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1 Introduction

Consider a real n-plane bundle ¢ with Euclidean metric. Associated to ¢ are a number
of auxiliary bundles: disc bundle, sphere bundle, projective bundle, k-frame bundle, etc.
Here “bundle” simply means a local product with the indicated fibre. In each case one
can show, by easy but repetitive arguments, that the projection map in question is indeed
a local product; furthermore, the transition functions are always linear in the sense that
they are induced in an obvious way from the linear transition functions of £&. It turns out
that all of this data can be subsumed in a single object: the “principal O(n)-bundle” F,
which is just the bundle of orthonormal n-frames. The fact that the transition functions of
the various associated bundles are linear can then be formalized in the notion “fibre bundle
with structure group O(n)”. If we do not want to consider a Euclidean metric, there is
an analogous notion of principal GL,R-bundle; this is the bundle of linearly independent
n-frames.

More generally, if G is any topological group, a principal G-bundle is a locally trivial
free G-space with orbit space B (see below for the precise definition). For example, if G is
discrete then a principal G-bundle with connected total space is the same thing as a regular
covering map with G as group of deck transformations. Under mild hypotheses there exists
a classifying space BG, such that isomorphism classes of principal G-bundles over X are in
natural bijective correspondence with [ X, BG|. The correspondence is given by pulling back
a universal principal G-bundle over BG. When G is discrete, BG is an Eilenberg-Maclane
space of type (G,1). When G is either GL,R or O(n), BG is homotopy equivalent to the
infinite Grassmanian G,R*. The homotopy classification theorem for vector bundles then
emerges as a special case of the homotopy classification theorem for principal bundles.

As these examples begin to suggest, the concept principal bundle acts as a powerful
unifying force in algebraic topology. Classifying spaces also play a central role; indeed, much
of the research in homotopy theory over the last fifty years involves analyzing the homotopy-
type of BG for interesting groups G. There are also many applications in differential geometry,
involving connections, curvature, etc. In these notes we will study principal bundles and
classifying spaces from the homotopy-theoretic point of view.



2 Definitions and basic properties

Let G be a topological group. A left G-space is a space X equipped with a continuous left
G-action G x X — X. If X and Y are G-spaces, a G-equivariant mapisamap ¢ : X — Y
such that ¢(gx) = go(x) for all g € G,z € X. Synonymous terms include equivariant (if the
group G is understood) and G-map (for short). This makes left G-spaces into a category.
A G-homotopy (or G-equivariant homotopy, or equivariant homotopy) between G-maps ¢, v
is a homotopy F' : X x I — Y in the usual sense, with the added condition that F be G-
equivariant (here G acts trivially on the I coordinate). This yields the G-homotopy category
of left G-spaces. Similar definitions apply to right G-spaces.

Now let B be a topological space. Suppose that P is a right G-space equipped with a
G-map 7 : P — B, where G acts trivially on B (in other words, 7 factors uniquely through
the orbit space P/G). We say that (P, 7) is a principal G-bundle over B if 7 satisfies the
following local triviality condition:

B has a covering by open sets U such that there exist G-equivariant homeomorphisms
¢y 7 U — U x G commuting in the diagram

ﬂ_—lUﬂ,UXG

U

Here U x G has the right G-action (u, g)h = (u, gh). Note this condition implies that G
acts freely on P, and that 7 factors through a homeomorphism 7 : P/G — B (thus B “is”
the orbit space of P). Summarizing: A principal G-bundle over B consists of a locally trivial
free G-space with orbit space B.

A morphism of principal bundles over B is an equivariant map o : P — () over the
identity of B (i.e., inducing the identity map on the orbit space). This makes the collection
of all principal G-bundles over B into a category. The set of isomorphism classes of principal
G-bundles over B will be denote PsB. A principal G-bundle is trivial if it is isomorphic
to the product principal bundle B x G — B. Every principal bundle is locally trivial, by
definition.

Note that (P, 7) is in particular a local product over B with fibre G. To be a principal G-
bundle, however, is a far stronger condition. Here are two striking and important properties
that illustrate this claim:

Proposition 2.1 Any morphism of principal G-bundles is an isomorphism.

Proof: Let ¢ : P — @) be a morphism. Suppose first that P = () = B x G. Then
a(b,g) = (b, f(b)g) for some function f : B — G; clearly f is continuous. Hence o is an
isomorphism with o=1(b, g) = (b, f(b)"'g). This proves the proposition in the case when P
and Q are trivial. Since every principal bundle is locally trivial, the general case follows
immediately.



Proposition 2.2 A principal G-bundle m : P — B s trivial if and only if it admits a
section.

Proof: 1f P is trivial, then there is a section; this much is trivially true for any local product.
Conversely, suppose s : B — P is a section. Then the map ¢ : B x G — P given
by ¢(b,g) = s(b)g is a morphism of principal bundles, and is therefore an isomorphism by
Proposition 2.1.

The difference between a principal G-bundle and a run-of-the-mill local product with fibre
G can be illustrated further in terms of transition functions. Suppose 7 : E — B is a local
product with fibre G, and U,V are open sets over which 7 is trivial, with U NV nonempty.
Comparing the two trivializations leads to a homeomorphism (UNV)x G — (UNV) x G
of the form (x, g) — (z, ¢(z)g), where the transition function ¢ is a map from U NV into the
set of homeomorphisms from G to itself. In a principal G-bundle, each ¢(x) is left translation
by an element of G, and ¢ : U NV — G is continuous.

Given a principal G-bundle P over B and a map f : B’ — B, we can form the pullback
P' = f*P = B’ xp P; the pullback inherits a natural structure of principal G-bundle over
B’ from P. The reader should note the following two simple and purely categorical facts:
First, if Q is a principal G-bundle over B’, then bundle maps Q — f*P are in bijective
correspondence with commutative squares

Q —— P

|

B — B

in which the top arrow is a G-equivariant map. Second, sections of the pullback bundle f*P
are in bijective correspondence with lifts in the diagram

P

<

B/T’B

We conclude this section with an interesting special case of the pullback construction.
We can pull P back over itself:

PxzP "+ p

P

B

™

Here 7’ is projection on the lefthand factor, and defines a principal G-bundle structure
in which the G-action on P x g P is on the righthand factor.
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Proposition 2.3 7' : P xg P — P is a trivial principal G-bundle over P.
Proof: The diagonal map P — P X P is a section; now apply Proposition 2.2.

Note that the trivialization obtained is the map P x G — P xpg P given by (p,g) —
(p,pg). By symmetry, a similar result holds for 7”7, with the roles of the left and right factors
reversed.

3 Balanced products and fiber bundles with structure
group

Note that any left G-action on a space X can be converted to right action—and vice-versa—
by setting 19 = ¢ 'z, v € X.

If W is a right G-space and X is a left G-space, the balanced product W x ¢ X is the quotient
space W x X/ ~, where (wg, z) ~ (w, gx). Equivalently, we can simply convert X to a right
G-space as above, and take the orbit space of the diagonal action (w,z)g = (wg, g~'z); thus
W xe X = (W x X)/G. The following special cases should be noted:

(i) If X = x is a point, W xg *x = W/G.

(ii) If X = G with the left translation action, the right action of G on itself makes
W x¢ G into a right G-space, and the action map W x G — W induces a G-equivariant
homeomorphism W xq G — W.

Let G,H be topological groups. A (G,H)-space is a space Y equipped with a left G-action
and right H-action, such that the two actions commute: (gy)h = g(yh). If we convert (say)
the right H-action to a left action, this is the same thing as a left G x H-action. Note that
if Y is a (G,H)-space and X is a right G-space, X X Y receives a right H-action defined by
[z, y|h = [z, yh]; similarly Y x5 Z has a left G-action if Z is a left H-space.

Proposition 3.1 The balanced product is associative up to natural isomorphism: Let X be
a right G-space, Y a (G,H)-space, and Z a left H-space. Then there is a natural homeomor-
phism

(XXGY) XHZ%JXXG(YXHZ)

Thus we can write X Xg Y Xz Z without fear of ambiguity. The proof is left as an
exercise. The homeomorphism in question takes an equivalence class [z, y, z] on the left to
the equivalence class [z, y, z] on the right; the only problem is to show that this map and its
inverse are continuous. Here it is important to note the following trivial but useful lemma:

Lemma 3.2 Let X be any G-space, m : X — X/G the quotient map. Then m is an open
map.



One reason this lemma is so useful is that while a product of quotient maps need not be
a quotient map, a product of open maps is open and therefore a quotient map. This fact is
needed in the proof of the proposition.

Note that if H is a subgroup of G, then G can be regarded as a (G, H) — space. Combining
the second example above with the proposition, we find that the symbol xoG (or GX¢) can
be “cancelled” whenever it occurs.

Corollary 3.3 Suppose X is a right G-space, Y a left H-space, where H is a subgroup of G.
Then X XxgGxgY =2 X xgY.

On the righthand side, X is regarded as an H-space by restricting the G-action. The
proof is trivial. Taking Y to be a point and applying the first example above, we have the
important special case:

Corollary 3.4 Suppose X is a right G-space and H is a subgroup of G. Then
X x¢ (G/H)= X/H

In the situation of this last corollary, suppose that X — X/G is a principal G-bundle.
We can ask whether X — X/H is a principal H-bundle. In general it is not, even when
X/G a point: For example, take G to be the additive group of real numbers, X = G acting
on itself by translation, and H = Q. Then R — R/Q is not a principal Q-bundle—for it were
locally trivial, then since R/Q has the trivial topology it would have to be globally trivial,
which is clearly absurd.

We eliminate this pathology according to the usual custom; that is, with a definition.
Call a subgroup H of G admissible if the quotient map G — G/H is a principal H-bundle.
For example, any subgroup of a discrete group is admissible, and any closed subgroup of a
Lie group is admissible.

Proposition 3.5 Suppose P — B is a principal G-bundle, and let H be an admissible
subgroup of G. Then the quotient map P — P/H is a principal H-bundle.

Proof: For any subgroup H, we have P/H = P xg (G/H). Our quotient map P — P/H
can then be identified with P x¢ G — P X (G/H). The proposition now follows easily
from the fact that H is admissible.

Remark. In the literature one occasionally finds the assertion that Proposition 3.5 holds for
any closed subgroup of any topological group. But this is false even for compact Hausdorff
groups. First of all, if there exists even one principal G-bundle P — B such that P —
P/H is a principal H-bundle, then by pulling back over a point we see that H is admissible.
Now take G to be a countably infinite product of circle groups S!, and take H to be the
corresponding product of Cy’s, where Cy = +1 C S'. Then H is not admissible. To see this,
first note that the product and quotient topologies on G/H coincide, so G/H = (S1/Cy)*.
Now if G — G/H is locally trivial, then it has local sections, so it has a section over some
basic open set [] U; in the base space. But U; = S'/C, for all but finitely many 4, in particular
for one i, and from this one easily obtains a section of S* — S'/Cy, contradiction. (This
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is example is taken from “Dynamics of Lorentz Manifolds” by Scott Adams, who attributes
it to H. Becker. I thank Mehmet Omat for pointing out the reference.)

Note that for fixed W, X — W x5 X is a functor, and similarly in the other variable.
Now suppose 7 : P — B is a principal G-bundle and F is a left G-space. The unique map
F' — xis of course G-equivariant, and so induces a map P X ' — P Xg* = B. It is easy
to check that this map is a local product with fibre F. A local product of this form is called
a fibre bundle with fibre F and structure group G, and denoted (P, p, B, F,G) if we want to
display all the ingredients explicitly. For example, as we will see in the next section, an
n-dimensional real vector bundle is a fibre bundle with fibre R™ and structure group G L,R.

Once again, note that this is a much stronger condition than merely requiring a local
product structure. The point is that the transition functions for the local product are
required to take values in G. More precisely, suppose p : E — B is a local product with
fibre F, and U, V are intersecting open sets over which p is trivial. Then over UNV, we have
two different trivializations, and comparing these leads to an automorphism of (UNV) x F of
the form (z,y) — (z, f(x)(y)). Here f is a map from UNV to the set of self-homeomorphisms
of F. We cannot discuss the continuity of f without first topologizing this set, and in any
event this would embroil us in point-set topological difficulties. If, on the other hand, p is
the projection of a fibre bundle with structure group G, then the transition functions f can
be interpreted as continuous maps into G. The automorphism above can be then be written
(2.) = (x, f(2)y).

If (P,p, B, F,G) is a fibre bundle, and f : X — B is a continuous map, the pullback
f*E is again a fibre bundle over X, with the same fibre and structure group. To make sense
of this, one has to know that the two different ways of forming the pullback are really the
same.

Proposition 3.6 Let p: E — B be a fibre bundle with fibre F' and structure group G. Let
f: X — B be a map. Then there is a natural homeomorphism f*(P xXg F) = (f*P) x¢g F.

The proof is left as an exercise. Note there is a notational pitfall: Using another standard
notation for pullbacks, the conclusion can be written as X Xy (P xg F) = (X Xy P) x¢g F.
But the roles of Y and G as subscripts here are totally different! In general, the pullback
X Xy Z is a subspace of X x Z, whereas a balanced product P xXg F' is a quotient of P X F.
As long as one does not confuse the two constructions, the exercise is straightforward.

We will see many examples of fibre bundles with structure group in the next two sections.

4 Vector bundles and principal GL,-bundles

Let £ = (E,p, B) be a real vector bundle of dimension n. The associated principal GL,R-
bundle can be defined in two equivalent ways. The first is perhaps more vivid and intuitive,
while the second displays the group action more clearly. We emphasize that the two defi-
nitions are really little more than mild paraphrases of one another, based on the following
trivial fact: If W is a real vector space of dimension n, let V,,JW denote the space of n-frames in
W-—that is, bases (v1, ..., v,)—and let Iso (R", W) denote the space of linear isomorphisms



f :R" —s W. Then there is a natural homeomorphism Iso (R™, W) =5 V,W given by
f = (f<€1)7 7f<€n))

In the first definition, we set P = P = V,,§, where V,§ denotes the n-frame bundle; that
is, the set of pairs (b,v) with b € B and v = (vy, ..., v,,) an n-frame in E,. We topologize P
as a subspace of the Whitney sum nE = E @ ... & E (n copies). Note that GL,R acts on
the right of nE by the rule (vy,...,v,)A = (vy, ..., v;,), where v} = 3=, v;Ay;. It is not hard to
check that this action is free, and that it makes P into a principal GL,R-bundle over B. But
our second description of P makes this check even easier.

Consider the vector bundle Hom (¢, F), where €" denotes the n-dimensional product
bundle B x R", and recall that it can be identified with the n-fold Whitney sum £ & ... E.
Now GL,R acts on the left of €” by g(b,v) = (b, gv), inducing a right action on Hom (€, E).
As our second definition of P; we take the subbundle Iso (¢", E') of Hom (", E) for which
the fibre over b € B is the space of all isomorphisms R" — Ej,.

(Warning: For vector bundles F, E’, do not confuse the bundle Hom(E, E') with the
vector space Hom(E, E'). The latter is the space of global sections of the former. Similarly,
do not confuse the bundle Iso(F, E’) with the set of isomorphisms Iso(E, E"). Again, the
latter is the space of global sections of the former—and indeed Iso(E, E') is often the empty
set.)

Clearly GL,R acts freely on P. Using the local triviality of E, one easily checks that
P — B is a principal GL,R-bundle over B. Moreover, the natural map Iso (¢",§) — V,,.§
given by (b, f : R* = E}) — (b, (f(e1), ..., f(e,))) is an equivariant homeomorphism. Hence
this definition of P agrees with the previous one.

Proposition 4.1 For any space B, there is a natural bijection

¢:PaL B — Vecty B
given by P +— P XGL,R R"™. The inverse 1 is given by £ — P¢, as defined above.
Similarly,

Par,cB = Vecti(;B

Proof: 1t is clear that both constructions are well-defined on isomorphism classes. Now
suppose £ is an n-plane bundle. Then there is an evident map

0 Iso(e",€) xgr, g R — E(€)

defined by o([b, f,v]) = (b, f(v)). Here f : R* = E,, and v € R". (We are also following
our standard practice of including b in the notation to specify the fibre, even though this is
redundant.) Note that o is well-defined, since if ¢ € GL,R then f(gv) = (fg)(v). To see
that o is continuous, observe that over a trivializing neighborhood U for &, o has the form

U x GL,R XGLnRRn = U x R"

Since o is clearly a linear isomorphism on fibres, ¢ is an isomorphism of vector bundles.
This shows ¢ is the identity.



Now suppose we start with a principal GL,R-bundle P, and let § = P X LR R™. To
show that )¢ is the identity, we will show that P is isomorphic to V,£. By Proposmon 2.1,
it is enough to construct an equivariant map 7 : P — V€. Let 7(z) = ([z,e4], ..., [z, en]).
Then 7 is clearly continuous. To see that 7 is equivariant, we identify V,,& with Iso (€",¢)
as above. Then 7(x) = (b, f;), where b = [z| and f, : R” — Ej, maps ¢; to [z, ¢;]. Hence if
g € GL,R, f,, maps e; to [zg,e;] = [z, ge;]. In other words, 7(xg) = (7(z))g, as required.

If the vector bundle £ = (E,p, B) has a Euclidean metric, we can define an associated
principal O(n)-bundle in an analogous way. The analogue of our first definition is to take
P = V9¢, the bundle of orthonormal n-frames. The analogue of the second definition is to
take P = Isom(e", &), the bundle whose fibre over b € B is the space of isometries R" = F,.
As before, it is easy to see that these two definitions are equivalent. Similarly, a complex n-
plane bundle with Hermitian metric has an associated principal U(n)-bundle. The following
lemma will be proved later, at least in the case when B is a CW-complex.

Lemma 4.2 Let € be a real (resp. complex) n-plane bundle with two Euclidean (resp. Her-
mitian) metrics Py, B1. Then the corresponding principal O(n)-bundles (resp. U(n)-bundles)
Py, P, are isomorphic.

Assuming the lemma, the method of proof of Proposition 4.1 yields:

Proposition 4.3 For any paracompact Hausdorff space B, there are natural bijections

¢: PomB — VectB
and

o

PU(n) B — Vect(EB

Example 1: Let v = ”y R’ the canonical line bundle over RP™. The associated principal
O(1)-bundle P, is just the usual covering map S" —» RP", with O(1) = z/2 acting via the
antipodal involution. Hence S™ Xz, R' = E(7).

Example 2: Let v = vi(c, the canonical line bundle over CP". The associated principal
U(1)-bundle P, is just the usual quotient map S?"*1 — cP", with U(1) = S! acting in the
usual way via complex multiplication. Hence S?" ™! x 1 C' & E(y).

Example 3: Let 7 = 75» denote the tangent bundle of S™. Then the associated principal
O(n)-bundle P; is the space of pairs (z,v) with x € S™ and v = (vy, ..., v,) an orthornormal
n-frame perpendicular to z. But this is just V,,,1R"™ = O(n + 1). Hence P — S™ can
be indentified with the standard quotient map O(n + 1) — S™ that exhibits S™ as the
homogeneous space O(n + 1)/0(n).

Example 4. Using the principal bundle, the reader can now construct a plethora of fibre
bundles associated to a vector bundle. To give just one example, let E be a complex n-plane
bundle over B. The associated projective bundle ¢ : P(E) — B can be constructed in ad hoc
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fashion as the set of pairs (b, L) with b € B and L a line through the origin in E,. We then
give P(E) the unique topology compatible with the trivializations ¢~'U — U x cP"!
inherited from E. But we now have a more systematic construction of such bundles: Let
P = Iso(€", E) denote the principal G L, C-bundle associated to E. Using the natural action
of GL,C on CP" !, we form the associated fibre bundle

P XGLn(C (C.Pn_l — B

To see that this new bundle agrees with the old one, we use the argument of Example 4:
Map (b, f, L) to (b, f(L)). Here f is an isomorphism C" — Ej, and L € CP""!. Again this
map is well-defined on the balanced product, and yields a homeomorphism of spaces over B.

Example 5. A k-dimensional distribution on a smooth n-manifold M, as defined in any text
on manifolds, is the same thing as a section of the bundle G, whose fibre at x € M is the
Grassmanian of k-planes in the tangent space at x. With principal bundles in hand, we can
identify this bundle as

Gy = PTM XGLnR GiR"

Example 6. The reader should experiment with further variations on this theme: sphere
bundles, disc bundles, k-frame bundles, etc.

5 Even more examples

Example 1: If G is discrete, a principal G-bundle with connected total space P is the same
thing as a regular covering map with G as group of deck transformations.

To see this, first observe that any local product with discrete fibre and connected total
space is a covering (covering spaces have connected total spaces, by definition). So if 7 :
P — B is a principal G-bundle with G discrete and P connected, 7 is at least a covering
map. On the other hand, a covering map is reqular if and only if its automorphism group
A acts transitively—and hence simply transitively—on the fibre over a basepoint by. Here
we have G acting as a group of automorphisms of 7, so that G C A, and the action is
simply transitive on fibres by the definition of principal bundle. This forces G = A: For if
a € A, choose any x € P. Then there is an element g € G such that zg = xa (for the sake
of consistency, we let A act on the right). But a covering space automorphism (or “deck
transformation”) is uniquely determined by its value at a single point; hence g = a.

Conversely, if 7 : P — B is a regular covering with group G, it is almost immediate
from the definitions that « is a principal G-bundle.

If B has a universal cover (this is always the case if B is locally 1-connected), so that
covering spaces are classified by conjugacy classes of subgroups of the fundamental group
of B, the regular covering spaces are precisely those corresponding to normal subgroups of
m B.! In this case we can interpret all coverings as fibre bundles associated to the universal

180 an alternative and probably better term is “normal covering”. Yet another term is “Galois covering”,
drawing on the extraordinarily close analogy between covering space theory and Galois theory.



cover B —» B, where B is naturally a principal left 71 B-bundle. Let ¢ : E — B be any
covering space, and let S denote the fibre over a chosen basepoint. Then from basic covering
space theory we have a natural right 7 B action on S, and if we choose s € S with isotropy
group H, then we can identify E with B /H. By Corollary 3.4, this latter space in turn can
be identified with S x,, 5 B , the associated bundle with fibre S.

Example 2: Suppose G is a Lie group, H C G a closed subgroup. Then H is admissible;
that is, the natural map p : G — G/H is a principal H-bundle. (See [Brocker-tom Dieck],
Theorem 4.3 p. 33.) In fact, p is a smooth principal bundle, meaning that all maps occuring
in the definition can be taken smooth. Recall also that if M is a homogeneous space of
G, then M is equivariantly diffeomorphic to G/H, where H is the isotropy group of any
point of M (loc. cit., 4.6). This leads to a variety of interesting examples. For example,
S™ 2= O(n + 1)/O(n) exhibits S™ as the base space of a principal O(n)-bundle. In fact this
is the principal O(n)-bundle associated to the tangent bundle of S™, as discussed in the
previous section.

Example 3: Suppose G is a Lie group acting smoothly and freely on the smooth manifold
M. In general, the orbit space M /G can be very badly behaved, and M — M /G need not
be a principal bundle. (Consider, for example, the R-action on the torus given by the flow
associated to a vector field of “irrational slope”.) But a very useful result asserts that if G is
compact, then M /G is a smooth manifold and M — M /G is a smooth principal G-bundle.
(loc. cit., exercise 3, p. 40.) This result holds even for noncompact G, provided that the
action is proper (loc. cit.).

For example, the natural projection VOR"™* — G, R"** from the orthonormal n-frames
to the Grassmannian is a principal O(n)-bundle—in fact, it is the principal bundle associated
to the vector bundle ~, ., as in the previous section.

Example 4. Suppose P — B is a principal G-bundle, and § : G — GL,,C is a continuous
representation of G. Then C” receives a left G-space structure, and the balanced product Px ¢
C" is evidently a vector bundle over B. This yields a functor from complex representations
of G to complex vector bundles over B that commutes with direct sum and tensor product.
For example, suppose P — B is the usual quotient map S?***! — CcP". This is the
principal S'-bundle associated to the canonical line bundle y = ~!. If 6 is the representation
St — GL,C given by z ++ 2¥ k € Z, the corresponding vector bundle is the k-th tensor
power ®k7.
Of course similar remarks apply to real representations and real vector bundles.

Example 5: This is an important special case of the preceeding example. Let G be a
Lie group, H a closed subgroup. Then 7 : G — G/H is a principal H-bundle, so a
representation of H on V' determines a vector bundle G xz V' | G/H. In fact it is easy
to see that every G-equivariant vector bundle over G/H arises in this way. Consider, for
example, the tangent bundle 7¢/5. Since 7 is H-equivariant with respect to the conjugation
action of H on G (in the source), the differential dr at the identity is a morphism from the
adjoint representation of H on g to T.y(G/H). Since 7 is submersive and maps H to a
point, we see that dm induces an isomorphism of H-representations
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o/b — Ton(G/H).

Using the adjoint property of G Xy (—), we then obtain an isomorphism of vector bundles

GXHg/f) i)Tg/H.

As a concrete illustration, consider the tangent bundle of a Grassmannian. To em-
phasize the naturality of the constructions involved, we avoid coordinates and start from
a complex vector space V' of dimension n and the action of G = GL(V). Choose a k-
dimensional subspace W and let H denote the stabilizer of W; thus G/H = GC". Now the
Lie algebra g = endV, while h = {A € endV : AW C W}. Furthermore, we have an iso-
morphism of H-representations Hom (W, V/W) —s g/b, induced by restricting A € end V
to W and then post-composing with V' — V/W. Hence we have a natural isomorphism
G xg Hom (W, V/W) = 1¢/5. But G xy W is just the tautologous bundle, while Gy is
the quotient (trivial bundle)/W. Identifying V with C and W with C*, we conclude:

Ta,cr = Hom (fyk, e”/ﬂy’“).

For topological purposes, the quotient bundle could be replaced by the orthogonal comple-
ment of v*: we leave it as a quotient so that the isomorphism remains valid in the category
of algebraic varieties.

In the special case of a projective space (k = 1), by applying Hom (v!, —) to the short
exact sequence

00— — " — /4t —0

we obtain a short exact sequence

0 — e — ny™ — 7epn1 — 0.

Again this sequence splits as topological vector bundles, although not algebraically (if it split
algebraically then by dualizing the splitting of the first map we would obtain an algebraic
section of 4! that is not identically zero, which is impossible).

6 Equivariant maps as sections of bundles

In this section we assume various facts about Serre fibrations; see my Notes on Serre fibrations
for details.

The next proposition will be the key to the homotopy classification Theorem 7.4 below.
To motivate it, we consider a simple example. Suppose we want to construct sections (nec-
essarily with zeros) of the canonical line bundle v over RP". We could start with a function
f:S™ — R that is Z/2-equivariant in the sense that f(—z) = —f(z). For example, any
function on the northern hemisphere that vanishes on the equator extends uniquely to an
equivariant function. Now recall that E(y) = {(L,v) € RP" x R"™! : v € L}. We then
define g : S — E(v) by g(z) = ([z], f(z)x), and observe that g factors through the desired
section s:
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In fact every section arises in this way; we can also use sections to construct equivariant
maps. For if s is given, we can set ¢ = sp. Then g(x) = ([z], f(z)x) for some function
f satistying f(—z)(—x) = f(z)(x), or f(—x) = —f(z). One can easily check that f is
continuous.

Recalling that E(y) & S" Xz, R, with Z/2 acting on R by the sign representation, we
conclude that there is a bijective correspondence between the set of Z/2-equivariant maps
S™ — R and the set of sections of the bundle S™ x7,, R — S"/(Z/2). In this form our
example admits a vast generalization.

Let m : P — B be a principal G-bundle, X a right G-space, and f : P — X a G-
equivariant map. Then the map P — P x X given by p — (p, f(x)) is also G-equivariant,
and passing to G-orbits yields a map s = sy : B — P x X that is in fact a section of the
fibre bundle map ¢ : P xg X — B. Write Homg(P, X)) for the set of G-equivariant maps
P — X, and I'p x for the set of sections of q.

Proposition 6.1 Let P be a principal G-bundle over B, X a right G-space. Then there is a
natural bijection ¢ : Homg(P, X) — I'px given by f +— sy.

The point of this result is that sections of a bundle are usually easier to construct and
study than equivariant maps.

Proof: If P = B x @ is a trivial bundle, then Homg(B x G, X) = Hom (B, X), the set of
continuous maps B — X. Similarly,

I'(BxGxgX — B)=T(BxX — B)=Hom(B, X)

This proves the proposition for trivial bundles. The reader can then show directly that ¢
is bijective in the general case. Alternatively, here is a slick categorical method for passing
from local to global information: Let {U;} be an open cover of B with P, = P | U; trivial.
There is an evident commutative diagram of sets

Homg(P, X) -~ [[ Home(P;, X) [ Homea(Pin P;, X)

I'(P xg X — B)

HF(R XgX — Ul) —_— HF((PZQPJ) XgX — UiﬂUj>

12



with exact rows, where both of the righthand horizontal arrows are supposed to be double
arrows but I don’t know the Tex for this. (Given maps of sets f,g: B — C, the equalizer
of the two maps is {b € B : f(b) = g(b)}. Saying that the rows of the above diagram are
eract means that the first arrow is an isomorphism onto the equalizer of the second two.) A
diagram chase reminiscent of the 5-lemma shows that for any such diagram with ¢’ bijective
and ¢” injective, ¢ must be bijective.

Corollary 6.2 Suppose B is a CW-complex, i : A C B a subcomplex inclusion. Then if
either i is a weak equivalence or X is weakly contractible, any G-map P|a — X extends to
a G-map P — X.

Proof: This follows from the fact that if p: £ — B is any Serre fibration and either ¢ or p
is a weak equivalence, any section of p defined on A extends to a global section.

Now take X = @ to be another principal G-bundle over B, and let Hom(P, () denote
the set of morphisms of principal bundles over B. We can regard Hom (P, () as the set
of sections the bundle Hom (P, Q) whose fiber at z is Homg(P,,Q,), in much the same
way that vector bundle homomorphisms can be identified with sections of the bundle of
homomorphisms of the fibers. To make this explicit, first note that if X, Y are free transitive
G-spaces, then there is a natural bijection X x¢ Y — Homg(X,Y) given by sending an
equivalence class [z, y] to the unique G-map with = — y. We then topologize Homg(X,Y)
by declaring this map to be a homeomorphism. Finally we define Hom (P, Q) = A*(PxgQ),
where A : B — B x B is the diagonal. It is a fiber bundle with structure group G x G and
fiber G x¢q G.

Proposition 6.3 There is a natural bijection from Hom (P,Q) to the set of sections of
Hom (P,Q), or equivalently the set of lifts in the diagram

PXGQ

R4

BABxB

Proof: Note that Hom (P,Q) C Homg(P,Q) as the set of equivariant maps over B. It
follows that the bijection of the previous proposition takes Hom (P, Q) to the sections 7 :

B — P x¢ @ such that mgy = 1p, where 7 is the natural projection onto /G = B. But
a section of this form is the same thing as a lift in the above diagram.

Corollary 6.4 Suppose B is a CW-complex and A C B is a subcomplex inclusion. Let P,Q
be principal G-bundles over B. Then if v is a weak equivalence, any morphism of principal
bundles P|y — Q|4 extends to a morphism P — Q.

13



Proof: By the proposition we may reinterpret the corollary as saying that any section of
Hom (P, Q) over A extends to a section over B. So the result follows from the general fact
about Serre fibrations cited above.

In particular, we obtain homotopy invariance of principal bundles; see the next section.

7 Homotopy classification and universal bundles

In this section we usually assume that the base space is a CW-complex. Many of the results
below hold under the weaker assumption that the base space is paracompact (for an even
more general setting, see [Dold]), but the proofs are completely different. The CW-approach
involves techniques that are better suited to later homotopy-theoretic developments.

Proposition 7.1 Let X be an arbitrary space, P a principal G-bundle over X. Suppose that
B is a CW-complex and that f,g : B — X are homotopic maps. Then the pullbacks
f*P,g*P are isomorphic as principal G-bundles over B.

Let F: B x I — X be a homotopy from f to g. By considering the pullback F*P, we
reduce at once to proving the following lemma:

Lemma 7.2 Let Q — B x I be a principal G-bundle, @y its restriction to B x 0. Then @)
18 1somorphic to Qo X 1. In particular Qg is isomorphic to (1.

Proof: By Corollary 6.4, the given morphism over B x {0} extends to a morphism over B x I.
But any morphism is an isomorphism by Proposition 2.1.

In other words, B — P¢(B) is a homotopy functor from CW-complexes to sets. Thus a
homotopy equivalence induces a bijection on Pg(—). In particular:

Corollary 7.3 If B is contractible, every principal G-bundle over B is trivial.

Remark: In view of Examples 4 and 5 above, Proposition 7.1 also implies that real and
complex vector bundles have the stated homotopy invariance property under pullback.

As another corollary, we prove Lemma 4.2 in the case of a CW-base. Suppose [y, 51
are Euclidean metrics on the real n-plane bundle £ = (E,p, B). In other words, fy, 8, are
sections of the bundle Sym™¢ whose fibre at b € B is the space of inner products on Ej.
(This bundle can in turn be constructed as the balanced product Pe x GL,R SymTR"™, but we
will not make use of this construction.) Since the space of inner products on a vector space
is a convex subset of the space of all bilinear forms, the homotopy £; = (1 — t)5 + tf is a
homotopy through Euclidean metrics from £y to ;. More precisely, S defines a Euclidean
metric on 7, where 7 : B x I — B is the projection. Let P denote the principal O(n)-
bundle associated to P. Applying Proposition 7.1 to the inclusions ig,7; : B — B X I, we
conclude that Py = P, as desired. The Hermitian case is proved the same way.

Now recall that a space X is said to be weakly contractible if X — * is a weak equivalence;
that is, for all n > 0, every map S — X extends to a map D"*! — X. Every contractible
space X is weakly contractible, and by Whitehead’s theorem every weakly contractible CW-
complex is contractible.

14



Theorem 7.4 Suppose P — B is a principal G-bundle with P weakly contractible. Then
for all CW-complexes X, the map ¢ : [ X, B] — PcX given by f — f*P is bijective.

We then call B a classifying space for G, and P a universal G-bundle. We will see below
that the converse of Theorem 7.4 holds also.

Proof: Suppose P is weakly contractible. We first show ¢ is surjective. Let ) — X be a
principal G-bundle. Applying Corollary 6.2 to the CW-pair (X, (), we get a G-map @ — P.
Passing to orbits yields a map f : X — B and a morphism ) — f*P of principal bundles
over X. Since any such morphism is an isomorphism, this proves the surjectivity.

Now suppose given maps fy, fi : X — B and an isomorphism ¢ : fjP =, fiP.
Setting () = fi P, we see that f, and f; are both classifying maps for @); i.e. are covered
by principal bundle maps to P. Consider the bundle R = @ x I — X x I. The G-map
R|xx{0,1; — P extends to a G-map R — P by Corollary 6.2. Passing to G-orbits yields
the desired homotopy. This shows ¢ is injective.

Proposition 7.5 Suppose a universal G-bundle P — B exists. Then
a) B can be taken to be a CW-complez;
b) a CW-classifying space B is unique up to canonical homotopy equivalence;
c) P is unique up to G-homotopy equivalence.

Proof: For any space B, we can choose a CW-complex B’ and a weak equivalence g : B —
B. Using the exact homotopy sequence of a Serre fibration and the 5-lemma, it follows that
g* P is also weakly contractible. This proves (a). Then (b) follows from Yoneda’s lemma,
since B represents the functor Pg(—) from the homotopy category of CW-complexes to Sets.
Part (c) is left as an exercise.

For this theory to be of any use, we need to know classifying spaces exist. The following
theorem is due to [Milnor].

Theorem 7.6 Let G be any topological group. Then there exists a classifying space for G.

The customary notation is to write BG for “the” classifying space of G, and EG for the
universal bundle over BG. Bear in mind, however, that in these notes BG is well-defined
only up to homotopy-equivalence, and similarly for EG. A particular choice of BG will be
called a model for BG. Milnor constructs explicit, functorial models for BG.

Remark: Our definition of classifying space and universal bundle is weaker than the def-
inition one commonly finds in the literature (cf. [May]). The stronger definition requires
EG to be contractible instead of just weakly contractible, but also requires the bundles in
question to be “numerable”. See the note below on [Dold].

Remark: Using Theorem 7.6, we can prove the converse of Theorem 7.4. Suppose P' — B’
is a principal G-bundle having the property that [—, B’] classifies principal G-bundles on the
homotopy category of CW-complexes. We want to show that P’ is weakly contractible. Let
P — B be as in Theorem 7.6. Then P and P’ are G-homotopy equivalent by part (c)
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of Proposition 7.5. In particular they are homotopy equivalent, and therefore P’ is weakly
contractible.

We will prove Milnor’s theorem in some important special cases. Consider first the case
G = GL,R. Recall that the infinite Grassmannian G,R* is a CW-complex, and that the
“infinite Stiefel manifold” V,,R* is a local product over G,,R* with fibre GL,R. In fact the
natural map ¢ : V,R* — G,R* is a principal GL,R-bundle.

Theorem 7.7 ¢ : V,R® — G,R*® is a uniwersal GL,R-bundle, and hence G,R* is a
classifying space for GL,R.

Proof: We have to show that V,R* is weakly contractible. The Gramm-Schmidt process
shows that the subspace V,OR* of orthonormal frames is a deformation retract of V,,R*, and
we will show instead (this is only a matter of convenience) that the orthonormal frames are
weakly contractible. Since ;R is the direct limit of the mVOR™* as k — oo, it is
enough to show:

Lemma 7.8 m;VOR"™* =0 fori < k.

The proof of the lemma is an easy induction, using the long exact sequence of the evident
fibration p : VIR — §"FF=1 Note that the fibre is V¢ R"**~1 Note also that we now
have an easy way of showing that p is a local product, and hence a Serre fibration: p is
just the (n — 1)-frame bundle associated to the principal O(n + k — 1)-bundle of the tangent
bundle of S"F-1,

This completes the proof of the theorem.

Thus BGL,R = G,R*. By a similar argument, we find that VnOROO — G,R* is a uni-
versal O(n)-bundle (V¢ denotes orthonormal n-frames). Hence BO(n) & G,,R*®. Similarly,
BGL,C = G,C* = BU(n). Note these spaces are also classifying spaces for vector bundles
(cf. example 4 above). So we have the corollary:

Corollary 7.9 For all CW-complexes X, the map [X, G,R®] — VectRX given by f —
f ™ is bijective. The analogous result with R replaced by C also holds.

We can now easily prove the following special case of Milnor’s theorem.

Theorem 7.10 Let G be a Lie group that embeds as a closed subgroup of some GL,R. Then
a classifying space BG exists.

Proof: Take EG = V,R*, regarded as a right G-space, and BG = V,R*/G. By Propo-
sition 3.5, EG — BG is a principal G-bundle, and EG is weakly contractible as shown
above.

Remark: Not every Lie group can be so embedded. For example, it is known that the
universal covering group of S L3R admits no faithful representations (this is far from obvious!).
On the other hand, every compact Lie group G embeds as a closed subgroup of GL,R for
some n ([Brocker-tom Dieck], p. 136).
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Suppose now that G is a discrete group. Recall that there exists a CW-complex K (G, 1)
such that m K (G, 1) = G and all other homotopy groups of K(G, 1) vanish; these properties
characterize K (G, 1) up to homotopy equivalence.

Theorem 7.11 Let G be a discrete group. Then any K(G,1) is a classifying space for G.

Proof: Let EG be the universal cover of K(G,1). Then p : EG — K(G,1) is a principal
G-bundle, and p induces an isomorphism on m, for n > 1. Since EG is also simply-connected,
it is weakly contractible (in fact contractible, since EG is also a CW-complex).

This proves Milnor’s theorem for discrete groups. For example, BZ = S! and EZ = R. It
should be remarked that Milnor’s general construction is not difficult; the interested reader
should consult the original paper [Milnor].

8 Induced maps of classifying spaces

We assume that a choice of CW-classifying space BG has been fixed for each topological
group G.

Let # : H — G be a homomorphism of topological groups. Then G receives the structure
of left H-space: h-g = 0(h)g. Combined with the action of G on itself by right translation,
this makes G a (H,G) — space. If P — B is a principal H-bundle, we can then form the
balanced product P xgy G. If it is necessary to display 6 to avoid confusion, we write this
as P xpgp G — B. One easily checks that the natural right G-action on P x g G is free,
and that P xy9 G — B is a principal G-bundle. Thus we have a natural transformation
Py:PyB — PgB .

It follows from Yoneda’s lemma that there is a unique homotopy class B8 : BH — BG
inducing Fy. In fact B0 is just a classifying map for the principal G-bundle EH X g9 G —
BH.

Proposition 8.1 With this definition of B, G — BG 1is a functor from the category of
topological groups to the homotopy category of CW-complezes.

Proof: If H = G and 6 is the identity, Bf classifies EG X G = EG and hence is the identity
(as homotopy class). Now suppose we are given a composite homomorphism
H.% 65K
We must show that B(706) = B(7)oB(f#). Equivalently, we must show that P,y = P, P.
Let P be a principal H-bundle over a space B. Then
(P XH,0 G) Xa,r K=P XH,0 (G XaG,r K) =P X H,r0 K

This proves the proposition.

As it stands, our definition of B applies only to C'W-models for BH, BG. If we have
models BH, BG that are not necessarily CW, and a map f : BH — BG covered by a
bundle map FH X9 G — EG, we will call f a model for B9.

17



Remark: As noted earlier, Milnor’s construction of BG gives a functor to the category
of topological spaces, as opposed to merely the homotopy category (see also [May], p. 126
and p. 196). There is also a strictly functorial way to replace any space by a CW-complex;
applying this construction to Milnor’s BG yields a strictly functorial, CW-version of BG
that avoids the fussing over CW-models that our approach requires. But this alternative
comes with its own baggage, namely the machinery of simplicial sets, and we prefer to avoid
it here.

8.1 Examples of induced maps

Suppose we are given a map f : BH — BG and wish to identify it as a model for B6 for
some homomorphism ¢ : H — G. Proceeding directly from the definition, what we must
show is that there is a bundle map f:

EFH XH’QG 4f> FG

|

BH

7 BG

When G is one of the classical groups O(n), U(n), Sp(n) (or GL,R, GL,C, GL,H), this
condition can be reformulated in terms of vector bundles. Taking G = U(n) to illustrate,
suppose we are given a homomorphism 6 : H — U(n).

Proposition 8.2 B0 classifies the vector bundle EH X g oC" over BH. The analogous result
holds for real or quaternionic vector bundles.

Proof: The principal bundle associated to EH X g C" is just EH Xpg U(n), so this is
immediate.

Example 1. Let i : O(n) — U(n) denote the inclusion. The universal vector bundle 7,
over BO(n) has total space EO(n) X o) R", and hence its complexification is EO(n) x o(n)C".
Thus Bi : BO(n) — BU(n) classifies v, ® C. If an explicit geometric model is desired, one
can take the natural map G,R*® — G,C*.

The reader should study in similar fashion the induced maps associated to the inclusions
U(n) C O(2n), U(n) C Sp(n), Sp(n) C U(2n).

Example 2. Consider the automorphism o of U(n) given by complex conjugation: o(A) =
A. Then Bo : BU(n) — BU(n) classifies the conjugate 7, ¢ over the universal complex
vector bundle v, ¢. This is clear because E(v, c) = EU(n) Xy C" and hence E(7, c) =
EU(n) Xym), C". Here an explicit geometric model is given by complex conjugation on
G,C™.

Example 3. Consider the determinant det : U(n) — S'. Then Bdet : BU(n) — CP>
classifies the n-th exterior power A"y, c. Once again this is clear from Proposition 8.2:
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E(N",c) = EU(n) Xym) A"C", where the action of U(n) on A"C™ is multiplication by the
determinant.

Exercise. Suppose 0 : G — G is an inner automorphism of G. Show that B is homotopic
to the identity.

8.2 The induced map of an inclusion

Suppose i : H — G is the inclusion of an admissible subgroup. Then there is an alternative
way to think about the induced map Bi: Recall that since H is admissible (i.e., G — G/H
is a principal H-bundle), EG — EG/H is a universal principal H-bundle and so EFG/H is
a classifying space for H. Furthermore, there is a map of principal G-bundles

EG xy G T EG

BH = EG/H —— EG/G = BG
where e, g] = eg. Recalling that EG/H = EG x¢ (G/H), we have the following result:

Proposition 8.3 If « : H — G 1is inclusion of an admissible subgroup, then
7 EG x¢ (G/H) — BG is a model for Bi.

Example: Consider j : U(n) C O(2n) and the induced map Bj : BU(n) — BO(2n). By
the method of Proposition 8.2, we know that Bj classifies the underlying real vector bundle
of 7, ¢. We also have an obvious geometric model: the natural embedding G,,C* C G, R*.
Proposition 8.3, on the other hand, gives a very different model of Bj. We are now thinking
of BU(n) as EO(2n) X o(2n) (O(2n)/U(n)), or equivalently as the space of pairs (W, J) with
W € G5,R*® and J a complex structure on W. Furthermore, our model for Bi is now a local
product with fibre O(2n)/U(n)).
Examples of this type will be studied further below.

9 Products of classifying spaces

Proposition 9.1 Let G,H be topological groups. Then the natural homotopy class

B(G x H) — BG xy BH

15 a homotopy equivalence.
Remark: Recall that the notation x; means that the product topology is to be replaced
by the associated compactly-generated topology, which in this case is also the CW-topology.

In general this topology is strictly finer than the product topology, although if BG and BH
have countably many cells then the two topologies agree. In any case, for arbitrary spaces
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X,Y the natural map X x, Y — X XY is a weak equivalence; for our purposes, therefore,
the distinction is not very important. Note, however, that X x; Y is the categorical product
in the full subcategory of compactly-generated Hausdorff spaces.

Proof: 1t is readily checked that if P — X is a principal G-bundle and ) — Y is a
principal H-bundle, then P x ) — X x Y is a principal G x H-bundle. In particular,
this is true for EG x EH — BG x BH. Since a product of weakly contractible spaces is
weakly contractible, it follows from Theorem 7.4 that BG x BH is a classifying space for
G x H. It may not be a CW-complex, but this deficiency is easily remedied as above: We
retopologize BG x BH with the compactly-generated topology, and pull back EG x FH
along the canonical map BG x, BH — BG x BH.

Remark: It follows that there must be a natural transformation PoBXPyB — Paxu(B)
inverse to (Prs, Pry,), and indeed one can see this explicitly as follows: Suppose given a
principal G-bundle ) — B and a principal H-bundle R — B. Then ) x R — B x B is
a principal G x H-bundle over B x B. Setting P = A*(Q x R), where A is the diagonal, we
obtain a principal G x H-bundle over B.

10 Change of structure group

Let E — B be a vector bundle. Some typical questions we might ask about E are: Does
it admit a nonvanishing section? Is it trivial? Does it decompose in some nontrivial way as
a direct sum of two subbundles? If it is a real vector bundle, is orientable? Does it admit a
complex structure? A Euclidean metric? If it is complex, is it the complexification of some
real vector bundle? Does it admit a Hermitian metric?

Using principal bundles and classifying spaces, these questions can be formulated and
studied in a uniform and very elegant way. Suppose P — B is a principal G-bundle, and
H is a subgroup of G. We say that P is induced from an H-bundle if there exists a principal
H-bundle Q and an isomorphism @) xg G = P. Writing ¢+ : H C G for the inclusion, this is
just P;, a special case of the functor Py defined in the previous section. For example, if H is
the trivial subgroup this just means that P is a trivial bundle. If £ — B is a fibre bundle
with fibre F and structure group G, we say that the structure group of the bundle can be
reduced to H if the associated principal G-bundle is induced from a principal H-bundle.

We assume for the rest of this section that the base space B is a CW-complexz.

Theorem 10.1 Suppose H is an admissible subgroup of G (for example, G is a Lie group
and H is a closed subgroup). Then the following are equivalent:

a) P is induced from an H-bundle

b) P x¢ (G/H) — B admits a section

c) The classifying map f of P lifts to BH, up to homotopy:

BH
i
B?BG
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Proof: (a) = (b): Suppose P = @ xy G for some principal H-bundle ). Then

PXxg(G/H)=PXxgGxgx=Q Xy GXgG@xg*x=Q Xy Gxyg*x=0Q xy (G/H)

The identity coset in G/H is an H-fixed point, and so defines an H-equivariant map
x — G/H. Applying the functor @ x gy (—) to this map yields the desired section B —
P x¢ (G/H).

(b) = (c): Since H is admissible, we can take EG/H = EG X (G/H) as a model for
BH. With this model, we claim there is a strict lift (as opposed to a lift up to homotopy) in
the diagram

EG x¢ (G/H)

R4

5 .

7 BG

where f is a classifying map for P. For a lift as indicated in the diagram is the same thing
as a section of the pullback f*(FG x¢ (G/H)), and this pullback is precisely P x¢ (G/H).

(¢) = (a): If the lift f exists, we simply take Q to be the pullback f*EH. It is easy to
check that this works.

Note: We only used the assumption that H is admissible in the implication (b) = (c).

Example 1: Let G = GL,R, H = O(n). Then G/H is homeomorphic to the group of
upper triangular matrices with positive diagonal entries, and so is contractible. Hence, using
criterion (b), any GL,R-bundle is induced from an O(n)-bundle. In other words, every real
vector bundle admits a Euclidean metric. Similarly, every G L, C-bundle is induced from a
U(n)-bundle; equivalently, every complex vector bundle admits a Hermitian metric.

Example 2: Let £ = (E,p, B) be a real n-plane bundle with Euclidean metric. Then E
is orientable if and only if the structure group of ¢ can be reduced from O(n) to SO(n).
Note that in criterion (b), G/H = O(n)/SO(n) = {£1} is the set of orientations of R", so
P Xo@m) (O(n)/SO(n)) is just the usual orientation bundle.

Example 3: Let £ = (F,p, B) be a real 2n-plane bundle. We can ask whether or not E
admits a complex structure—in other words, whether or not E is the underlying real vector
bundle of some complex vector bundle. This amounts to reducing the structure group from
O(2n) to U(n). Since O(2n)/U(n) is the space of orthogonal complex structure maps on
R*"_ criterion (b) says that there is a complex structure map J on E (i.e., a bundle map such
that J> = —TI). Criterion (c) says that the classifying map for ¢ can be lifted from Gy,R*>
to G,,C°:
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B .4> GQHROO

Note this gives a simple necessary condition for the existence of a complex structure: All
the odd Stiefel-Whitney classes of E must vanish.

It is also possible to consider all complex structure maps, instead of just the orthogonal
ones. Then O(2n)/U(n) should be replaced by GLy,R/GL,C. Topologically, the distinc-
tion is not significant because the inclusion O(2n)/U(n) C GL9,R/GL,C is a homotopy
equivalence.

Example 4: Let £ = (E, p, B) be a complex n-plane bundle. We can ask whether or not E
is the complexification of a real n-plane bundle 7. This amounts to reducing the structure
group from U(n) to O(n). Recall that U(n)/O(n) is precisely the Lagrangian Grassmannian
of orthogonally totally real subspaces of C"; that is, n-dimensional real subspaces V' C C"
such that V is orthogonal to iV. Hence criterion (b) amounts to picking out a suitable totally
real subspace in each fibre, yielding the desired real n-plane bundle as a real sub-bundle of &.
Alternatively, one can identify U(n)/O(n) with the space of conjugate-linear involutions on
C"; then criterion (b) provides a conjugate linear bundle involution of E, whose fixed point
set is the desired real sub-bundle.
Criterion (c) says that the classifying map for £ can be lifted from G,C* to G, R*:

G,R™

<

B —— G,C

Again, one can deduce a necessary condition on characteristic classes for the existence
of 7. This time, however, it is easier to proceed directly without using classifying spaces: If
a complex vector bundle is the complexification of a real vector bundle, then its odd Chern
classes have order two (exercise, or see Milnor’s Characteristic Classes).

It is also possible to consider all totally real subspaces; that is, n-dimensional real sub-
spaces V' C C" such that V and iV are independent (V 44V = C"). Then U(n)/O(n) should
be replaced by GL,C/GL,R. Topologically, the distinction is not significant because the
inclusion U(n)/O(n) C GL,C/GL,R is a homotopy equivalence.

Example 5: Our definition of “reduction of structure group” assumed that H was a subgroup
of G. More generally, one can consider an arbitrary homomorphism of topological groups
0 : H — G and then define induced bundles, reduction of structure group and so on using
the functor Py discussed in the previous section (although condition (b) of the theorem no
longer applies). As an interesting example, let Spin(n) — SO(n) denote the double cover
of SO(n). Recall that for n > 2, this is the universal cover. Then an oriented n-plane bundle
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¢ admits a spin structure if the structure group of £ can be reduced (“lifted” would be a
better term here) to Spin(n). In the next section we will show that £ admits a spin structure
if and only if its second Stiefel-Whitney class vanishes (recall that orientability is equivalent
to the vanishing of the first Stiefel-Whitney class).

Exercise: Express the following two problems as instances of the “reduction of structure
group” problem, and interpret conditions (b) and (c) of the theorem:

(i) Given a real or complex n-plane bundle &, and r + s = n, does ¢ split as the Whitney
sum of an r-plane bundle and an s-plane bundle?

(ii) Given a real or complex n-plane bundle £, and k < n, does £ admit k sections that
are everywhere linearly independent?

Remark: Theorem 9.1 gives conditions for the existence of a structure group reduction.
One can go further and ask for a classification of all structure group reductions (from G to
a specified H) of a given bundle. For example, if a real vector bundle £ admits a complex
structure, we would like to classify the distinct complex structures on £. Here on has to make
precise what is meant by “distinct”; that is, one has to specify the right equivalence relation
on the set of all complex structures on £&. We will not pursue this question here, but further
investigation would make an interesting project for the reader. Roughly speaking, the idea
is to show that the following sets of equivalence classes are the same (see Theorem 9.1): (i)
isomorphism classes of pairs (@, 6) with Q a principal H-bundle and 0 : Q xy G — P an
isomorphism; (ii) homotopy classes of sections of P x4 (G/H); and (iii) homotopy classes of
lifts f, where f is as in part (c) of Theorem 9.1. Part of the problem, of course, is to make
all this precise.

11 Homotopical properties of classifying spaces

This section requires more background in homotopy theory than the previous sections.

Theorem 11.1 Let G be any topological group. Then G is weakly equivalent to the loop
space QQBG.

There are two ways to prove this theorem; both are instructive, and are left as exercises.
The first is to show directly that G and QQBG represent the same functor, namely X —
Pa(S* A X ), on the homotopy category of CW-complexes. The second is to prove a much
more general result: If p: E — B is a pointed Serre fibration and E is weakly contractible,
then the fibre F is weakly equivalent to (2B. Alternatively, see Theorem 11.3 below.

Corollary 11.2 For alln > 1, 7,BG = m,_1G.
This implies, for example, that a path-connected group has a simply-connected classifying

space.
We can generalize Theorem 11.1 as follows:
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Theorem 11.3 Let G be any topological group, H an admissible subgroup. Then the homotopy-
fibre of BH — BG is G/H, up to weak equivalence.

Theorem 11.1 is the case when H is the trivial subgroup.

Proof: We have already seen that if ¢ : H — G is the inclusion, then as a model for Bi we
can use EG X (G/H) — BG. This map is a Serre fibration with fibre G/H, and therefore
G/H is weakly equivalent to the homotopy-fibre L. (See Notes on Serre fibrations.)

Thus we have a fibre sequence G/H s BH — BG, where j classifies the principal
H-bundle G — G/H.

Example 1. In one of the standard inductive calculations of H*(BO(n);Z/2), a key lemma
identifies BO(n) = G,R*™ as the sphere bundle of v,.; over BO(n + 1), up to homotopy
equivalence (then one can use the Gysin sequence). Here this lemma appears as the fibre
sequence

S" = O(n +1)/0(n) =X BO(n) — BO(n + 1),
where j classifies the tangent bundle. Similar remarks apply to U(n) C U(n + 1) and
Sp(n) C Sp(n+1).
Example 2. Let 7" C U(n) denote the diagonal matrices. Then there is a fibre sequence

Un)/T" - BT" 2% BU(n),

where BT™ = (CP*)", U(n)/T" is manifold of complete flags in C”, and j classifies the
evident n-tuple of complex line bundles over the flag manifold.

Example 3. In the fibre sequence

U(n)/O(n) -~ BO(n) — BU(n),

we can identify U(n)/O(n) with the Lagrangian Grassmanian of totally real subspaces of C".
Then j can be taken as the natural embedding U(n)/O(n) C G,R*" C G,R*®. Note that j
classifies the universal example of an n-plane bundle with trivial complexification.

Example 4. In the fibre sequence

Sp(n)/U(n) —=+ BU(n) — BSp(n),

we can identify Sp(n)/U(n) with the Grassmanian of maximal isotropic subspaces for the
standard symplectic (=skew-symmetric + non-degenerate) form on C?*. Thus Sp(n)/U(n) C
G,C* C G,C*®, and j classifies the universal example of a complex n-plane bundle with
trivial symplectification.

Example 5. Contemplate the fibre sequences as above associated with O(2n)/U(n) and
U(2n)/Sp(n).
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Example 6. Let G be a discrete group, H any subgroup. Then up to homotopy, BH — BG
is the covering space of BG corresponding to the subgroup H C G = m; BG. The homotopy-
fibre is the discrete space G/H.

Remark. Recall that for any pointed map f : X — Y, maps of a space W into the
homotopy-fibre L correspond to maps ¢ : W — X together with a nullhomotopy of f o ¢.
Thus homotopy classes of maps into G/H should correspond in some sense to principal H-
bundles P — W together with a trivialization of the induced principal G-bundle Px yG —
W (cf. the examples above). As an interesting thought experiment, contemplate how you
might make this precise.

When the subgroup H is normal, it turns out that we can extend the fibre sequence in
the other direction:

Theorem 11.4 Let G be any topological group, H an admissible normal subgroup. Then

there is a homotopy-fibre sequence BH N s TE QLN B(G/H), where i : H — G s the
inclusion and p : G — G/H is the quotient map.

Proof: First note the following general fact: If P — B is a principal G-bundle, and X is
any G-space, then P x X — P X X is again a principal G-bundle. In particular, when
P = EG and X is weakly contractible, we conclude that EG xg X is a model for BG.

Here we will take X = E(G/H), with G acting in the evident way. Then FG x E(G/H)
is a model for BG, and one can easily check that the natural map

EG xq B(G/H) — [E(G/H)|/G = [E(G/H))/(G/H) = B(G/H)

is a model for Bp. Now since H is normal, we can take the orbits of any G-space Y by first
taking the H-orbits and then taking the G/H-orbits: Y/G = (Y/H)/(G/H). Furthermore
EG/H is a model for BH, since H is admissible. Thus

EG x¢ E(G/H) = BH x¢/n E(G/H).

This also show that the model for Bp constructed above can be identified with the fibre
bundle

E(G/H) %y BH — B(G/H)

and hence Bp has homotopy-fibre BH, as desired. Finally, one can easily check that the
resulting map BH — BG is indeed a model for Bi.

Example 7. The exact sequences 1 — SO(n) — O(n) — z/2 — 1 and 1 — SU(n) —
U(n) — S* — 1 give rise to fibre sequences

BSO(n) — BO(n) — RP™

and
BSU(n) — BU(n) — CP*.
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Example 8. Consider the exact sequence of groups

1—12/2 — Spin(n) — SO(n) — 1

This induces a homotopy-fibre sequence

RP>* — BSpin(n) — BSO(n)

This leads to a cohomological criterion for the existence of a Spin-structure. Let £ be an
oriented n-plane bundle over B, f : B — BSO(n) a classifying map for . Let O, denote
the primary obstruction to producing a lift in the diagram

BSpin(n)

R4

B '—f» BSO(n)

Since RP* is an Eilenberg-Maclane space of type (Z/2,1), this primary obstruction is
the only obstruction. The universal obstruction class (obtained by taking B = BSO(n) and
f the identity) lies in H*(BSO(n);Z/2), which we know is isomorphic to Z/2 with generator
wy = wy(A™). Hence it is either zero or wy. If it is zero then BSpin(n) — BSO(n) admits a
section. But this is impossible since then RP* — BSpin(n) would induce a monomorphism
on homotopy groups, contradicting the fact that BSpin(n) is simply-connected (to see this
last point, use the corollary above). Thus if f classifies the oriented n-plane bundle £, we
conclude that £ admits a spin-structure if and only if wy¢ = 0.
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