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P a r t  f I

The Regula tor  Map for  Cyc lo tomic  F ie lds

S 1 .  The Main Theorem

Let  F  =  Q(urq)  ,  ug the group o f  N- th  roots  o f  un i ty  and

N

L n ( e )  -  ( . . . , 1 ^ ( o 6 ) , . . . ) c r : . F + c  €  ( a / l R ( n ) ) x ( c )  ,

where

i s  t he  po l y loga r i t hm func t i on  ( see  Par t  I ,  51  ) .  The  pu rpose  o f

th i s  pa r t  i s  t o  p resen t  Be i l i nson ' s  p roo f  o f  t he  fo l l ow j -ng

theorem on the reguf"tär map

tD,  H l  tx ,  e  (n)  )  -+

( 1 . 1 )  t h e o r e m : - F o r every n > 1

se ts

such  tha t ,  f o r  e  €

kz

K S

( X R  , I R  ( n )  )  .

\n/e have a map of GaI (F/0) -

1
H Ä  ( x ,  Q  ( n + 1  )  )

L ^ ( z )
D

@

s

k = 1

] +

H|

ln+1 
:  uN-{1

ln-!"1 ] I
t D ( r r , + . , '  ( e ) )  -  L r r * . ,  ( e )  .

Th is  theorem may  be  seen  as  a  comp le te  and  exp l i c i t  des -

äriptiot of rhe iegur"för *"J roi x = spec (0- r uf l  I  in fr,.
foL lowing sense.  Let  U i  be the set  o f  pr imi t i -ve  N- th  roots

of  un i ty  and cons ider  the l inear  map

-  
L n + 1  :  O u i =  

. . l r o c * +  
( C I / R ( n + 1 ) ) x ( A )

t - * N

given by e*
x

on  rm and  (c )  ,  and  thus  on  bo th  vec to r  spaces ,  and  Ln+1

is  a  G-homomorph ism.  Moreover ,  i f  c  deno tes  the  invo lu t ion

e *  F >  ( - 1 ) t ( 6 - t ) *  o n  t h e  l e f t  h a n d  s j - d . e  a n d  o n  t h e  r i g h t  h a n d

s ide  the  invo lu t ion  g iven  by  comp lex  con juga t ion  on  C /R (n+1  )
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and on x (C)  ,  then

VrIe indicate by

( 1 . 2 )  C o r o l l a r y :

such that

is commutat ive.

Proof : VrIe def ine

en+1 :

is a homomorphism

map with C and

to the di f ferent

" x =

\^re have A[G] -  e
X

n + 1  
( c v )  =  c l

the f ixed o f and  ob ta in :

) x ( a )  l *

L

t  l +

n + 1  
( v  )

module

3-,  " | rx*  , lR (n+1 )  )

5al* tal* (

en+1  3  t

the diagr

" l  tX,  e (
ten+r 
I

lou* r *

For n
x' t l

^ - N , +
A J

am

n + 1 )  )

=

( x , Q ( n + 1 ) )
1

+ H Ä

il
n*1

the map
x

u N
0  =  { E r Q 6 *

6  €uN
+  H l t x , Q ( n + 1  ) )

by -  6 *  ,+ t rr*  
1 

(e) and have to show that i ts restr ict ion to
. . x

lQt ru ] *  is  an isomorph ism.  Tensor ing the above d iagram wi th  lR,

tD becomes an isomorphism. f t  therefore suff ices to show that

the map Lrr*,  becomes also an isomorphism. Now

,* 
ui 5ll- (a/n (n+1 ) ) x (c)

of lR I G ] -mod.ules of rank 1 . V'Ie tensor this

then decompose it. into a d.irect sum according

c h a r a c t e r s  X  o f  G . S e t t i n g
- 1

E  X  
' ( t ) t  €  A l c l

t € G

Ce-. and the components
X

u;
L r r * 1  

,  X ,  
" X  ( c - N )  +  " x  (  ( a s a / l R  ( n + 1  )  )  

x  ( a )  
)

of  L- ,  . r  are homomorphism of 1-dimensional C-vector spaces
n + l

and are given by

t  ( o . r ( 6 * ) ) = € . r l r , + . , ( 6 ) =  
f  X  

' ( t )  E  L r r * . ,  ( t E )  ." n * 1  
, X t " X  

- r '  
X  r . . ,  

t € G



?
)

I t  was shown j-n the proof of  (5 .  1 )  in Part  I  that the r ight

h a n d  s i - d e  i s  n o n z e r o  i f  X ( - 1 )  =  ( - 1 ) n  s o  t h a t  L * , . r  i s  a n
n +  |  r X

isomorph ism in  that  case,  But  on ly  those characters  cont r ibute

to the spaces in the diagram.

52.  Universa l  Symbols

In 117 )  Loday has constructed symbols in K-theory which

have a  la rger  domain o f  def in i t ion  than the Ste inberg symbols .

Since $re need in fact  symbols only in absolute cohomology

( IZ l  I  53 )  we  sha l l  con ten t  ou rse l ves  w i th  s ta t i ng  the  resu l t s

in  th is  languag€,  espec ia l ly  s ince then the ana logous con-

struct ion in Del igne cohomology becomes transparent.  To stress

th is  fac t  \ i re  sha l l  ac tua l ly  f i rs t  s ta te  the resu l ts  in  Del igne

cohomology and then indicate how to translate them into the

other language.

Le t  A t+1  b "  a f f i ne  n *1 -space  ove r  Spec (R  ) ,  w i th  coo r -

dj-nate funct ions Xo, .  .  .  ;x-  .  Let Y .  a, t*1 ba the div isor

x- = o and. ret  u:= A,n+i- . t  ü (X* =o) be the complement of
o i=1 l -

the union of  the remaining n coordinate hyperplanes. Let

0 :=  1  -  X^  ' .  .  . "  X-_  and le t  D be the smooth d iv isor  0  =  O.' o n

! {e  denote  by  a  subscr ip t  U,  resp.  (0  )  ,  the in tersect ion wi th

U,  resp.  w i th  the complement  o f  D.  Note  that  " (O)  =  Y .  We

cons ider  the open immers ion o f  c losed pa i rs  o f  schemes

(u to ) ,Yu)  +  ( "? ; l  , " ,
For  the def in i t ion  o f  the (a lgebra ic )  De l igne cohomology o f  a

c losed pa i r  (wh ich a lso can be cons idered as a  s impl ic ia l

s c h e m e i  l 7 l  5 6 . 3 )  w e  r e f e r  t o  t 3 l  5 1  o r  [ 1 O ]  5 5 .

( 2 .  1  )  P r o p o s i t i o n : The restr j -ct ion homomorphism

ä,"?tl ,", o (q) )
is  an isomorphism for

Proof : lr le shall use

Hf i ta i f l ,n (q) )
" t ( u ( 0 ) , % ( q ) )

+  " t  ( u  (o  )  ,Yv ,E  (q )  )

a I I  p  a n d  q .

the connecting homomorphisms
->  H f i -1  ( r , ,  (q -1  )  )  and

+  H f i - 1 ( r , o  ( q - 1 ) )



L(

j -n  the Gys in  sequence (  t  14I  1

is a smooth div isor in ^n+ 1

induce the oblique arro\^Is in

Hfi taif ] ,", n (q) )

n - 1

H Y  
' ( U )

+ \
n - 1  n - 1

H Y  ' ( u ( O ) ) * H t  ' ( Y u )

+
a

j us t i f i ed  s ince  D

These homomorphisms

commutative diagram

. 1 9 ) .  T h j - s  i s

and in U

the fol lowing

I
, Y u i  %

n $ - 1  ( o , o  ( q - 1  )  )

" ä ( u r o l ( q )  )

We show that the vert ical  arrow is an j -somorphism by proving

the obl ique arrows to be isomorphisms. The proofs for both

arrows being vir tual ly ident ical  \^re l imit  ourselves to t reat ing

the lower arrohr . !üe use the f o l lowing commutative d.iagram with

exact rows and columns . The ro\^/s are part of the re lative co-

homology sequence and the columns come from the Gysin sequence;

the obl ique arrolrs are def ined by the commutat iv i ty require-

ment.  For typographical  s impl ic i ty we leave out the subscr ipt

O  and  the  coe f f i c i en ts .

HP (u )
+

H P ( u t o ) )  +
+

HP-1  (o )

+  ( * )
Hp+1 (u)

Hp (Yu )

H p + 1  r u . , . )  * H P * 1  ( " - _ )r r  . " ( 0 ) ,  ' r r  . ^ u

We note that the closed immersion g., - '  U is isomorphic to
- U

n l

c: -  Ar ,  G: .  By homotopy invar iance aII  sol id obl ique arrohrs
m m 1

are isomorphisms .  Theref ore al  l  starred arro\^rs are zero. I t

fo l lows that the.d.ot ted. obl ique arrow is an isomorphism as

a s s e r t e d .  q . e . d . .

We no\^/  are in a posi t ion to def ine the Ioday symbol in De-

l igne cohomology. lVe consider the cohomology classes



b

{ O }  €  H } t u ( O ) , Y u i %  ( 1 ) )  a n d

i x . , 1  , . . . ,  { x r r }  e  " l t u ( o  ) , n  ( 1 )  )  ;

h e r e  w e  h a v e  u s e d  t h e  i d e n t i f i c a t i o n s  ( t 1 O )  2 . 1 2 )

1
n ; ( u ( o ) , n  ( 1 ) )  =  o ( u ( o ) ) ä r n  a n d

1
, ; ( u ( O  y , y u ; E  ( 1 )  )  =  k e r  ( 0  ( u ( O )  ) i r n  +  0  ( v u ) ä r n )  .

!r7e form the cup-product

{ O }  u  { x . ,  } u . . . u { x r r }  e  n ; * ' ( u ( o ) , y u i z ,  ( n + 1 ) ) .

The inverse image of th is element under the restr ict ion

i somorph ismof (2 .1 )  i s  t he  tod .y  sy *bo r  i r  oe l i g . .

{ 0 , x 1 , . . . , X r , } ,  €  , ; * t , ^ ? t } , " , o  ( n + 1 ) )  .
we denote by the same symbol also its image in
. r D * 1  , ^ n * 1H ö  ( o - i O i , Y ; R ( n + 1 )  )  f o r  a n y  s u b r i n g  R  i n  r R  .

(2  .2  )  Coro l la ry  (o f  the proof  o f  (2  .  1  )  )  :  The image of  the Lo-
d a y  s Y m b o 1  i 0 r x 1 r . . . , X n j 0  u n d e r  t h e  i s o m o r p h i s m

.rD* 1 ,r, n+ 1 
-

, ' 0  , ^ C ä J , " , o  ( n + 1 ) )  = " ä ( D , z  ( n ) )

i s  equa l  to  the cup-product  {x . ,  iu .  .  .  u {xr r }  o f  the e lements
1

r x i j  €  H ö ( D , %  ( 1 ) ) .

Proof : We have denoted here by the same symbol {*, } tfre coho_
mology c lass o f  the a lgebra ic  funct ion X i  on D (which is
inver t ib le) .  The resu l t  fo l lows f rom the fac t  that  the Gys in
sequence for  D + U is  a  sequence o f  Hö(ü,% (* )  )  -modul -es  un-
der the cup-product (reference lacking) and the fact  that the
connect ing homomorphism in the Gysin seguence

l l r l
o ( u ( o ) ) " r n  5  ;

m a p s  { 0 } l u ( O )  r o  1  ( t r a 1  3 . 1 . 1 ) .

l r le  now'wish to def  ine the _cohomo-
logy



{ q , x . ,  ,  .

Here An+1 i=

maps

l i es  i n

Spec (]R' )

'0 ,  " l * '  ,^?ä l  , " ;e(n+1 ) ;
{ 0 r X t  t . o o r X r r } A  t o  { 0 r X t

m a p  ( t z t  I  5 4  )

+ " ;* t  ,^?älo ,Yn ;Q (n+L )  )

|  .  . .  , X n l D  .

. . ,X r , )A  €  " l * t , ^? t ]  , " ; e (n+1 ) )  .

the a f f ine  space over  Spec (e)  and the o ther
s c h e m e s ,  t o o ,  a r e  t a k e n  o v e r  S p e c ( e ) .  f n  f a c t ,  b o t h  ( 2 . 1 )  a n d
(2.2  )  t ranspose to  absoLute  cohomology s ince the on ly  fac ts

about ?-cohomology that rnre used $rere ' l  .  functor ial i ty ,  2.  the
extension of  the cohomology theory together with the cup-pro-
duct  to  a f f ine  s impl ic ia l  schemes,  3  .  the ex is tence o f  the Gy-
sin sequenc€ r  4 .  the homotopy invar iance, and 5 .  the proper-
t j -es  o f  the Gys in  sequence used in  the proof  o f  (Z  .2)  .  As f  o r
the corresponding facts about absolute cohomotogy ,  f  .  is  ob-
v i o u s ,  2 .  i s  a c h i e v e d  u s i n g  t h e  h o m o t o o p y  r i m i t  ( t 3 l  2 . 2 . 1 i  c o m -
p a r e  a l s o  1 2 6 l )  ,  3 .  i s  p r o v e d  i n  1 2 3 )  T h m .  9  o r  1 2 4 1 5  . 2  ,  4 .  i s
a  w e l l - k n o w n  t h e o r e m  o f  e u i l l e n  ( t t g l  p .  1 1 4 ) ,  a n d  f o r  5 .  v / e
r e f e r  t o  t 1 1 l  7 . 1 4  a n d  t 1 9 l  S  7 . 5 . 1 6 .

( 2 . 3 )  C o r o l l a r y :  T h e  r e g u l a t o r

r t  i s  c lear  that ,  hav ing handled the un iversa l  case,  w€
can extend the domain of  def in i t ion of  the Loday symbol.  To
f ix ideas we consider the case of ?-cohomology. Let x =

spee (A) be an af f ine scheme over spec ( rR ) and s = x be
a closed subscheme def ined by the idear r  in A .  Let
f , d 4 t . . . , ä n  €  A  b e  e l e m e n t s  s u c h  t h a t  f  i s  a  u n i t ,  t h a t  t h eI

a.  are  not  zero  d . iv isors ,  and f  ina l ly  thatl-

1 - fa : =o  a 1  . . . . . ä r ,

r  :  A .  we obtain a morphism of pairs of  schemes over

h :  ( x , s )  +  ( ^? ; ]  , v )
de f ined  by h * ( X i ) = . i  f o r  i  =  O r . . . r n  .  W e  p u t

This  nota t ion

U 1 r . . . r ä n  a f e

{ r r 3 1 , . . . , ä n } 0 r =  h *  ( { O , x  
1 , . . .  r X r } o l e n } * 1  ( x , s  ; % , ( n + 1 )  )  .

i s  jus t i f ied  s ince when in  add i t ion the
a l l  u n i t s  i n  A  t h e  s y m b o l  { f  , u 1 ,  . .  .  , . r r } ,



reduces  to  the  S te inbe rg  symbo l  ( i n  re la t i ve  cohomotogy ) ,  i . e . ,

t o  t h e  c u p - p r o d u c t  { f }  U  { a . ,  } U . . . U { a r r }  .

h le shal l  need to "calculate "  the Loday symbol in O-coho-

mology exp l ic i t l y .  To th is  end Bei l inson formula tes  a  lemma

(7 . .O .2  i n  t  3  ]  )  whose  p roo f  he  l eaves  as  an  exe rc i se .  We vüe re

unable to even understand the assert ion in the general i ty i t

i s  s ta ted;  and even in  the spec ia l  case where the asser t ion

makes perfect sense and which would be suff ic ient for our pur-

poses here rnle \^rere unable to prove i t .  This s i tuat ion is highly

unsat is fac tory  s ince th is  lemma is  abso lu te ly  c ruc ia l  to  the

proof of  theorem ( 1 .  1 )  .  We shal l  f i rst  state the lemma in the

special  case and then comment on i t .

(2 .4)  Cruc ia l  lemma:  We use the nota t ion in t roduced a f ter

(2 .3)  and assume in  add i t ion that  x  is  smooth o f  d imens ion
(p .  Let Z be a relat ive singular C--homology n-cycle on

X (C) modulo S (C) .  ! {e make the assumption that there is a

branch log f  of  the logar i thm of f  which is s ingle valued

in a neighbourhood of the support  I  Z I  of  Z and vanishes

a t  e v e r y  p o i n t  z  €  l z l  s u c h  t h a t  z  €  S ( C )  o r

a ,  ( z ) . . . . . a * ( z )  =  o  ( b e c a u s e  a ^  €  r  t h e s e  a r e  p o i n t s
I  n '  o

where f  (z)  -  1 )  .  Then the fol lowi-ng equal i ty of  numbers j -n

a/Q (n+1 )  ho lds  :

. 7 ,  { f  r a . n  t .  r ä n \  0 ,  
=  f l o g f d l o g a l  A  .  .  . n d l o g a '

7

Here on the lef t  s ide we have used the isomorphism
=  . r , _ 1

H ä  ( * /  
o , S  l s r n  

( n + 1  )  )  ;  H -  '  ( X ( C )  , S  ( A ) ;  A / n  ( n + 1  )  )U

( t 3 l  1 . 1 ) ,  v a l i d  s i n c e  d i m  X

Iogy c lass on a  re la t ive  homology n-cyc le .  On the r ight

s ide there is  the in tegra l  o f  a  d i f fe rent ia l  fo rm which is  re-

gu lar  in  a  ne ighbourhood o f  l7 l  :  äs  fo l lows eas i ly  f rom the

as s.umption on the branch logf and the f  aet that -o € I

Note that

the branch of

r ight  s ide

logar i thm.

l -s

To

the

the

indeipendent  of  the choice of

see this v/e may as sume the



suppor t  l 7 l  t o  be  connec ted .  r f  t he re  i s  a  z  €  l z l  such  tha t
z  €  s ( a )  o r  a r ( z )  . . .  a r r ( z )  =  o  t h e n  t h e  b r a n c h  i s  u n i q u e .
o t l rerwise the funct ions u1 ,  . .  .  ,  än are  a l l  non-van ish ing on
l z l .  c o n s i d e r  t h e  m o r p h i s m  a  =  ( a 1  ,  . . .  t a r r )  : X :  y { " i = o } -  G f i  o

Denot ing by d logT 
1,  .  . .  rd logT '  the s tand,ard  g" f r . ra tors  o f  the

d.e Rham cohomology of G* \^/e have

t ,  d l o g a 1 A . . . n d l o g a r ,  =  I  _ . d 1 o g T 1 ^ . . . n d l o g T r ,  €  n  ( n )
z  '  r '  a * ( z )

The  asse r t i on  fo l l ows  eas i l y .

Usj-ng the fact  that the di f ferent ia l  form on the r i
s ide is  

- regu lar  
even in  a  ne ighbourhood o f  I  Z  I  us  (a)  u  V { "

and vanishes on S (A) and usj_ng the assumption dim * :
tog-ether with Stokes'  theorem one also can show that the
grar only depends on the relat ive homology class of  z

ght

i=o ]
n

inte-

Let  us  cons ider  the case n  =  1  and where x  is  o f  d i -
mens j-on 1 and S is empty . Also assume that both f and " 

1
are inver t ib le  funct ions on X .  Then Bei l inson s ta tes  the
fol lowing formula for the evaluat ion of  the cup-product
{ f }  U  { a . ,  }  =  { f , a  } O  o n  a  1 - c y c l e  t Y l  r e p r e s e n t e d  b y  a
l o o p  y  b a s e d  o n  " o  €  X  ( s e e  t 3 l  1 . 3 . 1  r e s p .  t 2 l ) :

< [ y ] , { t , ^ 1 } o

Y Y
Here logf and loga1 are branches of the logar i thm which are
cont inuous on y outside "o .  f f  we assume r äs in the state-
ment of  the Lemma, that logf is cont inuous on y then the
second summand disappears which is the assert ion of  the lemma.
As the next example keep al l  assumptions as before but take
S  =  { "o  t -  - -  r= r }  non -empty . rThen  we  may  rep resen t  a  re la t i ve
1 - c y c l e  a s  t v l  =  [ v o J  +  n r l v r J  w h e r e  y i  a r e  c u r v e s\i' 

i= 1
jo in ing 3o to  " i

( p u t  r o t =  1 )

The corresponding formula appears to be

l o g f d l o g a l  -  I o g a . ,  ( s o ) . /  d l o g f  )
Y i

< [ y ] , { t , . 1  } r r = i " r , r {



I f  log  f  i s  cont inuous on the y i  and in  add i t ion sat is f ies

t h e  v a n i s h i n g  c o n d i t i o n  l o g  f ( s r )  =  O  f o r  O < i 1 t  t h e n  t h e

second sum vanishes and $/e obtain the formul-a of the lemma.

The only approach r^re can see to a proof of this lemma is

to reduce to the universal situatj-on. Ho!"ever, then the dimen-

s ion hypothes is  is  not  sat is f ied.  St i l l ,  an  eva luat ion as  in

the statement of  the lemma, i .  €.  ,  of  a 0-cohomology class on

a (relat ive) homology cycle (which would in general  not vanish

on a boundary) should exist  even without this hypothesis.

Working wj- th coef f ic ients IR(n+1 )  which woul-d suf f  ice for our

purposes this can be seen to be the case by using the "real

version" of  the ?-cohomology, represent ing a class by C--

d i f f e r e n t i a l  f o r m s  o f  d e g r e e  n  ( c o m p a r e  t 3 1 1 . 2 . 5 ' o r  t 1 O 1 2 . 1 6 ) .

The general  case may possibly have something to do with Bei-

l i nson r  s  eva lua t i on  map  (  t 3  I  1  . 1  .2 )  .

S3. sqeci+r_ gyq!-ol.g

We no\nr apply the construct ions of  the preceding sect ion.

We wish to construct elements in some relat ive absolute coho-

mology group " l * t  , ^ärs .  iQ (n+1)  )  ;  th is  w i r r  be done in  the

fol lowing sect ions. Here \^/e shal l  construct these elements on

a b ig  open subset .  Let  F  be a  number  f ie ld  and 1et  z  €F ,

z + 1 , have absolute value 1 under all embeddings of F in

C  .  ! ü e  c o n s i d e r  a  r a t i o n a l  f u n c t j - o n  f  =  f  u r 6 ( r )  € F ( L 1 r . . . r t n )

o f  t h e  f o l l o w i n g  f o r m .  L e t  a  =  ( a r r )  ,  b  =  ( b i j )  ,  i = 1  , . . . 7 r I

be matr ices of  posi t ive integers and set
a .

1 - 2 . i l t .  
a l

i r -
- : .
1 - z . n t .  

a l
i r -

complement of  the zeroes and poles

, . . . r t n ] )  .  w e  a l s o  l e t  t ( r ,  d e n o t e

with

S . =  { l l t . ( t * - 1 )  =  O i  o' . '  l -  
'  

l -
l-

f u , 6 ( ' )  : = TI
j

Vte let ^?r, denote the

o f  f  o n  A l  =  S p e c ( F t t 1

thrö intersection of ^?rl
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For every n > 1 there are matr ices of  integers a = ( . i j  )
a n d  b =  ( b i j )  o f  s i z e  n r 2 D - 1  s u c h t h a t :

( i )  ä i  i  r b r  -r J  T J

( i i )  for  every i  there is a permutat ion o = o.  € I  . ,  such

tha t  ä r - -  _  h  fo r  a l l  k+ i  and ,  a l l  j  ,  
' n  '

v - ' E e  * k j  " k o ( j )

( i i i )  c ,  h  := E( Iä; l  TIu-  l l  +  o .q rL )  
j  

. i ,  r J  . i '  L l

Proof  :  h le  proceed by induct ion.  For  n=1 put  (e .  g .  )

a ( 1 )  : =  2  a n d  b ( 1 )  : =  3  .

F o r  n > 1  d e f i n e

a ( n )  : =  (  a ( n - 1 )  b ( n - 1 )  
) " r , a  b ( n l  , = (  a ( n - 1 )  b ( n - r , \

\  D . . .  n  n * 1  . . . n * 1  /  \ t t * ' l  . . . n * ' l  r I . . .  n ) .

r t  i s  easy to  see that  ( r )  and ( i i )  ho ld .  The number  a . rb  in
(ii i) is equal ro + . ü (+ frl + o .

L = Z

rn the language of 52 we wish to consider the element
{ f ,  ^ ( r )  , t  1 , .  . .  , t r r } A  €  " l * t  , o ? r )  ; e  ( n + 1 )  )  ;  b u t  h / e  h a v e  t o  m a k e

4 t t J

sure that for a sui table choice of  a and b the hypotheses of

52 are met. hle use the f orrowing elementary lemma.

(3 .1 )  Lemma:  Le t  F  be  any  f i e ld  o f  cha rac te r i s t i c  ze ro .

( 3 . 2 ) ,Coro11!rry,: For any choice of a and b satis fying the con-
dit ions of the previous lemma the rational function

1 - f  .  , b ( ' )-
+  o  o #- . 1  '  .  .  .  ' t '

is  regular on Al  , , ,  o :  t  (z)  ,  and r j -es in the id.eal-
( I F | t r ( r i - 1 ) ;  .  

^ ( r )  '  J  " ' b

l_

Proo f :  Cond i t i on  ( i )  o f  (3 .1 )  ensu res  tha t  t he  ra t i ona l  f unc -

t ion 1 - f  vanishes of order >2 on the intersect ion of  A)- - ( f )
w i th  the coord inate  hyperp lanes t i  =O .  Us ing condi t ion ( i i1

we have for any i



- t
I rl

1 -  ( z '

so  tha t  1  - f  a l so

the hyperplanes t. i

h

r Y  * " k o ( j )
r c U i  t k - -  ' J '  

)

vanishes on
- 1  .

. t b i o ( j )
I

of S and

f = n
j

a ,  a .
1 -  ( 2 . : < [ i  a o * ,  )  .  a r t ,

a .
1 - c .  . t .  

a l
a J  a

b .
1 - c . . t - i o ( j )

r l l

t he  in te rsec t ion  o f  ^? r ,  w i th

i n  ( 3 . 1 )  w e  p u t  f  ' =  f u , 6 ( r )

form the svmbol

lr
)

F ix ing matr ices a and b as

and C '= "ar '  + O . We may no!.t

where

1 . , 5  ( r )  , =  c ; l o .  { r " , o  ( z )  , r 1  r  . , r r l A  €  " l * t  , o ? r ) , s  ( f 1  ; e ( n + 1 ) )

By the same symbol rnre sha1l  d.enote the inverse image in

" l * t , ^ t r ) , s ( f ) . r e ( n + t 1 1  .  H e r e  s ( f ) .  ,  r e s p .  s .  ,  i s  t h e
simplicial scheme over o?rl  ,  r .Ji i  ^ l  ,  obrained "by resolu-
t ion of  s ingular i t ies of  the d iv isor  wi th  normal  cross ings"

t ( r )  in  ^?r l  ,  resp.  S in a i  :  $ ie have

S .  :  S o F  5 1 s z++---

So : -  no rma l i za t ion

tP : = t" 
^;:" 

' i lto

and similarly for t  (  f  )  
.  .  We shal l  see i-n the next section that

1^  ^ ( r )  i s  i ndependen t  o f  the  cho ice  o f  a  and  b ,  i n  a  sense  to4 t L )

be  made p rec ise .

We nolv wj-sh to apply the crucial lemma (2 .4) .  In that formu-
Ia we shal l  take as re lat ive n-cyc1e

Z  3 =  { o : t i j 1  f o r  a t l  j _ }

To see that this is legit imate $/e have to convince ourselves that
for any embedding s: F + C the relat ive cycle Z actual ly l ies
.  - nj -n Aö (of  l  

.  I t  is  here that  the assumpt ions on z are used.
Indeed '  assume by way of contradict ion that there is a L e Z with
a f  ( t )  =  o  .  (The  case  where  c l f  ( t )  =  @ is  s im i la r . )  Then  the re
is  a j  wi th

I

i
I
I
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l. [.,
L

- 1
a z

f rom which we conclude that
a .

l T - l - t . i j l  =  l o = - 1  |' . t  
l _

l_

a .
l -1

J

=  1  ,  i . e . ,  t i  =  1 fo r  a l l  i

s o t h a t  z  = 1 ,  c o n t r a r y t o o u r h y p o t h e s i s  z  + 1

vte observe that s ince z is s imply connected

the restr ict j -on of  cr , f  to the boundary of  Z is

1 we may choose a branch of the logar i thm logof

f i es  the  hypo thes i s  o f  (2 .4 ) .  we  the re fo re  ob ta in

ing formula .

. "U s ince

id .ent ica l ly

wh ich  sa t i s -

the fo l low-

( 3 . 3 )  L e m m a :  T h e  i m a g e  o f  1 . r 5 ( " )  u n d e r  t h e

t o r " l * t , ^? r ) , s  ( f )  r e  (n+1  )  ) -H ; * t , ^? r )  ß ,
has the proper ty  that ,  for  any embedding CI , :  F

<z ,  ar r ( t . ,  b f t )  )  >=c-  t , r .  
I r rog , " ,  ourogt . ,  n

= L r r * 1 ( u z )  e  A / R  ( n + 1 )

Proof :  Only the last_ ident i ty  has to_ be checked.  The changes
of var iables r i  F) . i t  

j  
and r i  h, . l t  

j  
show thar

- 1
C '  . J  l o g o f d l o g t l A .  .  . n d l o g t . r = f l o g ( 1 - o  ( z ) t _ l o  .  .  .  " t . r )

Z  
'  L L Z

d I o g t 1 A . . . n d l o g t r ,  .

The r ight  hand s ide is  the c lass ica l  in tegra l  representa t ion

of  the po ly logar i thm funct ion Lr r *  
1(az)  

(which may be proved

by induct ion on n)  .

54. Reduct ion to the Main Lemma

The second crucial  resul t  whose

content of  the last  two sect ions is

regulator map

t ( t ) n ; l R ( n + 1 ) )

- + C ,

. . . A d l o g t '

proof wi l l  be the

the fo l lowing fac t .

root of  uni ty then the

the image of the restr ict-

( 4 . 1 )  M a i n  l e m m a :

s Y m b o l s  l a , b ( 6 )

ion map

I f  e  + 1  i s a

are contained in
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" l * t  , ^1 , s .  i e (n+1 )  )  r gs  " l * '  , ^? r )  , s ( f  )  . ; q (n+1  )  )

fn  fac t  '  tak ing th is  for  granted.  i t  i s  not  d i f f i cu l t  to  ac tu-
al ly v iew ou:r  symbols 1^ * (E )  as elements of  the absolute co-
homology group n l  f  x ,  Q t i i i l  I  where X:= spec (F)  (v iewed as an
a f f i ne  Q-scheme)  .

(4 .2 )  P rgpos i t i on :  h te  have  a  canon i - ca l i somorphi sm

" l  rX ,e (n+1  )  )  :  " l * t , o l , s .  ; e (n+1  )  )  .
Proof  :  l r le  f  i rs t  consider  the standard.  spectra l  sequence

" f ' n  =  " l ( s . , , e ( n + 1 ) )  = ,  r l f * n ( s . , e ( n + 1 ) )

:: :H,::-::l:::' ff'":: i;";,T;T.*lf"n;",:,:::l:.": ;:';:""
H[ tsn)  = Hoq tx)  

n ;  (sP)

where ,  for notat ional  s impl ic i tyr  hr€ omit  the coef f  ic ients in
the fo l lowing.  Therefore ,  " ;  

q  
is  the complex

T r o ( s o )  
b " g ( x ) t o ( s 1 )  

a .  n o ( s r )  s z .H [ t x )  o ' - o ' 3 r , 4 , . . , ,  
+ " X ( x )  -  +  . . .

which clear ly is the standard cochai.n complex with coeff ic ients
in  Hf ,  fx l  fo r  the boundary  az  o f  the n-cube z  ,  i .  € .  ,  fo r
the  (n -1 ) - sphere  E t -1  .  l r l e^consequen t ry  ob ta in

f
' P9  :  HP(En - t , "X ( x ) )=  

l  Hoq t x l  f o r  n>1  and  p=o ,D - . I" 2

I  Hf fx l  o HQ (x) for n=1 and p=o,
l ^

L 
o otherwise '

lr7e f urthermore take into account that

H [ t x )  -  o  f o r  q  +  1

,( :compare Para 
" t  51) .  Both facts together obviously imply

H l t s . ) = l H l r x )  i r  n
1 1  1

L H Ä ( x )  e  H i ( x )  i r  \ =  1  .

on the other hand.,  i f  we apply the second fact together with
the homotopy invariance to the relative cohomology
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.  . .  + Hl(s.  )  - '  n l * t  ,^1,s.  )  -+ " l * t  ,o i l )  -+ . . .

we obtain

n f , t s . l  =  " l * t ,o l  , s . ) i f  n > 1  ,

resp. the exact sequence

o  - '  n l t x l  - +  H l t s . l  - +  H l t a l  , s . )  +  o  .

Combining both resul ts gives in ei ther case the requJ-red cano-

n i ca l  i somorph ism.  q .e .d .

Exactly the same argument works in Deligne cohomology so that

we also get a canonical  isomorphism

The key diagram which we have to study no$r is the following:

" l t x r R , r R ( n + 1 ) )  =  " ; * ' , ^ l r * , s . R i  r R ( n + 1 ) )  .

n1  {x r * , rR (n+1)  )
c

' ,  
, " ;* ,  ,4*1,; .*  ;  rR(n+1) )

') 'o 
,";*t ,^?r,J* ]l ,r, .rR ; rR(n+1 ) )

I

;Q(n+1 ))2";*t (o?rlf,, (r) RrrR(n+1)) 
sLgTJczn

The right lower vertical arrow is an j-somorphism by the very

def in i t ion of  Del i ,gne cohomology (  v ia smooth simpl ic ial  re-

solut ions).  Al l  the lef t  rectangles are commutat ive by the

general  functonial-  propert ies of  the regulator map ,D ,

( 4 . 3 )  L e m m a :  T h e right rectangle in the above diagram is commu-

tative .

Proof:  This is a statement purely about the Bett i  cohomology

of schemes over Spec(IR')  .  h le can assume ,  for the purposes

of this proof , that F = IR and, we then have to show the commu-

tat iv i ty of  the diagram

(n+1  )  1

(n+ l  )  )

Q I n + 1 )

1
Hi  ( x ,Q

-l- l

nl*t (A;, s". ic)

r "= |
"l*t (o?rl,r(11.,

t
I

n l * t (o? r ) , s ( r )

to
lTa/ lR (n+1)

g

( n + 1 1
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Ho ( x  ( c )

, .,1
Hn-1  ( r .

I
Ht (at (c

, l R ( n ) )

( c ) , I R ( n ) )  = H D - l  ( s ( C I ) , I R ( n ) )  = H t r - 1  ( s ( * )

)  , s .  ( c )  ;  r R ( n )  )  =  H t ( a t ( c )  , s  ( a )  ; r R ( n )  )

F - + C .

we have proved (  4 .  1  )

< Z  "  > ,  
l R ( n )

where the starred arrow is  constructed as in  the proof  of  (4  .2 ' )

The commutati-vi ty of the lower rectangle is a f  ormal property

of the connecting homomorphism a . On the other hand , DZ is

a fundamenta l  cyc le for  S (  IR)  so that  the map <AZ ,  .>  is  the

usual  t race map.  f  f  ! {e  go back to the proof  of  (4  .2)  we easi ly

see  tha t  ( * )  by  cons t ruc t ion  i s  a  sec t ion  o f  the . t race  map.

(4  .4  )  Lemma:  The two restr ict ion maps in the above diagram are

in j  ect ive .

P roo f :  By  Bore l rs  theorem (  (1 .3 )  i n  Par t  I )  the  regu la to r  map

tO j-n the two upper rows of the diagram are inject j-ve. There-

fore i t  suff ices to prove the assert j-on for the ?-cohomology

where j-t is an immediate consequence of ( 4 . 3 ) .

Now let u (F) denote the subset of roots of unity i .n F . The

above  d iscuss ion  shows tha t ,  fo r  e  €  U( f ) - { l }  ,  ou r  symbo l

1 . , g ( e )  h a s  a  u n i q u e  p r e i m a g e  1 r _ " { r )  €  H l t x , e ( n + 1 ) )  .  F u r t h e r -
€ l t L )

more, the above commutative diagram together with (3.3) implies

that

o t ' ( i " ,o  (e  )  =  [n+1 (qe )  €  a /  n ' (n+1 )  .

Since the regulator map tD is injective by Borel we see that

the e lement  
q i '  ' ' rr  I .  

,  b 
( E ) does not depend on the part i-cular choice

of the matrices a and b . By sett ing

e n + 1  :  u ( F ) \ { 1 }
r,

- +  n l  t x r e  ( n+1 )  1
' '  e n + 1 ( 6 )  . =  i . , o { e )

we therefore get a natural map such that

o t ' ( r r r * . ,  ( e ) )  =  L n + 1  ( o g )  f o r  a n y  q , 3

Hence ' theorem (  1 .1)  wi l l  be establ ished once



H Ä ( A l , s ; e ( * )  )  =  H A ( A l , s .  i e ( * )  )
1_  -  (  E )  l i es  i n

q  
t L )

? 1  ) 1
H ; ( A i , s ; Q ( 2 ) )  - +  H ; ( A t r l  , t ( r ) r Q Q ) )  .

Using the Gysin sequence this amounts to the statement that

the image of I . r5(6) under the connect ing homomorphism
? 1  1

H ; ( A i r l  , t ( r ) r Q Q ) )  - +  o  H Ä ( y , Q ( 1 ) )

is zero; here y ranges over the zeros and poles of  f  and we

have made use of the fact  that S is dis joint  f rom the support

of  the div isor of  f  .  RecaII  that

where $/e have abbreviated tt to t . We wil l  see that already

t h e  r e s t r i c t i o n  o f  1 . r 5 ( 6 )  
" a o  

^ 1 r ) - S ( t )  i s  z e r o .  B o t h  f

and t  are  inver t ib le  on ^ i r ) -S ( t )  and therefore  th is

restr ict ion simply is the Steinberg symbol
. 1  ) 1t . , o ( 6 )  l ^ i r ) - s ( r )  =  { f }  u  { t }  =  { f  , t }  € H i ( A i r l - s ( f ) ; 0 ( 2 ) )  .

I f  6N = 1 we compute using the Steinberg relat ion

{ r , t }  =  * r ' '  
-  6 ra , r t }  - f r  1  -  e tb , t b }

=  * , r  -  e ra ,e j  +  * t r  
-  e t -b ,e j

=  f r t 1 - 4 r a , 1 r + t r r 1 - e r b , 1 )  =  o  .

the image of the restr ic-

, a

55. Proof of  the Main Lemma for n = ' l

In  th is

s is ts  o f  two

c ia l  scheme,

lVe have to show that

t ion map

case the proof is very

points and therefore

so that

s imple .  For

S .  i s  t h e

n = ' l  ,  S  c o n -

constant s impl i -

w i t h  a r b > 2  a n d  a + b

$6,. 'Proof ,of, the Main Lemma for n > 2

Cur j-ous Iy enough

purely K-theoret ic

the proof wi l l  proceed

assert ion to a certain

by reducing our

assert ion about
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Derigne cohomology which then is establ j-shed via Hodge theore-
tj-c arguments .

.F i rs t  s tep:  we in t roduce the fo l lowing notat ions .  Let

T n  j =  { ( t r  r . . . r t r )  :  J f  t i + o }

be the torus which is the open complement of the coordinate
hyperplanes in ai .  As already in previous sections v/e d,enote
by an index the in tersect ion wi th an open subset ,  as €.9.  in
s;  :  =  s  n Tn .  A lso note that  for  c lar i ty 's  sake r^ /e use an index
n to i-ndicate in which aff ine space we are working.

(6 '  1) Lemlna: To prove the main lemma it  is suff icieht to prove
that the restr j .ct ion homomorphj-sm

H?+t , ^? r ,  , r ? r t  . ; e (n+1 )  )  - r  n l * t , *? r ,  , r l t r )  . ; e (n+1 )  IA

maps 1" 
r 5 

( tr) to zero .
Proof:  Since the support  of
Tn h/e have ai = o?rl u Tn
sequence has the form

" l* '  ,^ l ,sT;e (n+1) I  .+ " l* t  ,^?r,  , r?r l  .  ;e (n+1) )  o Hf+t (rr ,s; ,  ;e (n+1 );
* l * '  , r?r ,  , rü  t r )  .  ie  (n+11 I

which shows that

ker ( "1* t , ^?r , , r? r )  .  ;e  (n+1 ;  I

s  i * (Hl* t  ,^ l ,s l ;e  (n+1)  I
From this the claim fol lows.

the d iv isor  of  f  is  conta ined in
The corresponding Mayer:Vietoris

- " l  '  ,*?r) ,si l  (r) . ;e (n+1) ) )
-"1*t  ,^?r l  ,s?r l  .  ;e (n+1) )  )  :

Secgnd step:  The rest r ic t ion

" l * t , r?r , , r i l r r )  .  ;o(n+1 )  ;  may
T l - 1  , =  T n n { t r = t }

invert ible on Tn

eLerirent

{ t r }  e  H l t r " , r l - 1 ; e ( r )
and the cup-prod,uct

o f  1 . , g  ( 6 )  i n

be descr ibed as

sil = rl-t
i = 1

to 1 on *l- t

r so that

and equal

fo l l ows .  Le t

.  S ince  t ,  i s
.l-

i t  def ines an
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H l t t " , r ? - 1  ; a ( 1 ) )  X . . . '  H l ( r n , r i - 1  ; a ( r )  )  g  H l r r n , r i l , a ( n )  )
y ie l ds  an  e lemen t  t t . ,  , . l . r t r r ]  €  H f , t r n r t l . ; e (n ) )  .  Res t r i c t i ng
{ t 1  , . . . , t n }  t o  , * t r ) , s ? r ) . )  a n d ,  c u p p i n g w i r h

{ r }  €  H l t { r ) , e ( 1 ) )

we obta in that  rest r ic t ion

t . , b ( E )  |  ( r ? r ) , s l ( r )  . )
as a sum of Stej-nberg symbols

- 1  -=  c  ' { f  
, t 1  , . . . r t n }

=  c - 1  . r { 1  - e l f  a l t j , t l  , . . . , r r }j r - ,
_ 1  D .

c - r  . E { 1  -  e  T [  a r t ]  , L 1 r .  .  .  , t n ]
j i rCons ider

i " :1 ,  =

and let Un

{  ( t . ,  , . . .  r t r )

:-  Tn-' in-1 .

z  e  l f  . r = 1 ]  =  r n
L

to ttre corresponding assertion in

( 6 . 2 )  L e m m a :  I t  s u f f i c e s to prove that the Steinberg symbol

{ 1 . -  e  I a ,  , L 1  , . . . , r n }  €  " l * t  ( u t , r l . ; e ( n + 1 y  1
i '

i s  ze ro .

Proof: Each of the summands above,

c-1  { ' ' - r ! - . ] '  j , t 1 ,  .  . . , rn }  =  c - t  l J  " ; l  t1 -6  f f r : i j , . ; t  
j ,  . . . , .1 " r ,

i  f ,  "^ 
i  

r 'J 
r

is (up to a ratj-onal factor) the inverse image under the morphism

( r? r l  , r i l t f ) . )  -+  (u t , rü . )

given by ti l-, ait j  of the steinberg symbol in the assertion.

Third stqq: lVe no$r reduce

Deligne cohomology.

( 5 . 3 )  L e m m a :  I t  s u f f i c e s to prove that the correspondj_ng symbol

{ t  -  e  T f  r i , r  1 , . . . , r n }  €  * ; * t  , u ä  , r ü . a , ; r R ( n + l )  )
i 4 l

in  Del igne cohomology is  zero.

This j-s an immediate conseguence of the fol lowing result.
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(9.4) Pr.opo.s*t*o-*:  The regulator map

t 0  t  H Ä ( u n , s ü . ; e ( * . ) )  - )  H b ( u ä , r ü . * , ; r R ( * 1

j -s  in  jec t ive .

The proof requires some preparat ion.

(6 .5)  Lemmg:  The regu la tor  map tD induces isomorphisms

HA ( r t , r i l .  ,e  ( * )  )  I  rR  =  ,b ( rä  , s i l .n  ,  R( * )  )  .
Proof : The regulator map tD ind,uces a morphism between the
spectral  sequences for a s impl ic ial  scheme

"N( r i l n ,e ( * ) )  E rR  " l * . t ( r l . , e ( * ) )  o rR
go $o

*t; (rilp* , rR ( *) ) "ä*n (ril. R , rR ( *) )
as well as a morphism between the relative cohomology sequences

.t
" X ( r t , r ä .  r e ( * )  I  I  r R

I

H l t r " I q ( * ) )  E I R

t,
"N(t i l .  re(*)  )  E rR

J,
Since each

'l

G; over F

t i lo  as wel l  as Tn is  a d is jo int  union of  tor i
*ä are therefore reduced. to proving that the regu-

Iator map t0 induces isomorphisms

H A ( n l r o ( * ) )  E r R  =  ' ' / , " iH b ( c i m , r R ( * ) ) .

Th is  i s  a  conseguence  o f  Bo re l t s  t heo rem ( (1 .3 )  i n  pa r t  I )  once
I^te show that the A- , resp . 0- , cohomology of the torus ,"i

m
can be expressed completely in terms of the respective cohomo-
togy of .the base field in a way which is compatible with the
regulator mäp. Since the argument in both cases is the same we'\
only t reat- the ?-cohomology. Let X be a smooth scheme of



Hö(x ,n ( ' , )  )  =  Hä ta } ,  rR ( * . )  )  
j j  

^ ö (Gmx ,  rR ( * )  )

is  canonical ly spl i t .  Therefore the Gysin sequence for the

zero sect ion x *  ^ l  g ives canonical  isomorphisms
- 1

, ö ( G * x ,  r R ( * )  )  =  H ö ( X ,  ] R ' ( * )  )  O  H b  '  ( X ,  l R ( * - 1 )  )  o

The compat ibi t i ty of  the regulator map with that decomposit ion

is a consequence of the Riemann-Roch theorem without denomina-

t o r s  ( 1 2 3 1  , [ 2 4 ] , 1 1 4 1  , [ t t 1 1 .  o u r  c l a i - m  t h e n  i s  a c h i e v e d  i n -

d u c t i v e I y .  g . e . d .

lrle note that in- 1 i" the

i  ,  Tn -1n
( t 1  r . . . t t r r - t )

Put

P  ( t 1  '  .  . .  ' t r r _  1 '  
( e

q-1 ,= s[-1 u i t ' -2 .

i '  induces an isomorphism

( r n - t , g l - t ,  =  ( i n - 1 , 6 n - 1  n  r ä )  .
- ryn-1ano "T l_s a

in fact  the union

,D-1 whose union

We therefore are

3 ' l :1 / *n- t  (com-" T '  f  r '

r n ind.uces isomorphisms
U

Lr. (, . , .n-1 q,--r. . r . -  , - i l . ' i  I R ( * ) )  .

induct ion on n .  For n=1 i t

it to be true for n- 1 . lrle con-

( f or s implicity \^re leave out the

&o

f inite type over IR and let

of  the zero sect ion x -  a] .  .x
clude that the map

j: G*x - Al be the comPlement

From homotopy j-nvariance \^re con-

image of

-r Tn

the closed immersion

n - 1  1

1 T  r i ) - ' )  .
. a *

f_= |

Then

Furthermore the intersect ion is t ransversal ,

d. iv isor with normal crossj ,ngs in Tn- l  and

o f  t he  smoo th  d . i v i so rs  { t r - t  }  f o r  i =1  1 . . .
is Sil-1 and of the smooth divisor frr, '2 .

ent i t led to form the simpl ic ial  resolut ion

p a r e  5 3 ,  a f t e r  ( 3 . 2 ) ) .

( O_. F I lsnqq: The regulator map

"A ( rn- t  , tä .  
1  

ie(  * )  )  I  lR 3

Proof :  Th is  w i l l  be  proved by

is Borel  I  s theorem. So assume

siäer the commutative diagram

coe f f ic ients  )



3.,1

JJ

where the columns are obtained from the relative cohomology
sequence and the isomorphism

( rn -1  ,g l : 1 r  =  r , ; n -1  f i n -1  n  cn, - T .  1  +  ( ' I '  , T - -  n  S ; . )

The lower horizontal arro\^r is an isomorphism by ( 6 . 5 ) and the
upper one by assumption. The five lemma then implies that the
midd le  hor izonta l  ar row is  an isomorph ism,  too.  q .e .d . .

our  propos i t ion  (6 .4)  now is  eas i ly  es tab l ished:  By the Riemann-
Roch theorem without d.enominators the regulator map t 0 is
compat ible with the Gysin map for the smooth div isor tn- '  i1

n
T--  ,  i .€ . r  hre have a commutat ive d iagram (again hre leave out

the coef f ic ients )

HN-t (r'-1 ,3f:11 E rR L, n$-' ,rh-1 ,Si:l I
t r ^ t ,

"X t r ' , s ; . )  on  \ r | ( r i lS ; .R)
,J, I

"N ( r', r1. ) I rR -2t *; (rfrYsil . *)

,t
"N*t tu",rü. ) E rR Z

v

tt

I

..L

v

,t

*$* ' ,u i l ,sü. rR )

"X (rn-1 ,s;;1 I E rR 4 *E(r';-t ,gil.h ) .

L T
Now apply the two lemmas above together with the five lemma.

Lqst. s t-e-q: Here r,'7e f inal ly show that

i t  -  E  T f  t i r t  1 , . . . , t r ]  =  o  i n  4 * t  , u ä  , r ü , R ; r R ( n + 1 ) ;  .
,.4

We make a careful study of the maps in the commutative exact



,/-<

diagram

H| trfr , sil. n
i *

;  rR(n) ) '> niefrt ,gä:h ; rR(n) )
a t

tä* '  ,u i l  ,sü.rn ,  IR(n+1) )
f

" ; * t  , t ä ' , t ä . l R  ;  l R ( n + 1 )  )

where the column is obtained from the Gysin sequence and the

isomorphism (Tn-t  ,3; :11 = ( in-1 , , i ,n-1 n r i l .  )  .

( 5  . 7  )  L e m m a : HtI  ( r t  (c )  , t ; .  (c )  ;e )  =  e  ( -n)  (as  a  mixed,  Hodge
structure)  for  q=n and is  zero otherwise,

Proo f  :  s j -nce  l r t r s f  )  g  (Gm,  {1 } )  
n  i s  the  n - fo rd  f i b re  p roduc t

the Künneth formula red,uces the proof to the case n=1 which

i s  c l e a r .

( 6 . 8 )  L e m m a : The res tr ict j -on map

" ; * t , r ä , r i l . l R  r  r R ( n + t 1 1  - '  * ä * t , u ä ,  l n ( n + 1 )  )
j -s in j  ect ive .

Proof: Since the dimension of the variet ies involved is :n

the O-cohomology groups may be identi f ied with the correspon-

ding Bett i  cohomology groups ( in degree and twist one less) .

Fixing an (arbitrary) embedding c: F -) C we therefore have

to show that the map

l u t (T t ( c ) , r i l .  ( a )  ; rR  (n )  )  -+  Hn (un (c )  r rR  (n )  )

is inject j-ve. We consider the commutative exact diagram of

mixed Hodge structures

H n - ' ( - t - t  ( n )  , e  ( - 1 )  )  - '  H t  ( Ht (u'

./

where the row is obtained from the Gysin sequence. Using the
'Künneth 

formula as in  the proof  of  (6 .7 )  we see that  on the

one hapd the vert j-cal arrow is an isomorphism of mixed Hodge

structures both isomorphic to Q (-n) and that on the other
n - )  n - 1

h a n d  H " - z  1 t y ' L -  
' ( c )  

r e ( - 1 )  )  :  e ( 1 - n ) e . . . e e ( 1 - n ) .  T h e  o b l i q u e

arro$/  consequent ly  is  in ject ive.

r  "ä* '  ,uä ,  , rR(n+1) )

( a ) , Q )

Ht  ( t t

c )  ' Q )  ' +

,r i l .  (a) ;a)

r n (

I
( c )



. Q
öl *,

( 6 . 9 )  L e m m a :  T h e map

p ^
"ä"1., (*ät ,=il. h i 0/w. (n) ) 

" eeqti

i t :  4( rä , r l . *  ; rR (n)  )  .+  " ; ( r f r t ,q : l  ; rR (n)  )n

is the zero map.

Proof : !{e eguivalently have to show that the connecting homo-

morphi-sm

";(r fr- t ,9i l :h;rR (n) )  E 4*t ,*ä,Si l .R ,rR (n) )
in the corresponding relat ive cohomology sequence is in ject ive.

For that we use the commutative exact di_agram

nä (rfrt ,gl: l ;rR (n) ) t >

t
"1"*i (ril- ,3';. R r c/rR (n) )

h
I

"'"3* (tä ,Sil. r* ) i

here the columns are part of the long exact sequence which
connects 0-cohomology with Bett i  and deRham cohomology (com-

p a r e  t 1 O 1  2 . 1 O  c ) ) .  S i n c e  i n  t h e  l e f t  c o l u m n  t h e  d i m e n s i o n

of the var iet ies is <n we have an isomorphism there. By
(5 .7 )  ,  ä " " t t i  c l ea r l y  i s  i n jec t i ve .  I t  r ema ins  to  show tha t

i m ä g . t t i n i m f i = O .

we *i rr use Hodge theory . r f o: F -+ c is any f ixed em-

bedding,  i t  fo l lows by induct ion f rom (6 .7)  and the re la t ive

cohomology sequences

.  . .  +  Hq-1  (Tn - ,  (n )  ,S l : t  ( * )  ; e )  +  Hq( r t  ( c )  ,Sä .  ta )  ;e )

- >  H q ( r n ( 0 ) , r i l . ( a ) ; e )  +  . . .

that the factors in the weight f i l t rat ion of
H n - 1  ( r n - t  ( n ) , g l : t  ( n ) ; e )  a r e  0 ( - j )  f o r  o  :  j  :  n - 1  ( a n d

simi lar ly  for  Ht  ( t t  (c)  ,31.  tc)  ;e)  )  .  v , Ie arready see that  j -n

Ht ( t t  (c)  ,3ä.  tc)  ;  c)  we have im E"" t t i  n  FnHn = o .  rn order
to guarant : "  that  th is  remains t rue in Hn (Tn (a)  ,g l .  (c)  ra ln ' (n)  )
we have to establ ish that  the n- th s tep Fn of  the Hodge

f  i l t ra t ion is  def  ined over  IR (even over  0 as \ i /e  actual ly  wi l l

show) .



0t t

A generator of  Fn is the di f ferent ia l-  form

Qn/4 )  
-n  

d log t1  A .  .  . nd log t '

and i t ,  suf f ices to prove that iLs per iods over rat ional  cycles

a r e r a t i o n a I . R e c a 1 I 0 6 = e x p ( 2 r R a / N ) w i t h 1 : a < � �

Consider the uni t  cube in Rn and subdivide i t  into n+1 pie-

ces by the hyperplanes E*i  = j

easy to see that the images of these pieces under the map

t i  =  exp (2rR xr )  form a bas is  o f  Hn ( rn  (c)  ,S i l  tc )  ;e)  .  The
integral  of  our form over such a piece is just  the volume of

the p iece which is  ra t iona l .

Re{nar\.:- The above proof actually shows that

H 9 ( t n ( C I )  , 3 ä .  t a )  ; e y  !  0  o  a  ( - 1 )  ( E . . . ( E  e ( - n )  ( a s  m i x e d  H o d g e

structures) for q = n and is zero otherwise.

we now go back to our d. iagram. Since in- 1 i= def ined inside

Tn by the eguation 1 - e IJ t, = O we obtain from the

usual property of the Gysin sequence ( compare the proof of

( 2  . 2 )  )

a { 1  c  l . I  a ,  , E 1 , . .  .  , t r r ]  =  i f i { t 1  , .  .  . , t n }
l-

a n d  c o n s e q u e n t l y ,  b y  ( 6 . 9 ) ,

a { 1  e  
- [ T a r - r E 1 r . . . , t r r ]  =  o  .
l_

I f  ! {e  show that  the res t r ic t ion o f  {  1 -g  l r la ,  ,L1 ,  .  .  .  , t r r }  to
.JIü ä  i s  z e r o ,  t o o ,  t h e n  ( 6 . 8 )  i m p l i e s  t h a t  { 1 - q I J a r 1 E 1 t . . - r , t J
i tse l f  is  zero.  But  that  restr ic t ion is  the cup-product  of

t he  i nve r t i b te  f unc t i ons  1  -  g I J  t i  ,  t 1 r . . . r t n  on  t he

a f f i ne  scheme  un  ,  a r so  t o  be  deno ted  by  {1 -e l r l  t i r t  1 t . . .  r t n } .
I t  i s  zero  s ince

{ t - r I J  a ,  , t 1 , . . . , a r r }  =  { t - t 6 t 1  )  t 2 . . . t r . , E E 1 , E 2 r . . .  r a r }

ano {u, e.b, . .  .  } = *r", EN,o, . .  .  I  
t  
= 
t i i : ' , ,?,;: 

:  .  : ' r t '=t: ' '  ; ; ; t"t
t 1 - x 1  . . . X n r * 1 r . . . r * r r ]  =  O  .  T h e  l a s t  e q u a l i t y  f o l l o w s  i m m e -

d ia te ly  f rom the Ste inberg ident i ty  {1-xrx}  =  O and f rom

{ x r x }  =  O  .
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