , Q ( m ) ) o n  + "i* ( rtr) /r'm"i* ( 14 ) @ rR .
Hence we may compute the determinant of  the lat ter (  [  Oe 4]
5 .  1  .3 )  ,  wh ich  by  de f  i n i t i on  i s  t he  pe r iod  c+  ( r i "  ( I 4  )  (m)  )  .
l t7e  conc lude that  Be i l inson 's  con jec ture  for  c r i t i ca l  ( lM ,  i  rm)  ,
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im .  <  ;  ,  i s  e q u i v a l e n t  t o  D e l i g n e ' s  c o n  j e c t u r e  I  o e  4 )  2  . 8 .  f o r

H* , ,  (  nq )  (m)  .  I t  i s  not  d i f  f  i cu l t  to  ex tend th is  to  m = *
^ :  

i + 1  , . ? , 1  a  . . .  r i  i l land t  
( i f  th is  is  ent i re  and cr i t i ca l )  ,  and for  *  t  ä

one has to invoke the f  unct ional  equat ion (  cornpare below) .

4 .  B.  Remark The above descr ip t ion o f  mot ives wi th  coef f ic ients
j - n  E  c o r r e s p o n d s t o t h e  " l a n g u a g e  B "  i n  [ o n  4 ]  5 2 .  I n  t h e

of  ten used "  lang 'uage A"  one ta lks  o f  mot ives 14 wi th  e-coef  f  i -

c ients together with a r ing morphism E -+ End (}4 )  .  Via the cor-

respondence between these two (  Ioc .  c i t .  )  EX cor responds to

X @ E;  note  that  for  such ob jec ts  the L- funct ions a lways have

Q- ra t i ona l -  coe f f i c i en ts .  One  has  to  be  ca re fu l  w i th  the  dua l :

the relat ion xv :  X (dim x) ,Coes not carry over to E c-+ End (x)

in  genera l .  For  example,  fo r  an e l l ip t ic  curve X wi th  complex

mul t ip l ica t ion by  a  CM-f ie ld  E the dua l  is  g iven by the con-
juga te  ac t i on .  O f  cou rse ,  t he  re la t i on  4 .4  does  no t  depend  on

the chosen language.

4 . 9  .  T h e  E - s t r u c t u r e  R  ( i ,  n )
i + 1

o f  Hö '  '  ( lM  , lR  (n )  )  g i ven  by  the

exact  sequence in  4 .6  c)  is  very  convenient  for  the above for -

mula t ion o f  Be i l  j -nson '  s  con j  ec ture ,  but  i t  used the somewhat

ad hoc Q-structure Q (n- 1 )  of  c, / rR (n) .  Another,  perhaps more

canonica l  E-s t ruc ture  DR ( i  ,n )  can be obta ined by us ing the
f i r s t  c a n o n i c a l  i s o m o r p h i s m  i n  4 . 5 . 1 ,  i . e . ,  t h e  b x a c t  s ö g u e n c e

o -)  " ; (MErR,rR (n) )  + " f*(r , r@rR) / tn -  , ' r* '  ( rMErR,rR (n) )  -  o

and the E-structures n; ( lMElR, e (n) ) and "J* (u) /  En .

rn I  De 5 ]  Del igne has observed that-  th is E-structure

re la ted to  a  formula t ion o f  Be j - l inson 's  con je 'ö ture  in  terms

L-va lues a t  in tegers  n

cen t ra l  po in t .

F i rs t  le t  us  compare the E-s t ruc tures.  For  th is  le t  M =

" i " ( r M  )  ( n )  a n d  H " ( M ) l  =  p a r t  o f  " " ( M ) : =  " ä ( I 4 s c , Q ( n )  )

w h e r e  o  a c t s  a s  + 1  .  T h e n  H o ( M ) +  =  
$ ( n \ 4 a l R , Q ( n ) )  ,

i l J ( 1

4 (rMorR,q (n-1 )  )  = 
"# HB (M) and r"Ho*tul  = " t" l*(11 )

(note  that  the Tate  tw is t  sh i f ts  the f i l t ra t ion) .  Vt re  have a

commutative diagram

i s

o f
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o + t""oRö*) o rR -) 
,# HB (M) 

-s 
lR --+ H0 -' o

o -+ (roHnR (M) oHB (M) +) srn - 1ffi""1*, oHe (M) +) on -+ lJ, -+ o

o -+ (roHoR rul [H" (M) + 
) on

l l
HD

1

sh

{,t*
HoR (M) SIR --=+ - + O

ast  one

ov/s

in which the f  i rst  two rovrs give Bei l inson 's and the
i  r 1

De l igne ' s  E -s t ruc tu re  on  HD =  Hö '  '  ( I 4  , lR  (n )  )  .  Th i s

( 4 . 9 . 1 )  D R ( i , D )  -  ( 2 r v 4 ) - d  ( M ) o ( u )  .  R ( i , n )  ,

where d-  (M) = d im'H" (M) 
-  

and ö ( i t f  )  is  the determinant  of

t h e  c a n o n i c a l  c o m p a r i s o n  i s o m o r p h i s m  ( c f .  I  o e  4 )  O . 4  .  1  )

r  =  I  (M)  :  HB (M)  OA -+ Hon(u)  OA

Next  we re la te  L-va lues on the d i f fe rent  s ides o f  the

funct ional  equat ion, wr i t lng a A, b for two numbers ärb €

( c  E  E ) '  ,  i f  a b  1  e  E  
t .

4 .1O.  Lemma For  a  Chow mot ive

r , i ( M , n ) *  r u  L - i ( l t t v  , 1 - n ) * e i ( r M , n )  (  2 v , Q ) d l ( M )  
- ( i - 2 " ) a i  @ ) / 2

oE r  equiva lent ly

L ( M )  *  ^ ,  " l M ( 1 )  )  * e  ( M )  ( z r / : T  
- d - ( M ) - w ( M ) d  ( M )  / 2  ,

where M = " i ,n ( 1,I) (n) and L (u1 r '  is the lead. j-ng coef f  icient
o f  r , ( t * , t , s )  a t  ;  =  o , .  H e r e -  d r - ( u . )  =  ä t * " " | * ( u )  =

d im"HoR(M)  =  d (M)  ,  a l t u l  =  a i ngH f  ( l r t g lR ,g (n+1 ) )  =

d i m " H " ( M ) -  =  d - ( M )  ,  a n d  v ü ( M )  =  j - - 2 n  i s  t h e  w e i g h t  o f  M .

r , i ( I r , n * s )  =  L ( H i H ( r { . ) , n * s )  -  L ( H i H ( } 4 )  I r , ) , "  
=

t ( M ( 1 ) , s )  =  L ( H  t ( l r t u  
)  ( 1 - n ) , s ) - =  L - r - ( 1 , I v , 1  - n * s )

Proof  S ince

L ( M ,  s )  a n d

by  4 .4 ,  and  s im i l a r l y  f o r L@, e and e*  ,  the eguiva lence is

cLear .  Hence ,  as  l ead ing  coe f f i c i en ts  a re  mu l t i p l i ca t i v€ r  t he

ctäim fol lows from the funct j -onal  equat iepn and the formulae

e * ( M )  -  
T I  i  

( e - n + l ) h p ' n ,  ( i h p ' p ;  
( - 1 ) n * ' , i f  

:  t i - d  
-  w d , / 2

p+q=w
p<q w=2p

w h e r e  6 P ' I  =  d i m  " P ' 9 1 u )

and

L - ( M ( 1 ) ) * L - ( i r t 1  * - 1  r u

and 6P,P, l=d. im Hp'P (pr)  n tHfre (u1lror ,

( 2 n )  
- d  w d / 2  

.
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The f i rs t  fo rmula  fo l lows f rom the def in i t ions loe 4  ]  5 .  3 ,  and

the second is  proved in  I  ne 4 ]5  .  4  (  t f re  proof  ex tends to  the

lead ing coe f  f  i c ients  in  the non-cr i t . i ca l  case )  .

Now \^ /e  fur ther  i -nvest igate  the e- term.  f  n  [Oe 4  ]  5 .5  Del - igne

has proved

( 4 . 1 1  . 1 )  E ( M )  r u  e  ( d e t  M )
d  ( M )

w h e r e  d e t  M  =  A e  M  ,  a n d  i n  [ O e  4 1  6 . 6  h e  h a s  c o n j e c t u r e d

that motives of rank one are the ones \^,re know:

3 - .  11 , . : g .g l t j ggg l+ . {q  de r  M  : -  tX l ( -w (M)aW) /2 )  f o r  a  D i r i ch te r

character  X:  Gal  f  OZO) + E 
*  (note  that  w (M)  d  (M)  is  the

weight  o f  det  M )  .

Here t  X I  denotes the Art in mot i-ve f  or whi-ch Gal töZO I
ac ts  v ia  X on the .Q, -ad ic  rea l iza t ions;  \ ,ve  do not  have to

dist inguish between Chow motives and motives for absolute

Hod.ge cycles here, s ince for Art in mot ives Ho gives an ant i -equi-

va lence  o f  ca tego r ies  .  By  [Oe  4J  6  .  5  ,  5 .19  \ ^ /e  have

( 4 . 1 1  . 2 )  e (  t X l  ( r )  )  ^ ,  e (  t X l ) - ö  (  t X l  ) - ( 2 r r q ) - r ö  (  t X l  ( r )  )  .

H e n c e  4 . 1 1  w o u l d  i m p l y

( 4 . 1 1  . 3 )  e  ( M )  ^ ,  ( 2 r , E I ,  w ( M )  d  ( M )  / 2  d  ( y t )  ,

s i nce  obv ious l y  U  td "a  M)  N  ö  ( l . t )  .  Assuming  4 .11  .3  h re  wou ld

obta in

( 4 . 1 1  . 4 )  L ( M )  *  N  L ( M ( 1 )  )  *  ( 2 r t c 7 ) - d - ( M )  O  ( u )

f r o m ' 4 . 1 o .  A  c o m p a r i s o n  w i t h  4 . g . 1  f o r  y I  -  H t ( * ) ( n )  g i v e s

the  fo l l ow i -ng  re fo rmu la t i on  o f  Be i l i nson rs  con jec tu re  4 .6  c ) .

1: 12.. -9"* js-g!.yf,q If lM is a Chow motive and n z '
then

tD(de t "H i l * t  ,  Mn,e  (n )  )  ;  =  r , i  (M ,D  )  -DR ( i ,n )  .

Note that  n l ies in  the range of  convergence r  so that

no meromorphic  cont inuat ion is  needed and we work wi th an

ac tua l  L -va lue  ins tead  o f  a  lead i -ng  coe f  f  i c ien t ,  and  tha t  more -

over  no  dua l i za t ion  i s  i nvo lved  in  th i s  fo rmu la t ion .  For
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l _ , e
n = R + lz one has to  pass

[ B e  1 ]  3 . 7 )  i n v o l v i n g  t h e

of codimension n-1 modulo

lead. ing coef  f  i c ient  L t  (  u
jec ture  the po le  order  o f

rank  o f  Nn-1  ( *  )  )  .

to the "  th ickend" regiulator (  cf  .

g r o u p  N n - ' ( *  )  o f  a r g e b r a i c  c y c r e s

homolog ica l  egu iva lence,  and to  the

,n )  *  ( compare  tha t  by  Ta te rs  con -

L 2 n - ' ( *  , " )  a t  s  _  n  e q u a l s  t h e

InIe now come to the mot iv ic interpretat ion of  Bei- l - inson I  s

con j  ecture as f  ormurated by De l igne j -n the let ter I  oe 5 ]  .  For

th is  reca l l  f rom 2 .7 ,  that  fo r  a  var ie ty  over  C one can in-

terprete i ts Del igne cohomology in terms of morphisms and ex-

tens ions o f  mixed Hodge s t ruc tures.  There is  a  s imi lar  in ter -

pre ta t ion for  a  var ie ty  X over  fR.

4,:1 3.  . lgqlg]g Let f f i *  be the category of  mixed IR -Hod.ge struc-

tures over IR :  objects are mixed JR -I iodge structures H with

an  " i n f i n i t e  F roben ius " ,  i . e . ,  an  i nvo lu t i on  F  :  H  -+  H  re -

spect ing the weight f i l t rat ion such that F ,  HäC -+ HSC re-

spects the Hodge f i l t rat ion, and morphisms är" morphisms of

mixed. lR -Hodge .structures compat ible with F .  Then for an

object H of MH- we have

S E B r R

a )  H o T o r " _  ( r R , H )  = * o " *  n  F o ( H @ c ) +. *.IR
1

b )  Ex r i r *  ( n ,H1  =
' * ' ß

c )  Ex r i lH  ( rR ,u1  =
. *.IR

where IR is the tr j-vial- Hodge structure over IR (F.o = id) ,

and 
+ 

denotes the f ixed space under  F-^  o

lVe do not prove the lemma here it can be obtained by si-

mi lar methods as for 2 .4 .2.  l r ie only remark that the second iso-

morphism sends

O - ) H - + O

to the

I , { E Eo
with

c l a s s  o f  ( r " s )

c B c  t h a r i s

F_ , and where

(v {oHoc)* / *o" *  +  ro (HEc)+  ,

O f o r i

( 1 )  ,  w h e r e  s  j - s  a

compat ible with the

r  i s  a  sec t i on  o f

( b y  f  F  f ( 1 ) )  ,

sec t i on  o f

Hodge f i l t ra t ion and
1

W H ; V \ i E  t h a t i s
o o
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compatible wj- th F_ (compare I  Car ]  ,  lemma 4 ,  f  or the si tua-

tj-on without F_ ) .

f f  X  i s a v a r i e t y o v e r  l R , t h e n  H f i f X , n C ,  l R )  i - s a

mixed 1R-Hodge s t ruc ture  over  lR,  w i th  F_ be ing the map j -n-

duced by the ant iholomorphic map F_r x "rR c -+ x *R c ,  and v/e

have isomorphisms

( 4 . 1 3 . 1 )

n3 tX  x  c ,  lR )  (k )  +

tH f  tX  x  c  , rR)  (k )  s  c )  +

0= H;  (x /R,  rR (k )

0=  H ;  ( x / rR ,c )  =

)

0
Hin (x/rR) ,

L
b y  ( - 1 ) "

con  j  uga t ion

I f  X  i s

9 " ,  h e n c e

cohomology

s ince Tate  tw is t  (k )  by  def in i t ion  changes F_

and si-nce F_ corresponds to the deRhram-complex
( s e e  [ o e  4 ]  1 . 4  f o r  t h e  s m o o t h r  p r o j e c t i v e  c a s e ) .

smooth and proper ,  then " j '  tX  x  C, IR)  is  o f  we ightö
for 9"-2k :  O the standard sequence for Del igne
(  [ n V ]  2 . 1 O  a )  )  g i v e s  a  s h o r t  e x a c t  s e q u e n c e

( 4 . 1 3 . 2 )  l Z
nxtfu (rR , HL=t (* x c,rR) (k) ).  - . IR

1
+  E x t r r ,  ( n O

' * ' R r E

-+ Hom"** (nO
' " ' R r E

Befo re  we .  go  oD r  we

f u n c t j - o n s  L : ( U , s )  -  L

f or every pure 1R-Hodge

Hom*-  ( rR ,4 ,X  x  c ,n ' )  ( k ) )
. - - IR

P -'*1

h ( = - p + 1 ) h P ' P '  

( - 1 ) '  
)

i f  i =2p

c f .  [ p e  4 ]  5 . 3  a n d  [ S c t r ] S 1  .  F o r  c o e f f i c i e n t s  b y  E  t h e s e  a r e

C E E - v a l u e d  f u n c t i o n s  o r  a r r a y s  ( . . . r l _ ( o r H r s ) r . . . )  ,  w i t h

L * ( o r H r s )  d . e f i n e d .  v i a  h P ' 9  ( o r u )  =  d i m o  g P ' Q  t  ( o r u )  , o C  
a n d

h P ' P ' t  ( o r H )  -  d i m o  H P r P , t  t ( c r u )  
, o c  

r o i  o  €  H o m ( E , c )  .

o *Hi; l  (*/o) /  H* 1 (*/*,rR(t ) )  *r 'k -"8(x/rR,rR(k) ) -H*(x/rR,n(r lrrrk-o

Everyth ing can be extended to coef  f  ic ients in  a number f  ie  l -d

E  ,  i . € . r  t o  t h e  c a t e g o r y  * R r ,  o f  p a i r s  ( H r l )  w i t h  H  i n

Wn and  1 :  E  -+  Endr r_  (H)  a  r ing  homomorph ism.  Then  fo r  a---IR

Chow mot i ve  lM in  M(erE)  h /e  ge t an  exac t  sequence  fo r
g"

( 4 . 1  3 . 3 )  o " , " * - 1  ( * r  c , R ( k )  )  - ^ t ( u e n , R ( k )  )

E , " * t I M o  c , R ( k ) )  - '  o  .

ment ion the fo l lowing re lat ion wi th the
't

- ( H ; ( u o R r r R ) r s )  ,  w h i c h  a r e  d e f i n e d
c o ö

s tructure H over lR of we j-ght i

by

L ( H , s )  =  
T r c ( s - p ) h p ' 9 ( f n  

( s - p ) h p ' P '  
( - 1 )

p<q
( 4  . 1  4  . 1 )  p * q = i
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4 . 1  4 .  L e m m a  L e t H r H t be 1R-Hodge structure over lR

we igh t  i  ,  t hen

a )  o r d " = * L _ ( H ,  s )

b )  the  fo l l ow ing

ru

i )  H  =  H r  ,

o f

m  € . n  ,= dim* "".J,**

statements are

( rR  , f f t r - * l  )  fo r

equiva lent :

i i )  L _ ( H r s )  -  L . o ( H ' r s )

i i i )  o r d " = * L _ ( H  r  s )  =  o r d = = * L _ ( H  r s )

 ._1 ?,.,,.9.9fo_1larx . For a Chow motj-ve lM

o n e  h a s  o r d - - - L l ( I M , s )  =  d i m - ^ - H : i + 1- *s=m--

if mjP r
2P=i

ze ro  fo r  * t *  on  the

= f i  t  r  - * l  i s  - i -  2+2m ,  the

f o r  a l l  m  € %  ,
l-m
z

Proo f  a ) By the known mult ip l ic i t ies of  fC and fn we have

( 4 . 1  4 . 2 )  o r d = = * L _ ( H r s ) =  I  6 P r Q  +  ( h P r P , ( - t ) * )
m:p<q
P+q=i

c f  .  [Sc f r ]  51  ,  i n  pa r t i cu l -a r  t h i s  i s

o ther  hand,  s ince the weight  o f  K

group rxtfu-_, (n'  ,K) vanishes for * :  }  * r  (note that mixed

IR -Hodge strtrtures of weight zero are semisimple) .  For

i - - 2 + 2 m < O  r , v e  h a v e

x + n F o ( K s c ) +  c K + n r o ( x s C I ) +  n  u " f K o c ) +  =  o

hence "*aJ"_ (m rx1 has d. imension
l l a + +

dimr* (K s c) * dim* K+ dimr* r'o (K I c) +
4 \ F

= dimnK E C dimo (K S CI) 
@ 

dimo Fo (K S C)

:  d i m l R K  -  (  E  h P ' 9 ( x )  +  ( r r P , P , * ( K ) ) ) -  -  r  6 P ' Q ( r )
p<q 1 -m p>o

=  d i m r * H  (  E  h P , 9 ( " )  +  ( h P , P , ( - 1 )  ( H ) ) ) -  E  h P ' q ( H )
p>g p<m

=  r  h P , 9 ( n )  +  ( h P , P , ( - 1 ) m ( H ) )  ,  

-

m<p<q

w h e r e  \ ^ / e  h a v e  u s e d  h P ' e "  ( i l )  =  6 - P  r - 9 ' r  t  ( " )  a n d  1 P 1 9 ' 1 ( H ( r )  )
=  6 p + r r e * r r 1 ( - 1 ) g ( " )  .

b )  Fo r  t he  non - t r i v i a l  imp l i ca t i on  i i i )  =+  i )  no te  tha t  by  4 .12 .2

the 6P I Q and hP 'P ' t can be d.educed f rom i and the multi--

pl ic i t ies for * :  ä ,  and that these numbers determine a lR-

Hodge structure with F_ (we remark that for both statements

the knowledge o f  i  i s  necessary)  .

i n  M  ( Q  r E )  a n d

( s d n ( 1 - m ) ) .

I
i l t  ( =- z
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Proof First  \^/e note that al l  considered modules over IR E E

are f ree over  IRSE by the compar ison isomorph isms (compare

[ o e  4 J  2 . 5 ) ,  a n d  t h a t  t h e  l l t o r J M r s )  a r e  i n d e p e n d e n t  o f
.  @ '

o  €  H o m ( E r c )  ,  h e n c e  L : ( N r s )  c a n  b e  r e g a r d . e d  a s  a  f u n c t i o n

i n t o  C  =  C E E  .  T h e  c l a i m  t h e n  f o l l o w s  f r o m  4 . 1 4  a )  a n d

4 . ' l  3 . 3 .

4 . 1 6 .  I t  w a s  G r o t h e n d i e c k t s  i d e a  t h a t  v a r i o u s  c o h o m o l o g y
i

groups H;  (X)  o f  a  smooth pro jec t j -ve  var ie ty .  X over  a  f  ie ld

k  shou ld  j us t  be  rea l i za t i ons  o f  a  mo t i ve  n i ( x )  .  G ro then -

dieck I  s  category of  mot ives *k 
ru

i s  c o n s t r u c t e d  a s  i n  4 . 2 ,

replac ing the Chow groups by thei r  guot ients modulo numer j -ca l -

equ iva l -ence .  The  ex is tence  o f  the  Gro thend . ieck  mot i ves  H i  (X )

as  d i rec t  fac to rs  o f  the  mot i ve  (Xr id ro )  then  depends  on  the

so-ca l led  s tandard  con jec tu res ,  wh ich  a lso  imp ly  tha t  numer ica l

equiva l -ence equals homologica l  equiva l -ence and that  tO 
,  U is

an abel -  j -an and semi-s imple category.  The f  i rs t  proper ty  cannot

be  expec ted  f rom the  ca tegory  M(k rE)  o f  Chow mot i ves ,  and  the

second  one  i s  de f in i te l y  fa l se :  fo r  examp le  fo r  a  cu rve  X  the
1

r a d i c a l -  o f  E n d  ( E X )  =  C H  |  ( X x X )  
"  

=  p i c  ( X " X )  g  i s  p i c o  ( X x X )  
U .

DeLigne proposes that the Chow motives lM should rather be

regarded as objects in a der j -ved category of  mot ives, so that

only the cohomology objecLs Ha(JIr{)  g ive Grothend. ieck mot ives.

In  the rea l iza t ions th is  cor responds to  the fac t  that  a  var ie ty
i 1 -

X + S p e c k g i v e s r i s e t o o b j e c t s R f * Q , q i n D " ( S p e c k , Q l ) :
h - N h

D" (Qn-Gar  (E/ r )  -mod.u les)  and K '  (XrA)  in  Dp (A-MH) (  fo r  k=c )  ,
whose i - th  cohomology is  Ht  (x  "k  Fre l )  as  Gal  tE/ f<)  -module

i . L r y

and H;  (XrA)  as  (mixed)  A-Hodge s t ruc ture ,  respect ive ly ,  and

this carries over to Chow motives lM .

Now the der ived category of  a semi-simple abel ian category

is  aga in  semi-s imple ,  so  no rad. ica ls  would  appear .  But  Del igne

poin ts  out  that  one would  get  a  coherent  p ic ture  
' i f  

one be-

l ieves that  *kru  can be embedded in  a  cer ta in  abe l ian cate-

gory of  mixed motives *kr ' and that  lM can be regarded as

an  ob jec t  i n  the  der i ved  ca tegory ob (*o  
r " )  

o f  *o  
r "  ,  de-

no te  th i s  assoc ia ted  ob jec t  by  R(1M)  ( fo r  lM=X i t  has  rea ] i -

z a t i o n s  R f * Q  g , r K '  ( x r A )  r .  .  . )  .

Mixed mot ives should be the mot iv ic  analogues of  mixed Hodge

s t ruc tu res  ,  be ing  success ive  ex tens  j -ons  o f  pu re  (  i .  e .  ,  Gro then-



" i l ( u , e ( j ) )  =  n x t f i ( M M , _  - )  ( E ( o ) , R ( D , r )  ( j ) )
' k  

r E '
=  H o m o ( * t , u )  ( n ( o ) ' R ( I t )  ( j )  t i l ) ,

where  E  (O)  -  R  (ESpec  k )  j - s  the  Gro thend ieck  mot i ve  Ho  (ESpec  k )

s i t t i ng  in  degree  ze ro .  By  the  fo rmu la

H o m t ( k r E )  ( r M ' E  s P e c

f o r  l M  =  ( X r p r r )  r  h / €

M  ( k , E )  i n  o b  ( M M , -  - )Ä  r a
Hodge cyc les  we  de f ine  t k r " a s  i n  4 . 2  b u t  i n  a  d u a l  v / a y r  s o

that lM n"^r R ( lM) is a contravariant f unctor ( as are the f unctors

I  t r* ;  Rf *Q g"rK'  (X rA) ,  .  .  .  i  as a general  rule Chow motives behave

l ike var iet ies and Grothendieck mot ives l - ike a (universal)  coho-

mology theory) .  f  n f  act  r  v/€ can deduce the embedding from

4.16 .1  i n  t he  fo l l ow ing  way .  Reca l l  t ha t  t he  ca tego ry  M (k  rE )
has duals (def ined above ) , a tensor product ( II\,1 S lN =

( X " Y r p l * X P ' P ü r y q r r * t )  f o r  l i q  =  ( X r P r r )  a n d  l N  =  ( Y r Q r t ) )

and an internal  Hom (Hom(lr t rWl = nI tE N) .  f  f  üre assume the

same formal j -sm for  *O 
r"  

and hence for o b ( * k r " )  r . w €  g e t

H o m r ( k r n y  ( m r r ü )  =  " ; ( r M @  l N ' , 0 ( o )  )

6 1

dieck)  mot ives.  These extens ions

again  th is  cou ld  not  happen in  a

motiv ic cohomology should be the

(or  abso l -u te  Hodge)  cohomology,

c i ted in  2 .4  suggest  the formul_a

are j -n  genera l  non- t r iv ia l ;

semi-simple category.  Now the

mot iv ic  ana logue o f  De l igne

so compar ison wi th  the resu l ts

( E ( o ) , R ( l t o n ü " ) )

(n  (O )  ,RHom(nw,  R IM)  )

( 4 . 1 6 . 1 )

( 4  .  1 6  . 2 )

k )  =  c H r ( x ) E p  =  p * H ? r t  r * , e ( r )  ) n  =  H f i ( M , a  ( o ) )

obta in agreement  wi th the embedding of

,  L f  as for  the mot ives for  absolute

4 . ! 6 . 1

=  H o m  L  ( R ( ] l J )  r R ( X 4 ) )  ,
D " ( M \ . r n )

a s s u m i n g  R ( ] M v ) = R g 9 - { } ( l M r E ( O ) )  ( c f .  4 . 4 ) ,  R ( n I E l N )  -

R(]M) E R(lN) and ryg(ru,w) 
= Rg.o-B(IM, E(O) )  E lN .  lVe menti-on

t h a t  t h e  r e t a t i o n  " i l ( r M ( r ) , e ( j ) )  =  " i l * " ( * , e ( j + r ) )  r o g e r h e r
w i t h  4 . 1 6 . 1  s u g g e s t s  t h e  f o r m u l a  R ( ] I r { ( r ) )  =  R ( f M )  ( r )  [ 2 r ]  ,  i n

a g r e e m e n t  w i t h  t h e  p r i n c i p l e  4 . 2 . 1 .

For k=C the regulator map from motiv ic cohomology to De-

l igne cohomology should  j  us t  be "pass ing to  the rea l iza t io r ls  "  ,
in  par t icu lar ,  i t  shou ld  map the hyperext  spect ra l  seguence

Hom r
D D  ( w k , g  )

Hom r
oD  ( *u , r )
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mapping

( 4 . 1 6 . 6 )

( 4 . 1 6 . 3 )  " 5 ' q  =  u x t f u  - ( E ( o ) , H q ( x 4 )  
(  j ) )  : +  " f i * n ( 1 M , 0 ( j )  )

' * k  
r E

t o  t h e  s p e c t r a l  s e q u e n c e  2 . 4 . 1  f o r  K ' ( M r A ) ( j )  ( c f .  2 . 7 ) '

N o w  f o r  k = Q  B e i l i n s o n ' s  c o n j e c t u r e  4 . 6  b )  g i v e s  a  c l o s e  r e -

t a r i o n b e t w e e n  " f i ( i l , Q ( j ) )  a n d .  " S t n t b n , r R ( j ) )  ;  i n v i e w

o f  4 .13  c )  t h i s  l eads  De l i gne  t o  assume

( 4 . 1 6 . 4 )  n * t l *  ( E ( o ) , - )  -  o  f o r  i > 2  |
' - 'Q 

,  E

s o  t h a t  4 . 1 6 . 3  g i v e s  s h o r t  e x a c t  s e q u e n c e s

(4 .16 .s )  o -+Ex t lM  (E  (o )  , ^L -1  ( * )  ( j )  )  -  " f i t * ,Q  (  j ) )  -+Hom*^  
-  

(E  (o )  , " [ ( ] 4 )  (  j ) ) - ' o
r " " h r E  " ' �  - - Q r E

to  4  .  13 .  3  v ia  the regu la tor  rnap.  Then Lhe induced maps

nxt]*  (E (o) ,  Hi  ( lM) (n))  - '  nxt fu- -(  n @E ,"ä ( lMEc , lR) (  n) )
' ' " ' ' e rE  ' * 'R rE

jus t  assoc ia te  to  an  ex tens ion  o f  mot i ves  the  ex tens ion  o f

t h e i r  r e a l  r e a l i z a t i o n s r  i . e . ,  t h e i r  c o r r e s p o n d i n g  H o d g e

s t ructures over  lR .  For  n

i s  i + 1 - 2 n  < o  r  s o  t h a t  H o m * *  ( E ( o )  , H i * 1  ( n o )  ( n )  )  =

Q ' E
Hom",  (E (o)  ,  Hi*1 (  * )  (n)  )  vanishes .  The same is  t rue f  or  the

" Q ' E

r e a l  r e a l i z a t i o n ,  h e n c e  4 . 1 6 . 6  t h e n  c o i n c i d e s  w i t h

( 4 . 1 G . 7 )  H t * '  , u ,  Q  ( n )  )  +  " ; * t  ( * E  I R , r R ( n )  )  .

) r ' t

For  n  =  
+  by  de f i n i t i on  Ho* * ^  _ ( " (o )  rHzn (nu )  ( n )  )  =  wn (nn )

is  the quot ient  modulo numer i" . r 'EqEivatence of  " f r "  ( lM,  Q (n)  )

= cHn (xt )  = Hom, (e rE,  
( rM(n)  ,  ESpec 0)  ,  and the cycle map

) r

cHn( l t , I )  -+  t l n ( ru )  +  "o * *n r * , | * t  u , " ; t ( lMs  c '  n (n ) )

in fact  maps a correspondence lM -+ ESpec Q to j - ts real  real i -

z  a t ion .

! . . -17 r-  I t  is  sometj-mes convenient to wri te everytnl"n in terms

o f  cohomo logy  reca l l  t he  fo rmu la  nx t |  ( n  ,E )  =  Ha(XrF )  f o r
Ä

a sheaf  F  on  a  space X .  Hence $ Ie  may se t

i iH; (M) :  nxt fo  (E (o)  ,M)  for  M in
JVI t't"k 

, E

* k r "  '

Hfi tHl = nxtfo (rR EE,H)
l R r E

to obta in a commutat ive d iagram for

fo r  H  in  t " * r "  I

i + 1  - 2 n  
S  O  a n d  k = Q
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6 C , l R ( n )  )  - '

t c r
I

( n )  )

I'o
( N ,  Q  ( n )  )

Q - >

O - +

(  4  . 1 8  . 2 )

every el-ement

s ion

"f tni (rM Ec , rR
t t  

4

I ' b
"fi t"t (:M) (n) )

(n) ) ) - rb*t (r E R,rR(n) ) -+ "f i  t" i*1 t*

i + 1. ,  H M  
- -) "fit"i*l t*l

1., . t  8.  -Ex3-rypl_e- So for there is no descr ipt ion of  a category of

mixed mot ives,  not  even a  con jec tura l  one.  Only  for  so-ca l led

1-mot ives there ex is ts  a  def  in i t ion  loe 3  ]  10.  1  ,  and \^ /e  i l lu -
strate the above phi losophy at th is example. Let A be an abe-
l ian var ie ty  over  0  ,  and cons ider  the case i=1 ,  n=1 ;  then

we can ident i fy

1  1  ? . .  )s ' + E x t M M ^  ( 0 ( o )  , H ' ( A )  ( 1 )  )  - H f i ( A , e ( 1 )  )  + H o m * ,  ( 0 ( o )  , H "  ( a )  ( 1 )  )  . + e
'*A 

t 
"' lL t'"'b /i\

( 4 . 1 8 . 1 )  y l z  c H l . - ( a ) o  
Y  

l .I t v / l
O --+ pico(A)0 -------) pic,orr- NS (A)e --------------,O

By '  the formula  o f  Wei l -Barsot t i -Rosenl ich t

Pico (a)  = nxt  1 . ,arg.  grps .  
(A '  G*)

x  in  p ico (e)  in  fac t  g ives r j -se  to  an exten-

- + A - r O

the ex tens j -on  o f  mixed Hodge s t ruc-

)  , H t  ( o )  )  :  E x r l  ( q , H 1  ( a )  ( 1 )  )  ,

map then real ly  becomes "passing

( 4 . 1 8 . 3 )  O  - r  G *  - +  E

of  1  -mot ives.  Th is  induces

tures over IR

o - + H 1  ( a ; ( D r r R ( l ) )  - ' H 1  ( E x c r l R ( 1 ) )  - + H 1  ( G * ' c ,  I R ( 1 ) ) . + o  ,
ll?

. I R
and one can show this extension is the image of x under the

regu la to r  map  v ia  the  i den t i f i ca t i on  i n  4 . ' l  8 .3 .  No te  tha t  t he

def in i t j -on o f  l -mot ives g iven in  loe 3  ]  10.  1  is  a  "homolog ica l "

one;  pass ing to  the dua l  ca tegory  and ind icat ing th is  by

wr i t i ng  H1  ,  4 .1  8 .3  co r responds  to  an  ex tens ion

o -+  H1 (e)  -+  H1 (g)  - )  H1 (em) -+  o  .

S ince  one  shou ld  have  H1  (C* )  =  A ( - f )  r  w€  ge t  t he  i somorph ism
y  b y  c o m b i n i n g  4 . 1  8  . 2  w i t h

1 .  .  N  1
Ext '  (A, Gm) = Ext*o^ (a (  -  1-a

.and see that  the regu la tor

to the Hodge rea lLzat j-on " .

6 3
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! - . - 1 9 ,  A s s u m i n s  t h a t  " f i t M n , e ( j ) )  S  " i l t N , e ( j ) )  c a n  b e  d . e s -
cr ibed s  j -mi Iar ly ,  by  us ing a  category  o f  mixed mot ives over

A ,  D€l igne nov/ formulates the fol lowing pr inciples under-

ly ing Be i l insonrs  con jec ture  (Note  that  for  N = H i  (J I r , I t )  (  i  -n )

v /e  have ü  t  f  )  -  H i  (nr )  (n)  ,  and that  the weight  w(N)  o f  N

i s  - i - 2 + 2 n  )  .

Let  N be a  Grothendieck mot ive ,  le t  p  =  ord==ol  (N,  s  )

a n d  L ( N ; ' r  : l i m  s - p l , ( N r s )  b e  t h e  l e a d i n g  c o e f f i c i e n t .
s+o

9 t -+J }q ip ' }S ,  J ,  I f  w (N) : -1  (  (+  O :  cen t ra l  po in t  o f  t he  func -

tor iaL equat ion)  ,  then L  (N)  *  mod E"  can be descr ibed j -n

t e r m s  o f  ü t r l

P t i - " S . + p l g , - ?  I f  w ( N ; i . o  " i 9  N  c o n t a i n s n o d i r e c t f a c t o r

Q ( o )  ,  t h e n  p  =  d i m  " H ( H " ( N ( 1 ) ) s I R ' ) .

Bf i .nq*ele*3 Under the hypotheses of pr inciple 2 |  L (N) *  is a
1 rt 1 \/

r e s u l a r o r  f o r  H j _  ( j * N ( 1 ) ) e n .  -  H i ( H B ( N t r l ) e n 1 ,
t" 

w,

where j  :  Spec 0 '+ Spec % is the incl-usion.

_4. 2O.. _4gr.nafks. a) By Delignets reformulatj-on 4.12 , one rnay also

rewri te pr inciples 1 and 3 only j -n terms of M = f f t  f  I

b )  A consequence o f  pr inc ip fe  1  is :  i f  an L- funct ion on ly  de-

pends on the i - th cohomology of a var iety X ,  a l l  i ts proper-

t ies should also be descr ibable in terms of the i - th cohomolo-

gy  ( i . e . ,  t he  mo t i ve  H i ( x )  )  ,  pe rhaps  i nvo l v ing  the  dua l .  O f

cou rse ,  L (Nrs )  and  hence  L (n1  ' r  a re  de f i ned  on l y  i n  t e rms

of N ,  hence of f f t  1 )  "  .  The non-tr iv ia l  statement is that

also every other description should. only depend on rY t f ) and,/

or N .  General ly speaking, Del- igne cohomology and motiv ic

cohomology do not factorLze through the category of  Grothen-

dieck mot j-ves (  th is can only be expected f  rom " geometr ic "

theor j-es having a Künneth formula) .  But the kernels and co-

ke rne l s  i n  t he  exac t  seguences  4 .13 .3  a rd  4 .16 .5  do ,  and  i n  fac t ,

on l y  t hey  a re  i nvo l ved  i n  Be i l - i nson ' s  con  j ec tu re .  Fo r  w  (N)  =  O

t h e  t h i c k e n e d .  r e g u l a t o r  o n l y  u s e s  H f i _  ( j * N ( 1 ) )  a n d  " f i ( N ) ,
lvt az

and  fo r  v , /  (N )  -  -1  ( t he  cen t ra l  po in t ) -Be i l i nson ' s  con jec tu re

involves ",J tN t r I ) and "fr (n) . However, in rhis case one
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also needs a  he ight  pa i r ing between these groups [ee 1  ]  3 .  B.

De h-gne points out that so f  ar there does not exist  a mot j-v ic

i -n terpre ta t ion o f  the Jat ter .

c )  L e t  l ( f r )  - H i ( x ) ( n )  f o r a s m o o t h p r o j e c t i v e v a r i e t y  X

o v e r  0  .  B y  c o n j e c t u r e s  i n  K - t h e o r y  ( s e e  [ e e  1 ]  2 . 4 )  o n e

expects

" l  ( j * f t ( 1 ) )  =' -n for  n

1 ' l

L * ( X , s ) = L ( H * ( X )  ' s )  =

, t rr2dimX- iL ( H  - ( X ) ( d i m x ) r s )  -  L ( N r s * n - i - 1 )  a t  s = i + 1 - n = : m < O  .

Del- igne remarks that the remaining parf  ,  O :  * :  ä ,  is by con-

j  ec tures on the l -oca l  Eu ler  f  ac tors  l l  t  X  ,  s  )  exact ly  thep '
reg ion where these .  can cont r ibute  to  the zeroes o f  f , t  (X,  s  )  .

Moreov€r r  for *  .  
*  only the " ;  (X r  s)  for pr imes p of  bad

reduction should contribute r andin the motivic cohomology the

p ic ture  is  the same:  -  i
for m<2, i.e. 7 i+1<2n'1 , con j ecturally only the

K-groups of the bad f ibres contr ibute to the di f ference between
i  +1  i  - r - 1

Hi l '  '  ( xz ,  rQ  (n )  )  and  H- i \ l '  '  (X rQ  (n )  )  .  r n  v iew  o f  t h i s ,  D€ I i gne

asks whether  there  is  a  Be i l inson con jec ture  for  par t ia l  L -

f u n c t i o n s  L r ( N r s )  =  
{ _ L o ( N r s )  i n v o l v i n g  m o t i v e s  ( o r  K -
pqs  v

groups) over Spec Z:S and regulators with values in a sui t -

ab le  modi f  ica t j -on o f  De l igne cohomology.

" o l , t N t r l l

by the above th is  concerns the value of

l sMFl
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