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Abstract

In the 1960s E. Calabi classified all minimal isometric immersions, from the 2-
sphere into higher dimensional spheres S™, in terms of holomorphic maps. He showed
that such a map can be lifted to a horizontal holomorphic map from S? = C'P! into
a twistor space over S™. The construction also applies to harmonic maps from S?
to S™. The main purpose of this work is to give a detailed presentation of Calabi’s
constructions and classification result for harmonic maps.

Throughout this work it has been my firm intention to give reference to the stated
results and credit to the work of others. All theorems, propositions, lemmas and
examples left unmarked are assumed to be too well known for a reference to be given.
A bracket [X] at the beginning of a proof means that the idea was obtained from

the reference. A proof left unmarked is written by me, although I make no claim of
originality.
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Chapter 1

Harmonic maps

1.1 Basic properties

In this section we present what is needed to define a harmonic map between Rie-
mannian manifolds. The main source for this chapter is [26].

Let (M, g) and (N, h) be smooth complete connected and orientable Riemannian
manifolds of dimension m and n, respectively. We denote the Levi-Civita connec-
tions on M and N by VM and V¥,

Definition 1.1. Let ¢ : (M,g) — (N,h) be a C*®-map. We define the energy
density function e(¢) : M — R* of ¢ by

m

e(¢)(x) = % Z () (A (X5), o (X)),

i=1
where {X;}™, is any orthonormal basis of the tangent space T, M.

That e(¢) is independent of the choice of the local orthonormal frame is a conse-
quence of it being the trace of the tensor field

T(X,Y) = Sh(do(X),do(Y).

The trace at a point x € M is defined as
trace(T') = ZT(Xi, X5),
i=1

where {X;}7, is any orthonormal basis for T,,M. That this is independent of the

orthonormal basis can be seen by letting {Y;}72, be another orthonormal basis for

T.M. Then there exist an orthogonal matrix {a;;}7"_, such that

}/j = i aini~
i=1

Since T is bilinear we have

m m m
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Hence the trace does not depend on the choice of orthonormal basis.
Definition 1.2. Let ¢ : M — N be a C"*°-map. Then a C*°-map
O:(—€,e) x M - N
is said to be a smooth variation of ¢ if ®(0,z) = ¢(z). We write ¢;(z) for ®(t, z).
We are now ready to give the definition of a harmonic map.

Definition 1.3. Let M be compact. Given a C*-map ¢ : (M,g) — (N,h), the
integral

B0) = [ (o,
M
is called the energy functional of ¢. The map ¢ is said to be a harmonic map
if it is a critical point of F, i.e.
d
dt
for any smooth variation ¢; : (—e¢,€) x M — N of ¢.

(E(¢e))|t=0 =0

1.2 The pull-back bundle

A C*®-map ¢ : M — N induces a vector bundle ¢ 'T'N over M. In this section we
present the construction of this and show that there is a natural connection V¢ on
¢ TN which is compatible with a natural metric h® on ¢—'TN.

Given a smooth variation ¢; of  : M — N we define the corresponding varia-
tional vector field V' by

d
Ve = E(qbt@))h:o

for all x € M. Since for each x € M, v : t — ¢;(z) is a curve in N with v(0) = ¢(x)
we have
V, € T¢>(z)N

for all z € M. For a function f € C*°(N) we have

Valh) = L7 o ula)lco

This is a smooth function in z € M so V € C®(M,TN). Conversely, if V €
C>®(M,TN) satisfies
V:M9$I—>‘/;ET¢(@N
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we define
G1() = expy(y) (tVa).

The definition makes sense since N is complete and ¢;(x) satisfies V,, = %(gbt(x))h:o.

Proposition 1.4. Let ¢ : M — N be a C*®-map. Define the set ¢~*T'N by
¢7'TN = {(z,u) |z € M, u € Ty)N}.

Then (¢p7'T'N, M,n), where n(z,u) = z, is a C®-vector bundle. We call it the
pull-back bundle of ¢ over M.

Proof. We begin by showing that ¢~ 'T'N is a C*°-manifold. Let (TN, N, 7) be the
tangent bundle for N. For (z,u) € ¢ 'TN let (U,Z) be a chart around (¢(x),u)
with

E(y,v) = (£(y), C(v)).
Let (U,, 1) be a chart around x € M and set V = ¢~ (7(U))NU,. If we let (V)
define a basis for the topology on ¢~'T'N then

I:n (V)3 (2,u) = (24,C(u) € R™™

is a homeomorphism. The transition maps are obviously diffeomorphism so ¢~ *T'N
is a C*°-manifold.

The map 7 is obviously a projection. We show that for each x € M the fiber is
a vector space and there exist a local bundle chart.

(i) The fiber
N (2) = {2} x Ty N

is a vector space.
(i) Let (7=1(V), ) where ¢(z) € V be a bundle chart for TN with

Vr (V)3 (y,v) = (y,9(v) €V X R"
then U = ¢~!(V) is a neighborhood of z and ® : 71 (U) — U x R" defined by
@ (z,0) = (2,9(v))

is bundle chart for ¢ ~'T'N since it is obviously a homeomorphism and its restriction
to a fiber obviously a vector space isomorphism. That the transition maps are
diffeomorphisms is also clear. O

We see that the sections of ¢ !T'N are the maps of C*(M,TN) that satisfy
Vi € Ty)N so they are exactly the variational vector fields. Examples of sections

of C®(¢~1TN) are Z o ¢ defined by
T = Zo(a)
for Z € C>*(T'N) and d¢(X) defined by
T — do.(Xz)
for X € C>~(TM).

For a curve ¢ : (—e€,€) — M on a Riemannian manifold (M, g) we denote by

P(%) : Ty M — T,y M the parallel transport along o from z = o(0) to o(t).

3



Lemma 1.5. Let (M, g) be a Riemannian manifold and o : (—e,€) — M be a curve
with 0(0) = x € M. Then P;‘é) is a linear isometric isomorphism of (T, M, g.) to

(Ta(t) M7 ga(t)) .

Proof. Tt follows from the definition of parallel transport that it is a linear isomor-
phism. If X,,Y, € T, M then

d
Ego(t)(P%) (Xa), PNy (Ye)) = 0.

Thus
92(Xe, Vo) = ooy (Pl (Xa), Poy(Yz)).

So Pj‘é) isometric. O

Lemma 1.6. Let (M, g) be a Riemannian manifold and X,Y € C®(TM). If o :
(—e,€) — M is a curve with 0(0) =z € M and ¢(0) = X, then

d
Vé\?y@) dt (Pa(t)) (o(t))\t=o-

Proof. [25] Let Z, € T, M. Then

d

d _
90 (55 (P27 Yotw)lico: Ze ) =202 ((P) ™ (Vo) Zo)li=o
d

:Ega(t) (Ya(t)a P%) (Zz)) ‘t:O
D M
:g <dt(YU(t ) Po‘(t)(ZﬂC)>|t:0

D
+ 90ty (Yot 7 (PR (22) ) i=o
=9:(VXY (2), Z2).
This proves the statement since Z, is arbitrary. O

Definition 1.7. Let ¢ : (M,g) — (N,h) be a C*®-map, X € C®°(TM) and V €
C>(¢~'TN). Then we define the pull-back connection by

d
dt
where t — o(t) is a C'-curve in M satisfying o(0) = z and ¢(0) = X,.

Let X € C®°(TM), x € M and ¢ : (M, g) — (N, h) be a C*-map. If ¢ is a curve
in M with ¢(0) =z and 6(0) = X, then v = ¢ o 0 is a curve with v(0) = ¢(x) and
4(0) = d¢.(X,). Thus given a section V' of the pull-back bundle we have that

(VEV)(@) = = ((Poq) ™ (Vow)) li=o, w € M

VOV (z) = 0 if d,(X,) = 0.

Otherwise there exist a open interval I of 0 such that v: I — N is injective. Thus
there exist a vector field Z € C°°(T'N) such that V,) = Zgos) for all ¢ € I. This
implies that

VAV () = (Py) ™ (Vo) o

4



d
=7 ((P¢oa)(t)) " Zoow))) li=o0

—<vd¢>(X) )(o(x))

as vectors in Ty,)N. By abuse of notation we will write

(VEV)(@) = (Vs V) (6(2))
at a point z € M.

Proposition 1.8. Let ¢ : (M,g) — (N,h) be a C®-map. Then V® the pull-back
connection is a connection on the pull-back bundle ¢~ 'TN.

Proof. [26] Let X € C®°(TM) and V € C®(¢~'TN). We show that V4V is ten-
sorial in the first argument and is additive and satisfies the product rule in the
second.

(i) It is obvious that the pull-back connection only depends on the value X, of
X so it is tensorial in the first argument.

(ii) Now we show that the second argument is additive. Let o be a curve with

0(0) =z and ¢(0) = X, and W € C®(¢"'T'N) then
VRV +W)(x) = ((P¢>oa(t)) Vot + Wo)) li=o
= (Pieotn) ™ Volt) + (Piion) ™ Wo) li=o

d _
((P¢>oo(t)) a(t ) |t=0 + — dt ((P(i])\éa( )) 1Wo(t)) |t=0
= VSV (z) + VLW (z).

| &N&& =y

(iii) Finally we show that the second argument satisfies the product rule. Let

f € C>®(M) then

V?((fV)(x) = ((P¢>oo(t)) 1(f(a(t)>va(t)>) li=0

(Fe) (P (Vo)) li=o
= (S () (PYy) ™ (Vo)
+ Fo0) 5 (Bri) ™ (Vi) Yoo
=X, (F)Ve + F@) VRV (). O
The pull-back bundle ¢~'T'N has a natural metric A® given by
WS (Ve W) = Ty (Ve Wa)
where V,W € C*°(¢'T'N). The metric is well defined since V,,, W, € Ty, N.

Proposition 1.9. Let ¢ : (M,g9) — (N,h) be a C®-map. Then the pull-back
connection V¢ is compatible with the metric h® on ¢~ 'TN.

5



Proof. [26] Let X € C*°(TM) and V,W € C*(¢"'TN). At z € M let o be a curve
such that ¢(0) = x and (0) = X,. Then

d _ _
:E (h¢($)((PqJS\c:0(t)) l(Va(t))> (qub\ga(t)) 1(Wa(t)))) |t:0
7 ((Pé\ga(t))_l(vtf(t))) li=0, Wz)

d _
+h (Vm, i ((PqJS\CZJ(t)) Wow)) |t0)

=h?(VLV (x), W,) + h(V,, VW (2)). O

xT

1.3 The first variational formula

The variational formulation of a harmonic map is simple to understand but it is not
useful for calculations. When it comes to calculations we use the first variational
formula instead.

Definition 1.10. Given vector fields % and X on (—e¢,¢€) and M, respectively, we

define their canonical extensions, & and (0,X), to the product (e,¢) x M as
follows:
Let f € C®((—¢€,€) x M) then

0 d

a(t’m)(f) = 0 7)]s=0
where v : s+ (0(s),2) € (—€,€) x M, 0(0) = ¢, 6(0) = (4), and

d
(OaX)(t,x)(f) = %(f Oﬁ)|s:0

where 0 : s+ (t,7(s)) € (—€,€) x M, 7(0) = z, 7(0) = X,.

Lemma 1.11. Let ¢ : M — N be a C*®°-map. If & : (—€,€) x M — N is a smooth
variation for ¢ then at x € M

P
0 (%Ox)) = Vo

where V' is the variational vector field for ¢,.

Proof. Let f: N — R be a smooth function, then

Vall) = L (0u)ecol )

d

= Z(fo0(ta)lmo

= (Donlfo®)
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Lemma 1.12. For any C*®-map ¢ : (M,g) — (N,h) and X,Y € C>(TM) the
pull-back connection V® on the pull-back bundle ¢~ TN satisfies
VE(do(Y)) = Vi (do(X)) — do([X,Y]) = 0.
Proof. [26] Define T : CS°(TM) — C*®(¢~'TN) by
T(X.Y) = V5(do(Y)) = Vi.(dg(X)) — do([X,Y]).
Then for f,g € C>*(M)

T(fX,gY) =Vix(d(gY)) = Vi (do(fX)) — dp([f X, gY])
=fV%(gdo(Y)) — gVi(fdo(X))
—do(fglX, Y]+ fX(9)Y — gY (f)X)
=fgVS(dp(Y)) + [X(9)dp(Y) — fgV(dp(X)) — gY (f)dp(X)
— fgdo([X,Y]) — fX(g)dp(Y) + gY (f)do(X)
:ng(X, Y).

This means that T is tensorial so it is enough to show that

o 0
T RN e
(83:?" &c;‘) 0

for charts (U, x ) and (V, yﬁ) around x € M and ¢(x) € N, respectively. With the
notation ¢* =y o ¢ and ¢¥ = 2. we obtain

o 0

B W v [ 0 ) _w¢ 0
(5ar a%@) =%, (@) = V7 (@6(s)

e}
&
7

]
m

— AVAN Y, S A \VASNY
2 Vs b5y Zl 2 P 0]

oz
%




since ¢F; = ¢*,. Finally since VY, -2 = VY, 2. we have
i =25 ay/ 05 oyy
Byk oy v;

n

k=1 l

wa_ﬁﬁ ww%gﬁa
k=1 i=1 ou] auy Ok
=0. ]

Given a C®-map ¢ : (M, g) — (N, h) we define a tensor field Vd¢ on C°(T'M)
by
Vdp(X,Y) = Vido(Y) = do(VXY),

where X, Y € C*(TM). Using Lemma 1.12 we see that the tensor field is symmetric.

Definition 1.13. Let ¢ : (M,g) — (N,h) be a C*-map. Then we define the
tension field 7(¢) of ¢ by

7(¢)(z) = trace(Vdg) = ZVdgb X:, X;)

where { X}, is an orthonormal basis for T, M.

Theorem 1.14 (The first variational formula [14, 11]). Let ¢ : (M, g) — (N, h) be
a C*°-map and suppose that M is compact. Then for any smooth variation ¢; of ¢,
we have p

GE@D o=~ [ 1W(Vr@),

where V' is the variational vector field of ¢;. Thus ¢ is a harmonic map if and only
if 7(¢) =0 on M.

Proof. [26] Let x € M and {X;} be a local orthonormal frame around z then

CZ (h*((d1)a (X, (dr)s (Xi)2)) = (%)(m) (h®(d®(0, X;), d®(0, X,))) .

Now since [Z, (0, X;)] = 0 Lemma 1.12 tells us that
® )
This implies that

%(hq’ (d®(0, X;), d®(0, X;))) zth’(v‘% d®(0, X;), d®(0, X;))
=2h*(V{ x,)d® (&), d®(0, X))

=2(0, X;)h?® (dCD (5) d®(0, X))

—2h°® (dCD (%) Viox) d@(O,XZ-)) :

8



Let X; € C*°(TM) be given by
® 0
for all Y € C°(T'M). Then

i(o,xi) (hq’ (dcb (%) d®(0, X;) )) :i Xig(Xy, X

=1 =1

IZ VMXta _'_g(XtavX ))
=1

=div(X;)

m

)
+) n? (dcp (E) ,d®(0, v%xg) .
=1

Now since
B0 =5 [ D0 o600, do ()
we get
d
E(E(@))

:/MdiV<Xt)Ug - /M/fb (dcp (%) i (Vib.x,)d®(0, X;) — do(0, v%x&)) V.

i=1
The first term is zero by Stokes’ theorem, letting t = 0 we get

d
F(B6))li=o

:—/th’i—0< ( )|t O,Zm: (ox 1dP(0, X;)| =0 — dP(0, VX i)\t=0)> Vg.

=1

From
¢)|t:0 = ¢7
0
d® (at) |t:0 = ‘/7
Vi x)d®(0, X;)|i—o = V%, dp(X;) and
d®(0, VY X;)|1=o = do(VE X;)
we have

GE@ o=~ [ 1W(Vr@),

The last part of the statement follows from the fact that V, can be chosen arbitrary
using ¢y. O



The condition 7(¢) = 0 does not depend on M being compact. Thus can 7(¢) = 0
be used to define harmonic maps for non-compact Riemannian manifolds.

Some further properties of harmonic maps, whose proof are based on the theory
for partial differential equations are.

Theorem 1.15 ([11] p. 117). Let ¢ : (M,g9) — (N,h) be a C*-map such that
7(¢) =0. If M and N are real analytic manifolds then ¢ is real analytic.

Theorem 1.16 ([23] p. 216). Let ¢ : (M, g) — (N, h) be a harmonic map. If there
exist an open subset U of M such that the image ¢(U) is contained in a complete
totally geodesic submanifold V' of N then ¢(M) C V.

1.4 Isometric immersions and Riemannian submersions

In this section we define isometric immersions and Riemannian submersions. We
show that a Riemannian submersion has some nice properties that will be important
in Chapter 3.

Definition 1.17. A C*-map ¢ : (M,g) — (NN, h) is said to be an isometric
immersion if for all z € M and all X,,Y, € T,M

(i) the tangent map d¢, : T, M — Ty N is injective and
(ii) g2(Xe,Yz) = h¢(m)(d¢x(X:v)a do.(Yz)).
For each x € M we have an orthogonal decomposition of the tangent space
Tow)N = do(T M) @ (do(T,M))*

with respect to the metric hy(,). Let U be a neighbourhood of z such that ¢ : U — N
is an embedding. Then for X € C*°(TU)

dp(X) : o(U) 2 ¢(x) = dpe(X;) € Ty N
will be a well-defined vector field in C*°(T'¢(U)) which we extend to C*°(T'N). We

decompose

Vi do(V)(6(x) = (Vi do(Y)(6())" + B(X,Y)(x)

according to the orthogonal decomposition of Tyx)/N defined above. It is easy to
show that B is a symmetric tensor.

Definition 1.18. Let ¢ : (M, g) — (N, h) be an isometric immersion. Then we call
the map
B :T,M x T,M — (dp(T,M))*

the second fundamental form of ¢.
The fact that B is a tensor insures that the following definition makes sense.

Definition 1.19. An isometric immersion ¢ is said to be minimal if for all z € M
trace(B)(x) = Z B(X;,X;)=0
i=1

for any orthonormal basis {X;}7, of T, M.

10



Proposition 1.20 ([11]). An isometric immersion ¢ : (M, g) — (N, h) is minimal
if and only if it is harmonic.

Proof. 2] Let x € M and let U be a neighbourhood such that ¢ : U — N is injective.
Also let X,Y € C*(TU). Then we have

Vidd(Y)(x) = Voo do(Y)(6(2))
and since ¢ is an isometric immersion we have
A6, (VXY (2)) = (Vi) do(Y) (9(x)) "
This implies that
B(X,Y)(x) =V, do(Y)(6(x)) — (Vi do(Y)(é(x)))
=V%do(Y)(x) — dgo(VYY (2)) = Vdp(X,Y)(x).
The statement follows from the fact that
7(¢) = trace(V¢) = trace(B). O

Given a C*-map ¢ : (M,g) — N we define, at a point x € M, the vertical
space
V, = Ker(do,) = {X, € T,M |dp,(X,) =0}

and the horizontal space
H, ={X, €T,M|g(X,,Y,)=0forall Y, € V, }
as the orthogonal complement V of V,. This gives us an orthogonal decomposition
T.M =YV, dH,
of the tangent space T, M.

Definition 1.21. A surjective map ¢ : (M, g) — (N, h) is said to be a Riemannian
submersion if for all x € M

(i) dog : TuM — Ty N is surjective and
(ii) dgls, is an isometric isomorphism of (Hy, gz) to (TN, he))-

Definition 1.22. Let ¢ : (M, g) — (N, h) be a Riemannian submersion. A vector
field X € C*°(TM) is said to be a horizontal lift of a vector field X € C*(T'N) if

X, € H,
and X and X are ¢-related i.e.
doo(X.) = Xoa)-
It follows from the definition of a Riemannian submersion that
ddulm,  He = Ty N
is an isomorphism so there exist a unique horizontal lift for each X € C*(T'N).

11



Lemma 1.23 ([21]). Let ¢ : (M,g9) — (N,h) be a Riemannian submersion and
X,Y € C°(TM) be horizontal lifts of X, Y € C*°(TN). Then we have

(1) 92(Xe, Ya) = o) (Koo, Yoiw),
(i) do([X, V]) = [X, Y],
(iii) dp(VHY) = VY.
Proof. [21] (i) The statement follows from the fact that d¢,|y, is an isometry, i.e.
92(Xa, Yo) = Do) (da(Xo), ds (X2)) = hoto) (Koo, Yorw).
(i) This statement follows from the fact that X and X are ¢-related,
do([X,Y]) = [do(X), de(Y)] = [X, Y],
(iii) We show that for any vector field Z € C*°(T'N) we have
Wdo(VYY), Z) o ¢ = h(VYY,Z) 0 ¢.
For all Zy, Zy, Z3 € C°(T'N) we have
(20)2(9(Z2, Z3)) = (21)a(M(Za, Z5) © §) = (Z1) () (W( 2, Z3))
9(20, (22, Zs]) = g(Z1, [ Z2, Zs]) = W21, [ Za, Z5)) 0 ¢

Hence we obtain

:% (X(h(v,2) +Y (h(2, X)) = Z(h(X,Y))
+R(Z,[X,Y]) + WY, [Z, X]) — h(X, ]V, Z])) o
=h(VXY,Z)o0¢. O

Definition 1.24. Let 7 : (Y, ¢') — (N, h) be a Riemannian submersion. A C*°-map
v (M, g) — (Y, q') is said to be horizontal with respect to 7 if

for all z € M where T,)Y = H, ®V, fory € Y.

Usually the composition of a harmonic map with another map does not give an
harmonic map, even in the case where both maps are harmonic. The next theorem
will give us a condition for a Riemannian submersion for preserve the harmonicity
under compositions.

12



Theorem 1.25 ([12]). Let m : (Y,g') — (N,h) be a Riemannian submersion. If
v (M, g) — (Y,q') is a harmonic map which is horizontal with respect to w, then
the composition ¢ = wotp : (M, g) — (N, h) is a harmonic map.

Proof. [26] Let {X;}, be an orthonormal frame on (M, g). We have

fj (V4.do(X0) (@) — do (VX Xi(a) )

1

%

't”ﬂs

(Ve awixon dm(d (X:)) (6(x)) — dryy (ds (VX (2)))) .

=1

Since di),((X;)z) € Hy) for all x € M, dip(X;) is horizontal lift of dr(dy(X;)). By
Lemma 1.23 we have

Vb tawxdm (dy(Xi)) = dm (Vi x,) d(X5)) = dr (V' dip(X,)).

Using this for 7(¢) we get

— dr (i <Vw dip(X d@D(V)“éXi)))

=1

dr(7(y)) =

the last equality follows from the fact that ¢ is harmonic. O

13
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Chapter 2

Kahler manifolds

2.1 Basic properties

The concept of a Kahler manifold is an essential part of Calabi’s classification. To
define Kahler manifolds we need the notion of a complex manifold. We will show
some important formulas for Kahler manifolds and give a few examples. The pre-
sentation of the theory in this section builds on [3], [18] and [26].

We start with some motivations. Let V' be a complex vector space then we define
amap J:V — V by
J(v) =iv

for v € V. This satisfies J2 = —I. Now instead let V be a real vector space then a
map J : V — V is said to be a complex structure if

J?=—1I.
J turns V into a complex vector space by defining
(a+ib)v = av + bJv.

This can only be done if the dimension of V' is even.

Definition 2.1. Let M be a 2m-dimensional manifold. Then M is said to be a
complex manifold if there exist an atlas of complex charts

.U, —-C"
such that the transition maps
270 (2P)1: 2P(U,NUs) — C™
are holomorphic.
Given a complex manifold the complex charts can be decomposed
2y = xp + Yy
for k=1,...,m. We define real charts by

P VA T B
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Then at a point p € M the set {X; = B%,Yi = %, |i =1,...,m} is a basis for

T,M as a real manifold. We define J, : T,M — T,M by
Jp(X;) =Y, and J,(Y;) = —X,.

Then this satisfies Jg = —1I,. This tensor field is independent of the choice of charts
and is called the complex structure of M.

Definition 2.2. Let M be a 2m-dimensional manifold. Then a tensor field J :
C>®(TM) — C>(TM) is said to be an almost complex structure on M if

J? =—1I,
where [ is the identity map on C*(T'M).

Given an almost complex structure J on a manifold M the Nijenhuis tensor

N of J is defined by
N(X,Y)=2([JX,JY] - [X,Y] - J[X,JY] - JJX,Y)]).

This tensor will let us determine when an almost complex manifold is a complex
manifold.

Theorem 2.3 ([20]). Let M be a 2m-dimensional manifold with almost complex
structure J. Then M is a complexr manifold with complex structure J if and only if
the Nijenhuis tensor of J is zero.

The proof is complicated and is omitted here. See [18] for a proof in the real
analytic case.
We note that the covariant derivate VM.J : C°(TM) — C=(TM) of J is defined
by
VMI(X,Y)=VHIY) - J(VYY).

Definition 2.4. Let M be a complex manifold with complex structure .J. Then a
Riemannian metric g is said to be compatible with J if

g(JX,JY) =g(X,)Y)

for all X,Y € C>°(TM). A complex manifold with a compatible metric is said to
be a Hermitian manifold.

Example 2.5. On C™ we have the Hermitian metric (-, -) defined by

m
(u,v)¢ = Z Ui Vs
i=1

Definition 2.6. Let (M, J, g) be a Hermitian manifold. The alternating 2-form
w(X,Y) =g(JX,Y)

is called the Kahler form of g. The metric ¢ is said to be a Kahler metric if w
is closed i.e. dw = 0.
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Lemma 2.7. Let (M, J,g) be a Hermitian manifold, with Levi-Civita connection
VM. Then

dw(X,Y, Z) = g(VMI(X,)Y), Z) + g(VMI(Y, Z), X) + g(VMJ(Z,X),Y)
20(VMI(X,Y), Z) = dw(X,Y, Z) — dw(X,JY, JZ)
forall X,Y,Z € C(TM).
Proof. [3, 18] By the invariant formula for the exterior derivative of differential forms

dw(X,Y,Z) =X (w
+ w
=X(g

~—~

Y, Z)) +Y(w(Z, X))+ Z(w(X,Y))
ZXY) +w(Y, [Z,X]) + w(X,[Y, Z])
JY,2)+Y(g(JZ, X))+ Z(9(JX,Y))
+9(JZ, [X,Y]) +g(JY, [Z, X]) + g(JX, [V, Z])
= (9(VX IV, 2) +9(TY. VX Z))

+ (9(VWIZ, X)+9(JZ,VV X))

+ (g

9

N~ =

(VYIX,Y)+ g(JX,V}Y))
+9(JZ,[X,Y]) + g(JY,[Z,X]) + g(JX,[Y, Z])
= (g(V¥IY,Z)+9(JZ, VY X) + g(JZ,[X,Y]))
+ (9(VYIZ,X) + g(JX, VYY) + g(JX,[Y, Z]))
+ (g(VYIX,Y) + g(JY,VYZ) + g(JY,[Z,X)))
=g(VMI(X,Y), Z)+g(VMI(Y, Z2), X))+ g(VMJ(Z,X),Y).
Proving the first part. Further

dw(X,JY,JZ) =X (w
w

=X(g

+9

~—~

JY, JZ)) + JY (w(JZ, X)) + JZ(w(X, JY))

JZ,[X,JY]) +w(JY,[JZ, X]) + w(X, [JY, ] Z])
—Y,JZ)) + JY (9(=Z, X))+ JZ(g(JX, JY))
~Z,[X,JY)) + g(—Y,[JZ, X))+ g(JX,[JY, JZ)).

”‘/\/—\

Which implies that

dw(X,Y,Z) — dw(X,JY,JZ) =
=(X(g(JY. 2)) + Y (9(JZ. X)) + Z(9(JX,Y))
+9(JZ,[X.Y]) +g(JY.[2,X]) + g(JX, [V, Z]))
— (X(9(=Y,J2)) + JY (9(=2, X)) + T Z(9(J X, JY))
+9(=2,[X, JY]) + g(=Y.[JZ. X]) + g(J X, [JY. ] Z]))
+(9(X, [JY. 2]) — (X, [JY, Z]))
+(9(X, [V, JZ]) = g(X, [Y, ] Z]))
=(X(9(JY, 2)) + JY g(Z,X) — Zg(X, JY)
—9(X,[JY. Z)) + g(JY.[Z, X]) + 9(Z, X, TY]))
+(X(g(Y, J2))+ Y (9(JZ, X)) = JZ(9(X.Y))
—9(X, [V, JZ]) + (Y, [J Z, X]) + g(JZ,[X,Y]))
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— (9(JX,[JY, JZ])) — g(JX,[Y, Z])
— g(JX, J[JY, Z]) — g(JX, J]Y, JZ]))

1

where N (Y, Z) is the Nijenhuis tensor. The Nijenhuis tensor is zero since J is a
complex structure so the theorem follows from the fact that

Theorem 2.8. Let (M, J,g) be a Hermitian manifold with Levi-Civita connection

VM. Then the metric g is Kdhler if and only if the complex structure is parallel i.e.
vMJ=0.

Proof. 3] Assume that g is Kahler i.e. the K&hler form w satisfies dw = 0. Then by
Lemma 2.7

gVMI(X,Y),Z)=0

for all X,Y,Z € C®(TM) so VM.J =0.
Now we assume instead that VM .J = 0 which by Lemma 2.7 implies that

dw(X,Y,Z) =0
for all X,Y,Z € C>(TM). Hence the Kahler form is closed. O
Corollary 2.9. Let (M, J,g) be a Kihler manifold, then
VX (JY) = J(VYY)
for all X, Y € C*(TM).
Proof. The statement follows from the definition of V¥ .J and Theorem 2.8. U

Definition 2.10. A map ¢ : M — N between complex manifolds is said to be
holomorphic if JY o d¢ = dp o JV.

Proposition 2.11 ([11}). Any holomorphic map ¢ : M — N between two Kdhler
manifolds is harmonic.

Proof. [26] Let JM and JV be the complex structures on M and N, respectively,
and {X;,Y;}"; be a local orthonormal frame for C*°(T'M) with JMX =Y, and
JMY; = —X;. Then

V5. dp(Y;) — dg(VHY;) =V, do(JMX,) — dg(Vihi o JMX,)

=V, SN AD(X;) — dp (M Vi X
= IV dD(Xs) — TV G (Vi Xi)
=JN (Vi d6(Xs) — do(V i Xi)
=JN (V% dop(JMX,) + do([TM X5, X))

—dp(VY JMX; + [JM X;, X))
=V (INVS dp(X;) — TNdp(VE X))
= — V%.do(X:) + dp(VIX5).

JM X;
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From this we see that

m

7(¢) = Y (V3,dp(Yi) — dp(Vi!Y;) + V%, dp(X:) — dp(VY. X)) =0. O

i=1
Example 2.12. Let V be a vector space. We define an equivalence relation R on
VA{0} by

R(u,v) if and only if there exists a non-zero scalar A such that u = Av.

The quotient space V/R is called the projective space of V and is denoted by
P(V). We define the projection

e V\{0} 2 u R(u) € P(V).

The n-dimensional complex projective space CP" is defined by CP" = P(C"*1).
CP" can be shown to be a compact complex manifold. On CP" there is a standard
Kahler metric called the Fubini-Study metric defined to be the unique metric
such that the projection 7p : C"*'\{0} — CP" restricted to S***!1 C C"™! is a
Riemannian submersion.

Definition 2.13. For C" we define the k-wedge product A" C" by

I<oo

k
/\C":{Za{/\---/\aﬂafE(C"izl,---ak}a
=1

where

(i) (- A---A-) is multi-linear,

(ii) ag A=+ ANag #01if aq, ..., a; are linearly independent, and
(iii) apay A+ Aaory =sgn(o)(ar A --- Aag) for any permutation o of {1,...,k}.
Proposition 2.14. The wedge product /\k C" has the following properties.

(i) The vectors ay, . ..,ar € C" are linearly dependent if and only if a; A- - -Aag, = 0.
(i) \*C" is an (7) -dimensional complex vector space.

Proof. (i) Suppose that the vectors are linearly dependent. Then for some j €

{1,...,k} we have
k

a; = Z )\zaz
i=1,i#j
So it is enough to show that a; A---Aa, = 0if a; = a; for some @ # j. Let o be the
permutation such that (i) = j, o(j) = i and all other integers are left fixed. Then
sgn(o) = —1 and
A=a A ANa; N ANaj A Aay

=—a1 N Nagay N Nagiy N - N ag

——a A Aaj A Aag A A ag

=—a N NagN---Na; N+ Nag
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=—A.

This implies that 24 = 0.

Suppose instead that a; A --- A a; = 0 then by definition a4, ..., a; are linearly
dependent.

(ii) Let {e;}"; be a basis for C", if the same basis vector appears more than once
in a wedge product the product is zero, and any permutation of a wedge product be
linearly dependent with the original so the basis vectors for /\k C" can be chosen in

(7) ways. O]

An element of A € A"C" is said to be decomposable if A = a; A --- A a, for
vectors ay, . . ., a, € C". On the decomposable elements of A"(C") we define a scalar
product by

<A, B> = det ([(CLZ‘, bj>(c]k )

ij=1

where A =a; A---ANa, and B =b; A---Abg. Since /\k C" is an (Z)—dimensional
complex vector space we can identify

k
P(/\C") = CP",
where N = (7).
Example 2.15. The set
Gr(C") ={V c C"|V is a k-dimensional subspace}

is called the Grassmannian of k-planes in C". It is known the Grassmannian can
be equipped with a compact complex manifold structure. It is also known that the
tangent space of G (C") at a point V' is equal to the space of complex linear maps
Home(V, V71).

Let {a;}}_, and {b;}}_, be two different bases for V' € G1(C") then

air N ANag = Aoy A+ Aby

for some A € C\0 so they generate the same line in A*C™, thus the map pl :
Gi(C") — CPY~', where N = (}), defined by

pl(V) = mp(ay A -+ A ayg)

is a well defined injective map.
The map pl can be shown to be a embedding see [13] and is called the Pliicker
embedding.

2.2 Homogeneous spaces

A particularly easy type of manifolds are the homogeneous spaces. On a homoge-
neous space we define G-invariant structures they are determined by their behavior
at a single point of the manifold. We present methods to construct G-invariant
metrics and almost complex structures, and to determine when an almost complex
structure has a vanishing Nijenhuis tensor. The main sources are [1], [18] and [28].
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Throughout this section we identify the Lie algebra g of a Lie group G and its
tangent space T.G at the identity element e without reference.
Let G be a group and K be a subgroup. Define the quotient space G/K by

G/K ={gK|ge G}.
The map defined by

T:G>g—gKeG/K
is called the natural projection.

Theorem 2.16. Let G be a Lie group and K a closed Lie subgroup, then the quotient
G/K has a unique manifold structure such that

1) the natural projection ™ is a C*-ma
(i) proj D,

(i1) for allgK € G/K there is a neighbourhood W of gK and a C*-mapo : W — G
such that wo o = idg/k-

See [27] for a proof. On each of the neighbourhoods W we have 7 o 0 = idg/x
which implies that
dﬂ'g @) dO'gK = idTgKG/K

this shows that dr, : T,G — T,xG/K is surjective so 7 is a submersion. The
manifold G/K is said to be a homogeneous space.

Definition 2.17. Let G be a group, M be a set. Let oy, be an element of M. Then
an action G x M — M is said to be transitive if M = {g-oy|g € G}. The set

K={geGlg om=om}
is called the isotropy subgroup of G at the origin o,.

Theorem 2.18. Let G be a Lie group and G x M — M be a transitive C*°-action
on a manifold M. If K is the isotropy subgroup at oy then the map 5 : G/K — M
defined by

B(gK) =g - om
is a diffeomorphism.

Again see [27] for a proof.

Definition 2.19. Let G be a Lie group and K be a subgroup of G. Then for g € G
we define the translation 7, : G/K — G/K by

7(hK) = (gh) K
for hK € G/K.

The map 7, is a diffeomorphism and if we denote left translation in G' by L, then
we have the following commutative diagrams

(dLg)n

¢ .q T,G T,,G
ﬂl lw (dﬂ')hl l(dﬂ')gh
G/K—~G/K ThK(G/K)(mK gk (G/K)

for all g,h € G.
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Definition 2.20. Let M = G/K be a homogeneous space and x = hK € G/K.
Then

(i) a metric g on M is said to be G-invariant if
ng(z)(<dTg)l“Xz7 (dTg>IY€E) = g:v(X:L“a YI)
and

(ii) an almost complex structure J on M is said to be G-invariant if
(Sry(w) © (d79)) (Xa) = ((dTg)0 © J2)(Xo)

forall g € G and all X,,Y, € T, M.

It should be noted that this implies that 7, is an isometry for all g € GG. Further if
G/ K is equipped with an G-invariant almost complex structure then the translations
7, are holomorphic for all g € G.

For the homogeneous space M = G/K we have the natural projection 7 : G —
G/K with 7(e) = K = op. Let exp(tX) be a one-parameter subgroup of G where
X € g. Then

ep(tX) o = X

and dm, : g — T,M is given by

dre(X) = S (r(exp(tX)))ico = - (exp(tX) K)o,

If X € ¢ then exp(tX) € K so dm.(8) = 0. The map 7 is a submersion so the
quotient space g/€ is isomorphic to the tangent space T, M at o.

Definition 2.21. Let G be a Lie group and I, : G — G be defined by
Iy(h) = ghg™".

Then the map defined by
Ad(g) = (dly)e 19— g

is called the adjoint representation of G.
There is another operator ad(X) : g — g defined by
ad(X) = (dAd).(X).
It can be shown that ad(X)Y = [X,Y].

Definition 2.22. Let G be a Lie group and K a closed subgroup. We say that the
homogeneous space GG/K is reductive if there exist a subspace m of g such that
g=tdmand Ad(K)m C m. With respect to this decomposition we write X € g
as

X =X+ X,
where Xy € £ and X, € m.
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For a reductive homogeneous space we have that dm.|, is an isomorphism from
m to T,M. The condition Ad(K)m C m implies ad(¢)m C m and if K is connected

they are equivalent.
It is easy to show, see [27], that if ¢ : G — K is a Lie group homomorphism then

do. is a Lie algebra homomorphism and
¢(exp(X)) = exp(dge(X))
for X € g.

Lemma 2.23. Let M = G/K be a reductive homogeneous space with Ad(K)-
invariant decomposition g =t & m. Then

dre(Ad(k)X) = (dmi.)o(dme(X))
forall k € K and all X € m.
Proof. [1] The curve exp(tAd(k)X) is a one parameter subgroup of G with

Ad(K)X = L (exp(Ad(E)X))] o

dre(Ad(K)X) =5 ((exp(tAd(K)X))) 1o

= (r(exp(@dT)et X)) o

= (r(Talexp(tX))) o

d
:a (]{7 eXp(tX)k_lK) ‘t:O

:% (T (exp(tX)K)) |¢=0
= (dm)(dr.(X)). =

Theorem 2.24. Let M = G/K be a reductive homogeneous space. Then there is a
natural bijection between the G-invariant metrics on G/K and the Ad(K)-invariant
scalar products on m i.e. those satisfying

(Ad(k)X,Ad(k)Y) = (X,Y)
forallk € K and oll X,Y € m.

Proof. [28] Let T' = dme|m : m — T,M and (-,-) be Ad(K)-invariant. If X g, Yk €
Ty M then since 7, is a diffeomorphism

g
Xgre = (d7y)o(X,) and Yy = (d7y)o(Y5)
for unique vectors X,,Y, € T,M. Define the metric g on M by
99k ((d79)o(Xo), (d79)o(Yo)) = (T7H(X0), T7H(Yo)) -

We show that this is well defined. Let h € G be such that gK' = hK then there
exist k € K such that h = gk. So 7, = 7, o 73, and therefore

e ((d7n)o(Xo), (d7h)o(Yo)) =gni ((d79)o © (d7)0)(Xo), ((dTy)o © (dTk)o)(Xo))
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= (T ((d7)o( X)), T~ ((d71)o(Y0)))
= (Ad(k)T™(X,), Ad(k)T1(Y,))
=(T71(X,), T7\(Y))
=ggic((drg)o(Xo), (d75)o(Y5)).

This shows that g is well defined and it follows by definition that g is G-invariant.
Suppose instead that we have a G-invariant metric g and put

<X’ Y> = go(T(X)> T(Y))
Then
(Ad(K) X, Ad(K)Y)

9o(T(Ad(k)X), T(Ad(K)Y))

9o((d7i)o(T'(X)), (d7i)o(T(Y)))

=9o(T(X), T(Y))

—(X,Y). O

If the subgroup K of G is connected then the Ad(K)-invariance is equivalent to
(ad(X)Y,Z) + (Y,ad(X)Z) =0
forall X e tand all Y, Z € m.

Proposition 2.25. Let G/K be a homogeneous space where g admits an Ad(G)-
invariant scalar product (-,-) i.e.

<Ad(g)X> Ad(g)Y> = <X’ Y>

for all g € G. Then G/K is reductive with respect to the decomposition g = € @ m,
where

m={X e€g[(X,Y)=0 foralY €t}

and the restriction (-,-) = (-,") |m defines an Ad(K)-invariant scalar product on m.

o

Proof. [28] Let k € K and X € m. Then since Ad(k) is an automorphism of ¢ we
have that for all Y € £ there exist a Z € € such that Ad(k)Z =Y and

(Ad(F)X,Y)=(X,Z) =0
so Ad(k)X € m. The rest of the statement is obvious. O
If we have a linear endomorphism L on m then
Ad(k) o L = L o Ad(k)

for all k£ € K implies
ad(X)o L = Load(X)

for all X € . And if K is connected they are equivalent. We now state an important
result from [18] (p. 219).

Theorem 2.26. Let G be a Lie group, K be a closed Lie subgroup and M = G/K
be a reductive homogeneous space with decomposition g =€ ® m. Then
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(i) there is a natural bijection between the set of G-invariant almost complex struc-
ture on G /K and the set of linear endomorphisms J on m satisfying

J*=—I and Jo Ad(k) = Ad(k) o J
for every k € K.

(ii) A G-invariant almost complex structure J is a complex structure if and only if
the corresponding linear endomorphism J satisfies

JX, JY | = [ X, Y] — J[X, JY ] = J[JX, Y] =0
for all X)Y € m.

Proof. We denote by T' the isomorphism 7" = dme|m : m — ToM.
(1) [28] Given an almost complex structure J on M we define J on m by

J=T7"o J,oT.
Then obviously J2 = —I and

Ad(k)J(X) —Ad(k)(T‘1 o J,oT)(X)

=(T"" o(dmg)oo J, o T)(X)
=(T™" 0 J, 0 (7)o 0 T)(X)
=(T"" o J, 0 T)(Ad(k)X)
=J(Ad(k)X).

So J o Ad(k) = Ad(k) o J for all k € K. o
On the other hand assume that J on m satisfies Ad(k) o J = J o Ad(k) for all
k € K. Let x = gK and define J, on T,,M by

1(X,) = ((dry)o 0 T o Jo T71) (X,)

where X, = (dr,),(X,). We show that this is well defined. Let h € G be such
that gK = hK then h = gk for some k € K. It Y, € T,M is the vector such that
X, = (dm,)o(Y,) then X, = (dmy)o(Y,) so

((drh)o oToJjo T*l) (Y,) = ((dTg)o o (dr)s 0T o Jo T*1> (Y)
= ((dry)o 0T o Jo T ((dn)o(Y2))
= ((ry)ooToJoT ) (X,)

So J, it is well defined and it is obvious that J? = —I and that J is G-invariant.
(ii) [18] Extend J on m to g by

j(X) = j(Xm)a
where X = X¢ + Xy Define the set B(G) by
B(G) = {X € O°(TG) | drp(X,) = Xp(z) for some X € C°(TM)}.
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Then B(G) is a Lie subalgebra of C*(T'G) and dr : B(G) — C*(TM) is a surjec-
tive Lie algebra homomorphism. Let U € C*(T'G) and define the tensor field .J on
TG by o 3 R

Jo(Ug) = ((dLg)c o J o (dLg)e_l)(Ug)~

There is no ambiguity in the definition and it is obvious that J is left-invariant i.e.
dL,o0J = JodlL,

for all g € G. R o R
We show that if X € B(G) then J(X) € B(G). Since J is a tensor field it

is enough to show that J(dm,(X,)) = dm,(J,(X,)) for X, € T,G. So let Y, =
(dLy);1(X,) then

If X,Y € B(G) then S(X,Y) € B(G) and
dn(S(X,¥)) = N (dn(X),dn(Y),

where N is the Nijenhuis tensor on G/K. Because dr : B(G) — C*(TM) is
surjective we have that N = 0 if and only if

S(X,Y), € ker(dn,)
for all g € G. But S is left-invariant so this is equivalent to
S(X,Y)et

for all X, Y € g. By the Ad(K) invariance of J and the remarks prior to the theorem
we have ad(Y)o J = Joad(Y) for Y € ¢ i.e.

JX,Y] = J[X,Y]
where X € m and Y € £. If we decompose X € g as X + X, and use the relations
(¢, C € and J[ X, Vilm = [J X, Yilm
we get

S(X7 Y) :[‘](Xm)a J(Ym)]P + [J(Xm)a j(Ym)]m
+ jQ([XE + Xma YE + Ym]m) - j([XE + Xma j(Ym)]m)
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- j([j(Xm)a YE + Ym] )
=[J(Xu), J(Ya)le + [J(Xm), J (Vi) Im
— [Xe + Xon, Yo+ Vil = J([Xe + X, J (Yar) )
— J([J(Xum), Ye + YiaJm)
=[J X, TYale + [T Xy T Vi)
- [XéaYm]m - [XmaYE]m - [XmaYm]m
— J[Xe, Tl — J[ Xy T Y]
— J[J X, Vel — J[J X, Yia)m
=[J Xm, TVt + [T X, T Vi)
- [XEa Ym]m - [Xma Yé]m - [Xma Ym]m
— [Xe, Yl — T [ X T Y]
— [P X, Yelw — T[T X, Yao)m
=[J Xm, JYale + [T X, TVl

[Xéa ] [X ] - [Xma Ym]m
+ [Xe, Yium — [Xm, JYm]m
+ (X, Vil — J[J X, Yo

=[J X, TVt + [T X, TVl — [Xans Vil
— J[ X, TVl — J[J X, YaoJ -
So we see that S(X,Y) € tif and only if
[T X I Yl — [ X Vi — o [Xins T YinJ i — J[J X Vi = O
for all Xy, Y € m. O

2.3 The isotropic m-space Z,,

This section is devoted to the construction of the Kahler manifold Z,,. Z,, together
with a Riemannian submersion will act as a twistor space over the 2m-dimensional
sphere S*™ in Chapter 3. A twistor space for a Riemannian manifold (N, h) is an
almost complex manifold (Z, J, g) together with submersion 7 : Z — N such that if
M is a cosympletic (see [2]) manifold and ¢ : M — Z is holomorphic then ¢ = o)
is harmonic. The sources for this section are [19] and [26].

We extend the standard Euclidean scalar product (-, )y on R***! to a complex
bilinear one (-, -) on C*"*1,

Definition 2.27. A subspace V of C*"*! is said to be isotropic if (v, w) = 0 for all
v,w € V. The subset Z,, of the complex Grassmannian G,,(C*"!) consisting of all
m-dimensional isotropic subspaces of C*"*! is called the isotropic m-space. We
define the manifold structure on Z,, to be the one of a submanifold of G,,(C*"*1).

Note that the standard Hermitian scalar product (u,v)s on C" satisfies
(u,v)c = (u,0).
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Lemma 2.28. If V € I, then there exists a unit vector Z € R2™Y such that
C*H =V &V @spanc{Z} is an orthogonal decomposition of C*™ 1 with respect

to (-, )e-

Proof. [26] For an element V' € Z,, we can choose an orthonormal basis {Z};-, for
V with respect to (-,-)o. f W €V and W =377 a;Z;, then

(2, W)= a(Z, Z;) =0
j=1

for all k = 1,...,m so V and V are orthogonal. Now decompose the basis as
7, = X + 1Y) with X, Y, € R?"*! then
0=(Z, Z;)
:(<Xk:>Xj>]R - <Yk> Y'>R)
+ i(<Xka Y'>R + <Yk‘a XJ>R)
Or; =(Zk: Zj) ¢
:(Z/m?j)
:(<Xk> Xj)]R + <Yk> Y'>R)
+ i(_ <Xk‘a Y'>R + <Yk‘a XJ>R)

adding and subtracting the two equalities we obtain

1 1

Oj = 5 (X Xj)g = 5 (Y, Vi
0= (X, Y))p-
Thus Xi,...,Xm, Y1,...,Y, are 2m orthogonal vectors in R?™*! so there exists a

Z € R*™*1 guch that Z is orthogonal to all X}, and all Y),. Thus
0= (2, 2Z)e =2, Z),
and V @ V @ CZ is a orthogonal decomposition of C?"+!, O
We define the origin in Z,, to be the element o given by
o = spanc{e; + i€jim}isy,
where {e;}7" ! is the standard basis for R+,

Lemma 2.29. There exists a natural transitive C*-action of SO(2m + 1) on I,
with isotropy subgroup U(m). So I, is diffeomorphic to the homogeneous space

SO(@2m +1)/U(m).

Proof. [26] For an element V € 7, let {X1,..., X,,,Y1,..., Y., Z} be a positively
oriented basis for R?"*! such that

V' = spanc{X; + Y},

Then
h=[Xy,...,Xm, Y1,..., Y, Z] € SO2m + 1)
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and

for g € SO(2m + 1). We define an action of SO(2m + 1) on Z,, by
gV = spanc{gX; +igVj}jL,.

Now we show that the action is transitive. Let V € Z,,, and g € SO(2m + 1) be
such that
(X1, X, Ya, o Y, Z) = gler, - - eama]
then
V = spanc{X; +iV;}iL, = spanc{ge; + igems;}jy = g0
so the action is transitive.

Finally we determine the isotropy subgroup of the action. Let g € SO(2m + 1)
be such that g - o = o, then

spanc{ge; + 1gem+;}iy = spang{e; + ieni;}7,
and geoy,11 = €ame1. Form this we get that

m

gej +igejim =Y ((an; + i) (e + icpim))
k=1

9Coam+1 =€2m+1
with ay;, br; € R. Hence

m

2 = |ge; +igesiml® =20 _(ai; + b))
k=1

m
ge; = (apjer — brj€rim)
k=1

3 |

9€jtm = Z(bkjek + QkjCrim)
=1

9€am+1 =€2m+1-

This shows that g must be of the form

a b 0
g=1| —b a 0
0t o1

By the inclusion U(m) C SO(2m + 1) given by

a b 0
a+ib— | —b a O
0ot 0" 1
we have g € U(m). O

Lemma 2.30. The homogeneous space L, = SO(2m~+1)/U(m) has an SO(2m+1)-
invariant metric g'.
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Proof. We define a scalar product (-,-) on the Lie algebra so(2m + 1) by
(X,Y) = trace(X'Y).
This scalar product is Ad(SO(2m + 1))-invariant. So following Proposition 2.25 it

induces an SO(2m + 1)-invariant metric on Z,,. O

The Lie algebra so(2m+1) has a reductive decomposition so(2m+1) = u(m)@dm.
Since m is isomorphic to s0(2m+ 1) /u(m) they have the same dimension so we need

to find a subspace of s0(2m + 1) of dimension w —m? = m(m+ 1) such that
(X,Y) =0

for all X € m and Y € u(m). We can embed the Lie algebra u(m) for U(m) into
so(2m + 1) by

A B 0
um)=4 | =B A 0 ||ABER™ and A'= A, B' = B
0t 0" 0
We see that m is given by
X Y U
m= Yy X V | X, Y eR™™ U, VeER and X' = -X,Y'=-Y
Ut _yt
The decomposition 50(2m + 1) = u(m) ® m can be made explicitly by
X, Y X1+X2 Yi+Y: 0
-Yi X, —Yt Yi Xi+Xs 0
—Ut —Vt 0 0

~X, Y,-Y! 2U
Y1 Vi Xo— X, 2V
ot vt o

where X1, X, Yi € R™™ with X! = —X;, X} = — X, and U,V € R™.
The sphere S?™ in R*™*! is diffeomorphic to SO(2m +1)/SO(2m). If the origin
in S?™ is given by ey;,41 then s0(2m + 1) = s0(2m) & p where

+

Y

Do | =

0O 0 U
p = 0 0 V ||UVeR™
Ut —Vt 0

The scalar product on p is

(X,Y) = trace(X'Y)
which gives a SO(2m + 1)-invariant metric on S?". This metric coincides with the
ordinary metric on S*™.

Lemma 2.31. The natural projection
T (T, g') = (S, gsem)
given by
T, 29 02 gU(m) — gSO(2m) = g - gyt € S*™,

1s a Riemannian submersion.
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Proof. First of all we notice that 7(0) = ea,+1 and dm, is given by

X Y U 0 0 U
dm, Yy X V |= 0 0o Vv
Ut -Vt 0 ~-Ut -Vt 0

so we see that 7 is surjective at o. If we denote the translation by g € SO(2m + 1)
in S?™ by 6, we have

m(74(0)) = 4(7(0))
from which we obtain at x = gU(m)

(dm), = (df )7r (o) © dm, o ((dTg)O)_l

so since both 7, and 6, are diffeomorphisms and (dr), is onto dr is surjective ev-
erywhere and 7 is a submersion.

It is obvious that dm, is an isometric isomorphism from the horizontal space to
Tr(0)S*™. Since the metrics on Z,, and S*™ are SO(2m + 1)-invariant it follows that
7 is a Riemannian submersion. U

Since Z,,, C G(C*™*1) and the tangent space at V € Gj(C*"*1) is given by
Home(V, V1)

the horizontal space at V' € Z,, must be a subset of this. The elements of o =
spanc{e; +iej i, }jL, are all of the form

A+1B
v=| —B+iA | e C*"!,
0

where A, B € R™.
The linear map L defined by

L:V>uv— ( v e C?mtt
satisfies
0 U A+1iB
0 \% -B + 1A
-Ut —-vt 0
0
= 0 € spanc{egmni1}

(—U'A+V'B) +i(~U'B — V'A)

So L € Homc (o, spang{egm+1}). Since the real dimension of Home (o, spang{eam+1})
is 2m we have

H,Z,, = Home (o, spanc{eam11}).
As 7,,, is a homogeneous space and ¢’ is G-invariant H,.,Z,,, = Homc(g - 0, spanc{g -
€om 1}
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Lemma 2.32. There exists a complex structure on Z,, which turns it into a Her-

mitian manifold with metric g'.

Proof. Define an endomorphism J : m — m by

[ X Y U Y X -V
Jly xv]=|x v U
~Ut ~Vt 0 Vi Ut 0

We shall show that this linear endomorphism satisfies the necessary requirements

of Theorem 2.26.
(i) The first condition translates into

J([W, Z2)) = [W, J(Z)] = 0, for all W € u(m) and Z € m.

For W € u(m) and Z € m we have

A B 0 X Y U
W = —-B A 0 and Z = Yy X V
0ot 0t 0 ~-Ut —-vt o

with A' = —A, Bt=Band X'=-X,Y'=-Y so
AX - XA+BY+YB AY - YA—-BX —-XB AU+ BV
W, Z]=| AY - YA—-BX —-XB XA-AX-BY -YB —-BU+ AV
U'A-V'B U'B+V'A 0
Applying J to this we get
YA-AY + BX+XB AX-XA+BY+YB BU-AV
AX - XA+BY+YB AY - YA-BX - XB AU+ BV
~-U'B-V'A U'A-V'B 0

A similar calculation of [W, .J(Z)] shows that this is equal to J([W, Z]). Hence there
is an almost complex structure on G/K corresponding to .J.
(ii) Let Z1, Zo € m with

X1 Yi U1 X2 }/2 U2
Zi= i =Xy Vi JandZy=| Y, —Xp V)
—Up =V 0 —U; V3 0

Then [JZ, J Z5)w is given by
UL UL — U,Ut UV — VLUt
UV — VU U, Ut — U U

2(-Ui X, + U3Xy) 2(—ULYs + UsYy) 0

1 WV + WYY VU5 = UV 2(YiVa — Yo W)

5 WUy — U,V Ve =WV 2(XoVi — XiVa) |,

2(=ViYo + VoY1) 2(ViXy — ViX,) 0

2(X Uy — XoUy)
21Uz — YaUh)

_|_

[Z1, Zs|m is given by
L[ UL O UVt — ViU
| wvi-wvul U UL — U,

2—UiXy + ULX,) 2(—ULYs + ULY;)
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1 Vg — WLV VU — U V¥ 21V — Yo V)
+ 3 WUt — UV WVl —wvy  2(XoW — XqVa) |,
VIV, + ViV) 2ViX, — VEX)) 0
j[Zl, ng]m is given by

ULU5 — UsUY U\VE=V,UE 2V V, + Yo 17)

1
= UiVy — VaUY UUf — U UL 2(Y1U, + YaUn)
2Ut Xy + UsXy) 2(UNYs + UiYr) 0
1 V2V1t_V1VQt VlUé _U2V1t 2(X U, + XoUh)
5| mu-mv o w-wnv a-xiv-xn) |,

2ViYa+VaY1) 2(=ViXy = V3 X)) 0

and finally J[.JZy, Zs]m is given by

| U UL — UyUt UVE—VaUE 2(=Y1V — YalA)
- UV — VaU! U,U — UUE 2(X,Vh + XoV))
A—UtXy — ULXy) 2(ViXy + ViEXy) 0
L VWVE-VVE VUV 2(-X, s - XoUh)
+ = V1U§ - UQVf Vlvgt - VQVf 2(—Y1U2 - Y2U1)
2\ 2V, - Y1) 2(-UfY, - UY) 0

We see that [JZ1, J Zo]w—[Z1, Zolm—J[Z1, J Zolw— [T Z1, Zolw = O for all Zy, Z, € m
so the almost complex structure J corresponding to J is a complex structure on Z,,.
Finally we show that ¢’ is compatible with J. Since ¢’ is SO(2m + 1)-invariant
it is enough to show that it is compatible at o € M. Let Z;, Zy € m be as in (ii).
Then using Z! = —Z; we have
<Z1, Z2> = — tI'aCe(Z1Z2)
=trace(X, X, + Y1Yy — U UY)
+ trace(Y1Ys + X1Xo — VIV3)
+ trace(—UjUy — VVsy)

and
<jZ1, jZQ> = — trace(jleZg)
=trace(Y1Ys + X1 Xy — V1 V)
+ trace(X1 Xy + Y1 Yy — U US)
+ trace(—=V{'Vy — U{Us)
S0 (71, Zs) = <jZ1, ng> and ¢’ is compatible. O

We also have the following proposition ([26] p. 205).
Proposition 2.33. (Z,,, ') is a Kdhler manifold.

And by restricting the Pliicker embedding pl : G,,,(C*"*') — CP"~! where
N = (2m+1) to Z,, we get an holomorphic embedding of Z,, in CP"

m
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2.4 Riemann surfaces

In Chapter 3 the sphere S? will be important. S? can aside form being a Riemannian
manifold also be seen as a Riemann surface. A Riemann surface is a complex
manifold and it will therefore be possible to define holomorphic maps on them. The
references for this section are [2], [16], [17] and [28].

Definition 2.34. Let (M, g) be a 2-dimensional Riemannian manifold. Then a
chart (z,y) : U — R? is said to be isothermal if

o 0 0 0 o 0
9(5= %) =0 and 9(%7%)—9(@7@)-

Theorem 2.35. Any 2-dimensional Riemannian manifold has an atlas of isothermal
charts.

For a proof of this theorem see [24].

Proposition 2.36. Let (M, g) be a 2-dimensional Riemannian manifold. If (x,y)
is a 1sothermal chart then

VX + VY =0,
where X = 8% and Y = a%'
Proof. From the definition of the Christoffel symbol, we have
VX + VY =T, X +T5Y) + (T3 X +T5,Y)
:(Fh + F%Q)X + (Fi + F%Q)Y'
We calculate the Christoffel symbols using g1 = g22 and g12 = go1 = 0 and get

Ll o— 1 11 (8911 X dgn _ 3911) o 9_113911
e 2 O

2g ox ox ox
and
v 1 1 (0912 Ogia Ogaz\ gt Ogn R
Iy =139 - =———=-I7.
2 oy oy ox 2 Ox
In the same way '3, = —T'3,. O

A 1-dimensional complex manifold is said to be a Riemann surface. Let (U, z
x+1y) be a chart on a Riemann surface ¥ with compatible metric g. The for X =
and Y = a% we have JX =Y and JY = —X. Thus we obtain

9
ox

9(X, X) = g(JX, JX) = g(Y,Y)

and
g(X,Y) :g(X’ JX) = g(‘]X’ _X) = _g(Y>X)

so the chart is isothermal. Since the real dimension of a Riemann surface is 2 any
alternating 2-form must be closed. Therefore any compatible metric on a Riemann
surface is a Kahler metric.
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Definition 2.37. Let ¥ be a Riemann surface and z : U — C be a local chart.
Then for a holomorphic function f: U — C

fdz*

is said to be a holomorphic k-differential. The dz* means that if w is another

chart then J
(o) fe(w)dut = f(2)dz"

We denote the set of all holomorphic k-differentials on ¥ by H(3, QF).

The next lemma shows that the topology of a Riemann surface of genus zero
imposes severe restrictions on the holomorphic k-differentials. It is known that
there exist only Riemann surface of genus zero up to a conformal diffeomorphism.
That is the complex projective line CP' which is equivalent to the sphere S? and to
the Riemann sphere C = C U {o0}.

Proposition 2.38. Let CP' be a Riemann surface of genus zero. Then all holo-
morphic k-differentials, k > 1, are zero.

Proof. [16] Let fdz* € H(CP', Q%) and w : C\{0} — C be the chart z — w = 1 on
the Riemann sphere. Then

F(2)d = F(z(w)) (j—w) = f(2(w) o’

now Liouville’s theorem tells us that fdz* = 0. O

Proposition 2.39. Let ¥ be a compact Riemann surface and F : ¥ — C"\ {0} be
a meromorphic map with poles at R. Then f = mpo F' : ¥X\R — CP" is holomorphic
and there exist a unique holomorphic map f : ¥ — CP" such that fls\r = f.

Proof. [28] Let p € R and (U, z) be chart around p with z(p) = 0. Since F' is
meromorphic there exist a k& € N such that z(x)*F(z) is nonzero and holomorphic
in U. Further

mp(F(2)) = me(2(2)" F(x))
for all z € U\p. Applying the same process to all poles we get the extension to all
of X. 0
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Chapter 3

Calabi’s classification

This chapter is devoted to the proof of Calabi’s classification theorem. Calabi’s
theorem is a partial converse to Theorem 3.1. Calabi’s theorem will be proved in a
series of lemmas. But prior to the proof we will need the notion of a map being full.
The presentation of the proof will follow [19] closely.

Theorem 3.1. Let X be a compact Riemann surface. Then for any holomorphic
map 1 : ¥ — I, which is horizontal with respect to the submersion m : I,, — S*™,
the map ¢ = m o is harmonic.

Proof. [19] By Theorem 2.11 the holomorphic map 1 is harmonic. Now since 1) is
horizontal with respect to m Theorem 1.25 implies that ¢ is harmonic. U

Definition 3.2. A C*-map f : M — (N,h) is said to be locally full if there
exists no non-empty open subset U of M such that the image f(U) is contained in
a complete totally geodesic submanifold of N of lower dimension.

Definition 3.3. A C*-map f: M — (N, h) is said to be full if the image ¢(M) is
not contained in a complete totally geodesic submanifold of N of lower dimension.

It is obvious that locally full is a stronger condition than full. In [15] full maps
are instead said to be nondegenerate. To give the reader an understanding of the
notion we state the following proposition. It uses the fact that the complete totally
geodesic submanifolds of R™ are the affine subspaces.

Proposition 3.4. Let v : (—¢,e) — R™ be a locally full C*°-curve then the vectors

dry d"y
—(t),...,—(t
dt()’ ’dt"()

are linearly dependent except for isolated points of (—¢, €).

Proof. Suppose to the contrary that there exists a set S with a limit point where
the vectors are linearly dependent. Since the derivatives vary continuously and the
domain is in R the set S must contain an open set U. Let U C (—¢,€) be such

an open set. Let k be the largest integer in {1,...,n} such that ‘52—,3 is a linear
combination of the other derivatives in U. Then

dky

di~y
o 0= L @)




for all ¢ € U. This is a linear ODE and it has a unique solution given initial

conditions .
(2

d'y
t d —(tg) = b;
v(to) an dtl(o)

where b; € R" for ¢+ = 1,...,k — 1. The vectors b; for i = 1,...,k — 1 span an
affine subspace V' of R™ of at most dimension k£ — 1 containing y(¢y). Hence v(U) is
contained in V' so v i not locally full. O

Proposition 3.5. Let ¢ : (M,g) — (N,h) be a harmonic map. Then ¢ is full if
and only if it is locally full.

Proof. 1f ¢ is locally full then obviously it is also full.

To prove the converse suppose that ¢ is full but not locally full. Since ¢ is not
locally full there exist an open subset U of M such that ¢(U) is contained in a
complete totally geodesic submanifold V. By Theorem 1.16 we have ¢(M) C V
which is a contradiction since ¢ is full. O

In a local chart (U, z = = + iy) of CP' we define the operators
o 1,0 0 _ 9 1,0 0
-2 - = 2= tig)
0z 2 0z 20x 0Oy

which satisfy DD = DD and D¢ = D¢ if ¢ maps to R**'. We will consider
¢ : CP* — S™ C R"*? as a map to both S™ and R*"! and will use the same symbol
in either case.

It is well known that the complete totally geodesic submanifolds of S™ are the
intersections of S™ with a linear subspace of R"*! i.e. the spheres of lower dimension.

Lemma 3.6. Let ¢ : CP' — S™ € R™"! be a full harmonic map. Then

spanc{¢, D*D'¢}1<pr1, 000 = C"H
in at least one point.

Proof. [12] Suppose to the contrary that there exist no such point. Then for all
z € CP*

spanc{¢, D"D'¢(2) h<rirocks = Vi

which is a proper subspace of C"*!. Since both CP! and S™ are real analytic ¢ is real
analytic by Theorem 1.15. So for all points p € CP' there exist a neighbourhood U
of p such that for all z € U we have a convergent series

0(2) =D > Ailz—p)'(z =),
=0 j=0
where A; ; are constants. Taking derivatives we see that
DD
Az’j = w
’ 17!

thus A;; and D'Di¢(p) for 0 < 4,5 have the same span V,. But since A;; are
constants we have ¢(U) C V. So ¢ can not be full since it is not locally full. O
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It is well known that the dimension of

spanc{¢, D*D'¢}1<p1,0k

can be less that n + 1 only at isolated points.

The next theorem is the main theorem of this thesis. It classifies all harmonic
maps from S? to S™. In order for us to be able to study one dimension at the time
we will assume that ¢ is full. The fact that ¢ is full is not very restrictive, since the
complete totally geodesic submanifolds of S™ are the spheres of lower dimension. If
we are given a harmonic map ¢ : S? — S™ then there exist an m < n such that

¢: 5% — S™is full.

Theorem 3.7 (Calabi’s Theorem [6, 7]). Let ¢ : CP* — (S™, gsn) be a full harmonic
map. Then

(i) n = 2m for some m € Z*, and

(ii) there exists a holomorphic map 1 : CP' — (Z,,,¢') which is horizontal with
respect to the natural projection 7 : (Z,,,g") — (S*™, gs2m) and the diagram

commutes.

In local coordinates the condition 7(¢) = 0 is a semi-linear (second order) elliptic
partial differential equation. Calabi’s theorem tells us that for harmonic maps ¢ :
CP' — S the differential equation for ¢ can be transformed into a first order
complex equation for ¢ : CP' — Z,,.

Of course the theorem would be pointless if there did not exist any such harmonic
maps. The following theorem together with the fact that S™ is its own universal
covering space if n > 1 proves that they exist.

Theorem 3.8 ([22] p. 1034). Let (N, h) be a Riemannian manifold and suppose that
the universal covering space of N is not contractible. Then there exists a non-trivial
harmonic map ¢ : S* — (N, h).

The next theorem is the first in a series of lemmas that will be used to prove
Calabi’s Theorem.

Lemma 3.9. Let ¢ : CP' — S" € R™! be a full harmonic map. Then the following
conditions are satisfied

(1) (¢, ¢) = (), P)p = 1,

(i) DD$ = —(D¢, Do)
(iii) (D¢, Dp) = 0 and (D¢, Dg) > 0 where the zeros are isolated.
Proof. (i) The statement is obvious.
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(ii) For all complex charts (U, z) we write z = x +4y. Then (z,y) is a isothermal
chart for CP'. So {X = 2,V = ay} is orthogonal basis for T{,,) CP". The vectors

are mapped to

o¢ e R,

0
0600 (X) = 22 € R and doys ) (V) = 5

ox
Since ¢(CP') is contained in S™ they are orthogonal to ¢(z,y). We have
VSdd(X) =Visx)de(X)
VE;& A6(X) — (Viix)do(X).6) o
Vido(Y) =Visyds(Y)
=Viande(Y) = (Vi do(Y),6) o

R
§f+AW
This implies that
0=7(¢)
_ (% At — dqs(v%PlX)) + (?;f + M\ — dp(VETY ))
— (G + G+ O M)6) — (TS X + VEY)
—4DDg + 41¢

where A = 1 (A, + ),) is a real valued function. This must satisfy A\ = (D¢, D¢),
since
0= DD(1)
= DD(¢,¢)
— 2(DDé, 6) + 2Dg, D)
(iii) [19] We see from
D(D¢, D$) =2(DD¢, D)
=2(=A¢, Do)
=0
that (D(b, D¢) is holomorphic. Further if w = w(z) is another chart then (D,,¢, D,,¢) =
( w) (D.¢, D.#). Thus (D¢, Dg)dz?* € H(CP', ?) so it must vanish.

Since B
(D¢, D) = (Do, D)
it is obviously non-negative. The zeros are isolated since it is real analytic and must
be nonzero at some point since ¢ is full. O
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Lemma 3.10 ([7]). Let ¢ : CP* — S™ be a full harmonic map then
(D¢, DF¢) =0
forall j 4+ k > 1 where j,k > 0.

Proof. [19] Differentiating (¢, ¢) = 1 yields (¢, D¢) = 0 which corresponds to j+k =
1. In the same way from (ii) we have (D¢, D¢) = 0 now using

0= D(¢,D¢) = (D¢, D¢) + (¢, D*¢)
we get (¢, D*¢) = 0 proving the lemma for j + k = 2. But (D¢, Dg) = 0 implies
(Do, D?6) = 0 50

0= D(¢. D*¢) = (D¢, D*¢) + (¢, D)

gives us (¢, D3*¢) = 0 and we have proved the lemma for j + k=3 .

Suppose now that (D¢, D*¢) = 0 for 1 < j + k < 2p — 1 we show that it must
hold for 1 < 57+ k < 2p+ 1 and the lemma follows by induction. By changing local
coordinates z to w(z) we have

dz

2p
(D16, D) = (%) (D%, D).

We also have
D(DP¢, DP¢) =2(D?¢, DDP¢)
=2(DP¢, D""'(DD¢))
=2(DP¢, D'~ (=X¢))

_ 2<DP¢,§ ("7 ) omwa)
- 22 ((p ; 1> (D'\)(DP¢, Dp”))

=0.

This implies that wy, = (DP¢, DP¢)dz* € H(CP', Q). So according to Proposition
2.38 we have wy, = 0. All in all we get

(D¢, DP¢) = 0 and (D**'¢, DP¢) = 0
which we use with
0= D(Dig, D*g) = (D', D*6) + (DIg, D**'¢)
to obtain (D¢, D*¢) =0 for 1 < j +k < 2p+ 1. O

Lemma 3.11 ([6]). Let ¢ : CP' — S™ be a full harmonic map and (U,z) be any
local chart. Define the maps
P

®, =Dy AD*A---ANDPy: U — \C

Then the uniquely determined m € N such that ®,, # 0 and ®,,.1 = 0 must satisfy
n = 2m.
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Proof. [6, 19] We define the map F = ¢ A ®,,, A ®,,. It satisfies

|| =det([(Fs, Fy)cligy)

ij=1

<¢7¢>C . _O. 0
—det | 0 (DO.DO) G 0

0 0 (D', Dig)r_y
cae [ (POLOTG )
=der (ORI D
=| o |”

In C™*! the wedge product of n+2 vectors must be zero. And since there are points
such that |®,,| # 0, F which is the wedge product of 2m + 1 vector is non-zero, we
must have 2m 4+ 1 <n + 2, i.e 2m < n.

Since ®,,,.1 = 0, D™ ¢ must be a linear combination of the lower derivatives,
ie

D™ = b, D¢+ -+ -+ b, D™

where b; are smooth for i = 1,...,m. By applying D we see that D"¢ is a linear
combination of D¢, ..., D™¢ for all n. By conjugating we see that D"¢ is a linear
combination of D¢,..., D™¢ for all n. Now since DD¢p = —\¢ we have if, £ < [
that

Dle¢ :Dl_k(DD)kgb
=DH(-A)9)
=ayp + D¢+ -+ a_ D",

where a; are smooth for j =1,..., (I — k). Conjugating we get a similar relation for
k > 1. Thus we obtain

Span@{(ba D(b? ceey Dm(ba D(ba sy Dm(b} = SpanC{¢7 Dle(b}lSkJrl-

Since ¢ is full )
spanc{, Dle¢}1gk+l =C!

in at least some point. So we must have 2m+1 > n+ 1. The two inequalities imply
n =2m. O

Lemma 3.12 ([7]). Let ¢ : CP' — S*™ be a full harmonic map and 7 : T,,, — S*™
be the natural Riemannian submersion. Then there exist a holomorphic map

Y : CP' — P(A\ C* )
such that (CP') C Z,,, ¥ is horizontal with respect to © and ¢ = wor) : CP' — S,
Proof. [19] Let ®,,, and F be as in Lemma 3.11. Then

D®,, =D(D¢ A --- A D™¢)
= (D9 AD*¢ AD*¢A--- ND™9)
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m—1
+Z (D A---ADIHGA--- A Do)
(D¢ A~ AD™ oA Dm+1¢)
—DOA - AD" SN 0D+ -+ + 5 D™6) = b,

and

F=D(@ANDN---AND"pADpNA---N\ND™¢)
= (Do ADHAD*$N---AND"$pANDHA---AD"p)

m—1

M

(ADSN---ANDF'OAN-- - AD"GANDPA---AND™)

j=1
+(@ADOA---AD" "¢ AD" TG ADGA -+ N D)
+(@ADSA---AD" '¢AND"$pADDNA--- A D"¢)
m—1

+> (GADGA---AD"GANDGN---ANDD'GA--- A D™¢)

<.
[|
N

_|_

(ADOA---AD" "¢ AND"$ANDHA -+ AN DD™p)
=(@ADPA---AND" TG AND" O ANDPA - N D)
(@ADSNA---AD™ ' AD™ PN (=Ap) A -+ A D™¢)

_|_

m—1
+Y (@ADGA - AD"GADGA -+ ADH(=Ap) A+ A D™¢)
j=2

+(@ADOA---AD" "G AND"GADSN--- AND™H(=Ag))
—b,, F

where the b; are as in Lemma 3.11.
Denote by R the set of zeros for &,

R = {z € CP"®,,(z) = 0}.

Since /\2m+1 C?™*1 is one dimensional F is in fact a function from CP' to C. Thus
in CP'\R we can calculate

D(®,,F ') = D(®,)F ' -, F 2D(F)

=0, D, F "t — ®,,b,, FF 2=0

So ¥ = &,,F ! is holomorphic in CP'\R. The points in R are isolated so the
singularities of ¥ are poles so it is meromorphic. We define the map

m

Y =mpo¥:CP'\R — P(\ C*").

The map is well defined since if (U, z) and (V,w) are charts then

m(m+1)/2

_ _ d _ _
qus/\---Angs:(ﬁ) D.6A---AD™s.

43



The vectors Do, ..., D™¢ are orthogonal to ¢, D¢, ..., D™¢ since
(D¢, D*¢) = (D’¢, D*¢).

Thus ®,, = Do A --- A D™¢ is the Pliicker coordinate of an isotropic m-plane in
C*+l so
Y(CPN\R) C T,,.

By Proposition 2.39 there is a unique holomorphic extension of 1 to all of CP*, we
denote this extension by % also. Since Z,, is compact and hence closed, we have
Y(CP") C Z,,. Also since ¢ is orthogonal to all D7¢, D’¢ for j = 1,...,m we have

ToY = .

Finally we show that 1 is horizontal with respect to 7. Let p € CP'. The map
1 could also be given as

¥(p) = spanc{D¢(p),..., D" (p)}.

Now the differential at p is a map

iy : T,CP" — Ty T, C Home(4(p), ¥(p)*).
We calculate di, as

¥(p) 3 (1DP(p) + - -+ + D™ P(p)) — D(c1Dp + - - - + ¢,u D™ ¢) (p)
= — (A + -+ cn(D™N)) ¢ (mod ¥(p)).

Thus diy,(D) is the linear homomorphism that maps the basis element D*¢(p) for
¥ (p) according to

dipy(D) : P(p) > D¢ = (D*"'N)¢ € spanc{¢(p)}.

That is
dy, : T,CP* — Home (4 (p), spanc{¢(p)}) = M L

so 1 is horizontal. O

Proof of Calabi’s theorem. (i) This is a direct consequence of Lemma 3.11.
(ii) The statement follows from Lemma 3.12. O

There exist a generalization of Calabi’s theorem that use the twistor construction
to deals with all harmonic maps ¢ : CP' — CP". Both S™ and CP" are compact
symmetric spaces so it is natural to ask if it is possible to use the twistor con-
struction to classify all harmonic maps CP' — G/K where G/K is some compact
symmetric space. The answer is negative (see [5]), the twistor construction classifies
all harmonic maps only in the cases S™ and CP".
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