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Introduction

CFT’s are a central topic in String/M-Theory. Of particular note
are those above 4D where there are no standard techniques
available in general.

Various approaches: Bootstrap, Deconstruction, appeal to
String Theory ... DLCQ

On the one hand we have a rather formal abstract CFT’s: c.f. a
telephone directory

On the other hand there are reported sightings of a non-abelian
2-form in 6D [everyone here?]



How can we define these theories and relate them to the
well-known and loved geometrical structures of gauge theory?

In particular we know that a simple reduction on a circle leads
to a familiar 5D Yang-Mills description.

A key problem is the lack of a Lagrangian.
Even without asking for fancy symmetries or non-abelian
2-form connections there is no good ‘playground’ of UV

complete Lagrangians

i.e. what would such a theory look like? (c.f.
[Saemann,Schmidt,Wolf,...],[NL])



5D SYM is naively non-renormalizable (but perhaps is
non-perturbatively well-defined without new UV degrees of
freedom [Douglas],[ NL,Papageorgakis, Schmidt-Sommerfeld])

Yeah maybe but not so useful

Reduction on a null circle leads to a DLCQ description given by
quantum mechanics on instanton moduli space
[Aharony,Berkooz,Kachru,Seiberg, Silverstein]

Not very physical or satisfactory.

In either case instanton number corresponds to the KK
momentum of an emergent dimension but the non-compact 6D
theory is reached only in the limit of infinite coupling:

¢> =4m°R — o0



The null reduction of a Lorentzian theory gives a theory with
Schrédinger symmetry: translations in space and time,
rotations, boosts a Lifshitz scaling and a special conformal
transformation.

Familiar from condensed matter physics, e.g. [Son,...], where
the KK momentum is particle number.

The important point is that there exist UV complete 5D gauge
theories which flow in the IR to theories with Super-Schrddinger
Symmetry.

But:

¢ Correlation functions are not suppressed for spatial
separation.

¢ Reconstruction of the 6D theory is formal at best: first sum
over all instanton sectors and then take the limit R — oo



Next we consider instead an Omega-deformed version with
SU(1, 3) spacetime symmetry

Better behaved correlators

Can reconstruct (in principle) non-compact 6D correlators
A coupling constant 1/k appears and the 6D theory is at
k=1.

5D analog of ABJM with OSP(6|4) symmetry where
non-perturbative effects enhance

SU(1,3) x SO(5) = SO(2,6) x SO(5)

Weird and wonderful playground away from the familiar
homeland of Lorentzian geometry.

In short lots of fun!



The Big Picture

5D UV complete Liftshitz Gauge Theories + Instanton soliton KK Tower
IR flow
DLCQ 6D SCFT’s on
SUSY 5D Schrodinger Gauge Theories ﬁ a Null Circle
Part |

Omega Deformation

non-Compact
5D Theories with OSP(6]4) spacetime symmetry 6D SCFT’s

SU(1,3)xS0() C OSP(Bl4) Part Il SO(2,6)xSO(5) € OSP(8|4)

c.f. ABJM: SU(4)xSO(2,3) © OSP(6|4) SO(8)xS0(2,3) © OSP(8[4)
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Consider a 5D Bosonic gauge theory of the form

1
S = 2—92131‘/(175(141' (Fm’)Q - )\Q(DlFZ])Q + ...
One can consiter another gradient term (D, F;)? but this is
equivalent to the one above up to total derivatives and a cubic
term Fz‘j [ij, F]ﬂ]

This has a lifshitz scaling symmetry

2
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It is perturbatively renormalisable as the A; propagator takes
the form e.g. [Horava][lengo,Russo,Serone]

1

G~ E2 _ \2ph



One can also imagine adding scalar and Fermions:
1
Sx = ?Tr/DtXTDtX —\3D2XTD?X + ...
1 i 2 .ot
Sy = ?Tr WIDwp — ALDip T Dinp + ..
Possibly in other representations of the gauge group.

Furthermore the g-function for g is negative [Horava][NL,Smith]

_ 3 CQ(G)93 Tscalar<R)

B9) = =3 amen T 20amay
2
BV =5 s

So UV complete (sometimes) but non-Lorentzian



We claim that these theories cannot be made supersymmetric
or boost invariant (although theories exist with a scalar
supersymmetry) [NL,Smith]

But we can consider an RG flow induced by adding
M?(Fyj + xFyj)?
now M? — oo in the IR
The IR dynamics is constrained to anti-self-dual gauge fields:
Sir = %tr/dtd‘lx (Fyi)* — X\Y(D;Fij)* — %)\%(Diij)Q
+ Gij(Fij + *Fyj) + ...

1
= @tr/dtd% (Fui)? + Gij(Fij + %Fij) + ..



Similarly deforming scalars
1
SQ“:_in/}%XU%X—Jw%zXUzX—Aﬁp%WD%X
g
In the IR we are pushed onto the surface
D;X =0

and as a result the scalars are frozen. However, in this case we
can introduce a new scalar

b6=MX
with Lifshitz dimension 2. Now the action is
1 1 A2
%?“:?T{/(EﬁD@Um¢—DmU%¢—E%L%ﬂD%>
we would then expect the IR theory to be described by

S =T [ DDy



Such theories admit a symmetry Boost:

¢ (t',2") = ¢(t, )
ALt 2" = Ai(t, o)
ALt 2y = Ayt ) — v' AL, x)
Gl (' a") = Gij(t, @) + 2v;Fy (¢, @)

The action then changes by
Sl =S5 + 21)? /dtd4l’61jleI‘(thFkl)
1
:S+—/U/\Tr FAF

There is also a special Conformal transformation v* = wa?

And can be made supersymmetric: super-Schrédinger



Integrate out G;;= F;; = —(%4F);j = A; = Ai(z,m?)

1

S = 5 2/dcc Gag(m m)d_m*d_mP

where m® are moduli and g,z is the metric on instanton moduli
space:

Jap = tr / d 160 Aidp A
c.f. DLCQ proposal
[Aharony,Berkooz,Kachru,Seiberg,Silverstein]

So the physics of the IR theory reproduces the DLCQ
description of 6D CFT’s on a compact null circle.
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Conformal Null Compactification

Let us start by writing 6D Minkowski space in weird coordinates:
ds%; = —2diTdi~ + di'di’
_ —2dxt(dzT — 1Q2tdad) + datda
B cos?(zt/2R)

where Q = %, Q2 = —R2[ and

2T = 2Rtan(z"/2R)

1 ..
T =g+ @xlxz tan(z™ /2R)

i' = 2’ — tan(z " /2R) RQ; 27

>

and 2" € [-7R/2,+7R/2|. Conformally rescale to

1 o o
ds* = —2dz™ (dz™ — §Qiszda?j) + da'dax’



Since x* is a compact interval P, is discrete (for certain
boundary conditions) and we diagonalize it.

What happens to the SO(2, 6) conformal symmetry?
S0(2,6)  —  SU1,3)@U®)
commutes with Py P,

where the generators are

Py =P+ tauMP + L k® po = pd

P, = P9 4 10,0 Miy = MBI 10, K09
b= ino, o = i

Ky = K9 T — DD _ (69

We also break 3/4 of the (conformal)supersymmetries:

16 16 — 8@ 16
e+ 2Ty — e+ 2Ty Fyny =0



Holographic Construction

[Pope,Sadrzadeh,Scuro] showed that AdS; can be written as a
timelike U (1) Hopf fibration over CP:

1 1 AN\ 2
d32Ad57 =71 <d$+ +e? (dx_ — §Qijl‘zd$’j>> + dséﬁg
Where CP’ is defined by the surface

—|Zo)* + |21 + | Za|* + | Z5|* = -1

in C*? and has a manifest SU(1, 3) symmetry.
Reducing on z* the boundary metric at ¢ — oo is
¢ 1 o o
dsgdry = ez [—2dw+ (da}_ - EQZ-jx’d:UJ> + d:nzd:cl}

Putting M5-branes at ¢ = const and reducing on ™ leads to
the action we had before when ¢ — co.



Action

S

1 1. . 1
tr/d%{ §F_Z‘F_i — 5D,‘XIDZ‘XI + §FijGij

" 4n°R
- %@F+D_W + %@Fiﬁi@ - %\T!F+F[[XI, \I/}}
With all fields in the adjoint of the gauge group and
D; =D; — 0,27 D_
Fij = Fyj — %QikxkF_j + %ijxkF_i
Gij = (:aG)ij
Note that the hatted derivative has torsion: [D;, D;] = Q;;D_

Symmetries: SU(1,3), SO(5) R-Symmetry and 24
supercharges: Osp(6|4) and a topological U(1) J ~ xtr(F A F).

(1.0) versions of these actions also exist.



Correlation Functions

SU(1,3) @ U(1) places non-trivial constraints on correlation
functions:

<O(l)($1_7xli) ..o (- $§V)> = 00pi+-+pn
N Zab (Pa—pp)R/N
X H(Zabzab)_aab/2 <_i>
a<b Zab
x H <|Z(lb||zcd| Zabzbczca>

| Zac ‘ | Zbd | ’ ZabZbcZea

Here o, are constants determined by the Lifshitz scaling
dimensions A,, p,/R are the P, eigenvalues and

- AR, Ny ;
Zap = Ty — Ty + 5Qiaha] + E(:Lfl —xp)(x}, — )

H is an undetermined function that appears at 3-points.



Instanton Operators

So far we have cheated a bit as none of the fields in the
classical Lagrangian carry any P, charge.

Key observation: SU(1, 3) is only a symmetry up to boundary
terms which are non-zero if the instanton number changes.

Let us introduce local instanton operators:

/D(p Im<x1)zn2(x2)...an(xN)<...) :/{(x ) )}D@(...)

where {(z4,n,)} indicates that we integrate over all field
configurations where an instanton with instanton number —n,, is
created at the point z, = (x,,z%).

One can show that SU(1,3) @ U(1) is restored as a symmetry
of the quantum theory and Z,, (x) have charge n/R under P;.



Symmetry Enhancement

Note SU(1,3) @ SO(5) is a Wick rotation of SU(4) & SO(2, 3):
U(1) @&SU(1,3)@S0(5) « U(l) @SU4)eS0(2,3)
—— —_——— —— —— —— ——

topological  Spacetime R topological R Spacetime

In fact combined with the supercharges we find OSp(6|4) which
is the same supergroup as ABJM for M2-branes.

In ABJM
U(1) @SU@4) — SO@)
—— —— ——
monopoles R R
And we want

U(1) @SU(1,3) —s SO(2,6)
N~~~ N—— N——

instantons  Spacetime Spacetime

So that in both cases
OSp(6]4) — OSp(8|4)



Reconstructing 6D

We now want to see if somehow we can reconstruct operators
and correlations functions which are those of a 6D theory with
S0(2,6).

Consider the following scalar operator

O%(zT 7, ") Z f *””ﬁIn(x*,xi) Oz, z")
ne” -
arbz[rarz/ 5D Operator
So that 3
P O6d — OGd
[ +> ] Zax+

(f(n) is a fudge factor since we don’t know enough about 7,,)



We want O to have well-defined 6D scaling dimension w.r.t.:
DY = 370, + 27 0_ + &0,
=sin(z"/R)04 + (27 — isin(chr/R)mz) 9
+ 2( (1 +cos(zt/R)) 2’ + sin(z /R)Qy527) 0;
Now we know

(T, (21)OM (21) Ty (22) 0P (22)) = 21,0500, 475 d(A1, 1)

T (52)
(z12212)21/2 \ Z12
Demanding (O (¢, 27, 21)O® (&, x5 , %)) scales
appropriately tells us

<n+ ) (—% ) (An+1)

where d(A,n) = f(n)f(—



At least for A /2 integer the solution is

A =9 Crl

for an unknown constant C,. Use this to choose the
coefficients f(n).

We can now compute the 2-point function

where the 6D Minkowski space operator is

Otz 2y =  cos®?@@t/2R)  O%(at, 2™, 2%
—_——

con formal transformation



o
+ + .+ . .
Afz Az - R - -
= cos (2}%>cos (ﬁ) E e~ meiz/ (On(a7,24)0_p (25, 2h))
n=A/2
A (= A 2y —inz{y/Rj Z12 "
= cos (ﬁ)cos <2R> (z12Z12) " g e 12/ (A, n) .
12

—-A
- it it
2R <Z12ezx12/2R — 219€ szQ/QR)

T o7
cos <2R) coS (QR)

— At A— ALAL | —
= Clo| — 2875875 + 55129512’

!/
- 012

= Clalda| 722

Which is the correct 6D Minkowskian SO(2, 6) correlator (also
works for 3-point correlators and specific choices of H)



DLCQ Limit
We can take a limit & — oo with R/k = R, fixed.

Since €2;; — 0 we have = € (—o0, ). But we still only capture
discrete Fourier modes: ‘Ordinary’ null reduction

a2t ~at +21R,




The Action reduces to

1
- 27TR+

1 1 1
tr/ { S PP — 5D¢XID,-XI + 5 PG
- . L
_ %\IIF+D_\IJ n %\I/FZ»DZ-\IJ — ST, \I/]}

Still has 24 supersymmetries a topological U(1) but no SU(1,3)
(all rotations, translations, boosts, and a Liftshitz scaling):
Super-Schrédinger Symmetry.

Integrate out Gj= F; = —(x4F)i; =>A; = Ai(z,m®)

1
/d:z_gaﬁ(m)amaamﬁ +...
Ry

47

where m® are moduli. ¢.f. DLCQ proposal
[Aharony,Berkooz,Kachru,Seiberg,Silverstein]



The correlation functions degenerate to Schrodinger ones: no
fall off at large spatial separation, e.g.:

<@(1)O(2)> < 1 >A o ( in |33Z12|2>
n Y_n)™~ | —— XP\ 5 — =
T12 2Ry wy,
Our expression for higher point functions also reduces to known
results in Schrédinger invariant theories:

(O (a1, 21)...0ON 2y, 28)) = Sopirtpy

al 1 )aub ( in >]
" g * a &a
[}:Ib <(L‘ab €xp 2NR, (p pb) b

T T
x H <M7 gab + gbc + fca)
LacTpg

where

5 p = |xéb‘2
aov — —

Lap



Three-Point Functions

Two-point functions are fixed by SU (1, 3) and hence agree with
those found by reduction of a 6D SCFT.

In Schrodinger theories the functional form of the three-point
function, i.e. H, can be determined if one operator has
dimension A = d/2 = 2 [Golkar,Son].

This is not interesting for us as the only operators with A = 2
are free: e.g. Tr(X!) and hence the three-point function

vanishes.

But following their argument we find something else.



Expand the OPE as
02($)03(0) = 00(33)01 (O) + C{@l(’)l (O) + 028701(0) + ...

Commute both sides with M, , re-expand and read off O;(0)
coefficient:

1 ; . ; . ) ;
— (Mi+)a Cy — §A3Q/L’j$‘700 + lng‘ZCO = —1 (pléij — §A19ij) C{

where

M; = ( Qa2 — LR 22972 o_ + 27 6;
+/0 2571 8

+ %(QQikxkxj + Qij{L’k$i — Qij$k$k)8j

But for p; = £A /2R

(p15ij - %A1Qz‘j> <p15ij + %AIQU) =0



Thus we find a single differential equation for Cy alone:
1 1 k o
5ij + Z§Qij (MjJr)a Co+ §Agﬂjkl‘ Co—ip3x’Cy ) =0

This is solved by

1 ~
Co =z 2837 B P30 ()

For any anti-holomorphic function of z = =~ + j5za’.

Furthermore scaling symmetry tells us
Co(N2z™, Azt) = NA1—82= 830 (2™, o)

which fixes

—A1+A0+A3 1
4 )‘RIJS—E(AL—A:H‘A:S)

(

w0l

|-

COC(



So What: Look at 3-point function

lim (0177 (45) 05" () OF (0))

z—0
= lim Co (=20, 220){O) 727 (1) OF* 72 (0))

A

. a1 —R(p2+p3)
— Cll lim C()(Z(IJ()? Z'IJO) < ) (ZL())
x—0

Zy02y0 Zy0

—A1+A80+A3 AS]
4

. 1 1 2
= (C11C lim — -
220220 Zy02y0

z—0
1
—Rpa— 2 (A1 —AoLA- _
<Zm0> Rps—7 (A1—Az+As3) 240 R(p2+p3)
X — e
220 290




On the other hand our general result tells us that:
(0777 ()05 ()05 (0)

A1tAs—Aj
< : ) 4 < 1 ) ( 1 )
Zyzzya: Z20Z20 ZyOZyO
R R R
= (—2p2— = (p2— 5 (—p2—2p
<Zyz> 3 (—2p2—p3) <zxo> 3 (p2—p3) <Q> 3 (—p2 3)H <Zyz2’z02’0y)
Zyx 20 0 ZyxEIOEOy
—A1+A5+A R
1 = 1 220 3 (P2—p3)
H — — —
=0 \ 220220 Zy02y0 Zx0

. <@> —R(p2+p3) o <ZLO)
ZyO Zz0

—A1+Ag+A3 A1 —Agx+A3
1 1

Nl'e




Comparing the two we can read off that

R, oA
H<zi0> :C<@>3( p2—2p3)— 7 (A1—A2+A)

Zz0 Zz0

This agrees with the Fourier reduction of a 6D SO(2,6)
correlator:

(O (21)0P) (22) 0P (2:3))

él?3
—A1+Ax+A3 ‘:%3 . 561|A1*A2*A3

|1 — o M1FA27E3 |3y — iy

Thus all 5D 3-pt correlators containing one operator with
p+ = A/2R are those of a 6D theory.



Conclusions

In this talk we discussed a novel class offield theories in
five-dimensions with a view to reconstructing 6D SCFT’s

Part |

® non-Lorentzian, UV complete 5D gauge theories

® No Supersymmetry or Schrodinger Symmetry at weak
coupling

e Can enhance to Super-Schrddinger in the IR
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¢ Introduce an Q2-deformation and Super-Schrodinger
— SU(1,3)

¢ Notable control over correlation functions: including a
spatial fall-off

e Can reconstruct non-compact Lorentzian 6D correlation
functions

¢ Integrability? Formally a similar string background to
ABJIM: AdS; x CP® — §* x CP°

e There is a 5D Yangian structure [Lipstein, Orchard]

Taking R — oo, R+ = R/k fixed we recover a DLCQ picture
with Schrodinger symmetry.

® Loose the nice properties of correlation functions.
e Can't readily reconstruct the non-compact theory



But there are big issues:

e Can we compute something six-dimensional?
* Need a better understanding of instanton operators

e When do we really reconstruct 6D SCFTs? Not all actions
we can write down should give such theories.

But there are also novel and interesting structures which we
hope to report following the next Pandemic.



Just Before COVID
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Instanton Worldlines

G;; appears as a Lagrange multiplier imposing
Fij = —(xaF)ij
For static configurations this is simply a well-known instanton:

Fl‘j = _(*4F>ij-

But more generally we can solve this with an 't Hooft ansatz

~ 1 I IA

provided .
0;0;® =0

where /L =A; — %QijxjA, and él =0; — %Qij56j6,.

Remarkably it still linearizes



Smooth spherically symmetric solutions take the form

0 .
pu(T) - =2

o=1 ——=d = —
I LR &

where y(7) > 0. Near z* = 0 we find

4T R o
o = W,u(m_) + finite

Leading to an instanton at the origin with size ;(z ™)
So we have a theory of instantons with dynamical sizes.

Whenever ;(z~) = 0 the instanton shrinks to zero size and the
instanton number goes to zero.



But more generally we find solutions corresponding to a sum
over an arbitrary number of instantons each following an

arbitrary worldline (y, (1), v% (7))

ja(r)
*Z/ (@92 m) @ ya(7)

These can be created and destroyed whenever pi4(

P

Turning points require 114 (Tiurning) = 0 for finite action.




A typical contribution to the path integral involving instanton
operators looks like:

Furthermore once instanton operators are included the action
is only single-valued on configuration space if 2k € Z



