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These notes mean to give an expository but rigorous introduction to the basic concepts of relativistic
perturbative quantum field theories, specifically those that arise as the perturbative quantization of Lagrangian

appearing in the standard model of particle physics.

This is one chapter of geometry of physics.

Previous chapters: smooth sets, supergeometry.
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For broad introduction of the idea of the topic of perturbative quantum field theory see there and see

1 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/relativistic+quantum+field+theory
https://ncatlab.org/nlab/show/relativistic+quantum+field+theory
https://ncatlab.org/nlab/show/perturbative+quantum+field+theories
https://ncatlab.org/nlab/show/perturbative+quantum+field+theories
https://ncatlab.org/nlab/show/perturbative+quantum+field+theory
https://ncatlab.org/nlab/show/perturbative+quantum+field+theory
https://ncatlab.org/nlab/show/quantization
https://ncatlab.org/nlab/show/quantization
https://ncatlab.org/nlab/show/Lagrangian+field+theories
https://ncatlab.org/nlab/show/Lagrangian+field+theories
https://ncatlab.org/nlab/show/Lagrangian+field+theories
https://ncatlab.org/nlab/show/Lagrangian+field+theories
https://ncatlab.org/nlab/show/quantum+electrodynamics
https://ncatlab.org/nlab/show/quantum+electrodynamics
https://ncatlab.org/nlab/show/quantum+chromodynamics
https://ncatlab.org/nlab/show/quantum+chromodynamics
https://ncatlab.org/nlab/show/perturbative+quantum+gravity
https://ncatlab.org/nlab/show/perturbative+quantum+gravity
https://ncatlab.org/nlab/show/standard+model+of+particle+physics
https://ncatlab.org/nlab/show/standard+model+of+particle+physics
https://ncatlab.org/nlab/show/geometry+of+physics
https://ncatlab.org/nlab/show/geometry+of+physics
https://ncatlab.org/nlab/show/geometry+of+physics+--+smooth+sets
https://ncatlab.org/nlab/show/geometry+of+physics+--+smooth+sets
https://ncatlab.org/nlab/show/geometry+of+physics+--+supergeometry
https://ncatlab.org/nlab/show/geometry+of+physics+--+supergeometry
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Geometry
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Geometry
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Geometry
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Spacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Spacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Spacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Fields
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Fields
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Fields
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FieldVariations
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FieldVariations
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FieldVariations
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Lagrangians
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Lagrangians
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Lagrangians
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Symmetries
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Symmetries
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Symmetries
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Observables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Observables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Observables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PhaseSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PhaseSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PhaseSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Propagators
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Propagators
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Propagators
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#GaugeSymmetries
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#GaugeSymmetries
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#GaugeSymmetries
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ReducedPhaseSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ReducedPhaseSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ReducedPhaseSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#GaugeFixing
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#GaugeFixing
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#GaugeFixing
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Quantization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Quantization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Quantization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FreeQuantumFields
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FreeQuantumFields
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FreeQuantumFields
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#QuantumObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#QuantumObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#QuantumObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Renormalization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Renormalization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Renormalization
https://ncatlab.org/nlab/show/perturbative+quantum+field+theory
https://ncatlab.org/nlab/show/perturbative+quantum+field+theory
https://ncatlab.org/nlab/show/perturbative+quantum+field+theory
https://ncatlab.org/nlab/show/perturbative+quantum+field+theory
https://ncatlab.org/nlab/show/HomePage
https://ncatlab.org/nlab/show/HomePage
https://ncatlab.org/nlab/all_pages
https://ncatlab.org/nlab/all_pages
https://ncatlab.org/nlab/latest_revisions
https://ncatlab.org/nlab/latest_revisions
https://nforum.ncatlab.org/discussion/8604/#Item_1
https://nforum.ncatlab.org/discussion/8604/#Item_1

geometry of physics -- perturbative quantum field theory in nLab

2 of 323

o PhysicsForums-Insights: Introduction to Perturbative Quantum Field Theory

Here, first we consider classical field theory (or rather pre-quantum field theory), complete with BV-BRST
formalism; then its deformation quantization via causal perturbation theory to perturbative quantum field
theory. This mathematically rigorous (i.e. clear and precise) formulation of the traditional informal lore has come
to be known as perturbative algebraic quantum field theory.

We aim to give a fully local discussion, where all structures arise on the “jet bundle over the field bundle”
(introduced below) and “transgress” from there to the spaces of field histories over spacetime (discussed further
below). This “Higher Prequantum Geometry” streamlines traditional constructions and serves the
conceptualization in the theory. This is joint work with Igor Khavkine.

In full beauty these concepts are extremely general and powerful; but the aim here is to give a first precise idea
of the subject, not a fully general account. Therefore we concentrate on the special case where spacetime is
Minkowski spacetime (def. 2.17 below), where the field bundle (def. 3.1 below) is an ordinary trivial vector
bundle (example 3.4 below) and hence the Lagrangian density (def. 5.1 below) is globally defined. Similarly,
when considering gauge theory we consider just the special case that the gauge parameter-bundle is a trivial
vector bundle and we concentrate on the case that the gauge symmetries are “closed irreducible” (def. 10.26
below). But we aim to organize all concepts such that the structure of their generalization to curved spacetime
and non-trivial field bundles is immediate.

This comparatively simple setup already subsumes what is considered in traditional texts on the subject; it
captures the established perturbative BRST-BV quantization of gauge fields coupled to fermions on curved
spacetimes - which is the state of the art. Further generalization, necessary for the discussion of global
topological effects, such as instanton configurations of gauge fields, will be discussed elsewhere (see at
homotopical algebraic quantum field theory).

Alongside the theory we develop the concrete examples of the real scalar field, the electromagnetic field and the
Dirac field; eventually combining these to a disussion of quantum electrodynamics.

running examples

field field bundle Lagrangian density equation of motion
real scalar field expl. 3.5 expl. 5.4 expl. 5.17
Dirac field expl. 3.50 expl. 5.9 expl. 5.30
electromagnetic field expl. 3.6 expl. 5.6 expl. 5.18
. ) expl. 3.7,
Yang-Mills field expl. 3.8 expl. 5.7 expl. 5.19
B-field expl. 3.9 expl 5.8 expl. 5.20
fiel Poisson bracket causal propagator Wightman propagator Feynman propagator
. expl. 8.9,
real scalar field expl. 8.16 prop. 9.54 def. 9.57 def. 9.61
. ) expl. 8.9,
Dirac field expl. 8.17 prop. 9.70 def. 9.71 def. 9.72
electromagnetic field prop. 12.10 prop.12.10
field gauge symmetry local BRST complex gauge fixing
electromagnetic field expl. 10.14 expl. 10.30 expl. 12.9
Yang-Mills field expl. 10.15 expl. 10.31
B-field expl. 10.16 expl. 10.32

interacting field theory interaction Lagrangian density interaction Wick algebra-element

phi”n theory exp. 5.5 expl. 14.13

quantum electrodynamics expl. 5.11 expl. 14.14
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The discussion of the Peierls-Poisson bracket in 8. Phase space is based on Khavkine 14.

The derivation of wave front sets of propagators in 9. Propagators takes clues from Radzikowski 96 and uses
results from Gelfand-Shilov 66.

For the general idea of BV-BRST formalism a good review is Henneaux 90.

The Lie algebroid-perspective on BRST complexes developed in chapter 10. Gauge symmetries, may be compared
to Barnich 10.

For the local BV-BRST theory laid out in chapter 11. Reduced phase space we are following Barnich-Brandt-
Henneaux 00.

For the BV-gauge fixing developed in 12. Gauge fixing we take clues from Fredenhagen-Rejzner 11a.

For the free quantum BV-operators in 13. Free quantum fields and the interacting quantum master equation in 15.
Interacting_quantum fields we are following Fredenhagen-Rejzner 11b, Rejzner 11, which in turn is taking clues
from Hollands 07.

The discussion of quantization in 13. Quantization takes clues from Hawkins 04, Collini 16 and spells out the
derivation of the Moyal star product from geometric quantization of symplectic groupoids due to Gracia-Bondia
& Varilly 94.

The perspective on the Wick algebra in 14. Free quantum fields goes back to Dito 90 and was revived for pAQFT
in Diitsch-Fredenhagen 00. The proof of the folklore result that the perturbative Hadamard vacuum state on the
Wick algebra is indeed a state is cited from Diitsch 18.

The discussion of causal perturbation theory in 15. Interacting quantum fields follows the original Epstein-Glaser
73. The relevance here of the star product induced by the Feynman propagator was highlighted in Fredenhagen-
Rejzner 12. The proof that the interacting field algebra of observables defined by Bogoliubov's formula is a
causally local net in the sense of the Haag-Kastler axioms is that of Brunetti-Fredenhagen 00.

Our derivation of Feynman diagrammatics follows Keller 10, chapter 1V, our derivation of the quantum master
equation follows Rejzner 11, section 5.1.3, and our discussion of Ward identities is informed by Diitsch 18,
chapter 4.

In chapter 16. Renormalization we take from Brunetti-Fredenhagen 00 the perspective of Epstein-Glaser
renormalization via extension of distributions and from Brunetti-Diitsch-Fredenhagen 09 and Diitsch 10 the
rigorous formulation of Gell-Mann Low renormalization group flow, UV-regularization, effective quantum field
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1. Geometry

The geometry of physics is differential geometry. This is the flavor of geometry which is modeled on Cartesian
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spaces R™ with smooth functions between them. Here we briefly review the basics of differential geometry on
Cartesian spaces.

In principle the only background assumed of the reader here is

1. usual naive set theory (e.g. Lawvere-Rosebrugh 03);

2. the concept of the continuum: the real line R, the plane ]Rz, etc.

3. the concepts of differentiation and integration of functions on such Cartesian spaces;
hence essentially the content of multi-variable differential calculus.
We now discuss:

e Abstract coordinate systems

e Fiber bundles

o Differential forms

As we uncover Lagrangian field theory further below, we discover ever more general concepts of “space” in
differential geometry, such as smooth manifolds, diffeological spaces, infinitesimal neighbourhoods,
supermanifolds, Lie algebroids and super Lie ©0-algebroids. We introduce these incrementally as we go along:

more general spaces in differential geometry introduced further below

higher
differential

geometry

super formal
smooth
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Abstract coordinate systems

What characterizes differential geometry is that it models geometry on the continuum, namely the real line R,

together with its Cartesian products R", regarded with its canonical smooth structure (def. 1.1 below). We may
think of these Cartesian spaces R™ as the “abstract coordinate systems” and of the smooth functions between
them as the “abstract coordinate transformations”.

We will eventually consider below much more general “smooth spaces” X than just the Cartesian spaces R"™; but
all of them are going to be understood by “laying out abstract coordinate systems” inside them, in the general
sense of having smooth functions f:R™ — X mapping a Cartesian space smoothly into them. All structure on
generalized smooth spaces X is thereby reduced to compatible systems of structures on just Cartesian spaces, one
for each smooth “probe” f: R™ — X. This is called “functorial geometry”.

Notice that the popular concept of a smooth manifold (def./prop. 3.34 below) is essentially that of a smooth
space which locally looks just like a Cartesian space, in that there exist sufficiently many f:R™ — X which are
(open) isomorphisms onto their images. Historically it was a long process to arrive at the insight that it is wrong
to fix such local coordinate identifications f, or to have any structure depend on such a choice. But it is useful to
go one step further:
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In functorial geometry we do not even focus attention on those f:RR™ — X that are isomorphisms onto their
image, but consider all “probes” of X by “abstract coordinate systems”. This makes differential geometry both

simpler as well as more powerful. The analogous insight for algebraic geometry is due to Grothendieck 65; it was
transported to differential geometry by Lawvere 67.

This allows to combine the best of two superficially disjoint worlds: On the one hand we may reduce all
constructions and computations to coordinates, the way traditionally done in the physics literature; on the other
hand we have full conceptual control over the coordinate-free generalized spaces analyzed thereby. What makes
this work is that all coordinate-constructions are functorially considered over all abstract coordinate systems.

Definition 1.1. (Cartesian spaces and smooth functions between them)

For n € N we say that the set R" of n-tuples of real numbers is a Cartesian space. This comes with the
canonical coordinate functions

x*: R" >R
which send an n-tuple of real numbers to the kth element in the tuple, for k € {1, -, n}.
For

f:R"—>R"

any function between Cartesian spaces, we may ask whether its partial derivative along the kth coordinate
exists, denoted

of ,
m :RnHRn .

If this exists, we may in turn ask that the partial derivative of the partial derivative exists

’f 9 of
dxkidxks T Qxke dxkr

and so on.

A general higher partial derivative obtained this way is, if it exists, indexed by an n-tuple of natural numbers
a € N™ and denoted

9'f M
aa = a‘hxlaazxz,,,aanxn‘

where |a| = fo ! a; is the total order of the partial derivative.

If all partial derivative to all orders @ € N™ of a function f:R™ — R™ exist, then f is called a smooth function.

Of course the composition g o f of two smooth functions is again a smooth function.
R™
fp I

R™ — R™
gef

The inclined reader may notice that this means that Cartesian spaces with smooth functions between them
constitute a category (“CartSp”); but the reader not so inclined may ignore this.

For the following it is useful to think of each Cartesian space as an abstract coordinate system. We will be dealing
with various generalized smooth spaces (see the table below), but they will all be characterized by a prescription
for how to smoothly map abstract coordinate systems into them.

Example 1.2. (coordinate functions are smooth functions)
Given a Cartesian space R", then all its coordinate functions (def. 1.1)
x*: R" > R
are smooth functions (def. 1.1).
For

f:R™ — R™
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any smooth function and a € {1, 2, -+, n, } write

fl=xtof R LR SR

. for its composition with this coordinate function.

Example 1.3. (algebra of smooth functions on Cartesian spaces)
For each n € N, the set
Cm(Rn) = HomCartSp (Rnr R)

of real number-valued smooth functions f:R™ — R on the n-dimensional Cartesian space (def. 1.1) becomes a
commutative associative algebra over the ring of real numbers by pointwise addition and multiplication in R:
for f,g € C*(R™) and x € R"

Lf+9) = fx)+g(x
2.(f- 9 = f(x) - g(x).

The inclusion

const

R~ C”(R™
is given by the constant functions.
C”(R™ € RAlg.
If
f:R™ > R™

is any smooth function (def. 1.1) then pre-composition with f (“pullback of functions”)

c*®™) L co®mm)
g > flg=gef

is an algebra homomorphism. Moreover, this is clearly compatible with composition in that

[10,9) = (f,°f)g.

Stated more abstractly, this means that assigning algebras of smooth functions is a functor

C®(-) : CartSp — RAIg°?

the category RAlg of R-algebras.

Definition 1.4. (local diffeomorphisms and open embeddings of Cartesian spaces)

A smooth function f:R™ — R™ from one Cartesian space to itself (def. 1.1) is called a local diffeomorphism
denoted

fiR* SR

if the determinant of the matrix of partial derivatives (the “Jacobian” of f) is everywhere non-vanishing

ax1 dxt

det] : 0 forallx € R™.
aft af"
2™ 5

If the function f is both a local diffeomorphism, as above, as well as an injective function then we call it an open
embedding, denoted

fiRPCL RY,

Definition 1.5. (good open cover of Cartesian spaces)
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For R™ a Cartesian space (def. 1.1), a differentiably good open cover is

e an indexed set
{ : }
et iel

of open embeddings (def. 1.4)
such that the images
U;=im(f) c R"

satisfy:

1. (open cover) every point of R™ is contained in at least one of the U;

2. (good) all finite intersections Uy, N+ NU; < R™ are either empty set or themselves images of open

embeddings according to def. 1.4.

The inclined reader may notice that the concept of differentiably good open covers from def. 1.5 is a coverage

reader not so inclined may ignore this.

(Fiorenza-Schreiber-Stasheff 12, def. 6.3.9)

fiber bundles

Given any context of objects and morphisms between them, such as the Cartesian spaces and smooth functions
from def. 1.1 it is of interest to fix one object X and consider other objects parameterized over it. These are called
bundles (def. 1.6) below. For reference, we briefly discuss here the basic concepts related to bundles in the
context of Cartesian spaces.

Of course the theory of bundles is mostly trivial over Cartesian spaces; it gains its main interest from its
generalization to more general smooth manifolds (def./prop. 3.34 below). It is still worthwhile for our
development to first consider the relevant concepts in this simple case first.

For more exposition see at fiber bundles in physics.

Definition 1.6. (bundles)

fb
We say that a smooth function E — X (def. 1.1) is a bundle just to amplify that we think of it as exhibiting E as
being a “space over X”:

E
lfb
X

For x € X a point, we say that the fiber of this bundle over x is the pre-image
E, =1 ((x}) CE @

of the point x under the smooth function. We think of fb as exhibiting a “smoothly varying” set of fiber spaces
over X.

fb fb
Given two bundles E; — X and E, —£ X over X, a homomorphism of bundles between them is a smooth
function f:E; — E, (def. 1.1) between their total spaces which respects the bundle projections, in that

E, — E,
fb, o f =fb, ie. fo, ™ <t

Hence a bundle homomorphism is a smooth function that sends fibers to fibers over the same point:

f((El)x) c (Ey), -

The inclined reader may notice that this defines a category of bundles over X, which is in fact just the slice
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category CartSp/X; the reader not so inclined may ignore this.

Definition 1.7. (sections)

fb
Given a bundle E — X (def. 1.6) a section is a smooth function s: X — E such that
fbos =1idy spolfb

This means that s sends every point x € X to an element in the fiber over that point

s(x) EE, .
We write
E
Iy(E)={ s, P
X = X
for the set of sections of a bundle.
fi f,
For E; = X and E, = X two bundles and for
E, L g
fby ¥ Y fo,
X

a bundle homomorphism between them (def. 1.6), then composition with f sends sections to sections and
hence yields a function denoted

B 5 Iy(Ey)

s = fos
Example 1.8. (trivial bundle)

For X and F Cartesian spaces, then the Cartesian product X X F equipped with the projection

XxF
1P

X

to X is a bundle (def. 1.6), called the trivial bundle with fiber F. This represents the constant smoothly varying
set of fibers, constant on F

If F = * is the point, then this is the identity bundle

X
lid
X

fb fb
Given any bundle E — X, then a bundle homomorphism (def. 1.6) from the identity bundle to E — X is
fb
equivalently a section of E — X (def. 1.7)

Definition 1.9. (fiber bundle)

fb
A bundle E — X (def. 1.6) is called a fiber bundle with typical fiber F if there exists a differentiably good open
cover {U; < X}, ., (def. 1.5) such that the restriction of fb to each U; is isomorphic to the trivial fiber bundle

with fiber F over U;. Such diffeomorphisms f,:U; X F 5 E|,. are called local trivializations of the fiber

bundle:
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fi
UixF = E|,
pr, N Lfbly,
U;

Definition 1.10. (vector bundle)

b
A vector bundle is a fiber bundle E > X (def. 1.9) with typical fiber a vector space V such that there exists a

f;
local trivialization {U; X V 23 E |U1} whose gluing functions

i€l

-1
fi‘ul-nuj fi lyinu;

UinU;xV——E|, ., —— UinU;xV
invj

foralli, j € I are linear functions over each pointx € U; N U;.

A homomorphism of vector bundle is a bundle morphism f (def. 1.6) such that there exist local trivializations
on both sides with respect to which g is fiber-wise a linear map.

The inclined reader may notice that this makes vector bundles over X a category (denoted Vect  x); the reader

not so inclined may ignore this.

Example 1.11. (module of sections of a vector bundle)

b
Given a vector bundle E — X (def. 1.10), then its set of sections I'y(E) (def. 1.6) becomes a real vector space
by fiber-wise multiplication with real numbers. Moreover, it becomes a module over the algebra of smooth
functions C*(X) (example 1.3) by the same fiber-wise multiplication:

C°°(X) QrTx(E) — I'y(E)
(f,s) (e f(x)s()

fb, fb,
For E; — X and E, — X two vector bundles and

E, - E,

fb, ¥ b,

a vector bundle homomorphism (def. 1.10) then the induced function on sections (def. 1.7)
f.: Tx(E1) — I'x(E2)

is compatible with this action by smooth functions and hence constitutes a homomorphism of
C”(X)-modules.

The inclined reader may notice that this means that taking spaces of sections yields a functor
I'x(=) : Vect;y — C*(X)Mod
from the category of vector bundles over X to that over modules over € (X).
Example 1.12. (tangent vector fields and tangent bundle)
For R™ a Cartesian space (def. 1.1) the trivial vector bundle (example 1.8, def. 1.10)
TR™ = R"xR"
th! Lpr,
R" = R™

is called the tangent bundle of R™. With (x“);;1 the coordinate functions on R™ (def. 1.2) we write (6,1)2:1

for the corresponding linear basis of R™ regarded as a vector space. Then a general section (def. 1.7)

TR™
vy ltb
R" = R"

of the tangent bundle has a unique expansion of the form
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v=1v%,

where a sum over indices is understood (Einstein summation convention) and where the components
(v* € C™(R™)), _, are smooth functions on R™ (def. 1.1).

Such a v is also called a smooth tangent vector field on R™

Each tangent vector field v on R™ determines a partial derivative on smooth functions

CORENCY
fooom Df=vt0,(f) = 5,00k

By the product law of differentiation, this is a derivation on the algebra of smooth functions (example 1.3) in
that

1.itis an R-linear map in that
DV(lel + CZfz) = C1D1;f1 + CZDUfZ

2. it satisfies the Leibniz rule

Dv(fl fz) = (val).fz +f1 (vaz)
forallcy,c; € Randall f,, f, € C*(R™).

Hence regarding tangent vector fields as partial derivatives constitutes a linear function

D : T'gn(TR™) — Der(C”(R™)

from the space of sections of the tangent bundle. In fact this is a homomorphism of C*(R™)-modules (example
1.11), in that for f € C*(R™) and v € I'gn(TR™) we have

va(_) =f-Dy(-).
Example 1.13. (vertical tangent bundle)

fb Tfb
Let E — X be a fiber bundle. Then its vertical tangent bundle TyzE — X is the fiber bundle (def. 1.9) over X

fb
whose fiber over a point is the tangent bundle (def. 1.12) of the fiber of E — X over that point:
(T3E), =T(Ey) .

If E = ¥ X F is a trivial fiber bundle with fiber F, then its vertical vector bundle is the trivial fiber bundle with
fiber TF.

Definition 1.14. (dual vector bundle)

b
For E 5> X a vector bundle (def. 1.10), its dual vector bundle is the vector bundle whose fiber (2) over x € X is
the dual vector space of the corresponding fiber of E — X

(), = (B .

The defining pairing of dual vector spaces (E,)" ® E, — R applied pointwise induces a pairing on the

modules of sections (def. 1.11) of the original vector bundle and its dual with values in the smooth functions
(def. 1.1):

I'5(E) ®gogyy [s(E) — (%) (3)

,a) B (Veaix e a(vy))

Below we encounter generalizations of ordinary differential geometry that include explicit “infinitesimals” in the
guise of infinitesimally thickened points, as well as “super-graded infinitesimals”, in the guise of superpoints
(necessary for the description of fermion fields such as the Dirac field). As we discuss below, these structures are
naturally incorporated into differential geometry in just the same way as Grothendieck introduced them into
algebraic geometry (in the guise of “formal schemes”), namely in terms of formally dual rings of functions with
nilpotent ideals. That this also works well for differential geometry rests on the following three basic but
important properties, which say that smooth functions behave “more algebraically” than their definition might
superficially suggest:
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Proposition 1.15. (the three magic algebraic properties of differential geometry)

1. embedding of Cartesian spaces into formal duals of R-algebras
For X and Y two Cartesian spaces, the smooth functions f:X — Y between them (def. 1.1) are in natural

bijection with their induced algebra homomorphisms C”(X) LN C”(Y) (example 1.3), so that one may

equivalently handle Cartesian spaces entirely via their R-algebras of smooth functions.
Stated more abstractly, this means equivalently that the functor C(—) that sends a smooth manifold X to

its R-algebra C”(X) of smooth functions (example 1.3) is a fully faithful functor:
C”(—) : SmthMfd —— R Alg°P .
(Kolar-Slovak-Michor 93, lemma 35.8, corollaries 35.9, 35.10)

2. embedding of smooth vector bundles into formal duals of R-algebra modules

b b
For E, 2 X and E, 22 X two vector bundle (def. 1.10) there is then a natural bijection between vector
bundle homomorphisms f:E; = E, and the homomorphisms of modules f_ : I'x(E;) = I'x(E;) that

these induces between the spaces of sections (example 1.11).

I'y(=) : VectBundy —> C*(X)Mod

(Nestruev 03, theorem 11.29)

Moreover, the modules over the R-algebra C”(X) of smooth functions on X which arise this way as sections

of smooth vector bundles over a Cartesian space X are precisely the finitely generated free modules over
Ce(X).
(Nestruev 03, theorem 11.32)

3. vector fields are derivations of smooth functions.
For X a Cartesian space (example 1.1), then any derivation D:C*(X) — C®(X) on the R-algebra C*(X) of
smooth functions (example 1.3) is given by differentiation with respect to a uniquely defined smooth tangent
vector field: The function that regards tangent vector fields with derivations from example 1.12

I'y(TX) — Der(C*(X))

v I D,
is in fact an isomorphism.
(This follows directly from the Hadamard lemma.)

Actually all three statements in prop. 1.15 hold not just for Cartesian spaces, but generally for smooth manifolds
(def./prop. 3.34 below; if only we generalize in the second statement from free modules to projective modules.
However for our development here it is useful to first focus on just Cartesian spaces and then bootstrap the
theory of smooth manifolds and much more from that, which we do below.

differential forms
We introduce and discuss differential forms on Cartesian spaces.
Definition 1.16. (differential 1-forms on Cartesian spaces and the cotangent bundle)

For n € N a smooth differential 1-form w on a Cartesian space R™ (def. 1.1) is an n-tuple

(w; € CartSp(R™, ]R))?=1
of smooth functions (def. 1.1), which we think of equivalently as the coefficients of a formal linear combination
w = w;dx
on a set {dx?, dx?, -+, dx™} of cardinality n.
Here a sum over repeated indices is tacitly understood (Einstein summation convention).
Write
2Y(R¥) = CartSp(R¥, R) *¥ € Set

for the set of smooth differential 1-forms on R¥,

n
a=1
differential 1-forms are equivalently the sections (def. 1.7) of the trivial vector bundle (example 1.8, def. 1.10)

We may think of the expressions (dx%) as a linear basis for the dual vector space R™ With this the
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T'R" = R"x (R
cb! Lpr,

R® = R™

called the cotangent bundle of R™ (def. 1.16):
NYR™) = Iga(T'RY) .

This amplifies via example 1.11 that 2(R™) has the structure of a module over the algebra of smooth
functions C*(R™), by the evident multiplication of differential 1-forms with smooth functions:

1. The set Ql(Rk) of differential 1-forms in a Cartesian space (def. 1.16) is naturally an abelian group with
addition given by componentwise addition
o+ A = widx' + A;dxt

= (w; + A)dxt

2. The abelian group .(Zl(IRk) is naturally equipped with the structure of a module over the algebra of
smooth functions C®(R¥) (example 1.3), where the action C®(R¥) x 2*(R¥) = 2*(R¥) is given by
componentwise multiplication

fro=(f w)dx.

Accordingly there is a canonical pairing between differential 1-forms and tangent vector fields (example 1.12)

()
F]R" (TRn) ®]R F]RTI (T* Rn) L()_) COO(]RTL) (4)
(v, w) - Lw = VW,

With differential 1-forms in hand, we may collect all the first-order partial derivatives of a smooth function
into a single object: the exterior derivative or de Rham differential is the R-linear function

d
C®(R™ — 0YRM ()
— Of J.a
f - df = Py dx
Under the above pairing with tangent vector fields v this yields the particular partial derivative along v:

of
tvdf=va=17aW .

We think of dx’ as a measure for infinitesimal displacements along the x-coordinate of a Cartesian space. If we

have a measure of infintesimal displacement on some R" and a smooth function f: R™ > R", then this induces a

measure for infinitesimal displacement on R™ by sending whatever happens there first with f to R™ and then
applying the given measure there. This is captured by the following definition:

Definition 1.17. (pullback of differential 1-forms)

For ¢: R¥ > R¥ a smooth function, the pullback of differential 1-forms along ¢ is the function

¢ 0 (R¥) > Q1 (RF)

between sets of differential 1-forms, def. 1.16, which is defined on basis-elements by

i

gt
“dxt = ——dx’
¢ ox’

and then extended linearly by
¢'w = ¢ (w;dx?)

L
=(¢w)lﬁdx]
oo O
= (@o9) —5d%

This is compatible with identity morphisms and composition in that

(idgn)" = idg1 g (gef) =fog". (6)

Stated more abstractly, this just means that pullback of differential 1-forms makes the assignment of sets of

12 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/cotangent+bundle
https://ncatlab.org/nlab/show/cotangent+bundle
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Differential1FormsOnCartesianSpaces
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Differential1FormsOnCartesianSpaces
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ModuleOfSectionsOfAVectorBundle
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ModuleOfSectionsOfAVectorBundle
https://ncatlab.org/nlab/show/structure
https://ncatlab.org/nlab/show/structure
https://ncatlab.org/nlab/show/module
https://ncatlab.org/nlab/show/module
https://ncatlab.org/nlab/show/algebra+of+functions
https://ncatlab.org/nlab/show/algebra+of+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/differential+1-forms
https://ncatlab.org/nlab/show/differential+1-forms
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/differential+1-forms
https://ncatlab.org/nlab/show/differential+1-forms
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Differential1FormsOnCartesianSpaces
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Differential1FormsOnCartesianSpaces
https://ncatlab.org/nlab/show/abelian+group
https://ncatlab.org/nlab/show/abelian+group
https://ncatlab.org/nlab/show/module
https://ncatlab.org/nlab/show/module
https://ncatlab.org/nlab/show/algebra+of+functions
https://ncatlab.org/nlab/show/algebra+of+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#AlgebraOfSmoothFunctionsOnCartesianSpaces
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#AlgebraOfSmoothFunctionsOnCartesianSpaces
https://ncatlab.org/nlab/show/action
https://ncatlab.org/nlab/show/action
https://ncatlab.org/nlab/show/differential+1-forms
https://ncatlab.org/nlab/show/differential+1-forms
https://ncatlab.org/nlab/show/tangent+vector+fields
https://ncatlab.org/nlab/show/tangent+vector+fields
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TangentVectorFields
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TangentVectorFields
https://ncatlab.org/nlab/show/differential+1-forms
https://ncatlab.org/nlab/show/differential+1-forms
https://ncatlab.org/nlab/show/partial+derivatives
https://ncatlab.org/nlab/show/partial+derivatives
https://ncatlab.org/nlab/show/smooth+function
https://ncatlab.org/nlab/show/smooth+function
https://ncatlab.org/nlab/show/exterior+derivative
https://ncatlab.org/nlab/show/exterior+derivative
https://ncatlab.org/nlab/show/de+Rham+differential
https://ncatlab.org/nlab/show/de+Rham+differential
https://ncatlab.org/nlab/show/linear+function
https://ncatlab.org/nlab/show/linear+function
https://ncatlab.org/nlab/show/tangent+vector+fields
https://ncatlab.org/nlab/show/tangent+vector+fields
https://ncatlab.org/nlab/show/partial+derivative
https://ncatlab.org/nlab/show/partial+derivative
https://ncatlab.org/nlab/show/infinitesimal+space
https://ncatlab.org/nlab/show/infinitesimal+space
https://ncatlab.org/nlab/show/coordinate
https://ncatlab.org/nlab/show/coordinate
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/pullback+of+differential+forms
https://ncatlab.org/nlab/show/pullback+of+differential+forms
https://ncatlab.org/nlab/show/smooth+function
https://ncatlab.org/nlab/show/smooth+function
https://ncatlab.org/nlab/show/pullback+of+differential+forms
https://ncatlab.org/nlab/show/pullback+of+differential+forms
https://ncatlab.org/nlab/show/function
https://ncatlab.org/nlab/show/function
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Differential1FormsOnCartesianSpaces
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Differential1FormsOnCartesianSpaces
https://ncatlab.org/nlab/show/basis
https://ncatlab.org/nlab/show/basis
https://ncatlab.org/nlab/show/identity+morphisms
https://ncatlab.org/nlab/show/identity+morphisms
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/category+theory
https://ncatlab.org/nlab/show/category+theory
https://ncatlab.org/nlab/show/pullback+of+differential+forms
https://ncatlab.org/nlab/show/pullback+of+differential+forms

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+qua...

differential 1-forms to Cartesian spaces a contravariant functor

NY(-) : CartSp°? — Set .

The following definition captures the idea that if dx’ is a measure for displacement along the x-coordinate, and
dx’ a measure for displacement along the x/ coordinate, then there should be a way to get a measure, to be
called dx! A dx/, for infinitesimal surfaces (squares) in the x‘-x/-plane. And this should keep track of the
orientation of these squares, with

dx) Adxt = —dx! A dx!
being the same infinitesimal measure with orientation reversed.
Definition 1.18. (exterior algebra of differential n-forms)

For k,n € N, the smooth differential forms on a Cartesian space R* (def. 1.1) is the exterior algebra

2°(RF) = Ao gy RS
over the algebra of smooth functions € *(R¥) (example 1.3) of the module 2*(R¥) of smooth 1-forms.

We write 2™(R¥) for the sub-module of degree n and call its elements the differential n-forms.

Explicitly this means that a differential n-form w € 2™(R¥) on R¥ is a formal linear combination over C*(R¥)
(example 1.3) of basis elements of the form dxit A -+ A dxin for iy < i, < -+ < iy:

W= Wi g, XA Adxn
Now all the constructions for differential 1-forms above extent naturally to differential n-forms:
Definition 1.19. (exterior derivative or de Rham differential)

For R™ a Cartesian space (def. 1.1) the de Rham differential d: C®(R™) - 2*(R™) (5) uniquely extended as a
derivation of degree +1 to the exterior algebra of differential forms (def. 1.18)

d: 2 (R™ — 2°(R™)
meaning that for w; € 2%(R) then
d(w, Awy) = (dwi) Awy + w Adw, .
In components this simply means that
dw = d(wil.“ikdx"l A A dxik)
Jw

iqeeig . .
= ————=dx*Adx"1 A Adx'k
dx@

Since partial derivatives commute with each other, while differential 1-form anti-commute, this implies that d
is nilpotent

d®*=dod=0.
We say hence that differential forms form a cochain complex, the de Rham complex (2°(R™), d).

Definition 1.20. (contraction of differential n-forms with tangent vector fields)

The pairing t,w = w(v) of tangent vector fields v with differential 1-forms w (4) uniquely extends to the

exterior algebra 2°(R™) of differential forms (def. 1.18) as a derivation of degree -1
1 2°TH(RY — 2°(RY) .
In particular for w;, w, € 2*(R™) two differential 1-forms, then
(W) Awy) = w;(Vw; —w,(Mw, € 2'(R").
Proposition 1.21. (pullback of differential n-forms)

For f:R™ — R™ a smooth function between Cartesian spaces (def. 1.1) the operationf of pullback of differential
1-forms of def. 1.16 extends as an Cm(Rk)—gIgebra homomorphism to the exterior algebra of differential forms

(def. 1.18),
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£ R™) — 0°(R™)
given on basis elements by
Fr(dx™ A Adx™) = (frdx" A A frdx™)

This commutes with the de Rham differential d on both sides (def. 1.19) in that

ow & o
dof'=f"od dl ld
20 < 2w

*

hence that pullback of differential forms is a chain map of de Rham complexes.

This is still compatible with identity morphisms and composition in that

(idgn)” = idg1 gy Ggef) =f-g. 7)

Stated more abstractly, this just means that pullback of differential n-forms makes the assignment of sets of
differential n-forms to Cartesian spaces a contravariant functor

N"(-) : CartSp°? — Set .
Proposition 1.22. (Cartan's homotopy formula)
Let X be a Cartesian space (def. 1.1), and let v € I'(TX) be a smooth tangent vector field (example 1.12).

For t € R write exp(tv) : X 5 X for the flow by diffeomorphisms along v of parameter length t.

Then the derivative with respect to t of the pullback of differential forms along exp(tv), hence the Lie derivative
L,:0°(X) - 02°(X), is given by the anticommutator of the contraction derivation v, (def. 1.20) with the de Rham
differential d (def. 1.19):

d .
L, = Eexp(tv) wl,_,

=dw +dy,w .

Finally we turn to the concept of integration of differential forms (def. 1.24 below). First we need to say what it is
that differential forms may be integrated over:

Definition 1.23. (smooth singular simplicial chains in Cartesian spaces)

For n € N, the standard n-simplex in the Cartesian space R™ (def. 1.1) is the subset
A" = {@H, | 0<sxt < <x" c R".
More generally, a smooth singular n-simplex in a Cartesian space R¥ is a smooth function (def. 1.1)
o : R* > RF,
to be thought of as a smooth extension of its restriction
Olym A" — R

(This is called a singular simplex because there is no condition that ~' be an embedding in any way, in
particular o may be a constant function.)

A singular chain in R* of dimension 7 is a formal linear combination of singular n-simplices in R*.

In particular, given a singular n + 1-simplex o, then its boundary is a singular chain of singular n-simplices do.

Definition 1.24. (fiber-integration of differential forms) over smooth singular chains in Cartesian spaces)
Forn € Nand w € 2™(R™) a differential n-form (def. 1.18), which may be written as
w = fdxtA--dx™,

then its integration over the standard n-simplex A™ ¢ R™ (def. 1.23) is the ordinary integral (e.g. Riemann
integral)
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More generally, for
1. w € 0™(R¥) a differential n-forms;

2.C = ¥, ¢;0; asingular n-chain (def. 1.23)

in any Cartesian space R¥. Then the integration of w over x is the sum of the integrations, as above, of the
pullback of differential forms (def. 1.21) along all the singular n-simplices in the chain:

fw = Zci/ (ai)*w.
c i A"

Finally, for U another Cartesian space, then fiber integration of differential forms along U X C — U is the linear
map

f : T Oy x 0) — 2°(U)
c

which on differential forms of the form wy; A w is given by

/w,,/\w = (—1)‘w”|/w.
c c

Proposition 1.25. (Stokes theorem for fiber-integration of differential forms)

pr
UxZ=3U (def. 1.24) is compatible with the exterior derivative dy; on U (def. 1.19) in that

d/w = (—1)‘“‘“(”/61”(»
z z
_ (_1dim(®) _
(-1 (/E‘dw /azw)

where d = dy + dy is the de Rham differential on U X X (def. 1.19) and where the second equality is the Stokes

theorem along X:
/dz‘(ﬂ) =/ w .
X 0z

This concludes our review of the basics of (synthetic) differential geometry on which the following development
of quantum field theory is based. In the next chapter we consider spacetime and spin.

’

2. Spacetime

Relativistic field theory takes place on spacetime.

The concept of spacetime makes sense for every dimension p + 1 with p € N. The observable universe has
macroscopic dimension 3 + 1, but quantum field theory generally makes sense also in lower and in higher
dimensions. For instance quantum field theory in dimension 0+1 is the “worldline” theory of particles, also
known as quantum mechanics; while quantum field theory in dimension > p + 1 may be “KK-compactified” to
an “effective” field theory in dimension p + 1 which generally looks more complicated than its higher
dimensional incarnation.

However, every realistic field theory, and also most of the non-realistic field theories of interest, contain spinor
fields such as the Dirac field (example 5.9 below) and the precise nature and behaviour of spinors does depend
sensitively on spacetime dimension. In fact the theory of relativistic spinors is mathematically most natural in
just the following four spacetime dimensions:

p+1= 2+1, 3+1, 5+1, 9+1
In the literature one finds these four dimensions advertized for two superficially unrelated reasons:

1. in precisely these dimensions “twistors” exist (see there);
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2.1in precisely these dimensions “GS-superstrings” exist (see there).

However, both these explanations have a common origin in something simpler and deeper: Spacetime in these
dimensions appears from the “Pauli matrices” with entries in the real normed division algebras. (In fact it goes
deeper still, but this will not concern us here.)

This we explain now, and then we use this to obtain a slick handle on spinors in these dimensions, using simple
linear algebra over the four real normed division algebras. At the end (in remark 2.32) we give a dictionary that
expresses these constructions in terms of the “two-component spinor notation” that is traditionally used in
physics texts (remark 2.32 below).

The relation between real spin representations and division algebras, is originally due to Kugo-Townsend 82,
Sudbery 84 and others. We follow the streamlined discussion in Baez-Huerta 09 and Baez-Huerta 10.

A key extra structure that the spinors impose on the underlying Cartesian space of spacetime is its causal
structure, which determines which points in spacetime (“events”) are in the future or the past of other points
(def. 2.34 below). This causal structure will turn out to tightly control the quantum field theory on spacetime in
terms of the “causal additivity of the S-matrix” (prop. 15.39 below) and the induced “causal locality” of the
algebra of quantum observables (prop. 15.30 below). To prepare the discussion of these constructions, we end
this chapter with some basics on the causal structure of Minkowski spacetime.

1. Real division algebras

2. Spacetime in dimensions 3, 4, 6 and 10
3. Lorentz group and Spin group

4,6 and 10

L,

4. Spinors in dimensions 3

5. Causal structure

Real division algebras
To amplify the following pattern and to fix our notation for algebra generators, recall these definitions:

Definition 2.1. (complex numbers)

The complex numbers C is the commutative algebra over the real numbers R which is generated from one
generators {e, } subject to the relation

o (e)?= -1

Definition 2.2. (quaternions)

The quaternions H is the associative algebra over the real numbers which is generated from three generators
{eq, €3, e3} subject to the relations

1.forall i
(e)?=~1
2. for (i, j, k) a cyclic permutation of (1, 2, 3) then 0
1. eiej = ey
2. el'ei = —€

(graphics grabbed from Baez 02)
Definition 2.3. (octonions)
The octonions O is the nonassociative algebra over the real c ‘
numbers which is generated from seven generators {eq, -, e;}
subject to the relations

1. for
all
i
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(e)?=-1

2.for e; > ej > e, an edge or circle in the
diagram shown (a labeled version of the Fano
plane) then
leej=¢eg

2. eje; = —€

and all relations obtained by cyclic permutation
of the indices in these equations.

(graphics grabbed from Baez 02)
One defines the following operations on these real algebras:

Definition 2.4. (conjugation, real part, imaginary part and absolute value)

For K € {R, C, H, 0}, let
(=) K—>K
be the antihomomorphism of real algebras

(ra)'=ra’for re R,a€eK

(ab)" = b'a’,for a,b € K
given on the generators of def. 2.1, def. 2.2 and def. 2.3 by

(e) = —e; .

This operation makes K into a star algebra. For the complex numbers C this is called complex conjugation, and

in general we call it conjugation.

Let then
Re: K— R
be the function
Re(a) = %(a +a”)
(“real part”) and
Im: K— R
be the function
Im(a) = %(a —a’)

(“imaginary part”).
It follows that for all a € K then the product of a with its conjugate is in the real center of K
aa*=a'a ERo K
and we write the square root of this expression as
|la] = Vaa*
called the norm or absolute value function
|—:K—R.
This norm operation clearly satisfies the following properties (for all @, b € K)

1.|a| = 0;
2.]al=0 & a=0;

3.]ab| = |a||b|

and hence makes K a normed algebra.

Since R is a division algebra, these relations immediately imply that each K is a division algebra, in that
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ab=0 = a=0or b=0.
Hence the conjugation operation makes K a real normed division algebra.

Remark 2.5. (sequence of inclusions of real normed division algebras)

Suitably embedding the sets of generators in def. 2.1, def. 2.2 and def. 2.3 into each other yields sequences of
real star-algebra inclusions

RoCoH<O.

For example for the first two inclusions we may send each generator to the generator of the same name, and
for the last inclusion me may choose

1 » 1
e, P~ e3
e, P ey
e; P e

Proposition 2.6. (Hurwitz theorem: R, C, H and O are the normed real division algebras)

The four algebras of real numbers R, complex numbers C, quaternions H and octonions O from def. 2.1, def. 2.2
and def. 2.3 respectively, which are real normed division algebras via def. 2.4, are, up to isomorphism, the only real
normed division algebras that exist.

Remark 2.7. (Cayley-Dickson construction and sedenions)

While prop. 2.6 says that the sequence from remark 2.5
RoeCoHsO

is maximal in the category of real normed non-associative division algebras, there is a pattern that does
continue if one disregards the division algebra property. Namely each step in this sequence is given by a
construction called forming the Cayley-Dickson double algebra. This continues to an unbounded sequence of
real nonassociative star-algebras

RoCoHc0Ss -
where the next algebra S is called the sedenions.

What actually matters for the following relation of the real normed division algebras to real spin representations
is that they are also alternative algebras:

Definition 2.8. (alternative algebras)
Given any non-associative algebra 4, then the trilinear map
[==-1-AQARA—A
given on any elements a, b, c € A by
[a, b, c] == (ab)c — a(bc)
is called the associator (in analogy with the commutator [a, b] = ab — ba).

If the associator is completely antisymmetric (in that for any permutation ¢ of three elements then

[as,, a6,,a5,] = (—1)|U|[a1, a,, az] for |o| the signature of the permutation) then A is called an alternative

algebra.

If the characteristic of the ground field is different from 2, then alternativity is readily seen to be equivalent to
the conditions that for all a, b € A then

(aa)b = a(ab) and (ab)b = a(bb) .
We record some basic properties of associators in alternative star-algebras that we need below:

Proposition 2.9. (properties of alternative star algebras)

Let A be an alternative algebra (def. 2.8) which is also a star algebra. Then (using def. 2.4):

1. the associator vanishes when at least one argument is real
[Re(a), b, c]
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2. the associator changes sign when one of its arguments is conjugated
[a,b,c] = —[a’,b,c];

3. the associator vanishes when one of its arguments is the conjugate of another
[a,a*,b] =0;

4. the associator is purely imaginary
Re([a,b,c]) =0.

Proof. That the associator vanishes as soon as one argument is real is just the linearity of an algebra product
over the ground ring.

Hence in fact
[a, b, c] = [Im(a), Im(b), Im(c)] .
This implies the second statement by linearity. And so follows the third statement by skew-symmetry:
[a,a*,b] = —[a,a,b] =0 .
The fourth statement finally follows by this computation:

[a,b,c]” = —[c*,b",a’]
= —[c¢,b,a]
= —[a,b,c]

Here the first equation follows by inspection and using that (ab)” = b"a*, the second follows from the first
statement above, and the third is the anti-symmetry of the associator. |l

It is immediate to check that:
Proposition 2.10. (R, C, H and O are real alternative algebras)

The real algebras of real numbers, complex numbers, def. 2.1,quaternions def. 2.2 and octonions def. 2.3 are
alternative algebras (def. 2.8).

Proof. Since the real numbers, complex numbers and quaternions are associative algebras, their associator
vanishes identically. It only remains to see that the associator of the octonions is skew-symmetric. By linearity it
is sufficient to check this on generators. So let e; — e; — e, be a circle or a cyclic permutation of an edge in the

Fano plane. Then by definition of the octonion multiplication we have
(eiej)e; = ee;
= —ejex
= —¢;
= e;i(eje))
and similarly

(eiep)ej = —e;
= Texe
= €€k

= e;(eze))

The analog of the Hurwitz theorem (prop. 2.6) is now this:
Proposition 2.11. (R, C, H and O are precisely the alternative real division algebras)

The only division algebras over the real numbers which are also alternative algebras (def. 2.8) are the real
numbers themselves, the complex numbers, the quaternions and the octonions from prop. 2.10.

This is due to (Zorn 30).
For the following, the key point of alternative algebras is this equivalent characterization:
Proposition 2.12. (alternative algebra detected on subalgebras spanned by any two elements)

A nonassociative algebra is alternative, def. 2.8, precisely if the subalgebra? generated by any two elements is an
associative algebra.
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This is due to Emil Artin, see for instance (Schafer 95, p. 18).

Proposition 2.12 is what allows to carry over a minimum of linear algebra also to the octonions such as to yield a
representation of the Clifford algebra on R%1. This happens in the proof of prop. 2.30 below.

So we will be looking at a fragment of linear algebra over these four normed division algebras. To that end, fix
the following notation and terminology:

Definition 2.13. (hermitian matrices with values in real normed division algebras)

Let K be one of the four real normed division algebras from prop. 2.6, hence equivalently one of the four real
alternative division algebras from prop. 2.11.

Say that an n X n matrix with coefficients in K

A € Mat, ., (K)

is a hermitian matrix if the transpose matrix (At)ij = Aj; equals the componentwise conjugated matrix (def.
2.4):

At=4
Hence with the notation
(O'= (Y
we have that 4 is a hermitian matrix precisely if
A=AT.

We write Mat;‘irz (K) for the real vector space of hermitian matrices.
Definition 2.14. (trace reversal)

LetA € Mat?irz (KK) be a hermitian 2 X 2 matrix as in def. 2.13. Its trace reversal is the result of subtracting its
trace times the identity matrix:

A= A-(rA)l, «, -

Minkowski spacetime in dimensions 3,4,6 and 10

We now discover Minkowski spacetime of dimension 3,4,6 and 10, in terms of the real normed division algebras
K from prop. 2.6, equivalently the real alternative division algebras from prop. 2.11: this is prop./def. 2.15 and
def. 2.17 below.

Proposition/Definition 2.15. (Minkowski spacetime as real vector space of hermitian _matrices in real
normed division algebras)

Let K be one of the four real normed division algebras from prop. 2.6, hence one of the four real alternative
division algebras from prop. 2.11.

Then the real vector space of 2 X 2 hermitian matrices over K (def. 2.13) equipped with the inner product n
whose quadratic form | — |72’ is the negative of the determinant operation on matrices is Minkowski spacetime:

RAmeE)+1.1 (Rdimw“,l - I,ﬁ) = (Maty$ (K), —det) . (8

hence
L.R*' forK = R;
2R* forK = C;
3R> forK = H;
4. R for K = Q.

Here we think of the vector space on the left as RP* with

p = dimg(K) + 1

equipped with the canonical coordinates labeled (x”)5= o
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As a linear map the identification is given by

x0+ x?t

*

y x0—x

(xO'xl, ...,xd—l) - (

1) with y = x?1 + x3e; + x*e, + - + x2TWMR® o4y e
. . 12 . _ uwp
This means that the quadratic form | |71 is given on an elementv = (v )“=0 by
2 2 L 2
— — (0 j
ol = =%+ 2 6D

By the polarization identity the quadratic form | — |72] induces a bilinear form

n:RPTQRPT - R
given by
(w1, v5) = 1, Vv

p .
= —vdvd + Z viv)
j=1

This is called the Minkowski metric.

Finally, under the above identification the operation of trace reversal from def. 2.14 corresponds to time reversal

in that
x0 + xt y —x0 +x1 y
y* X0 — o1 y* PV | :

Proof. We need to check that under the given identification, the Minkowski norm-square is indeed given by
minus the determinant on the corresponding hermitian matrices. This follows from the nature of the conjugation
operation (—)" from def. 2.4:

x0+ x?t
—det Y
P

—(x+xH (0 —xH + yy*

p
SCORIDIEDE
i=1

Remark 2.16. (physical units of length)

As the term “metric” suggests, in application to physics, the Minkowski metric 7 in prop./def. 2.15 is regarded
as a measure of length: for v € Fx(T]Rp'l) a tangent vector at a point x in Minkowski spacetime, interpreted as

a displacement from event x to event x + v, then

1.ifn(v,v) > 0 then

In(v,v) € R

is interpreted as a measure for the spatial distance between x and x + v;

[—n(v,v) €ER

is interpreted as a measure for the time distance between x and x + v.

2.ifn(v,v) < 0 then

But for this to make physical sense, an operational prescription needs to be specified that tells the
experimentor how the real number [n(v,v) is to be translated into an physical distance between actual

events in the observable universe.

Such an operational prescription is called a physical unit of length. For example “centimeter” cm is a physical
unit of length, another one is “femtometer” fm.

The combined information of a real number /n(v,v) € R and a physical unit of length such as meter, jointly

written

In(v,v) cm
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is a prescription for finding actual distance in the observable universe. Alternatively

In(v,v) fm

is another prescription, that translates the same real number /1 (v, v) into another physical distance.

But of course they are related, since physical units form a torsor over the group R, of non-negative real

numbers, meaning that any two are related by a unique rescaling. For example
fm = 10 3cm,
with 10 7% € R, .

This means that once any one prescription of turning real numbers into spacetime distances is specified, then
any other such prescription is obtained from this by rescaling these real numbers. For example

In(v,v) fm = (10 B In, U)) cm
=.,/107%%y(v,v) cm

The point to notice here is that, via the last line, we may think of this as rescaling the metric from 1 to 10 _3017.

In quantum field theory physical units of length are typically expressed in terms of a physical unit of “action”,
called “Planck's constant” £, via the combination of units called the Compton wavelength

_2nmh 9)

™ me

parameterized, in turn, by a physical unit of mass m. For the mass of the electron, the Compton wavelength is

2rmh
e = ~ 386fm .
mec
Another physical unit of length parameterized by a mass m is the Schwarzschild radius 1, = 2mG /c?, where
G is the gravitational constant. Solving the equation

tm = Tm
o 2mh/mc = 2mG/c?
for myields the Planck mass
1 hc
mp = ﬁ Mp—yp = E .

The corresponding Compton wavelength t’mP is given by the Planck length €p

1 nG
'fp ::Z{)mi’: F

Definition 2.17. (Minkowski spacetime as a pseudo-Riemannian Cartesian space)

Prop./def. 2.15 introduces Minkowski spacetime RP'* for p+1€{3,4,6,10} as a a vector space RP'?

equipped with a norm . The genuine spacetime corresponding to this is this vector space regaded as a

[ =1

n
Cartesian space, i.e. with smooth functions (instead of just linear maps) to it and from it (def. 1.1). This still
carries one copy of R?! over each point x € RP, asiits tangent space (example 1.12)

TR = RP!

and the Cartesian space RP"* equipped with the Lorentzian inner product from prop./def. 2.15 on each tangent
space T,,]R”"1 (a “pseudo-Riemannian Cartesian space”) is Minkowski spacetime as such.

We write
dvoly = dx°Adx'A--Adx? € QPTY(RPY) (10)
for the canonical volume form on Minkowski spacetime.

We use the Einstein summation convention: Expressions with repeated indices indicate summation over the
range of indices.

22 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/observable+universe
https://ncatlab.org/nlab/show/observable+universe
https://ncatlab.org/nlab/show/real+number
https://ncatlab.org/nlab/show/real+number
https://ncatlab.org/nlab/show/physical+units
https://ncatlab.org/nlab/show/physical+units
https://ncatlab.org/nlab/show/torsor
https://ncatlab.org/nlab/show/torsor
https://ncatlab.org/nlab/show/group
https://ncatlab.org/nlab/show/group
https://ncatlab.org/nlab/show/non-negative+number
https://ncatlab.org/nlab/show/non-negative+number
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/metric
https://ncatlab.org/nlab/show/metric
https://ncatlab.org/nlab/show/quantum+field+theory
https://ncatlab.org/nlab/show/quantum+field+theory
https://ncatlab.org/nlab/show/physical+units
https://ncatlab.org/nlab/show/physical+units
https://ncatlab.org/nlab/show/length
https://ncatlab.org/nlab/show/length
https://ncatlab.org/nlab/show/physical+unit
https://ncatlab.org/nlab/show/physical+unit
https://ncatlab.org/nlab/show/action
https://ncatlab.org/nlab/show/action
https://ncatlab.org/nlab/show/Planck%27s+constant
https://ncatlab.org/nlab/show/Planck%27s+constant
https://ncatlab.org/nlab/show/Compton+wavelength
https://ncatlab.org/nlab/show/Compton+wavelength
https://ncatlab.org/nlab/show/physical+unit
https://ncatlab.org/nlab/show/physical+unit
https://ncatlab.org/nlab/show/mass
https://ncatlab.org/nlab/show/mass
https://ncatlab.org/nlab/show/electron
https://ncatlab.org/nlab/show/electron
https://ncatlab.org/nlab/show/Compton+wavelength
https://ncatlab.org/nlab/show/Compton+wavelength
https://ncatlab.org/nlab/show/physical+unit
https://ncatlab.org/nlab/show/physical+unit
https://ncatlab.org/nlab/show/length
https://ncatlab.org/nlab/show/length
https://ncatlab.org/nlab/show/mass
https://ncatlab.org/nlab/show/mass
https://ncatlab.org/nlab/show/Schwarzschild+radius
https://ncatlab.org/nlab/show/Schwarzschild+radius
https://ncatlab.org/nlab/show/gravitational+constant
https://ncatlab.org/nlab/show/gravitational+constant
https://ncatlab.org/nlab/show/equation
https://ncatlab.org/nlab/show/equation
https://ncatlab.org/nlab/show/Planck+mass
https://ncatlab.org/nlab/show/Planck+mass
https://ncatlab.org/nlab/show/Compton+wavelength
https://ncatlab.org/nlab/show/Compton+wavelength
https://ncatlab.org/nlab/show/Planck+length
https://ncatlab.org/nlab/show/Planck+length
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/pseudo-Riemannian+manifold
https://ncatlab.org/nlab/show/pseudo-Riemannian+manifold
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpacetimeAsMatrices
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpacetimeAsMatrices
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/vector+space
https://ncatlab.org/nlab/show/vector+space
https://ncatlab.org/nlab/show/norm
https://ncatlab.org/nlab/show/norm
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/linear+maps
https://ncatlab.org/nlab/show/linear+maps
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CartesianSpacesAndSmoothFunctionsBetweenThem
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CartesianSpacesAndSmoothFunctionsBetweenThem
https://ncatlab.org/nlab/show/tangent+space
https://ncatlab.org/nlab/show/tangent+space
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TangentVectorFields
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TangentVectorFields
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpacetimeAsMatrices
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpacetimeAsMatrices
https://ncatlab.org/nlab/show/tangent+space
https://ncatlab.org/nlab/show/tangent+space
https://ncatlab.org/nlab/show/tangent+space
https://ncatlab.org/nlab/show/tangent+space
https://ncatlab.org/nlab/show/pseudo-Riemannian+manifold
https://ncatlab.org/nlab/show/pseudo-Riemannian+manifold
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/Cartesian+space
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/volume+form
https://ncatlab.org/nlab/show/volume+form
https://ncatlab.org/nlab/show/Einstein+summation+convention
https://ncatlab.org/nlab/show/Einstein+summation+convention
https://ncatlab.org/nlab/show/sum
https://ncatlab.org/nlab/show/sum

geometry of physics -- perturbative quantum field theory in nLab

23 0of 323

For example a differential 1-form a € ﬂl(Rp'l) on Minkowski spacetime may be expanded as
a=a,dx*.

Moreover we use square brackets around indices to indicate skew-symmetrization. For example a differential
2-form B € 2%(RP'Y) on Minkowski spacetime may be expanded as

B =B, dx" Adx"

= I v
ﬁ[,w]dx Adx

The identification of Minkowski spacetime (def. 2.17) in the exceptional dimensions with the generalized Pauli
matrices (prop./def. 2.15) has some immediate useful implications:

Proposition 2.18. (Minkowski metric in terms of trace reversal)

In terms of the trace reversal operation (=) from def. 2.14, the determinant operation on hermitian matrices
(def. 2.13) has the following alternative expression

—det(A) = A4
=ia
and the Minkowski inner product from prop. 2.15 has the alternative expression
n(A, B) = > Re(tr(4B))

= 1Re(tr(4B))

(Baez-Huerta 09, prop. 5)

Proposition 2.19. (special linear group SL(2, K) acts by linear isometries on Minkowski spacetime )

For K € {R, C, H, O} one of the four real normed division algebras (prop. 2.6) the special linear group SL(2, K)
acts on Minkowski_spacetime RP'* in dimension p+1€ {24+ 1,3+ 1,5+ 1.9+ 1} (def. 2.17) by linear
isometries given under the identification with the Pauli matrices in prop./def. 2.15 by conjugation:

SL(2, K) x RYMEFLYD  ~ g2 K) x Mat]S(K) — Matf&M(K) =~ RUMEFLD
(G, A) - GAGt

Proof. For K € {R, C, H} this is immediate from matrix calculus, but we spell it out now. While the argument
does not directly apply to the case IK = O of the octonions, one can check that it still goes through, too.

First we need to see that the action is well defined. This follows from the associativity of matrix multiplication

and the fact that forming conjugate transpose matrices is an antihomomorphism: (G, Gz)f = G;GI. In particular
this implies that the action indeed sends hermitian matrices to hermitian matrices:

-——

(a6 = (a")al 6!
— =A .

=GAGT

By prop./def. 2.15 such an action is an isometry precisely if it preserves the determinant. This follows from the
multiplicative property of determinants: det(AB) = det(A)det(B) and their compativility with conjugate
transposition: det(4A") = det(4"), and finally by the assumption that G € SL(2, K) is an element of the special
linear group, hence that its determinantis 1 € K:

det(GAGT) = det(G) det(4) det(GT)
=1 =1"=1 .

= det(4)
|

In fact the special linear groups of linear isometries in prop. 2.19 are the spin groups (def. 2.26 below) in these
dimensions.

exceptional spinors and real normed division algebras
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Lorentzian
spacetime spin group normed division algebra  brane scan entry

dimension

3=2+4+1 Spin(2,1) = SL(2,R) R the real numbers super 1-brane in 3d
4=3+1 Spin(3,1) = SL(2,C) C the complex numbers  super 2-brane in 4d
6=5+1 Spin(51) = SL2H) H the quaternions little string

10 =9+ 1 Spin(9,1) = “SL(2,0)” O the octonions heterotic/type II string

This we explain now.

Lorentz group and spin group

Definition 2.20. (Lorentz group)

For d € N, write
0(d —1,1) 5 GL(R%

for the subgroup of the general linear group on those linear maps A which preserve this bilinear form on
Minkowski spacetime (def 2.17), in that

U(A(_),A(_)) = 77(_! _) .

This is the Lorentz group in dimension d.

The elements in the Lorentz group in the image of the special orthogonal group SO(d — 1) < 0(d — 1,1) are
rotations in space. The further elements in the special Lorentz group SO(d — 1, 1), which mathematically are
“hyperbolic rotations” in a space-time plane, are called boosts in physics.

One distinguishes the following further subgroups of the Lorentz group O(d — 1, 1):

o the proper Lorentz group
S0(d-1,1)>0(d-1,1)
is the subgroup of elements which have determinant +1 (as elements SO(d —1,1) < GL(d) of the
general linear group);
o the proper orthochronous (or restricted) Lorentz group
S0t(d—-1,1) - S0(d—-1,1)
is the further subgroup of elements A which preserve the time orientation of vectors v in that
¥° > 0) = ((Av)° > 0).

Proposition 2.21. (connected component of Lorentz group)

As a smooth manifold, the Lorentz group O(d — 1,1) (def. 2.20) has four connected components. The connected
component of the identity is the proper orthochronous Lorentz group SO¥(3,1) (def 2.20). The other three
components are

1.50%*(d-1,1)-P

2.50*(d-1,1)-T

3.50%(d—1,1) - PT,
where, as matrices,

P :=diag(1, -1, -1,---, —1)
is the operation of point reflection at the origin in space, where
T :=diag(—-1,1,1,---,1)
is the operation of reflection in time and hence where
PT = TP = diag(—-1, -1,---, —1)

is point reflection in spacetime.
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The following concept of the Clifford algebra (def. 2.22) of Minkowski spacetime encodes the structure of the
inner product space R%™ Y1 in terms of algebraic operation (“geometric algebra”), such that the action of the
Lorentz group becomes represented by a conjugation action (example 2.24 below). In particular this means that
every element of the proper orthochronous Lorentz group may be “split in half” to yield a double cover: the spin
group (def. 2.26 below).

Definition 2.22. (Clifford algebra)

For d € N, we write
CI(RE™ LY

for the Z /2-graded associative algebra over R which is generated from d generators {I"y, ', '5, -, 4_1} in
odd degree (“Clifford generators”), subject to the relation

Fol'y +I'plg = =21, (11)

where 7 is the inner product of Minkowski spacetime as in def. 2.17.
These relations say equivalently that
ré=+1
r(= -1 forie{1,--,d—1}.
Iyly=—-Iyry, fora#b

We write

T

as1)" ao(p)

r = L > -

Ay ap |
p' permutations
a

for the antisymmetrized product of p Clifford generators. In particular, if all the a; are pairwise distinct, then
this is simply the plain product of generators

ralman = ral"'ran if V(a; # a/') .
LJj
Finally, write
(= : QIR — CIR?™MD

for the algebra anti-automorphism given by

Remark 2.23. (vectors inside Clifford algebra)

By construction, the vector space of linear combinations of the generators in a Clifford algebra Cl(]Rd_l‘l)
(def. 2.22) is canonically identified with Minkowski spacetime R-L1 (def. 2.17)

(’_\) : R4 M6 qRETMY)
via
Xq Ty,
hence via
v=1v%, > V=0T,
such that the defining quadratic form on R~ %1 s identified with the anti-commutator in the Clifford algebra

1,A A AN
Ny, vp) = _5(91‘72 +V,01),

where on the right we are, in turn, identifying R with the linear span of the unit in CI(R*~ %),

The key point of the Clifford algebra (def. 2.22) is that it realizes spacetime reflections, rotations and boosts via
conjugation actions:

Example 2.24. (Clifford conjugation)
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For d € N and R? ™% the Minkowski spacetime of def. 2.17, let v € R4 pe any vector, regarded as an
element D € CI(R%~*'1) via remark 2.23.

Then
1. the conjugation action ¥ = —I'g *DI", of a single Clifford generator I', on ¥ sends v to its
reflection at the hyperplane x, = 0;

1. the conjugation action
A a A a
b exp( =5 Tap)D exp(5 Iap)

sends v to the result of rotating it in the (a, b)-plane through an angle a.

Proof. This is immediate by inspection:

For the first statement, observe that conjugating the Clifford generator I';, with I', yields I'p, up to a sign,
depending on whether a = b or not:

-r, l|ifa=»
A N .
', |otherwise

Therefore for ¥ = vPT'y then 1"‘1_11'>I"a is the result of multiplying the a-component of v by —1.
For the second statement, observe that
1
_E[rabjrc] = Fanbc - rbnac .

This is the canonical action of the Lorentzian special orthogonal Lie algebra so(d — 1, 1). Hence

1
exp(—3 Tap)Dexp(5 Fan) = exp([Tap, —)(®)
is the rotation action as claimed.

Remark 2.25. Since the reflections, rotations and boosts in example 2.24 are given by conjugation actions, there
is a crucial ambiguity in the Clifford elements that induce them:

1. the conjugation action by I, coincides precisely with the conjugation action by —I';
2. the conjugation action by exp(% I'4p) coincides precisely with the conjugation action by —exp(g Tap)-
Definition 2.26. (spin group)

For d € N, the spin _group Spin(d —1,1) is the group of even graded elements of the Clifford algebra
Cl(]Rd_l'l) (def. 2.22) which are unitary with respect to the conjugation operation (—) from def. 2.22:

Spin(d — 1,1) = {4 € CI(R*" > | 44 = 1}.

even
Proposition 2.27. The function
Spin(d — 1,1) — GL(R4™ %1

from the spin_group (def 2.26) to the general linear group in d-dimensions given by sending
A € Spin(d — 1,1) & CI(R*™ YY) to the conjugation action

A(H)A

(via the identification of Minkowski spacetime as the subspace of the Clifford algebra containing the linear
combinations of the generators, according to remark 2.23)

is

1. a group homomorphism onto the proper orthochronous Lorentz group (def. 2.20):
Spin(d — 1,1) — SO™(d — 1,1)

2. exhibiting a 7./ 2-central extension.

Proof. That the function is a group homomorphism into the general linear group, hence that it acts by linear
transformations on the generators follows by using that it clearly lands in automorphisms of the Clifford algebra.

That the function lands in the Lorentz group O(d — 1,1) < GL(d) follows from remark 2.23:
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1(Av14, Av, A) = %((ZﬁlA)(Z{\JZA) + (Zl/}ZA)(E{}lA))
=~ (A(byD, +0,9,)4)
= AAL (Db, + BBy)
=n(vy,v3)

That it moreover lands in the proper Lorentz group SO(d — 1,1) follows from observing (example 2.24) that
every reflection is given by the conjugation action by a linear combination of generators, which are excluded
from the group Spin(d — 1, 1) (as that is defined to be in the even subalgebra).

To see that the homomorphism is surjective, use that all elements of SO(d — 1, 1) are products of rotations in
hyperplanes. If a hyperplane is spanned by the bivector (w“b), then such a rotation is given, via example 2.24 by

the conjugation action by
a
eXp(E wabrab)

for some «, hence is in the image.

That the kernel is Z /2 is clear from the fact that the only even Clifford elements which commute with all vectors
are the multiples a € R & Cl(]Rd_l'l) of the identity. For these @ = a and hence the condition aa =1 is
equivalent to a? = 1. It is clear that these two elements {+1, —1} are in the center of Spin(d — 1, 1). This kernel

reflects the ambiguity from remark 2.25. i

Spinors in dimensions 3, 4, 6 and 10

We now discuss how real spin representations (def. 2.26) in spacetime dimensions 3,4, 6 and 10 are naturally
induced from linear algebra over the four real alternative division algebras (prop. 2.6).

Definition 2.28. (Clifford algebra via normed division algebra)

Let K be one of the four real normed division algebras from prop. 2.6, hence one of the four real alternative
division algebras from prop. 2.11.

Define a real linear map

I Rdimm(]]()+l,l N End]R(K4)

from (the real vector space underlying) Minkowski spacetime to real linear maps on K*

ofy)= ()

Here on the right we are using the isomorphism from prop. 2.15 for identifying a spacetime vector with a
2 X 2-matrix, and we are using the trace reversal E—) from def. 2.14.

Remark 2.29. (Clifford multiplication via octonion-valued matrices)

Each operation of I'(4) in def. 2.28 is clearly a linear map, even for K being the non-associative octonions. The
only point to beware of is that for K the octonions, then the composition of two such linear maps is not in
general given by the usual matrix product.

Proposition 2.30. (real spin representations via normed division algebras)
The map I in def. 2.28 gives a representation of the Clifford algebra Cl(leimm(K) L1 (this def), i.e of
1. CI(R*Y) for K = R;
2.CI(R3>Y) forK = C;
3. CI(R>Y) for K = H;
4. CI(R*Y) for K = Q.

Hence this Clifford representation induces representations of the spin group Spin(dimg (K) + 1,1) on the real
vector spaces
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and hence on
S=85.DdS_.
(Baez-Huerta 09, p. 6)
Proof. We need to check that the Clifford relation

(r(A)?* = —n(4,A)1
+det(4)

is satisfied (where we used (11) and (8)). Now by definition, for any (¢, ) € K* then

¢>) _ (A

r(A4))* ,
(rn (w A(A)

where on the right we have in each component ordinary matrix product expressions.

Now observe that both expressions on the right are sums of triple products that involve either one real factor or
two factors that are conjugate to each other:

Xo+x, Y )((_xo+x1)¢1+)’¢2)

Al = ( : Vb, — (o + 1),

Xo — X1

((—X% +axD)@, + (o +x) ) +y'd,) — y((xo + X1)¢2))

Since the associators of triple products that involve a real factor and those involving both an element and its
conjugate vanish by prop. 2.9 (hence ultimately by Artin’s theorem, prop. 2.12). In conclusion all associators
involved vanish, so that we may rebracket to obtain

¢) _ [@ang

rA)?
ey (1/) (AA)y

This implies the statement via the equality —AA = —AA = det(A) (prop. 2.18). N

Proposition 2.31. (spinor bilinear pairings)

Let KK be one of the four real normed division algebras and S, ~g K? the corresponding spin_representation
from prop. 2.30.

Then there are bilinear maps from two spinors (according to prop. 2.30) to the real numbers

() :5:®S-—R
as well as to R4ME+L1)

(_)I—v( _) . Si ® Si N Rdim(K+l,1)

given, respectively, by forming the real part (def. 2.4) of the canonical K-inner product

(():5: Q@S- >R
(W, @) ~ P == Re(®' - ¢)

and by forming the product of a column vector with a row vector to produce a matrix, possibly up to trace
reversal (def. 2.14) under the identification R4+ 11 ~ Mather, (K) from prop. 2.15:

5, ®S, — RYMEO+1,1
W, @) > Pr'p =P+t
and

S ®S. — RAIm{K+1,1)
W, @) > YT+t

For A € Mat)®%, (K) the A-component of this map is
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NI, A) = Re(p'(A9)) .
These pairings have the following properties
1. both are Spin(dim(K) + 1, 1)-equivalent;
2. the pairing (—)I" (=) is symmetric:
1/711"1/)2 = +@ ry, for Y,9, €S, DS (12)

Remark 2.32. (two-component spinor notation)

In the physics/QFT literature the expressions for spin representations given by prop. 2.30 are traditionally
written in two-component spinor notation as follows:

¢ Anelement of S, is denoted (¥, € K) and called a left handed spinor;

a=1,2

e an element of S_ is denoted (¢ 1-(1) and called a right handed spinor;

a=1,2
e anelementof S =S, @ S_ is denoted
W9 = () €') (13)

and called a Dirac spinor;

and the Clifford action of prop. 2.28 corresponds to the generalized “Pauli matrices”:

e a hermitian matrix A € Math%, (K) as in prop 2.15 regarded as a linear map S_ — S, via def. 2.28 is

denoted

Xo + X1 y
By o .
k) = (. )
y Xo — X1
o the negative of the trace-reversal (def. 2.14) of such a hermitian matrix, regarded as a linear map
S, — S_,isdenoted

(xuﬁuaa) = — (—XO jxl Y ) .
y —Xo — X1
o the corresponding Clifford generator I'(A) : S, @ S_ = S, @D S_ (def. 2.28) is denoted
n
P . 0 Xu0qp
Xu(Ygp = b
x,"

o the bilinear spinor-to-vector pairing from prop. 2.31 is written as the matrix multiplication

(Brte) = 9re,
where the Dirac conjugate ¥ on the left is given on @) =y 5”) by
Y=yl (14
= %D
hence, with (13):
Py v, =iy, (15)

= (€06 ()T + )T (1),
Finally, it is common to abbreviate contractions with the Clifford algebra generators (y#) by a slash, as in
¥ = vk,
or

d

This is called the Feynman slash notation.

(e.g. Dermisek I-8, Dermisek I-9)

Below we spell out the example of the Lagrangian field theory of the Dirac field in detail (example 5.9). For
discussion of massive chiral spinor fields one also needs the following, here we just mention this for
completeness:

Proposition 2.33. (chiral spinor mass pairing)

In dimension 2+1 and 3+1, there exists a non-trivial skew-symmetric pairing
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e:SAS—R
which may be normalized such that in the two-component spinor basis of remark 2.32 we have
Ghaa — cababg b a7
Proof. Take the non-vanishing components of € to be

e2=¢l2=¢, =6;=1

and
21—

€ H=e,=€5=—1.

With this equation (17) is checked explicitly. It is clear that € thus defined is skew symmetric as long as the
component algebra is commutative, which is the case for K being Ror C. |l

Causal structure

We need to consider the following concepts and constructions related to the causal structure of Minkowski
spacetime X (def. 2.17).

Definition 2.34. (spacelike, timelike, lightlike directions; past and future)

Given two points x, y € X in Minkowski spacetime (def. 2.17), write

vi=y—x€RP

for their difference, using the vector space structure underlying Minkowski spacetime.

Recall the Minkowski inner product  on R?’ Y given by prop./def. 2.15. Then via remark 2.16 we say that the
difference vector v is

[u=N

. spacelike if n(v,v) > 0,

2. timelike if n(v,v) < 0,
3. lightlike if n(v,v) = 0.

If v is timelike or lightlike then we say that

1.y isin the future of x if y° — x° > 0;

2.y is in the past of x if y° — x° < 0.

Definition 2.35. (causal cones)

For x € X a point in spacetime (an event), we write

Vi),V () X

for the subsets of events that are in the timelike future or in the timelike past of X, respectively (def. 2.34)
called the open future cone and open past cone, respectively, and

70,V s

for the subsets of events that are in the timelike or lightlike future or past, respectivel, called the closed future
cone and closed past cone, respectively.

The union

JO) =V () UV (%)

of the closed future cone and past cone is called the full causal cone of the event x. Its boundary is the light
cone.

More generally for S € X a subset of events we write
7E(S) = uv

for the union of the future/past closed cones of all events in the subset.
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Definition 2.36. (compactly sourced causal support)
Consider a vector bundle E — X (def. 1.10) over Minkowski spacetime (def. 2.17).

Write I"y(E) for the spaces of smooth sections (def. 1.7), and write

I'cp (E) compact support
Iz, +cp(E) compactly sourced future/past support
Iz scp(E) spacelike compact support
I's, (¢ /p)cp(E) future/past compact support

I's,tcp(E) timelike compact support
for the subsets on those smooth sections whose support is

1. (cp) inside a compact subset,
2. (£cp) inside the closed future cone/closed past cone, respectively, of a compact subset,

3. (scp) inside the closed causal cone of a compact subset, which equivalently means that the intersection
with every (spacelike) Cauchy surface is compact (Sanders 13, theorem 2.2),

4. (fcp) inside the past of a Cauchy surface (Sanders 13, def. 3.2),
5. (pcp) inside the future of a Cauchy surface (Sanders 13, def. 3.2),

6. (tcp) inside the future of one Cauchy surface and the past of another (Sanders 13, def. 3.2).

(Béar 14, section 1, Khavkine 14, def. 2.1)

Definition 2.37. (causal order)

Consider the relation on the set P(X) of subsets of spacetime which says a subset §; € X' is not prior to a
subset S, € X, denoted S; VA S,, if S; does not intersect the causal past of S, (def. 2.35), or equivalently that
S, does not intersect the causal future of Sy:

S1VAS, = §5,nNV (S,)=0
e 5N E)=0

(Beware that this is just a relation, not an ordering, since it is not relation.)

If S; VA S, and S, VA S we say that the two subsets are spacelike separated and write

§.><S, = S§;VAS,and S, VAS; .
Definition 2.38. (causal complement and causal closure of subset of spacetime)

For S c X a subset of spacetime, its causal complement Stis the complement of the causal cone:

St = S\ J,(5) .
The causal complement S 1+ of the causal complement S is called the causal closure. If
S=s*++

then the subset S is called a causally closed subset.

Given a spacetime X, we write
CausClsdSubsets(2) € Cat
for the partially ordered set of causally closed subsets, partially ordered by inclusion O, € O,.
Definition 2.39. (adiabatic switching)

For a causally closed subset O € X of spacetime (def. 2.38) say that an adiabatic switching function or infrared
cutoff function for O is a smooth function g, of compact support (a bump function) whose restriction to some

neighbourhood U of O is the constant function with value 1:

Cutoffs(0) = {g,, € CI(2) | 3o (Gguly =1)
neighbourhood
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Often we consider the vector space space C*(X)(g) spanned by a formal variable g (the coupling_constant)
under multiplication with smooth functions, and consider as adiabatic switching functions the corresponding
images in this space,

o2 = 209
which are thus bump functions constant over a neighbourhood U of O not on 1 but on the formal parameter g:
Iswly =9

In this sense we may think of the adiabatic switching as being the spacetime-depependent coupling “constant”.

The following lemma 2.40 will be key in the derivation (proof of prop. below) of the causal locality of algebra of
quantum observables in perturbative quantum field theory:

Lemma 2.40. (causal partition)

Let O c X be a causally closed subset (def. 2.38) and let f € C:;,(Z) be a compactly supported smooth function
which vanishes on a neighbourhood U 2 0, ie. f|, = 0.

Then there exists a causal partition of f in that there exist compactly supported smooth functions a,r € C é’;’, 03]
such that

1. they sumup to f:
f=a+r
2. their support satisfies the following causal ordering (def. 2.37)
supp(a) VA O VA supp(7) .

Proofidea. By assumption O has a Cauchy surface. This may be extended to a Cauchy surface X, of X, such that
this is one leaf of a foliation of X by Cauchy surfaces, given by a diffeomorphism ¥ = (—1,1) X X, with the

original X, at zero. There exists then € € (0, 1) such that the restriction of supp(f) to the interval (—¢, €) is in

the causal complement O of the given region (def. 2.38):

supp(f) N (—€,€) x X, c 0.
Let then y:X — R be any smooth function with
1'X|(—1,o]><2,, =1
2'X|(e,1)xz,, =0.
Then
r=x-f and a=(@1-2-f

are smooth functions as required. W

This concludes our discussion of spin and spacetime. In the next chapter we consider the concept of fields on
spacetime.

3. Fields

In this chapter we discuss these topics:

e Field bundles

Spaces of field histories

Infinitesimal geometry

Fermion fields and Supergeometry

A field history on a given spacetime X (a history of spatial field configurations, see remark 3.2 below) is a
quantity assigned to each point of spacetime (each event), such that this assignment varies smoothly with
a collection of vectors that encode the direction in which a charged particle passing through that point would
feel a force (the “Lorentz force”, see example 3.6 below).
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This is readily formalized (def. 3.1 below): If F denotes the smooth manifold of “values” that the given kind of
field may take at any spacetime point, then a field history @ is modeled as a smooth function from spacetime to
this space of values:

b:N—>F.

It will be useful to unify spacetime and the space of field values (the field fiber) into a single manifold, the
Cartesian product

E = XYXF

and to think of this equipped with the projection map onto the first factor as a fiber bundle of spaces of field
values over spacetime

E = IXF
Pl
z

This is then called the field bundle, which specifies the kind of values that the given field species may take at any
point of spacetime. Since the space F of field values is the fiber of this fiber bundle (def. 1.9), it is sometimes also
called the field fiber. (See also at fiber bundles in physics.)

fb
Given a field bundle E — X, then a field history is a section of that bundle (def. 1.7). The discussion of field theory
concerns the space of all possible field histories, hence the space of sections of the field bundle (example 3.12
below). This is a very “large” generalized smooth space, called a diffeological space (def. 3.10 below).

Or rather, in the presence of fermion fields such as the Dirac field (example 3.50 below), the Pauli exclusion
principle demands that the field bundle is a super-manifold, and that the fermionic space of field histories
(example 3.51 below) is a super-geometric generalized smooth space: a super smooth set (def. 3.40 below).

This smooth structure on the space of field histories will be crucial when we discuss observables of a field theory
below, because these are smooth functions on the space of field histories. In particular it is this smooth structure
which allows to derive that linear observables of a free field theory are given by distributions (prop. 7.5) below.
Among these are the point evaluation observables (delta distributions) which are traditionally denoted by the
same symbol as the field histories themselves.

Hence there are these aspects of the concept of “field” in physics, which are closely related, but crucially
different:

aspects of the concept of fields

aspect term type description def.
coordinate function on def 3.1

field component ¢, (PZ ];(E) - R jet bundle of field def. H
bundle T

. . ik Y jet prolongation of def. 3.1,

D, — Y- E

field history doxH Jz (B) section of field bundle  def. 4.2
derivatives of delta- def. 7.1,

field observable <l>“(x), 6H<l>“(x), I's(E) >R functional on space of  example
sections 7.2

averaging of at - fa* x)®%x) dvoly(x) E*) - E L observable-valued

field observable T ¢ zep(E") = Obs(Esep, L) distribution def. Z.30

algebra of non-commutative

quantum (Obs(E, L)uc, *) CAlg algebra structure on def., def.

observables field observables

field bundles

Definition 3.1. (fields and field histories)

Given a spacetime X, then a type of fields on X is a smooth fiber bundle (def. 1.9)
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called the field bundle,

Given a type of fields on X' this way, then a field history of that type on X is a term of that type, hence is a
smooth section (def. 1.7) of this bundle, namely a smooth function of the form

¢:Y—>E

such that composed with the projection map it is the identity function, i.e. such that

E
fbod =id e, P
y =X
The set of such sections/field histories is to be denoted
E (18)
y(E) =4 ®, P
y =X

Remark 3.2. (field histories are histories of spatial field configurations)

Given a section @ € I'y(E) of the field bundle (def. 3.1) and given a spacelike (def. 2.34) submanifold X, & X
(def. 3.34) of spacetime in codimension 1, then the restriction @|, of @ to X, may be thought of as a field
P

configuration in space. As different spatial slices 2, are chosen, one obtains such field configurations at
different times. It is in this sense that the entirety of a section @ € I'y(E) is a history of field configurations,
hence a field history (def 3.1).

Remark 3.3. (possible field histories)

After we give the set I'y(E) of field histories (18) differential geometric structure, below in example 3.12 and
example 3.46, we call it the space of field histories. This should be read as space of possible field histories;
containing all field histories that qualify as being of the type specified by the field bundle E.

After we obtain equations of motion below in def. 5.24, these serve as the “laws of nature” that field histories
should obey, and they define the subspace of those field histories that do solve the equations of motion; this
will be denoted

FE(E)SELL=0 — I's(E)

and called the on-shell space of field histories (41).

For the time being, not to get distracted from the basic idea of quantum field theory, we will focus on the
following simple special case of field bundles:

Example 3.4. (trivial vector bundle as a field bundle)

In applications the field fiber F = V is often a finite dimensional vector space. In this case the trivial field
bundle with fiber F is of course a trivial vector bundle (def. 1.10).

Choosing any linear basis ((j)a);:l of the field fiber, then over Minkowski spacetime (def. 2.17) we have

canonical coordinates on the total space of the field bundle
(CONCE
where the index py ranges from 0 to p, while the index a ranges from 1 to s.

If this trivial vector bundle is regarded as a field bundle according to def. 3.1, then a field history @ is
equivalently an s-tuple of real-valued smooth functions ®*: 5 — R on spacetime:

d = (o a);: .-
Example 3.5. (field bundle for real scalar field)

If X' is a spacetime and if the field fiber
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F:=R

is simply the real line, then the corresponding trivial field bundle (def. 3.1)

xR
pry 1
)
is the trivial real line bundle (a special case of example 3.4) and the corresponding field type (def. 3.1) is called

the real scalar field on X. A configuration of this field is simply a smooth function on X with values in the real
numbers:

Is(ZxR) = C*(). (19)

Example 3.6. (field bundle for electromagnetic field)

On Minkowski spacetime X' (def. 2.17), let the field bundle (def. 3.1) be given by the cotangent bundle

E=T%.
This is a trivial vector bundle (example 3.4) with canonical field coordinates (a,,).
A section of this bundle, hence a field history, is a differential 1-form
AET(TZ)=0%2)

on spacetime (def. 1.16). Interpreted as a field history of the electromagnetic field on X, this is often called the
vector potential. Then the de Rham differential (def. 1.19) of the vector potential is a differential 2-form

F:=dA

known as the Faraday tensor. In the canonical coordinate basis 2-forms this may be expanded as
L4 . . . 20
F= ZEide/\dx‘+ Z Bijdx' Adx . (20)
i=1

1<i<j<p

Here (El-)g;l are called the components of the electric field, while (B;;) are called the components of the

magnetic field.

Example 3.7. (field bundle for Yang-Mills field over Minkowski spacetime)

Let g be a Lie algebra of finite dimension with linear basis (t,), in terms of which the Lie bracket is given by

[te tﬁ] = yyaﬁty . (21)

Over Minkowski spacetime X (def. 2.17), consider then the field bundle which is the cotangent bundle
tensored with the Lie algebra g

E=TIQRg.
This is the trivial vector bundle (example 3.4) with induced field coordinates
(ap) .
A section of this bundle is a Lie algebra-valued differential 1-form
AET(TE®9)=0'(Z,9).
with components

A'(af) = AL

below).
For g = Ris the line Lie algebra, this reduces to the case of the electromagnetic field (example 3.6).

For g = su(3) this is a field history for the gauge field of the strong nuclear force in quantum chromodynamics.

For readers familiar with the concepts of principal bundles and connections on a bundle we include the following
example 3.8 which generalizes the Yang-Mills field over Minkowski spacetime from example 3.7 to the situation
over general spacetimes.
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Example 3.8. (general Yang-Mills field in fixed topological sector)

Let 2 be any spacetime manifold and let G be a compact Lie group with Lie algebra denoted g. Let P 3z bea
G-principal bundle and V, a chosen connection on it, to be called the background G-Yang-Mills field.

Then the field bundle (def. 3.1) for G-Yang-Mills theory in the topological sector P is the tensor product of
vector bundles

E=(Px3g) ®; (T2
of the adjoint bundle of P and the cotangent bundle of X.
With the choice of V, every (other) connection V on P uniquely decomposes as
V=Vy,+4,
where
A€Ty(E)

is a section of the above field bundle, hence a Yang-Mills field history.

The electromagnetic field (def. 3.6) and the Yang-Mills field (def. 3.7, def. 3.8) with differential 1-forms as field
histories are the basic examples of gauge fields (we consider this in more detail below in Gauge symmetries).
There are also higher gauge fields with differential n-forms as field histories:

Example 3.9. (field bundle for B-field)

On Minkowski spacetime X' (def. 2.17), let the field bundle (def. 3.1) be given by the skew-symmetrized tensor
product of vector bundles of the cotangent bundle with itself

E= A:T'Y.
This is a trivial vector bundle (example 3.4) with canonical field coordinates (b, ) subject to

b, = —b

uv v

A section of this bundle, hence a field history, is a differential 2-form (def. 1.18)

BET(AST'E) = 0%(2)

on spacetime.

space of field histories

Given any field bundle, we will eventually need to regard the set of all field histories I'y(E) as a “smooth set”

itself, a smooth space of sections, to which constructions of differential geometry apply (such as for the
discussion of observables and states below ). Notably we need to be talking about differential forms on I'y (E).

However, a space of sections I'y(E) does not in general carry the structure of a smooth manifold; and it carries
the correct smooth structure of an infinite dimensional manifold only if X is a compact space (see at manifold
structure of mapping spaces). Even if it does carry infinite dimensional manifold structure, inspection shows that

this is more structure than actually needed for the discussion of field theory. Namely it turns out below that all
we need to know is what counts as a smooth family of sections/field histories, hence which functions of sets

¢(,) H Rn i FE(E)

from any Cartesian space R™ (def. 1.1) into I'y(E) count as smooth functions, subject to some basic consistency
condition on this choice.

This structure on I'y (E) is called the structure of a diffeological space:
Definition 3.10. (diffeological space)
A diffeological space X is

l.aset X, € Set;

2. for eachn € N a choice of subset
X(Rn) c HomSet(R;LrXs) = {Rg - Xs}
of the set of functions from the underlying set Rj' of R™ to X, to be called the smooth functions or plots
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from R™ to X;

3. for each smooth function f : R™ — R™ between Cartesian spaces (def. 1.1) a choice of function
f7 X(R™) — X(R™)
to be thought of as the precomposition operation

(R”z 2 X) N (R”l Lrmd X)

such that
1. (constant functions are smooth)
X(R%) = X;,
2. (functoriality)
1.1f idgn : R™ - R™ is the identity function on R™ then (idgn)" : X(R™) — X(R™) is the identity
function on the set of plots X(R™);

2.1f R™ L R™ 5 R™ are two composable smooth functions between Cartesian spaces (def. 1.1),
then pullback of plots along them consecutively equals the pullback along the composition:

ffog=(g°f)

ie.
X(R™)
v I’
X(R™) — X(R™)
g9
3. (gluing)

f;
If {U; = Rn}iel is a differentiably good open cover of a Cartesian space (def. 1.5) then the function which

restricts R™-plots of X to a set of U;-plots

((FD e
X®R™) — [[xwy
i€l
is a bijection onto the set of those tuples (®; € X(U;)),, of plots, which are “matching families” in that

they agree on intersections:

¢i|uinuj = ¢jluinuj

Finally, given X, and X, two diffeological spaces, then a smooth function between them

f:X:— X,

¢ a function of the underlying sets
fs F (X)), — (X2),

such that

o for @ € X(R™) a plot of X4, then the composition fgoPsisaplot f, (D) of X3:

RTL
@, V@)
X4 7) X,

(Stated more abstractly, this says simply that diffeological spaces are the concrete sheaves on the site of
Cartesian spaces from def. 1.5.)

For more background on diffeological spaces see also geometry of physics — smooth sets.

Example 3.11. (Cartesian spaces are diffeological spaces)

Let X be a Cartesian space (def. 1.1) Then it becomes a diffeological space (def. 3.10) by declaring its plots
@ € X(R™) to the ordinary smooth functions @:R™ - X.

Under this identification, a function f : (X1), = (X2), between the underlying sets of two Cartesian spaces is

a smooth function in the ordinary sense precisely if it is a smooth function in the sense of diffeological spaces.
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Stated more abstractly, this statement is an example of the Yoneda embedding over a subcanonical site.

More generally, the same construction makes every smooth manifold a smooth set.

Example 3.12. (diffeological space of field histories)

fb
Let E = X be a smooth field bundle (def. 3.1). Then the set I';(E) of field histories/sections (def. 3.1) becomes
a diffeological space (def. 3.10)

I's(E) € DiffeologicalSpaces (22)

by declaring that a smooth family @ _, of field histories, parameterized over any Cartesian space U is a smooth

function out of the Cartesian product manifold of X with U

o) (-)
Uxz —5 E
wx) D)

such that for each u € U we have p o @, (=) = idy;, i.e.

E
22 oMb
UxX — X

pr,

The following example 3.13 is included only for readers who wonder how infinite-dimensional manifolds fit in.
Since we will never actually use infinite-dimensional manifold-structure, this example is may be ignored.

Example 3.13. (Fréchet manifolds are diffeological spaces)

Consider the particular type of infinite-dimensional manifolds called Fréchet manifolds. Since ordinary smooth
manifolds U are an example, for X a Fréchet manifold there is a concept of smooth functions U — X. Hence we
may give X the structure of a diffeological space (def. 3.10) by declaring the plots over U to be these smooth
functions U — X, with the evident postcomposition action.

It turns out that then that for X and Y two Fréchet manifolds, there is a natural bijection between the smooth
functions X — Y between them regarded as Fréchet manifolds and [regarded as . Hence it does not matter
which of the two perspectives we take (unless of course a more general than a enters the picture, at which
point the second definition generalizes, whereas the first does not).]

Stated more abstractly, this means that Fréchet manifolds form a full subcategory of that of diffeological spaces
(this prop.):

FrechetManifolds < DiffeologicalSpaces .

If X' is a compact smooth manifold and E = X' X F — X is a trivial fiber bundle with fiber F a smooth manifold,
then the set of sections 'y (E) carries a standard structure of a Fréchet manifold (see at manifold structure of

mapping_spaces). Under the above inclusion of Fréchet manifolds into diffeological spaces, this smooth

structure agrees with that from example 3.12 (see this prop.)

Once the step from smooth manifolds to diffeological spaces (def. 3.10) is made, characterizing the smooth
structure of the space entirely by how we may probe it by mapping smooth Cartesian spaces into it, it becomes
clear that the underlying set X of a diffeological space X is not actually crucial to support the concept: The space
is already entirely defined structurally by the system of smooth plots it has, and the underlying set X is
recovered from these as the set of plots from the point R

This is crucial for field theory: the spaces of field histories of fermionic fields (def. 3.45 below) such as the Dirac
field (example 3.51 below) do not have underlying sets of points the way diffeological spaces have. Informally,
the reason is that a point is a bosonic object, while and the nature of fermionic fields is the opposite of bosonic.

But we may just as well drop the mentioning of the underlying set X in the definition of generalized smooth
spaces. By simply stripping this requirement off of def. 3.10 we obtain the following more general and more
useful definition (still “bosonic”, though, the supergeometric version is def. 3.40 below):

Definition 3.14. (smooth set)

A smooth set X is

1. for each n € N a choice of set
X(R™) € Set

to be called the set of smooth functions or plots from R™ to X;
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2. for each smooth function f : R™ — R™ between Cartesian spaces a choice of function
f7 1 X(R™) — X(R™)
to be thought of as the precomposition operation

(an 2 X) N (Rnl Lrm S X)

such that

1. (functoriality)
1.1f idgn : R™ — R™ is the identity function on R™ then (idgn)" : X(R™) —» X(R™) is the identity
function on the set of plots X(R™).
f
2.0f R 5 R™ % R™ are two composable smooth functions between Cartesian spaces, then

consecutive pullback of plots along them equals the pullback along the composition:

fregr=(gef)

ie.
X(R™)
Fy K9
X(R™) — X(R™)
g
2. (gluing)

If {U; 5 ]R"}l.el is a differentiably good open cover of a Cartesian space (def. 1.5) then the function which

restricts R™-plots of X to a set of U;-plots
((CDHBF
XR") = [[xWy
i€l
is a bijection onto the set of those tuples (P; € X(U;)),, of plots, which are “matching families” in that

they agree on intersections:

¢i|uinuj :d)jlu,-nuj Le. Ui Uj

Finally, given X; and X, two smooth sets, then a smooth function between them

f:X1—X,

e foreachn € N a function
f.(R™) : X1 (R™) — X, (R™)

such that
o for each smooth function g:R™ — R™ between Cartesian spaces we have
nyy fLR™2) n
X1 (R™) —— X(R™)
gyof,(R™) =f (R™)eg; i.e. ie. g;l Lg,
X, (R™mM) —— X,(R™
1R s X (R

Stated more abstractly, this simply says that smooth sets are the sheaves on the site of Cartesian spaces from def.
15

Basing differential geometry on smooth sets is an instance of the general approach to geometry called functorial
geometry or topos theory. For more background on this see at geometry of physics — smooth sets.

First we verify that the concept of smooth sets is a consistent generalization:
Example 3.15. (diffeological spaces are smooth sets)

Every diffeological space X (def. 3.10) is a smooth set (def. 3.14) simply by forgetting its underlying set of
points and remembering only its sets of plot.

In particular therefore each Cartesian space R" is canonically a smooth set by example 3.11.

Moreover, given any two diffeological spaces, then the morphisms f:X — Y between them, regarded as
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diffeological spaces, are the same as the morphisms as smooth sets.

Stated more abstractly, this means that we have full subcategory inclusions

CartesianSpaces < DiffeologicalSpaces <~ SmoothSets .

Recall, for the next proposition 3.16, that in the definition 3.14 of a smooth set X the sets X(R™) are abstract sets
which are to be thought of as would-be smooth functions “R™ — X”. Inside def. 3.14 this only makes sense in
quotation marks, since inside that definition the smooth set X is only being defined, so that inside that definition
there is not yet an actual concept of smooth functions of the form “R™ — X",

But now that the definition of smooth sets and of morphisms between them has been stated, and seeing that
Cartesian space R™ are examples of smooth sets, by example 3.15, there is now an actual concept of smooth
functions R™ — X, namely as smooth sets. For the concept of smooth sets to be consistent, it ought to be true
that this a posteriori concept of smooth functions from Cartesian spaces to smooth sets coincides wth the a priori
concept, hence that we “may remove the quotation marks” in the above. The following proposition says that this
is indeed the case:

Proposition 3.16. (plots of a smooth set really are the smooth functions into the smooth set)

Let X be a smooth set (def. 3.14). Forn € R, there is a natural function

Homgmoothset(R™, X) —— X(R™)

from the set of homomorphisms of smooth sets from R™ (regarded as a smooth set via example 3.15) to X, to the
set of plots of X over R", given by evaluating on the identity plot idgn.

This function is a bijection.

This says that the plots of X, which initially bootstrap X into being as declaring the would-be smooth functions
into X, end up being the actual smooth functions into X.

Proof. This elementary but profound fact is called the Yoneda lemma, here in its incarnation over the site of
Cartesian spaces (def. 1.1). l

A key class of examples of smooth sets (def. 3.14) that are not diffeological spaces (def. 3.10) are universal
smooth moduli spaces of differential forms:

Example 3.17. (universal smooth moduli spaces of differential forms)

For k € N there is a smooth set (def. 3.14)

0F € SmoothSet
defined as follows:

1. for n € N the set of plots from R" to Q¥ is the set of smooth differential k-forms on R™ (def. 1.18)
Q' R™) = 2*R™)
2.for f:R™ — R™ a smooth function (def. 1.1) the operation of pullback of plots along f is just the

pullback of differential forms f~ from prop. 1.21
R™  0R™)

lf Tf’
R™ 0FR™)

That this is functorial is just the standard fact (7) from prop. 1.21.

For k = 1 the smooth set 0° actually is a diffeological space, in fact under the identification of example 3.15
this is just the real line:

Q% ~R!
But for k > 1 we have that the set of plots on R%= +isa singleton
Q"= 1(R") = {0

consisting just of the zero differential form. The only diffeological space with this property is R® =  itself.
But %=1 is far from being that trivial: even though its would-be underlying set is a single point, for alln > k
it admits an infinite set of plots. Therefore the smooth sets Q*for k > are not diffeological spaces.
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That the smooth set Q¥ indeed deserves to be addressed as the universal moduli space of differential k-forms
follows from prop. 3.16: The universal moduli space of k-forms ought to carry a universal differential k-forms
Wyniv € .Qk(ﬂ.k) such that every differential k-form w on any R" arises as the pullback of differential forms of

this universal one along some modulating morphism f :X — Qk;

(Fo)"
{w} — {wuniv}

X — o
fa)

But with prop. 3.16 this is precisely what the definition of the plots of QF says.

Similarly, all the usual operations on differential form now have their universal archetype on the universal
moduli spaces of differential forms

In particular, for k € N there is a canonical morphism of smooth sets of the form

ok, gk+1
defined over R™ by the ordinary de Rham differential (def. 1.19)
Q*(R™) 4 QFHLR™) | (23)

That this satisfies the compatibility with precomposition of plots

]Rnl _Qk(]Rni) i nk+1(Rn1)

I s s

R™  0Q¥R™) - Q¥ (R™)
is just the compatibility of pullback of differential forms with the de Rham differential of from prop. 1.21.

The upshot is that we now have a good definition of differential forms on any diffeological space and more
generally on any smooth set:

Definition 3.18. (differential forms on smooth sets)

Let X be a diffeological space (def. 3.10) or more generally a smooth set (def. 3.14) then a differential k-form w
on X is equivalently a morphism of smooth sets

X — QF

from X to the universal smooth moduli space of differential froms from example 3.17.

Concretely, by unwinding the definitions of QF and of morphisms of smooth sets, this means that such a
differential form is:

@
e for eachn € N and each plot R™ — X an ordinary differential form
" (w) € N°(R™)

such that

o for each smooth function f : R™ — R™ between Cartesian spaces the ordinary pullback of differential

@
forms along f is compatible with these choices, in that for every plot R™ — X we have

f(@ (W) = ("W

ie.
R L Rm O'R™) L owm
Fo /o oy N 7
X QX

We write 2°(X) for the set of differential forms on the smooth set X defined this way.

Moreover, given a differential k-form
x5 ok

_Qk+1

on a smooth set X this way, then its de Rham differential dw € (X) is given by the composite of

morphisms of smooth sets with the universal de Rham differential from (23):
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do : X 5 k5 gkt (24)
Explicitly this means simply that for @:U — X a plot, then
?'(dw) = d(®@'w) € 2T (U).

The usual operations on ordinary differential forms directly generalize plot-wise to differential forms on
diffeological spaces and more generally on smooth sets:

Definition 3.19. (exterior differential and exterior product on smooth sets)

Let X be a diffeological space (def. 3.10) or more generally a smooth set (def. 3.14). Then

1. For w € N™(X) a differential form on X (def. 3.18) its exterior differential
dw € 2"TH(X)

@
is defined on any plot R™ — X as the ordinary exterior differential of the pullback of w along that plot:
" (dw) = do"(w) .

2.For w; € 2™ and w, € 2™ (X) two differential forms on X (def. 3.18) then their exterior product
wi Aw, € NMT2(X)

@
is the differential form defined on any plot R™ — X as the ordinary exterior product of the pullback of th
differential forms w; and w,, to this plot:

D (W Awy) = P (w) AP (wy) .

Infinitesimal geometry

It is crucial in field theory that we consider field histories not only over all of spacetime, but also restricted to
submanifolds of spacetime. Or rather, what is actually of interest are the restrictions of the field histories to the
infinitesimal neighbourhoods (example 3.30 below) of these submanifolds. This appears notably in the
construction of phase spaces below. Moreover, fermion fields such as the Dirac field (example 3.50 below) take
values in graded infinitesimal spaces, called super spaces (discussed below). Therefore “infinitesimal geometry”,
sometimes called formal geometry (as in “formal scheme”) or synthetic differential geometry or synthetic
differential supergeometry, is a central aspect of field theory.

In order to mathematically grasp what infinitesimal neighbourhoods are, we appeal to the first magic algebraic
property of differential geometry from prop. 1.15, which says that we may recognize smooth manifolds X dually

in terms of their commutative algebras C®(X) of smooth functions on them

C*®(-) : SmoothManifolds < (R Algebras)®P .

But since there are of course more algebras A € R Algebras than arise this way from smooth manifolds, we may

turn this around and try to regard any algebra A as defining a would-be space, which would have A as its algebra
of functions.

For example an infinitesimally thickened point should be a space which is “so small” that every smooth function f
on it which vanishes at the origin takes values so tiny that some finite power of them is not just even more tiny,
but actually vanishes:

Definition 3.20. (infinitesimally thickened Cartesian space)

An infinitesimally thickened point

D := Spec(4)

is represented by a commutative algebra A € R Alg which as a real vector space is a direct sum

=g(lYDV

of the 1-dimensional space (1) = R of multiples of 1 with a finite dimensional vector space V that is a
nilpotent ideal in that for each element a € V there exists a natural number n € N such that

an+1 =0.
More generally, an infinitesimally thickened Cartesian space
R"x D := R"x Spec(4)

is represented by a commutative algebra
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C*(RMH® A € RAlg

which is the tensor product of algebras of the algebra of smooth functions C*(R™) on an actual Cartesian

space of some dimension n (example 1.3), with an algebra of functions A =~k (1) @ V of an infinitesimally
thickened point, as above.

We say that a smooth function between two infinitesimally thickened Cartesian spaces

R™ X Spec(4;) L rm x Spec(4,)

is by definition dually an R-algebra homomorphism of the form

C*(R™) ® A, <f— C®(R™) ® A, .

Example 3.21. (infinitesimal neighbourhoods in the real line )

Consider the quotient algebra of the formal power series algebra R[[€]] in a single parameter € by the ideal
generated by €2:

(R[[e]])/(€*) =g RDeR.

(This is sometimes called the algebra of dual numbers, for no good reason.) The underlying real vector space of
this algebra is, as show, the direct sum of the multiples of 1 with the multiples of €. A general element in this
algebra is of the form

a+ be € (R[e])/(?)

where a,b € R are real numbers. The product in this algebra is given by “multiplying out” as usual, and
discarding all terms proportional to €2

(ay + bi€) - (ay + bye) = aja, + (a;b, + biay)e.

We may think of an element a + be as the truncation to first order of a Taylor series at the origin of a smooth
function on the real line

f:R->R
where a = f(0) is the value of the function at the origin, and where b = %(0) is its first derivative at the
origin.

Therefore this algebra behaves like the algebra of smooth function on an infinitesimal neighbourhood D! of
0 € R which is so tiny that its elements € € D' & R become, upon squaring them, not just tinier, but actually
Zero:

This intuitive picture is now made precise by the concept of infinitesimally thickened points def. 3.20, if we
simply set

D' = Spec(R[[e]]/ (%)
and observe that there is the inclusion of infinitesimally thickened Cartesian spaces
D' R!
which is dually given by the algebra homomorphism
R @D eR £ C*(RY
fO+2L0) « (3

which sends a smooth function to its value f(0) at zero plus € times its derivative at zero. Observe that this is
indeed a homomorphism of algebras due to the product law of differentiation, which says that
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Hence we see that restricting a smooth function to the infinitesimal neighbourhood of a point is equivalent to
restricting attention to its Taylor series to the given order at that point:

p! & R
(err©@+Loe b
RY
Similarly for each k € N the algebra
(RI[€]])/ (€Y

may be thought of as the algebra of Taylor series at the origin of R of smooth functions R — R, where all terms
of order higher than k are discarded. The corresponding infinitesimally thickened point is often denoted

D'(k) = Spec((R[[e]])/(e**) .

This is now the subobject of the real line

D*(k) — R*!
on those elements € such that e¥*1 = 0.

(Kock 81, Kock 10)

The following example 3.22 shows that infinitesimal thickening is invisible for ordinary spaces when mapping
out of these. In contrast example 3.23 further below shows that the morphisms into an ordinary space out of an
infinitesimal space are interesting: these are tangent vectors and their higher order infinitesimal analogs.

Example 3.22. (infinitesimal line D ! has unique global point)

For R™ any ordinary Cartesian space (def. 1.1) and D'(k) & R? the order-k infinitesimal neighbourhood of
the origin in the real line from example 3.21, there is exactly only one possible morphism of infinitesimally
thickened Cartesian spaces from R" to D (k):

R" 2 epie)

Proof. By definition such a morphism is dually an algebra homomorphism
s
C¥(R™) < (R[[e]])/(*+") =g R D O(e)
from the higher order “algebra of dual numbers” to the algebra of smooth functions (example 1.3).
Now this being an R-algebra homomorphism, its action on the multiples ¢ € R of the identity is fixed:
ff=1.

All the remaining elements are proportional to €, and hence are nilpotent. However, by the homomorphism
property of an algebra homomorphism it follows that it must send nilpotent elements € to nilpotent elements
f(€), because

(@) = ek
= £'(0)
=0

But the only nilpotent element in C”(R™) is the zero element, and hence it follows that
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fe=0.
Thus f” as above is uniquely fixed. W

Example 3.23. (synthetic tangent vector fields)

Let R™ be a Cartesian space (def. 1.1), regarded as an infinitesimally thickened Cartesian space (def. 3.20) and
consider D' == Spec((R[[€]])/(€2)) the first order infinitesimal line from example 3.21.

Then homomorphisms of infinitesimally thickened Cartesian spaces of the form

v

R" x D* - R"
pr, N ‘/id
R"l
hence smoothly X-parameterized collections of morphisms

P, : D' > R"

which send the unique base point R(D') = * (example 3.22) to x € R", are in natural bijection with tangent
vector fields v € I'gn(TR™) (example 1.12).

Proof. By definition, the morphisms in question are dually R-algebra homomorphisms of the form
(C*(R™ @ eC*(R™) — C*(R™)
which are the identity modulo €. Such a morphism has to take any function f € C”(R"™) to
f+(0f)e

for some smooth function (df) € C*(R™). The condition that this assignment makes an algebra

homomorphism is equivalent to the statement that for all f, f, € C”(R™) we have
(Fof, + O f e = (FL+0fDe) - (F, +(9f)e) .
Multiplying this out and using that €? = 0, this is equivalent to
a(f f) =fDf, +f,(0f,) .
This in turn means equivalently that 0 : C*(R™) — C®(R™) is a derivation.

With this the statement follows with the third magic algebraic property of smooth functions (prop. 1.15):
derivations of smooth functions are vector fields. W

We need to consider infinitesimally thickened spaces more general than the thickenings of just Cartesian spaces
in def. 3.20. But just as Cartesian spaces (def. 1.1) serve as the local test geometries to induce the general concept
of diffeological spaces and smooth sets (def. 3.14), so using infinitesimally thickened Cartesian spaces as test
geometries immediately induces the corresponding generalization of smooth sets with infinitesimals:

Definition 3.24. (formal smooth set)

A formal smooth set X is

1. for each infinitesimally thickened Cartesian space R™ X Spec(4) (def. 3.20) a set
X(R™ X Spec(4)) € Set
to be called the set of smooth functions or plots from R™ X Spec(A) to X;

2.for each smooth function f : R™ X Spec(4;) — R™ X Spec(4,) between infinitesimally_thickened
Cartesian spaces a choice of function
f*: X(R™ x Spec(4,)) — X(R™ x Spec(4,))
to be thought of as the precomposition operation

(an 2, X) L (]R{”l x Spec(4,) L R™ x Spec(4z) g X)
such that

1. (functoriality)
LIf idgny specay : R™ X Spec(4) —» R™ x Spec(A) is the identity function on R™ X Spec(4), then

(id]RnXSpec(A))* : X(R™ x Spec(4)) - X(R™ x Spec(A)) is the identity function on the set of plots
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X(R™ X Spec(4));

2.1f R™ X Spec(4;) L R x Spec(4,) % R™ x Spec(43) are two composable smooth functions
between infinitesimally thickened Cartesian spaces, then pullback of plots along them consecutively
equals the pullback along the composition:

freg=(gef)

ie.
X(R™ x Spec(4,))
Iy NI’
X(R™ x Spec(4,)) s X(R™ x Spec(43))
go
2. (gluing)
fixidspeca) —_p .
If {U; x Spec(A) ——— R" x Spec(4)},, is such that

{Ui -R }iEl
in a differentiably good open cover (def. 1.5) then the function which restricts R™ X Spec(A)-plots of X to

aset of U; X Spec(A4)-plots
CD))
X(R™ x Spec(4)) —— [ X(U; x Spec(4))
iel

is a bijection onto the set of those tuples (P; € X(U;)),, of plots, which are “matching families” in that
they agree on intersections:
¢i |((Ui NUj) xSpec(4) = d)jl(Ui NnUj) xSpec(4)
(U;nUj) X Spec(4)
/ N
U; X Spec(4) U; X Spec(4)
oy ey
X

Finally, given X; and X, two formal smooth sets, then a smooth function between them

fiXi— X,

o for each infinitesimally thickened Cartesian space R™ X Spec(A4) (def. 3.20) a function
f.(R™ x Spec(A4)) : X1 (R™ x Spec(4)) — X,(R" x Spec(4))

such that

e for each smooth function g:R™ X Spec(4;) = R™ x Spec(4,) between infinitesimally thickened

Cartesian spaces we have
g5 ° f.(R"2 x Spec(4,)) = f,(R™ x Spec(4,)) ° g;

ie.
R™2 x Spec(A
Xy (R™ x Spec(d,)) Pl s mm x Spec(d,))
g; ! g,
X, (R™ x Spec(4,)) ) X,(R™ X Spec(4;))
(Dubuc 79)

Basing infinitesimal geometry on formal smooth sets is an instance of the general approach to geometry called
functorial geometry or topos theory. For more background on this see at geometry of physics — manifolds and

orbifolds.

We have the evident generalization of example 3.11 to smooth geometry with infinitesimals:

Example 3.25. (infinitesimally thickened Cartesian spaces are formal smooth sets)

For X an infinitesimally thickened Cartesian space (def. 3.20), it becomes a formal smooth set according to def.
3.24 by taking its plots out of some R™ X D to be the homomorphism of infinitesimally thickened Cartesian
spaces:

X(R" X D) := Homgormalcartsp (R™ X D, X) .
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(Stated more abstractly, this is an instance of the Yoneda embedding over a subcanonical site.)

Example 3.26. (smooth sets are formal smooth sets)

Let X be a smooth set (def. 3.14). Then X becomes a formal smooth set (def. 3.24) by declaring the set of plots
X(R™ x D) over an infinitesimally thickened Cartesian space (def. 3.20) to be equivalence classes of pairs

R"xD — R¥, RFoX

of a morphism of infinitesimally thickened Cartesian spaces and of a plot of X, as shown, subject to the
equivalence relation which identifies two such pairs if there exists a smooth function f : R* - R¥ such that

R™ x D
/ N
Rk i) Rk!
]Rk N Rk!
f
N 4
X

Stated more abstractly this says that X as a formal smooth set is the left Kan extension (see this example) of X
as a smooth set along the functor that includes Cartesian spaces (def. 1.1) into infinitesimally thickened
Cartesian spaces (def. 3.20).

Definition 3.27. (reduction and infinitesimal shape)

For R™ X D an infinitesimally thickened Cartesian space (def. 3.20) we say that the underlying ordinary
Cartesian space R™ (def. 1.1) is its reduction

R(R"x D) == R".
There is the canonical inclusion morphism
RR"XD) =R"—— R"x D

which dually corresponds to the homomorphism of commutative algebras

C®(R™) — C®(R™) Qg A
which is the identity on all smooth functions f € C*(R™) and is zero on all elements a €V C A in the

nilpotent ideal of A (as in example 3.22).

Given any formal smooth set X, we say that its infinitesimal shape or de Rham shape (also: de Rham stack) is the
formal smooth set 3X (def. 3.24) defined to have as plots the reductions of the plots of X, according to the
above:

BNW) = XRW)) .
There is a canonical morphism of formal smooth set
Ny X —3X
which takes a plot
U=R"xD L x

to the composition

f
RO R"XD & X
regarded as a plot of IX.
Example 3.28. (mapping space out of an infinitesimally thickened Cartesian space)

Let X be an infinitesimally thickened Cartesian space (def. 3.20) and let Y be a formal smooth set (def. 3.24).
Then the mapping space

[X,Y] € FormalSmoothSet

of smooth functions from X to Y is the formal smooth set whose U-plots are the morphisms of formal smooth
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sets from the Cartesian product of infinitesimally thickened Cartesian spaces U X X to Y, hence the
U X X-plots of Y:

[X,Y](U) = YU %X X) .
Example 3.29. (synthetic tangent bundle)

Let X := R" be a Cartesian space (def. 1.1) regarded as an infinitesimally thickened Cartesian space (3.20) and
thus regarded as a formal smooth set (def. 3.24) by example 3.25. Consider the infinitesimal line

D! o R?

from example 3.21. Then the mapping space [D l,X] (example 3.28) is the total space of the tangent bundle TX

(example 1.12). Moreover, under restriction along the reduction * — DY, this is the full tangent bundle
projection, in that there is a natural isomorphism of formal smooth sets of the form

TX =~ [DX]
th | JFophx]
X = [*,X]

In particular this implies immediately that smooth sections (def. 1.7) of the tangent bundle

[DYLX] =TX
va !
X = X
are equivalently morphisms of the form
X
v lid

XxD! — X
pry

which we had already identified with tangent vector fields (def. 1.12) in example 3.23.
Proof. This follows by an analogous argument as in example 3.23, using the Hadamard lemma. W

While in infinitesimally thickened Cartesian spaces (def. 3.20) only infinitesimals to any finite order may exist, in
formal smooth sets (def. 3.24) we may find infinitesimals to any arbitrary finite order:

Example 3.30. (infinitesimal neighbourhood)

Let X be a formal smooth sets (def. 3.24) Y < X a sub-formal smooth set. Then the infinitesimal neighbourhood
to arbitrary infinitesimal order of Y in X is the formal smooth set Ny Y whose plots are those plots of X

R™ x Spec(4) > X
such that their reduction (def. 3.27)
R™ & R™ X Spec(4) Lx
factors through a plot of Y.

This allows to grasp the restriction of field histories to the infinitesimal neighbourhood of a submanifold of
spacetime, which will be crucial for the discussion of phase spaces below.

Definition 3.31. (field histories on infinitesimal neighbourhood of submanifold of spacetime)

fb
Let E — Y be a field bundle (def. 3.1) and let S < X be a submanifold of spacetime.

We write Nz(S) < 2 for its infinitesimal neighbourhood in X' (def. 3.30).

Then the set of field histories restricted to S, to be denoted
Ig(E) = Tyy5)(Ely,s) €H (25)

is the set of section of E restricted to the infinitesimal neighbourhood N> (S) (example 3.30).
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We close the discussion of infinitesimal differential geometry by explaining how we may recover the concept of
smooth manifolds inside the more general formal smooth sets (def./prop. 3.34 below). The key point is that the
presence of infinitesimals in the theory allows an intrinsic definition of local diffeomorphisms/formally étale
morphism (def. 3.32 and example 3.33 below). It is noteworthy that the only role this concept plays in the
development of field theory below is that smooth manifolds admit triangulations by smooth singular simplices
(def. 1.23) so that the concept of fiber integration of differential forms is well defined over manifolds.

Definition 3.32. (local diffeomorphism of formal smooth sets)

Let X,Y be formal smooth sets (def. 3.24). Then a morphism between them is called a local diffeomorphism or
formally étale morphism, denoted

FixSy,

if f if for each infinitesimally thickened Cartesian space (def. 3.20) R™ X ID we have a natural identification
between the R™ X D-plots of X with those R™n X D-plots of Y whose reduction (def. 3.27) comes from an
R™-plot of X, hence if we have a natural fiber product of sets of plots

X(R"x D) = Y(R"x D) yfﬁx]; ' X(R™

i.e.
X(R"x D)
7/ N
Y(R" x D) (pb) X(R™
N "4
Y(R™

for all infinitesimally thickened Cartesian spaces R™ X ID.

Stated more abstractly, this means that the naturality square of the unit of the infinitesimal shape J (def. 3.27)
is a pullback square

x X 3x

F1 o pb) V¥

Yy — 3JY
My

(Khavkine-Schreiber 17, def. 3.1)

Example 3.33. (local diffeomorphism between Cartesian spaces from the general definition)

For X,Y € CartSp two ordinary Cartesian spaces (def. 1.1), regarded as formal smooth sets by example 3.25
then a morphism f:X — Y between them is a local diffeomorphism in the general sense of def. 3.32 precisely
if it is so in the ordinary sense of def. 1.4.

(Khavkine-Schreiber 17, prop. 3.2)
Definition/Proposition 3.34. (smooth manifolds)
A smooth manifold X of dimension n € N is
» adiffeological space (def. 3.10)

such that

@,
1. there exists an indexed set {R" - X}iEI of morphisms of formal smooth sets (def. 3.24) from Cartesian

spaces R™ (def. 1.1) (regarded as formal smooth sets via example 3.11, example 3.15 and example 3.26)
into X, (regarded as a formal smooth set via example 3.15 and example 3.26) such that
1. every point x € X, is in the image of at least one of the ¢;

2. every ¢, is a local diffeomorphism according to def. 3.32;

2. the final topology induced by the set of plots of X makes X a paracompact Hausdorff space.

(Khavkine-Schreiber 17, example 3.4)

For more on smooth manifolds from the perspective of formal smooth sets see at geometry of physics — manifolds
and orbifolds.
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fermion fields and supergeometry

Field theories of interest crucially involve fermionic fields (def. 3.45 below), such as the Dirac field (example 3.50
below), which are subject to the “Pauli exclusion principle”, a key reason for the stability of matter.
Mathematically this principle means that these fields have field bundles whose field fiber is not an ordinary
manifold, but an odd-graded supermanifold (more on this in remark 5.23 and remark 5.31 below).

This “supergeometry” is an immediate generalization of the infinitesimal geometry above, where now the
infinitesimal elements in the algebra of functions may be equipped with a grading: one speaks of superalgebra.

The “super”-terminology for something as down-to-earth as the mathematical principle behind the stability of
matter may seem unfortunate. For better or worse, this terminology has become standard since the middle of the
20th century. But the concept that today is called supercommutative superalgebra was in fact first considered by
Grassmann 1844 who got it right (“Ausdehnungslehre”) but apparently was too far ahead of his time and
remained unappreciated.

Beware that considering supergeometry does not necessarily involve considering “supersymmetry”.
Supergeometry is the geometry of fermion fields (def. 3.45 below), and that all matter fields in the observable
universe are fermionic has been experimentally established since the Stern-Gerlach experiment in 1922.
Supersymmetry, on the other hand, is a hypothetical extension of spacetime-symmetry within the context of
supergeometry. Here we do not discuss supersymmetry; for details see instead at geometry of physics —
supersymmetry.

Definition 3.35. (supercommutative superalgebra)

A real Z/2-graded algebra or superalgebra is an associative algebra A over the real numbers together with a
direct sum decomposition of its underlying real vector space

A =R Aeven @ Aodd ’

such that the product in the algebra respects the multiplication in the cyclic group of order 2
Z/2 = {even,odd}:

Aeven * Aeven Aodd * Aeven
c Aeven c Aodd .

Aodd : Aodd Aeven : Aodd

This is called a supercommutative superalgebra if for all elements a,, a, € A which are of homogeneous degree
|a;| € Z/2 = {even, odd} in that

a; € Ag; € A
we have
a; - a; = (_1)|a1”a2|a2 cay
A homomorphism of superalgebras
f:A—A

is a homomorphism of associative algebras over the real numbers such that the Z/2-grading is respected in
that

f(Aeven) c A’even f(Aodd) c Alodd .

For more details on superalgebra see at geometry of physics - superalgebra.

Example 3.36. (basic examples of supercommutative superalgebras)
Basic examples of supercommutative superalgebras (def. 3.35) include the following:

1. Every commutative algebra A becomes a supercommutative superalgebra by declaring it to be all in even
degree: A = Aegyen-

2.For V a finite dimensional real vector space, then the Grassmann algebra A:= AR V" is a

supercommutative superalgebra with Agyen = A" V*and Aggq = A4 V",

More explicitly, if V = R® is a Cartesian space with canonical dual coordinates (Bi)l.s=1 then the
Grassmann algebra A* (R®)" is the real algebra which is generated from the 6" regarded in odd degree
and hence subject to the relation

6'-0/=—-67-6".
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In particular this implies that all the 6! are infinitesimal (def. 3.20):
6'-6'=0.

3.For A; and A, two supercommutative superalgebras, there is their tensor product supercommutative

superalgebra A; @ A,. For example for X a smooth manifold with ordinary algebra of smooth functions
C”(X) regarded as a supercommutative superalgebra by the first example above, the tensor product with
a Grassmann algebra (second example above) is the supercommutative superalgebta
Co(X) Qg A" ((R)*)
whose elements may uniquely be expanded in the form
f+fi0'+ 007+, 0076  + -+ f,  65--0%,

i € C®(X) are smooth functions on X which are skew-symmetric in their indices.

where the fl.lml

The following is the direct super-algebraic analog of the definition of infinitesimally thickened Cartesian spaces
(def. 3.20):

Definition 3.37. (super Cartesian space)

A superpoint Spec(A4) is represented by a super-commutative superalgebra A (def. 3.35) which as a
Z/2-graded vector space (super vector space) is a direct sum

A=p (1)DV

of the 1-dimensional even vector space (1) = R of multiples of 1, with a finite dimensional super vector space
V that is a nilpotent ideal in A in that for each element a € V there exists a natural number n € N such that

an+1:0.

More generally, a super Cartesian space R™ X Spec(4) is represented by a super-commutative algebra
C”(R™ ® A € R Alg which is the tensor product of algebras of the algebra of smooth functions C*(R™) on
an actual Cartesian space of some dimension n, with an algebra of functions A ~ (1) @ V of a superpoint

(example 3.36).
Specifically, for s € N, there is the superpoint
R%S := Spec( A" (R%)") (26)

whose algebra of functions is by definition the Grassmann algebra on s generators (Bi)l.s=1 in odd degree

(example 3.36).
We write
RYS = R? x ROIS
= R? x Spec( A* (R%)")
= Spec(C”(R”) ®y A" (R%)")
for the corresponding super Cartesian spaces whose algebra of functions is as in example 3.36.
We say that a smooth function between two super Cartesian spaces
R™ x Spec(4,) - R™ x Spec(4,)
is by definition dually a homomorphism of supercommutative superalgebras (def. 3.35) of the form
COR™) @ 4y L R @ 4 .

Example 3.38. (superpoint induced by a finite dimensional vector space)

Let V be a finite dimensional real vector space. With V" denoting its dual vector space write A° V" for the
Grassmann algebra that it generates. This being a supercommutative algebra, it defines a superpoint (def.
3.37).

We denote this superpoint by

Voad = ROIAIM®)

All the differential geometry over Cartesian space that we discussed above generalizes immediately to super
Cartesian spaces (def. 3.37) if we stricly adhere to the super sign rule which says that whenever two odd-graded
elements swap places, a minus sign is picked up. In particular we have the following generalization of the de
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Rham complex on Cartesian spaces discussed above.

Definition 3.39. (super differential forms on super Cartesian spaces)

For R?!¥ a super Cartesian space (def. 3.37), hence the formal dual of the supercommutative superalgebra of
the form

Coo(Rb|s) — Coo(]Rb) ®]R A RS
with canonical even-graded coordinate functions (Jc")i= ,» and odd-graded coordinate functions (Gj)f= 1

Z x (Z/2)-graded commutative algebra

2°(RP1%) = C®(R®!S) Qg A* (dxl, -+, dxP, d6*, -, d6"%)

which is generated over C°°(]Rb |S) from new generators

deg=(1,even) deg=(1,0dd)

whose differential is defined in degree-0 by

_of i, Of )

and extended from there as a bigraded derivation of bi-degree (1, even), in super-generalization of def. 1.19.

Accordingly, the operation of contraction with tangent vector fields (def. 1.20) has bi-degree (—1, o) if the
tangent vector has super-degree o:

generator bi-degree

x® (0,even)
e8¢ (0,0dd)
dx® (1,even)
do®  (1,0dd)

derivation bi-degree
d (1,even)
Lgxa (-1, even)

lag®  (-1,0dd)
This means that if @ € 2°(R?!%) is in bidegree (ny, 0,), and 8 € 2°(R”!°) is in bidegree (ng, 0p), then
anB = (—1)""TE g A,

Hence there are two contributions to the sign picked up when exchanging two super-differential forms in the
wedge product:

1. there is a “cohomological sign” which for commuting an n -forms past an n,-form is (—1)™"?;

2. in addition there is a “super-grading” sign which for commuting a ¢, -graded coordinate function past a

0,-graded coordinate function (possibly under the de Rham differential) is (—1)71%2.

For example:

X4 (dx®) = 4 (dx%)x%
0%(dx®) = + (dx%)8°
94 (dO%) = — (d6%)9™
dx® Adx% = —dx% Adx®
dx*AdO% = —do% Adx®

do* AdO* = +do% AdO*

(e.g. Castellani-D’Auria-Fré 91 (11.2.106) and (11.2.109),

Deligne-Freed 99, section 6)
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Beware that there is also another sign rule for super differential forms used in the literature. See at signs in
supergeometry for further discussion.

It is clear now by direct analogy with the definition of formal smooth sets (def. 3.24) what the corresponding
supergeometric generalization is. For definiteness we spell it out yet once more:

Definition 3.40. (super smooth set)

A super smooth set X is

1. for each super Cartesian space R™ X Spec(A4) (def. 3.37) a set
X(R™ x Spec(A)) € Set
to be called the set of smooth functions or plots from R™ x Spec(A) to X;

2.for each smooth function f : R™ X Spec(4;) — R™ x Spec(4,) between super Cartesian spaces a

choice of function
f*: X(R™ x Spec(4,)) — X(R™ X Spec(4,))
to be thought of as the precomposition operation

(]R”Z 2, X) A (R"l x Spec(4;) 5> R™ x Spec(4,) > X)
such that

1. (functoriality)
L.If idgny specay : R™ X Spec(4) —» R™ x Spec(A) is the identity function on R™ X Spec(4), then

(id]RnxSpec(A))* : X(R™ x Spec(4)) = X(R™ x Spec(A)) is the identity function on the set of plots
X(R™ x Spec(A)).

2.1f R™ X Spec(4;) L ™ x Spec(4,) 9 R™ x Spec(43) are two composable smooth functions
between infinitesimally thickened Cartesian spaces, then pullback of plots along them consecutively
equals the pullback along the composition:

freg-=(gef)

ie.
X(R™ X Spec(4,))
Iy R’
X(R™ x Spec(4,)) S X(R™ x Spec(43))
go
2. (gluing)
fixidspecta) .
If {U; X Spec(d) — R" x Spec(4)},, is such that
i
{Ui - Rn}iel

is a differentiably good open cover (def. 1.5) then the function which restricts R™ x Spec(A)-plots of X to
asetof U; X Spec(A4)-plots
(D
X(R™ x Spec(4)) —— [ X(U; x Spec(4))
i€l

is a bijection onto the set of those tuples (®; € X(U;)),_, of plots, which are “matching families” in that

i€l
they agree on intersections:

¢, l((Ui nUj)xSpec(a) ¢, | (U;NU;) x Spec(4)

(U;nU;) X Spec(A)
7/ N
U; X Spec(4) U; x Spec(4)
oy Yo,
X

Finally, given X, and X, two super formal smooth sets, then a smooth function between them

fiXi— X,

o for each super Cartesian space R™ X Spec(A4) a function
f.(R™ x Spec(A4)) : X1 (R™ x Spec(A4)) — X,(R™ x Spec(4))
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such that

e for each smooth function g:R™ X Spec(4;) = R™ X Spec(A4,) between super Cartesian spaces we

e g ° f.(R" X Spec(4)) = f,(R™ x Spec(A;)) ° g;
l.e.
X, (R™ x Spec(dy)) EX5Pecia) y mma y Spec(d,))
g1 ' lg;
X1 (R™ X Spec(4;)) m X,(R™ X Spec(4;))
(Yetter 88)

Basing supergeometry on super formal smooth sets is an instance of the general approach to geometry called

In direct generalization of example 3.11 we have:

Example 3.41. (super Cartesian spaces are super smooth sets)

Let X be a super Cartesian space (def. 3.37) Then it becomes a super smooth set (def. 3.40) by declaring its
plots ® € X(R™ x D) to the algebra homomorphisms C”(R" X D) « C®(R?'),

Under this identification, morphisms between super Cartesian spaces are in natural bijection with their
morphisms regarded as super smooth sets.

Stated more abstractly, this statement is an example of the Yoneda embedding over a subcanonical site.
Similarly, in direct generalization of prop. 3.16 we have:

Proposition 3.42. (plots of a super smooth set really are the smooth functions into the smooth smooth set)

Let X be a super smooth set (def. 3.40). For R"™ X D any super Cartesian space (def. 3.37) there is a natural
function

HomSmoothSet(Rni X) = X(]Rn)

from the set of homomorphisms of super smooth sets from R™ X ID (regarded as a super smooth set via example
3.41) to X, to the set of plots of X over R™ X I, given by evaluating on the identity plot idgn .

This function is a bijection.

This says that the plots of X, which initially bootstrap X into being as declaring the would-be smooth functions
into X, end up being the actual smooth functions into X.

Proof. This is the statement of the Yoneda lemma over the site of super Cartesian spaces. |l

We do not need to consider here supermanifolds more general than the super Cartesian spaces (def. 3.37). But
for those readers familiar with the concept we include the following direct analog of the characterization of
smooth manifolds according to def./prop. 3.34:

Definition/Proposition 3.43. (supermanifolds)
A supermanifold X of dimension super-dimension (b,s) € N X N is
e asuper smooth set (def. 3.40)

such that

¢;
1. there exists an indexed set {Rbls - X}iel of morphisms of super smooth sets (def. 3.40) from super

Cartesian spaces R2IS (def. 3.37) (regarded as super smooth sets via example 3.41 into X, such that
1. for every plot R™ X ID — X there is a differentiably good open cover (def. 1.5) restricted to which
the plot factors through the RIS,

i ’

2. every ¢, is a local diffeomorphism according to def. 3.32, now with respect not just to infinitesimally

thickened points, but with respect to superpoints;

2. the bosonic part of X is a smooth manifold according to def./prop. 3.34.

Finally we have the evident generalization of the smooth moduli space Q° of differential forms from example
3.17 to supergeometry
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Example 3.44. (universal smooth moduli spaces of super differential forms)
Forn € M write
Q" € SuperSmoothSet

for the super smooth set (def. 3.41) whose set of plots on a super Cartesian space U € SuperCartSp (def. 3.37)
is the set of super differential forms (def. 3.39) of cohomolgical degree n

Q") = Q")

and whose maps of plots is given by pullback of super differential forms.

The de Rham differential on super differential forms applied plot-wise yields a morpism of super smooth sets
d:o"— o™t (27)

As before in def. 3.18 we then define for any super smooth set X € SuperSmoothSet its set of differential
n-forms to be

-Qn(X) = HomSuperSmoothSet(X'Qn)

and we define the de Rham differential on these to be given by postcomposition with (27).

Definition 3.45. (bosonic fields and fermionic fields)

fb
For X' a spacetime, such as Minkowski spacetime (def. 2.17) if a fiber bundle E — X with total space a super
Cartesian space (def. 3.37) (or more generally a supermanifold, def./prop. 3.43) is regarded as a super-field
bundle (def. 3.1), then

o the even-graded sections are called the bosonic field histories;

o the odd-graded sections are called the fermionic field histories.

In components, if E = X X F is a trivial bundle with fiber a super Cartesian space (def. 3.37) with even-graded
coordinates (¢%) and odd-graded coordinates (1), then the ¢ are called the hosonic field coordinates, and

the 1/)‘q are called the fermionic field coordinates.

What is crucial for the discussion of field theory is the following immediate supergeometric analog of the smooth
structure on the space of field histories from example 3.12:

Example 3.46. (supergeometric space of field histories)

fb
Let E — X be a super-field bundle (def. 3.1, def. 3.45).

Then the space of sections, hence the space of field histories, is the super formal smooth set (def. 3.40)

I's(E) € SuperSmoothSet

whose plots @ for a given Cartesian space R™ and superpoint D (def. 3.37) with the Cartesian products

U:=R"XD and U X X regarded as super smooth sets according to example 3.41 are defined to be the
morphisms of super smooth set (def. 3.40)

By ()
Uxy 235 E

which make the following diagram commute:

E
®5(=) 5 M
UxX — X

pr,

Explicitly, if X' is a Minkowski spacetime (def. 2.17) and E = X X F a trivial field bundle with field fiber a super
vector space (example 3.4, example 3.45) this means dually that a plot @(_, of the super smooth set of field

histories is a homomorphism of supercommutative superalgebras (def. 3.35)

(25(2)
o)

CeU X X) C*(E)

which make the following diagram commute:
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below). This we consider below in example 3.50; but first we discuss now some relevant basics of general

supergeometry.

Example 3.46 is really a special case of a general relative mapping space-construction as in example 3.28. This

immediately generalizes also to the supergeometric context.

Let X be a super Cartesian space (def. 3.37) and let Y be a super smooth set (def. 3.40). Then the mapping
space

[X,Y] € SuperSmoothSet

of super smooth functions from X to Y is the super formal smooth set whose U-plots are the morphisms of
super smooth set from the Cartesian product of super Cartesian space U X X to Y, hence the U X X-plots of Y:

[X,Y](U) = Y(UxX).

In direct generalization of the synthetic tangent bundle construction (example 3.29) to supergeometry we have

Definition 3.48. (odd tangent bundle)

TogaX = [R°%X]
thoda | JFoROX]
X = X

is called the odd tangent bundle of X.

Example 3.49. (mapping space of superpoints)

Let V be a finite dimensional real vector space and consider its corresponding superpoint V44 from exampe

3.38. Then the mapping space (def. 3.47) out of the superpoint ROI* (def. 3.37) into Vyqq is the Cartesian
product Vyqq X V

R, Vogal = Voga XV .

By def. 3.48 this says that V,qq X V is the “odd tangent bundle” of V y44.

Proof. Let U be any super Cartesian space. Then by definition we have the following sequence of natural

bijections of sets of plots

[R", Voaq | (U) = Homsypersmoothset (R®!" X U, Voaa)
= Hompggaig(A* (V7), C=(U)[6]/(6%)
= Homgyeet (V") (€7(U)oqq @ C¥(U) gyen(O)
= Hompyect (V") C¥(U),44) X Hompyec(V7, €7 (V)
= Voaa(U) X V()
= (Voaa X V()

even)

Here in the third line we used that the Grassmann algebra A® V" is free on its generators in V", meaning that a
homomorphism of supercommutative superalgebras out of the Grassmann algebra is uniquely fixed by the
underlying degree-preserving linear function on these generators. Since in a Grassmann algebra all the
generators are in odd degree, this is equivalently a linear map from V" to the odd-graded real vector space
underlying C*(U)[6](6%), which is the direct sum C%()qq ® C7 (V) yen(0)-

Then in the fourth line we used that finite direct sums are Cartesian products, so that linear maps into a direct
sum are pairs of linear maps into the direct summands.

That all these bijections are natural means that they are compatible with morphisms U — U’ and therefore this
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says that [Roll, Voaal and Vygqq X V are the same as seen by super-smooth plots, hence that they are isomorphic

as super smooth sets. Wl

With this supergeometry in hand we finally turn to defining the Dirac field species:

Example 3.50. (field bundle for Dirac field)

For X being Minkowski spacetime (def. 2.17), of dimension 2+ 1, 3+ 1, 5+ 1 or 9 + 1, let S be the spin
representation from prop. 2.30, whose underlying real vector space is

RZOR? | p+1=2+1

C2OC* | p+1=3+1

H2@®H? | p+1=5+1

0’@0* | p+1=9+1
With

Syaq = ROIIME)

the corresponding superpoint (example 3.38), then the field bundle for the Dirac field on X' is

E = ExSgqq 25,

hence the field fiber is the superpoint S,44. This is the corresponding spinor bundle on Minkowski spacetime,
with fiber in odd super-degree.

The traditional two-component spinor basis from remark 2.32 provides fermionic field coordinates (def. 3.45)
on the field fiber Syqq4:

WY = () 1)

aa=12"

Notice that these are K-valued odd functions: For instance if K = C then each y,, in turn has two components,

areal part and an imaginary part.

A key point with the field bundle of the Dirac field (example 3.50) is that the field fiber coordinates (l[JA) or

(()(a), ({M)) are now odd-graded elements in the function algebra on the field fiber, which is the Grassmann

algebra C*(Syqq4) = A" (S"). Therefore they anti-commute with each other:
Pyl = —plyc. (28)

x¥=x", and x'y!=xfu'

spin 1/2 particles are fermions that anticommute:
the spin-statistics theorem

Ya@)0, () = —U)xa (@)
and we find:
XV = X"Pa = ~YaX" <V =¥x

a a
a a

snippet grabbed from (Dermisek 09)

below and conclude by highlighting the crucial role of supergeometry (remark 3.52 below)

Proposition 3.51. (space of field histories of the Dirac field)

pr
Let E = X X Syqq — 2 be the super-field bundle (def. 3.45) for the Dirac field over Minkowski spacetime
2 = RP! from example 3.50.

I's(2 X Soqq) € SuperSmoothSet
from example 3.46 has the following properties:

1. For U = R™ an ordinary Cartesian space (with no super-geometric thickening, def. 3.37) there is only a
single U-parameterized collection of field histories, hence a single plot

0
l}l(_) H ]Rn i [‘2(2 XSodd)
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and this corresponds to the zero section, hence to the trivial Dirac field
A _
W(f) - 0 .
2.ForU=R"1a super Cartesian space (3.37) with a single super-odd dimension, then U-parameterized
collections of field histories
(p(,) H ]Rnll bd 112(2 X Sodd)
are in natural bijection with plots of sections of the bosonic-field bundle with field fiber Seye, = S the

§pm representation regarded asan ordinary vector space:
l[l(_) : ]Rn d 1-'2(2 X Seven) .

Moreover, these two kinds of plots determine the fermionic field space completely: It is in fact isomorphic, as a
super vector space, to the bosonic field space shifted to odd degree (as in example 3.38):

r):(z X Sodd) = (FE(E X Seven))odd .

Proof. In the first case, the plot is a morphism of super Cartesian spaces (def. 3.37) of the form

R" X RP! — S 44 -
By definitions this is dually homomorphism of real supercommutative superalgebras
C®(R™ x RPY) «— A*S*

from the Grassmann algebra on the dual vector space of the spin representation S to the ordinary algebras of
smooth functions on R™ x R?'%, But the latter has no elements in odd degree, and hence all the Grassmann
generators need to be send to zero.

For the second case, notice that a morphism of the form
o
nj1 =)
R™! — S,q4

is by def. 3.48 naturally identified with a morphism of the form

n?) ool N
R — []R rsodd] = Sodd X Seven
where the identification on the right is from example 3.49.

By the nature of Cartesian products these morphisms in turn are naturally identified with pairs of morphisms of

the form
R™ — Sead)
R" — Seven/

0
Now, as in the first point above, here the first component is uniquely fixed to be the zero morphism R"™ = Sg44;

and hence only the second component is free to choose. This is precisely the claim to be shown. W

Remark 3.52. (supergeometric nature of the Dirac field)

Proposition 3.51 how two basic facts about the Dirac field, which may superficially seem to be in tension with
each other, are properly unified by supergeometry:

1.0n the one hand a field history ¥ of the Dirac field is not an ordinary section of an ordinary vector
bundle. In particular its component functions ll}A anti-commute with each other, which is not the case for
ordinary functions, and this is crucial for the Lagrangian density of the Dirac field to be well defined, we
come to this below in example 5.9.

2. On the other hand a field history of the Dirac field is supposed to be a spinor, hence a section of a spinor
bundle, which is an ordinary vector bundle.

Therefore prop. 3.51 serves to shows how, even though a Dirac field is not defined to be an ordinary section of
an ordinary vector bundle, it is nevertheless encoded by such an ordinary section: One says that this ordinary
section is a “superfield-component” of the Dirac field, the one linear in a Grassmann variable 6.

This concludes our discussion of the concept of fields itself. In the following chapter we consider the variational

calculus of fields.

4. Field variations
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In this chapter we discuss these topics:

o Jet bundles

o Differential operators

o Variational calculus and the Variational bicomplex

Given a field bundle as in def. 3.1 above, then we know what type of quantities the corresponding field histories
assign to a given spacetime point (a given event). Among all consistent such field histories, some are to qualify as
those that “may occur in reality” if we think of the field theory as a means to describe parts of the observable
universe. Moreover, if the reality to be described does not exhibit “action at a distance” then admissibility of its
field histories should be determined over arbitrary small spacetime regions, in fact over the infinitesimal
neighbourhood of any spacetime point (remark 4.3 below). This means equivalently that the realized field
histories should be those that satisfy a given differential equation, namely an equation between the partial
derivatives of the field history at any spacetime point. This is called the equation of motion of the field theory
(def. 5.24 below).

In order to formalize this, it is useful to first collect all the possible partial derivatives that a field history may
have at any given point into one big space of “field derivatives at spacetime points”. This collection is called the
Jet bundle of the field bundle, given as def. 4.1 below.

Moving around in this space means to change the possible value of fields and their derivatives, hence to vary the
fields. Accordingly variational calculus of fields is just differential calculus on the jet bundle of the field bundle,
this we consider in def. 4.11 below.

jet bundles
Definition 4.1. (jet bundle of a trivial vector bundle over Minkowski spacetime)

Given a field fiber super vector space F = RP!S with linear basis (™), then for k € N a natural number, the

order-k jet bundle
J5(E)
1Pk
)
over Minkowski spacetime X of the trivial vector bundle
E=YXF

is the super Cartesian space (def. 3.37) which is spanned by coordinate functions to be denoted as follows:
u a a a a
(9, @Y, @5, @500 @5 )

where the indices g, u;, iy, - range from 0 to p, while the index a ranges from 1 to b for the even field

coordinates, and then from b+ 1 to b + s for the odd-graded field coordinates and the lower indices are
symmetric:

a — a 29

In terms of these coordinates the bundle projection map jbk is just the one that remembers the spacetime
coordinates x* and forgets the values of the field ¢ and its derivatives ¢u' Similarly there are intermediate

projection maps

Pas JA(E) Pay JL(E) Pu g
b, ™ by vy
z
given by forgetting coordinates with more indices.
The infinite-order jet bundle

J5 (E) € SuperSmoothSet
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is the direct limit of super smooth sets (def. 3.40) over these finite order jet bundles. Explicitly this means that
itis the smooth set which is defined by the fact that a smooth function (a plot, by prop. 3.42)

vLem

from some super Cartesian space U is equivalently a system of ordinary smooth functions into all the finite-
order jet spaces

(v /}‘(E))kEN,

such that this system is compatible with the above projection maps, i.e. such that
U
Ty p L N

: _ jb3,2 jb2,1 jb
Y by o fin = 1) JAE) 23 JNE) 2 OE
P
2
The coordinate functions ¢ on a jet bundle (def. 4.1) are to be thought of as partial derivatives

Byt

0 0 @% of components ®“ of would-be field histories @. The power of the jet bundle is that it allows to

dxH1 axHk
disentangle relations between would-be partial derivatives of field history components in themselves from
consideration of actual field histories. In traditional physics texts this is often done implicitly. We may make it
fully explit by the operation of jet prolongation which reads in a field history and records all its partial
derivatives in the form of a section of the jet bundle:

Definition 4.2. (jet prolongation)

fb
Let E — X be a field bundle (def. 3.1) which happens to be a trivial vector bundle over Minkowski spacetime as
in example 3.4.

There is a smooth function from the space of sections of E, the space of field histories (example 3.46) to the

space of sections of the jet bundle ];’(E) Ny ) (def. 4.1) which records the field @ and all its spacetimes
derivatives:

iz

ry() = I's(J3 ()
@) (09 (5%). (em) )

This is called the operation of jet prolongation: j;’(qb) is the jet prolongation of @.

Remark 4.3. (jet bundle in terms of synthetic differential geometry)

jb
In terms of the infinitesimal geometry of formal smooth sets (def. 3.24) the jet bundle ];(E) 23 X (def. 4.1) of

fb
a field bundle E — X has the following incarnation:

A section of the jet bundle over a point x € X of spacetime (an event), is equivalently a section of the original
field bundle over the infinitesimal neighbourhood D, of that point (example 3.30):

J5 (E) E
PN = 2ol
{x} © z D, & %

Moreover, given a field history @, hence a section of the field bundle, then its jet prolongation j*(®) (def. 4.2)
is that section of the jet bundle which under the above identification is simply the restriction of @ to the
infinitesimal neighbourhood of x:

E I3 (E) E

joo Ol
ep B re) b, — ®b, , |
=2 y = x D, & X

This follows with an argument as in example 3.21.
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Hence in synthetic differential geometry we have:

The jet of a section @ at x is simply the restriction of that section to the infinitesimal neighbourhood of x.

(Khavkine-Schreiber 17, section 3.3)

So the canonical coordinates on the jet bundle are the spacetime-point-wise possible values of fields and field
derivates, while the jet prolongation picks the actual collections of field derivatives that may occur for an actual
field history.

Example 4.4. (universal Faraday tensor/field strength on jet bundle)

Consider the field bundle (def. 3.1) of the electromagnetic field (example 3.6) over Minkowski spacetime X
(def. 2.17), i.e. the cotangent bundle E = T"X (def. 1.16) with jet coordinates ((x*), (a,), (@), -*) (def. 4.1).
Consider the functions on the jet bundle given by the linear combinations

f[,w = Ay, (30)
1
=3 (Qvu = Q)
of the first order jets.

Then for an electromagnetic field history (“vector potential”), hence a section

AET(T2) =02
with components A*(a,) = A, its jet prolongation (def. 4.2)

Jy (A) € ry(J5(T"E)

(o (25).).

The pullback of the functions fw (30) along this jet prolongation are the components of the Faraday tensor of
the field (20):

has components

() ) = Fuy
= (dA)uv .
More generally, for g a Lie algebra and
E=T2Q®g
the field bundle for Yang-Mills theory from example 3.7, consider the functions
fiy € 03°(E) = C*UF(E)

on the jet bundle given by

1

va =3 (a,ﬁfﬂ —agy+ V“Byaﬁaz) (1)

where (y%g,) are the structure constants of the Lie algebra as in (21), and where the square brackets around

the indices denote anti-symmetrization.

We may call this the universal Yang-Mills field strength, being the covariant exterior derivative of the universal
Yang-Mills field history.

For g = R the line Lie algebra and k the canonical inner product on R the expression (31) reduces to the
universal Faraday tensor (30) for the electromagnetic field (example 4.4).

For A€ I'y(T*2 ® g) = 2%(Z, ) a field history of Yang-Mills theory, hence a Lie algebra-valued differential
1-form, then the value of this function on that field are called the components of the covariant exterior
derivative or field strength

FﬂV = A*(D[Mav])
= (da),,

Example 4.5. (universal B-field strength on jet bundle)
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Consider the field bundle (def. 3.1) of the B-field (example 3.9) over Minkowski spacetime X' (def. 2.17) with
jet coordinates ((x*), (byy), (byy,p), *+) (def. 4.1). Consider the functions on the jet bundle given by the linear

combinations
h =1p (32)
Ualpty "= 5 Pl 1]
1 _1ylal
- 6( Z =D b“ﬁ‘uﬂz’”’%)
permutation

= buluz.u3 + buzug.ul + bu3u1.uz'

where in the last step we used that by, = —b,,.

While the jet bundle (def. 4.1) is not finite dimensional, reflecting the fact that there are arbitrarily high orders of
spacetime derivatives of a field histories, it turns out that it is only very “mildly infinite dimensional” in that
smooth functions on jet bundles turn out to locally depend on only finitely many of the jet coordinates (i.e. only
on a finite order of spacetime derivatives). This is the content of the following prop. 4.6.

This reflects the locality of Lagrangian field theory defined over jet bundles: If functions on the jet bundle could
depend on infinitely many jet coordinates, then by Taylor series expansion of fields the function at one point over
spacetime could in fact depend on field history values at a different point of spacetime. Such non-local
dependence is ruled out by prop. 4.6 below.

In practice this means that the situation is very convenient:

1. Any given local Lagrangian density (which will define a field theory, we come to this in def. 5.1 below) will
locally depend on some finite number k of derivatives and may hence locally be treated as living on the
ordinary manifold ]I;(E).

2. while at the same time all formulas (such as for the Euler-Lagrange equations, def. 5.24) work uniformly
without worries about fixing a maximal order of derivatives.

Proposition 4.6. (jet bundle is a locally pro-manifold)

Given a jet bundle ];O(E) as in def. 4.1, then a smooth function out of it

];(E) — X

is such that around each point of];O(E) there is a neighbourhood U © ];O(E) on which it is given by a function

on a smooth function on ];(E) for some finite k.

(see Khavkine-Schreiber 17, section 2.2 and 3.3)

differential operators

Example 4.4 shows that the de Rham differential (def. 1.19) may be encoded in terms of composing jet
prolongation with a suitable function on the jet bundle. More generally, jet prolongation neatly encodes (possibly
non-linear) differential operators:

Definition 4.7. (differential operator)

fb fb
Let E4 — X and E, — ¥ be two smooth fiber bundles over a common base space 2. Then a (possibly non-
linear) differential operator from sections of E, to sections of E, is a bundle morphism from the jet bundle of
E; (def. 4.1) to E;:

J5 (E1) - E

or rather the function D between the spaces of sections of these bundles which this induces after composition
with jet prolongation (def. 4.2):

Jy o De(-)
D :TIy(E) = Ts(y (E)) — I's(Ey) .

If both E, and E, are vector bundles (def. 1.10) so that their spaces of sections canonically are vector spaces,
then D is called a linear differential operator if it is a linear function between these vector spaces. This means
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equivalently that D is a linear function in jet coordinates.

fb
Let E — X be a field bundle (def. 3.1) which is a vector bundle (def. 1.10) over Minkowski spacetime (def.
2.17). Write E* — X for its dual vector bundle (def. 1.14)

A linear differential operator (def. 4.7)
P :T'y(E) > T'y(E)
is of second order if it has a coordinate expansion of the form

Gk
+ P, — + Pg,@°

Rl
_ pWv
(PP), = Pap 5 g T Pav 5o

ab gxrdxv
for {(P£}), (P%,), Pap} smooth functions on Z.

This is called a normally hyperbolic differential operator if its principal symbol (P,’;;,/) is proportional to the

inverse Minkowski metric (prop./def. 2.15) (n*"), i.e.
Péy =1""Qyp -
Definition 4.9. (formally adjoint differential operators)

fb
Let E — X be a smooth vector bundle (def. 1.10) over Minkowski spacetime X = RP? (def. 2.17) and write
E* — X for the dual vector bundle (def. 1.14).

Then a pair of linear differential operators (def. 4.7) of the form

P,P": T'y(E;) = I's(EY)

are called formally adjoint differential operators via a bilinear differential operator

K : I'y(E) @ ['s(E) — 's(APT'X) (33)

with values in differential p-forms (def. 1.18) such that for all sections &,, ®, € I's(E) we have

(P(@y) - @ — @y - P7(®,))dvoly = dK(®y,®;),

where dvoly is the volume form on Minkowski spacetime (10) and where d denoted the de Rham differential
(def. 1.19).

This implies by Stokes' theorem (prop. 1.25) in the case of compact support that under an integral P and P*
are related via integration by parts.

(Khavkine 14, def. 2.4)

variational calculus and the variational bicomplex
Remark 4.10. (variational calculus - replacing plain bundle morphisms by differential operators)

Various concepts in variational calculus, especially the concept of evolutionary vector fields (def. 6.2 below) and
gauge parameterized implicit infinitesimal gauge symmetries (def. 10.6 below) follow from concepts in plain
differential geometry by systematically replacing plain bundle morphisms by bundle morphisms out of the jet

bundle, hence by differential operators D asin def. 4.7.

Definition 4.11. (variational derivative and total spacetime derivative - the variational bicomplex)

we may consider its de Rham complex of super differential forms (def. 3.39); we write its de Rham differential
(def. 1.19) in boldface:

d: 2°JFE) — 2 " UFE)) -

Since the jet bundle unifies spacetime with field values, we want to decompose this differential into a
contribution coming from forming the total derivatives of fields along spacetime (“horizontal derivatives”), and
actual variation of fields at a fixed spacetime point (“vertical derivatives”):
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The total spacetime derivative or horizontal derivative on ];(E) is the map on differential forms on the jet

bundle of the form
d: 2°(J7(E) — 2" U7 E)
which on functions f: /*(E) - R (i.e. on 0-forms) is defined by

df = % dx* (34

(O O e O e
. <6x# + IO Put a¢", bt )dx”

and extended to all forms by the graded Leibniz rule, hence as a nilpotent derivation of degree +1.

The variational derivative or vertical derivative
§: 0°JFE) — 2" U (E) (35)

is what remains of the full de Rham differential when the total spacetime derivative (horizontal derivative) is
subtracted:

S=d—d. (36)

We may then extend the horizontal derivative from functions on the jet bundle to all differential forms on the
jet bundle by declaring that

dod = —dod
which by (36) is equivalent to
do § = —=6od. (37)
For example
dép = —dd¢
= —8(¢,,ax*)
= _&P.u Adx* .

This defines a bigrading on the de Rham complex ofj;"(E), into horizontal degree r and vertical degree s
X E) = Sa™(E)

such that the horizontal and vertical derivative increase horizontal or vertical degree, respectively:

o oo d d d d )
CoULE) = 0°°%E) — QF°E) — 02°E) — - — 00ME) (38)
ld lé‘ i& le
NE S A E S aPE S - S e
l5 lE lﬁ lS

d d d d
Q%%E) S 0YE) S 0*2E) S - S 0Bt

lé‘ l& i& l6

This is called the variational bicomplex.

Accordingly we will refer to the differential forms on the jet bundle often as variational differential forms.

derivatives on jet bundle

def. symbols name in physics name in mathematics
def.339 d de Rham differential de Rham differential
— u_a . L . L
11 d:=dx o total spacetime derivative horizontal derivative
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def. symbols name in physics name in mathematics
411 a4 0 ¢a ia T total spacetime derivative horizontal derivative
dxk Ixk M ag alongd,, alongd,
411 =d-d variational derivative vertical derivative
5.12 6k, L == dL + dOggy Euler-Lagrange variation ~ Euler-Lagrange operator
7.44 SBV BV-differential Koszul differential
10.28 SBRST BRST differential Chevalley-Eilenberg differential
11.21 N BV-BRST differential Chevalley-Eilenberg-Koszul-Tate differential
11.27 s—d local BV-BRST differential

Example 4.12. (basic facts about variational calculus)

Given the jet bundle of a field bundle as in def. 4.1, then in its variational bicomplex (def. 4.11) we have the
following:

L]

The spacetime total derivative (horizontal derivative) of a spacetime coordinate function x* coincides

with its ordinary de Rham differential
oxH
dxt=—dx"
axY
=dx*
which hence is a horizontal 1-form
dx* € 0y°E) .
Therefore the variational derivative (vertical derivative) of a spacetime coordinate function vanishes:
Sxt =0, (39)
reflective the fact that x# is not a field coordinate that could be varied.
In particular the given volume form on X gives a horizontal p + 1-form on the jet bundle, which has the
same coordinate expression (and which we denote by the same symbol)

dvoly = dx® Adx* A+ Adx? € PTV0,

Generally any horizontal k-form is of the form

F o AXHE A A dctic € les)

for
— a a © oo
Fuoe = Fuo (G, (6%, (%), ) € C¥UF (ED)
any smooth function of the spacetime coordinates and the field coordinates (locally depending only on a
finite order of these, by prop. 4.6).
In particular every horizontal (p + 1)-form L € 27 *1°(E) is proportional to the above volume form
L = Ldvoly
for L = L((x"), (¢, (¢‘;), --+) some smooth function that may depend on all the spacetime and field
coordinates.

The spacetimes total derivatives /horizontal derivatives) of the variational derivative (vertical derivative)
d¢ of a field variable is the differential 2-form of horizontal degree 1 and vertical degree 1 given by

d(6¢*) = —8(dg,)
= —(5¢%) AdxH

In words this says that “the spacetime derivative of the variation of the field is the variation of its
spacetime derivative”.

The following are less trivial properties of variational differential forms:

Proposition 4.13. (pullback along jet prolongation compatible with total spacetime derivatives)

fb
Let E — X be a field bundle over a spacetime X (def. 3.1), with induced jet bundle ];’(E) (def. 4.1).

Jr @ 2° U7 (E) — 2°(2)

along the jet prolongation of @ (def. 4.2)
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1. intertwines the de Rham differential on spacetime (def. 1.16) with the total spacetime derivative (horizontal
derivative) on the jet bundle (def. 4.11):
dojp(@) = jp@) ed.

2. annihilates all vertical differential forms (def. 4.11):
j?(¢)*|n;z1w) =0.

Proof. The operation of pullback of differential forms along any smooth function intertwines the full de Rham
differentials (prop. 1.21). In particular we have that

do j2(@) = j2(@®) od.

This means that the second statement immediately follows from the first, by definition of the variational
(vertical) derivative as the difference between the full de Rham differential and the horizontal one:

JE@) 0 8= jE(@) o (d—d)
= (d=d) o j(@)’
=0

It remains to see the first statement:

Since the jet prolongation j;(ll‘?) preserves the spacetime coordinates x* (being a section of the jet bundle) it is

immediate that the claimed relation is satisfied on the horizontal basis 1-forms d x# = dx* (example 4.12):
dj (@) (dxH) = d’x* =0 JR@) ddxt = j2 (@) d?xk .
Therefore it finally remains only to check the first statement on smooth functions (0-forms). So let
= u a ay ..
f=(G, @9, @), )

be a smooth function on the jet bundle. Then by the chain rule
00 * w a a w a a¢a
ajg @) F((), (99, @5, ) = df| ), @), (57~

af  of av* af 9*o°
——+— + o o |dxt
Oxk — 0¢p" dxt ~ 0¢’ 0xVox#

That this is equal to j;_f’(tb)*d f follows by the very definition of the total spacetime derivative of f (34). B
Proposition 4.14. (horizontal variational complex of trivial field bundle is exact)

fb
Let E — X be a field bundle which is a trivial vector bundle over Minkowski spacetime (example 3.4). Then the
chain complex of horizontal differential forms .Q;’O(E) with the total spacetime derivative (horizontal derivative)

d (def. 4.11)

d d d d d
R < 09°(E) = 03°(E) = 03°(E) = - = 05 °(E) = 2§ (E) (40)

is exact: for all 0 < s < p the kernel of d coincides with the image of d in 23°(E).

More explicitly, this means that not only is every horizontally exact differential form w = da horizontally closed
dw = 0 (which follows immediately from the fact that we have a cochain complex in the first place, hence that

d? = 0), but, conversely, if w € 02555”'0(15) satisfies dw = 0, then there exists & € 25~ *°(E) with w = da.

(e.g. Anderson 89, prop. 4.3)

Remark 4.15. (Euler-Lagrange complex)

In fact the exact sequence (40) from prop. 4.14 continues further to the right, as such called the Euler-Lagrange
complex. The next differential is the Euler-Lagrange operator and then then next is the Helmholtz operator.

Here we do not discuss this in detail, but we encounter aspects of the exactness further to the right below in
example 5.22 and in prop. 6.15.

This concludes our discussion of variational calculus on the jet bundle of the field bundle. In the next chapter we
apply this to Lagrangian densities on the jet bundle, defining Lagrangian field theories.
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5. Lagrangians
In this chapter we discuss the following topics:

e Lagrangian densities
e Euler-Lagrange forms and Presymplectic currents

o Euler-Lagrange equations of motion

Given any type of fields (def. 3.1), those field histories that are to be regarded as “physically realizable” (if we
think of the field theory as a description of the observable universe) should satisfy some differential equation -
the equation of motion - meaning that realizability of any field histories may be checked upon restricting the
configuration to the infinitesimal neighbourhoods (example 3.30) of each spacetime point. This expresses the
physical absence of “action at a distance” and is one aspect of what it means to have a local field theory. By
remark 4.3 this means that equations of motion of a field theory are equations among the coordinates of the jet
bundle of the field bundle.

For many field theories of interest, their differential equation of motion is not a random partial differential
equations, but is of the special kind that exhibits the “principle of extremal action” (prop. 7.38 below)
determined by a local Lagrangian density (def. 5.1 below). These are called Lagrangian field theories, and this is
what we consider here.

Namely among all the variational differential forms (def. 4.11) two kinds stand out, namley the 0-forms in
.Qg'o(E) - the smooth functions - and the horizontal p + 1-forms .(ZgH'O(E) - to be called the Lagrangian
densities L (def. 5.1 below) - since these occupy the two “corners” of the variational bicomplex (38). There is not

much to say about the 0-forms, but the Lagrangian densities L do inherit special structure from their special
position in the variational bicomplex:

Their variational derivative § L uniquely decomposes as

1. the Euler-Lagrange derivative 8g;, L which is proportional to the variation of the fields (instead of their
derivatives)

2. the total spacetime derivative d@gpy of a potential O@ggy for a presymplectic current Qgpy = §Ogpy.

This is prop. 5.12 below:

6 L = 6EL L - d GBFV
Euler-Lagrange variation presymplectic current

These two terms play a pivotal role in the theory: The condition that the first term vanishes on field histories is a
differential equation on field histories, called the Euler-Lagrange equation of motion (def. 5.24 below). The space
of solutions to this differential equation, called the on-shell space of field histories

Is(B)y, o I'2(E) (1)

has the interpretation of the space of “physically realizable field histories”. This is the key object of study in the
following chapters. Often this is referred to as the space of classical field histories, indicating that this does not yet
reflect the full quantum field theory.

Indeed, there is also the second term in the variational derivative of the Lagrangian density, the presymplectic
current @ggy, and this implies a presymplectic structure on the on-shell space of field histories (def. 8.3 below)

which encodes deformations of the algebra of smooth functions on I'y(E). This deformation is the quantization
of the field theory to an actual quantum field theory, which we discuss below.

6L

6ELL - dQBFV

' N
deformation to
classical
quantum
field theory
field theory

Lagrangian densities

Definition 5.1. (local Lagrangian density)
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Given a field bundle E over a (p + 1)-dimensional Minkowski spacetime X as in example 3.4, then a local
Lagrangian density L (for the type of field thus defined) is a horizontal differential form of degree (p + 1) (def.

4.11) on the corresponding jet bundle (def. 4.1):
L € N2*YE) .

By example 4.12 in terms of the given volume form on spacetimes, any such Lagrangian density may uniquely
be written as

L = Ldvoly (42)

where the coefficient function (the Lagrangian function) is a smooth function on the spacetime and field
coordinates:

L =L((x"), (@9, (95), ) -

a

where by prop. 4.6 L((x*), ---) depends locally on an arbitrary but finite order of derivatives ¢ P
1

fb
We say that a field bundle E — X (def. 3.1) equipped with a local Lagrangian density L is (or defines) a
prequantum Lagrangian field theory on the spacetime X.

Remark 5.2. (parameterized and physical unit-less Lagrangian densities)

More generally we may consider parameterized collections of Lagrangian densities, i.e. functions
Ly U— 080
for U some Cartesian space or generally some super Cartesian space.

For example all Lagrangian densities considered in relativistic field theory are naturally smooth functions of
the scale of the metric 77 (def. 2.15)

Rso — 0F7°(B)
r g ern
But by the discussion in remark 2.16, in physics a rescaling of the metric is interpreted as reflecting but a

change of physical units of length/distance. Hence if a Lagrangian density is supposed to express intrinsic
content of a physical theory, it should remain unchanged under such a change of physical units.

This is achieved by having the Lagrangian be parameterized by further parameters, whose corresponding
physical units compensate that of the metric such as to make the Lagrangian density “physical unit-less”.

This means to consider parameter spaces U equipped with an action of the multiplicative group R, of

positive real numbers, and parameterized Lagrangians
Ly U—8"E)
which are invariant under this action.

Remark 5.3. (locally variational field theory and Lagrangian p-gerbe connection)

If the field bundle (def. 3.1) is not just a trivial vector bundle over Minkowski spacetime (example 3.4) then a
Lagrangian density for a given equation of motion may not exist as a globally defined differential (p + 1)-form,

but only as a p-gerbe connection. This is the case for locally variational field theories such as the charged
particle, the WZW model and generally theories involving higher WZW terms. For more on this see the
exposition at Higher Structures in Physics.

Example 5.4. (local Lagrangian density for free real scalar field on Minkowski spacetime)

Consider the field bundle for the real scalar field from example 3.5, i.e. the trivial line bundle over Minkowski
spacetime.

According to def. 4.1 its jet bundle ];°(E) has canonical coordinates

{000,000,

In these coordinates, the local Lagrangian density L € ﬂpH‘O(Z) (def. 5.1) defining the free real scalar field of

massm € Ron X is
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L:= %(n“v(p’ugb’v — m2¢>2)dv012 .

This is naturally thought of as a collection of Lagrangians smoothly parameterized by the metric 7 and the
mass m. For this to be physical unit-free in the sense of remark 5.2 the physical unit of the parameter m must
be that of the inverse metric, hence must be an inverse length according to remark 2.16 This is the inverse
Compton wavelength €, = h/mc (9) and hence the physical unit-free version of the Lagrangian density for

the free scalar particle is
Ly = 2 (0 6, — (7€) ¢?)avol
ntm = S (1P @, — (5 ) ¢ |dvoly .

Example 5.5. (phi”n theory)

Consider the field bundle for the real scalar field from example 3.5, i.e. the trivial line bundle over Minkowski
spacetime. More generally we may consider adding to the free field Lagrangian density from example 5.4 some
power of the field coordinate

Line = gop"dvoly,
for g € R some number, here called the coupling constant.
1
Lt Line = (09 b, — m*p?® + gop")dvoly
is usually called just phi”n theory.

Example 5.6. (local Lagrangian density for free electromagnetic field)

Consider the field bundle T*X — X for the electromagnetic field on Minkowski spacetime from example 3.6, i.e.
the cotangent bundle, which over Minkowski spacetime happens to be a trivial vector bundle of rank p + 1.

With fiber coordinates taken to be (aH)Z=0, the induced fiber coordinates on the corresponding jet bundle
];(T*Z) (def. 4.1) are ((xﬂ), (au)! (au,v)' (au,vlvz )' )

Consider then the local Lagrangian density (def. 5.1) given by

L = ; fof* dvoly € QFTHT'E), (43)

1 . .
where f/w = E(a"v# —a,,) are the components of the universal Faraday tensor on the jet bundle from

example 4.4.

This is the Lagrangian density that defines the Lagrangian field theory of free electromagnetism.

Here for A € I'y(T"X) an electromagnetic field history (vector potential), then the pullback of fuv along its jet

prolongation (def. 4.2) is the corresponding component of the Faraday tensor (20):

(@) (f,,) = @A),

= FHV
It follows that the pullback of the Lagrangian (43) along the jet prologation of the electromagnetic field is
i2(4)) L = 2 F, F* dvol
(/g ( )) Tt w Voly

1
=EFA *nF

Here *;, denotes the Hodge star operator of Minkowski spacetime.
More generally:
Example 5.7. (Lagrangian density for Yang-Mills theory on Minkowski spacetime)

Let g be a finite dimensional Lie algebra which is semisimple. This means that the Killing form invariant
polynomial

k:g®g— R

is a non-degenerate bilinear form. Examples include the special unitary Lie algebras so(n).

Then for E = T"Y ® g the field bundle for Yang-Mills theory as in example 3.7, the Lagrangian density (def.
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5.1) g-Yang-Mills theory on Minkowski spacetime is

L = %kaﬁfzvfﬁﬂv dvoly € Q21 0(TY),
where
fuv = %(aff.u —af, +y%,ahal) € 09°E)
is the universal Yang-Mills field strength (31).

For the purposes of perturbative quantum field theory (to be discussed below in chapter 15. Interacting
quantum fields) we may allow for a rescaling of the structure constants by (at this point) a real number g, to be
called the coupling constant, and decompose the Lagrangian into a sum of a free field theory Lagrangian (def.
5.25) and an interaction term:

1 1 1
L= kap (= afy + vy ai @) 5 (" = ¥ + gyPp,y ai"al”) dvol,
1

= S kap 5 (a8, — affy) 5 (@P# — afiY) dvoly

Lree 4

1 1 1 1 1
+ kap (5= afn); (VFpnynay"al”) dvoly + g% Shag s (v“gmai al') 5 (YWpuynay”al”) dvols

Lint

Notice that Lg.ce is equivalently a sum of dim(g)-copies of the Lagrangian for the electromagnetic field
(example 5.6).

On the other hand, for the purpose of exhibiting “non-perturbative effects due to instantons” in Yang-Mills
theory, one consider the rescaled Yang-Mills field coordinate

1
= —a“i‘
)

with corresponding field strength

~a
uv

(a%, —af, +y%g,akal) € 03°E) .

N =

In terms of this the expression for the Lagrangian is brought back to the abstract form it had before rescaling
the structure constants by the coupling constant, up to a global rescaling of all terms by the inverse square of
the coupling constant:

1 ~a ~Buv 44
L = ?ikaﬁfwf * dvoly . (44)

Example 5.8. (local Lagrangian density for free B-field)

Consider the field bundle A% T*Y — X for the B-field on Minkowski spacetime from example 3.9. With fiber
coordinates taken to be (b,,) with

b,, = —b

uv v

the induced fiber coordinates on the corresponding jet bundle ];’(T*Z) (def. 4.1) are
((x#)' (buv): (buv,ul)' (bl“/:ﬂl#z)' ).

Consider then the local Lagrangian density (def. 5.1) given by

L= 2 u hFfets dvoly € 0FTMO(ART'Y), (45)

ERT
where hu o, are the components of the universal B-field strength on the jet bundle from example 4.5.
17273

Example 5.9. (Lagrangian density for free Dirac field on Minkowski spacetime)

For X Minkowski spacetime of dimension p + 1 € {3,4,6,10} (def. 2.17), consider the field bundle
X X Soqq = 2 for the Dirac field from example 3.50. With the two-component spinor field fiber coordinates
from remark 2.32, the jet bundle has induced fiber coordinates as follows:

(), (%)) = (G g ) (€T, €1, )

All of these are odd-graded elements (def. 3.35) in a Grassmann algebra (example 3.36), hence anti-commute
with each other, in generalization of (28):
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The Lagrangian density (def. 5.1) of the massless free Dirac field on Minkowski spacetime is
L = Yy , dvols, 47

given by the bilinear pairing (—)I'(—) from prop. 2.31 of the field coordinate with its first spacetime
derivative and expressed here in two-component spinor field coordinates as in (15), hence with the Dirac
conjugate ¥ (14) on the left.

Specifically in spacetime dimension p + 1 = 4, the Lagrangian function for the massive Dirac field of mass
meE Ris

L= ipyty , + miyp
kinetic term >0 term

This is naturally thought of as a collection of Lagrangians smoothly parameterized by the metric  and the

mass m. For this to be physical unit-free in the sense of remark 5.2 the physical unit of the parameter m must

be that of the inverse metric, hence must be an inverse length according to remark 2.16 This is the inverse

Compton wavelength €,, = h/mc (9) and hence the physical unit-free version of the Lagrangian density for

the free Dirac field is

Loty = m(v*p , + (5w )dvol; .

Remark 5.10. (reality of the Lagrangian density of the Dirac field)

The Kkinetic term of the Lagrangian density for the Dirac field form def. 5.9 is a sum of two contributions, one
for each chiral spinor component in the full Dirac spinor (remark 2.32):

ipytp , =i §'04.0,§" +§1519,¢,
_}\.—/
—(0,EY0kE T+ 0, (ool x 1)

£%6109,8 + 16" 0, x + 0, (§a*h)

Here the computation shown under the brace crucially uses that all these jet coordinates for the Dirac field are
anti-commuting, due to their supergeometric nature (46).

Notice that a priori this is a function on the jet bundle with values in K. But in fact for K = C it is real up to a
total spacetime derivative:, because

. t
—i(0,x) o*x

ixto*a, x +id,(xTo"x)

Lo +
(ixte*a0,x)

and similarly for ifTﬁ"‘ 0,¢
(e.g. Dermisek 1-9)
Example 5.11. (Lagrangian density for quantum electrodynamics)

Consider the fiber product of the field bundles for the electromagnetic field (example 3.6) and the Dirac field
(example 3.50) over 4-dimensional Minkowski spacetime X := R3? (def. 2.17):

E = ng X Sodd .

electromagnetic  Dirac
field field

This means that now a field history is a pair (4, ¥), with A a field history of the electromagnetic field and ¥ a
field history of the Dirac field.

On the resulting jet bundle consider the Lagrangian density

Line = igPy*ia, (48)
for g € R some number, called the coupling constant. This is called the electron-photon interaction.
Then the sum of the Lagrangian densities for

1. the free electromagnetic field (example 5.6);

2. the free Dirac field (example 5.9)
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3. the above electron-photon interaction

1 .= — . —
Lem + Lo + Line = (5 £, f* + 19y, +mPy + ighy'pa,) dvol;

electrodynamics.

In this context the square of the coupling constant

is called the fine structure constant.

Euler-Lagrange forms and presymplectic currents

The beauty of Lagrangian field theory (def. 5.1) is that a choice of Lagrangian density determines both the
equations of motion of the fields as well as a presymplectic structure on the space of solutions to this equation
(the “shell”), making it the “covariant phase space” of the theory. All this we discuss below. But in fact all this key
structure of the field theory is nothing but the shadow (under “transgression of variational differential forms”,
def. 7.32 below) of the following simple relation in the variational bicomplex:

Proposition 5.12. (Euler-Lagrange form and presymplectic current)

Given a Lagrangian density L € QEH’O(E) as in def. 5.1, then its de Rham differential dL, which by degree
reasons equals & L, has a unique decomposition as a sum of two terms

dL = &g L — dOgpy (49)

such that 6gp, L is proportional to the variational derivative of the fields (but not their derivatives, called a
“source form”):

S L € NEYVUE)ASCY(E) € 0bYVY(E).
The map
SeL + 08T MO(E) — 05T VO(E) A 803 (E)

thus defined is called the Euler-Lagrange operator and is explicitly given by the Euler-Lagrange derivative:

SuLl
SgLL dvoly == ;;a 567 A dvoly (50)
(0L _d oL . d’ aL 5% A dvol
T\ 99 T dxt 0¢g® " dxtidxtz 9p° " A dvol .
M Hyoly

The smooth subspace of the jet bundle on which the Euler-Lagrange form vanishes
0o i£ ) 51
&= {xeJ (E) | bgL(x) =0} > JP(E). (51)

is called the shell. The smaller subspace on which also all total spacetime derivatives vanish (the “formally
integrable prolongation”) is the prolonged shell

k

€7 = € J7(B) || g g OmL L | () = 00 = J'(E) .

Saying something holds “on-shell” is to mean that it holds after restriction to this subspace. For example a
variational differential form a € Q' (E) is said to vanish on shell if |g= = 0.

The remaining term d@ggy in (49) is unique, while the presymplectic potential
Opry € 03 (E) (53)
is not unique.

(For a field bundle which is a trivial vector bundle (example 3.4 over Minkowski spacetime (def. 2.17), prop. 4.14
says that Oggy is unique up to addition of total spacetime derivatives dx, for k € 25~ 1’1(E).)

One possible choice for the presymplectic current Oggy is
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Onry = ;TLa&P“ A tg, dvol (>4
y
+(a—26¢a d oL )/\La dvoly
29%, P T dx 997, "
J’_...’

where
tg, dvoly = (=1)*dx®A---dxt~ " Adx#* A Adx?

denotes the contraction (def. 1.20) of the volume form with the vector field 8.

The vertical derivative of a chosen presymplectic potential Oggy is called a pre-symplectic current for L:
Dgpy = 80y € NPP(E) . (55)
Given a choice of Ogpy then the sum
L+ 0gpy € Q87V(E) ® QYY(E) (56)

is called the corresponding Lepage form. Its de Rham derivative is the sum of the Euler-Lagrange variation and
the presymplectic current:

d(L + Ogpy) = 6L L+ 2ppy - (57)
(Its conceptual nature will be elucidated after the introduction of the local BV-complex in example 8.12 below.)

Proof. Using L. = L dvoly and that d L. = 0 by degree reasons (example 4.12), we find

dL = oL aL6“+ aL5“+ A dvol
a¢ ¢’H ¢.ll ad’iluz ¢r#1#2 VOoly .

The idea now is to have d@gpy pick up those terms that would appear as boundary terms under the integral
fzj;’((b)*d L if we were to consider integration by parts to remove spacetime derivatives of 5¢p%.

We compute, using example 4.12, the total horizontal derivative of O@ggy from (54) as follows:
doe = oL —F= 0 oL 5p° d oL ——F= 0 Aty dvol
BFV = 6(1) ok ad)i” ¢, - e 6¢> ¢ g, dvoly

(s aL) s ) o[ w)w O s (a2 s
ap° 6(1)"2 acbw 64):,” 24 dxV 6(1)"7”/ dx? 6(1)
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sd )

3 d oL 501 aL 50 ) + d aL 5% + aL 5 > aL 567 d oL 502 )+ ) nd
dxtt 09, g5, ) T \dxtags, T agl, T dxtdxY 3¢, dx? 0g5, "

where in the last line we used that

dvoly | ifu, =u,
dx* A t,, dvoly =

0 | otherwise
d
dx¥ a¢
dOgpy = d oL @ oL + - )6¢% A dvol — & oL A dvol
BFV = dxk 997 dxkdx¥ 0%, ¢“ A dvoly 6¢> ", e voly

Hence —dOggy shares with dL the terms that are proportional to 6¢‘L o, OT k =1, and so the remaining
[as k

terms are proportional to §¢%, as claimed:

dL + dOgpy = oL d oL + a oL + -+ )8¢* A dvol
BFV — a¢a dxH ad)t; dxtdxV ad)’l;w ¢ VOoly .
=6gLL
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The following fact is immediate from prop. 5.12, but of central importance, we futher amplify this in remark 5.16
below:

Proposition 5.13. (total spacetime derivative of presymplectic current vanishes on-shell)

Let (E,L) be a Lagrangian field theory (def. 5.1). Then the Euler-Lagrange form §gi, L and the presymplectic
current (prop. 5.12) are related by

dgpy = —8(gL L) .

In particular this means that restricted to the prolonged shell E < ];’(E) (52) the total spacetime derivative of

the presymplectic current vanishes:
dgpy |g°° =0. (58)
Proof. By prop. 5.12 we have
6L = 6g.L—dOggy .

The claim follows from applying the variational derivative § to both sides, using (37): 6°=0 and
Sod=—do4. 11

Many examples of interest fall into the following two special cases of prop. 5.12:
Example 5.14. (Euler-Lagrange form for spacetime-independent Lagrangian densities)

Let (E,L) be a Lagrangian field theory (def. 5.1) whose field bundle E is a trivial vector bundle E = X X F over
Minkowski spacetime X (example 3.4).

In general the Lagrangian density L is a function of all the spacetime and field coordinates
L = L((x"), (%), (62), ~)dvol; .

Consider the special case that L is spacetime-independent in that the Lagrangian function L is independent of the
spacetime coordinate (x"). Then the same evidently holds for the Euler-Lagrange form &g L (prop. 5.12).
Therefore in this case the shell (52) is itself a trivial bundle over spacetime.

In this situation every point @ in the jet fiber defines a constant section of the shell:
Ix{p}cE™. (59)

Example 5.15. (canonical momentum)

Consider a Lagrangian field theory (E, L) (def. 5.1) whose Lagrangian density L

1. does not depend on the spacetime-coordinates (example 5.14);

2. depends on spacetime derivatives of field coordinates (hence on jet bundle coordinates) at most to first
order.

fb
Hence if the field bundle E — X' is a trivial vector bundle over Minkowski spacetime (example 3.4) this means
to consider the case that

L = L((¢%) (%)) Advol; .

Then the presymplectic current (def. 5.12) is (up to possibly a horizontally exact part) of the form

Npry = Sph AP A g, dvoly (60)
where
T (61)
a ad)[;

denotes the partial derivative of the Lagrangian function with respect to the spacetime-derivatives of the field
coordinates.

Here
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is called the canonical momentum corresponding to the “canonical field coordinate” ¢%.

In the language of multisymplectic geometry the full expression

Pi Atg, dvoly € 03 (E)
is also called the “canonical multi-momentum”, or similar.

Proof. We compute:

aL . oL . \...
dL = 5o + 5¢° |6 A dvoly

a a
¢ 9%
—6L daL/\dldaLz?a/\ dl.
=397~ ax 6(1’71 voly 6¢>,‘L ¢ ty, dvoly
OBrv
Hence
QNgpy = 60gpy
_ aL a
=0 W&6¢'“Ala“ dVOl};

6—aL N8P Aty dvol
= a ly, dvoly
ad)'ﬂ 12 I

= 8pg A p“ Ay, dvoly

Remark 5.16. (presymplectic current is local version of (pre-)symplectic form of Hamiltonian mechanics)

In the simple but very common situation of example 5.15 the presymplectic current (def. 5.12) takes the form

(61
Qpry = 6ph AP A g, dvoly
with ¢ the field coordinates (“canonical coordinates”) and p,’; the “canonical momentum” (61).

Notice that this is of the schematic form “(6p,, A §q%) A dvolz ", which is reminiscent of the wedge product of
a symplectic form expressed in Darboux coordinates with a volume form for a p-dimensional manifold. Indeed,
below in Phase space we discuss that this presymplectic current “transgresses” (def. 7.32 below) to a
presymplectic form of the schematic form “dP, A dQ®” on the on-shell space of field histories (def. 5.24) by
integrating it over a Cauchy surface of dimension p. In good situations this presymplectic form is in fact a
symplectic form on the on-shell space of field histories (theorem 8.8 below).

This shows that the presymplectic current Qgpy is the local (i.e. jet level) avatar of the symplectic form that

In fact prop. 5.13 may be read as saying that the presymplectic current is a conserved current (def. 6.6 below),
only that it takes values not in smooth functions of the field coordinates and jets, but in variational 2-forms on
fields. There is a conserved charge associated with every conserved current (prop. 8.14 below) and the
conserved charge associated with the presymplectic current is the (pre-)symplectic form on the phase space of
the field theory (def. 8.3 below).

Example 5.17. (Euler-Lagrange form and presymplectic current for free real scalar field)

Consider the Lagrangian field theory of the free real scalar field from example 5.4.

Then the Euler-Lagrange form and presymplectic current (prop. 5.12) are
Sl = (099, —m?)s¢ Advol, € 0FTVN(E) . (62)

and
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gy = (18, ASG) Ay, dvoly € OF*(E),

respectively.

Proof. This is a special case of example 5.15, but we spell it out in detail again:

p+1,1
S

We need to show that Euler-Lagrange operator 8g; : 2P 7 10(2) - 0 (2) takes the local Lagrangian density

for the free scalar field to
Sl = (e, —m?$)6¢ Advoly .

First of all, using just the variational derivative (vertical derivative) & is a graded derivation, the result of
applying it to the local Lagrangian density is

sL = (n¢ 8¢, —m*¢p5p) Advol; .

By definition of the Euler-Lagrange operator, in order to find &g, L and Ogpy, we need to exhibit this as the sum
of the form (=) A §¢p — dOggy.

The key to find Ogpy is to realize 6¢p , A dvoly as a total spacetime derivative (horizontal derivative). Since
dop =¢ udx“ this is accomplished by

8¢ , Advoly = 8dp Ay, dvoly,
where on the right we have the contraction (def. 1.20) of the tangent vector field along x" into the volume form.
Hence we may take the presymplectic potential (53) of the free scalar field to be
Opry = U”v(f’,“&f’ Ay, dvoly, (63)
because with this we have
dOgry = 1", 60 —1*'p 66 ) Advol; .
In conclusion this yields the decomposition of the vertical differential of the Lagrangian density

L = (anpw —m?)8¢ A dvol; — dOppy ,

=8gLL

which shows that dg; L is as claimed, and that Ogpy is a presymplectic potential current (53). Hence the
presymplectic current itself is

QNgpy = 60gpy
= 6(n¥" 8¢ A1y, dvol, )

= (7]’“}5‘1’,# A 5¢>) Ay, dvoly

Example 5.18. (Euler-Lagrange form for free electromagnetic field)

Consider the Lagrangian field theory of free electromagnetism from example 5.6.

The Euler-Lagrange variational derivative is

d 64
6ELL = - Wf‘w(?av . ( )

Hence the shell (51) in this case is
€= 2x{((a), @up) @y ) | f20 =0} € JR(T'5) .

Proof. By (50) we have
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More generally:

Example 5.19. (Euler-Lagrange form for Yang-Mills theory on Minkowski spacetime)

Let g be a semisimple Lie algebra and consider the Lagrangian field theory (E, L) of g-Yang-Mills theory from
example 5.7.

Its Euler-Lagrange form (prop. 5.12) is
S L = _( £ 4y %, f‘”y)ka,; sall dvoly,

where

fi, € 03°E)

is the universal Yang-Mills field strength (31).

Proof. With the explicit form (50) for the Euler-Lagrange derivative we compute as follows:

d d a
1 1 1 7
6EL(E kaﬁfz,,fﬁw) = <<_aag,, (ag,” + ;yozazm3 a32a33)>kaﬂfﬂuv _ (dxv' a—a;f,' - (al‘zu + Eyaaz% a32a33)>kaﬂfﬁuv>6a1¢f’

, d
=V wa, a33fﬁwk“l?5ag - (dxﬂ fﬁw)k"‘ﬁaag
_ auv B B
= —(Fo +y g all ™ )kapoal

In the last step we used that for a semisimple Lie algebra Yagy = kaav¥ gy is totally skew-symmetric in its

indices (this being the coefficients of the Lie algebra cocycle) which is in transgression with the Killing form
invariant polynomial k. Wi

Example 5.20. (Euler-Lagrange form of free B-field)
Consider the Lagrangian field theory of the free B-field from example 3.9.
The Euler-Lagrange variational derivative is
6L = h’"’p,pfﬁbw,

where hu1u2u3 is the universal B-field strength from example 4.5.

Proof. By (50) we have
gLl 9 1 [y My tt5] d 90 1 [1 05, 185]
Bb, 2w = | G, 2 Pl P T G G g Bl DT (O

=0

d Jd 1
- _ 1 [k by 15]
- (dxp by, 2 Dugppu, b >5buv

d
= _(M b[“v'f’])sb,w

—h**? ,6b,, .
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Example 5.21. (Euler-Lagrange form and presymplectic current of Dirac field)

Consider the Lagrangian field theory of the Dirac field on Minkowski spacetime of dimension
p+1€{3,4,6,10} (example 5.9).

Then

o the Euler-Lagrange variational derivative (def. 5.12) in the case of vanishing mass m is
SpLL = 2i6yPy*y . Ndvoly
and in the case that spacetime dimension is p + 1 = 4 and arbitrary mass m € R, itis

SpL L = (W/J(iy“lp,u + ml,b) + (—iy“ﬂ + m@)(&p)) dvoly

e its presymplectic current (def. 5.12) is
OQpry = SPy* oY tp, dvoly

Proof. In any case the canonical momentum of the Dirac field according to example 5.15 is
a .. a iafy,V h
Pi= Gy (EpyYy, +mpy)
M

=9 (),

This yields the presymplectic current as claimed, by example 5.15.

Now regarding the Euler-Lagrange form, first consider the massless case in spacetime dimension
p+1€{3,4,66,10}, where

L = ipyH 1/;'# .
Then we compute as follows:
OpLl = iﬁy”w,#—iﬁy” [l
N—
=+isPyry
=2i89yHy,

Here the first equation is the general formula (50) for the Euler-Lagrange variation, while the identity under the
braces combines two facts (as in remark 5.23 above):

1. the symmetry (12) of the spinor pairing (—)y*(—) (prop. 2.31);

2. the anti-commutativity (46) of the Dirac field and jet coordinates, due to their supergeometric nature
(remark 3.52).

Finally in the special case of the massive Dirac field in spacetime dimension p + 1 = 4 the Lagrangian function is
L = iyytp , +mpyp

where now Y, takes values in the complex numbers C (as opposed to in R, H or @). Therefore we may now form

the derivative equivalently by treeating ¥ and 1 as independent components of the field. This immediately yields
the claim. B

Example 5.22. (trivial Lagrangian densities and the Euler-Lagrange complex)

If a Lagrangian density L (def. 5.4) is in the image of the total spacetime derivative, hence horizontally exact
(def. 4.11)

L =4d?
forany £ € .Q)':"O(E), then both its Euler-Lagrange form as well as its presymplectic current (def. 5.12) vanish:
5ELL:0 ’ 'QBFV:O'

This is because with § e d = —d o § (37) the defining unique decomposition (49) of § L is given by

oL=¢6d?
= 0 -dgl
=08gLL Oprv

which then implies with (55) that

78 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/Euler-Lagrange+form
https://ncatlab.org/nlab/show/Euler-Lagrange+form
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/Dirac+field
https://ncatlab.org/nlab/show/Dirac+field
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/Dirac+field
https://ncatlab.org/nlab/show/Dirac+field
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/dimension
https://ncatlab.org/nlab/show/dimension
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianDensityForDiracField
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianDensityForDiracField
https://ncatlab.org/nlab/show/Euler-Lagrange+variational+derivative
https://ncatlab.org/nlab/show/Euler-Lagrange+variational+derivative
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#EulerLagrangeOperatorForTivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#EulerLagrangeOperatorForTivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/mass
https://ncatlab.org/nlab/show/mass
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/dimension
https://ncatlab.org/nlab/show/dimension
https://ncatlab.org/nlab/show/mass
https://ncatlab.org/nlab/show/mass
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#EulerLagrangeOperatorForTivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#EulerLagrangeOperatorForTivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/canonical+momentum
https://ncatlab.org/nlab/show/canonical+momentum
https://ncatlab.org/nlab/show/Dirac+field
https://ncatlab.org/nlab/show/Dirac+field
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CanonicalMomentum
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CanonicalMomentum
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CanonicalMomentum
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CanonicalMomentum
https://ncatlab.org/nlab/show/Euler-Lagrange+form
https://ncatlab.org/nlab/show/Euler-Lagrange+form
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:EulerLagrangeEquationGeneral
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:EulerLagrangeEquationGeneral
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianDensityOfDiracFieldSupergeometricNature
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianDensityOfDiracFieldSupergeometricNature
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:SpinorToVectorPairingIsSymmetric
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:SpinorToVectorPairingIsSymmetric
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#RealSpinorPairingsViaDivisionAlg
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#RealSpinorPairingsViaDivisionAlg
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:DiracFieldJetCoordinatesAnticommute
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:DiracFieldJetCoordinatesAnticommute
https://ncatlab.org/nlab/show/supergeometry
https://ncatlab.org/nlab/show/supergeometry
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DiracFieldSupergeometric
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DiracFieldSupergeometric
https://ncatlab.org/nlab/show/complex+numbers
https://ncatlab.org/nlab/show/complex+numbers
https://ncatlab.org/nlab/show/derivative
https://ncatlab.org/nlab/show/derivative
https://ncatlab.org/nlab/show/Lagrangian+densities
https://ncatlab.org/nlab/show/Lagrangian+densities
https://ncatlab.org/nlab/show/Euler-Lagrange+complex
https://ncatlab.org/nlab/show/Euler-Lagrange+complex
https://ncatlab.org/nlab/show/Lagrangian+density
https://ncatlab.org/nlab/show/Lagrangian+density
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianForFreeScalarFieldOnMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianForFreeScalarFieldOnMinkowskiSpacetime
https://ncatlab.org/nlab/show/total+spacetime+derivative
https://ncatlab.org/nlab/show/total+spacetime+derivative
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VariationalBicomplexOnSecondOrderJetBundleOverTrivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VariationalBicomplexOnSecondOrderJetBundleOverTrivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/Euler-Lagrange+form
https://ncatlab.org/nlab/show/Euler-Lagrange+form
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#EulerLagrangeOperatorForTivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#EulerLagrangeOperatorForTivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:HorizontalAndVerticalDerivativeAnticommute
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:HorizontalAndVerticalDerivativeAnticommute
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:dLDecomposition
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:dLDecomposition
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:PresymplecticCurrent
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:PresymplecticCurrent

geometry of physics -- perturbative quantum field theory in nLab

79 of 323

Ngpy = 60gpy
=667
=0

Therefore the Lagrangian densities which are total spacetime derivatives are also called trivial Lagrangian
densities.

fb
If the field bundle E — X is a trivial vector bundle (example 3.4) over Minkowski spacetime (def. 2.17) then
also the converse is true: Every Lagrangian density whose Euler-Lagrange form vanishes is a total spacetime
derivative.

Stated more abstractly, this means that the exact sequence of the total spacetime from prop. 4.14 extends to
the right via the Euler-Lagrange variational derivative §g;, to an exact sequence of the form

d d d d d 8 )
R S 0Y°(E) — 03°(E) — 03°(E) — -+ — 08°(E) — 08 °(E) = 08" V(E) A S(CT(E) = -

In fact, as shown, this exact sequence keeps going to the right; this is also called the Euler-Lagrange complex.

(Anderson 89, theorem 5.1)

The next differential & after the Euler-Lagrange variational derivative §gj, is known as the Helmholtz
operator. By definition of exact sequence, the Helmholtz operator detects whether a partial differential
equation on field histories, induced by a variational differential form P € .Q)’_ZH'O(E) AS(C*(E)) as in (65)
comes from varying a Lagrangian density, hence whether it is the equation of motion of a Lagrangian field
theory via def. 5.24.

This way homological algebra is brought to bear on core questions of field theory. For more on this see the
exposition at Higher Structures in Physics.

Remark 5.23. (supergeometric nature of Lagrangian density of the Dirac field)

Observe that the Lagrangian density for the Dirac field (def. 5.9) makes sense (only) due to the supergeometric
nature of the Dirac field (remark 3.52): If the field jet coordinates 1 1y, VETE not anti-commuting (46) then
s

the Dirac’s field Lagrangian density (def. 5.9) would be a total spacetime derivative and hence be trivial
according to example 5.22.

This is because

1 1—-— 1 —
d(;lllw‘lpta# dvolz) =¥ y'pdvoly + “PyHy  dvoly
~———
=(—1)%ﬂyuwdvol£

Here the identification under the brace uses two facts:

1. the symmetry (12) of the spinor bilinear pairing (—)I'(-);

2. the anti-commutativity (46) of the Dirac field and jet coordinates, due to their supergeometric nature
(remark 3.52).

The second fact gives the minus sign under the brace, which makes the total expression vanish, if the Dirac
field and jet coordinates indeed are anti-commuting (which, incidentally, means that we found an “off-shell
conserved current” for the Dirac field, see example 6.9 below).

If however the Dirac field and jet coordinates did commute with each other, we would instead have a plus sign
under the brace, in which case the total horizontal derivative expression above would equal the massless Dirac
field Lagrangian (47), thus rendering it trivial in the sense of example 5.22.

The same supergeometric nature of the Dirac field will be necessary for its intended equation of motion, the
Dirac equation (example 5.30) to derive from a Lagrangian density; see the proof of example 5.21 below, and
see remark 5.31 below.

Euler-Lagrange equations of motion

The key implication of the Euler-Lagrange form on the jet bundle is that it induces the equation of motion on the
space of field histories:

Definition 5.24. (Euler-Lagrange equation of motion)

Given a Lagrangian field theory (E,L) (def. 5.1 then the corresponding Euler-Lagrange equations of motion is
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the condition on field histories (def. 3.46)
(D(,) U — FE(E)
to have a jet prolongation (def. 4.2)

Ja (@ (=) : UXZ — JZ(E)

i
that factors through the shell inclusion € S J5 (E) (51) defined by vanishing of the Euler-Lagrange form
(prop. 5.12)

JE@ () UxE— S J2E) . (65)

i.00
(This implies that j*(®_,) factors even through the prolonged shell £% N I35 (E) (52))

In the case that the field bundle is a trivial vector bundle over Minkowski spacetime as in example 3.4 this is
the condition that @ _ satisfies the following differential equation (again using prop. 5.12):

Sl oL d aL d> oL o (0P [ 0208,
T = \sza gagqa T a = |G @O Foa ) = 06
op ap dxH 6(1),# dxtdxV qu’uv dxH dxHoxV

where the differential operator (def. 4.7)

oo, ~+f OELL .
Jy (—) W 1 I'y(E) — I'g(T3E)

(66)

from the field bundle (def. 3.1) to its vertical cotangent bundle (def. 1.13) is given by the Euler-Lagrange
derivative (50).

The on-shell space of field histories is the space of solutions to this condition, namely the the sub-super smooth

set (def. 3.40) of the full space of field histories (22) (def. 3.46)

67
Is(B)s, 1o — 's(E) €7
whose plots are those @_y: U - I'y(E) that factor through the shell (65).
More generally for . © X a submanifold of spacetime, we write
68
Is,(Es, o < Iz, (E) (68)

for the sub-super smooth ste of on-shell field histories restricted to the infinitesimal neighbourhood of X} in »'

(25).
Definition 5.25. (free field theory)
fb
A Lagrangian field theory (E, L) (def. 5.1) with field bundle E — X a vector bundle (e.g. a trivial vector bundle

as in example 3.4) is called a free field theory if its Euler-Lagrange equations of motion (def. 5.24) is a
differential equation that is linear differential equation, in that with

d’l;‘pz S FZ(E)é‘ELL=0

any two on-shell field histories (67) and ¢4, ¢, € R any two real numbers, also the linear combination

1@, +c,®, € I'y(E),

which a priori exists only as an element in the off-shell space of field histories, is again a solution to the
equations of motion and hence an element of Iy, (E)5EL Lo

A Lagrangian field theory which is not a free field theory is called an interacting field theory.
Remark 5.26. (relevance of free field theory)

In perturbative quantum field theory one considers interacting field theories in the infinitesimal
neighbourhood (example 3.30) of free field theories (def. 5.25) inside some super smooth set of general
Lagrangian field theories. While free field theories are typically of limited interest in themselves, this
perturbation theory around them exhausts much of what is known about quantum field theory in general, and
therefore free field theories are of paramount importance for the general theory.
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We discuss the covariant phase space of free field theories below in Propagators and their quantization below
in Free quantum fields.

Example 5.27. (equation of motion of free real scalar field is Klein-Gordon equation)

Consider the Lagrangian field theory of the free real scalar field from example 5.4.

By example 5.17 its Euler-Lagrange form is

SeL = (™o, —m?)8¢ A dvol,

Hence for @ € I's(E) = C*(X) a field history, its Euler-Lagrange equation of motion according to def. 5.24 is

92
nHv Fyrr ®—m2d =0
often abbreviated as
(o-m»Hd = 0. (69)

This PDE is called the Klein-Gordon equation on Minowski spacetime. If the mass m vanishes, m = 0, then this is
the relativistic wave equation.

Hence this is indeed a free field theory according to def. 5.25.

The corresponding linear differential operator (def. 4.7)

(0—m?) : [5(EXR) — I'5(Z X R) (70)

is called the Klein-Gordon operator.

For later use we record the following basic fact about the Klein-Gordon equation:

Example 5.28. (Klein-Gordon operator is formally self-adjoint )

The Klein-Gordon operator (70) is its own formal adjoint (def. 4.9) witnessed by the bilinear differential
operator (33) given by

0d, %,\ (71)
K(®1,@;) = | 550 P2 = P15 J1¥1a, dvol; .
Proof.
00, 99,\
dK (P4, P,) =d FP ®, — P, FP ", dvoly
M *o, o 9P, 00,\ [, 00, 9, w 0P, dvol
T axkaxr 2T gk oy | T\ ay aan T v g g
62 2
_ 1 2
- (r]ﬂv dxtaxv * ®un Va Vo ”)dVOIX
= 0(@)P, — P, 0(P;)
[ |

Example 5.29. (equations of motion of vacuum electromagnetism are vacuum Maxwell's equations)

Consider the Lagrangian field theory of free electromagnetism on Minkowski spacetime from example 5.6.

By example 5.18 its Euler-Lagrange form is
d
6ELL = wfﬂvé'av .

Hence for A € I'y(T*Y) = 0*(%) a field history (“vector potential”), its Euler-Lagrange equation of motion

according to def. 5.24 is

0
m
(7x“F 0

= d*nF=0

’

where F = dA is the Faraday tensor (20). (In the coordinate-free formulation in the second line “x,,” denotes the
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Hodge star operator induced by the pseudo-Riemannian metric ) on Minkowski spacetime.)

These PDEs are called the vacuum Maxwell's equations.

This, too, is a free field theory according to def. 5.25.

Consider the Lagrangian field theory of the Dirac field on Minkowski spacetime from example 5.9, with field
fiber the spin representation S regarded as a superpoint S,4q and Lagrangian density given by the spinor
bilinear pairing

L = ipy*a,y + myyp
(in spacetime dimensionp + 1 € {3,4,6,10} withm = O unlessp + 1 = 4).

By example 5.21 the Euler-Lagrange differential operator (66) for the Dirac field is of the form

Fy(ZxS8) — Iy(ZxS) (72)
Y~ (DY
so that the corresponding Euler-Lagrange equation of motion (def. 5.24) is equivalently
(—iy*o, +m)yp = 0. (73)
D

This is the Dirac equation and D is called a Dirac operator. In terms of the Feynman slash notation from (16) the
corresponding differential operator, the Dirac operator reads

D = (—ig +m).
Hence this is a free field theory according to def. 5.25.

Observe that the “square” of the Dirac operator is the Klein-Gordon operator O —m? (69)

(+iy#9, +m)(—iy#0, + m)y = (9,0* —m?)y
=(a-m?y

This means that a Dirac field which solves the Dirac equations is in particular (on Minkowski spacetime)
componentwise a solution to the Klein-Gordon equation.

Remark 5.31. (supergeometric nature of the Dirac equation as an Euler-Lagrange equation)

While the Dirac equation (73) of example 5.30 would make sense in itself also if the field coordinates 1 and jet
coordinates u of the Dirac field were not anti-commuting (46), due to their supergeometric nature (remark

3.52), it would, by remark 5.23, then no longer be the Euler-Lagrange equation of a Lagrangian density, hence
then Dirac field theory would not be a Lagrangian field theory.

Example 5.32. (Dirac operator on Dirac spinors is formally self-adjoint differential operator)

The Dirac operator, hence the differential operator corresponding to the Dirac equation of example 5.30 via def.
4.7 is a formally anti-self adjoint (def. 4.9):

D"=-D.

Proof. By (72) we are to regard the Dirac operator as taking values in the dual spin bundle by using the Dirac
conjugate (—) (14):

Iy(ZxS) — Iy(ExSH
y ~» (-)D¥
Then we need to show that there is K(—, —) such that for all pairs of spinor sections ¥4, ¥, we have
Poy#(0,¥1) — PryH(—0,¥2) = dK@ ., ¥,) -
But the spinor-to-vector pairing is symmetric (12), hence this is equivalent to
0, Py, + P1vH(0,¥2) = dK(,, ;) -

By the product law of differentiation, this is solved, for all ¥, ¥, by
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This concludes our discussion of Lagrangian densities and their variational calculus. In the next chapter we
consider the infinitesimal symmetries of Lagrangians and the conserved currents that these induce via Noether's
theorem.

6. Symmetries

In this chapter we discuss these topics:

o Infinitesimal symmetries of the Lagrangian density

o Infinitesimal symmetries of the presymplectic potential current

We have introduced the concept of Lagrangian field theories (E,L) in terms of a field bundle F equipped with a
Lagrangian density L on its jet bundle (def. 5.1). Generally, given any object equipped with some structure, it is of
paramount interest to determine the symmetries, hence the isomorphisms/equivalences of the object that
preserve the given structure (this is the “Erlanger program”, Klein 1872).

The infinitesimal symmetries of the Lagrangian density (def. 6.6 below) send one field history to an
infinitesimally nearby one which is “equivalent” for all purposes of field theory. Among these are the infinitesimal
gauge symmetries which will be of concern below. A central theorem of variational calculus says that
infinitesimal symmetries of the Lagrangian correspond to conserved currents, this is Noether's theorem I, prop.
6.7 below. These conserved currents constitute an extension of the Lie algebra of symmetries, called the Dickey

bracket.

But in (57) we have seen that the Lagrangian density of a Lagrangian field theory is just one component, in
codimension 0, of an inhomogeneous “Lepage form” which in codimension 1 is given by the presymplectic
potential current @ggy (53). (This will be conceptually elucidated, after we have introduced the local BV-
complex, in example 8.12 below.) This means that in codimension 1 we are to consider infinitesimal on-shell
symmetries of the Lepage form L + @ggy. These are known as Hamiltonian vector fields (def. 6.19 below) and the
analog of Noether's theorem I now says that these correspond to Hamiltonian differential forms. The Lie algebra
of these infinitesimal symmetries is called the local Poisson bracket (prop. 6.21 below).

Noether theorem and Hamiltonian Noether theorem

physical local symmetry
quantity algebra

variational form symmetry homotopy formula

conserved current

Lagrangian density L d(J = t,0ppv) = 1, 8pL L ]
N—— v

L,L=d] Dickey bracket
(def:.1) ’ =t (def. 6.6)
presymplectic current var . 6(1:1,, — 1,05rv) = L, By Hamiltonian form local Poisson bracket
Qpry L," Ogpy = 6H S~ H, (prop. 6.21)
(prop. 5.12) i (def. 6.19)

In the chapter Phase space below we transgress this local Poisson bracket of infinitesimal symmetries of the
presymplectic potential current to the “global” Poisson bracket on the covariant phase space (def. 8.15 below).
This is the structure which then further below leads over to the quantization (deformation quantization) of the
prequantum field theory to a genuine perturbative quantum field theory. However, it will turn out that there may
be an obstruction to this construction, namely the existence of special infinitesimal symmetries of the
Lagrangian densities, called implicit gauge symmetries (discussed further below).

infinitesimal symmetries of the Lagrangian density
Definition 6.1. (variation)
fb
Let E — X be a field bundle (def. 3.1).

A variation is a vertical vector field v on the jet bundle ];’(E) (def. 4.1) hence a vector field which vanishes
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when evaluated in the horizontal differential forms.

In the special case that the field bundle is trivial vector bundle over Minkowski spacetime as in example 3.4, a
variation is of the form
— a a a e
v="v 6¢a + u,ua% + Vi, 6¢ZI“Z +
The concept of variation in def. 6.1 is very general, in that it allows to vary the field coordinates independently
from the corresponding jets. This generality is necessary for discussion of symmetries of presymplectic currents
in def. 6.19 below. But for discussion of symmetries of Lagrangian densities we are interested in explicitly

varying just the field coordinates (def. 6.2 below) and inducing from this the corresponding variations of the
field derivatives (prop. 6.3) below.

In order to motivate the following definition 6.2 of evolutionary vector fields we follow remark 4.10 saying that
concepts in variational calculus are obtained from their analogous concepts in plain differential calculus by
replacing plain bundle morphisms by morphisms out of the jet bundle:

fb
Given a fiber bundle E — X, then a vertical vector field on E is a section of its vertical tangent bundle TyE (def.

1.13), hence is a bundle morphism of this form

vertical vector field
E _—

TsE
id v "4
E
The variational version replaces the vector bundle on the left with its jet bundle:

Definition 6.2. (evolutionary vector fields)

fb
Let E — X be a field bundle (def. 3.1). Then an evolutionary vector field v on E is “variational vertical vector
field” on E, hence a smooth bundle homomorphism out of the jet bundle (def. 4.1)

JYE 2 TyE
1o, Y /

E

fb
to the vertical tangent bundle T5FE — X (def. 1.13) of E — X.

In the special case that the field bundle is a trivial vector bundle over Minkowski spacetime as in example 3.4,
this means that an evolutionary vector field is a tangent vector field (example 1.12) on ];"(E) of the special

form
v =v%0ga
= v%((x), (@), (%), ) Iga
where the coefficients v* € C°°(];°(E)) are general smooth functions on the jet bundle (while the cmponents

are tangent vectors along the field coordinates (¢p), but not along the spacetime coordinates (x*) and not

along the jet coordinates ¢‘L o ).
das k

We write

rg'(TxE) € 0Y°(E)Mod

for the space of evolutionary vector fields, regarded as a module over the R-algebra
03°E) = CUFE)
of smooth functions on the jet bundle.

An evolutionary vector field (def. 6.2) describes an infinitesimal change of field values depending on, possibly, the
point in spacetime and the values of the field and all its derivatives (locally to finite order, by prop. 4.6).

This induces a corresponding infinitesimal change of the derivatives of the fields, called the prolongation of the
evolutionary vector field:

Proposition 6.3. (prolongation of evolutionary vector field)
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fb
Let E — X be a fiber bundle.

Given an evolutionary vector field v on E (def. 6.2) there is a unique tangent vector field v (example 1.12) on the
jet bundle J 3 (E) (def. 4.1) such that

1.0 agrees on field coordinates (as opposed to jet coordinates) with v:
(b, o). (B) = v,
fb
which means in the special case that E — X is a trivial vector bundle over Minkowski spacetime (example
3.4) that Dis of the form
A a nl e 74
V= v%04e + vuad,i + Uy, 6‘1’,‘21“2 + (74)

=V

2. contraction with D (def. 1.20) anti-commutes with the total spacetime derivative (def, 4.11):
l,AJOd-i-dOL{}:O. (75)

In particular Cartan's homotopy formula (prop. 1.22) for the Lie derivative Ly holds with respect to the

variational derivative 8:

[,{;Z(SOL]';-I-L{;O(S (76)

Explicitly, in the special case that the field bundle is a trivial vector bundle over Minkowski spacetime (example
3.4) Dis given by

A z‘” d"ve (77)
v= o .
dxtaeedxtn ™ Puguy

Proof. 1t is sufficient to prove the coordinate version of the statement. We prove this by induction over the
maximal jet order k. Notice that the coefficient of 0 e in ¥ is given by the contraction L1A;5¢Z ot (def. 1.20).
HyHg 1 Pk

Similarly (at “k = —1") the component of 6,11 is given by t5dx#. But by the second condition above this vanishes:

ydxHt = diyx

=0
Moreover, the coefficient of 0¢a in ¥ is fixed by the first condition above to be
a_
436" = ve.

This shows the statement for k = 0. Now assume that the statement is true up to some k € N. Observe that the
a

A dx*k+1, For this we find again
Hy Byt 8

coefficients of all e are fixed by the contractions with §¢
HiBe41

from the second condition and using § e d + d o § = 0 as well as the induction assumption that

1éPp® AdxPeir = 1,6dp?
5 ¢u1,..ﬂk+1 5 ¢#1"'ﬂk

=dyde?

Hyely
d*ve
=d————
dxct---dxte
dk+1Ua J .
= —— dxHk+1 |
dx”1~~dx”k+1

This shows that ¥ satisfying the two conditions given exists uniquely.

Finally formula (76) for the Lie derivative follows from the second of the two conditions with Cartan's homotopy
formula £y = d o 15 + 15 o d (prop. 1.22) together withd = § + d (35). Wl

A
v

Proposition 6.4. (evolutionary vector fields form a Lie algebra)

fb
Let E — X be a fiber bundle. For any two evolutionary vector fields v, v, on E (def. 6.2) the Lie bracket of

e
tangent vector fields of their prolongations 1’)1, {\72 (def. 6.3) is itself the prolongation [vy,v,]| of a unique
evolutionary vector field [v4, V;].

This defines the structure of a Lie algebra on evolutionary vector fields.

Proof. It is clear that [1/51, 1’)2] is still vertical, therefore, by prop. 6.3, it is sufficient to show that contraction 4,

with this vector field (def. 1.20) anti-commutes with the horizontal derivative d, hence that [d, [lfil,ﬁzJ] =0.
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Now [d, y3, 5,11 is an operator that sends vertical 1-forms to horizontal 1-forms and vanishes on horizontal

1-forms. Therefore it is sufficient to see that this operator in fact also vanishes on all vertical 1-forms. But for this
it is sufficient that it commutes with the vertical derivative. This we check by Cartan calculus, using [d,§] = 0
and [d, l@i] = 0, by assumption:

[6,[d, yp, 5,011 = (6,15, 5,111

—[d,
—ld L, 5]
—ld,
—[d,

[£5,15,1]
(18,15, 1,15, 11

Now given an evolutionary vector field, we want to consider the flow that it induces on the space of field
histories:

Definition 6.5. (flow of field histories along evolutionary vector field)

fb
Let E — X be a field bundle (def. 3.1) and let v be an evolutionary vector field (def. 6.2) such that the ordinary
flow of its prolongation D (prop. 6.3)

exp(tD) : J7(E) — J7(E)
exists on the jet bundle (e.g. if the order of derivatives of field coordinates that it depends on is bounded).

For @_y:U; - I's(E) a collection of field histories (hence a plot of the space of field histories (def. 3.46) ) the
flow of v through @ _, is the smooth function

exp(v) (@)
U, x R ———5 1';(E)

"
whose unique factorization exp(v) (@) through the space of jets of field histories (i.e. the image im(j;’) of
jet prolongation, def. 4.2)

im(jy) o Iz(5(E)
(%(\V)(‘P(—)) 2 1=

1
Uy xR e—>xp(v)(¢) I's(E)

takesaplott_y : U, = R? of the real line (regarded as a super smooth set via example 3.41), to the plot
(exp(t()D) o jP(@(—) = Uy X Uy = I'5(J3(E)) (78)
of the smooth space of sections of the jet bundle.

(That exp(t(—)?) indeed flows jet prolongations j;’(CD(—)) again to jet prolongations is due to its defining

relation to the evolutionary vector field v from prop. 6.3.)

Definition 6.6. (infinitesimal symmetries of the Lagrangian and conserved currents)

Let (E, L) be a Lagrangian field theory (def. 5.1).
Then

1. an infinitesimal symmetry of the Lagrangian is an evolutionary vector field v (def. 6.2) such that the Lie

derivative of the Lagrangian density along its prolongation D (prop. 6.3) is a total spacetime derivative:
L{} L = d]{}

2.an on-shell conserved current is a horizontal p-form ] € n§'°(E) (def. 4.11) whose total spacetime

derivative vanishes on the prolonged shell (51)

dJ|ge =0
Proposition 6.7. (Noether's theorem I)

Let (E,L) be a Lagrangian field theory (def. 5.1).

If v is an infinitesimal symmetry of the Lagrangian (def. 6.6) with Ly L = d]iA], then
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Iy = ]f; — 4,0ppv (79)

is an on-shell conserved current (def. 6.6), for Oggy a presymplectic potential (53) from def. 5.12.

(Noether's theorem II is prop. 10.9 below.)

Proof. By Cartan's homotopy formula for the Lie derivative (prop. 1.22) and the decomposition of the variational
derivative § L (49) and the fact that contraction t;, with the prolongtion of an evolutionary vector field vanishes
on horizontal differential forms (74) and anti-commutes with the horizontal differential (75), by def. 6.2, we may
re-express the defining equation for the symmetry as follows:

dj, = LyL
=1l dL +di, L
=6gL L—dogry =0

= I.{}(SEL L+ dl{}@BFV
which is equivalent to

d(Jy — 140ppy) = ;0L L (80)
N———

=/1/}
Since, by definition of the shell &, the differential form on the right vanishes on £ this yields the claim.

Example 6.8. (energy-momentum of the scalar field)

Consider the Lagrangian field theory of the free scalar field from def. 5.4:
— Y(ow 242
L = p (n ¢'#¢’v meg )dvolz .
Forv € {0, 1, ---, p} consider the vector field on the jet bundle given by
vy = ¢V6¢, + (1)"”64,'“ + -
This describes infinitesimal translations of the fields in the direction of d,,.

ty, dL = dL Ay dvoly .
With the formula (63) for the presymplectic potential
Oppy = 7]‘”4’,#5@6‘, dvoly
it hence follows from Noether's theorem (prop. 6.7) that the corresponding conserved current (def. 6.6) is
T, = Ly, dvoly — 1, Ogpy
= L1y, dvoly — np”¢,p¢’v tp, dvoly

= (841 — 17" ¢ ) 1a, dvoly
(S —
= :Tf,t

This conserved current is called the energy-momentum tensor.

Example 6.9. (Dirac current)

Consider the Lagrangian field theory of the free Dirac field on Minkowski spacetime in spacetime dimension
p+1=23+1 (example 5.9)

L = iyy*y , dvols .
Then the prolongation (prop. 6.3) of the evolutionary vector field (def. 6.2)

Vo= iy, 61,,“

Noether's theorem [ (prop. 6.7) is
ipytipg, dvoly € QF°(E) .

This is called the Dirac current.
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Proof. By equation (77) the prolongation of v is
A . o
v=1ip 0y + i, , 6%“ S I

Therefore the Lagrangian density is strictly invariant under the Lie derivative along D

Ly(ipytyp  Jdvoly = imy™p , dvoly + ipy (i ,)dvol
——— ——————
=i (0P, iy,
=0.

and so the formula for the corresponding conserved current (79) is

Jy

Il
|
-
S

Ogry
— Py Hsy tg,, dvolg / »

+ihy*p,,, dvoly

where under the brace we used example 5.21 to identify the presymplectic potential for the free Dirac field. W

spacetime derivative, and since the Euler-Lagrange equations of motion by construction depend on the
Lagrangian density only up to a total spacetime derivative (prop. 5.12), it is plausible that and infinitesimal

case is the statement of prop. 6.16 below.

To make the proof transparent, we now first introduce the concept of the evolutionary derivative (def. 6.12)
below and then observe that in terms of these the Euler-Lagrange derivative is in fact a derivation (prop. 6.14).

Definition 6.10. (field-dependent sections)
For
fb
E—2Z
a fiber bundle (def. 1.9), regarded as a field bundle (def. 3.1), and for
fbr
E' -2
any other fiber bundle over the same base space (spacetime), we write

Ty (E') = Ty (jb"E') = Homy(J3(E),E') = DiffOp(E,E")

jb
for the space of sections of the pullback of bundles of E” to the jet bundle J(E) D5 (def. 4.1) along jb.

El
IipeE) = 7o
JFE) 5 2

(Equivalently this is the space of differential operators from sections of E to sections of E’, according to prop.
47.)

In (Olver 93, section 5.1, p. 288) the field dependent sections of def. 6.10, considered in local coordinates, are
referred to as tuples of differential functions.

Example 6.11. (source forms and evolutionary vector fields are field-dependent sections)

fb
For E — X a field bundle, write T3E for its vertical tangent bundle (example 1.13) and T5E for its dual vector
bundle (def. 1.14), the vertical cotangent bundle.

Then the field-dependent sections of these bundles according to def. 6.10 are identified as follows:

o the space I"];o(E)(TEE) contains the space of evolutionary vector fields v (def. 6.2) as those bundle

morphism which respect not just the projection to 2 but also its factorization through E:
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TyE
v thy
7! € Iy (TsE)
J5 (E) T E X

. F]?(E)(T}E) ® AEH(T*Z') contains the space of source forms E (prop. 5.12) as those bundle
morphisms which respect not just the projection to X but also its factorization through E:
T3E
E ctby *
74 € o (T5E)
J5 (E) ]_b:: E — X

fb
This makes manifest the duality pairing between source forms and evolutionary vector fields
Iy (TsE) ® [y (TsE) — C (U2 (E))
which in local coordinates is given by
(V¥ 0ga, Wa60™) = viwq
for v%, w, € C°°(]§°(E)) smooth functions on the jet bundle (as in prop. 4.6).

Definition 6.12. (evolutionary derivative of field-dependent section)

Let
fb
E->X
be a fiber bundle regarded as a field bundle (def. 3.1) and let
vb
V-2
be a vector bundle (def. 1.10). Then for
a field-dependent section of E according to def. 6.10, its evolutionary derivative is the morphism

DP
Py (TxE) — Tyog (V)

v = G(P)

which, under the identification of example 6.11, sense an evolutionary vector field v to the derivative of P
(example 1.12) along the prolongation tangent vector field Dofv (prop. 6.3).

In the case that E and V are trivial vector bundles over Minkowski spacetime with coordinates ((x*), (¢%))
and ((x*), (p?)), respectively (example 3.4), then by (77) this is given by

P’  dve 9P® 4%y apP )

b _ a -
(@RE) = <" 367 " dxk 0¢% | dxrdx’ 0%,

This makes manifest that D P may equivalently be regarded as a ];’(E)—dependent differential operator (def.
4.7) from the vertical tangent bundle Ty E (def. 1.13) to V, namely a bundle homomorphism over 2 of the form
Dp : JJ(E) Xz JuTsE —V

in that
Dp(—,v) =DP(w) = v(P) . (81)

(Olver 93, def. 5.24)

Example 6.13. (evolutionary derivative of Lagrangian function)

Over Minkowski spacetime X (def. 2.17), let L = L dvol € !)EJrl'O(E) be a Lagrangian density (def. 5.1), with
coefficient function regarded as a field-dependent section (def. 6.10) of the trivial real line bundle:

L € FJEO(ZXR),
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Then the formally adjoint differential operator (def. 4.9)

(D))" JF(E) X5 (ZXR) — T3E

of its evolutionary derivative, def. 6.12, regarded as a ];’(E)—dependent differential operator Dp from Ty to V

and applied to the constant section
1ET(Z xR
is the Euler-Lagrange derivative (50)
gLl = (D) (1) € Iy (Tx) = 25 " (E) e
via the identification from example 6.11.

Proposition 6.14. (Euler-Lagrange derivative is derivation via evolutionary derivatives)

LetV V—>b X be a vector bundle (def. 1.10) and write V™ — X for its dual vector bundle (def. 1.14).
For field-dependent sections (def. 6.10)
a€rlr ]?(E)(V)
and
B € F];?(E)(V*)

we have that the Euler-Lagrange derivative (50) of their canonical pairing to a smooth function on the jet bundle

the evolutionary derivative (def. 6.12) of the other:
Sen(a-B) = (Do) (B) + (Dg) (@)
Proof. It is sufficient to check this in local coordinates. By the product law for differentiation we have

5EL(a'ﬁ*):a(a‘ﬂ*)_i<a(“'ﬁ*)>+ d (a<“'ﬁ*>>_...

5 ap* dx# 64)"; dxtdxY 6¢"LV

_ Oa . d [ 0a + d Jda .
S B —aur 99", g dxtdx” \ 99", p

L9 d (op \,  _d (o
0" “ " axn\9g? %) " axrdxv\ 997, ©

= (D), (B) + (Dg) (@)

Proposition 6.15. (evolutionary derivative of Euler-Lagrange forms is formally self-adjoint)

Let (E,L) be a Lagrangian field theory (def. 5.1) over Minkowski spacetime (def. 2.17) and regard the Euler-
Lagrange derivative

6EL L = 6ELL A dVOlZ‘
(from prop. 5.12) as a field-dependent section of the vertical cotangent bundle

SeLl € Iy (TzE)

as in example 6.11. Then the corresponding evolutionary derivative field-dependent differential operator Ds, |
(def- 6.12) is formally self-adjoint (def. 4.9):

(DJELL)* = DJELL-

(In terms of the Euler-Lagrange complex, remark 4.15, this says that the Helmholtz operator vanishes on the
image of the Euler-Lagrange operator.)

(Olver 93, theorem 5.92) The following proof is due to Igor Khavkine.

Proof. By definition of the Euler-Lagrange form (def. 5.12) we have
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SeLl _ 4
507 6¢" Advoly = 8L Advoly + d(...).
Applying the variational derivative § (def. 4.11) to both sides of this equation yields
6ELL a
6W A8¢p” Advoly = §8L Advoly + d(...).
=0

It follows that for v, w any two evolutionary vector fields the contraction (def. 1.20) of their prolongations D and
w (def. 6.3) into the differential 2-form on the left is

66ELL 5 a _ o a b
5% " ¢" |(v,w) = w(Dgg, ), (V) = v°(Dsg, ), (W),

by inspection of the definition of the evolutionary derivative (def. 6.12). Moreover, their contraction into the
differential form on the right is

igd(.. ) = d(...)

by the fact (prop. 6.3) that contraction with prolongations of evolutionary vector fields anti-commutes with the
total spacetime derivative (75).

Hence the last two equations combined give
w(Dgy, ), (V) = v’ (Dsy, ),(w) = d(...).

This is the defining condition for Ds_ to be formally self-adjoint differential operator (def. 4.9). W

the Euler-Lagrange equations of motion:

Proposition 6.16. (infinitesimal symmetries of the Lagrangian are also infinitesimal symmetries of the
equations of motion)

Let (E,L) be a Lagrangian field theory. If an evolutionary vector field v is an infinitesimal symmetry of the

Lagrangian then the flow along its prolongation D preserves the prolonged shell £* < ];(E) (52) in that the Lie

derivative of the Euler-Lagrange form 8gy, L along D vanishes on £

LiL=d(...) =  LySpLle =0.

Proof. Notice that for any vector field D the Lie derivative (prop. 1.22)Ly of the Euler-Lagrange form

_ SpLl
5EL L= 6'4)“
component functions, which by definition vanishes on-shell:

SgLL

Sp“

8¢ A dvoly, differs from that of its component functions dvoly by a term proportional to these

SgLL SgLL SgLL
L{}(&pa ORI dvolz) = (LIA,W 8¢ A dvoly + e (Ly8¢%) A dvoly
_ A(SELL =oone*
_v( 54:“)

But the Lie derivative of the component functions is just their plain derivative. Therefore it is sufficient to show
that

(37l = 0

implies that the contraction (def. 1.20) of the Euler-Lagrange form with the corresponding evolutionary vector
field is a total spacetime derivative:

lif}aELL = d_]{} .

Since the Euler-Lagrange derivative vanishes on total spacetime derivative (example 5.22) also its application on
the contraction on the left vanishes. But via example 6.11 that contraction is a pairing of field-dependent
sections as in prop. 6.14. Hence we use this proposition to compute:

(82)
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_ 8L (v - SgLL)
= 7(%‘1
= (D), (8gLL) + Dy 1), (v)
= (Dy),(8gLL) + Dy ), (V)

0

N
= (D), (BeLl) + v(%) :

Here the first step is by prop. 6.14, the second step is by prop. 6.15 and the third step is (81).
Hence
{\7(5ELL) |g°° = _(Dv)*(SELL)IgW
=0 '

where in the last line we used that on the prolonged shell §g; L and all its horizontal derivatives vanish, by
definition. B

As a corollary we obtain:

histories)
Let (E,L) be a Lagrangian field theory (def. 5.1).

For v an infinitesimal symmetry of the Lagrangian (def. 6.6) the flow on the space of field histories (example 3.12)
that it induces by def. 6.5 preserves the space of on-shell field histories (from prop. 5.12):

Fy(B)s 1o < T'z(E)

exp(V)ls 1o T exp(V)
F):(E)gELL=0 o TIx(E)

Proof. By def. 5.24 a field history @ € I';(E) is on-shell precisely if its jet prolongation j;(E) (def. 4.2) factors
through the shell £ & ];’(E) (51). Hence by def. 6.5 the statement is equivalently that the ordinary flow (prop.

1.22) of v (def. 6.3) on the jet bundle ];O(E) preserves the shell. This in turn means that it preserves the
vanishing locus of the Euler-Lagrange form &g, L, which is the case by prop. 6.16. |

infinitesimal symmetries of the presymplectic potential current

Evidently Noether's theorem [ in variational calculus (prop. 6.7) is the special case for horizontal p + 1-forms of
a more general phenomenon relating symmetries of variational forms to forms that are closed up to a
contraction. The same phenomenon applied instead to the presymplectic current yields the following:

Definition 6.18. (variational Lie derivative)
LetE f—b> X be a field bundle (def. 3.1) with jet bundle 3 (E) (def. 4.1).
For v a vertical tangent vector field on the jet bundle (a variation def. 6.1) write
LA = o, +1,08 (83)

for the variational Lie derivative along v, analogous to Cartan's homotopy formula (prop. 1.22) but defined in
terms of the variational derivative § (35) as opposed to the full de Rham differential.

Then for v; and v, two vertical vector fields, write
[vy, Uz]var € F(Tvert]?(E))
for the vector field whose contraction operator (def. 1.20) is given by
Uvy,0,]V" = [Qz’fr' lv2]

,
. pvar _ var
=L, oy, — L, Ly
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Let (E,L) be a Lagrangian field theory (def. 5.1) with presymplectic potential current @ggy (53). Write
€ & J7(E) for the shell (51).

Then:

1. An on-shell variation v (def. 6.1) is an infinitesimal symmetry of the presymplectic current or Hamiltonian
vector field if on-shell (def. 5.12) its variational Lie derivative along v (def. 6.18) is a variational
derivative:

(801, +1,08)0ppy = 8H, on&
for some variational form H,,.

2. A Hamiltonian differential form H (or local Hamiltonian current) is a variational form on the shell such
that there exists a variation v with

6H = 1,0pry  ONE.
We write
08 Ram(E) = {(H,v) | visavariation and t,2gpy = 6H}

for the space of pairs consisting of a Hamiltonian differential forms on-shell and a corresponding variation.

Proposition 6.20. (Hamiltonian Noether's theorem)

A variation v is an infinitesimal symmetry of the presymplectic potential (def. 6.19) with Ly*" (Ogpy) = 6H,
precisely if

H, = ﬁv — 4,Ogpy
is a Hamiltonian differential form for v.
Proof. From the definition (83) of £L;*" we have

anrOBFV = 51:11;

=4 6LV@BFV + L‘U50BFV = 61:11;

=0grv

< 5(1:117 - luQBFv) = L{BFy,

where we used the definition (55) of Qgpy . B

Since therefore both the conserved currents from Noether's theorem as well as the Hamiltonian differential
forms are generators of infinitesimal symmetries of certain variational forms (namely of the Lagrangian density
and of the presymplectic current, respectively) they form a Lie algebra. For the conserved currents this is
sometimes known as the Dickey bracket Lie algebra. For the Hamiltonian forms it is the Poisson bracket Lie p+1-
algebra. Since here for simplicity we are considering just vertical variations, we have just a plain Lie algebra. The
transgression of this Lie algebra of Hamiltonian forms on the jet bundle to Cauchy surfaces yields a
presymplectic structure on phase space, this we discuss below.

Proposition 6.21. (local Poisson bracket)

Let (E,L) be a Lagrangian field theory (def. 5.1).

On the space Qg:gam(E) pairs (H,v) of Hamiltonian differential forms H with compatible variation v (def. 6.19)

the following operation constitutes a Lie bracket:

{(Hy,vy), (Hpvp)} = (v, tv, 2BV, [vs, Vz]var) , (849
where [v1,v,]"" is the variational Lie bracket from def. 6.18.
We call this the local Poisson Lie bracket.

Proof. First we need to check that the bracket is well defined in itself. It is clear that it is linear and skew-
symmetric, but what needs proof is that it does indeed land in Qg:gam(E), hence that the following equation
holds:

8ty by, ppy = Uy, v,1varf2BEY -

With def. 6.18 for £LY?" and [ —, —]*®" we compute this as follows:
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1 1
6[111[112-QBFV = ;5lvlluzﬂBFv - ;(U1 © vy)

1 1
=3 (L:],larlvz-QBFv - Lvl&vz-QBFV) - 5(171 ©vy)

_ 1 pvar var 1
=3 (Lvl ty, {2V — by, Ly, Oppv + LvllVZSQBFV) — ;W o vy)
=0

= [£y7" 1y, | 2By
= Uy, v, {BFV -
This shows that the bracket is well defined.
It remains to see that the bracket satifies the Jacobi identity:
{(H1,v1),{(H2,v2), (H3,v3)}} + (cyclic) = 0

hence that
(Lo, w0 Pprvs (V1 [V2,02]777) + (cyclic) = 0.

Here [vq, [V, V5] 21" + (cyclic) = 0 holds because by def. 6.18 [v;, —]"?" acts as a derivation, and hence
what remains to be shown is that

Ly, L([vz,v3]var)‘QBFV + (cyclic) =0
We check this by repeated uses of def. 6.18, using in addition that

1. 61y, 2gpy = 0

(since 1, 2gpy = 8H; by v; being Hamiltonian)
2. Ly gpy = 0

(since in addition 6Q2gpy = 0)
3. by, by, by, fpy = 0

(since 2gpy € 05'2(5) is of vertical degree 2, and since all variations v; are vertical by assumption).

So we compute as follows (a special case of FRS 13b, lemma 3.1.1):
0= &vl Ly, v, 28RV

var
Lvl [vz [V3 -QBFV - Lv1 6‘172 l’V3 -QBFV

_ var var
- [[vl,vz]"a”v3~0BFV + va‘Cvl [v3-QBFV - [vlva lu3-QBFV + by, by, 5[173-0BFV
= U] o3 28RV F Lo, oy 0y 28RV — Lo, Uy, 0,24 2BRY

= _LV1L[V2-V3]VarﬂBFV - LVZL[Vs,Vl]Var’QBFV - LVSL[UerZ]Var’QBFV '

var

The local Poisson bracket Lie algebra (ﬂg:gam(E), [—= -]
Lie theoretic structure called the Poisson bracket Lie p-algebra. Here we will not go deeper into this higher
structure (see at Higher Prequantum Geometry for more), but below we will need the following simple shadow of
it:

) from prop. 6.21 is but the lowest stage of a higher

Lemma 6.22. The horizontally exact Hamiltonian forms constitute a Lie ideal for the local Poisson Lie bracket (84).
Proof. Let E be a horizontally exact Hamiltonian form, hence

E=dK
for some K. Write e for a Hamiltonian vector field for E.

Then for (H,v) any other pair consisting of a Hamiltonian form and a corresponding Hamiltonian vector field,
we have
Lyle Qgpy = 4, OF
1, 6dK
-, d 6K
diy, 6K .
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Here we used that the horizontal derivative anti-commutes with the vertical one by construction of the
variational bicomplex, and that ¢, anti-commutes with the horizontal derivative d since the variation e (def. 6.1)
is by definition vertical. |

Example 6.23. (local Poisson bracket for real scalar field)
Consider the Lagrangian field theory for the free real scalar field from example 5.4.
By example 5.17 its presymplectic current is
Dppy = r]’“’&l),” ANSP A g, dvoly

The corresponding local Poisson bracket algebra (prop. 6.21) has in degree 0 Hamiltonian forms (def. 6.20)
such as

Q = ¢, dvoly € QP°(E)
and
P = 0" 15, dvoly € QP°(E) .

The corresponding Hamiltonian vector fields are

UQ = —64,'0
and
Vp = —6¢ .

Hence the corresponding local Poisson bracket is

{P,Q} = typlyyw = 1, dvoly .
More generally for by, b, € Cf:’;’J (2) two bump functions then
{blP, sz} = blbzlao dVOl; .

Example 6.24. (local Poisson bracket for free Dirac field)

Consider the Lagrangian field theory of the free Dirac field on Minkowski spacetime (example 5.9), whose
presymplectic current is, according to example 5.21, given by

Qpry = (8P) v* (89) 19, dvoly . (85)

Consider this specifically in spacetime dimension p 4+ 1 = 4 in which case the components 1, are complex

number-valued (by prop./def. 2.15), so that the tuple (l/)a) amounts to 8 real-valued coordinate functions. By

changing complex coordinates, we may equivalently consider (1/)a) as four coordinate functions, and (ITJa) as

another four independent coordinate functions.

Using this coordinate transformation, it is immediate to find the following pairs of Hamiltonian vector fields
and their Hamiltonian differential forms from def. 6.19 applied to (85)

Hamiltonian r field Hamiltonian differential form
9y, (5py")“15, dvoly
9, (r*) 4 ta,, dvoly
and to obtain the following non-trivial local Poisson brackets (prop. 6.21) (the other possible brackets vanish):
{(y”t/))a 1, dvolg, (@y”)ﬁtg# dvol);} = (1", 1, dvoly .

Notice the signs: Due to the odd-grading of the field coordinate function 1, its variational derivative 61 has bi-
degree (1, 0dd) and the contraction operation (, has bi-degree (—1, 0dd), so that commuting it past 1 picks

up two minus signs, a “cohomological” sign due to the differential form degrees, and a “supergeometric” one
(def. 3.39):

19y 8- = (~D (-8 19,

For the same reason, the local Poisson bracket is a super Lie algebra with symmetric super Lie bracket:
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{(y'ﬁp)a ty, dvoly, (@y“)ﬁ 1, dvolz} = + {(@y“)ﬁ g, dvoly, ("), ta,, dvolz} .

This concludes our discussion of general infinitesimal symmetries of a Lagrangian. We pick this up again in the
discussion of Gauge symmetries below. First, in the next chapter we discuss the concept of observables in field
theory.

7. Observables

In this chapter we discuss these topics:

General observables

Polynomial off-shell observables and Distributions

Polynomial on-shell observables and Distributional solutions to PDEs

Local observables and Transgression

Infinitesimal observables

e States

Given a Lagrangian field theory (def. 5.4), then a general observable quantity or just observable for short (def. 7.1
below), is a smooth function

A:Tp(E)s o —C

on the on-shell space of field histories (example 3.12, example 3.46) hence a smooth “functional” of field
histories. We think of this as assigning to each physically realizable field history @ the value A(®) of the given

quantity as exhibited by that field history. For instance concepts like “average field strength in the compact
spacetime region 0” should be observables. In particular the field amplitude at spacetime point x should be an
observable, the “field observable” denoted @ %(x).

Beware that in much of the literature on field theory, these point-evaluation field observables ®“(x) (example
below 7.2) are eventually referred to as “fields” themselves, blurring the distinction between

1. types of fields/field bundles E,

2. field histories/sections @,

3. functions on the space of field histories ®“(x).

In particular, the process of quantization (discussed in Quantization below) affects the third of these concepts
only, in that it deforms the algebra structure on observables to a non-commutative algebra of quantum
observables. For this reason the field observables ®%(x) are often referred to as quantum fields. But to
understand the conceptual nature of quantum field theory it is important that the ®%(x) are really the
observables or quantum observables on the space of field histories.

fields

aspect term type description def.
coordinate function on def. 3.1

field component ¢a, d’i ];’(E) - R jet bundle of field def. 4.1.
bundle T

. . 0P o jet prolongation of def. 3.1,

b, — P E

field history dxH J5 (E) section of field bundle  def. 4.2
derivatives of delta- def. 7.1,

field observable  ®%(x), au<1>“(x), I's(E) >R functional on space of  example
sections 7.2

averaging of at - fa;'(x)q)a(x) dvoly(x) (E") - Obs(E L) observable-valued def. 7.30

field observable z Z.cp scp’ distribution T

algebra of non-commutative

quantum (Obs(E, L)ucr *) CAlg algebra structure on def., def.

observables field observables
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There are various further conditions on observables which we will eventually consider, forming subspaces of
gauge invariant observables (def. 11.2), local observables (def. 7.39 below), Hamiltonian local observables (def.
8.13 below) and microcausal observables (def. ). While in the end it is only these special kinds of observables that
matter, it is useful to first consider the unconstrained concept and then consecutively characterize smaller
subspaces of well-behaved observables. In fact it is useful to consider yet more generally the observables on the
full space of field histories (not just the on-shell subspace), called the off-shell observables.

In the case that the field bundle is a vector bundle (example 3.4), the off-shell space of field histories is
canonically a vector space and hence it makes sense to consider linear off-shell observables, i.e. those
observables A with A(c®) = cA(®) and A(P, + @,) = A(P,) + A(P,). It turns out that these are precisely the

tools from functional analysis and microlocal analysis available for the analysis of field theory (discussed below).

More generally there are the multilinear off-shell observables, and these are analogously given by distributions of
several variables (def. 7.13 below). In fully perturbative quantum field theory one considers only the
infinitesimal neighbourhood (example 3.30) of a single on-shell field history and in this case all observables are
in fact given by such multilinear observables (def. 7.43 below).

For a free field theory (def. 5.25) whose Euler-Lagrange equations of motion are given by a linear differential
operator which behaves well in that it is “Green hyperbolic” (def. 7.19 below) it follows that the actual on-shell
linear observables are equivalently those off-shell observables which are spatially compactly supported
distributional solutions to the formally adjoint equation of motion (prop. 7.28 below); and this equivalence is
exhibited by composition with the causal Green function (def. 7.18 below):

This is theorem 7.29 below, which is pivotal for passing from classical field theory to quantum field theory:

polynomial spatially compactly supported
polynomial
restriction off-shell causal propagator | distributions in several variables
on-shell — —
= observables = which are distributional solutions
observables

modulo equations of motion to the adjoint equations of motion

This fact makes, in addition, the distributional analysis of linear differential equations available for the analysis
of free field theory, notably the theory of propagators, such as Feynman propagators (def. 9.61 below), which we
turn to in Propagators below.

The functional analysis and microlocal analysis (below) of linear observables re-expressed in distribution theory
via theorem 7.29 solves the issues that the original formulation of perturbative quantum field theory by

ordered product of quantum observables in a Wick algebra of observables follows from Hormander's criterion
for the product of distributions to be well-defined (this we discuss in Free quantum fields below) and the
renormalization freedom in the construction of the S-matrix is governed by the mechanism of extensions of
distributions (this we discuss in Renormalization below).

Among the polynomial on-shell observables characterized this way, the focus is furthermore on the local
observables:

In [ocal field theory the idea is that both the equations of motion as well as the observations are fully determined
by their restriction to infinitesimal neighbourhoods of spacetime points (events). For the equations of motion
this means that they are partial differential equations as we have seen above. For the observables it should mean
that they must be averages over regions of spacetime of functions of the value of the field histories and their
derivatives at any point of spacetime. Now a “smooth function of the value of the field histories and their
derivatives at any point” is precisely a smooth function on the jet bundle of the field bundle (example 4.1) pulled
back via jet prolongation (def. 4.2). If this is to be averaged over spacetime it needs to be the coefficient of a
horizontal p + 1-form (prop. 4.11).

In mathematical terminology these desiderata say that the local observables in a local field theory should be
precisely the “transgressions” (def. 7.32 below) of horizontal variational p + 1-forms (with compact spacetime
support, def. 7.31 below) to the space of field histories (example 3.12). This is def. 7.39 below.

below). This is the transgression of the Lagrangian density itself, or rather of its product with an “adiabatic
switching function” that localizes its support in a compact spacetime region. In typical cases the physical
quantity whose observation is represented by the action functional is the difference of the kinetic energy-
momentum minus the potential energy of a field history averaged over the given region of spacetime.

The equations of motion of a Lagrangian field theory say that those field histories are physically realized which
are critical points of this action functional observable. This is the principle of extremal action (prop. 7.38 below).

In summary we find the following system of types of observables:
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types of observables in perturbative quantum field theory:

local
N
field — linear — microcausal — polynomial — general
7

regular

In the chapter Free quantum fields we will see that the space of all polynomial observables is too large to admit
quantization, while the space of regular local observables is too small to contain the usual interaction terms for
perturbative quantum field theory (example 7.42) below. The space of microcausal polynomial observables (def.
14.2 below) is in between these two extremes, and evades both of these obstacles.

Given the concept of observables, it remains to formalize what it means for the physical system to be in some
definite state so that the observable quantities take some definite value, reflecting the properties of that state.

Whatever formalization for states of a field theory one considers, at the very least the space of states States
should come with a pairing linear map

Obs @ States — C
(4,(-)) = (4)

which reads in an observable quantity A and a state, to be denoted ( —), and produces the complex number (A)
which is the “value of the observable quantity A in the case that the physical system is in the state (—)".

One might imagine that it is fundamentally possible to pinpoint the exact field history that the physical system is
found in. From this perspective, fixing a state should simply mean to pick such a field history, namely an element
(RS FE(E)‘SEL L= in the on-shell space of field histories. If we write ( —), for this state, its pairing map with the

observables would simply be evaluation of the observable, being a function on the field history space, on that
particular element in this space:

(A)y = A(®) .

However, in the practice of experiment a field history can never be known precisely, without remaining
uncertainty. Moreover, quantum physics (to which we finally come below), suggests that this is true not just in
practice, but even in principle. Therefore we should allow states to be a kind of probability distributions on the
space of field histories, and regard the pairing (A) of a state (—) with an observable A as a kind of expectation

value of the function A averaged with respect to this probability distribution. Specifically, if the observable
quantity 4 is (a smooth approximation to) a characteristic function of a subset § FE(E)‘SEL L= ©f the space of
field histories, then its value in a given state should be the probability to find the physical system in that subset

of field histories.

But, moreover, the superposition principle of quantum physics says that the actually observable observables are
only those of the form A"A (for A" the image under the star-operation on the star algebra of observables.

This finally leads to the definition of states in def. 7.47 below.

General observables

Definition 7.1. (observables)

Let (E,L) be a Lagrangian field theory (def. 5.1) with FE(E)&,SLL:O its on-shell space of field histories (def.
5.24).

Then the space of observables is the super formal smooth set (def. 3.40) which is the mapping space

Obs(E,L) = [I'5(E)s \_,» Cl

from the on-shell space of field histories to the complex numbers.
Similarly there is the space of off-shell observables
Obs(E) = [I's(E), C]. (86)

Every off-shell observables induces an on-shell observable by restriction, this yields a smooth function
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(Dsgy 1 87
Obs(E) —2"% 0bs(E, L) (87)

similarly we may consider the observables on the sup-spaces of field histories with restricted causal support
according to def. 2.36. We write

ObS(Escp) = [rz‘,scp(E)’(C]
and

ObS(Escp: L) = [Fz,scp(E)gELL=0' (C] (88)

for the spaces of (off-shell) observables on field histories with spatially compact support (def. 2.36).

Observables form a commutative algebra under pointwise product:

Obs(E) ® Obs(E) 2 0bs(E) (89)
(A1, 47) = Ay - Ay

given by
(A1 - A2)(P()) = A1(P()) - A2 (D)),
where on the right we have the product in C.

(Suitable subspaces of observables will in addition carry other products, notably non-commutative algebra
structures, this is the topic of the chapters Free quantum fields and Quantum observables below.)

Observables on bosonic fields

In the case that E is a purely bosonic field bundle in smooth manifolds so that FE(E)SELL=0 is a diffeological

space (def. 3.12, def. 5.24) this means that a single observable A € Obsg |, is equivalently a smooth function
(def. 3.10)

A:Tp(B)s o —C.

Explicitly, by def. 3.14 (and similarly by def. 3.40) this means that A is for each Cartesian space U (generally:
super Cartesian space, def. 3.37) a natural function of plots

@
UxZx — E
Ay : N s — {U-C}.
SgLL=0
Observables on fermionic fields

In the case that E has purely fermionic fibers (def. 3.45), such as for the Dirac field (example 3.50) with
E = ¥ X S,4q then the only points in Obsg, namely morphisms R® - Obsy, are observables depending on an
even power of field histories; while general observables appear as possibly odd-parameterized families

(6~ %) : R°!" — Obsg,

whose component W is a section of the even-graded field bundle, regarded in odd degree, via prop. 3.51. See
example 7.14 below.

The most basic kind of observables are the following:
Example 7.2. (point evaluation observables - field observables)

Let (E,L) be a Lagrangian field theory (def. 5.1) whose field bundle (def. 3.1) over some spacetime X happens
to be a trivial vector bundle in even degree (i.e. bosonic) with field fiber coordinates (¢%) (example 3.4). With
respect to these coordinates a field history, hence a section of the field bundle

® € I'y(E)

has components (@%) which are smooth functions on spacetime.
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Then for every index a and every point x € X' in spacetime (every event) there is an observable (def. 7.1)
denoted @ %(x) which is given by

fba(x) . (D(_) g (DEI_)(x),

hence which on a test space U (a Cartesian space or more generally super Cartesian space, def. 3.37) sends a
U-parameterized collection of fields

Py U= Ts(E)sy 1o

to their U-parameterized collection of values at x of their a-th component.

Notice how the various aspects of the concept of “field” are involved here, all closely related but crucially
different:

D% (x) : ® = %) = P° o ®(x)
field field field field
observable history value component

Polynomial off-shell Observables and Distributions

We consider here linear observables (def. 7.3 below) and more generally quadratic observables (def. 7.12) and
generally polynomial observables (def. 7.13 below) for free field theories and discuss how these are equivalently
given by integration against generalized functions called distributions (prop. 7.5 and prop. 7.6 below).

This is the basis for the discussion of quantum observables for free field theories further below.

Definition 7.3. (linear off-shell observables)

Let (E, L) be a Lagrangian field theory (def. 5.1) whose field bundle E (def. 3.1) is a super vector bundle (as in
example 3.4 and as opposed to more general non-linear fiber bundles).

This means that the off-shell space of field histories I'y(E) (example 3.46) inherits the structure of a super

vector space by spacetime-pointwise (i.e. event-wise) scaling and addition of field histories.

Then an off-shell observable (def. 7.1)

A:Ty(E)y—C
is a linear observable if it is a linear function with respect to this vector space structure, hence if
Aled)) = cA@c))  and  A(P + @) = A(P) +A@ )
for all plots of field histories ID(_), d?'(_) .

If moreover (E, L) is a free field theory (def. 5.25) then the on-shell space of field histories inherits this linear

structure and we may similarly speak of linear on-shell observables.
We write
LinObs(E,L) < Obs(E,L)
for the subspace of linear observables inside all observables (def. 7.1) and similarly
LinObs(E) < Obs(E)

for the linear off-shell observables inside all off-shell observables, and similarly for the subspaces of linear
observables on field histories of spatially compact supprt (88):

LinObs(Escp, L) © Obs(Ecp, L) 90)
and

LinObs(Escp) © Obs(Egp) -

Example 7.4. (point evaluation observables are linear)
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Let (E,L) be a Lagrangian field theory (def. 5.1) over Minkowski spacetime (def. 2.17), whose field bundle E
(def. 3.1) is the trivial vector bundle with field coordinates (¢%) (example 3.4).

Then for each field component index a and point x € X' of spacetime (each event) the point evaluation
observable (example 7.2)

®4(x)
FsB)spyrg — C
¢ A €))

is a linear observable according to def. 7.3. The distribution that it corresponds to under prop. 7.5 is the Dirac
delta-distribution at the point x combined with the Kronecker delta on the index a: In the generalized function-
notation of remark 7.7 this reads:

PYx): D / @2 (y)825(x, y) dvolz(y) .
z

Proposition 7.5. (linear off-shell observables of scalar field are the compactly supported distributions)

Let (E,L) be a Lagrangian field theory (def. 5.1) over Minkowski spacetime (def. 2.17), whose field bundle E (def.

field histories I's (E) = C*(X) (19) is the real vector space of smooth functions on Minkowski spacetime and that
every linear observable A (def. 7.3) gives a linear function

A, C®(E)y, g —C.

This linear function A, is in fact a compactly supported distribution, in the sense of functional analysis, in that it
satisfies the following Fréchet vector space continuity condition:

o Fréchet continuous linear functional
A linear function A, : C*(RP'Y) - R is called continuous if there exists
1. a compact subset K C R of Minkowski spacetime;

2. a natural number k € N;
3. a positive real number C € Ry

such that for all on-shell field histories

DECT(D)y 1o

the following inequality of absolute values | — | of partial derivatives holds
[A(@)] < € ), sup|a“e()],
la|<k XEK

where the sum is over all multi-indices o € NP** (1) whose total degree |a| = ag + - + a, is bounded by
k, and where
"o
9% 09% y1... 9%
denotes the corresponding partial derivative (1).

0% =

This identification constitutes a linear isomorphism

LinObs(Z X R) = &)
linear off-shell compactly supported
observables distributions
of the scalar field on spacetime

way, and uniquely so.

For proof see at distributions are the smooth linear functionals, this prop.

available powerful tools from functional analysis. The key fact is the following:
Proposition 7.6. (distributions are generalized functions)

For n € N, every compactly supported smooth function b € C(‘:’;(R") on the Cartesian space R™ induces a
distribution (prop. 7.5), hence a continuous linear functional, by integration against b times the volume form.
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C°(R™ — R
f = [gnf(X)b(x) dvol(x)

The distributions arising this way are called the non-singular distributions.

This construction is clearly a linear inclusion

Cep(R™) — &' (R™)

and in fact this is a dense subspace inclusion for the space of compactly supported distributions £ (R™) equipped
with the dual space topology (this def.) to the Fréchet space structure on C*(R™) from prop. 7.5.

COHIpUER oM ppaiied tL pned nen Y CERAELUSLP
smooth functions in that for every smooth function f € C”(R™) we have that the value u(f) € R is the limit of

integrals against b, dvol:
u(f) = ,Ei"lo/ f(x)by(x)dvol(x) .
Rn

(e. g. Hérmander 90, theorem 4.1.5)

Proposition 7.6 with prop. 7.5 implies that with due care we may think of all linear off-shell observables as
arising from integration of field histories against some “generalized smooth functions” (namely a limit of actual
smooth functions):

Remark 7.7. (linear off-shell observables of real scalar field as integration against generalized functions)

Let (E,L) be a Lagrangian field theory (def. 5.1) over Minkowski spacetime (def. 2.17), whose field bundle E
(def. 3.1) is a trivial vector bundle with field coordinates (¢%).

Prop. 7.5 implies immediately that in this situation linear off-shell observables A (def. 7.3) correspond to
tuples (4,) of compactly supported distributions via

A@) = D) Ag(0Y) .

With prop. 7.6 it follows furthermore that there is a sequence of tuples of smooth functions {(@y) }, < Such

that A is the limit of the integrations against these:
A(@) = lim fd)a(x) () o () dvol(x),
n-— oo
z

where now the sum over the index a is again left notationally implicit.

For handling distributions/linear off-shell observables it is therefore useful to adopt, with due care, shorthand
notation as if the limits of the sequences of smooth functions (an)a actually existed, as “generalized functions”

a,, and to set

/®“(x)aa(x) dvol(x) = A(®P),

z

This suggests that basic operations on functions, such as their pointwise product, should be extended to
distributions, e.g. to a product of distributions. This turns out to exist, as long as the high-frequency modes in
the Fourier transform of the distributions being multiplied cancel out - the mathematical reflection of “UV-
divergences” in quantum field theory. This we turn to in Free quantum fields below.

These considerations generalize from the field bundle of the real scalar field to general field bundles (def. 3.1) as
long as they are smooth vector bundles (def. 1.10):

fb
Let E — X be a field bundle (def. 3.1) which is a smooth vector bundle (def. 1.10) over Minkowski spacetime
(def. 2.17); hence, up to isomorphism, a trivial vector bundle as in example 3.4.

On its real vector space I's(E) of smooth sections consider the seminorms indexed by a compact subset K € ¥
and a natural number k € N and given by
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where on the right we have the absolute values of the partial derivatives of @ index by a (1) with respect to
any choice of norm on the fibers.

This makes I'y(E) a Fréchet topological vector space.

For K c X any closed subset then the sub-space of sections

Iy x(E) & I's(E)

topology, which makes these be closed subspaces.

Finally, the vector spaces of smooth sections with prescribed causal support (def. 2.36) are inductive limits of
vector spaces I'y x(E) as above, and hence they inherit topological vector space structure by forming the
corresponding inductive limit in the category of topological vector spaces. For instance

F):‘,cp(E) = }% Iy (E)
kcompact
etc.
(Bar 14, 2.1)

Definition 7.9. (distributional sections)

fb
Let E — X be a smooth vector bundle (def. 1.10) over Minkowski spacetime (def. 2.17).

The vector spaces of smooth sections with restricted support from def. 2.36 structures of topological vector
spaces via def. 7.8. We denote the dual topological vector spaces by

Iy (EY) = (F5ep(E)) .
This is called the space of distributional sections of the dual vector bundle E”*.

The support of a distributional section supp(u) is the set of points in X such that for every neighbourhood of
that point u does not vanish on all sections with support in that neighbourhood.

Imposing the same restrictions to the supports of distributional sections as in def. 2.36, we have the following
subspaces of distributional sections:

Iy ep (BT 5, 40p (ED T sy50p (B I s 00p (B T s pep (E) I g (B7) € Ty (E7).

(Sanders 13, Bar 14)

As before in prop. 7.6 the actual smooth sections yield examples of distributional sections, and all distributional
sections arise as limits of integrations against smooth sections:

Proposition 7.10. (non-singular distributional sections)

fb
Let E = X be a smooth vector bundle over Minkowski spacetime and let s € {cp, * cp, scp, tcp} be any of the

support conditions from def. 2.36.

on sections with this support property is a dense subspace inclusion into the topological vector space of
distributional sections from def. 7.9:

* " U
rz,cp(E) — F):,s (E)

b (@ + [b(x) @(x)dvoly(x))
z

(Bér 14, lemma 2.15)

Proposition 7.11. (distribution dualities with causally restricted supports)

fb
Let E — X be a smooth vector bundle (def. 1.10) over Minkowski spacetime (def. 2.17).

Then there are the following isomorphisms of topological vector spaces between a) dual spaces of spaces of
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sections with restricted causal support (def. 2.36) and equipped with the topology from def. 7.8 and b) spaces of
distributional sections with restricted supports, according to def. 7.9:

[yep(E) =I5 (E),
r£,+cp(E)* = FIE,fcp (EY),
Ty, —cp(E)" =I5 pep (ED),
rz‘,scp(E)* = Fll,tcp (E9),
FZ,fcp(E)* = F,£,+cp (EM,
FE,pcp(E)* = Flz,—cp (ED),
FZ,tcp(E)* = F’z,scp (EM,

rg(E) = Fll,cp (EY).

(Sanders 13, thm. 4.3, Bar 14, lem. 2.14)

The concept of linear observables naturally generalizes to that of multilinear observables:
Definition 7.12. (quadratic off-shell observables)

Let (E,L) be a Lagrangian field theory (def. 5.1) over a spacetime X whose field bundle E (def. 3.1) is a super
vector bundle.

fb
The external tensor product of vector bundles of the field bundle E — X with itself, denoted

EXE->XYXxZX

is the vector bundle over the Cartesian product X' X X, of spacetime with itself, whose fiber over a pair of
points (x4, x;) is the tensor product £, & E, of the corresponding field fibers.

Given a field history, hence a section ¢ € I'y(E) of the field bundle, there is then the induced section
PN P el z(EXE).

We say that an off-shell observable

A:Ty(E)—C

is quadratic if it comes from a “graded-symmetric bilinear observable”, namely a smooth function on the space
of sections of the external tensor product of the field bundle with itself

B:lp(ERE), |, —C
as

A(®) = B(®, D) .

variables which in the notation of remark 7.7 comes from a graded-symmetric matrix of generalized functions
Ba,a, € E(XZXZEXE)as

A(@) = / Bulaz(xl,xz)t,‘b“l(xl)~tD“Z(xz)dvolz(xl)dvolz(xz).
Xz

This notation makes manifest how the concept of quadratic observables is a generalization of that of quadratic
forms coming from bilinear forms.

Definition 7.13. (off-shell polynomial observables)

Let (E,L) be a Lagrangian field theory (def. 5.1) over a spacetime X whose field bundle E (def. 3.1) is a super
vector bundle.

An off-shell observable (def. 7.1)

A:Ty(E)—C

is a polynomial observable if it is the sum of a constant, and a linear observable (def. 7.3), and a quadratic
observable (def. 7.12) and so on:

(o1

104 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/spaces+of+sections
https://ncatlab.org/nlab/show/spaces+of+sections
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CompactlySourceCausalSupport
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CompactlySourceCausalSupport
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TVSStructureOnSpacesOfSmoothSections
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TVSStructureOnSpacesOfSmoothSections
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DistributionalSections
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DistributionalSections
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+operator#Sanders12
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+operator#Sanders12
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+operator#Baer14
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+operator#Baer14
https://ncatlab.org/nlab/show/linear+observables
https://ncatlab.org/nlab/show/linear+observables
https://ncatlab.org/nlab/show/multilinear+map
https://ncatlab.org/nlab/show/multilinear+map
https://ncatlab.org/nlab/show/quadratic+form
https://ncatlab.org/nlab/show/quadratic+form
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/observables
https://ncatlab.org/nlab/show/observables
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LocalLagrangianDensityOnSecondOrderJetBundleOfTrivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LocalLagrangianDensityOnSecondOrderJetBundleOfTrivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FieldsAndFieldBundles
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FieldsAndFieldBundles
https://ncatlab.org/nlab/show/super+vector+bundle
https://ncatlab.org/nlab/show/super+vector+bundle
https://ncatlab.org/nlab/show/vector+bundle
https://ncatlab.org/nlab/show/vector+bundle
https://ncatlab.org/nlab/show/external+tensor+product
https://ncatlab.org/nlab/show/external+tensor+product
https://ncatlab.org/nlab/show/tensor+product+of+vector+bundles
https://ncatlab.org/nlab/show/tensor+product+of+vector+bundles
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/vector+bundle
https://ncatlab.org/nlab/show/vector+bundle
https://ncatlab.org/nlab/show/Cartesian+product
https://ncatlab.org/nlab/show/Cartesian+product
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/fiber
https://ncatlab.org/nlab/show/fiber
https://ncatlab.org/nlab/show/tensor+product
https://ncatlab.org/nlab/show/tensor+product
https://ncatlab.org/nlab/show/field+history
https://ncatlab.org/nlab/show/field+history
https://ncatlab.org/nlab/show/section
https://ncatlab.org/nlab/show/section
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/observable
https://ncatlab.org/nlab/show/observable
https://ncatlab.org/nlab/show/quadratic+form
https://ncatlab.org/nlab/show/quadratic+form
https://ncatlab.org/nlab/show/bilinear+map
https://ncatlab.org/nlab/show/bilinear+map
https://ncatlab.org/nlab/show/space+of+sections
https://ncatlab.org/nlab/show/space+of+sections
https://ncatlab.org/nlab/show/space+of+sections
https://ncatlab.org/nlab/show/space+of+sections
https://ncatlab.org/nlab/show/external+tensor+product
https://ncatlab.org/nlab/show/external+tensor+product
https://ncatlab.org/nlab/show/tensor+product+of+vector+bundles
https://ncatlab.org/nlab/show/tensor+product+of+vector+bundles
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesAreTheCompactlySupportedDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesAreTheCompactlySupportedDistributions
https://ncatlab.org/nlab/show/compactly+supported+distribution
https://ncatlab.org/nlab/show/compactly+supported+distribution
https://ncatlab.org/nlab/show/distribution+of+two+variables
https://ncatlab.org/nlab/show/distribution+of+two+variables
https://ncatlab.org/nlab/show/distribution+of+two+variables
https://ncatlab.org/nlab/show/distribution+of+two+variables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesAsGeneralizedFunctions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesAsGeneralizedFunctions
https://ncatlab.org/nlab/show/matrix
https://ncatlab.org/nlab/show/matrix
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/quadratic+forms
https://ncatlab.org/nlab/show/quadratic+forms
https://ncatlab.org/nlab/show/quadratic+forms
https://ncatlab.org/nlab/show/quadratic+forms
https://ncatlab.org/nlab/show/bilinear+forms
https://ncatlab.org/nlab/show/bilinear+forms
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/polynomial+observables
https://ncatlab.org/nlab/show/polynomial+observables
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LocalLagrangianDensityOnSecondOrderJetBundleOfTrivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LocalLagrangianDensityOnSecondOrderJetBundleOfTrivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FieldsAndFieldBundles
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FieldsAndFieldBundles
https://ncatlab.org/nlab/show/super+vector+bundle
https://ncatlab.org/nlab/show/super+vector+bundle
https://ncatlab.org/nlab/show/vector+bundle
https://ncatlab.org/nlab/show/vector+bundle
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/observable
https://ncatlab.org/nlab/show/observable
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Observable
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#Observable
https://ncatlab.org/nlab/show/polynomial+observable
https://ncatlab.org/nlab/show/polynomial+observable
https://ncatlab.org/nlab/show/sum
https://ncatlab.org/nlab/show/sum
https://ncatlab.org/nlab/show/linear+observable
https://ncatlab.org/nlab/show/linear+observable
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#QuadraticObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#QuadraticObservables

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+qua...

A@) = a®
+ f @%x)aP (x) dvolg (x)
P
+ f DU (x;) - D () A, (X1, X7) dvoly ;) dvoly (x,)
22

- / DU (x,) - D% (xy) + P (X3) ALy, 0, (X1, X2, X3) dvoly (1) dvoly (x;) dvoly (%)
23

If all the coefficient distributions a® are non-singular distributions, then we say that 4 is a reqular polynomial

observable.
We write
PolyObs(E)reg < PolyObs(E) < Obs(E)
for the subspace of (regular) polynomial off-shell observables.
Example 7.14. (polynomial observables of the Dirac field)
Let E = X X S,q4q be the field bundle of the Dirac field (example 3.50).

Then, by prop. 3.51, an R L_parameterized plot of the space of off-shell polynomial observables (def. 7.13)

A~y + R — PolyObs(Z X So4q)
is of the form

A(,) =q©®

+0 / alP ()P (x)dvoly (x)

X
- f as, (6, )P (x;) - W (x) dvoly (x;) dvoly(x)
22

+6 f A (01,25, %)W (xp) - W4 () - W (x3) dvoly (x;) dvoly (x,) dvoly (x3)
Py
+ oo

for any distributions of several variables a,(l’?_...,ak. Here

Wx) : T'g(Z X Seyen) — C
are the point-evaluation field observables (example 7.2) on the spinor bundle, and

0€C®RY™), 44

is the canonical odd-graded coordinate function on the superpoint ROt (def. 3.37).

Hence all the odd powers of the Dirac-field observables are proportional to 8. In particular if one considers just
a point in the space of polynomial observables

A : R® — PolyObs(E X Syqq)

then all the odd monomials in the field observables of the Dirac field disappear.

Proof. By definition of supergeometric mapping spaces (def. 3.47), there is a natural bijection between

Roll-plots A(_y of the space of observables and smooth functionss out of the Cartesian product of R°'* with the

space of field histories to the complex numbers:

A-)
R — [I'5(Z X So4q), C]

RO X I3 (5 X Spqq) — C

Moreover, by prop. 3.51 we have that the coordinate functions on the space of field histories of the Dirac bundle
are given by the field observables W%(x) regarded in odd degree. Now a homomorphism as above has to pull
back the even coordinate function on C to even coordinate functions on this Cartesian product, hence to joint
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even powers of 8 and ¥%(x). i

Next we discuss the restriction of these off-shell polynomial observables to the shell to yield on-shell polynomial
observables, characterized by theorem 7.29 below.

Polynomial on-shell Observables and Distributional solutions to PDEs

The evident on-shell version of def. 7.13 is this:

Definition 7.15. (on-shell polynomial observables)

FE(E)&,;,_L:O < I's(E). Then an on-shell observable (def. 7.1)
A:Ty(E)—C

is an on-shell polynomial observable if it is the restriction of an off-shell polynomial observable Ay according
to def. 7.13:

A
Fy(B)s, 1-g — C
! [

ry(E)

Similarly 4 is an on-shell linear observable or on-shell regular polynomial observable etc. if it is the restriction

of a linear observable or regular polynomial observable, respectively, according to def. 7.13. We write
PolyObs(E,L) < Obs(E,L)
for the subspace of polynomial on-shell observables inside all on-shell observables, and similarly
LinObs(E,L) < Obs(E, L)
and
PolyObs(E, L)reg < Obs(E,L)
etc.

While by def. 7.15 every off-shell observable induces an on-shell observable simply by restriction (87), different
off-shell observables may restrict to the same on-shell observable. It is therefore useful to find a condition on off-
shell observables that makes them equivalent to on-shell observables under restriction.

We now discuss such precise characterizations of the off-shell polynomial observables for the case of sufficiently
well behaved free field equations of motion - namely Green hyperbolic differential equations, def. 7.19 below.
The main result is theorem 7.29 below.

While in general the equations of motion are not Green hyperbolic - namely not in the presence of implicit
infinitesimal gauge symmetries discussed in Gauge symmetries below - it turns out that up to a suitable notion of
equivalence they are equivalent to those that are; this we discuss in the chapter Gauge fixing below.

Definition 7.16. (derivatives of distributions and distributional solutions of PDEs)

Given a pair of formally adjoint differential operators P, P*:I's(E) — I's(E") (def. 4.9) then the distributional
derivative of a distributional section u € I''5; (E) (def. 7.9) by P is the distributional section Pu € I''5 (E”)

Pu = u(P'(-)) : I'p(EY) .
If
Pu=0 € I'y(E)

then we say that u is a distributional solution (or generalized solution) of the homogeneous differential
equation defined by P.

Example 7.17. (ordinary PDE solutions are generalized solutions)
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fb
Let E > X be a smooth vector bundle over Minkowski spacetime and let P, P":I'5(E) — I';(E™) be a pair of
formally adjoint differential operators.

Then for every non-singular distributional section us € Iy (E™) coming from an actual smooth section
@ € 'y (E) via prop. 7.10 the derivative of distributions (def. 7.16) is the distributional section induced from
the ordinary derivative of smooth functions:

Pugy = upg .
In particular ug is a distributional solution to the PDE precisely if @ is an ordinary solution:
Pug = 0 e PP =0.

Proof.Forall b € I'y ,(E) we have

(Pug)(b) = ug(P’D)

= /u - P*b dvol

= /(Pu) - b dvol
= Upg(b)

where all steps are by the definitions except the third, which is by the definition of formally adjoint differential
operator (def. 4.9), using that by the compact support of b and the Stokes theorem (prop. 1.25) the term K(&®, b)

in def. 4.9 does not contribute to the integral. Wl

Definition 7.18. (advanced and retarded Green functions and causal Green function)

fb
Let E — X be a field bundle (def. 3.1) which is a vector bundle (def. 1.10) over Minkowski spacetime (def.
2.17).Let P : I'y(E) - I's(E™) be a differential operator (def. 4.7) on its space of smooth sections.

Then a linear map
Gp + : Fz,cp(E*) - rz‘,icp(E)

from spaces of smooth sections of compact support to spaces of sections of causally sourced future/past
support (def. 2.36) is called an advanced or retarded Green function for P, respectively, if

1.forall @ € I'y ., (E;) we have
Gp+ o P(P) =@ (92)
and
PoGp (@)= (93)

2. the support of Gp 4 (@) is in the closed future cone or closed past cone of the support of @, respectively.

If the advanced/retarded Green functions Gp, exists, then the difference
Gp = Gp 4 —Gp, - (94)

is called the causal Green function.

(e.g. Bar 14, def. 3.2, cor. 3.10)

Definition 7.19. (Green hyperbolic differential equation)

fb
Let E — X be a field bundle (def. 3.1) which is a vector bundle (def. 1.10) over Minkowski spacetime (def.
2.17).

A differential operator (def. 4.8)

P:TIy(E) > T5(E)

is called a Green hyperbolic differential operator if P as well as its formal adjoint differential operator P* (def.
4.9) admit advanced and retarded Green functions (def. 7.18).

(Béar 14, def. 3.2, Khavkine 14, def. 2.2)

The two archtypical examples of Green hyperbolic differential equations are the Klein-Gordon equation and the
Dirac equation on Minkowski spacetime. For the moment we just cite the existence of the advanced and retarded
Green functions for these, we will work these out in detail below in Propagators.
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Example 7.20. (Klein-Gordon equation is a Green hyperbolic differential equation)

The Klein-Gordon equation, hence the Euler-Lagrange equation of motion of the free scalar field (example
5.27) is a Green hyperbolic differential equation (def. 7.19) and formally self-adjoint (example 5.28).

(e. g. Bar-Ginoux-Pfaeffle 07, Bar 14, example 3.3)

Example 7.21. (Dirac operator is Green hyperbolic)

The Dirac equation, hence the Euler-Lagrange equation of motion of the massive free Dirac field (example
5.30) is a Green hyperbolic differential equation (def. 7.19) and formally anti self-adjoint (example 5.32).

formally adjoint)

Let
P,P": T'y(E) > I'y(E)

be a pair of Green hyperbolic differential operators (def. 7.19) which are formally adjoint (def. 4.9). Then also
their causal Green functions Gp and Gp+ (def. 7.18) are formally adjoint differential operators, up to a sign:

(GP)* = —Gpr.

(Khavkine 14, (24), (25))

are unique; in fact this is automatic:

Proposition 7.23. (advanced and retarded Green functions of Green hyperbolic differential operator are
unique)

unique.
(Bér 14, cor. 3.12

Moreover we did not require that the advanced and retarded Green functions of a Green hyperbolic differential
operator come from integral kernels (“propagators”). This, too, is automatic:

Proposition 7.24. (causal Green functions of Green hyperbolic differential operators are continuous linear
maps)

P (def. 7.18) are continuous linear maps with respect to the topological vector space structure from def. 7.8 and
also have a unique continuous extension to the spaces of sections with larger support (def. 2.36) as follows:

GP,+ : ['Z,pcp(E*) - FE,pcp(E)'
GP,— : rE,fcp(E*) d ['E,fcp(E)J
Gp : FE,tcp(E*) — I'y(E),

such that we still have the relation
Gp =Gp . —Gp _

and

and
suppGp, 4 (@) € J*(suppa”) .

By the Schwartz kernel theorem the continuity of G, G implies that there are integral kernels

Ay € Iy 5 (EX;E)

such that, in the notation of generalized functions,
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(Gya)(x) = /Ai(x,}’)'a*(}’) dvoly(y) .

z
These integral kernels are called the advanced and retarded propagators. Similarly the combination
A=A, —-A_ (95)

is called the causal propagator.

(Bar 14, thm. 3.8, cor. 3.11)

We now come to the main theorem on polynomial observables:

Lemma 7.25. (exact sequence of Green hyperbolic differential operator)

P
Let T's(E) — I's(E™) be a Green hyperbolic differential operator (def. 7.19) with causal Green function G (def.
7.19). Then the sequences

P N Gp P " (96)
0 - Typ(E) — Typ(E) — Tygep(E) — Iygep(E) - 0

P " G P .
0 - FE,th(E) — Tgiep(ED) = rs() — TIx(E) -0

of these operators restricted to functions with causally restricted supports as indicated (def. 2.36) are exact
sequences of topological vector spaces and continuous linear maps between them.

Under passing to dual spaces and using the isomorphisms of spaces of distributional sections (def. 7.9) from prop.
7.11 this yields the following dual exact sequence of topological vector spaces and continuous linear maps
between them:

’ P ’ w  Gpr ’ P ’ * (97)
0 - rz‘,tcp(E) - rz’,tcp(E) — FE(E) - FZ(E) - 0

)

1 P 1 * —upr 1] ’ *
0 - FE,cp(E) - FE,cp(E) I FZ,scp(E) - rl,scp(E) - 0

This is due to Igor Khavkine, based on (Khavkine 14, prop. 2.1); for proof see at Green hyperbolic differential
operator this lemma.

Let (E,L) be a free field theory Lagrangian field theory (def. 5.9) whose Euler-Lagrange equation of motion
P® = 0 is Green hyperbolic (def. 7.19).

Then the on-shell space of field histories (or of field histories with spatially compact support, def. 2.36) is, as a

compactly supported sections, def. 2.36) by the image of the differential operator P, and this isomorphism is given
by the causal Green function Gp (94)

Faiep(E)/im(P) —2  ker(P) = Iy(E);, |, (%8)

P

*: . G
Fx,cp(E )/im(P) - kerscp(P) = FE,scp(E)gELL=0 .
Proof. This is a direct consequence of the exactness of the sequence (96) in lemma 7.25.

We spell this out for the statement for I"E,S(:I,(E)(SE which follows from the first line in (96), the first

LL=0’
statement similarly follows from the second line of (96):

First the on-shell space of field histories is the kernel of P, by definition of free field theory (def. 5.9)

FZ,scp(E)gEL[;o = kerscp(P) .

Second, exactness of the sequence (96) at I'y s, (E) means that the kernel kerge,(P) of P equals the image
im(Gp). But by exactness of the sequence at I'y, ¢, (E”) it follows that Gp becomes injective on the quotient space

Tsep (E)"/im(P). Therefore on this quotient space it becomes an isomorphism onto its image. W

Remark 7.27. Under passing to dual vector spaces, the linear isomorphism in corollary 7.26 in turn yields linear
isomorphisms of the form

(99)
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(Maep(E)/im(P))” 2 (Kergep (P))'

(MY /im(P))" =% (ker(P))’

Except possibly for the issue of continuity this says that the linear on-shell observables (def. 7.3) of a Green
hyperbolic free field theory are equivalently those linear off-shell observables which are generalized solutions
of the formally dual equation of motion according to def. 7.16.

This is the statement of prop. 7.28 below.

Proposition 7.28. (distributional sections on a Green hyperbolic solution space are the generalized PDE

solutions)

Let P,P* : I'y(E) — ['y(E") be a pair of Green hyperbolic differential operators (def. 7.19) which are formally
adjoint (def. 4.9).

Then

1. the canonical pairing (from prop. 7.11)

F’E,cp(E*) ® FE(E) - «:
a* , d = [ay(x)@%(x) dvolg(x)
induces a continuous linear isomorphism
(ker(P))" = I"5cp (E7)/imey (P7) (100)

2. a continuous linear functional on the solution space
Usol € (ker(P))*
is equivalently a distributional section (def. 7.9) whose support is spacelike compact (def. 2.36, prop. 7.11)
ue€ F,z‘,scp (E)
and which is a distributional solution (def. 7.16) to the differential equation

Pu=0.
Similarly, a continuous linear functional on the subspace of solutions that have spatially compact support
(def. 2.36)

Usol € (ke[‘(P)Scp)*

is equivalently a distributional section (def. 7.9) without constraint on its distributional support

u€erl'y(E)
and which is a distributional solution (def. 7.16) to the differential equation

Pu=0.
Moreover, these linear isomorphisms are both given by composition with the causal Green function G (def.
2.18):

(ker(P)) 5 (U € [Mygep (B) | Pu=0}

(kergep(P))” ——  {u€r's(E)| P'u=0}

This follows from the exact sequence in lemma 7.25. For details of the proof see at Green hyperbolic differential
operator this prop., due to [gor Khavkine.

In conclusion we have found the following:

Lagrange differential equation of motion P® = 0 (def. 5.24) is Green hyperbolic (def. 7.19), such as the Klein-
Gordon equation (example 7.20) or the Dirac equation (example 7.21). Then:

(def. 7.9) of the field bundle:
LinObs(E) = Iy (E)

2. The linear on-shell observables (def. 7.3) are equivalently the linear off-shell observables modulo the image
of the differential operator P:

LinObs(E, L) = LinObs(E) /im(P) . (101)

More generally the on-shell polynomial observables are identified with the off-shell polynomial observables
(def. 7.13) modulo the image of P:

PolyObs(E, L) = PolyObs(E) /im(P) . (102)

3. The linear on-shell observables (def. 7.3) are also equivalently those spacelike compactly supported
compactly _distributional sections (def. 7.9) which are distributional solutions of the formally adjoint
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equations _of motion (def. 4.9), and this isomorphism is exhibited by precomposition with the causal
propagator G:

. (=)°Gp , *
LinObs(E,L) ——— {A € "5, (E) | P"A =0}

Similarly the linear on-shell observables on spacelike compactly supported on-shell field histories (88) are

equivalently the distributional solutions without constraint on their support:
—)oG
LinObs(Egep L) ~——s {A € ["; (E) | P*A = 0}
Proof. The first statement follows with prop. 7.5 applied componentwise. The same proof applies verbatim to
the subspace of solutions, showing that LinObs(E, L) = (ker(P))’, with the dual topological vector space on the
right. With this the second and third statement follows by prop. 7.28. i

We will be interested in those linear observables which under the identification from theorem 7.29 correspond
to the non-singular distributions (because on these the Poisson-Peierls bracket of the theory is defined, theorem
8.8 below):

Definition 7.30. (regular linear observables and observable-valued distributions)

11.19) is Green hyperbolic (def. 7.19).

According to def. 7.13 the regular linear observables among the linear on-shell observables (def. 7.3) are the
non-singular distributions on the on-shell space of field histories, hence the image

LinObs(Escp, L) g © LinObs(Escp, L)

re
of the map
@ : Iy(E) — LinObs (Eyep, L) & Obs(Egepr L) (103)
a* ) ga;(x)q)“(x) dvoly(x))

By theorem 7.29 we have the identification (100) (101)

LinObs (Egep, L) 0y = Tz sep(E")/im(P) . (104)

The point-evaluation field observables ®“(x) (example 7.2) are linear observables (example 7.4) but far from
being regular (103) (except in spacetime dimension p + 1 = 0 + 1). But the regular observables are precisely
the averages (“smearings”) of these point evaluation observables against compactly supported weights.

Viewed this way, the defining inclusion of the regular linear observables (103) is itself an observable valued
distribution

@ : Iy,(E) o LinObs(E, L) (105)
a* o [ak(x)®%(x) dvoly(x)
z

which to a “smearing function” a* assigns the observable which is the field observable smeared by (i.e.
averaged against) that smearing function.

Below in Free quantum fields we discuss how the polynomial Poisson algebra of regular polynomial
observables of a free field theory may be deformed to a non-commutative algebra of quantum observables.
Often this may be represented by linear operators acting on some Hilbert space. In this case then @ above
becomes a continuous linear functional from I'5 ¢, (E) to a space of linear operators on some Hilbert space. As

such it is then called an operator-valued distribution.

Local observables
We now discuss the sub-class of those observables which are “local”.
Definition 7.31. (spacetime support)
Let E B 2 be a field bundle over a spacetime X (def. 3.1), with induced jet bundle J ;*(E)

For every subset S © X let
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be the corresponding restriction of the jet bundle of E.

The spacetime support suppy,(A) of a differential form 4 € ﬂ'(];(E)) on the jet bundle of E is the topological

closure of the maximal subset S € X such that the restriction of A4 to the jet bundle restrited to this subset does
not vanishes:

supp,,(4) = Cl({x € X | {34 # 0})
We write
05 (E) = {A € N7°(E) | supp,(A)is compact} o 075(E)
for the subspace of differential forms on the jet bundle whose spacetime support is a compact subspace.

Definition 7.32. (transgression of variational differential forms to space of field histories)

fb
Let E — X be a field bundle over a spacetime X (def. 3.1). and let
2,0

be a submanifold of spacetime of dimension r € N. Recall the space of field histories restricted to its
infinitesimal neighbourhood, denoted I'y_(E) (def. 3.31).

Ty, : -Qz','c.p(E) - -Q-(F):,(E))

that sends a variational differential form A € ', (E) to the differential form 75 A € 2°(I'y, (E)) (def. 3.18,

example 3.44) which to a smooth family on field histories
@(_)(—) U X NEZT — E

assigns the differential form given by first forming the pullback of differential forms along the family of jet
prolongation j;’(cp(_)) followed by the integration of differential forms over X

(tz4), = / Uy (@))'A € Q°(U) .
=z

Remark 7.33. (transgression to dimension r picks out horizontal r-forms)

In def. 7.32 we regard integration of differential forms over X, as an operation defined on differential forms of

all degrees, which vanishes except on forms of degree 7, and hence transgression of variational differential
forms to X, vanishes except on the subspace

05" (E) < 05°(E)
of forms of horizontal degree 7.

Example 7.34. (adiabatically switched action functional)

fb
Given a field bundle E — X, consider a local Lagrangian density (def. 5.1)
Le ™ E) .

For any bump function b € €&, (%), the transgression of b L (def. 7.32) is called the action functional

SpyL==15(bL) : I's(E) > R
induced by L, “adiabatically switched” by b.

Specifically if the field bundle is a trivial vector bundle as in example 3.4, such that the Lagrangian density may
be written in the form

L = L(("), (99, (%), ) bdvoly € FL°(E) .
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then its action functional takes a field history @ to the value

. d0°
Sp1(@) : /L(x, (@%(x), (m(x))w') b(x)dvol;(x)
z

Proposition 7.35. (transgression compatible with variational derivative)

fb
Let E — X be a field bundle over a spacetime X' (def. 3.1) and let ¥, < X be a submanifold possibly with boundary
X, o X, Write

Olas,
FET(E) —— Fa):r(E)

for the boundary restriction map.

Then the operation of transgression of variational differential forms (def. 7.32)

Tyt 250 (E) — Q'(T'5,(B))

is compatible with the variational derivative § and with the total spacetime derivative d in the following way:

1. On variational forms that are in the image of the total spacetime derivative a transgressive variant of the
Stokes' theorem (prop. 1.25) holds:

5, (da) = ((D)]y5) 7oz, (@)

2. Transgression intertwines, up to a sign, the variational derivative § on variational differential forms with
the plain de Rham differential on the space of field histories:
75(8a) = (-1)P td1(a) .

Proof. Regarding the first statement, consider a horizontally exact variational form
da € ﬂ;;f:p(E) .
By prop. 4.13 the pullback of this form along the jet prolongation of fields is exact in the X-direction:
Ug@)'(da) = ds(jy®) a,

(where we write d = dy + dj for the de Rham differential on U X X). Hence by the ordinary Stokes' theorem
(prop. 1.25) restricted to any @_y:U — Iy, (E) with restriction (—) |”r o ®_y:U - Iy (E) the relation

(@) Tz, (da) =/ dy (jy®)'a

P

=] Uyo)a
oz,

= Uy (g, e P
05,

=((Dlg, ° D)) To5, (@)
= (@) (D g, ) To5,(@) .

Regarding the second statement: by the Leibniz rule for de Rham differential (product law of differentiation) it is
sufficient to check the claim on variational derivatives of local coordinate functions

5, bEOY(E) .

The pullback of differential forms (prop. 1.21) along the jet prolongation j;’(d)(,)):U XX - ];(E) has two

contributions: one from the variation along X, the other from variation along U:

1. By prop. 4.13, for fixed u € U the pullback of 6¢Z . along the jet prolongation vanishes.
1 k

n

2. For fixed x € X, the pullback of the full de Rham differential d ¢Z o, 1S
1 k
(@)W, ., ) = dy( () (P, .,.)

P
“d (%)
U axhu. gxte

(since the full de Rham differentials always commute with pullback of differential forms by prop. 1.21),

while the pullback of the horizontal derivative d(bz oy, = ¢)Z ity d x*e+1 vanishes at fixed x € .
1 1 +1
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This implies over the given smooth family @, that

wa(60% , b)lo = o(d@S D))y — (@S, Bl

=0

/ dy (@) (@, b)
X

_ _a\p+1 «a

= (-D""dy fz @) (95, D)

— (_1\p+1 * a

= (—D)P Tz (@) ($5 ) -
and since this holds covariantly for all smooth families d)(_), this implies the claim. W
Example 7.36. (cohomological integration by parts on the jet bundle)

fb
Let E — Y be a field bundle (def. 3.1).

Prop. 7.35 says in particular that the operation of integration by parts in an integral is “localized” to a
cohomological statement on horizontal differential forms: Let

a,a, € 03°(E)

be two variational differential forms (def. 4.11), of total horizontal degree p (hence one less than the
dimension of spacetime X).

Then the derivation-property of the total spacetime derivative says that
(da) Aay = — (~DF Wy A (day) d(ayAay) € 057 (B), (106)

hence that we may “throw over” the spacetime derivative from the factor a; to the factor a,, up to a sign, and
up to a total spacetime derivative d(a; A a,). By prop. 7.35 this last term vanishes under transgression 7, to a

spacetime without manifold with boundary, so that the above equation becomes
ty(day) Aay) = — (1) Vry(ay Aday),

hence
f (dj2(a) Ajglay) = — (—1)%8@ f Jj(ay) Adjy(ay) .
z z

This last statement is the statement of integration by parts under an integral.

Notice that these integrals (and hence the actual integration by parts-rule) only exist if @; A @, has compact
spacetime support, while the “cohomological” avatar (106) of this relation on the jet bundle holds without
such a restriction.

Example 7.37. (variation of the action functional)

Given a Lagrangian field theory (E,L) (def. 5.1) then the derivative of its adiabatically switched action

functional (def. 7.34) equals the transgression of the Euler-Lagrange variational derivative §g;, L (def. 5.12):

dSpr = T5(bbeLL) .
Proof. By the second statement of prop. 7.35 we have

dSy1, = 1:(86(bL)),
Moreover, by prop. 5.12 this is

- =T5(8gb L + dOgpy )

=15(8gLb L) + 75(dOgpv )’
=0

where the second term vanishes by the first statement of prop. 7.35. |l

Proposition 7.38. (principle of extremal action)

Let (E,L) be a Lagrangian field theory (def. 5.1).
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The de Rham differential dSy, of the action functional (example 7.37) vanishes at a field history

@ € I'y(E)

for all adiabatic switchings b € Cg;, (X)) constant on some subset O C X (def. 2.39) on those smooth collections of
field histories

d)(_) U — Fz(E)

around © which, as functions on U, are constant outside O (example 3.12, example 3.46) precisely if @ solves the
Euler-Lagrange equations of motion (def. 5.24):

Yo (@)ds, (@) =0)| & (j;(zp)*(i‘zf) = o).

b|p =const
¢(,) \2\0 =const

Proof. By prop. 7.35 we have
(¢’(—))*d5bL = /j;(¢(—))*(5ELb L).
b

By the assumption on @(_, it follows that after pullback to U the switching function b is constant, so that it

commutes with the differentials:
(¢’(—))*d5bL = /bj;(¢(—))*(5EL L).
P

This vanishes at @ for all @_, precisely if all components of j;’ (¢>(,))*(6EL L) vanish, which is the statement of

the Euler-Lagrange equations of motion. W

Definition 7.39. (local observables)

Given a Lagrangian field theory (E, L) (def. 5.1) the local observables are the horizontal p+1-forms

1. of compact spacetime support (def. 7.31)

2. modulo total spacetime derivatives

LocObs(E) = (QF&°(E)/(im(d)))]

which we may identify with the subspace of all observables (86) that arises as the image under transgression
of variational differential forms 75 (def. 7.32) of local observables to functionals on the on-shell space of field
histories (67):

LocObs(E) & Obs(E)

a maptos  Tza

This is a sub-vector space inside all observables which is however not closed under the pointwise product of
observables (89) (unless E = 0). We write

MultiLocObs(E) < Obs(E)

for the smallest subalgebra of observables, under the pointwise product (89), that contains all the local
observables. This is called the algebra of multilocal observables.

The intersection of the (multi-)local observables with the off-shell polynomial observables (def. 7.13) are the
(multi-)local polynomial observables

dense (107)
PolyLocObs(E) < PolyMultiLocObs(E) —— PolyObs(E) < Obs(E)

Example 7.40. (local observables of the real scalar field)

Consider the field bundle of the real scalar field (example 3.5).

A typical example of local observables (def. 7.39) in this case is the “field amplitude averaged over a given
spacetime region” determined by a bump function b € Cg; (2). On an on-shell field history @ this observable
takes as value the integral
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Example 7.41. (local observables of the electromagnetic field)

Consider the field bundle for free electromagnetism on Minkowski spacetime X.

Then for b € C*(X) a bump function on spacetime, the transgression of the universal Faraday tensor (def. 4.4)

against b times the volume form is a local observable (def. 7.39), namely the field strength (20) of the
electromagnetic field averaged over spacetime.

For the construction of the algebra of quantum observables it will be important to notice that the intersection
between local observables and regular polynomial observables is very small:

Example 7.42. (local regular polynomial observables are linear observables)
An observable (def. 7.1) which is

1. aregular polynomial observable (def. 7.13);

2.alocal observable (def. 7.39)
is necessarily
e alinear observable (def. 7.3).

This is because non-linear local expressions are polynomials in the sense of def. 7.13 with delta distribution-
coefficients, for instance for the real scalar field the @2 interaction term is

f (P(x))* dvoly(x) = / / P0)P(y)8(x — y) dvoly(y)

=a@(xy)

and so its coefficient a® is manifestly not a non-singular distribution.

Infinitesimal observables

The definition of observables in def. 7.1 and specifically of local observables in def. 7.39 uses explicit restriction
to the shell, hence, by the principle of extremal action (prop. 7.38) to the “critical locus” of the action functional.
Such critical loci are often hard to handle explicitly. It helps to consider a “homological resolution” that is given,
in good circumstances, by the corresponding “derived critical locus”. These we consider in detail below in
Reduced phase space. In order to have good control over these resolutions, we here consider the first perturbative
aspect of field theory, namely we consider the restriction of local observables to just an infinitesimal
neighbourhood of a background on-shell field history:

Definition 7.43. (local observables around infinitesimal neighbourhood of background on-shell field
history)

Let (E,L) be a Lagrangian field theory (def. 5.1) whose field bundle E is a trivial vector bundle (example 3.4)
and whose Lagrangian density L is spacetime-independent (example 5.14). Let X' X {¢} < £ be a constant
section of the shell (59) as in example 5.14.

Then we write

LocObsy(E, @)

for the restriction of the local observables (def. 7.39) to the fiberwise infinitesimal neighbourhood (example
3.30) of X X {¢@}.

Explicitly, this means the following:

First of all, by prop. 4.6 the dependence of the Lagrangian density L on the order of field derivatives is
bounded by some k € N on some neighbourhood of ¢ and hence, by the spacetime independence of L, on
some neighbourhood of ¥ X {¢}.

Therefore we may restrict without loss to the order-k jets. By slight abuse of notation we still write

£o JEE)

for the corresponding shell. It follows then that the restriction of the ring QE;SP (E) of smooth functions on the
jet bundle to the infinitesimal neighbourhood (example 3.30) is equivalently the formal power series ring over
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We denote this by

088, 0) = c®)|[@" - 09, @% = 0% 00, — 0% |- (108)

A key consequence is that the further restriction of this ring to the shell £ (52) is now simply the further

OgLL
560 of the Euler-

quotient ring by the ideal generated by the total spacetime derivatives of the components

Lagrange form (prop. 5.12).
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Finally the local observables restricted to the infinitesimal neighbourhood is the module
LocObsz(E, @) = (293 (E, )|, (dvoly))/(im(d)) . (110)

The space of local observables in def. 7.43 is the quotient of a formal power series algebra by the components of
the Euler-Lagrange form and by the image of the horizontal spacetime de Rham differential. It is convenient to
also conceive of the components of the Euler-Lagrange form as the image of a differential, for then the algebra of
local observables obtaines a cohomological interpretation, which will lend itself to computation. This
differential, whose image is the components of the Euler-Lagrange form, is called the BV-differential. We
introduce this now first (def. 7.44 below) in a direct ad-hoc way. Further below we discuss the conceptual nature of
this differential as part of the construction of the reduced phase space as a derived critical locus (example 11.22
below).

Definition 7.44. (local BV-complex of ordinary Lagrangian density)

Let (E, L) be a Lagrangian field theory (def. 5.1) whose field bundle E is a trivial vector bundle (example 3.4)

and whose Lagrangian density L is spacetime-independent (example 7.43). Let ~ X {¢} © £% be a constant
section of the shell (59).

In correspondence with def. 7.43, write
T5ep(TsI7E @) = 50y JSTsE, @) € 030y (E)Mod

for the restriction of vertical vector fields on the jet bundle to the fiberwise infinitesimal neighbourhood
(example 3.30) of X' X ¢.

Now we regard this as a graded module over .(ZS:SP (E, @) (108) concentrated in degree —1:

, z
Ts,epUsTsE, 9)[~1] € 3¢, (E)Mod” .
This is called the module of antifields corresponding the given type of fields encoded by E.

If the field bundle is a trivial vector bundle (example 3.4) with field coordinates (¢%), then we write

o 111
B = (0z,,0 )I=1) € Trep(ToIFEWI-1] (11n

for the vector field generator that takes derivatives along d ¢ , but regarded now in degree -1.
o

Evaluation of  vector fields in thelocal BV-complex total spacetime derivatives
dl
dxPa...dx ™l

055 (E, 9) (109)

6gLL € QE'O(E) AS.QE’O(E) of the variational derivative (prop. 5.12) yields a linear map over

(8eLL : U5 TSE @)[—1] — 055" (B, ) -
If we use the volume form dvoly on spacetime X to induce an identification

0FTYUE) = CT(P(E))(dvoly)
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with respect to which the Lagrangian density decomposes as

L = Ldvoly

then this is a .(23.'0(E, @)-linear map of the form
t0Lpy : T5ep(TE, @)[—1] — 03 (E, @) .

fb
In the special case that the field bundle E — X is a trivial vector bundle (example 3.4) with field coordinates
(¢%) so that the Euler-Lagrange form has the coordinate expansion

6gL L
59

then this map is given on the antifield basis elements (111) by

6ELL =

5p°

o d' byl
t-OLgy, : d)a.ul---u, - dxFiedxt §¢°

Consider then the graded symmetric algebra

C*Uy (TeB)[-1 Xz E,9)) = Symggo 0 (Mrep U5 T2E, @)[=1])
which is generated over ngfp (E, @) from the module of vector fields in degree -1.

If we think of a single vector field as a fiber-wise linear function on the cotangent bundle, and of a multivector
field similarly as a multilinear function on the cotangent bundle, then we may think of this as the algebra of
functions on the infinitesimal neighbourhood (example 3.30) of ¢ inside the graded manifold
(TzE)[-1] X3 E.

Let now
sgy 1 CTUF((T:E)[-1] X5 E,9)) — C*(J5 (TsE)[—1] X5 E, 9)) (112)
be the unique extension of the linear map ¢_dg L to an R-linear derivation of degree +1 on this algebra.
The resulting differential graded-commutative algebra over R
020 (E,9) g, = (CUF((TE)[~1] Xz E,9)), spv)

is called the local BV-complex of the Lagrangian field theory at the background solution ¢. This is the CE-
algebra of the infintiesimal neighbourhood of 2 X {¢} in the derived prolonged shell (def. 11.20). In this case,

in the absence of any explicit infinitesimal gauge symmetries, this is an example of a Koszul complex.

There are canonical homomorphisms of dgc-algebras, one from the algebra of functions .Qg:gp(E, @) on the
infinitesimal neighbourhood of the background solution ¢ to the local BV-complex and from there to the local
observables on the neighbourhood of the background solution ¢ (109), all considered with compact spacetime
support:

Q5ep(E,9) = 2585 (E,0) g, — 2585 ),

such that the composite is the canonical quotient coprojection.

Similarly we obtain a factorization for the entire variational bicomplex:

057 (B @) — 05" E )y, — 25" E ), (113)
where 25" (E, ¢) |£BV is now triply graded, with three anti-commuting differentials d § and sgy.

By construction this is now such that the local observables (def. 7.39) are the cochain cohomology of this
complex in horizontal form degree p+1, vertical degree 0 and BV-degree 0:

LocObs(E) = 08 £°(E)/ (im(spy + d)) -

States

We introduce the basics of quantum probability in terms of states defined as positive linear maps on star-
algebras of observables.
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Definition 7.45. (star algebra)

A star ring is a ring R equipped with

e alinear map

(-)":R—R
such that
e (involution) ((=)")" = id;

¢ (antihomomorphism)
1.(ab)" = b'a*foralla,b € R

2.1"=1.
A homomorphism of star-rings
f: Ry () = Re (DD

is a homomorphism of the underlying rings

fiRi — Ry
which respects the star-involutions in that
fo(=) = (DTef.
A star algebra A over a commutative star-ring R in an associative algebra A over R such that the inclusion
Ro A
is a star-homomorphism.

Examples 7.46. (complex number-valued observables are star-algebra under pointwise product and
pointwise complex conjugation)

The complex numbers C carry the structure of a star-ring (def. 7.45) with star-operation given by complex
conjugation.

Given any space X, then the algebra of functions on X with values in the complex numbers carries the structure
of a star-algebra over the star-ring C (def. 7.45) with star-operation given by pointwise complex conjugation in

the complex numbers.

In particular for (E,L) a Lagrangian field theory (def. 5.1) then its on-shell observables Obs(E, L) (def. 7.1)
carry the structure of a star-algebra this way.

Definition 7.47. (state on a star-algebra)

Given a star algebra (A, (—)") (def. 7.45) over the star-ring of complex numbers (def. 7.46) a state is a
function to the complex numbers

(=) : Obsy — C
such that

1. (linearity) this is a complex-linear map:
(€141 + c24,)

c1(Ay) + c2(43)

2. (positivity) for all A € Obs we have that
(A’4)>=0 € R

where on the left A” is the star-operation from

3. (normalization)

(1 = 1.

(e.g. Bordemann-Waldmann 96, Fredenhagen-Rejzner 12, def. 2.4, Khavkine-Moretti 15, def. 6)

Remark 7.48. (probability theoretic interpretation of state on a star-algebra)

A star algebra A (def. 7.45) equipped with a state A (;Z C (def. 7.47) is also called a quantum probability
space, at least when A is in fact a von Neumann algebra.

For this interpretation we think of each element A € A as an observable as in example 7.46 and of the state as
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assigning expectation values.

Remark 7.49. (states form a convex set)

For A a unital star-algebra (def. 7.45), the set of states on A according to def. 7.47 is naturally a convex set:
For ((—)),,(—),:A = Ctwo states then for every p € [0, 1] € R also the linear combination

(=), + @ =pX(2), C
_— 5

A i p(A), + (1 —p)(4),
is a state.

Definition 7.50. (pure state)

A state p:A — C on a unital star-algebra (def. 7.47) is called a pure state if it is extremal in the convex set of all
states (remark 7.49) in that an identification

(=) =p(()y + A =p)(),
for p € (0, 1) implies that ((—)), = ((—)), (hence = ((-))).
Proposition 7.51. (classical probability measure as state on measurable functions)

For (2 classical probability space, hence a measure space which normalized total measure fﬂd,u =1, let
Acloneqq Ll(.Q) be the algebra of Lebesgue measurable functions with values in the complex numbers, regarded

as a star algebra (def. 7.45) by pointwise complex conjugation as in example 7.46. Then forming the expectation
value with respect to | defines a state (def. 7.47):

()
L' — ¢

A ~ [, Adu
Example 7.52. (elements of a Hilbert space as pure states on bounded operators)

bounded operators, regarded as a star algebra (def. 7.45) under forming adjoint operators. Then for every
element ¥ € H of unit norm (3, ) = 1 there is the state (def. 7.47) given by

Ny
B(H) —

A = WlAY) = W, AY)
These are pure states (def. 7.50).

More general states in this case are given by density matrices.

Theorem 7.53. (GNS construction)

Given

1. a star-algebra, A (def. 7.45);
2. astate, ((—)) : A — C(def. 7.47)

there exists

1. a star-representation
T : A— End(H)
of A on some Hilbert space H

2. a cyclic vectorp € H

such that ((—)) is the state corresponding to \ via example 7.52, in that

(A) =@l Ald)
= (Y, m(A)yY)

forall A € A.
(Khavkine-Moretti 15, theorem 1)

Definition 7.54. (classical state)
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Given a Lagrangian field theory (E, L) (def. 5.1) then a classical state is a state on the star algebra (def. 7.47) of
on-shell observables (example 7.46):

(=) : Obs(E,L) — C.

Below we consider quantum states. These are defined just as in def. 7.54, only that now the algebra of
observables is equipped with another product, which changes the meaning of the product expression A*A and
hence the positivity condition in def. 7.47.

This concludes our discussion of observables. In the next chapter we consider the construction of the covariant
phase space and of the Poisson-Peierls bracket on observables.

8. Phase space
In this chapter we discuss these topics:

e Covariant phase space

e BV-Resolution of the covariant phase space

e Hamiltonian local observables

It might seem that with the construction of the local observables (def. 7.39) on the on-shell space of field
histories (prop. 5.12) the field theory defined by a Lagrangian density (def. 5.1) has been completely analyzed:
This data specifies, in principle, which field histories are realized, and which observable properties these have.

In particular, if the Euler-Lagrange equations of motion (def. 5.24) admit Cauchy surfaces (def. 8.1 below), i.e.
spatial codimension 1 slices of spacetimes such that a field history is uniquely specified already by its restriction
to the infinitesimal neighbourhood of that spatial slice, then a sufficiently complete collection of local
observables whose spacetime support (def. 7.31) covers that Cauchy surface allows to predict the evolution of
the field histories through time from that Cauchy surface.

This is all what one might think a theory of physical fields should accomplish, and in fact this is essentially all
that was thought to be required of a theory of nature from about Isaac Newton's time to about Max Planck’s time.

But we have seen that a remarkable aspect of Lagrangian field theory is that the de Rham differential of the local
Lagrangian density L (def. 5.1) decomposes into two kinds of variational differential forms (prop. 5.12), one of
which is the Euler-Lagrange form which determines the equations of motion (50).

However, there is a second contribution: The presymplectic current Qggy € QE‘Z(E) (55). Since this is of

horizontal degree p, its transgression (def. 7.32) implies a further structure on the space of field histories
restricted to spacetime submanifolds of dimension p (i.e. of spacetime “codimension 1”). There may be such
submanifolds such that this restriction to their infinitesimal neighbourhood (example 3.30) does not actually
change the on-shell space of field histories, these are called the Cauchy surfaces (def. 8.1 below).

By the Hamiltonian Noether theorem (prop. 6.20) the presymplectic current induces infinitesimal symmetries
acting on field histories and local observables, given by the local Poisson bracket (prop. 6.21). The transgression
(def. 7.32) of the presymplectic current to these Cauchy surfaces yields the corresponding infinitesimal
symmetry group acting on the on-shell field histories, whose Lie bracket is the Poisson bracket pairing on on-
shell observables (example 8.4 below). This data, the on-shell space of field histories on the infinitesimal
neighbourhood of a Cauchy surface equipped with infinitesimal symmetry exhibited by the Poisson bracket is
called the phase space of the theory (def. 8.3) below.

In fact if enough Cauchy surfaces exist, then the presymplectic forms associated with any one choice turn out do
agree after pullback to the full on-shell space of field histories, exhibiting this as the covariant phase space of the
theory (prop. 8.7 below) which is hence manifestly independent of aa choice of space/time splitting. Accordingly,
also the Poisson bracket on on-shell observables exists in a covariant form; for free field theories with Green

integral kernel for this Peierls-Poisson bracket is called the causal propagator (prop. 7.24). Its “normal ordered”
or “positive frequency component”, called the Wightman propagator (def. 9.57 below) as well as the
corresponding time-ordered variant, called the Feynman propagator (def. 9.61 below), which we discuss in detail
in Propagators below, control the causal perturbation theory for constructing perturbative quantum field theory
by deforming the commutative pointwise product of on-shell observables to a non-commutative product
governed to first order by the Peierls-Poisson bracket.

To see how such a deformation quantization comes about conceptually from the phase space strucure, notice
from the basic principles of homotopy theory that given any structure on a space which is invariant with respect
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homotopy quotient of that space by that symmetry group. We will explain this further below. This here just to
point out that the homotopy quotient of the phase space by the infinitesimal symmetries of the presymplectic
current is called the symplectic groupoid and that the true algebra of observables is hence the (polarized)
convolution algebra of functions on this groupoid. This turns out to the “algebra of quantum observables” and
the passage from the naive local observables on presymplectic phase space to this non-commutative algebra of

detail below; for the moment this is just to motivate why the covariant phase space is the crucial construction to
be extracted from a Lagrangian field theory.

homotopy
quotient
by
on-shell space | jnfinitesimal Lie algebra
of field histories| symmetries covariant of functions  |Poisson algebra
_ _
of observables

restricted to phase space

Cauchy surface

\ l Lie integration quantization l
polarized
convolution
symplectic algebra quantum algebra
_—
groupoid of observables

Covariant phase space
Definition 8.1. (Cauchy surface)

Given a Lagrangian field theory (E,L) on a spacetime X (def. 5.1), then a Cauchy surface is a submanifold
2y © X (def. 3.34) such that the restriction map from the on-shell space of field histories I'y (E)L‘?EL Lo (87) to

the space FE,, (E)aELL=0 (68) of on-shell field histories restricted to the infinitesimal neighbourhood of X,

(example 3.30) is an isomorphism:

s, (114)
FE(E)gELL=o ~ FEP(E)‘SELL=0 ’

Example 8.2. (normally hyperbolic differential operators have Cauchy surfaces)

Given a Lagrangian field theory (E,L) on a spacetime X (def. 5.1) whose equations of motion (def. 5.24) are

Def. 8.1.
(e.g. Bar-Ginoux-Pfaffle 07, section 3.2)

Definition 8.3. (phase space associated with a Cauchy surface)

Given a Lagrangian field theory (E, L) on a spacetime X (def. 5.1) and given a Cauchy surface X}, < ¥ (def. 8.1)
then the corresponding phase space is

1. the super smooth set rz,, (E)SELL=0 (68) of on-shell field histories restricted to the infinitesimal

neighbourhood of X;

2. equipped with the differential 2-form (as in def. 3.18)
wz, = Tz, (ppy) € nz(rxp (E) 5ELL=O) (115)
which is the distributional transgression (def. 7.32) of the presymplectic current 2gpy (def. 5.12) to X,.
This ws, is a closed differential form in the sense of def. 3.18, due to prop. 7.35 and using that
Nppy = 60ggy is closed by definition (55). As such this is called the presymplectic form on the phase
space.

Example 8.4. (evaluation of transgressed variational form on tangent vectors for free field theory)

Let (E,L) be a Lagrangian field theory (def. 5.1) which is free (def. 5.25) hence whose field bundle is a some
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synthetic tangent bundle (def. 3.29) of the on-shell space of field histories FE(E)(SELL=0 (67), with spacelike

compact support (def 2.36) is canonically identified with the Cartesian product of this super smooth set with
itself

T(F):,scp(E)gELL=0) = (rz,scp(E)gELL=0) X (r},‘,scp(E)gELLzo) .

With field coordinates as in example 3.4, we may expand the presymplectic current as

_ Myttt VI Vg K gy a
Ogpy = (QBFV)alaZ 6¢u1~-~uk A 5471,1‘..,,,(2 Ay, dvoly,
By by V1 Vi K . .
where the components (2gpv)a,a, are smooth functions on the jet bundle.

Under these identifications the value of the presymplectic form wg, (115) on two tangent vectors

31,32 € Iy scp(E) atapoint @ € I'y ¢, (E) is

e Hatt e Ve, Vi K a Jd - a Jd -
wg,(P1,9;) = | (2Brv)aya, (@(x) o G @, (x) FI @;(x) | L, dvolg(x) .

z

P
Example 8.5. (presymplectic form for free real scalar field)
Consider the Lagrangian field theory for the free real scalar field from example 5.4.

Under the identification of example 8.4 the presymplectic form on the phase space (def. 8.3) associated with a
Cauchy surface ¥, < X is given by

- - 631 - - 682 Y
o, @18 = [ | G080 ~B0GE@ g, v, 0
D
- -
= K(®1,P;) .

Zp

Here the first equation follows via example 8.4 from the form of fggy from example 5.17, while the second
equation identifies the integrand as the witness K for the formally self-adjointness of the Klein-Gordon
equation from example 5.28.

Example 8.6. (presymplectic form for free Dirac field)

Consider the Lagrangian field theory of the free Dirac field (example 5.9).

Under the identification of example 8.4 the presymplectic form on the phase space (def. 8.3) associated with a
Cauchy surface ¥, < X'is given by

et — = -
03, 0:71,0,7;) = | (020,(0,%,) ), dvoly, (0

Zp

fK(E;l,ESZ) .

r

Z.

Here the first equation follows via example 8.4 from the form of f2ggy from example 5.21, while the second
equation identifies the integrand as the witness K for the formally self-adjointness of the Dirac equation from
example 5.32.

Proposition 8.7. (covariant phase space)

Consider (E,L) a Lagrangian field theory on a spacetime X (def. 5.1).

Let

tra
Zra = 2

be a submanifold with two boundary components 02, = Xin U Xoue , both of which are Cauchy surfaces (def.

8.1).

Then the corresponding inclusion diagram
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induces a Lagrangian correspondence between the associated phase spaces (def. 8.3)

thra (E)ﬁgL L=0

Olin lout
Fr(i“)(E)aELL=0 Fz(out)(E)aELLzo
Win N ‘/“’out

QZ

in that the pullback of the two presymplectic forms (115) coincides on the space of field histories:
(i) @) = (D lgye) @ow) €02 (M, (B 1) -
Hence there is a well defined presymplectic form

w € 2*(Ig(E)s, | =0)

i
on the genuine space of field histories, given by w = i*a));p for any Cauchy surface X, < X. This presymplectic

smooth space
(FZ(E)(SEL L’ (‘))

is therefore called the covariant phase space of the Lagrangian field theory (E, L).

Proof. By prop. 5.13 the total spacetime derivative dgpy of the presymplectic current vanishes on-shell:

d'QBFV = _66EL L

i
in that the pullback (def. 1.17) along the shell inclusion € S ];)(E) (51) vanishes:

(ié‘)*(d-QBFV) = _(is)*(66ELL)
= _5(1'5)*(5& L)

=0

=0
This implies that the transgression of dfgpy to the on-shell space of field histories I'y, (E)g}3LL=0 vanishes
(since by definition (65) that involves pulling back through the shell inclusion)
TS (df2gpy) = 0.
But then the claim follows with prop. 7.35:
0=15, (dgry)
=((-) |);tm)*'[62tranBFV .

|

Let (E,L) be a Lagrangian field theory (def. 5.1) such that

1. itis a free field theory (def. 5.25)

2. whose Euler-Lagrange equation of motion P® = 0 (def. 5.24) is
1. formally self-adjoint or formally anti self-adjoint (def. 4.9) such that
= the integral over the witness K (33) is the

presymplectic form(115): wz, = [ K;
Zp

2. Green hyperbolic (def. 7.19).
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124 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/Lagrangian+correspondence
https://ncatlab.org/nlab/show/Lagrangian+correspondence
https://ncatlab.org/nlab/show/phase+spaces
https://ncatlab.org/nlab/show/phase+spaces
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PhaseSpaceAssociatedWithCauchySurface
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PhaseSpaceAssociatedWithCauchySurface
https://ncatlab.org/nlab/show/pullback+of+differential+forms
https://ncatlab.org/nlab/show/pullback+of+differential+forms
https://ncatlab.org/nlab/show/presymplectic+forms
https://ncatlab.org/nlab/show/presymplectic+forms
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:TransgressionOfPresymplecticCurrentToCauchySurface
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:TransgressionOfPresymplecticCurrentToCauchySurface
https://ncatlab.org/nlab/show/presymplectic+form
https://ncatlab.org/nlab/show/presymplectic+form
https://ncatlab.org/nlab/show/space+of+field+histories
https://ncatlab.org/nlab/show/space+of+field+histories
https://ncatlab.org/nlab/show/presymplectic+smooth+space
https://ncatlab.org/nlab/show/presymplectic+smooth+space
https://ncatlab.org/nlab/show/presymplectic+smooth+space
https://ncatlab.org/nlab/show/presymplectic+smooth+space
https://ncatlab.org/nlab/show/covariant+phase+space
https://ncatlab.org/nlab/show/covariant+phase+space
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#HorizontalDerivativeOfPresymplecticCurrentVanishesOnShell
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#HorizontalDerivativeOfPresymplecticCurrentVanishesOnShell
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/presymplectic+current
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/pullback+of+differential+forms
https://ncatlab.org/nlab/show/pullback+of+differential+forms
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PullbackOfDifferential1FormsOnCartesianSpaces
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PullbackOfDifferential1FormsOnCartesianSpaces
https://ncatlab.org/nlab/show/shell
https://ncatlab.org/nlab/show/shell
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:ShellInJetBundle
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:ShellInJetBundle
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/space+of+field+histories
https://ncatlab.org/nlab/show/space+of+field+histories
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:EquationOfMotionEL
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:EquationOfMotionEL
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TransgressionOfVariationaldifferentialFormsCompatibleWithVariationalDerivative
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TransgressionOfVariationaldifferentialFormsCompatibleWithVariationalDerivative
https://ncatlab.org/nlab/show/polynomial+Poisson+algebra
https://ncatlab.org/nlab/show/polynomial+Poisson+algebra
https://ncatlab.org/nlab/show/covariant+phase+space
https://ncatlab.org/nlab/show/covariant+phase+space
https://ncatlab.org/nlab/show/Peierls+bracket
https://ncatlab.org/nlab/show/Peierls+bracket
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LocalLagrangianDensityOnSecondOrderJetBundleOfTrivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LocalLagrangianDensityOnSecondOrderJetBundleOfTrivialVectorBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FreeFieldTheory
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FreeFieldTheory
https://ncatlab.org/nlab/show/Euler-Lagrange+equation
https://ncatlab.org/nlab/show/Euler-Lagrange+equation
https://ncatlab.org/nlab/show/equation+of+motion
https://ncatlab.org/nlab/show/equation+of+motion
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#EulerLagrangeEquationsOnTrivialVectorFieldBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#EulerLagrangeEquationsOnTrivialVectorFieldBundleOverMinkowskiSpacetime
https://ncatlab.org/nlab/show/formally+adjoint+differential+operator
https://ncatlab.org/nlab/show/formally+adjoint+differential+operator
https://ncatlab.org/nlab/show/formally+adjoint+differential+operator
https://ncatlab.org/nlab/show/formally+adjoint+differential+operator
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FormallyAdjointDifferentialOperators
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FormallyAdjointDifferentialOperators
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:FormallyAdjointDifferentialOperatorWitness
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:FormallyAdjointDifferentialOperatorWitness
https://ncatlab.org/nlab/show/presymplectic+form
https://ncatlab.org/nlab/show/presymplectic+form
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:TransgressionOfPresymplecticCurrentToCauchySurface
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:TransgressionOfPresymplecticCurrentToCauchySurface
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+operator
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+operator
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#GreenHyperbolicDifferentialOperator
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#GreenHyperbolicDifferentialOperator

geometry of physics -- perturbative quantum field theory in nLab

125 of 323

T reg Gp
Gp : LinObs(Egcp, L) ™ — FE.SCP(E)aELL:o

for the linear map from regular linear field observables (def. 7.30) to on-shell field histories with spatially
compact support (def. 2.36) given under the identification (104) by the causal Green function Gp (def. 7.18).

Then for every Cauchy surface ¥, < X (def: 8.1) this map is an inverse to the presymplectic form ws, (def. 8.3) in

that, under the identification of tangent vectors to field histories from example 8.4, we have that the composite
w);p(GP(—),(—)) = ev : LinObs(Escp,L)reg ® Tysp(E) — C (116)
(4 , ) = A(D)
equals the evaluation map of observables on field histories.

This means that for every Cauchy surface X,, the presymplectic form ws, restricts to a symplectic form on regular

linear observables. The corresponding Poisson bracket is
{- _}): = wg, (Gp(—),Gp(—)) : LinObs(Egp, L) 8 Q LinObs(Ecp, L) ¢ S R.
2

Moreover, equation (116) implies that this is the covariant Poisson bracket in the sense of the covariant phase
space (def. 8.7) in that it does not actually depend on the choice of Cauchy surface.

An equivalent expression for the Poisson bracket that makes its independence from the choice of Cauchy surface
manifest is the P-Peierls bracket given by

LinObs(Egep, L) ™8 @ LinObs(Egep, L) R (117)
(@B = [G(a”) - B dvoly
P
where on thelefta’, B* € I'y o, (E™) = LinObs(Escp, L)

Hence under the given assumptions, for every Cauchy surface the Poisson bracket associated with that Cauchy
surface equals the invariantly (“covariantly”) defined Peierls bracket

{_l _}Ep = {_! _} .

Finally this means that in terms of the causal propagator A (95) the covariant Peierls-Poisson bracket is given in
generalized function-notation by

. . . (118)
{a",B} = f / a’(x) - A(x,y) - B (¥) dvoly(x) dvols(y)
zr z

Therefore, while the point-evaluation field observables ®“(x) (def. 7.2) are not themselves regular observables
(def. 7.30), the Peierls-Poisson bracket (118) is induced from the following distributional bracket between them
{ @00, @° (N} = 4% (% y)

with the causal propagator (95) on the right, in that with the identification (105) the Peierls-Poisson bracket on
regular linear observables arises as follows:

{ f g (x)@*(x) dvoly(x), / ﬁ,*,(y)¢b(}/)dvolx(y)}= f f aa ()@ (x), @ (1)}B, () dvoly (x) dvols ()
P z z z

=4%(x,y)

= / / a5 ()4 (x,y)B, () dvolz (x) dvols (¥)
P

(Khavkine 14, lemma 2.5)

Proof. Consider two more Cauchy surfaces E% < Ii(Z) & %, in the future I'* and in the past I~ of Z, respectively.

Choose a partition of unity on X consisting of two elements y* € C*(X) with support bounded by these Cauchy
surfaces: supp(y,) =z,

Then define
P)( : Fl,scp(E) - Fl,cp(E*) (119)

by
(120)
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Py(®) = P(x,P)
= —P(x_P).

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...

Notice that the support of the partitioned field history is in the compactly sourced future/past cone

Xiq) € I'y,1cp(E) (121)

since @ is supported in the compactly sourced causal cone, but that P(y, @) indeed has compact support as

required by (119): Since P(®) = 0, by assumption, the support is the intersection of that of ¢ with that of dy,

and the first is spacelike compact by assumption, while the latter is timelike compact, by definition of partition of
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unity.

Similarly, the equality in (120), holds because by partition

P(x @)+ P(x_®) = P((x, +x_)P) = P(®) = 0.
It follows that

GpoPy(P) = (GP,+ - GP.*)P)(((D)
= Gp,+ P(x,P) +Gp _P(x_®)
=x,® =x-@
=, tx)?®
=9,

where in the second line we chose from the two equivalent expressions (120) such that via (121) the defining
property of the advanced or retarded Green function, respectively, may be applied, as shown under the braces.

(Khavkine 14, lemma 2.1)

Now we apply this to the computation of wg, (Gp(—), —):

wz, (Gp(a), B) / K(Gp(a®), ®)

Zp

f K(Gp(a), x,®) + f K(Gp(a®), x_®)

Zp Zp

dK (Gp(a™), x, ®) — f dK (Gp(a™), x_B)

1"(Zp) 1°(Zp)

=0 =0

1( / Gp(@") - P(x, )dvoly + / Gp(a*)-P()(Jra)dvol):)

17(Zp) 17(zp)

f Gp(@”) - P(x, ®)dvol;

z

f a - Gp(P(x,®))

z
N
/a*-cb

Here we computed as follows:

1. applied the assumption that w, (- )= [K(— -);
Zp

2. applied the above partition of unity;

3. used the Stokes theorem (prop. 1.25) for the past and the future of X, respectively;

4. applied the definition of dK as the witness of the formal (anti-) self-adjointness of P (def. 4.9);

5.used P o G, = 0 on I'y o, (E") (def. 7.18) and used (120);

6. unified the two integration domains, now that the integrands are the same;

f (P(Gp(a*)) X, BT Gpa) - P(xﬁ))dvolz - / (P(Gp(a*)) X BF Gp(a’) - P(x_®)
17(Zp) 17(Zp)

)dvol 5
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7. used the formally (anti-)self adjointness of the Green functions (example 7.22);
8.used (122).

Example 8.9. (scalar field and Dirac field have covariant Peierls-Poisson bracket)

Examples of free Lagrangian field theories for which the assumptions of theorem 8.8 are satisfied, so that the
covariant Poisson bracket exists in the form of the Peierls bracket include

o the free real scalar field (example 5.4);

o the free Dirac field (example 5.9).

For the free scalar field this is the statement of example 7.20 with example 8.5, while for the Dirac field this is
the statement of example 7.21 with example 8.6.

For the free electromagnetic field (example 5.6) the assumptions of theorem 8.8 are violated, the covariant phase
space does not exist. But in the discussion of Gauge fixing, below, we will find that for an equivalent re-
incarnation of the electromagnetic field, they are met after all.

BV-resolution of the covariant phase space

So far we have discussed the covariant phase space (prop. 8.7) in terms of explicit restriction to the shell. We
now turn to the more flexible perspective where a homological resolution of the shell in terms of “antifields” is
used (def. 7.44).

Example 8.10. (BV-presymplectic current)

Let (E, L) be a Lagrangian field theory (def. 5.1) whose field bundle E is a trivial vector bundle (example 3.4)

and whose Lagrangian density L is spacetime-independent (example 5.14). Let X' X {¢} < £ be a constant
section of the shell (59).

Then in the BV-variational bicomplex (113) there exists the BV-presymplectic potential
Opy = ¢i6¢ dvoly € NY'(E ), (123)
and the corresponding BV-presymplectic current
Opy; € DF(E 0)l,,,
defined by

gy = 60y
= 8¢ ASp® Advoly’

SgLL
EL - b

where (¢%) are the given field coordinates, ¢i the corresponding antifield coordinates (111) and 367

corresponding components of the Euler-Lagrange form (prop. 5.12).
Proposition 8.11. (local BV-BFV relation)

Let (E,L) be a Lagrangian field theory (def. 5.1) whose field bundle E is a trivial vector bundle (example 3.4) and
whose Lagrangian density L is spacetime-independent (example 5.14). Let X X {¢} < £ be a constant section of
the shell (59).

Then the BV-presymplectic current gy (def. 8.10) witnesses the on-shell vanishing (prop. 5.13) of the total
spacetime derivative of the genuine presymplectic current Qggy (prop. 5.12) in that the total spacetime derivative
of Ngry equals the BV-differential sgy of Qgy:

dfgpy = SOgy -

Hence if X\, < X is a submanifold of spacetime of full dimension p + 1 with boundary 0., = X, U Xy,

Zin Zout

then the pullback of the two presymplectic forms (115) on the incoming and outgoing spaces of field histories,
respectively, differ by the BV-differential of the transgression of the BV-presymplectic current:
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(i) @in) = () lgue) @our) = Toxry, (28v) € 2%(My, (B)s, ) -

This homological resolution of the Lagrangian correspondence that exhibits the “covariance” of the covariant
phase space (prop. 8.7) is known as the BV-BFV relation (Cattaneo-Mnev-Reshetikhin 12 (9)).

Proof. For the first statement we compute as follows:

spy = —8(s¢¥)8p A dvoly
Sl
5¢®

—86g, L

d-QBFV )

= -5

8¢ “ dvoly

where the first steps simply unwind the definitions, and where the last step is prop. 5.13.
With this the second statement follows by immediate generalization of the proof of prop. 8.7. W

Example 8.12. (derived presymplectic current of real scalar field)

Consider a Lagrangian field theory (def. 5.1) without any non-trivial implicit infinitesimal gauge
transformations (def. ); for instance the real scalar field from example 5.4.

Inside its local BV-complex (def. 7.44) we may form the linear combination of

1. the presymplectic current 2gpy (example 5.17)

2. the BF-presymplectic current £2gy (example 8.10).
This yields a vertical 2-form

2
02 = Oy + gy €07 (B)lgy,

which might be called the derived presymplectic current.
Similarly we may form the linear combination of 1. the presymplectic potential current Oggy (49),

1. the BF-presymplectic potential current @py, (123)
2. the Lagrangian density L (def. 5.1)
hence

6 = @BV + QBFV +L
———
Lepage

(where the sum of the two terms on the right is the Lepage form (56)). This might be called the derived
presymplectic potental current.

We then have that

b+@d=95)N =0
and in fact

b+d—-s)o = 0.

Proof. Of course the first statement follows from the second, but in fact the two contributions of the first
statement even vanish separately:

s50=0, (d—s)2=0.

The statement on the left is immediate from the definitions, since £2 = §0. For the statement on the right we
compute

(d = $)(2py + Ngpy) = dlgpy — s{lgy + dfgy — slppy
=0 -

— =0
=0

=0

Here the first term vanishes via the local BV-BFV relation (prop. 8.11) while the other two terms vanish simply
by degree reasons.

Similarly for the second statement we compute as follows:
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——

(6+(d—5))0 = 6(Ogy + Oppy) + dL + (d — s)L + (d — s)(Ogy + Ogpy)

=gy +02grv SL =0
= ‘QBV + ‘QBFV + 6L+ dQBV - SOBV + dOBFV - SQBFV
=0 oL =g L-6L =0
= gy + gpy

Here the direct vanishing of various terms is again by simple degree reasons, and otherwise we used the
definition of 2 and, crucially, the variational identity § L = §g;, L — dOgpy (49). B

Hamiltonian local observables

We have defined the local observables (def. 7.39) as the transgressions of horizontal p + 1-forms (with compact
spacetime support) to the on-shell space of field histories I'y (E)5EL L= over all of spacetime Y. More explicitly,

these could be called the spacetime local observables.

But with every choice of Cauchy surface X}, - X' (def. 8.1) comes another notion of local observables: those that

are transgressions of horizontal p-forms (instead of p + 1-forms) to the on-shell space of field histories
restricted to the infinitesimal neighbourhood of that Cauchy surface (def. 3.31): sz (E)SELL:O' These are

spatially local observables, with respect to the given choice of Cauchy surface.

Among these spatially local observables are the Hamiltonian local observables (def. 8.13 below) which are
transgressions specifically of the Hamiltonian forms (def. 6.19). These inherit a transgression of the local Poisson
bracket (prop. 6.21) to a Poisson bracket on Hamiltonian local observables (def. 8.15 below). This is known as
the Peierls bracket (example 8.16 below).

Definition 8.13. (Hamiltonian local observables)
Let (E, L) be a Lagrangian field theory (def. 5.1).
Consider a local observable (def. 7.39)
T3(A) i T3(B)g 1o — C,

hence the transgression of a variational horizontal p + 1-form A € Qgtpl’o(E) of compact spacetime support.

Given a Cauchy surface X, © X (def. 8.1) we say that 73(A) is Hamiltonian if it is also the transgression of a
Hamiltonian differential form (def. 6.19), hence if there exists

(H,v) € 08 am(E)

whose transgression over the Cauchy surface X}, equals the transgression of A over all of spacetime X, under
the isomorphism (114)

(_)‘sz;p
FE(E)JEL L=0 - FZP (E)5EL L=0
SO a5, ()
QZ

Beware that the local observable 75 (H) defined by a Hamiltonian differential form H € Q)’:’:gam(E) as in def.

8.13 does in general depend not just on the choice of H, but also on the choice X}, of the Cauchy surface. The
exception are those Hamiltonian forms which are conserved currents:

Proposition 8.14. (conserved charges - transgression of conserved currents)

Let (E,L) be a Lagrangian field theory (def. 5.1).

If a Hamiltonian differential form | € n;’;,‘.’,am (E) (def. 6.19) happens to be a conserved current (def. 6.6) in that
its total spacetime derivative vanishes on-shell
djl =0

then the induced Hamiltonian local observable Tz, (J) (def: 8.13) is independent of the choice of Cauchy surface
2 (def 8.1) in that for X, Z'p < X any two Cauchy surfaces which are cobordant, then

75,() = Tz, ()

The resulting constant is called the conserved charge of the conserved current, traditionally denoted
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Q = T):p(])-

Proof. By definition the transgression of d/ vanishes on the on-shell space of field histories. Therefore the result
is given by Stokes' theorem (prop. 1.25). W

Definition 8.15. (Poisson bracket of Hamiltonian local observables on covariant phase space)

fb
Let (E,L) be a Lagrangian field theory (def. 5.1) where the field bundle F — X is a trivial vector bundle over
Minkowski spacetime (example 3.4).

We say that the Poisson bracket on Hamiltonian local observables (def. 8.13) is the transgression (def. 7.32) of
the local Poisson bracket (def. 6.21) of the corresponding Hamiltonian differential forms (def. 6.21) to the
covariant phase space (def. 8.7).

Explicitly: for X, © X' a choice of Cauchy surface (def. 8.1) then the Poisson bracket between two local
Hamiltonian observables 7y ((H;vy)) is

{5, (H,v1), 75, (Hp v2))} = T3, ({(Hy,v1), (Hz,v2)}), (124)

where on the right we have the transgression of the local Poisson bracket {(Hy,v;), (H,, v,)} of Hamiltonian
differential forms on the jet bundle from prop. 6.21.

Proof. We need to see that equation (124) is well defined, in that it does not depend on the choice of Hamiltonian
form (H;, v;) representing the local Hamiltonian observable Tz, (H)).

It is clear that all the transgressions involved depend only on the restriction of the Hamiltonian forms to the
pullback of the jet bundle to the infinitesimal neighbourhood NyZX}. Moreover, the Poisson bracket on the jet
bundle (84) clearly respects this restriction.

If a Hamiltonian differential form H is in the kernel of the transgression map relative to X, in that for every
smooth collection @_y:U — F;p (E)dm L= Of field histories (according to def. 3.18) we have (by def. 7.32)

/j;"(rp(_))*ﬁ =0 €enfW)
Zp

then the fact that the kernel of integration is the exact differential forms says that j;(d?(_))*H ENP(UXZ)is

dy-exact and hence in particular dy-closed for all @(_y:
d);j°°(¢(_))*H =0.
By prop. 4.13 this means that
JO(@))(dH) =0

forall @_,. Since H € QE'O(E) is horizontal, the same proposition (see also example 4.12) implies that in fact H
is horizontally closed:
dH = 0.

fb
Now since the field bundle E — X is trivial by assumption, prop. 4.14 applies and says that this horizontally
closed form on the jet bundle is in fact horizontally exact.

In conclusion this shows that the kernel of the transgression map Tz, QE'O(E) - Cm(l“zp (E)) is precisely the

space of horizontally exact horizontal p-forms.

Therefore the claim now follows with the statement that horizontally exact Hamiltonian differential forms
constitute a Lie ideal for the local Poisson bracket on the jet bundle; this is lemma 6.22.

Example 8.16. (Poisson bracket of the real scalar field)

Consider the Lagrangian field theory of the free scalar field (example 5.4), and consider the Cauchy surface
defined by x° = 0.

By example 6.23 the local Poisson bracket of the Hamiltonian forms

Q = ¢y, dvol; € 2P°(E)

and
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P =" 15, dvoly € NPOE) .

{Q, P} = by, by, = 15, dvoly .

Upon transgression according to def. 8.15 this yields the following Poisson bracket

{ / by (X)$(t, )i, dvoly (x)dPx , f by (%) 9o (t, X)ta, dvolz(?)} = / by (X)by (X1, dvoly(X)dPx,
2z . Zz.

P P P

where
®(x), 9, P (x) : PhaseSpace(Z;) - R
denote the point-evaluation observables (example 7.2), which act on a field history @ € I'y(E) = C*(X) as
D(x) : D DP(x) 0o ®(x) : @ 0,P(x) .

Notice that these point-evaluation functions themselves do not arise as the transgression of elements in
NPP(E); only their smearings such as fzp bi¢ dvol);’[7 do. Nevertheless we may express the above Poisson

bracket conveniently via the integral kernel
—. - - o
ot %), 0,0t} = 6 -). (125)

Proposition 8.17. (super-Poisson bracket of the Dirac field)

Consider the Lagrangian field theory of the free Dirac field on Minkowski spacetime (example 5.9) with field
bundle the odd-shifted spinor bundle E = X X S,qq (example 3.50) and with

0% (%) : RO — [I'5(E X Soad)s,, 1o Cl

the corresponding odd-graded point-evaluation observable (example 7.2).

Then consider the Cauchy surfaces in Minkowski spacetime (def 2.17) given by x° =t for t € R. Under
transgression to this Cauchy surface via def. 8.15, the local Poisson bracket, which by example 6.24 is given by the
super Lie bracket

= B
{0 9), 10, dvoly, (By™)’ 15, dvols| = (), P15, dvols,
has integral kernel

[, DN} = ¢,F8G -7 .

This concludes our discussion of the phase space and the Poisson-Peierls bracket for well behaved Lagrangian
field theories. In the next chapter we discuss in detail the integral kernels corresponding to the Poisson-Peierls
bracket for key classes of examples. These are the propagators of the theory.

9. Propagators

In this chapter we discuss the following topics:
e Background
o Fourier analysis and Plane wave modes
o Microlocal analysis and UV-Divergences
o Cauchy principal values

e Propagators for the free scalar field on Minkowski spacetime
o advanced and regarded propagators

o causal propagator
o Wightman propagator
o Feynman propagator

o singular support and wave front sets
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In the previous chapter we have seen the covariant phase space (prop. 8.7) of sufficiently nice Lagrangian field
theories, which is the on-shell space of field histories equipped with the presymplectic form transgressed from
the presymplectic current of the theory; and we have seen that in good cases this induces a bilinear pairing on
sufficiently well-behaved observables, called the Poisson bracket (def. 8.15), which reflects the infinitesimal
symmetries of the presymplectic current. This Poisson bracket is of central importance for passing to actual
quantum field theory, since, as we will discuss in Quantization below, it is the infinitesimal approximation to the
quantization of a Lagrangian field theory.

We have moreover seen that the Poisson bracket on the covariant phase space of a free field theory with Green
hyperbolic equations of motion - the Peierls-Poisson bracket - is determined by the integral kernel of the causal
Green function (prop. 8.8). Under the identification of linear on-shell observables with off-shell observables that
are generalized solutions to the equations of motion (theorem 7.29) the convolution with this integral kernel
may be understood as propagating the values of an off-shell observable through spacetime, such as to then
compare it with any other observable at any spacetime point (prop. 8.8). Therefore the integral kernel of the
causal Green function is also called the causal propagator (prop. 7.24).

infinitesimal quantization of the theory, is all encoded in the causal propagator. Therefore here we analyze the
causal propagator, as well as its variant propagators, in detail.

The main tool for these computations is Fourier analysis (reviewed below) by which field histories, observables
and propagators on Minkowski spacetime are decomposed as superpositions of plane waves of various
frequencies, wave lengths and wave vector-direction. Using this, all propagators are exhibited as those
superpositions of plane waves which satisfy the dispersion relation of the given equation of motion, relating
plane wave frequency to wave length.

This way the causal propagator is naturally decomposed into its contribution from positive and from negative
frequencies. The positive frequency part of the causal propagator is called the Wightman propagator (def. 9.57
below). It turns out (prop. 9.60 below) that this is equivalently the sum of the causal propagator, which itself is
skew-symmetric (cor. 9.53 below), with a symmetric component, or equivalently that the causal propagator is
the skew-symmetrization of the Wightman propagator. After quantization of free field theory discussed further
below, we will see that the Wightman propagator is equivalently the correlation function between two point-
evaluation field observables (example 7.2) in a vacuum state of the field theory (a state in the sense of def. ).

Moreover, by def. 7.18 the causal propagator also decomposes into its contributions with future and past
support, given by the difference between the advanced and retarded propagators. These we analyze first, starting
with prop. 9.52 below.

Combining these two decompositions of the causal propagator (positive/negative frequency as well as
positive/negative time) yields one more propagator, the Feynman propagator (def. 9.61 below).

We will see below that the quantization of a free field theory is given by a “star product” (on observables) which
is given by “exponentiating” these propagators. For that to make sense, certain pointwise products of these
propagators, regarded as generalized functions (prop. 7.6) need to exist. But since the propagators are
distributions with singularities, the existence of these products requires that certain potential “UV divergences”
in their Fourier transforms (remark 9.27 below) are absent (“Hérmander's criterion”, prop. 9.34 below). These
UV divergences are captured by what what is called the wave front set (def. 9.28 below).

The study of UV divergences of distributions via their wave front sets is called microlocal analysis and provides
powerful tools for the understanding of quantum field theory. In particular the propagation of singularities
theorem (prop. 9.40) shows that for distributional solutions (def. 7.16) of Euler-Lagrange equations of motion,
such as the propagators, their singular support propagates itself through spacetime along the wave front set.

Using this theorem we work out the wave front sets of the propagators (prop. 9.69 below). Via Hérmander's
criterion (prop. 9.34) this computation will serve to show why upon quantization the Wightman propagator
replaces the causal propagator in the construction of the Wick algebra of quantum observables of the free field

observables of the interacting quantum field theory (below in Feynman diagrams).

The following table summarizes the structure of the system of propagators. (The column “as vacuum expectation
value of field operators” will be discussed further below in Free quantum fields).

propagators (i.e. integral kernels of Green functions)
for the wave operator and Klein-Gordon operator
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(see also Kocic's overview: pdf)

Fourier analysis and plane wave modes

By definition, the equations of motion of free field theories (def. 5.25) are linear partial differential equations
and hence lend themselves to harmonic analysis, where all field histories are decomposed into superpositions of
plane waves via Fourier transform. Here we briefly survey the relevant definitions and facts of Fourier analysis.

In formal duality to the harmonic analysis of the field histories themselves, also the linear observables (def. 7.3)
on the space of field histories, hence the distributional generalized functions (prop. 7.5) are subject to Fourier
transform of distributions (def. 9.14 below).

Throughout, let n € N and consider the Cartesian space R™ of dimension 7 (def. 1.1). In the application to field
theory, n = p + 1 is the dimension of spacetime and R" is either Minkowski spacetime RP! (def. 2.17) or its
dual vector space, thought of as the space of wave vectors (def. 9.1 below). For x = (x*) € RP"! and
k=(k, € (Rlp, 1))" we write

x-k = xtk,

for the canonical pairing.

Definition 9.1. (plane wave)

A plane wave on Minkowski spacetime RP'* (def. 2.17) is a smooth function with values in the complex
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numbers given by

RP' — €

(xu) - eik#x“
fork = (k,) € (RPY)" a covector, called the wave vector of the plane wave.

We use the following terminology:

plane waves on Minkowski spacetime

ret % C
x - exp( ik x*)

*,x% - exp( ik 2+ ikoxo)

(?,ct) = exp( i?-?—iwt)

symbol name
c speed of light
h Planck's constant

3
z
o]

n
me Compton wavelength
N
k k wave vector
-
A=2m/|k| wave length
N
|k| =2m/A wave number
w=k%= —koc =2mv  angular frequency
vV=w/2rt frequency
- -
p= hk, p= hk momentum
E=hw energy

- —2 me\ 2 ) ) ) )
wlk)=c/k + (—) Klein-Gordon dispersion relation

2
E(?))) =4/ 52? + (mcz)z energy-momentum relation

Definition 9.2. (Schwartz space of functions with rapidly decreasing partial derivatives)

A complex-valued smooth function f € C*(R"™) is said to have rapidly decreasing partial derivatives if for all
a, B € N™ we have

sup |xFa%f(x)] < oo.
x€R™
Write
S(R™ o C*(R™)

for the sub-vector space on the functions with rapidly decreasing partial derivatives regarded as a topological
vector space for the Fréchet space structure induced by the seminorms

Do p(P) = sup XF3F(x)]
x€R™

This is also called the Schwartz space.
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(e.g. Hormander 90, def. 7.1.2)

derivatives)

Every compactly supported smooth function (bump function) b € CC'T,(]R") has rapidly decreasing partial
derivatives (def. 9.2):

C®(R™ & S(R™) .

Proposition 9.4. (pointwise product and convolution product on Schwartz space)

The Schwartz space S(R™) (def 9.2) is closed under the following operatios on smooth functions
f g € S(R™) > C*(R")

1. pointwise product:

F- 90 = fx) - g(x)
2. convolution product:

() = f ) 9(x — y) dvol(y) .

yeR"

Proof. By the product law of differentiation. W

Every rapidly decreasing function f:R™ — R (def. 9.2) is an integrable function in that its integral exists:

/f(x)d"x < o

xeR™
In fact for each a € N™ the product of f with the a-power of the coordinate functions exists:
x%f(x)d"x < oo,
xeR™
Definition 9.6. (Fourier transform of functions with rapidly decreasing partial derivatives)

The Fourier transform is the continuous linear functional

O i s®™ — SR

on the Schwartz space of functions with rapidly decreasing partial derivatives (def. 9.2), which is given by
integration against plane wave functions (def. 9.1)

x> e—zk<x

times the standard volume form d™x:
. 126
Fo) - e kX f(x) d"x . (126)

xeR™

Here the argument k € R" of the Fourier transform is also called the wave vector.
(e.g. Hormander, lemma 7.1.3)
Proposition 9.7. (Fourier inversion theorem)

P
The Fourier transform (—) (def 9.6) on the Schwartz space S(R™) (def 9.2) is an isomorphism, with inverse
function the inverse Fourier transform

() : SR — SR

given by

n

em™ "

g9(x) = /g(k)e””‘

keER™

Hence in the language of harmonic analysis the function §:R™ — C is the superposition of plane waves (def. 9.1)
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in which the plane wave with wave vector k € R™ appears with amplitude g (k).

(e.g. Hormander, theorem 7.1.5)

Proposition 9.8. (basic properties of the Fourier transform)

The Fourier transform (/\—) (def. 9.6) on the Schwartz space S(R™) (def. 9.2) satisfies the following properties, for
all f,g € S(R™:

1. (interchanging coordinate multiplication with partial derivatives)
P 3 N P N (127)
xX4f = +i0,f —10,f = kof

2. (interchanging pointwise multiplication with convolution product, remark 9.4):
—~— N A —~ A (128)
Frg)=f-9g frg=Q@n) “fxg

3. (unitarity, Parseval's theorem)

ff(x)g*(x) d"x = /?(k)ﬁ*(k) d"k

xeR™ kKeER™
4 f Fo - gty d™e = f FO0) - §00) d™x (129)
keR"™ xeR™

(e.g Hormander 90, lemma 7.1.3, theorem 7.1.6)

The Schwartz space of functions with rapidly decreasing partial derivatives (def. 9.2) serves the purpose to
support the Fourier transform (def. 9.6) together with its inverse (prop. 9.7), but for many applications one
needs to apply the Fourier transform to more general functions, and in fact to generalized functions in the sense
of distributions (via this prop.). But with the Schwartz space in hand, this generalization is readily obtained by
formal duality:

Definition 9.9. (tempered distribution)
A tempered distribution is a continuous linear functional
u:S(RMH —C

on the Schwartz space (def. 9.2) of functions with rapidly decaying partial derivatives. The vector space of all
tempered distributions is canonically a topological vector space as the dual space to the Schwartz space
denoted

S'(R™) = (S(R™)".
e.g. (Hérmander 90, def. 7.1.7)
Example 9.10. (some non-singular tempered distributions)

Every function with rapidly decreasing_partial derivatives f € S(R™) (def. 9.2) induces a tempered

distribution uy € 8’ (R™) (def. 9.9) by integrating against it:

Ui ge /g(x)f(x) d™x .

xeR™

This construction is a linear inclusion

dense
S(R™ —— §'(R™)

of the Schwartz space into its dual space of tempered distributions. This is a dense subspace inclusion.

dense subspace inclusion:
. n dense , n
Cp(R™) — §'(R"™) .
This means that every tempered distribution is a limit of a sequence of ordinary functions with rapidly

decreasing_partial derivatives, and in fact even the limit of a sequence of compactly supported smooth
functions (bump functions).

It is in this sense that tempered distributions are “generalized functions”.

(e.g. Hormander 90, lemma 7.1.8)
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Example 9.11. (compactly supported distributions are tempered distributions)

Every compactly supported distribution is a tempered distribution (def. 9.9), hence there is a linear inclusion

E'R™ - §'(RY) .
Example 9.12. (delta distribution)
Write
8o(—) € E(R™)
for the distribution given by point evaluation of functions at the origin of R™:
8o(=) : f= f(0).

We write just “6(—)” (without the subscript) for the corresponding generalized function (example 9.10), so
that

f s(0f(x)d"x = £(0).

x€R™

Example 9.13. (square integrable functions induce tempered distributions)
Let f € LP(R™) be a function in the pth Lebesgue space, e.g. for p = 2 this means that f is a square integrable
function. Then the operation of integration against the measure f dvol
gr /g(x)f(x) d"x
xeR™
is a tempered distribution (def. 9.9).
(e.g. Hormander 90, below lemma 7.1.8)

Property (129) of the ordinary Fourier transform on functions with rapidly decreasing partial derivatives
motivates and justifies the fullowing generalization:

Definition 9.14. (Fourier transform of distributions on tempered distributions)

The Fourier transform of distributions of a tempered distribution u € §'(R™) (def. 9.9) is the tempered

distribution % defined on a smooth function f € S(R™) in the Schwartz space (def. 9.2) by

N\
2 = u(f),
where on the right? € S(R™) is the Fourier transform of functions from def. 9.6.

(e.g. Hormander 90, def. 1.7.9)

Example 9.15. (Fourier transform of distributions indeed generalizes Fourier transform of functions with
rapidly decreasing partial derivatives)

Let ur € 8’ (R™) be a non-singular tempered distribution induced, via example 9.10, from a function with

rapidly decreasing partial derivatives f € S(R™).

Then its Fourier transform of distributions (def. 9.14) is the non-singular distribution induced from the
Fourier transform of f:

AN
Uf =uf.

Proof. Let g € S(R™). Then
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17 (9) = us(9)

/ FEOb) d™x

xeR™

f Fg(o) d™x

x€R™

=u(9)

Here all equalities hold by definition, except for the third: this is property (129) from prop. 9.8. l

Example 9.16. (Fourier transform of Klein-Gordon equation of distributions)

Let 4 ES'(]R{p'l) be any tempered distribution (def. 9.9) on Minkowski spacetime (def. 2.17) and let

2
P :=n" 2 92 _ (%) be the Klein-Gordon operator (70). Then the Fourier transform (def. 9.14) of PA is,

in generalized function-notation (remark 7.7)given by
2
Fa0 = (0, = (3) 0o

Proof. Letr € S(R™) be any function with rapidly decreasing partial derivatives (def. 9.2). Then

PA(r) = PAK)
= AP
= A(PP)

= af(-wte - (2)°))

Here the first step is def. 9.14, the second is def. 7.16, the third is example 5.28, while the last step is prop. 9.8.

Example 9.17. (Fourier transform of compactly supported distributions)

Under the identification of smooth functions of bounded growth with non-singular tempered distributions
(example 9.10), the Fourier transform of distributions (def. 9.14) of a tempered distribution that happens to be

u €& R™ o §'(R"
is simply
(k) = u(e ().
(Hérmander 90, theorem 7.1.14)

Example 9.18. (Fourier transform of the delta-distribution)

The Fourier transform (def. 9.14) of the delta distribution (def. 9.12), via example 9.17, is the constant function

on1:

5k)

fc?(x)e —ikX dx
xeR™

1

This implies by the Fourier inversion theorem (prop. 9.20) that the delta distribution itself has equivalently the
following expression as a generalized function

8(x) = 8o(x)

N
em"

keR™

in the sense that for every function with rapidly decreasing partial derivatives f € S(R™) (def. 9.2) we have

138 0of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:FourierTransformInIntegralOfProductMayBeShiftedToOtherFactor
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:FourierTransformInIntegralOfProductMayBeShiftedToOtherFactor
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#BasicPropertiesOfFourierTransformOverCartesianSpaces
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#BasicPropertiesOfFourierTransformOverCartesianSpaces
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/Klein-Gordon+equation
https://ncatlab.org/nlab/show/Klein-Gordon+equation
https://ncatlab.org/nlab/show/derivative+of+distributions
https://ncatlab.org/nlab/show/derivative+of+distributions
https://ncatlab.org/nlab/show/distributions
https://ncatlab.org/nlab/show/distributions
https://ncatlab.org/nlab/show/tempered+distribution
https://ncatlab.org/nlab/show/tempered+distribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TemperedDistribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TemperedDistribution
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#MinkowskiSpacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#MinkowskiSpacetime
https://ncatlab.org/nlab/show/Klein-Gordon+operator
https://ncatlab.org/nlab/show/Klein-Gordon+operator
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:KleinGordonOperator
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:KleinGordonOperator
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesAsGeneralizedFunctions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesAsGeneralizedFunctions
https://ncatlab.org/nlab/show/function+with+rapidly+decreasing+partial+derivatives
https://ncatlab.org/nlab/show/function+with+rapidly+decreasing+partial+derivatives
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SchwartzSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SchwartzSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DistributionalDerivatives
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DistributionalDerivatives
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FormallySelfAdjointKleinGordonOperator
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FormallySelfAdjointKleinGordonOperator
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#BasicPropertiesOfFourierTransformOverCartesianSpaces
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#BasicPropertiesOfFourierTransformOverCartesianSpaces
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/compactly+supported+distributions
https://ncatlab.org/nlab/show/compactly+supported+distributions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/non-singular+distributions
https://ncatlab.org/nlab/show/non-singular+distributions
https://ncatlab.org/nlab/show/tempered+distributions
https://ncatlab.org/nlab/show/tempered+distributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SomeNonSingularTemperedDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SomeNonSingularTemperedDistributions
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/tempered+distribution
https://ncatlab.org/nlab/show/tempered+distribution
https://ncatlab.org/nlab/show/compactly+supported+distribution
https://ncatlab.org/nlab/show/compactly+supported+distribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CompactlySupportedDistibutionsAreTemperedDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CompactlySupportedDistibutionsAreTemperedDistributions
https://ncatlab.org/nlab/show/Fourier+transform#Hoermander90
https://ncatlab.org/nlab/show/Fourier+transform#Hoermander90
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/delta-distribution
https://ncatlab.org/nlab/show/delta-distribution
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DiracDeltaDistribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DiracDeltaDistribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CompactlySupportedDistributionFourierTransform
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CompactlySupportedDistributionFourierTransform
https://ncatlab.org/nlab/show/constant+function
https://ncatlab.org/nlab/show/constant+function
https://ncatlab.org/nlab/show/Fourier+inversion+theorem
https://ncatlab.org/nlab/show/Fourier+inversion+theorem
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierInversionTheoremForDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierInversionTheoremForDistributions
https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/function+with+rapidly+decreasing+partial+derivatives
https://ncatlab.org/nlab/show/function+with+rapidly+decreasing+partial+derivatives
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SchwartzSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SchwartzSpace

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...

fx) = /f(Y)f?(y—X) d"y

yeR™
. d™k
= ik (y—2) d"
/. R[ fe 2" y
yE €
) . d"k
— —ik-x lk-ydn
fn e /ﬂ fe y 2"
kKeR yER
1 —
=F-to
) . d™k
=+ [ [ropesray =
keER™ yeR™
A —
=)
X
= f(x)

which is the statement of the Fourier inversion theorem for smooth functions (prop. 9.7).

(Here in the last step we used change of integration variables k — —k which introduces one sign (—1)" for
the new volume form, but another sign (—1)" from the re-orientation of the integration domain. )

Equivalently, the above computation shows that the delta distribution is the neutral element for the
convolution product of distributions.

Proposition 9.19. (Paley-Wiener-Schwartz theorem I)

example 9.11. Then its Fourier transform of distributions (def. 9.14) is a non-singular distribution induced from a
smooth function that grows at most exponentially.

(e.g. Hoermander 90, theorem 7.3.1)

Proposition 9.20. (Fourier inversion theorem for Fourier transform of distributions)

The operation of forming the Fourier transform of distributions U (def. 9.14) tempered distributions u € 8' (R™)
(def. 9.9) is an isomorphism, with inverse given by

i:g-u(g),

where on the right g is the ordinary inverse Fourier transform of g according to prop. 9.7.

Proof. By def. 9.14 this follows immediately from the Fourier inversion theorem for smooth functions (prop.
9.7). B

We have the following distributional generalization of the basic property (128) from prop. 9.8:

Proposition 9.21. (Fourier transform of distributions interchanges convolution of distributions with
pointwise product)

Let
u; € S'(R™
be a tempered distribution (def. 9.9) and
u, € &'(R™ - §'(R™

be a compactly supported distribution, regarded as a tempered distribution via example 9.11.

Observe here that the Paley-Wiener-Schwartz theorem (prop. 9.19) implies that the Fourier transform of
distributions of u; is a non-sinqular distribution ; € C*(R™) so that the product iy - i1, is always defined.

Then the Fourier transform of distributions of the convolution product of distributions is the product of the
Fourier transform of distributions:

P PA NP AN
U *Uy = Uq Uy .
(e.g. Hormander 90, theorem 7.1.15)

Remark 9.22. (product of distributions via Fourier transform of distributions)
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Prop. 9.21 together with the Fourier inversion theorem (prop. 9.20) suggests to define the product of
distributions u, - u, for compactly supported distributions u;, u, € & (R™) < §'(R™) by the formula

o = (2" i
which would complete the generalization of of property (128) from prop. 9.8.

For this to make sense, the convolution product of the smooth functions on the right needs to exist, which is
not guaranteed (prop. 9.4 does not apply here!). The condition that this exists is the Hérmander criterion on
the wave front set (def. 9.28) of u; and u, (prop. 9.34 belwo). This we further discuss in Microlocal analysis and

UV-Divergences below.

microlocal analysis and ultraviolet divergences

A distribution (def. 7.5) or generalized function (prop. 7.6) is like a smooth function which may have
“singularities”, namely points at which it values or that of its derivatives “become infinite”. Conversely, smooth
functions are the non-singular distributions (prop. 7.6). The collection of points around which a distribution is
singular (i.e. not non-singular) is called its singular support (def. 9.24 below).

The Fourier transform of distributions (def. 9.14) decomposes a generalized function into the plane wave modes
that it is made of (def. 9.1). The Paley-Wiener-Schwartz theorem (prop. 9.26 below) says that the singular nature
of a compactly supported distribution may be read off from this Fourier mode decomposition: Singularities
correspond to large contributions by Fourier modes of high frequency and small wavelength, hence to large
“ultraviolet” (UV) contributions (remark 9.27 below). Therefore the singular support of a distribution is the set
of points around which the Fourier transform does not sufficiently decay “in the UV”.

But since the Fourier transform is a function of the full wave vector of the plane wave modes (def. 9.1), not just of
the frequency/wavelength, but also of the direction of the wave vector, this means that it contains directional
information about the singularities: A distribution may have UV-singularities at some point and in some wave
vector direction, but maybe not in other directions.

In particular, if the distribution in question is a distributional solution to a partial differential equation (def. 7.16)
on spacetime then the propagation of singularities theorem (prop. 9.40 below) says that the singular support of
the solution evolves in spacetime along the direction of those wave vectors in which the Fourier transform
exhibits high UV constributions. This means that these directions are the “wave front” of the distributional
solution. Accordingly, the singular support of a distribution together with, over each of its points, the directions
of wave vectors in which the Fourier transform around that point has large UV constributions is called the wave
front set of the distribution (def. 9.28 below).

What is called microlocal analysis is essentially the analysis of distributions with attention to their wave front set,
hence to the wave vector-directions of UV divergences.

In particular the product of distributions is well defined (only) if the wave front sets of the distributions to not
“collide”. And this in fact motivates the definition of the wave front set:

To see this, let u, v € D’ (R*) be two distributions, for simplicity of exposition taken on the real line.

Since the product u - v, is, if it exists, supposed to generalize the pointwise product of smooth functions, it must
be fixed locally: for every point x € R there ought to be a compactly supported smooth function (bump function)
b € CH(R) with f(x) = 1 such that

b*u-v = (bu)- (bv).

Pas PaN
property that their Fourier transforms bv and bu are, in particular, smooth functions (by the Paley-Wiener-
Schwartz theorem, prop 9.19).

Moreover, the operation of Fourier transform interchanges pointwise products with convolution products (prop.
9.8). This means that if the product of distributions u - v exists, it must locally be given by the inverse Fourier

PaN AY
transform of the convolution product of the Fourier transforms bu and bv:

—_— Kmax —~ P
bu-v(x) = lim ow) (k) () (x — k) dlk .
kmax = % “ ~kmax

(Notice that the converse of this formula holds as a fact by prop. 9.21)

This shows that the product of distributions exists once there is a bump function b such that the integral on the
right converges as Kkyax = .
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PaN PasN
Now the Paley-Wiener-Schwartz theorem says more, it says that the Fourier transforms bu and bu are
polynomially bounded. On the other hand, the integral above is well defined if the integrand decreases at least

PaN
quadratically with k — oo. This means that for the convolution product to be well defined, either bu has to

PN —_
polynomially decrease faster with k — = oo than bv grows in the other direction, k - +F oo (due to the minus
sign in the argument of the second factor in the convolution product), or the other way around.

Moreover, the degree of polynomial growth of the Fourier transform increases by one with each derivative (def.
P
7.16). Therefore if the product law for derivatives of distributions is to hold generally, we need that either bu or

Pas
bv decays faster than any polynomial in the opposite of the directions in which the respective other factor does
not decay.

Here the set of directions of wave vectors in which the Fourier transform of a distribution localized around any
point does not decay exponentially is the wave front set of a distribution (def. 9.28 below). Hence the condition
that the product of two distributions is well defined is that for each wave vector direction in the wave front set of
one of the two distributions, the opposite direction must not be an element of the wave front set of the other
distribution. This is called Hérmander's criterion (prop. 9.34 below).

We now say this in detail:

Definition 9.23. (restriction of distributions)

For U ¢ R™asubset,andu € D’ (]Rn) a distribution, then the restriction of u to U is the distribution

ul, €D'(U)
give by restricting u to test functions whose supportisin U.

Definition 9.24. (singular support of a distribution)

Given a distribution u € D’ (R™), a point x € R" is a singular point if there is no neighbourhood U ¢ R™ of x

such that the restriction u|,, (def. 9.23) is a non-singular distribution (given by a smooth function).

The set of all singular points is the singular support SUPDging (uw) € R™of u.

Definition 9.25. (product of a distribution with a smooth function)

Let u € D' (R™) be a distribution, and f € C”(R™) a smooth function. Then the product fu € D' (R™) is the
evident distribution given on a test function b € Cé’;’, (R™ by

fu:uw-u(f-b)

b€ Cf:’; (R™) via u(f) = [ b(x)f(x)dvol(x), precisely if its Fourier transform 1l (this def,) satisfies the following
decay property:

Forall N € N there exists Cy € R, such that for all k € R™ we have that the absolute value |D(k)| of the Fourier
transform at that point is bounded by
[D(k)| < Cy(@+ kD). (130)

(Hérmander 90, around (8.1.1))

Remark 9.27. (ultraviolet divergences)

“

In words, the Paley-Wiener-Schwartz theorem II (prop. 9.26) says that the singularities of a distribution “in
position space” are reflected in non-decaying contributions of high frequencies (small wavelength) in its
Fourier mode-decomposition (def. 9.14). Since for ordinary light waves one associates high frequency with the
“ultraviolet”, we may think of these as “ultaviolet contributions”.

But apart from the wavelength, the wave vector that the Fourier transform of distributions depends on also
encodes the direction of the corresponding plane wave. Therefore the Paley-Wiener-Schwartz theorem says in
more detail that a distribution is singular at some point already if along any one direction of the wave vector its
local Fourier transform picks up ultraviolet contributions in that direction.

It therefore makes sense to record this extra directional information in the singularity structure of a
distribution. This is called the wave front set (def. 9.28) below. The refined study of singularities taking this
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directional information into account is what is called microlocal analysis.

Moreover, the Paley-Wiener-Schwartz theorem I (prop. 9.19) says that if the ultraviolet contributions diverge
more than polynomially with high frequency, then the corresponding would-be compactly supported
distribution is not only singular, but is actually ill defined.

Such ultraviolet divergences appear notably when forming a would-be product of distributions whose two
factors have wave front sets whose UV-contributions “add up”. This condition for the appearance/avoidance of
UV-divergences is called Hérmander's criterion (prop. 9.34 below).

Definition 9.28. (wavefront set)

Let u € D'(R™) be a distribution. For b € C;(R") a compactly supported smooth function, write

For x € supp(b) € R"™, we say that a unit covector k € S((R™)") is regular if there exists a neighbourhood
U < S((R™") of k in the unit sphere such that for all ck’ € (R™)" with c € R, and k' € U € S((R™") the

decay estimate (130) is valid for the Fourier transform gﬁ of bu; at ck’. Otherwise k is non-regular. Write
Z(bw) = {keS(R™" | knon-regular}
for the set of non-regular covectors of bu.

The wave front set at x is the intersection of these sets as b ranges over bump functions whose support
includes x:
2y = n _ Z(bu) .
(=0 S0
x€supp(b)
Finally the wave front set of u is the subset of the sphere bundle S(T*R™) which over x € R™ consists of
2. (U) c TyR™

WF(u) = xEU]R"Zx(u) c S(T'R™

Often this is equivalently considered as the full conical set inside the cotangent bundle generated by the unit
covectors under multiplication with positive real numbers.

(Hormander 90, def. 8.1.2)
Remark 9.29. (wave front set is the UV divergence-direction-bundle over the singular support)
For u € D' (R™) The Paley-Wiener-Schwartz theorem (prop. 9.26) implies that

1. Forgetting the direction covectors in the wave front set WF(u) (def. 9.28) and remembering only the

points where they are based yields the set of singlar points of u, hence the singular support (def. 9.24)
WEF(u)

l
suppsing(u) s R"

2. the wave front set is empty, precisely if the singular support is empty, which is the case precisely if u is a
non-singular distribution.

Example 9.30. (wave front set of non-singular distribution is empty)

By prop. 9.26, the wave front set (def. 9.29) of a non-singular distribution (prop. 7.6) is empty. Conversely, a
distribution is non-singular if its wave front set is empty:

u € D' non-singular &  WF(u) =0

Example 9.31. (wave front set of delta distribution)

Consider the delta distribution
8, € D' (R™)
given by evaluation at the origin. Its wave front set (def. 9.28) consists of all the directions at the origin:
WF(8,) = {(0,k) | ke R"\ {0}} c R" X R" =~ T'R".

Proof. First of all the singular support (def. 9.24) of § is clearly suppsing(é‘(O)) = {0}, hence by remark 9.29 the
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wave front set vanishes over R™ \ {0}.

At the origin, any bump function b supported around the origin with b(0) = 1 satisfies b - §(0) = §(0) and

A
hence the wave front set over the origin is the set of covectors along which the Fourier transform §(0) does not
suitably decay. But this Fourier transform is in fact a constant function (example 9.18) and hence does not decay
in any direction. |l

Example 9.32. (wave front set of step function)

Let @ € D' (R") be the Heaviside step function given by

o(b) = /wb(x) dx .
0

Its wave front set (def. 9.28) is
WF(H) = {(0,k) |k # 0} .

Proposition 9.33. (wave front set of convolution of compactly supported distributions)

convolution of distributions (def. ) is

WF(u*v) = {(x+y,k) | (x,k) € WF(w)and (v, k) € WF(w)} .
(Bengel 77, prop. 3.1)
Proposition 9.34. (Hérmander's criterion for product of distributions)

Let u,v € D' (R™) be two distributions. If their wave front sets (def 9.28) do not collide, in that for v € TxX a

covector contained in one of the two wave front sets then the covector —v € TyX with the opposite direction in

not contained in the other wave front set, i.e. the intersection fiber product inside the cotangent bundle T*X of the
pointwise sum of wave fronts with the zero section is empty:

(WF(uy) + WF(uy)) SX = 0

ie
(4]
4 N
WF(uq) + WF(uy) (pb) X
N 7o
T'X

then the product of distributions u - v exists, given, locally, by the Fourier inversion of the convolution product of
their Fourier transform of distributions (remark 9.22).

For making use of wave front sets, we need a collection of results about how wave front sets change as we apply
certain operations to distributions:

Proposition 9.35. (differential operator preserves or shrinks wave front set)

Let P be a differential operator (def. 4.7). Then for u € D' a distribution, the wave front set (def. 9.28) of the
derivative of distributions Pu (def. 7.16) is contained in the original wave front set of u:

WEF(Pu) c WF(u)
(Hormander 90, (8.1.11))

Proposition 9.36. (wave front set of product of distributions is inside fiber-wise sum of wave front sets)

Letu,v € D' (X) be a pair of distributions satisfying Hérmander's criterion, so that their product of distributions
u - v exists by prop. 9.34. Then the wave front set (def. 9.28) of the product distribution is contained inside the
fiber-wise sum of the wave front set elements of the two factors:

WF(u-v) ¢ (WF(w) U (X x{0})) + (WF(v) U (X x {0})) .
(Hérmander 90, theorem 8.2.10)

More generally:
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Proposition 9.37. (partial product of distributions of several variables)

Let

K,€D'(XxY) K,eD (YxZ)

be two distributions of two variables. For their product of distributions to be defined over Y, Hérmander's
criterion on the pair of wave front sets WF(K,), WF(K,) needs to hold for the wave front wave vectors along X

and Y taken to be zero.

If this is satisfied, then composition of integral kernels (if it exists)

(K10 Kp) (= —) = /Kl(—.y)Kz(y, —)dvoly(y) € D'(X x2)
Y

has wave front set constrained by

(%3, ky, —ky) € WE(K,) and (y,z,k,, k,) € WF(K;)) (131)
or
WF(K; 0 Ky) © 1(x,2ky, k;) | (ky =0and (y,z0, —k,) € WF(K,)) :
or

(k, = 0and (x,y,k,,0) € WF(K,))

(Hormander 90, theorem 8.2.14)

A key fact for identifying wave front sets is the propagation of singularities theorem (prop. 9.40 below). In order
to state this we need the following concepts regarding symbols of differential operators:

Definition 9.38. (symbol of a differential operator)

Let

0 +D°
oxn*  QxH"

D = ) DMk

n<N

the cotangent bundle T'R™ =~ R™ x R™ (def. 1.12) given by

T'R* % C

koo By DM,y

n

The principal symbol is the top degree homogeneous part D”l'""kkul---kulv.

Definition 9.39. (symbol order)

A smooth function q on the cotangent bundle T*R™ (e.g. the symbol of a differential operator, def. 9.38 ) is of
order m (and type 1,0, denoted q € S™ = S7%), for m € N, if on each coordinate chart ((xH), (k;)) we have
that for every compact subset K of the base space and all multi-indices @ and B, there is a real number
Cq,p,x € R such that the absolute value of the partial derivatives of q is bounded by

k)| < Copr(l+]kN™

% af
ok, oxF

for all x € K and all cotangent vectors k to x.

A Fourier integral operator Q is of symbol class L™ = LTO if it is of the form
v = f f e g (x,y, k) (v) dy dk

with symbol g of order m, in the above sense.
(Hormander 71, def. 1.1.1 and first sentence of section 2.1 with (1.4.1))

Proposition 9.40. (propagation of singularities theorem)

Let Q be a differential operator (def 4.7) of symbol class L™ (def 9.39) with real principal symbol q that is
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homogeneous of degree m.

For u € D' (X) a distribution with Qu = f, then the complement of the wave front set of u by that of f is
contained in the set of covectors on which the principal symbol q vanishes:

WFw) \WF(f) c q7%(0) .

Moreover, WF(u) is invariant under the bicharacteristic flow induced by the Hamiltonian vector field of q with
respect to the canonical symplectic manifold structure on the cotangent bundle (here).

(Duistermaat-Hoérmander 72, theorem 6.1.1, recalled for instance as Radzikowski 96, theorem 4.6)

Cauchy principal value

An important application of the Fourier analysis of distributions is the class of distributions known broadly as
Cauchy principal values. Below we will find that these control the detailed nature of the various propagators of

9.72 below), but also the singular support properties of the causal propagator and the Wightman propagator are
governed by Cauchy principal values (prop. 9.66 and prop. 9.67 below). This way the understanding of Cauchy
principal values eventually allows us to determine the wave front set of all the propagators (prop. 9.69) below.

Therefore we now collect some basic definitions and facts on Cauchy principal values.

The Cauchy principal value of a function which is integrable on the complement of one point is, if it exists, the
limit of the integrals of the function over subsets in the complement of this point as these integration domains
tend to that point symmetrically from all sides.

One also subsumes the case that the “point” is “at infinity”, hence that the function is integrable over every
bounded domain. In this case the Cauchy principal value is the limit, if it exists, of the integrals of the function
over bounded domains, as their bounds tend symmetrically to infinity.

The operation of sending a compactly supported smooth function (bump function) to Cauchy principal value of
its pointwise product with a function f that may be singular at the origin defines a distribution, usually denoted

PV().

Definition 9.41. (Cauchy principal value of an integral over the real line)

Let f:R — R be a function on the real line such that for every positive real number € its restriction to
R\ (—¢,¢) is integrable. Then the Cauchy principal value of f is, if it exists, the limit

PV(f) = lim / fx)dx .
R\ (—€,€)

Definition 9.42. (Cauchy principal value as distribution on the real line)

Let f:R — R be a function on the real line such that for all bump functions b € Cgf, (R) the Cauchy principal
value of the pointwise product function fb exists, in the sense of def. 9.41. Then this assignment

PV(f) : b PV(fb)
defines a distribution PV(f) € D' (R).

Example 9.43. Let f:R — R be an integrable function which is symmetric, in that f(—x) = f(x) for all x € R.

Then the principal value integral (def. 9.41) of x = L;) exists and is zero:
x
lim & dx = 0
€—0 X
R\ (—€,€)

This is because, by the symmetry of f and the skew-symmetry of x = 1/x, the the two contributions to the
integral are equal up to a sign:

@ gy -
—o X €

w@ dx
x

(132)
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1 r
xPV(;) =1 €D (RY).

Since the delta distribution § € D' (R") solves the equation
x8(x) =0 €D (rH)
we have that more generally every linear combination of the form

F(x) = PV(1/x) + c6(x) €D (RY (133)

for ¢ € C, is a distributional solution to xF(x) = 1.
The wave front set of all these solutions is
WF(PV(1/x) + c6(x)) = {(0,k) | ke R"\ {0}} .
Proof. The first statement is immediate from the definition: For b € C2°(R) any bump function we have that

<x PV(%),b> = lim / ;b(x) dx

R\ (—¢€,€)

= fb(x)dx

=(Lb)

Regarding the second statement: It is clear that the wave front set is concentrated at the origin. By symmetry of
the distribution around the origin, it must contain both directions. W

Proposition 9.45. In fact (133) is the most general distributional solution to (132).

This follows by the characterization of extension of distributions to a point, see there at this prop. (Hérmander
90, thm. 3.2.4)

Definition 9.46. (integration against inverse variable with imaginary offset)

Write

L € D'(R)

x+i0%

for the distribution which is the limit in D’ (R) of the non-singular distributions which are given by the smooth

. 1 -
functions x +~ TR S the positive real number € tends to zero:

1 )
T+ = lim -
x+i0% €€(0,00) x+i€

€-0

hence the distribution which sends b € C*(R?) to

bH/b(x) dx .

x *ie

R

Proposition 9.47. (Cauchy principal value equals integration with imaginary offset plus delta distribution)

1/x with imaginary offset (def. 9.46) and a delta distribution.

1 1 .
PV| - = — % i ind .
X x+i0~
In particular, by prop. 9.44 this means that ﬁ solves the distributional equation

1

x =1 €eDRYH.
x+i0% ®3

Proof. Using that

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...

11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/linear+combination
https://ncatlab.org/nlab/show/linear+combination
https://ncatlab.org/nlab/show/wave+front+set
https://ncatlab.org/nlab/show/wave+front+set
https://ncatlab.org/nlab/show/bump+function
https://ncatlab.org/nlab/show/bump+function
https://ncatlab.org/nlab/show/direction+of+a+vector
https://ncatlab.org/nlab/show/direction+of+a+vector
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:GeneralDistributionalSolutionToxfEqualsOne
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:GeneralDistributionalSolutionToxfEqualsOne
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:DistributionalEquationxfOfxEqualsOne
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:DistributionalEquationxfOfxEqualsOne
https://ncatlab.org/nlab/show/extension+of+distributions
https://ncatlab.org/nlab/show/extension+of+distributions
https://ncatlab.org/nlab/show/extension+of+distributions#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/extension+of+distributions#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/Cauchy+principa+value#HoermanderLPDO1
https://ncatlab.org/nlab/show/Cauchy+principa+value#HoermanderLPDO1
https://ncatlab.org/nlab/show/Cauchy+principa+value#HoermanderLPDO1
https://ncatlab.org/nlab/show/Cauchy+principa+value#HoermanderLPDO1
https://ncatlab.org/nlab/show/distribution
https://ncatlab.org/nlab/show/distribution
https://ncatlab.org/nlab/show/limit
https://ncatlab.org/nlab/show/limit
https://ncatlab.org/nlab/show/non-singular+distributions
https://ncatlab.org/nlab/show/non-singular+distributions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/smooth+functions
https://ncatlab.org/nlab/show/positive+real+number
https://ncatlab.org/nlab/show/positive+real+number
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/imaginary+number
https://ncatlab.org/nlab/show/imaginary+number
https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/distribution
https://ncatlab.org/nlab/show/distribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CauchyPrincipalValueAsDistributionOnRealLine
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CauchyPrincipalValueAsDistributionOnRealLine
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#IntegrationAgainstInverseOfxWithImaginaryOffset
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#IntegrationAgainstInverseOfxWithImaginaryOffset
https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/delta+distribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PrincipalValueOfInverseFunctionCharacteristicEquation
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PrincipalValueOfInverseFunctionCharacteristicEquation

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+qua...

1 xFie
x-_|-i6= (x +ie)(x —ie)
x+ie
"W

we have for every bump function b € CE; (RY

e~0 | x+ie e-0 | x2+€2 x
R? R?

. b(x) . x> b(x) . 1 €
lim dx = lim dx ¥ inlim | ————b(x)dx
€>0 ) mx%+ €
]Rl

(4) (B)
Since

XZ

x2+€?
|x| <€ |x|>€
€->0 / \ €20

be)
X

it is plausible that (4) = PV( ), and similarly that (B) = b(0). In detail:

. X
)= i, [0
IRI

€—-0 dx
]Rl

= lim /i (%ln(xz + €%) )b(x)dx

~2lim [In(x?+ ez)@(x)dx
2e-0 dx
]Rl
L (incx? db d
—7 [ InG:A) g ()dx
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/l db d
n(lxl)dx(x) X
]Kl
li 1 db d
~lim n(lx) - (0)dx
R\ (—€,€)

. 1
llf}) / o b(x)dx
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- pv(@)

X

and

(B

—

1. €
== lim /—b(x)dx

me~0 | x2+ €2
]Rl

=1y 4 vt (2))peora
= lim 7 aretan(Z (x) dx
]Rl

— im arctan(;) a(x) x
]Rl

1 db d
3 fsgn(x)a(x) x

Rl

= b(0)

- . . d
where we used that the derivative of the arctan function is Earctan(x)=1/(1+x2) and that

liIP arctan(x/e) = ;—r sgn(x) is proportional to the sign function. W
€E— [oe]

Example 9.48. (Fourier integral formula for step function)
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The Heaviside distribution @ € D’ (R) is equivalently the following Cauchy principal value (def. 9.42):

o 3 1 © eiwx
@ =2m) _w—iw0"

1 © eimx

= lim dw,

e-0t2mi)  w— €

where the limit is taken over sequences of positive real numbers € € (—oo, 0) tending to zero.

elwx

Proof. We may think of the integrand uniquely extended to a holomorphic function on the complex plane

w—i€e

and consider computing the given real line integral for fixed € as a contour integral in the complex plane.

If x € (0, ) is positive, then the exponent

iwx = —Im(w)x + i Re(w)x

has negative real part for positive imaginary part of w. This means that

the line integral equals the complex contour integral over a contour Imw
C, c C closing in the upper half plane. Since i€ has positive imaginary x>0
part by construction, this contour does encircle the pole of the integrand
iwx
:} —atw = ie. Hence by the Cauchy integral formula in the case x > 0 ic
— Rew
one gets
) © eiwx ) 1 eiwx
lim — —dw = lim — —dw <0
-0t 2mi ) w—ie e-0" 2miJ. w — i€
+
— i iwx
- EILIBIJr(e |w=i5)
= lim e ¢
e-0"

Conversely, for x < 0 the real part of the integrand decays as the negative imaginary part increases, and hence in
this case the given line integral equals the contour integral for a contour C_ c C closing in the lower half plane.
Since the integrand has no pole in the lower half plane, in this case the Cauchy integral formula says that this
integral is zero. W

Conversely, by the Fourier inversion theorem, the Fourier transform of the Heaviside distribution is the Cauchy
principal value as in prop. 9.47:

Example 9.49. (relation to Fourier transform of Heaviside distribution / Schwinger parameterization)

The Fourier transform of distributions (def. 9.14) of the Heaviside distribution is the following Cauchy

principal value:
N © .
6(x) =/ etk dk
0
o1
x+i0

Here the second equality is also known as complex Schwinger parameterization.

Proof. As generalized functions consider the limit with a decaying component:

[ee} [ee]
e**dk = lim ethkx—ek dk
0 €=0"Jg

im -
e-0tix — €
1

t oF

x +i0

qg:C"—>CcC.

Write 4 for the determinant of g

148 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/Heaviside+distribution
https://ncatlab.org/nlab/show/Heaviside+distribution
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CauchyPrincipalValueAsDistributionOnRealLine
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CauchyPrincipalValueAsDistributionOnRealLine
https://ncatlab.org/nlab/show/sequences
https://ncatlab.org/nlab/show/sequences
https://ncatlab.org/nlab/show/positive+numbers
https://ncatlab.org/nlab/show/positive+numbers
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/integrand
https://ncatlab.org/nlab/show/integrand
https://ncatlab.org/nlab/show/holomorphic+function
https://ncatlab.org/nlab/show/holomorphic+function
https://ncatlab.org/nlab/show/complex+plane
https://ncatlab.org/nlab/show/complex+plane
https://ncatlab.org/nlab/show/line+integral
https://ncatlab.org/nlab/show/line+integral
https://ncatlab.org/nlab/show/contour+integral
https://ncatlab.org/nlab/show/contour+integral
https://ncatlab.org/nlab/show/complex+plane
https://ncatlab.org/nlab/show/complex+plane
https://ncatlab.org/nlab/show/positive+number
https://ncatlab.org/nlab/show/positive+number
https://ncatlab.org/nlab/show/real+part
https://ncatlab.org/nlab/show/real+part
https://ncatlab.org/nlab/show/imaginary+part
https://ncatlab.org/nlab/show/imaginary+part
https://ncatlab.org/nlab/show/line+integral
https://ncatlab.org/nlab/show/line+integral
https://ncatlab.org/nlab/show/contour+integral
https://ncatlab.org/nlab/show/contour+integral
https://ncatlab.org/nlab/show/upper+half+plane
https://ncatlab.org/nlab/show/upper+half+plane
https://ncatlab.org/nlab/show/imaginary+part
https://ncatlab.org/nlab/show/imaginary+part
https://ncatlab.org/nlab/show/imaginary+part
https://ncatlab.org/nlab/show/imaginary+part
https://ncatlab.org/nlab/show/pole
https://ncatlab.org/nlab/show/pole
https://ncatlab.org/nlab/show/integrand
https://ncatlab.org/nlab/show/integrand
https://ncatlab.org/nlab/show/Cauchy+integral+formula
https://ncatlab.org/nlab/show/Cauchy+integral+formula
https://ncatlab.org/nlab/show/negative+number
https://ncatlab.org/nlab/show/negative+number
https://ncatlab.org/nlab/show/Cauchy+integral+formula
https://ncatlab.org/nlab/show/Cauchy+integral+formula
https://ncatlab.org/nlab/show/Fourier+inversion+theorem
https://ncatlab.org/nlab/show/Fourier+inversion+theorem
https://ncatlab.org/nlab/show/Fourier+transform
https://ncatlab.org/nlab/show/Fourier+transform
https://ncatlab.org/nlab/show/Heaviside+distribution
https://ncatlab.org/nlab/show/Heaviside+distribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CauchyPrincipalValueEqualsIntegrationWithImaginaryOffsetPlusDelta
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CauchyPrincipalValueEqualsIntegrationWithImaginaryOffsetPlusDelta
https://ncatlab.org/nlab/show/Fourier+transform
https://ncatlab.org/nlab/show/Fourier+transform
https://ncatlab.org/nlab/show/Heaviside+distribution
https://ncatlab.org/nlab/show/Heaviside+distribution
https://ncatlab.org/nlab/show/Schwinger+parameter
https://ncatlab.org/nlab/show/Schwinger+parameter
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/Fourier+transform+of+distributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FourierTransformOnTemperedDistributions
https://ncatlab.org/nlab/show/Heaviside+distribution
https://ncatlab.org/nlab/show/Heaviside+distribution
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/Cauchy+principal+value
https://ncatlab.org/nlab/show/Schwinger+parameter
https://ncatlab.org/nlab/show/Schwinger+parameter
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/limit+of+a+sequence
https://ncatlab.org/nlab/show/limit+of+a+sequence
https://ncatlab.org/nlab/show/quadratic+form
https://ncatlab.org/nlab/show/quadratic+form
https://ncatlab.org/nlab/show/analytic+continuation
https://ncatlab.org/nlab/show/analytic+continuation
https://ncatlab.org/nlab/show/determinant
https://ncatlab.org/nlab/show/determinant

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+qua...

Write q* for the induced quadratic form on dual vector space. Notice that g (and hence a*) are assumed non-
degenerate but need not necessarily be positive or negative definite.

Proposition 9.50. (Fourier transform of principal value of power of quadratic form)

Let m € R be any real number, and k € C any complex number. Then the Fourier transform of distributions of
1/(q+m?+i0")"is

/1\ ZI_K(\/?T)"m"/Z—K Kn/z,,c<m /q*—iO*)
<(q +m?+ m”) B I'()V4 (\/ﬁ)/

’

where

1. T deotes the Gamma function

2. K., denotes the modified Bessel function of order v.

Notice that K, (a) diverges fora — 0 as a™" (DLMF 10.30.2).

Proposition 9.51. (Fourier transform of delta distribution applied to mass shell)

Let m € R, then the Fourier transform of distributions of the delta distribution & applied to the “mass shell”
q+m?is

Kn/2_1<m /q*+i0+) Kn/z_l(m /q*—i0+)
L int/2 o —int/2
e e
|4] n/2-1 n/2—1
(/q*+i0+) ( q*—iO*)

where K., denotes the modified Bessel function of order v.

e —
5(q+m? = —

)

Notice that K, (a) diverges fora — 0 as a™" (DLMF 10.30.2).

(Gel'fand-Shilov 66,111 2.11 (7),p 294)

propagators for the free scalar field on Minkowski spacetime

1. Advanced and regarded propagators
2. Causal propagator

3. Wightman propagator

4. Feynman propagator

5. Singular support and Wave front sets

On Minkowski spacetime R?'! consider the Klein-Gordon operator (example 5.27)

a 0 mer 2
wo_~ _ (e —
ety (h)qb 0.

By example 9.16 its Fourier transform is

k= (5)" = o) = 181~ (%)

The dispersion relation of this equation we write (see def. 9.1)
(134)

0@ = e[k + (),

where on the right we choose the non-negative square root.

advanced and retarded propagators for Klein-Gordon equation on Minkowski spacetime
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Proposition 9.52. (mode expansion of advanced and retarded propagators for Klein-Gordon operator on
Minkowski spacetime)

The advanced and retarded Green functions Gy (def. 7.18) of the Klein-Gordon operator on Minkowski spacetime
(example 5.27) are induced from integral kernels (“propagators”), hence distributions in two variables

A, € D' (RP! x RP1)

by (in generalized function-notation, prop. 7.6)

G(P) = f 4+ (x,y)@(y) dvol(y)

RP?
where the advanced and retarded propagators A, (x,y) have the following equivalent expressions:

iko(@0=y0) ik (=) R (135)
/f — —dkyd”k
— . N2 mc
(ko Fie)* = [k — (=)

Ai(x - y) = (21T)p+1 Eéi(ggo)

-0

] @mP’ 20k)/c

F1 1 N0 0 )iTé(}’—?) vy, if + (x0 — vO
:<(2n)pfw(7€)/csm(w(k)(x y9)/c)e dPk | if £ (0 —y%) >0

0 | otherwise

N
Here w(k) denotes the dispersion relation (134) of the Klein-Gordon equation.

Proof. The Klein-Gordon operator is a Green hyperbolic differential operator (example 7.20) therefore its
advanced and retarded Green functions exist uniquely (prop. 7.23). Moreover, prop. 7.24 says that they are
continuous linear functionals with respect to the topological vector space structures on spaces of smooth
sections (def. 7.8). In the case of the Klein-Gordon operator this just means that

Gy Cop(RPY) — CFp (RP)

are continuous linear functionals in the standard sense of distributions. Therefore the Schwartz kernel theorem
implies the existence of integral kernels being distributions in two variables

4, € D(RP! x RPY)

such that, in the notation of generalized functions,

Gia)(x) = / 44 (x, y)a(y) dvol(y) .

RP1

These integral kernels are the advanced/retarded “propagators”. We now compute these integral kernels by
making an Ansatz and showing that it has the defining properties, which identifies them by the uniqueness
statement of prop. 7.23.

We make use of the fact that the Klein-Gordon equation is invariant under the defnining action of the Poincaré
group on Minkowski spacetime, which is a semidirect product group of the translation group and the Lorentz

group.

Since the Klein-Gordon operator is invariant, in particular, under translations in RP?! it is clear that the
propagators, as a distribution in two variables, depend only on the difference of its two arguments

AL (x,y) =A4(x—y) . (136)

Since moreover the Klein-Gordon operator is formally self-adjoint (this prop.) this implies that for P the Klein
the equation (93)

PoGy =id

is equivalent to the equation (92)

Therefore it is sufficient to solve for the first of these two equation, subject to the defining support conditions. In
terms of the propagator integral kernels this means that we have to solve the distributional equation

+i [—2 (e+im(7€)(x°—y°)/c+i?(7c’—§’) _ e—iw(ﬁ)(xo—y")/ﬁiﬁ(?—}’))dp;’ | if £ (x°—y%) >0

0 | otherwise
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(137)

g 0 me) 2
uv _ (I — — —
(77 3xf 97 ( " ) )Ai(x y) = 8(x—y)
subject to the condition that the distributional support (def. 7.9) is
supp(44(x—y)) {|x —y|; <0, £&°—y9 > 0} .

We make the Ansatz that we assume that 44, as a distribution in a single variable x —y, is a tempered
distribution

4, € 8’ (RPY),

hence amenable to Fourier transform of distributions (def. 9.14). If we do find a solution this way, it is
guaranteed to be the unique solution by prop. 7.23.

By example 9.15 the distributional Fourier transform of equation (137) is

( e, — (M) )A+(k) 5(k) (138)
=1
where in the second line we used the Fourier transform of the delta distribution from example 9.18.
Notice that this implies that the Fourier transform of the causal propagator (95),
Ag:=A, —A_
satisfies the homogeneous equation:
(139)

(=i, = () )asci) = o,

I\
Hence we are now reduced to finding solutions 4, € §’ (Rp'l) to (138) such that their Fourier inverse A4 has
the required support properties.

We discuss this by a variant of the Cauchy principal value:

Suppose the following limit of non-singular distributions in the variable k € RP! exists in the space of
distributions

1
lim 5 € D'(R”) (140)
€€(0,00) mc
o (ko F i€)? — k|2 = ()

meaning that for each bump function b € C¢p,(R”") the limit in C
. b(k)
lim
€€ (0,00 —. mc
o i (ko Fi€)? — |k| ( )

~dP 'k € C

exists. Then this limit is clearly a solution to the distributional equation (138) because on those bump functions

2
b (k) which happen to be products with ( —n“vkukv — (%) ) we clearly have

2
(i~ ()0 (vt~ () 141
P e= [ i " b(k) dP* 'k
— — = | dim, e a——Ll0)
0 i (ko Fi€)? — % - (29 wii e (ko Fie)? = |K| me
=1
=(1,b).

Moreover, if the limiting distribution (140) exists, then it is clearly a tempered distribution, hence we may apply
Fourier inversion to obtain Green functions

1 / ik,xx—y)“ 5 (142)

A (x,y) = EE L T dk(,d”k .
(o ) (21) win (ko F l.€) |k| (mc)

To see that this is the correct answer, we need to check the defining support property.

Finally, by the Fourier inversion theorem, to show that the limit (140) indeed exists it is sufficient to show that
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the limit in (142) exists.

We compute as follows

iko(x0=y0) ik (X~ ) 5 (143)
Ay(x—y) = h(grgo)// deodpk

@mP e Tio?_ (k| (e
(ko Fie)* = [k — (=)

1 . ik (0= ¥) ik (X =) 5
= Pl el S dked?k
@M= ESS T e, Fie)? - (w(k)/c)

-0

S
eiko(°=y)gik-(X-¥)

1 —
=—— lim / / - —_dkod”k
(2m)P Tt <o ((ko Fie) - w(k)/c)((ko Fie) + w(k)/c) °

2o 1 (i@ -y0)/c+ik-(R-F) _ —iw(?)(xo—yo)/cﬂﬁ»(}’—7)>dp7‘,_’ if + (20— v9) >0
(2n)pf2w(7€)/c (e € | if £ (" —y")

0 | otherwise

L R S TN (40 _ 2,0 )iTc’(?—?) y (30 — 90
(ZH)pfw(z)/csnl(w(k)(x y9/c)e APk | if + (x°—y%) >0

0 | otherwise

>
where w(k) denotes the dispersion relation (134) of the Klein-Gordon equation. The last step is simply the

application of Euler's formula sin(a) = % (ele — e~ia),

Here the key step is the application of Cauchy's integral formula in the fourth step. We spell this out now for 4.,

the discussion for 4_ is the same, just with the appropriate signs reversed.

iko (x%—

1.1f (x° — y°) > 0 thn the expression e ¥") decays with positive imaginary part of ko, so that we may

expand the integration domain into the upper half plane as

oo 0 +ico
/ dk, / dky + / dk,
—0 —o0 0
0 oo
+ / dko + f dky ;
+ico 0

Conversely, if (x® — y®) < 0 then we may analogously expand into the lower half plane.

1. This integration domain may then further be completed to two contour integrations. For the expansion into

—
the upper half plane these encircle counter-clockwise the poles at +w(k) + ie € C, while for expansion

into the lower half plane no poles are being encircled.

-

T Re ko
[ Causal retarded propagator J
— (0
o £0 [ Ag(z) = —0(2°) A(2) J
Ca Causal advanced t
w > vy T k0 ausal advanced propagator J
) — A —0
C=-CrUCH [ AA(":) - 9( &4 )A(T) J

1. Apply Cauchy's integral formula to find in the case (x® — y°) > 0 the sum of the residues at these two poles

times 2mi, zero in the other case. (For the retarded propagator we get —2mi times the residues, because
now the contours encircling non-trivial poles go clockwise).

2. The result is now non-singular at € = 0 and therefore the limit € — 0 is now computed by evaluating at
e=0.

This computation shows a) that the limiting distribution indeed exists, and b) that the support of 4, is in the
future, and that of A_ is in the past.
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Hence it only remains to see now that the support of A, is inside the causal cone. But this follows from the
previous argument, by using that the Klein-Gordon equation is invariant under Lorentz transformations: This

implies that the support is in fact in the future of every spacelike slice through the origin in R?'Y, hence in the
closed future cone of the origin. il

Proposition 9.53. (causal propagator is skew-symmetric)
Under reversal of arguments the advanced and retarded causal propagators from prop. 9.52 are related by

2, —x) = A5(x ). (144)

It follows that the causal propagator (95) A == A, —A_ is skew-symmetric in its arguments:

As(x —y) = —4s(y — x) .

Proof. By prop. 9.52 we have with (135)

£op_ 1 (e—iw(?)(x“—yo)/c—i%’-(}’—jz’) _ e+iw(¥)(x°—y°)/c—i7c><(?c'—}/'))dpl_() | if F (=% >0

A (y—x) = @mP’ 20(k)/c
0 | otherwise
oL (e —iw(R)(x0-y°)/c+ik-(R-F) _ e+iw(¥)(x°—y°)/c—i7€-(?—}’))dp;’ | if T (x0—y%) >0
— ] @m™ 20(k)/c
0 | otherwise

Fioro 1 ie@)(x0-y0) c+ik-R-F) _ 7iw(z)(x°fy°)/cfi7c)<(?77)>dp? if T (x0 =% >0
- (Zn)”fzw(Tc’)/c(e € | if + (" =y%

0 | otherwise

= A5 (x )

- -
Here in the second step we applied change of integration variables k = —k (which introduces no sign because

— —
in addition to dk ~ —dk the integration domain reverses orientation). Wl

causal propagator

Proposition 9.54. (mode expansion of causal propagator for Klein-Gordon equation on Minkowski

spacetime)

The causal propagator (95) for the Klein-Gordon equation for mass m on Minkowski spacetime RP? (example
5.27) is given, in generalized function notation, by

As(x,y) = + /#(eiw(Tc')(x“—y°)/c+iﬁ»(7c’—7)_e—iw<¥>(x°—y°)/c+iP(?c’—?))dv;) (145)

CmPJ 20(k) /¢

—1 1 ) - i—>~ ?__> —
= me51n(w(k)(xo—y0)/c>e k-( Y)dpk,

. . 1 . 1 i —i
where in the second line we used Euler's formula sin(a) = - (e'* — e ~'*).
L

In particular this shows that the causal propagator is real, in that it is equal to its complex conjugate
(AS(x'y))* = AS(x!y) . (146)

Proof. By definition and using the expression from prop. 9.52 for the advanced and retarded causal propagators
we have
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- -
where in the last step we used the change of integration variables k = —k (whih introduces no sign, since on

— —
top of dk = —dk the orientation of the integration domain changes). il

We consider a couple of equivalent expressions for the causal propagator which are useful for computations:

Proposition 9.55. (causal propagator for Klein-Gordon operator on Minkowski spacetime as a contour
integral)

The causal propagator (prop. 7.24) for the Klein-Gordon equation at mass m on Minkowski spacetime (example
5.27) has the following equivalent expression, as a generalized function, given as a contour integral along a

- -
Jordan curve C(k) going counter-clockwise around the two poles atky = + w(k)/c:

—-(p+1) eik”(x_y)u
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( Pauli-Jordan-Schwinger function } fm K
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Proof. By Cauchy's integral formula we compute as follows:

eikuGet—yH) ikox® ik (X=7)
(2m) ~PFD / 567"102 dky dPk = (2m) PV f Sﬁﬁ dky d°k
Ik ke — () oK = i) /c?
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Ik
C(k)( 0

+ w(K) /) (ko — w(K)/€)

ey B (XO=y0) /coik- (=)  p-iw(®)(x°~y%)/cpik (X-Y) -
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2w(k)/c 2w(k)/c

=i(2m) _p/ _1) sin(a)(z)(x0 - y°)/c>ei¥'(z‘7) aPk .
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The last line is the expression for the causal propagator from prop. 9.54 W

Proposition 9.56. (causal propagator as Fourier transform of delta distribution on the Fourier transformed
Klein-Gordon operator)
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The causal propagator for the Klein-Gordon equation at mass m on Minkowski spacetime has the following
equivalent expression, as a generalized function:

mc

2 .
As(xy) = i2m) P f S(kuk”+(7> )sgn(ko)elku(x—y)“dp“k,

where the integrand is the product of the sign function of k, with the delta distribution of the Fourier transform

of the Klein-Gordon operator and a plane wave factor.

Proof. By decomposing the integral over k, into its negative and its positive half, and applying the change of
integration variables k, = + Vh we get

2 . ® 2 2\ . N
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The last line is the expression for the causal propagator from prop. 9.54. i

Wightman propagator

Prop. 9.56 exhibits the causal propagator of the Klein-Gordon operator on Minkowski spacetime as the

- -
difference of a contribution for positive temporal angular frequency k, ¢ w(k) (hence positive energy Aw(k)
and a contribution of negative temporal angular frequency.

The positive frequency contribution to the causal propagator is called the Wightman propagator (def. 9.57
below), also known as the the vacuum state 2-point function of the free real scalar field on Minkowski spacetime.
Notice that the temporal component of the wave vector is proportional to the negative angular frequency

ko = _(J)/C
(see at plane wave), therefore the appearance of the step function O(—ky) in (147) below:

Definition 9.57. (Wightman propagator or vacuum state 2-point function for Klein-Gordon operator on
Minkowski spacetime)

The Wightman propagator for the Klein-Gordon operator at mass m on Minkowski spacetime (example 5.27)

is the tempered distribution in two variables 4y € §’ (]Rp'l) which as a generalized function is given by the

expression
1 . B (147)
Ay (x,y) = Wfé(kuk” +m?2)0(—ky)ekux =y gPHig
I B e Y T e
(2m? % '
2w(k)/c

Here in the first line we have in the integrand the delta distribution of the Fourier transform of the Klein-
Gordon operator times a plane wave and times the step function @ of the temporal component of the wave
vector. In the second line we used the change of integration variables k, = \/ﬁ, then the definition of the delta

N
distribution and the fact that w(k) is by definition the non-negative solution to the Klein-Gordon dispersion
relation.
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(e.g. Khavkine-Moretti 14, equation (38) and section 3.4)

Proposition 9.58. (Wightman propagator on Minkowski spacetime is distributional solution to Klein-
Gordon equation)

The Wightman propagator Ay (def. 9.57) is a distributional solution (def. 7.16) to the Klein-Gordon equation
(Bx —mH)4y(x,y) =0.

Proof. By definition 9.57 the Wightman propagator is the Fourier transform of distributions of the product of
distributions

8(k k" + m»O(—ko),

where in turn the argument of the delta distribution is just —1 times the Fourier transform of the [Klein-Gordon
operator]] itself (prop. 9.8). This is clearly a solution to the equation

(—k e —m?) 8(k, k" +m?)0(~ko) = 0.

Under Fourier inversion (prop. 9.7), this is the equation (O, —m?)4y(x,y) =0, as in the proof of prop.
9.52. I

Proposition 9.59. (contour _integral representation of the Wightman propagator for the Klein-Gordon
operator on Minkowski spacetime)

The Wightman propagator from def. 9.57 is equivalently given by the contour integral

e —iku(x— yH (148)
Ay(xy) = —i(2m)~ @D / 56 > dkodPk,

c. () )

- -
where the Jordan curve C, (k) < C runs counter-clockwise, enclosing the point +w(k)/c € R c C, but not

N
enclosing the point —w(k)/c € R c C.

[ Positive frequency commutation function ] Im k"4

d*k C+—>
. 1
i — ik-(z—y) _ SR
At (z —y) /(‘ﬁ- (2" < k2 —m2 Wik @ Re k°
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C, =—Cpforz® >0
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Proof. We compute as follows:

o ~ikuGe-»*
—i(2m) (“1)/ 95 5 dlodPk
(k) ke )

—Lkox lk (x y)
—i(2m)~®+D f 56 - s T dkdPk
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@2m? / L @ ey /G- P,
2w(k)

The last step is application of Cauchy's integral formula, which says that the contour integral picks up the residue

=
of the pole of the integrand at +w(k)/c € R c C. The last line is 4 (x, y), by definition 9.57. B

Proposition 9.60. (skew-symmetric part of Wightman propagator is the causal propagator)

The Wightman propagator for the Klein-Gordon equation on Minkowski spacetime (def. 9.57) is of the form
Ay =5+ H (149)

=1(4,—4)+H
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where

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...

1. Ag is the causal propagator (prop. 9.52), which is real (146) and skew-symmetric (prop. 9.53)

As(y)" = 45(x,Y)

2. H is real and symmetric

(HCx,y)) = H(x,y)

Proof. By applying Euler's formula to (147) we obtain

4 1 1
H(x:y)—mfm

-1 1 I
- /T sin(w(?) (x°— yo)/c)e”"("*y) dPk +

“iao

w(k)/c

o~ -y /c+ik-E-F) gP

;o Asx) = —4s(xy)

» Hy,x) = H(xy) (150)

(151)

1
(2r

)p/—z (j_g)/ cos(w(?)(xo - y°)/c>ei7‘,'(¥*y) dPK
%) c

=45(xy)

=H(x,y)

On the left this identifies the causal propagator by (145), prop. 9.54.

The second summand changes, both under complex conjugation as well as under (x — y) = (y — x), via change

- -
of integration variables k = —k (because the cosine is an even function). This does not change the integral, and

hence H is symmetric. |l

We have seen that the positive frequency component of the causal propagator 4g for the Klein-Gordon equation

on Minkowski spacetime (prop. 9.52) is the Wightman propagator 4y (def. 9.57) given, according to prop. 9.60,

by (149)

SAs+H

Sy -A)+H

There is an evident variant of this combination, which will be of interest:

The Feynman propagator for the Klein-Gordon equation on Minkowski spacetime (example 5.27) is the linear

combination

LA, +4) +H

where the first term is proportional to the sum of the advanced and retarded propagators (prop. 9.52) and the
second is the symmetric part of the Wightman propagator according to prop. 9.60.

Similarly the anti-Feynman propagator is

It follows immediately that:

Ap=1(4,+4)—H.

The Feynman propagator Ap and anti-Feynman propagator Ag (def. 9.61) are symmetric:

Ap(x,y) = 4p(y, %) .

Proof. By equation (144) in cor. 9.53 we have that 4, +4_ is symmetric, and equation (150) in prop. 9.60 says

that H is symmetric. |l

spacetime)

The Feynman propagator (def. 9.61) for the Klein-Gordon equation on Minkowski spacetime is given by the

following equivalent expressions
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Similarly the anti-Feynman propagator is equivalently given by
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Proof. By the mode expansion of A, from (135) and the mode expansion of H from (151) we have
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where in the second line we used Euler's formula. The last line follows by comparison with (147) and using that
- - -
the integral over k is invariant under k = —k.

The computation for Az is the same, only now with a minus sign in front of the cosine:
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[ |
As before for the causal propagator, there are equivalent reformulations of the Feynman propagator which are

useful for computations:

The Feynman propagator and anti-Feynman propagator (def. 9.61) for the Klein-Gordon equation on Minkowski
spacetime is equivalently given by the following expressions, respectively:
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where we have a limit of distributions as for the Cauchy principal value (this prop).

Proof. We compute as follows:
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Here

-
1. In the first step we introduced the complex square root w, (k). For this to be compatible with the choice
of non-negative square root for € = 0 in (134) we need to choose that complex square root whose complex

- -
phase is one half that of o()(k)2 — i€ (instead of that plus m). This means that w (k) is in the upper half
—
plane and w_ (k) is in the lower half plane.

2. In the third step we observe that

may be deformed to a contour Wthh encircles the pole in the upper half plane;

2. for (x® — y%) < 0 the integrand decays for negative imaginary part and hence the integration over k,
may be deformed to a contour which encircles the pole in the lower half plane

and then apply Cauchy's integral formula which picks out 27i times the residue a these poles.

Im k04 (
{ Feynman propagator

K (causal propagator or causal Green's function)
C ( ‘
; k /'-\\ > o / k P ik-(z—y) 1
\,y “ Rek (2m)1 k2 —m?
2050 iAp(z — y) = (0|T{ é(z), 6(y) }|0)
Ap(z) = 0(z") A*(z) - 6(-2") A~ (x)

¥

= 3 (sgn(z") A(z) + A (x))

Notice that when completing to a contour in the lower half plane we pick up a minus signs from the fact
that now the contour runs clockwise.

3. In the fourth step we used prop. 9.63.

It follows that:

a Green function for the Klein-Gordon equation in that

(26 = (3) )arcy) = (+d8 - -
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Proof. Equation (?) in prop. 9.64 says that the Feynman propagator is the inverse Fourier transform of
distributions of

Iok) = (+0) li !
F = D lim >
0 k= () e

This implies the statement as in the proof of prop. 9.52, via the analogue of equation (141). W

singular support and wave front sets

We now discuss the singular support (def. 9.24) and the wave front sets (def. 9.28) of the various propagators for
the Klein-Gordon equation on Minkowski spacetime.

Proposition 9.66. (singular support of the causal propagator of the Klein-Gordon equation on Minkowski
spacetime is the light cone)

The singular support of the causal propagator As for the Klein-Gordon equation on Minkowski spacetime,
regarded via translation invariance as a generalized function in a single variable (136) is the light cone of the
origin:

suppsing(As) = {x € RP! | |x|; = 0} .

Proof. By prop. 9.56 the causal propagator is equivalently the Fourier transform of distributions of the delta
distribution of the mass shell times the sign function of the angular frequency; and by the basic properties of the
Fourier transform (prop. 9.8) this is the convolution of distributions of the separate Fourier transforms:

Ag(x) o 5(17‘1(k, k) + (%)z)sgn(ko)

e —
2 e —
« 6<n‘1(k, o+ () ) * sgn(ko)
By prop. 9.51, the singular support of the first convolution factor is the light cone.
The second factor is
—— - A d
sgn(ko) o (26(k) — 1)8(k)

1
ix0+0"

x (2 ~ 5(x%))a(k)

(by example 9.18 and example 9.49) and hence the wave front set (def. 9.28) of the second factor is
WF(sgn(ks)) = {(0.k) | k € S(RP* 1))
(by example 9.31 and example 9.44).

With this the statement follows, via a partition of unity, from this prop..

For illustration we now make this general argument more explicit in the special case of spacetime dimension

p+1=3+1

by computing an explicit form for the causal propagator in terms of the delta distribution, the Heaviside
distribution and smooth Bessel functions.

We follow (Scharf 95 (2.3.18)).

Consider the formula for the causal propagator in terms of the mode expansion (145). Since the integrand here

- -

depends on the wave vector k only via its norm | k| and the angle 8 it makes with the given spacetime vector via
A I 2=
k-(£—y) = |k||x|cos(8)

we may express the integration in terms of polar coordinates as follws:
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In the special case of spacetime dimension p + 1 = 3 + 1 this becomes
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Here in the second but last step we renamed k := | k| and doubled the integration domain for convenience, and
in the last step we used the trigonometric identity sin(a@)cos(8) = % (sin(a + B) + sin(a — B)).

In order to further evaluate this, we parameterize the remaining components (w/c, k) of the wave vector by the
dual rapidity z, via

(cosh(2))? = (sinh(2))* = 1
as
w(K)/c = (%)cosh(z) , K = (%)sinh(z),

which makes use of the fact that w(k) is non-negative, by construction. This change of integration variables

makes the integrals under the braces above become

w 153
I, =/ sin(%((xo—y‘))cosh(z)i|Y—7|sinh(z)))dz. (153)

Next we similarly parameterize the vector x — y by its rapidity 7. That parameterization depends on whether
x — ¥ is spacelike or not, and if not, whether it is future or past directed.

First, if x — y is spacelike in that |x — y|; > 0 then we may parameterize as

@°=y%) =/lx=ylysinh(@) , [¥ = Y| =/ |x—yljcosh(r)

which yields

Iy = / sin(% A x— y|;(sinh(‘r)cosh(z) + cosh(‘r)sinh(z))) dz

=‘/;wsin(% |x—y|;(sinh(riz))>dz

8

= sin(% [x — y|12](sinh(z))> dz
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where in the last line we observe that the integrand is a skew-symmetric function of z.

Second, if x — y is timelike with (x® — y°) > 0 then we may parameterize as

@°=y%) =/ ~lx—ylgeosh(x) , [X—¥|=,/—lx—ylsinh(z)

which yields

(154)

mc
h

A —lx= y|72’ % (cosh(t)cosh(z) + cosh(r)sinh(z))) dz

= fw sin(1 [ —]x — ylf’ % (cosh(z + r))) dz
= o/ —lx = ¥12 %)

Here in the last line we identified the integral representation of the Bessel function J, of order 0 (see here). The

(@ = y®)cosh(z) £ [¥ — Flsinh(z)) ) dz

Il
|\=
8 8

2.

=1

important point here is that this is a smooth function.

Similarly, if x — y is timelike with (x° — y°) < 0 then the same argument yields

1y = =g (y/—lx = 12 5)

In conclusion, the general form of I is

1. = wsgn(x® — yO)Q(—PC - ﬂ;)]o(\/ —lx— yli %) )

Therefore we end up with

1 d mc
85(59) = g m sl =)oy = ) o
_1 d mc
=T s T (Y )
1 d mc
= “am ey e i)

=;—;5gn(x0) 5(—|x—y|;) - 0(—|x—y|;)m%<%,/—|x—y|$)

n

Proposition 9.67. (singular support of the Wightman propagator of the Klein-Gordon equation on
Minkowski spacetime is the light cone)

The singular support of the Wightman propagator Ay (def. 9.57) for the Klein-Gordon equation on Minkowski
spacetime, regarded via translation invariance as a distribution in a single variable, is the light cone of the origin:

suppsing(AH) = {x e RP? | |x|; = 0} .

Proof. By prop. 9.56 the causal propagator is equivalently the Fourier transform of distributions of the delta
distribution of the mass shell times the sign function of the angular frequency; and by basic properties of the
Fourier transform (prop. 9.8) this is the convolution of distributions of the separate Fourier transforms:

8520 e 8(n k) + (%) )senko)

————— e —
2 e ~—
« 6(77‘1(k, o+ (%) ) * sgn(ko)
By prop. 9.51, the singular support of the first convolution factor is the light cone.

The second factor is
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B(lg) & —— 8(K)

ix0+0"
(by example 9.18 and example 9.49 and hence the wave front set (def. 9.28) of the second factor is
WF(sgn(ks)) = {(0.K) | k € S(RP* 1)}
(by example 9.31 and example 9.44).

With this the statement follows, via a partition of unity, from prop. 9.33.

For illustration, we now make this general statement fully explicit in the special case of spacetime dimension

p+1=3+1

by computing an explicit form for the causal propagator in terms of the delta distribution, the Heaviside
distribution and smooth Bessel functions.

We follow (Scharf 95 (2.3.36)).
By (151) we have

1
(2r

i —1 1 > o
A(x,y) = éW/Tsin(w(Tc))(xo —yo)/C)elk'(x_y)dPTC) +

pf;_) cos(w(?)(xo - yo)/c>eiﬁ'(75—?) A’k
wlk)/c ") 20(k) /¢

=4s(x,y) =H(x,y)

The first summand, proportional to the causal propagator, which we computed as (155) in prop. 9.66 to be

>IO(%\/—Ix—yI,2,>

The second term is computed in a directly analogous fashion: The integrals I from (153) are now

Las(xy) = ijsgn(x") 8(—1x=12) = o(-lx-yi2) vl

_ 2
[x =yl

Iy = /"" COS(% ((xo — y%cosh(z) + |X — 7|sinh(z))) dz

Parameterizing by rapidity, as in the proof of prop. 9.66, one finds that for timelike x — y this is

Ii=/ cos(% |x—y|;(cosh(z)))dz

= —o(%E\ [lx = 12)

while for spacelike x — y itis

Ii=/ cos(% |x—y|f’(sinh(z))>dz

= 2k (%[l = ¥12).

where we identified the integral representations of the Neumann function N, (see here) and of the modified
Bessel function K, (see here).

As for the Bessel function ] in (154) the key point is that these are smooth functions. Hence we conclude that

iy o) ol ) 3 )

n

H(x,y) «

This expression has singularities on the light cone due to the step functions. In fact the expression being
differentiated is continuous at the light cone (Scharf 95 (2.3.34)), so that the singularity on the light cone is not a
delta distribution singularity from the derivative of the step functions. Accordingly it does not cancel the

singularity of % Ag(x,y) as above, and hence the singular support of 4y is still the whole light cone. Wl

spacetime)

The singular support of the Feynman propagator Ay and of the anti-Feynman propagator Ag (def. 9.57) for the

Klein-Gordon equation on Minkowski spacetime, regarded via translation invariance as a distribution in a single
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variable, is the light cone of the origin:

supp.. (4
PPane @l (1 cmo | o2 = 0},
SUPP ;e (4F)

(e.g DeWitt 03 (27.85))

Proof. By prop. 9.64 the Feynman propagator is equivalently the Cauchy principal value of the inverse of the
Fourier transformed Klein-Gordon operator:

e e
1

4 :
" —k det — (%)2 +10*

With this, the statement follows immediately from prop. 9.50.

Proposition 9.69. (wave front sets of propagators of Klein-Gordon equation on Minkowski spacetime)

The wave front set of the various propagators for the Klein-Gordon equation on Minkowski spacetime, regarded,
via translation invariance, as distributions in a single variable, are as follows:

e the causal propagator Ag (prop. 9.54) has wave front set all pairs (x, k) with x and k both on the lightcone:

WF(4s) = {(x.k) | |x|2 = 0 and [k|2 = 0 and k # 0]

%

e the Wightman propagator Ay (def. 9.57) has wave front set all pairs (x, k) with x and k both on the light
cone and k® > 0:

WF(4y) = {(x k) | [xI2 = 0 and k|2 = 0 and k° > 0]

o the Feynman propagator Ag (def. 9.61) has wave front set all pairs (x, k) with x and k both on the light cone
and+ky, >0 & +x°>0

WE(4y) ={Co k) | [x2=0and [k|2=0and (+ky >0 & +x°>0)]

(Radzikowski 96, (16))
Proof. First regarding the causal propagator:
By prop. 9.66 the singular support of 4y is the light cone.

Since the causal propagator is a solution to the homogeneous Klein-Gordon equation, the propagation of
singularities theorem (prop. 9.40) says that also all wave vectors in the wave front set are lightlike. Hence it just
remains to show that all non-vanishing lightlike wave vectors based on the lightcone in spacetime indeed do
appear in the wave front set.

To thatend, letb € Cgf, (Rp'l) be a bump function whose compact support includes the origin.
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For a € RP! a point on the light cone, we need to determine the decay property of the Fourier transform of

x = b(x — a)Ag(x). This is the convolution of distributions of Il;(k)e”‘#“u with 25(k). By prop. 9.56 we have
2
As(k) o« 5( —k k= () )sgn(ko) .

This means that the convolution product is the smearing of the mass shell by g(k)e”‘#““.

Since the mass shell asymptotes to the light cone, and since etkua®

the light cone), this implies the claim.

= 1 for k on the light cone (given that a is on

Now for the Wightman propagator:

By def. 9.57 its Fourier transform is of the form
Ay o 8(k, k" +m?)0(—ko)

Moreover, its singular support is also the light cone (prop. 9.67).

Therefore now same argument as before says that the wave front set consists of wave vectors k on the light cone,
but now due to the step function factor @(—k,) it must satisfy 0 < —k, = k°.

by prop. 9.63 the Feynman propagator coincides with the positive frequency Wightman propagator for x° > 0
and with the “negative frequency Hadamard operator” for x° < 0. Therefore the form of WF(4y) now follows
directly with that of WF(4y) above. I

propagators for the Dirac equation on Minkowski spacetime

We now discuss how the propagators for the free Dirac field on Minkowski spacetime (example 7.21) follow
directly from those for the scalar field discussed above.

Proposition 9.70. (advanced and retarded propagator for Dirac equation on Minkowski spacetime)

Consider the Dirac operator on Minkowski spacetime, which in Feynman slash notation reads

D= —ig +5°
a mc
= —jyH —— ki
iy ax"+ %

Its advanced and retarded propagators (def. 7.18) are the derivatives of distributions of the advanced and
retarded propagators A, for the Klein-Gordon equation (prop. 9.52) by ¢ + m:

dpy = (-1q =24, .
Hence the same is true for the causal propagator:
M mc
tps = (—19 = 2%)as .

Proof. Applying a differential operator does not change the support of a smooth function, hence also not the
support of a distribution. Therefore the uniqueness of the advanced and retarded propagators (prop. 7.23)
together with the translation-invariance and the anti-formally self-adjointness of the Dirac operator (as for the
Klein-Gordon operator (136) implies that it is sufficent to check that applying the Dirac operator to the 4p, .

yields the delta distribution. This follows since the Dirac operator squares to the Klein-Gordon operator:

(40 +5)a0. = (i + ) (a0 ~2)a,

-3’

Similarly we obtain the other propagators for the Dirac field from those of the real scalar field:

Definition 9.71. (Wightman propagator for Dirac operator on Minkowski spacetime)
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The Wightman propagator for the Dirac operator on Minkowski spacetime is the positive frequency part of the
causal propagator (prop. 9.70), hence the derivative of distributions (def. 7.16) of the Wightman propagator
for the Klein-Gordon field (def. 9.57) by the Dirac operator:

(=ig +5)any) = f S(kyk +m2)0(—ko) (f + Zo)etkutx =" P+

1
(2n)?

e~ -y /c+ik-Z-) gP

- -
1 fy"w(k)/c +7V k5
= 5 —
(2m) 20(k)/c
Here we used the expression (?) for the Wightman propagator of the Klein-Gordon equation.

Definition 9.72. (Feynman propagator for Dirac operator on Minkowski spacetime)

The Feynman propagator for the Dirac operator on Minkowski spacetime is the linear combination

App = Apy+idp _

of the Wightman propagator (def. 9.71) and the retarded propagator (prop. 9.70). By prop. 9.64 this means

(def. 9.61) by the Dirac operator

o (,{ + %)eik,‘(x”—y“)
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This concludes our discussion of propagators induced from the covariant phase space of Green hyperbolic free
Lagrangian field theory. These propagators will be the key in for quantization via causal perturbation theory. But

electromagnetic field, a priori, does not. Therefore before turning to quantization in the next chapter we first
discuss how gauge symmetries obstruct the existence of Green hyperbolic equations of motion.

10. Gauge symmetries
In this chapter we discuss these topics:

e compactly supported infinitesimal symmetries obstruct covariant phase space

Infinitesimal gauge symmetries

Lie algebra action and Lie algebroids

BRST complex

Examples of local BRST complexes

An infinitesimal gauge symmetry of a Lagrangian field theory (def. 10.5 below) is a infinitesimal symmetry of the

exhibiting these is also called a gauge theory.

By choosing the gauge parameter to have compact support, infinitesimal gauge symmetries in particular yield
infinitesimal symmetries of the Lagrangian with compact spacetime support. One finds (prop. 10.1 below) that
the existence of on-shell non-trivial symmetries of this form is an obstruction to the existence of the covariant
phase space of the theory (prop. 8.7).

gauge symmetries

name meaning def.

evolutionary vector field which leaves invariant the Lagrangian

infinitesimal symmetry of the Lagrangian : . - def. 6.6
density up to a total spacetime derivative

spacetime-compactly supported obstructs existence of the covariant phase space (if non-trivial prop.

infinitesimal symmetry of the Lagrangian on-shell) 10.1
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name meaning def.

gauge parameterized collection of infinitesimal symmetries of
the Lagrangian;

infinitesimal gauge symmetry for compactly supported gauge parameter this yields spacetime- def. 10.5
compactly supported infinitesimal symmetries
rigid infinitesimal sy: try of th
Ef;r;r?gliz;emma SYmmetry o1 the infinitesimal symmetry modulo gauge symmetry def. 10.8
. . . remark
generating set of gauge parameters reflects all the Noether identities 107
closed gauge parameters Lie bracket of infinitesimal gauge symmetries closes on gauge def. 10.26

parameters

But we may hard-wire these gauge equivalences into the very geometry of the types of fields by forming the
homotopy quotient of the action of the infinitesimal gauge symmetries on the jet bundle. This homotopy quotient
is modeled by the action Lie algebroid (def. 10.21 below). Its algebra of functions is the local BRST complex of the
theory (def. 10.28) below.

In this construction the gauge parameters appear as auxiliary fields whose field bundle is a graded version of the
gauge parameter-bundle. As such they are called ghost fields. The ghost fields may have infinitesimal gauge
symmetries themselves which leads to ghost-of-ghost fields, etc. (example 10.32) below.

It is these auxiliary ghost fields and ghost-of-ghost fields which will serve to remove the obstruction to the
existence of the covariant phase space for gauge theories, this we arrive at in Gauge fixing, further below.

gauge parameters and ghost fields

symbol meaning def.
g % ¥ gauge parameter bundle def. 10.5
c* € C*(G) coordinate function on gauge parameter bundle
ee€Tls(9) gauge parameter
G[1] gauge parameter bundle regarded as graded manifold in degree 1 expl. 10.28
Cers(g[1D) gost field history
c® €C”(GlD i i
< ghost field component function
deg=1
c% ... ECTUIGN
oy (]}: (G ghost field jet component function
deg=1
2
(g) g_b, gauge-of-gauge parameter bundle expl. 10.32
@)%

coordinate function on gauge-of-gauge parameter bundle

(2)
¢ €C?(g)

()

€ €ls(G) gauge-of-gauge parameter
) . .
G [2] gauge-of-gauge parameter bundle regarded as graded manifold in degree 1

((2;) € I's(G[1]) gost-of-ghost field history

@ o, 2
£ eCcr(gI2D

deg=2

ghost-of-ghost field component function

@), o, o0, B
C oy, ec (]2 (G12) ghost-of-ghost field jet component function
deg=2

The mathematical theory capturing these phenomena is the higher Lie theory of Lie-co algebroids (def. 10.22
below).
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compactly supported infinitesimal symmetries obstruc the covariant phase space

As an immediate corollary of prop. 6.17 we have the following important observation:

Proposition 10.1. (spacetime-compactly supported and on-shell non-trivial infinitesimal symmetries of the
Lagrangian obstruct the covariant phase space)

Let (E,L) be a Lagrangian field theory over a Lorentzian spacetime.

If there exists a single infinitesimal symmetry of the Lagrangian v (def. 6.6) such that

1. it has compact spacetime support (def. 7.31)
2. it does not vanish on-shell (52) (so not a trivial one, example 10.2)

then there does not exist any Cauchy surface (def. 8.1) for the Euler-Lagrange equations of motion (def. 5.24)
outside the spacetime support of v.

Proof. By prop. 6.17 the flow along D preserves the on-shell space of field histories. Now by the assumption that

» does not vanish on-shell implies that this flow is non-trivial, hence that it does continuously change the field
histories over some points of spacetime, while the assumption that it has compact spacetime support means that
these changes are confined to a compact subset of spacetime.

This means that there is a continuum of solutions to the equations of motion whose restriction to the
infinitesimal neighbourhood of any codimension-1 suface X, < X outside of this compact support coincides.
Therefore this restriction map is not an isomorphism and X}, not a Cauchy surface for the equations of
motion. Wl

Notice that there always exist spacetime-compactly supported infinitesimal symmetries that however do vanish
on-shell:

Let (E, L) be a Lagrangian field theory (def. 5.1) over Minkowski spacetime (def. 2.17), so that the Lagrangian
density is canonically of the form

L = Ldvoly

with Lagrangian function L € 23°(E) = C%(J5 (E)) a smooth function of the jet bundle (characterized by

prop. 4.6).

Then every evolutionary vector field (def. 6.2) whose coefficients which is proportional to the Euler-Lagrange
derivative (50) of the Lagrangian function L

v = Wk[ub] 8¢a € F,‘::V(TZE)

by smooth coefficient functions x%?
xlal e 03°(E)
such that

1. each k*? has compact spacetime support (def. 7.31)

2. k is skew-symmetric in its indices: x[®] = —[bal
is an implicit infinitesimal gauge symmetry (def. ).
This is so for a “trivial reason” namely due to that that skew symmetry:
LyL =46 L
= 15(6gL L — dOgpy)

5¢°

DAY
:< EL )(i)x[abl dvoly + diy@gey
N ———

=l

6¢a + dl{)@BFV

85¢% )\ 5¢°
=0

= dl{}@BFV
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Here the first steps are just recalling those in the proof of Noether's theorem I (prop. 6.7) while the last step
follows with the skew-symmetry of k.

Notice that this means that
1. the Noether current (79) vanishes: J; = 0;

2. the infinitesimal symmetry vanishes on-shell (41): D ¢ =0

Therefore these implicit infinitesimal gauge symmetries are called the trivial infinitesimal gauge
transformations.

(e.g. Henneaux 90, section 2.5)

Proposition 10.1 implies that we need a good handle on determining whether the space of non-trivial compactly
supported infinitesimal symmetries of the Lagrangian modulo trivial ones is non-zero. This obstruction turns out
to be neatly captured by methods of homological algebra applied to the local BV-complex (def. 7.44):

Example 10.3. (cochain cohomology of local BV-complex)

Let (E, L) be a Lagrangian field theory (def. 5.1) whose field bundle E is a trivial vector bundle (example 3.4)
and whose Lagrangian density L is spacetime-independent (example 5.14), and let 2 X {¢} < &€ be a constant
section of the shell (59).

By inspection we find that the cochain cohomology of the local BV-complex !Zg:gp (E, go)|£Bv (def. 7.44) has the

following interpretation:

In degree 0 the image of the BV-differential coming from degree -1 and modulo d-exact terms
. S .
im (7', U T (E, 0)) =% 0F°(E, ) /im(d) )

is the ideal of functions modulo im(d) that vanish on-shell. Since the differential going from degree 0 to degree

1 vanishes, the cochain cohomology in this degree is the quotient ring
HO(Q38% (9 |, 1d) = 038, (E, @) | /im(d)

of functions on the shell € (109).

In degree -1 the kernel of the BV-differential going to degree 0
oo, SBV 50,0
ker(I's,ep U T (E, 0)) = 09°(E, )

is the space of implicit infinitesimal gauge symmetries (def. ) and the image of the differential coming from
degree -2

. SBV
lm(rz,cp(];oT):Er <P) Aﬂgigp(lﬂq)) rz,cp(];oT):Er <P) - FE,cp(];QTEE, (P)>

is the trivial implicit infinitesimal gauge transformations (example 10.2).

Therefore the cochain cohomology in degree -1 is the quotient space of implicit infinitesimal gauge
transformations modulo the trivial ones:

{implicit infinitesimal gauge transformations} (156)

H1(0%°(E, ~
(@57 ¢)|£BV) {trivial implicit infinitesimal gauge transformations}

Proposition 10.4. (local BV-complex is homological resolution of the shell iff there are no non-trivial
compactly supported infinitesimal symmetries)

Let (E,L) be a Lagrangian field theory (def. 5.1) whose field bundle E is a trivial vector bundle (example 3.4) and
whose Lagrangian density L is spacetime-independent (example 5.14) and let X X {¢p} < & be a constant section
of the shell (59). Furthermore assume that L is at least quadratic in the vertical coordinates around .

Then the local BV-complex QS’O(E, go)|‘EBV of local observables (def. 7.44) is a homological resolution of the

algebra of functions on the infinitesimal neighbourhood of ¢ in the shell (example 5.14), hence the canonical
comparison morphisms (113) is a quasi-isomorphism precisely if there is no non-trivial (example 10.2) implicit
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0,0 ~ 0.0 there are no non-trivial
(02°E,9) |, = 02°E.0)|;) < .

compactly supported infinitesimal symmetries

Proof. By example 10.3 the vanishing of compactly supported infinitesimal symmetries is equivalent to the
vanishing of the cochain cohomology of the local BV-complex in degree -1 (156).

Therefore the statement to be proven is equivalently that the Koszul complex of the sequence of elements

Sl 0,0 }
a S Q£:¢(E)
( 8¢ a=1
is a homological resolution of .Qg‘o(E, ©)|¢ hence has vanishing cohomology in all negative degrees, already if it

has vanishing cohomology in degree -1.

By a standard fact about Koszul complexes (this prop.) a sufficient condition for this to be the case is that

1. the ring 22°(E, ¢) is the tensor product of C*(X) with a Noetherian ring;

SgLL . o .
2. the elements ;;a are contained in its Jacobson radical.

The first condition is the case since ﬂg'O(E, @) is by definition a formal power series ring over a field tensored
with C*(X) (by this example). Since the Jacobson radical of a power series algebra consists of those elements

whose constant term vanishes (see this example), the assumption that L is at least quadratic, hence that §g;, L is
SpLL
5p°

at least linear in the fields, guarantees that all are contained in the Jacobson radical. Wil

Prop. 10.4 says what gauge fixing has to accomplish: given a local BV-BRST complex we need to find a quasi-
isomorphism to another complex which is such that it comes from a graded Lagrangian density whose BV-
cohomology vanishes in degree -1 and hence induces a graded covariant phase space, and such that the
remaining BRST differential respects the Poisson bracket on this graded covariant phase space.

infinitesimal gauge symmetries

Prop. 10.1 says that the problem is to identify the presence of spacetime-compactly supported infinitesimal
symmetries that are on-shell non-trivial. One way they may be identified is if infinitesimal symmetries appear in
linearly parameterized collections, where the parameter itself is an arbitrary spacetime-dependent section of
some fiber bundle (hence is itself like a field history), because then choosing the parameter to have compact

below).

In this case we speak of a gauge parameter (def. 10.5 below). It turns out that in most examples of Lagrangian
field theories of interest, the compactly supported infinitesimal symmetries all come from gauge parameters this
way. Therefore we now consider this case in detail.

Definition 10.5. (infinitesimal gauge symmetries)
Let (E, L) be a Lagrangian field theory (def. 5.1).

Then a collection of infinitesimal gauge symmetries of (E,L) is

gb . .
1. avector bundle G — X over spacetime X of positive rank, to be called a gauge parameter bundle;

2. a bundle morphism (def. 1.6) R from the jet bundle of the fiber product G X E with the field bundle (def.
4.1) to the vertical tangent bundle of E (def. 1.13):

JEGXE) > TiE S TG Xz E)
N 4

such that

1. R is linear in the first argument (in the gauge parameter);

2.0 Risan evolutionary vector field on G Xy E (def. 6.2);

We may express this equivalently in components in the case that the field bundle E is a trivial vector bundle
with field fiber coordinates (¢p%) (example 3.4) and also G happens to be a trivial vector bundle
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G=2xg

where g is a vector space with coordinate functions {c¢%}.

Then R may be expanded in the form
R = (cRG+ cGRE" +c% , Ra ™" + )00, (157)
where the components
R = RS9, (95, ) € 03°(E) = C7UF(E))

are smooth functions on the jet bundle of E, locally of finite order (prop. 4.6), and such that the Lie derivative
of the Lagrangian density along R(e) is a total spacetime derivative, which by Noether's theorem I (prop. 6.7)

means in components that

SeL L — i]ﬂ
5p® dx+’R’

(C“Rg + cfﬁRZ” + cg;lﬂzRZ“l“z + )

(e.g. Henneaux 90 (3))

The point is that infinitesimal gauge symmetries in particular yield spacetime-compactly supported infinitesimal
gauge symmetries as in prop. 10.1:

Remark 10.6. (infinitesimal gauge symmetries yield spacetime-compactly supported infinitesimal
symmetries of the Lagrangian)

b
Let (E,L) be a Lagrangian field theory (def. 5.1) and § g X abundle of gauge parameters for it (def. 10.5) with
gauge parametrization

J2(G %5 E) —> T1E .

Then for every smooth section € € I'y(G) of the gauge parameter bundle (def. 1.7) there is an induced

infinitesimal symmetry of the Lagrangian (def. 6.6) given by the composition of R with the jet prolongation of €
(def. 4.2)

o o, U)o R
R(e) : Jy(E)=3Xg J;(E) — > J; (G Xz E) = T5E .

In terms of the components (157) this means that

9% de®
R(e) = (E“R:; + RS + Rg 2 + )

dxH dxHoxv &
where now
ke ke
= %
OxHi--- 9xt axﬂl...axﬂk((x ))

are the actual spacetime partial derivatives of the gauge parameter section (which are functions of spacetime).

. . gb . . .
In particular, since G — X' is assumed to be a vector bundle, there always exists gauge parameter sections €

is spacetime-compactly supported as in prop. 10.1.

The following remark 10.7 and def. 10.8 introduce some useful terminology:
Remark 10.7. (generating set of gauge transformations)

b
Given a Lagrangian field theory, then a choice of gauge parameter bundle G g 2 with gauge parameterized

R
infinitesimal gauge symmetries J*(G X E) — TyE (def. 10.5) is indeed a choice and not uniquely fixed.

For example given any such bundle one may form the direct sum of vector bundles G @, G’ with any other
smooth vector bundle G' over X, extend R by zero to G', and thereby obtain another gauge parameterized of
infinitesimal gauge symmetries

s (0,R)
J5 (G @z G) Xz E) — T:E .
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Conversely, given any subbundle G’ & G, then the restriction of R to G’ is still a gauge parameterized collection
of infinitesimal gauge symmetries.

We will see that for the purpose of removing the obstruction to the existence of the covariant phase space, the
gauge parameters have to capture all Noether identities (prop. 10.9). In this case one says that the gauge

b
parameter bundle G g X is a generating set.
(e.g. Henneaux 90, section (2.8))

Definition 10.8. (rigid infinitesimal symmetries of the Lagrangian)

R
Let (E,L) be a Lagrangian field theory (def. 5.1) and let J;’(G X5 E) — T;E be infinitesimal gauge
symmetries (def. 10.5) whose gauge parameters form a generating set (remark 10.7).

Then the vector space of rigid infinitesimal symmetries of the Lagrangian is the quotient space of the
infinitesimal symmetries of the Lagrangian by the image of the infinitesimal gauge symmetries:

{rigid infinitesimal symmetries} = {infinitesimal symmetries} / {infinitesimal gauge symmetries} .

The following is a way to identify infinitesimal gauge symmetries:

Proposition 10.9. (Noether's theorem II - Noether identities)

b
Let (E,L) be a Lagrangian field theory (def. 5.1) and let G g X be a vector bundle.

Then a bundle morphism of the form

J2(G Xz E) —> T1E

R = (cR&+ c4RE" + %, Ry ™ + )0 40

precisely if the Euler-Lagrange form 8g;, L (prop. 5.12) satisfies the following conditions:

gL d 81 L d? ap.w, 0L L
a __~ | pam - Hibp ZEL =) ) =
(R“ Sp%  dxt (R“ §p° T Dbt Re §p° 0.

These relations are called the Noether identities of the Euler-Lagrange equations of motion (def 5.24).

1.20) of R with the Euler-Lagrange form (prop. 5.12) is horizontally exact:
LR5EL L= d]ﬁ .

From (157) this means that

dJ; = g, L (158)
vy O L
_ @ pota i OBL
&, ChenRa M g

«y (D" @ gt Ol
¢ keN( )dx“1~~~dx“k a 5p° ’

A

where in the last step we used jet-level integration by parts (example 7.36) to move the total spacetime
derivatives off of ¢, thereby picking up some horizontally exact correction term, as shown.

This means that the term A over the brace is horizontally exact:

a _1k d Raul---uk5ELL - d
¢ Z( )dx“l---dx”k @ S5 =d(...)

kEN
But now the term on the left is independent of the jet coordinates Efﬁl...ﬂk of positive order k > 1, while the

(159)

horizontal derivative increases the dependency on the jet order by one. Therefore the term on the left is
horizontally exact precisely if it vanishes, which is the case precisely if the coefficients of ¢® vanish, which is the
statement of the Noether identities.

Alternatively we may reach this conclusion from (159) by applying to both sides of (159) the Euler-Lagrange
derivative (50) with respect to c%. On the left this yields again the coefficients of c%, while by the argument from
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example 5.22 it makes the right hand side vanish. W

As a corollary we obtain:

a term which vanishes on-shell (52)
Ke0EX:G , Klw=0,

not just on-shell-conserved, but off-shell-conserved, in that its total spacetime derivative vanishes identically:

d(J,—K) = 0.

Moreover, if the field bundle as well as the gauge parameter-bundles are trivial vector bundles over Minkowski
spacetime (example 3.4) then ] is horizontally exact on-shell (52)

Jplgw =d(...) .

In particular the conserved charge (prop. 8.14)
Qp = 75,Ug) € C™(Is,(B)s, 1)

spacetime (without boundary, 8%, = @):

Q,=0.
Proof. Take K to be as in equation (158):
dj R= A+dK .

By the construction there, K manifestly vanishes on the prolonged shell £ (52), being a sum of total spacetime
derivatives of terms proportional to the components of the Euler-Lagrange form.

By Noether's second theorem (prop. 10.9) we have A = 0 and hence
d(J,—K)=0.

Now if the field bundle and gauge parameter bundle are trivial, then prop. 4.14 implies that

Jp—K=d(...). (160)
By restricting this equation to the prolonged shell and using that K |, = 0, it follows that J | 0 = d(. . .).
This implies @, = 0 by prop. 4.13 and Stokes' theorem (prop. 1.25). B
This situation has a concise cohomological incarnation:
Example 10.11. (Noether's theorems I and 1I in terms of local BV-cohomology)

Let (E,L) be a Lagrangian field theory (def. 5.1) over Minkowski spacetime X of dimension p + 1, and let

b
g g 2 be a gauge parameter bundle (def. 10.6) which is closed (def. 10.26). Assume that both are trivial vector
bundles (example 3.4) with field coordinates as in prop. 11.19.

Then in the local BV-complex (def. 7.44) we have:

The (sgy + d)-closure of an element in total degree p is characterizes as the direct sum of an evolutionary

(Barnich-Brandt-Henneaux 94, top of p. 20)

Proof. An element of the local BV-complex in degee p is the direct sum of a horizontal differential form of degree
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p with the product of a horizontal form of degree (p + 1) times a function proportional to the antifields:
Uy}
(v dvoly}

Its closure means that
=0
d ——
UV} - {d],, — 4,6gL L}
) SBvV
{(ve? dvoly}
where the equality in the top right corner is eugation
It being exact means that
d d
(...} = {y=K+d(..)} — {dj}
T
{K““d)jtau dvolz}

where now the equality in the second term from the left is equation (160) for conserved currents corresponding
to infinitesimal gauge symmetries (prop. 10.10). W

We will need some further technical results on Noether identities:

Definition 10.12. (Noether operator)

Let (E,L) be a Lagrangian field theory (def. 5.1) over Minkowski spacetime X of dimension p + 1, and let
b
g g X be a gauge parameter bundle (def. 10.6) which is closed (def. 10.26). Assume that both are trivial vector

bundles (example 3.4) with field coordinates as in prop. 11.19.

A Noether operator N is a differential operator (def. 4.7) from the vertical cotangent bundle of E (example
1.13) to the trivial real line bundle

d*
N(w) = Nl ©
(@) kzelN dxcti-docPe Wa
such that it annihilates the Euler-Lagrange form (prop. 5.12):
d*  sgl

N Hi =0.

e dxct--dxte 5¢p°

define a new differentia opeator v - N by
(17 . N)aﬂl“'ﬂk = @(Nuﬂl...ltk) — Na° (Dv);v (161)

where ¥ denotes the prolongation of the evolutionary vector field v (prop. 6.3) and where (D,,)" denotes the
formally adjoint differential operator (def. 4.9) of the evolutionary derivative of v (def. 6.12).

(Barnich 10 (3.1) and (3.5))

Proposition 10.13. (Lie algebra action of infinitesimal symmetries of the Lagrangian on Noether operators)

The operation (161) exhibits a Lie algebra action of the Lie algebra of infinitesimal symmetries of the Lagrangian
(prop. 6.4) on Noether operators (def. 10.12), in that

1.v - N is again a Noether operator;

2.v1- (V3 - N) = vy - (vy - N) = [v3,05] - N.

Noether's second theorem (def. 10.9) then

p(v-N) = [v,p(V)], (162)

where on the right we have again the Lie bracket of evolutionary vector fields from (prop. 6.4).
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(Barnich 10, prop. 3.1 and (3.8))

Proof. For the first statement observe that by the product law for differentiation we have

0 = D(N(8gL))

(3 ) (Na ) (Dv)i)(%f)),

KEN

where on the right we used (82). W

Consider the Lagrangian field theory (E, L) of free electromagnetism on Minkowski spacetime X from example
5.6. With field coordinates denoted ((x*), (a,)) the Lagrangian density is

1
L = Efwf‘“’dvol):,

where f;w ‘= a,,, is the universal Faraday tensor from example 4.4.

Let G := X X R be the trivial line bundle, regarded as a gauge parameter bundle (def. 10.6) with coordinate
functions ((x*), ¢).

Then a gauge parametrized evolutionary vector field (157) is given by
R = c,0,,
with prolongation (prop. 6.3)

N
R = ¢,0q, +Cpy0q,, + . (163)

This is because already the universal Faraday tensor is invariant under this flow:

AN 1
RfMV =3 Cwwr a"'w,v' (a"rl’- - alm’)

= %(C,vu - C.W)

=0,
because partial derivatives commute with each other: ¢ ,, = ¢, (29).
Equivalently, the Euler-Lagrange form

d
SgL L = wf éa, dvoly

of the theory (example 5.18), corresponding to the vacuum Maxwell equations (example 5.29), satisfies the
following Noether identity (prop. 10.9):

again due to the fact that partial derivatives commute with each other.

This is the archetypical infinitesimal gauge symmetry that gives gauge theory its name.

More generally:

For g a semisimple Lie algebra, consider the Lagrangian field theory of Yang-Mills theory on Minkowski
spacetime from example 5.7, with Lagrangian density

_ 1 a cuv
L= Ef uvf a
given by the universal field strength (31)

a _ 1( qa 1. a B v
fw = z(“[v.ul + zyﬂya[#aﬂ)'
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Let G :== X X g be the trivial vector bundle with fiber g, regarded as a gauge parameter bundle (def. 10.6) with
coordinate functions ((x*), c%).

Then a gauge parametrized evolutionary vector field (157) is given by
R = (e rg )
with prolongation (prop. 6.3)
ﬁ = (c‘j‘l — yz,‘ycﬁaZ) 6a;} + (c"fw - ygy(cf,a}: + cﬁaz'v)) 6aﬁ,v + - (164)
We compute the derivative of the Lagrangian function along this vector field:
RG rafe) = (REG)FE
= (R(avu+3vfalal))fi

= (C?’“ - ygy(cflaz + Cﬁaz'#) + ng(Cﬁ - yg,y,cﬁ’a}:')a,},/)fsv

14 Y Br vy
_ygycﬁ(av.u T Yy Ay )faw
| ——
=2fpyw

— B fyuv
= 2V 05, € f i f
=0.

Here in the third step we used that c_‘f,ﬂ = +c_‘fw (29), so that its contraction with the skew-symmetric fg‘"'

vanishes, and in the last step we used that for a semisimple Lie algebra Yapy = koo™ gy is totally skew

symmetric.

So the Lagrangian density of Yang-Mills theory is strictly invariant under these infinitesimal gauge symmetries.

bundle the differential 2-form-bundle E = A% T"X with coordinates ((x*), (b)) subject to b, = —b,,,; and
with Lagrangian density

Consider the Lagrangian field theory of the B-field on Minkowski spacetime from example 5.8, with field

1

= HibaHs
2 hu1u2u3 h dvoly

h

ittty = Plugpyig)
the universal B-field strength (example 4.5).

Let G := T"X be the cotangent bundle (def. 1.16), regarded as a gauge parameter bundle (def. 10.6) with
coordinate functions ((x*), (c,)) as in example 3.6.

Then a gauge parametrized evolutionary vector field (157) is given by
R = cyuy 6bw
with prolongation (prop. 6.3)
(165)

N
R = cﬂ,,,abw + Cuvp 61,‘“”7 + -

In fact this leaves the Lagrangian function invariant, in direct higher analogy to example 10.14:

N
Pty — (Rbﬂlﬂrus)huluzus

— Kyl Hg
Cuypyuy 1

=0
due to the symmetry of partial derivatives (29).

hydc, +hyuyoc,,

an _ w
Ry™ = cuvRyivi Op,,,, -
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While so far all this is in direct analogy to the case of the electromagnetic field (example 10.14), just with field
histories being differential 1-forms now replaced by differential 2-forms, a key difference is that now the gauge
parameterization R itself has infinitesimal gauge symmetries:

Let
(2)
¢ = rxR (166)
@)
gb | 1P
y = X

R = ¢ ,0,
with prolongation
@ @ ) (167)
= c,uacu +c Wﬁcw + -
has the property that
& a (168)

We further discuss these higher gauge transformations below.

Lie algebra actions and Lie algebroids

We have seen above infinitesimal gauge symmetries implied by a Lagrangian field theory, exhibited by
infinitesimal symmetries of the Lagrangian. In order to remove the obstructions that these infinitesimal gauge
symmetries cause for the existence of the covariant phase space (via prop. 10.1 and remark 10.6) we will need
(discussed below in Gauge fixing) to make these symmetries manifest by hard-wiring them into the geometry of
the type of fields. Mathematically this means that we need to take the homotopy quotient of the jet bundle of the
field bundle by the action of the infinitesimal gauge symmetries, which is modeled by their action Lie algebroid.

Here we introduce the required higher Lie theory of Lie co-algebroids (def. 10.22 below). Further below we
specify this to actions by infinitesimal gauge symmetries to obtain the local BRST complex of a Lagrangian field
theory (def. 10.28) below.

The following discussion introduces and uses the tremendously useful fact that (higher) Lie theory may usefully
be dually expressed in terms of differential graded-commutative algebra (def. 10.17 below), namely in terms of
“Chevalley-Eilenberg algebras”. In the physics literature, besides the BRST-BV formalism, this fact underlies the
D'Auria-Fré formulation of supergravity (“FDAs”, see the convoluted history of the concept). Mathematically the
deep underlying phenomenon is called the “Koszul duality between the Lie operad and the commutative algebra
operad”, but this need not concern us here. The phenomenon is readily seen in direct application:

Before we proceed, we make explicit a structure wich we already encountered in example 3.39.

Definition 10.17. (differential graded-commutative superalgebra)

A differential graded-commutative superalgebra is

1. a cochain complex A, of super vector spaces, hence for eachn € Z
1 a super vector space Ap, = (An) oyen D@ (An)gaq’
1. a super-degree preserving linear map
d: An - An+ 1

such that
dod=0

1, an associative algebra-structure on 4 = @nEZ Ay,
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such that for all a;, a; € A with homogenous bidegree a; € (4,,), we have the super sign rule
1.ab = (—1)"™(—1)%" ha
2.d(ab) = (da)b + (—1)™a(db).

A homomorphism between two differential graded-commutative superalgebras is a linear map between the
underlying super vector spaces which preserves both degrees, and respects the product as well as the
differential d.

We write dgcSAlg for the category of differential graded-commutative superalgebra.

For the super sigsn rule appearing here see also e.g. Castellani-D’Auria-Fré 91 (11.2.106)_and (11.2.109), Deligne-

Freed 99, section 6.

Example 10.18. (de_Rham algebra of super differential forms is differential graded-commutative

superalgebra)

For X a super Cartesian space, def. 3.37 (or more generally a supermanifold, def. 3.43) the de Rham algebra of
super differential forms from def. 3.39

20, d)

is a differential graded-commutative superalgebra (def. 10.17) with product the wedge product of differential
forms and differential the de Rham differential.

We will recognize the dual incarnation of this in higher Lie theory below in example 10.25.

Proposition 10.19. (Lie algebra in terms of Chevalley-Eilenberg algebra)

Let g be a finite dimensional super vector space equipped with a super Lie bracket [—, —]:6 @ g = . Write g*

for the dual vector space and [—, —]" : g* = g* A g" for the linear dual map of the Lie bracket. Then on the
Grassmann _algebra A*g* (which is Z X Z/2-bigraded as in def. 3.39) the graded derivation dcg of degree
(1, even), which on g* is given by [ —, —|" constitutes a differential in that (dcg)? = 0. The resulting differential

graded-commutative algebra is called the Chevalley-Eilenberg algebra

CE(g) = (A"g",deg =[-, -1 .
In components:

If{cq} is a linear basis of g, so that the Lie bracket is given by the structure constants (y*g,) as
— 1 a
[ep eyl = 5V %pyy

and if {c®} denotes the corresponding dual basis, then A* g is equivalently the differential graded-commutative

superalgebra (def. 10.17) generated from the c% in bi-degree (1, d), where o € Z /2 is the super-degree of ¢, as
in def. 3.39 subject to the relation

c®Ack = (—1)(=1)%2%BcB A c®
and the differential is given by
degc® = y“ﬁycﬁ AcY.
Notice that by degree-reasons every degree +1 derivation on A* g* is of this form,

derivations super-skew
of degree (1,even) t =~ {bilinear maps
on A*g* g®g [_—_)] g
The condition that (dCE)Z = 0 is equivalently the (super-)acobi identity on the bracket [ —, —], making it an
actual (super-)Lie bracket:
(dCE)Z =0 Aad yaﬁ[yyﬁﬁlyr] =0 (169)
(where the square brackets on the right denote super-skew-symmetrization).

Hence not only is CE(g) a differential graded-commutative superalgebra (def. 10.17) whenever g is a super Lie

algebra, but conversely super Lie algebra-structure on a super vector space g is the same as a differential of
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degree (1, even) on the Grassmann algebra A°*g”.

We may state this equivalence in a more refined form: A homomorphism ¢ : g — b) between super vector space

is, by degree-reasons, the same as a graded algebra homomorphism ¢" : A°H" — A*g* and it is immediate to
check that ¢ is a homomorphism of super Lie algebras precisely if ¢” is a homomorpism of differential algebras:

* * ﬁ
dep) ° P = ¢ °deg) S P Ve s, = Vs a0, -

This is a natural bijection between homomrophism of super Lie algebras and of differential graded-commutative
superalgebras (def. 10.17)

HomSuperLieAlg(gJ b) = HomdchAlg(CE(b)' CE(Q)) .

Stated more abstractly this means that forming Chevalley-Eilenberg algebras is a fully faithful functor

CE : SuperLieAlg™ < dgcSAlg° .

Notice that prop. 10.19 establishes a dual algebraic incarnation of (super-)Lie algebras which is of analogous
form as the dual algebraic characterization of (super-)Cartesian spaces from prop. 1.15 and def. 3.37. In fact both
these concepts unify into the concept of an action Lie algebroid:

Definition 10.20. (action of Lie algebra by infinitesimal diffeomorphism)

Let X be a supermanifold (def. 3.43), for instance a super Cartesian space (def. 3.37), and let g be a finite
dimensional super Lie algebra as in prop. 10.19.

An action of g on X by infinitesimal diffeomorphisms, is a homomorphism of super Lie algebras

p g — (Vect(X),[—, =]
to the tangent vector fields on X (example 1.12)

Equivalently - to bring out the relation to the gauge parameterized infinitesimal gauge transformations in def.
10.6 - this is a g-parameterized section

R
gxX — TX
pr, ™ v
X
of the tangent bundle, such that for all pairs of points e4, e, in g we have
[R(e1, =), R(ez, )] = R([es, e2], —)
(with the Lie bracket of tangent vector fields on the left).
In components:

If {c*} is a linear basis of g" with corresponding structure constants (y*g,) (as in prop. 10.19) and if {pPisa
coordinate chart of X, then R is given by

R = c®R% 9 .
aa¢a

Now the construction of the Chevalley-Eilenberg algebra of a super Lie algebra (prop. 10.19) extends to the case
where this super Lie algebra acts on a supermanifold (def. 10.20):

Definition 10.21. (action Lie algebroid)
Given a Lie algebra action
R
gxXX—TX

of a finite-dimensional super Lie algebra g on a supermanifold X (def. 10.20) we obtain a differential graded-
commutative superalgebra to be denoted CE(X/g)

1. whose underlying graded-commutative superalgebra is the Grassmann algebra of the € *(X)-free module
on g* over C°(X)
ey (8" ® C7(X)) = CoX) D C"(XN) @ 6" B C (X)) @' Ag" D
deg=0 deg=1 def=2
which means that the graded manifold underlying the action Lie algebroid according to remark 10.23 is
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X/8 =grmea [1] X X, (170)
2. whose differential d¢g is given

1. on functions f € C”(X) by the linear dual of the Lie algebra action
deef = p(=)(f) €CT(X) ® g

1. on dual Lie algebra elements w € g* by the linear dual of the Lie bracket
degw = w([—, —]) € g"Ag".

In components:

Assume that X = R"™ is a super Cartesian space with coordinate functions (¢p¢) and let {c,} be a linear basis

for g with dual basis (¢%) for g and structure constants (y*), as in prop. 10.19 and with the Lie action given
in components (RS) as in def. 10.20. Then the differential is given by

1
derx g = 5V %y P ACT
dCE(X/g)¢a = Rgc”

We may summarize this by writing the derivation dcg(x /4) as follows:

d 1 d 171
deexyg) = C“ng + Ey“BycﬁcVﬁ : (171)

That this squares to zero is equivalently
e in degree 0 the action property: p([t, t']) = [p(t), p(t')]
¢ in degree 1 the Jacobi identity (169).

2 Jacobi identity
(deex/e)” =0 = .
and action property

Hence as before in prop. 10.19 the Lie theoretic structure is faithfully captured dually by differential graded-
commutative superalgebra.

We call the formal dual of this dgc-superalgebra the action Lie algebroid X / g of g acting on X.

The concept emerging by this example we may consider generally:

Definition 10.22. (super-Lie ©-algebroid)

Let X be a supermanifold (def. 3.43) (for instance a super Cartesian space, def. 3.37) and write C®(X) for its

algebra of functions. Then a connected super Lie c0-algebroid a over X of finite type is a

1. a sequence (ak);f:l of free modules of finite rank over C*(X), hence a graded module a, in degrees
keN;k>1
2. a differential dcg that makes the graded-commutative algebra Symc”(x) (a}) into a cochain differential

graded-commutative algebra (hence with d¢g of degree +1) over R (not necessarily over C* (X)), to be

called the Chevalley-Eilenberg algebra of a:
CE(a) = (Symgey, (@), deg) - (172)

If we allow a, to also have terms in non-positive degree, then we speak of a derived Lie algebroid. If a, is only
concentrated in negative degrees, we also speak of a derived manifold.

With C”(X) canonically itself regarded as a differential graded-commutative superalgebra, there is a canonical

dg-algebra homomorphism
CE(a) — C*(X)
which is the identity on C*(X) and zero on a%,.

(We discuss homomorphism between Lie co-algebroid below in def. 11.1.)

Remark 10.23. (Lie algebroids as differential graded manifolds)

Definition 10.22 of derived Lie algebroids is an encoding in higher algebra (homological algebra, in this case) of
a situation that is usefully thought of in terms of higher differential geometry.

To see this, recall the magic algebraic properties of ordinary differential geometry (prop. 1.15)
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1. embedding of smooth manifolds into formal duals of R-algebras;

2. embedding of smooth vector bundles into formal duals of modules

Together these imply that we may think of the graded algebra underlying a Chevalley-Eilenberg algebra as
being the algebra of functions on a graded manifold

e Xap Xag XX Xa_g X

which is infinitesimal in non-vanishing degree.

The “higher” in higher differential geometry refers to the degrees higher than zero. See at Higher Structures for
exposition. Specifically if a, has components in negative degrees, these are also called derived manifolds.

Example 10.24. (basic examples of Lie algebroids)
Two basic examples of Lie algebroids are:

1.For X any supermanifold (def. 3.43), for instance a super Cartesian space (def. 3.37) then setting
a.o = 0and d¢g == 0 makes it a Lie algebroid in the sense of def. 10.22.

2. For g a finite-dimensional super Lie algebra, its Chevalley-Eilenberg algebra (prop. 10.19) CE(g) exhibits
g as a Lie algebroid in the sense of def. 10.22. We write Bg or * /g for g regarded as a Lie algebroid this
way.

3.For X and g as in the previous items, and for R:g X X — TX a Lie algebra action (def. 10.20) of g on X,
then the dgs-superalegbra CE(X/g) from def. 10.21 defines a Lie algebroid in the sense of def. 10.22, the
action Lie algebroid.

In the special case that g¢ = 0 this reduces to the first example, while for X = * this reduces to the second
example.

Here is another basic examples of Lie algebroids that will plays a role:

Example 10.25. (horizontal tangent Lie algebroid)

Let X~ be a smooth manifold or more generally a supermanifold or more generally a locally pro-manifold (prop.
4.6). Then we write X /T2 for the Lie algebroid over X and whose Chevalley-Eilenberg algebra is generated

over C*(X) in degree 1 from the module
af = (I(TX)" = I(T"5) = 2'(2)

of differential 1-forms and whose Chevalley-Eilenberg_differential is the de Rham differential, so that the
Chevalley-Eilenberg algebra is the de Rham dg-algebra of super differential forms (example 10.18)

CE(Z/TZ) = (2°(2),dgR) -

This is called the tangent Lie algebroid of X. As a graded manifold (via remark 10.23) this is called the “shifted
tangent bundle” T[1]2 of X.

fb
More generally, let E — X be a fiber bundle over Z. Then there is a Lie algebroid J 3 (E) /TZ over the jet bundle

of E (def. 4.1) defined by its Chevalley-Eilenberg algebra being the horizontal part of the variational bicomplex
(def. 4.11):

CE(JQ(E)/TE) = (25°(E),d) .

The underlying graded manifold of J*(E) /TZ is the fiber product J’(E) Xy T[1] of the jet bundle of E with
the shifted tangent bundle of X.

There is then a canonical homomorphism of Lie algebroids (def. 11.1)

J3(E)/TE
!
5/TS

local off-shell BRST complex

With the general concept of Lie algebra action (def. 10.20) and the corresponding action Lie algebroids (def.
10.21) and more general Lie co-algebroids in hand (def. 10.22) we now apply this to the action of infinitesimal
gauge symmetries (def. 10.5) on field histories of a Lagrangian field theory, but we consider this locally, namely
on the jet bundle. The Chevalley-Eilenberg algebra of the resulting action Lie algebroid (def. 10.21) is known as
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the local BRST complex, example 10.28 below.
The Lie algebroid-perspective on BV-BRST formalism has been made explicit in (Barnich 10).

Definition 10.26. (closed gauge parameters)

b
Let (E,L) be a Lagrangian field theory (def. 5.1). Then a gauge parameter bundle § g Y parameterizing
infinitesimal gauge symmetries (def. 10.5)

J2(G X5 E) > T1E

is called closed if it is closed under the Lie bracket of evolutionary vector fields (prop. 6.4) in that there exists a
morphism (not necessarily uniquely)

[= =l : I3 (G X G X5 E) = 7 (G X5 E) (173)

such that
where on the left we have the Lie bracket of evolutionary vector fields from prop. 6.4.

Beware that [ —, _]g may be a function of the fields, namely of the jet bundle of the field bundle E. Hence for

closed gauge parameters [ —, _]g in general defines a Lie algebroid-structure (def. 10.22).

Notice that the collection of all infinitesimal symmetries of the Lagrangian by necessity always forms a (very
large) Lie algebra. The condition of closed gauge parameters is a condition on the choice of parameterization of
the infinitesimal gauge symmetries, see remark 10.7.

(Henneaux 90, section 2.9)

Recall the general concept of a Lie algebra action from def. 10.20. The following realizes this for the action of
closed infinitesimal gauge symmetries on the jet bundle of a Lagrangian field theory.

Example 10.27. (action of closed infinitesimal gauge symmetries on fields)

b
Let (E,L) be a Lagrangian field theory (def. 5.1), and let § £ ¥ be a bundle of gauge parameters (def. 10.5)
paramaterizing infinitesimal gauge symmetries

o R
J5 (G Xz E) = T5E
which are closed (def. 10.26), via a bracket [ —, _]g'

By passing from these evolutionary vector fields R (def. 6.2) to their prolongations ﬁ, being actual vector fields
on the jet bundle (prop. 6.3), we obtain a bundle morphism of the form

oo oo R/(?) o)
]2 (g) XZ‘];‘ (E) - TZ'];' (E)
N "4
I3 (E)
and via the assumed bracket [—, _]g on gauge parameters this exhibits Lie algebroid structure on

[o0) (o] pr [o)
jz(g) XZ];(E) _ijz(E)
In the case that G = g X X' is a trivial vector bundle, with fiber g, then so is its jet bundle
Jo@x2) =g"xZx.

If moreover the bracket (173) on the infinitesimal gauge symmetries is independent of the fields, then this
induces a Lie algebra structure on g and exhibits an Lie algebra action

w o Joo k@) o
g* xJ;E - Ty]; (E)

N v
J5 (E)

infinitesimal diffeomorphisms.
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Example 10.28. (local BRST complex and ghost fields for closed infinitesimal gauge symmetries)

b
Let (E,L) be a Lagrangian field theory (def. 5.1), and let G L8 X be a bundle of irreducible closed gauge
parameters for the theory (def. 10.6) with bundle morphism

]?(g Xy E) 5 T:E

Assuming that the gauge parameter bundle is trivial, G = g X X, then by example 10.27 this induces an action

ﬁ of a Lie algebra g* on ];E by infinitesimal diffeomorphisms.

The corresponding action Lie algebroid ];"(E)/g00 (def. 10.21) has as underlying graded manifold (remark
10.23)

8”1 x J7(E) = J7(G[1] Xz E)

the jet bundle of the graded field bundle

Egrst = E Xz G[1]
which regards the gauge parameters as fields in degree 1. As such these are called ghost fields:
{ghost field histories} = I'y(G[1]) .
Therefore we write suggestively
E/G = J5(E)/8”

for the action Lie algebroid of the gauge parameterized implicit infinitesimal gauge symmetries on the jet
bundle of the field bundle.

The Chevalley-Eilenberg differential of the BRST complex is traditionally denoted
Sprst = dcE -

To express this in coordinates, assume that the field bundle E as well as the gauge parameter bundle are trivial
vector bundles (example 3.4) with (¢) the field coordinates on the fiber of E with induced jet coordinates
("), (Y, ((l)Z), --+) and (c%) are ghost field coordinates on the fiber of G[1] with induced jet coordinates

("), (¢, (cds =+

Then in terms of the corresponding coordinate expression for the gauge symmetries R (157) the BRST
differential is given on the fields by

¢ _ a ap,
SBRST¢ = C'”1"'ﬂk § R(Z
keN

and on the ghost fields by
1
SgrsT €% = Eyaﬁycﬂcy;

and it extends from there, via prop. 6.3, to jets of fields and ghost fields by (anti-)commutativity with the total
spacetime derivative.

Moreover, since the action of the infinitesimal gauge symmetries is by definition via prolongations (prop. 6.3)
of evolutionary vector fields (def. 6.2) and hence compatible with the total spacetime derivative (75) this
construction descends to the horizontal tangent Lie algebroid ];O(E) /TZX (example 10.25) to yield

E/(GXsTZ) = (J7(E)/TX)/g%

The Chevalley-Eilenberg differential on E /(G Xz TX) is

d — Sprst

The Chevalley-Eilenberg algebra of functions on this differential graded manifold (172) is called the off-shell
local BRST complex.

(Barnich-Brandt-Henneaux 94, Barnich 10 (35)).

Definition 10.29. (global BRST complex)
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We may pass from the off-shell local BRST complex (def. 10.28) on the jet bundle to the “global” BRST complex
by transgression of variational differential forms (def. 7.32):

Write Obs(E Xy G[1]) for the induced graded off-shell algebra of observables (def. 7.39). For
Ae 08 Y (E x, G[1]) with corresponding local observable 75(A) € LocObsy(E X5 G[1]) its BRST
differential is defined by

sgrstTr(4) = Ty(SprsTd)

and extended from there to Obs(E Xy G[1]) as a graded derivation.

Example 10.30. (local BRST complex for free electromagnetic field on Minkowski spacetime)

Consider the Lagrangian field theory of free electromagnetism on Minkowski spacetime (example 5.6) with its
gauge parameter bundle as in example 10.14.

By (163) the action of the BRST differential is the derivation

6]

_ e,
da,,

SBRST = Cu 5.~ +Cuy
m

In particular the Lagrangian density is BRST-closed

— v
sgrst L = Sprst/f uvf dvoly
= ¢ f* dvoly

=0

as is the Euler-Lagrange form (due to the symmetry c ,, =, (29) and in contrast to the skew-symmetry

fuw = —fo0)
Example 10.31. (local BRST complex for the Yang-Mills field on Minkowski spacetime)

For g a semisimple Lie algebra, consider the Lagrangian field theory of Yang-Mills theory on Minkowski
spacetime from example 5.7, with Lagrangian density

_ 1 a fuv
L= Ef uvf a
given by the universal field strength (31)
a _ 1( a 1 a B v
fow = 3 (@ +37iyalad)

Let G :== X X g be the trivial vector bundle with fiber g, regarded as a gauge parameter bundle (def. 10.6) with
coordinate functions ((x*), c%) and consider the gauge parametrized evolutionary vector field (157)

— 14
R = (c5—vg,cPal) o
from example 10.15.

We claim that these are closed gauge parameters in the sense of def. 10.26, hence that the local BRST complex
in the form of example 10.28 exists.

To see this, observe that, by def. 10.21 the candidate BRST differential needs to be of the form (164) plus the

linear dual of the Lie bracket [ —, —];

*

SBRST = ((c‘f‘ - yz‘ycBaD 0a2 + prolongation) +(- -1y

Moreover, by def. 10.21 we may equivalently make an Ansatz for ([—, —]g)* and if the resulting differential
SBRrsT Squares to zero, as this dually defines the required closure bracket [ —, _]g'
We claim that

—_——— — (174)

J 1
serst = (¢ — v cPal) daf + oV gyl 52,
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where the hat denotes prolongation (prop. 6.3). This is the local (jet bundle) BRST differential for Yang-Mills
theory on Minkowski spacetime.

(e.g. Barnich-Brandt-Henneaux 00 (7.2))

Proof. We need to show that (174) squares to zero. Consider the two terms that appear:
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we adjusted indices, just for convenience of comparison with the next term. That next term is

14 _ B B 4
(C,‘fl —ygycﬁau)aaﬁ , ¥%y cPc¥ 5ca| = 2yg,cuc? 3ad —ygyyﬁ,y,cﬁ'cy’a# daz’

where the first summand on the right comes from the prolongation.
This shows that the two terms cancel. B
Example 10.32. (local BRST complex for B-field on Minkowski spacetime)

Consider the Lagrangian field theory of the B-field on Minkowski spacetime from example 5.8, with field
bundle the differential 2-form-bundle E = A% T*X with coordinates ((x*), (b)) subject to by, = —b,,,; and
with Lagrangian density.

By example 10.16 the local BRST complex (example ) has BRST differential of the form

]

Cuv 57— + € —
wv WV1V2
Obyy abuvwz

+ e

In this case this enhanced to an Lie 2-algebroid by regarding the second-order gauge parameters (166) in
degree 2 to form a graded field bundle

)

G12]x: Gl xz E = R[2]XTX[1] Xz E
&, T ew

by adding the ghost-of-ghost field ((?) (167) and taking the local BRST differential to be the sum of the first

(167):

_ a N a N + @ 0 +(2) a +
SBRST = \ v Gp,, T B2 B, “r e, T M By, :

Notice that this indeed still squares to zero, due to the second-order Noether identity (168):
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This concludes our discussion of infinitesimal gauge symmetries, their off-shell action on the jet bundle of the
field bundle and the corresponding homotopy quotient exhibited by the local BRST complex. In the next chapter
we discuss the homotopy intersection of this construction with the shell: the reduced phase space.

11. Reduced phase space
In this chapter we discuss these topics:

e Global gauge reduction for strictly invariant functions (action functionals):
o Derived critical loci inside Lie algebroids

o Schouten bracket on Lie algebroids

e Local gauge reduction for weakly invariant local functions (Lagrangian densities):
o Local antibracket

o Local BV-BRST complex
o Global BV-BRST complex

For a Lagrangian field theory with infinitesimal gauge symmetries, the reduced phase space is the quotient of the
shell (the solution-locus of the equations of motion) by the action of the gauge symmetries; or rather it is the
combined homotopy quotient by the gauge symmetries and its homotopy intersection with the shell. Passing to
the reduced phase space may lift the obstruction for a gauge theory to have a covariant phase space and hence a
quantization.

The higher differential geometry of homotopy quotients and homotopy intersections is usefully modeled by tools
from homological algebra, here known as the BV-BRST complex.

In order to exhibit the key structure without getting distracted by the local jet bundle geometry, we first discuss
the simple form in which the reduced phase space would appear after transgression (def. 7.32) if spacetime were
compact, so that, by the principle of extremal action (prop. 7.38), it would be the derived critical locus (dS = 0)
of a globally defined action functional S. This “global” version of the BV-BRST complex is example 11.7 below.

The genuine local construction of the derived shell is in the jet bundle of the field bundle, where the action
functional appears “de-transgressed” in the form of the Lagrangian density, which however is invariant under
gauge transformations generally only up to horizontally exact terms. This local incarnation of the redcuced phase
space is modeled by the genuine local BV-BRST complex, example 11.21 below.

Finally, under transgression of variational differential forms this yields a differential on the graded local
observables of the field theory. This is the global BV-BRST complex of the Lagrangian field theory (def. 11.28
below).

derived critical loci inside Lie algebroids

By analogy with the algebraic formulation of smooth functions between Cartesian spaces (the embedding_of
Cartesian spaces into formal duals of R-algebras, prop. 1.15) it is clear how to define a map (homomorphism)
between Lie algebroids:

Definition 11.1. (homomorphism between Lie algebroids)

Given two derived Lie algebroids a, a’ (def. 10.22), then a homomorphism between them

f:a—d
is a dg-algebra-homomorphism between their Chevalley-Eilenberg algebras going the other way around
CE(a) < CE(a") : f*

such that this covers an algebra homomorphism on the function algebras:
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Example 11.2. (invariant functions in terms of Lie algebroids)

Let g be a super Lie algebra equipped with a Lie algebra action (def. 10.20)

R
gxX - TX
pr, N ‘/rb

X

on a supermanifold X. Then there is a canonical homomorphism of Lie algebroids (def. 11.1)

X CE(X) = C°(X) @ 0 (175)
1P 17 1id 19
X/g CE(X/g) = C*°X) @ C*X)Q A"g"

from the manifold X regarded as a Lie algebroid by example 10.24 to the action Lie algebroid X /g (example

graded-commutative superalgebras is given simply by the identity on C*(X) and the zero map on g*.

Next regard the real line manifold R?! as a Lie algebroid by example 10.24. Then homomorphisms of Lie
algebroids (def. 11.1) of the form

S:X/g— RY,
hence smooth functions on the Lie algebroid, are equivalently

e ordinary smooth functions S : X — R* on the underlying smooth manifold,

o which are invariant under the Lie algebra action in that R(—)(S) = 0.

extension extends to the action Lie algebroid precisely if it is invariant:

S 1
X — R
p 7 . . e e .
exists precisely if s is invariant
X/g

Proof. An R-algebra homomorphism
S* w1
CE(X/g) < C™(R%)

is fixed by what it does to the canonical coordinate function x on RY, which is taken by S to
S € C”(X) & CE(X/g). For this to be a dg-algebra homomorphism it needs to respect the differentials on both
sides. Since the differential on the right is trivial, the condition is that 0 = d¢gS = R(—)(f):

5"

{s} — {x
deex/g) | idcm«l)zo
R =0} < {0}

Given a gauge invariant function, hence a function S:X/g — R on a Lie algebroid (example 11.2), its exterior
derivative dS should be a section of the cotangent bundle of the Lie algebroid. Moreover, if all field variations are
infinitesimal (as in def. 7.43) then it should in fact be a section of the infinitesimal neighbourhood (example
3.30) of the zero section inside the cotangent bundle, the infinitesimal cotangent bundle T;y(X/g) of the Lie
algebroid (def. 11.3 ebelow).

To motivate the definition 11.3 below of infinitesimal cotangent bundle of a Lie algebroid recall from example
3.30 that the algebra of functions on the infinitesimal cotangent bundle should be fiberwise the formal power
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series algebra in the linear functions. But a fiberwise linear function on a cotangent bundle is by definition a
vector field. Finally observe that vector fields are equivalently derivations of smooth functions (prop. 1.15). This
leads to the following definition:

Definition 11.3. (infinitesimal cotangent Lie algebroid)

Let a be a Lie c-algebroid (def. 10.22) over some manifold X. Then its infinitesimal cotangent bundle Tiyca is
the Lie co-algebroid over X whose underlying graded module over C*(X) is the direct sum of the original
module with the derivations of the graded algebra underlying CE(a):

(Tine0), = ai @ Der(CE(a)),

with differential on the summand a being the original differential and on Der(CE(a)) being the graded
commutator with the differential d¢gq) on CE(a) (which is itself a graded derivation of degree +1):

deE(Tinr) o = degw

AeETinr)  Iper@ = [deE@y ]

Just as for ordinary cotangent bundles (def. 1.16) there is a canonical homomorphism of Lie algebroids (def.
11.1) from the infinitesimal cotangent Lie algebroid down to the base Lie algebroid:

Tinfa CE(Tineg) = CE()) @ Acg Der(a) (176)
le ch* Tid TO
a CE(a) = CE(a) & 0

given dually by the identity on the original generators.
Example 11.4. (infinitesimal cotangent bundle of action Lie algebroid)

Let X/g be an action Lie algebroid (def. 10.21) whose Chevalley-Eilenberg_differential is given in local
coordinates by (171),

d
1
depce/a) = F¥pycle” 55 +cRa s

Then its infinitesimal cotangent Lie algebroid Ti,¢(X/g) (def. 11.3) has the generators

() @5 @

deg = -1 0 +1

and we find that CE-differential on the new derivation generators is given by

a a (177)
derinx/on| Fea | = |4eEx /9 Foa

] 0
AT
and
9 9 (178)
deerinx/on| 5 o) = dca(x/g)raT,a
o a dR> 3
99” agpP

. - 9 9 . . .
To amplify that the derivations on CE(X/g), such as FYe and ——;, are now coordinate functions in

o ace’
CE(Ti,(X/g)) one writes them as

] ] (179)
o —
o = ¢ € = G

so that the generator content then reads as follows:
(cd)  (@9.(8) (™ (180)
deg= -1 0 +1

In this notation the full action of the CE-differential for T;,¢(X /g) is therefore the following:
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ACE(Tin(x/9)) (181)
¢* o c*Rg
c“ - %y“ﬁycﬁc”
ot - 28 g
ct - R2¢2 + yﬁaycycz,

With a concept of cotangent bundles for Lie algebroids in hand, we want to see next that their sections are
differential 1-forms on a Lie algebroid in an appropriate sense:

Proposition 11.5. (exterior differential of invariant function is section of infinitesimal cotangent bundle)

For a a Lie «-algebroid (def. 10.22) over some X; and S : a — R a invariant smooth function on it (example
11.2) there is an induced section dS of the infinitesimal cotangent Lie algebroid (def. 11.3) bundle projection
aze):

Ti*nfa
as p Lcb

’

a = a

given dually by the homomorphism of differential graded-commutative superalgebras

(dS)" : CE(Tinea) — CE(a)
which sends

1. the generators in a* to themselves;
2. a vector field v on X, regarded as a degree-0 derivation to dS(v) = v(S) € C”(X);

3. all other derivations to zero.

Proof. We discuss the proof in the special case that a = X /g is an action Lie algebroid (def. 10.21) hence where
Tine(a) = Tine(X/g) is as in example 11.4. The general case is directly analogous.

Since (dS)" has been defined on generators, it is uniquely a homomorphism of graded algebras. It is clear that if
(dS)” is indeed a homomorphism of differential graded-commutative superalgebras in that it also respects the
CE-differentials, then it yields a section as claimed, because by definition it is the identity on a*. Hence all we
need to check is that (dS)" indeed respects the CE-differentials.

On the original generators in a* this is immediate, since on these the CE-differential on both sides are by
definition the same.

On the derivation ¢Z = La we find from (178

¢
bl & Wl

Lo
deex/g) | ldCE(Ti*nf(X/g))
dRL 9s ORE &
[eefme 25l e iig}
09" a¢ (as) (]

Notice that the left vertical map is indeed as shown, due to the invariance of S (example 11.2), which allows an
“integration by parts”:

d S\ ag? d d s
CE(X/g9) a0, =Ry 9" 90°
b
= 9 Cc*RY ﬁ — Ctl%ﬁ
a¢a a a¢b a¢a 6(1)”
=0
Similarly, on the derivation ci = % we find from (177) and using the invariance of S (example 11.2)
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(as)"
o {cd}
dcE(x/g) 1 ldCE(Ti*nf(X/g))_
_ pa_0S a ik E:
{0 - Ra Bq&“} EX)* {Ra¢a + yBayCyCa}

This shows that the differentials are being respected. W

Next we describe the vanishing locus of dS, hence the critical locus of S. Notice that if dS is regarded as an
ordinary differential 1-form on an ordinary smooth manifold X, then its ordinary vanishing locus

Xas=o0 = {x €X | dS(x) = 0}

is simply the fiber product of dS with the zero section of the cotangent bundle, hence the universal space that
makes the following diagram commute:
Xis=0o —™ X
! 10

X = TigX

This is just the general abstract way to express the equation dS = 0.

In this general abstract form the concept of critical locus generalizes to invariant functions on super Lie
algebroids, where the vanishing of dS is regarded only up to homotopy, namely up to infinitesimal symmetry
transformations by the Lie algebra g. In this homotopy-theoretic refinement we speak of the derived critical
locus. The following definition simply states what this comes down to in components. For a detailed derivation
see at derived critical locus and for general introduction to higher differential geometry and higher Lie theory see
at Higher structures in Physics.

Definition 11.6. (derived critical locus of invariant function on Lie ©0-algebroid)

Let a be a Lie co-algebroid (def. 10.22) over some X, let

S:a—R

be an invariant function (example 11.2) and consider the section of its infinitesimal cotangent bundle Tj,ra
(def. 11.4) corresponding to its exterior derivative via prop. 11.5:

ds .
a — Tinfa
id ™ Y cb
a

Then the derived critical locus of S is the derived Lie algebroid (def. 10.22) to be denoted ags~, which is the
homotopy pullback of the section dS along the zero section:

Qgs~0 a
Loeby 17
a = Tiuca

This means equivalently (details are at derived critical locus) that the Chevalley-Eilenberg algebra of a5~ is
like that of the infinitesimal cotangent Lie algebroid Ti,¢a (def. 11.3) except for two changes:

1. all derivations are shifted down in degree by one;
rephrased in terms of graded manifold (remark 10.23) this means that the graded manifold underlying
Ags=~o 18 Tinf[—1]a;

2. the Chevalley-Eilenberg differential on the derivations coming from tangent vector fields v on X is that of
the infinitesimal cotangent Lie algebroid Tiy¢a plus dS(v) = v(S).

We now make the general concept of derived critical locus inside an L-co algebroid (def. 11.6) explicit in our
running example of an action Lie algebroid; the reader not concerned with the general idea of homotopy
pullbacks may consider the following example as the definition of derived critical locus for the purposes of our
running examples:

Example 11.7. (derived critical locus inside action Lie algebroid)

Consider an invariant function (def. 11.2) on an action Lie algebroid (def. 10.21)
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S:X/g— R

for the case that the underlying supermanifold X is a super Cartesian space (def. 3.37) with global coordinates
(¢®) as in example 11.4. Then the derived critical locus (def. 11.6)

(X/9) 450

is, in terms of its Chevalley-Eilenberg algebra CE((X/g) ;.. ,) (def. 10.22) given as follows:

Its generators are those of CE(Tjn¢(X/g)) as in (180), except for a shift of degree of the derivation-generators

down by one:
(cz) (¢3) (@9 (9
deg= -2 -1 0 +1

Rephrased in terms of graded manifold (remark 10.23) this means that the graded manifold underlying the
derived critical locus is the shifted infinitesimal cotangent bundle of the graded manifold g[1] X X (170) which
underlies the action Lie algebroid (def. 10.21):

(X/g)d5=0 =grmfd Ti*nf[_l](g[l] XX) (182)
andif X = R®Sisa super Cartesian space this becomes more specifically

(RI’M/g)dS:O =grmfd Ti*nf[_l](g[l] X ]Rplq)

= g[1] xRPMx (RP'9)" [—1] x g*[—2]

(c®) @9 (¢§) (ck
Moreover, on these generators the CE-differential is given by
dCE((X/9)gs-o) (183)

o - cR
c” - %y"‘ﬁycﬁcy

S as ORY 3
¢a nd 99° —c“ 647‘; b

new

& B RGpy+Y e

which is just the expression for the differential (181) in CE(Tjn¢(X/g)) from example 11.4, except for the fact

- . . as
that (the derivations are shifted down in degree and) the new term Py over the brace.

The following example illustrates how the concept of derived critical locus X 5~ o of S is a homotopy theoretic

version of the ordinary concept of critical locus X 35— ¢:
Example 11.8. (ordinary critical locus is cochain cohomology of derived critical locus in degree 0)

Let X be an superpoint (def. 3.37) or more generally the infinitesimal neighbourhood (example 3.30) of a point

in a super Cartesian space (def. 3.37) with coordinate functions (¢%), so that its algebra of functions C*(X) is

a truncated polynomial algebra or formal power series algebra in the variables ¢ .

Consider for simplicity the special case that g = 0 so that there is no Lie algebra action on X.

Then the Chevalley-Eilenberg algebra of the derived critical locus X 45~ o of S (example 11.7) has generators

(63)(¢%)

deg= -—10
and differential given by
ACB(Xgs=0)
¢t =0
$: - o

Hence the cochain cohomology of the Chevalley-Eilenberg algebra of the derived critical locus indegree 0 is the

191 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/supermanifold
https://ncatlab.org/nlab/show/supermanifold
https://ncatlab.org/nlab/show/super+Cartesian+space
https://ncatlab.org/nlab/show/super+Cartesian+space
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SuperCartesianSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SuperCartesianSpace
https://ncatlab.org/nlab/show/coordinates
https://ncatlab.org/nlab/show/coordinates
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CotangentBundleOfActionLieAlgebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CotangentBundleOfActionLieAlgebroid
https://ncatlab.org/nlab/show/derived+critical+locus
https://ncatlab.org/nlab/show/derived+critical+locus
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DerivedCriticalLocusOfGaugeInvariantFunctionOnLieAlgebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DerivedCriticalLocusOfGaugeInvariantFunctionOnLieAlgebroid
https://ncatlab.org/nlab/show/Chevalley-Eilenberg+algebra
https://ncatlab.org/nlab/show/Chevalley-Eilenberg+algebra
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LInfinityAlgebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LInfinityAlgebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:GeneratorsOfDerivedCriticalLocusInActionLieAlgebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:GeneratorsOfDerivedCriticalLocusInActionLieAlgebroid
https://ncatlab.org/nlab/show/derivation
https://ncatlab.org/nlab/show/derivation
https://ncatlab.org/nlab/show/graded+manifold
https://ncatlab.org/nlab/show/graded+manifold
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#dgManifolds
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#dgManifolds
https://ncatlab.org/nlab/show/graded+manifold
https://ncatlab.org/nlab/show/graded+manifold
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:ActionLieAlgebroidGradedManifold
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:ActionLieAlgebroidGradedManifold
https://ncatlab.org/nlab/show/action+Lie+algebroid
https://ncatlab.org/nlab/show/action+Lie+algebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ActionLieAlgebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ActionLieAlgebroid
https://ncatlab.org/nlab/show/super+Cartesian+space
https://ncatlab.org/nlab/show/super+Cartesian+space
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:CEDifferentialOnGeneratorsForInfinitesimalCotangentBundleOfActionLieAlgebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:CEDifferentialOnGeneratorsForInfinitesimalCotangentBundleOfActionLieAlgebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CotangentBundleOfActionLieAlgebroid
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CotangentBundleOfActionLieAlgebroid
https://ncatlab.org/nlab/show/derived+critical+locus
https://ncatlab.org/nlab/show/derived+critical+locus
https://ncatlab.org/nlab/show/homotopy+theory
https://ncatlab.org/nlab/show/homotopy+theory
https://ncatlab.org/nlab/show/critical+locus
https://ncatlab.org/nlab/show/critical+locus
https://ncatlab.org/nlab/show/critical+locus
https://ncatlab.org/nlab/show/critical+locus
https://ncatlab.org/nlab/show/cochain+cohomology
https://ncatlab.org/nlab/show/cochain+cohomology
https://ncatlab.org/nlab/show/derived+critical+locus
https://ncatlab.org/nlab/show/derived+critical+locus
https://ncatlab.org/nlab/show/superpoint
https://ncatlab.org/nlab/show/superpoint
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SuperCartesianSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SuperCartesianSpace
https://ncatlab.org/nlab/show/infinitesimal+neighbourhood
https://ncatlab.org/nlab/show/infinitesimal+neighbourhood
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#InfinitesimalNeighbourhood
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#InfinitesimalNeighbourhood
https://ncatlab.org/nlab/show/super+Cartesian+space
https://ncatlab.org/nlab/show/super+Cartesian+space
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SuperCartesianSpace
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SuperCartesianSpace
https://ncatlab.org/nlab/show/coordinate+functions
https://ncatlab.org/nlab/show/coordinate+functions
https://ncatlab.org/nlab/show/algebra+of+functions
https://ncatlab.org/nlab/show/algebra+of+functions
https://ncatlab.org/nlab/show/polynomial+algebra
https://ncatlab.org/nlab/show/polynomial+algebra
https://ncatlab.org/nlab/show/formal+power+series+algebra
https://ncatlab.org/nlab/show/formal+power+series+algebra
https://ncatlab.org/nlab/show/variables
https://ncatlab.org/nlab/show/variables
https://ncatlab.org/nlab/show/Lie+algebra+action
https://ncatlab.org/nlab/show/Lie+algebra+action
https://ncatlab.org/nlab/show/Chevalley-Eilenberg+algebra
https://ncatlab.org/nlab/show/Chevalley-Eilenberg+algebra
https://ncatlab.org/nlab/show/derived+critical+locus
https://ncatlab.org/nlab/show/derived+critical+locus
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ArchetypeOfBVBRSTComplex
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ArchetypeOfBVBRSTComplex
https://ncatlab.org/nlab/show/differential
https://ncatlab.org/nlab/show/differential
https://ncatlab.org/nlab/show/cochain+cohomology
https://ncatlab.org/nlab/show/cochain+cohomology
https://ncatlab.org/nlab/show/Chevalley-Eilenberg+algebra
https://ncatlab.org/nlab/show/Chevalley-Eilenberg+algebra

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+qua...

quotient of € (X) by the ideal which is generated by <;i:a)

. as
H°(CE(X45=0)) = C (X)/(W)-

But under the assumption that X is a superpoint or infinitesimal neighbourhood of a point, this quotient
algebra is just the algebra of functions on the ordinary critical locus X 35— ¢.

. . . . as . . . . .
(The quotient says that every function on X which vanishes where Fre vanishes is zero in the quotient. This

means that the quotient algebra consists of the functions on X modulo the equivalence relation that identifies
two if they agree on the critical locus X ;5 g, which is the functions on X 35_¢.)

Hence the derived critical locus yields the ordinary critical locus in cochain cohomology:
H®(CE(X4s~0)) = C”(Xas=o) -

However, it is not in general the case that the derived critical locus is a resolution of the ordinary critical locus,
in that all its cohomology in negative degree vanishes. Instead, the cohomology of the Chevalley-Eilenberg
algebra of a derived critical locus in negative degree detects Lie algebra action and more generally L-co algebra
action on X under which § is invariant. If this action is incorporated into X by passing to the action Lie
algebroid X /g and then forming the derived critical locus (X/g) ;.. , in there, as in example 11.7.

This issue we discuss in detail in the chapter Gauge fixing, see prop. 10.4 below.

In order to generalize the statement of example 11.8 to the case that a Lie algebra action is taken into account,
we need to realize the Chevalley-Eilenberg algebra of a derived critical locus in a Lie algebroid is the total
complex of a double complex:

Proposition 11.9. (Chevalley-Eilenberg_algebra of derived critical locus is total complex of BV-BRST
bicomplex)

Let (X/8) 45~ be a derived critical locus inside an action Lie algebroid as in example 11.7. Then its Chevalley-

Eilenberg differential (183) may be decomposed as the sum of two anti-commuting differential

dCE((X/g)ds:o) = SBRST T SBs

which are defined on the generators of the Chevalley-Eilenberg algebra as follows:

SBv (184)
p* o 0
c* - 0
+ as
¢)a g a¢a
ck =  Rio}
SBRST
p° o RS

1
- Y%gycPcr

% _ a9RE i
d)a nd 4 0 Th

C(ﬁ = yﬁay Cycz

If we moreover decompose the degree of the generators into two degrees

(c2) (#3) (%) (9
deggh= 0 0 0 +1
deg,,= -2 -1 0 0

then these two differentials constitute a bicomplex
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CEO'O((X/Q)dS:O) ersy CEl'O((X/g)ds:o) = CEZ'O((X/Q)aszo) L
[ 15V ooy

CE® M ((X/@)gsmg) b CEM T ((K/Q)gsng) > CE* H(X/@)gsng)
[ 1o o

SBRST SBRST SBRST

CE” 2((X/8)g5~0) CE" *((X/)g5=0) — CE* 2((X/8)45.)

TSBV TSBV TSBV

whose total complex is the Chevalley-Eilenberg dg-algebra of the derived critical locus

CE((X/)ys0) = EP CEE™((X/8) 45 )

gh,af

deg((X/8) yg- ) = SBv + SersT

Proof. 1t is clear from the definition that the graded derivations sgy and sgrst have (i.e. increase) bidegree as

follows:
SBRST SBV
deggh = +1 0
deg . = 0 +1

This implies that in

2
0=(%Mum“%ﬁ
2
= (spy + Sgrst)

2 2
= (spy)” + (sgrst)” + [SBV) SBRST]
=0 =0 =0

all three terms have to vanish separately, as shown, since they each have different bidegree (the last term
denotes the graded commutator, hence the anticommutator). This is the statement to be proven.

Notice that the nilpotency of sgy is also immediately checked explicitly, due to the invariance of S (example
11.2):

SBV(SBV(C(t)) = SBV(Rg‘bZ)
. 8S
=i g7
=0
[ |

As a corollary of prop. \refDerivedCriticalLocusOfActionLiAlgebroidBicomplexStructure{} we obtain the
generalization of example 11.8 to non-trivial g-actions:

Proposition 11.10. (cochain cohomology of BV-BRST complex in degree 0 is the invariant function on the

critical locus)

Let (X /@) 45, be a derived critical locus inside an action Lie algebroid as in example 11.7.

Then if the vertical differential (prop. 11.9)

CE™" "1 ((X/8) 45-0)

TSBV
CE™"((X/9) 45~0)

has vanishing cochain cohomology in negative af-degree

H*='(spy) =0 (185)

then the cochain cohomology of the full Chevalley-Eilenberg_dg-algebra is given by the cochain cohomology of
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SBRST O HO(SBV)-'
H"(CE((X/g)ds:o)) = H*(H°(spy), sprs) -

Moreover if X is inside the infinitesimal neighbourhood of a point as in example 11.8 then the full cochain
cohomology in degree 0 is the space of those functions on the ordinary critical locus X 45— o which are g-invariant:

H(CE((X/9) 45-0)) = {Xd5=0 R| (Rg% - 0>}

HE(H(CE((X/)gs=))) = HE T (CE((X/9)gs2,)) -

Under the given assumption the second page of this spectral sequence is concentrated on the row af = 0. This
implies that all differentials on this page vanish, so that the sequence collapses on this page. Moreover, since the
spectral sequence consists of vector spaces (modules over the real numbers) the extension problem is trivial,
and hence the claim follows.

Now if X is inside the infinitesimal neighbourhood of a point, then example 11.8 says that H%(sgy) in deggh =0
consists of the functions on the ordinary critical locus and hence the abvove result implies that

HO(CE((X/8) 45 )) = ker(serst) |geo(y, ) / im(spRST) ooy 15 )
B
=0

= ker(sprst) | goo(x )

f as
= res-o L1 5 =0

This means that under condition (185) the construction of a derived critical locus inside an action Lie algebroid
provides a resolution of the space of those functions which are

1. restricted to the critical locus (a homotopy intersection);

2. invariant under the Lie algebra action (a homotopy quotient).

We apply this general mechanism below to Lagrangian field theory, where it serves to provide a resolution by the
BV-BRST complex of the space of observables which are

1. on-shell,

2.gauge invariant.

But in order to control this application, we first establish the tool of the Schouten bracket/antibracket.

Schouten bracket/antibracket

Since the infinitesimal cotangent Lie algebroid Tinra has function algebra given by tensor products of tangent
vector fields/derivations, we expect that a graded analogue of the Lie bracket of ordinary tangent vector fields
exists on the Chevalley-Eilenberg algebra CE(T;y¢a). This is indeed the case, and crucial for the theory:

Definition 11.11. (Schouten bracket and antibracket for action Lie algebroid)

Consider a derived critical locus (X/g) ;.. , inside an action Lie algebroid X /g as in example 11.7.

Then the graded commutator of graded derivations of the Chevalley-Eilenberg algebra of X /g

[— =1 : Der(CE(X/g)) ® Der(CE(X/g)) — Der(CE(X/g))

uniquely extends, by the graded Leibniz rule, to a graded bracket of degree (1, even) on the CE-algebra of the
derived critical locus (X/8) 45

{= =} 1 CE((X/8) g5 ) ® C((X/@) g5 ) — CE((X/) 45 )
such that this is a graded derivation in both arguments.

This is called the Schouten bracket.
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There is an elegant way to rewrite this in terms of components: With the notation (179) for the coordinate-
derivations the Schouten bracket is equivalently given by

(186)

dck 9c*  dc* gt

where the arrow over the partial derivative indicates that we we pick up signs via the Leibniz rule either as
-

usual, going through products from left to right (for @) or by going through the products from right to left (for

P

d).

In this form the Schouten bracket is called the antibracket.

(e. g. Henneaux 90, (53d), Henneaux-Teitelboim 92, section 15.5.2)

The power of the Schouten bracket/antibracket rests in the fact that it makes the Chevalley-Eilenberg differential
on a derived critical locus (X/g)ds:o become a Hamiltonian vector field, for “Hamiltonian” the sum of S with the

Chevalley-Eilenberg differential of X /g:

Example 11.12. (Chevalley-Eilenberg differential of derived critical locus is Hamiltonian vector field for the

Schouten bracket/antibracket)

Let (X/g)ds20 be a derived critical locus inside an action Lie algebroid as in example 11.7.

Then the CE-differential (183) of the derived critical locus X/g|$:0 is simply the Schouten
bracket/antibracket (def. 11.11) with the sum

SBV-BRST = S — dcEx/q) (187)

of the Chevalley-Eilenberg differential of X /g and the function —S:

dCE((X/g)dS=0)(_) = {—5 + dceix/q) (—)} .

In coordinates, using the expression for d¢gx,/q) from (171) and using the notation for derivations from (179

this means that

1
Qe (/)45 (7) = {5+ CREDY = v pyePerel, ()]

Proof. This is a simple straightforward computation, but we spell it out for illustration of the general principle.

The result is to be compared with (183):

for p*:
1
{—S + cORY ¢, — Ey“ﬁycﬁc"cf,, ¢u} = {c“Rg’qu;, , ¢>a}
= "Ry {95, ¢
N————
Sar
= c*R§
for c%:
1 1
{—S + c*RePE — ;y""ﬁycﬁcyci,. C“} = {; y¥ gycPered,, c"‘}
1
el e
N—o—
Sar
= %yaﬁycﬁcy
.
for;:
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Hence these values of the Schouten bracket/antibracket indeed all agree with the values of the CE-differential
from (183). W

As a corollary we obtain:

Proposition 11.13. (classical master equation)

Let (X/8) 45 be a derived critical locus inside an action Lie algebroid as in example 11.7.
Then the Schouten bracket/antibracket (def. 11.11) of the function Sgy_BRST S_{\text{BV-BRST}}
SBV-BRST = S — dcr(x/q)
with itself vanishes:
{SBV-BRST SBV-BRST} = O-

Conversely, given a shifted cotangent bundle of the form T'[—1](X X g[1]) (182), then the struture of a
differential of degree +1 on its algebra of functions is equivalent to a degree-0 element
S € CP(T'[—1](X X g[1])) such that

(s,s} =0.

Since therefore this equation controls the structure of derived critical loci once the underlying manifold X and Lie
algebra g is specified, it is also called the master equation and here specifically the classical master equation.

This concludes our discussion of plain derived critical loci inside Lie algebroids. Now we turn to applying these
considerations about to Lagrangian densities on a jet bundle, which are invariant under infinitesimal gauge
symmetries generally only up to a total spacetime derivative. By example 11.12 it is clear that this is best
understood by first considering the refinement of the Schouten bracket/antibracket to this situation.

local antibracket

If we think of the invariant function S in def. 11.6 as being the action functional (example 7.34) of a Lagrangian
field theory (E,L) (def. 5.1) over a compact spacetime X, with X the space of field histories (or rather an
infinitesimal neighbourhood therein), hence with g a Lie algebra of gauge symmetries acting on the field
histories, then the Chevalley-Eilenberg algebra CE((X/Q)as=0) of the derived critical locus of S is called the BV~

BRST complex of the theory.

In applications of interest, the spacetime X is not compact. In that case one may still appeal to a construction on
the space of field histories as in example 11.7 by considering the action functional for all adiabatically switched
b L Lagrangians, with b € Cg;, (2). This approach is taken in (Fredenhagen-Rejzner 11a).

Here we instead consider now the “local lift” or “de-transgression” of the above construction from the space of
field histories to the jet bundle of the field bundle of the theory, refining the BV-BRST complex (prop. 11.9) to the
local BV-BRST complex (prop. 11.21 below), corresponding to the local BRST complex from example 10.28
(Barnich-Brandt-Henneaux 00).
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This requires a slight refinement of the construction that leads to example 11.7: In contrast to the action
functional S = 75(g L) (example 7.34), the Lagrangian density L is not strictly invariant under infinitesimal
gauge transformations, in general, rather it may change up to a horizontally exact term (by the very definition
10.5). The same is then true, in general, for its Euler-Lagrange variational derivative §g;, L (unless we have
already restricted to the shell, by prop. 6.16, which however here we do not explicitly, but only via passing to
cochain cohomology as in example 11.8).

This means that the Euler-Lagrange form &gy, L is, off-shell, not a section of the infinitesimal cotangent bundle
(def. 11.3) of the gauge action Lie algebroid on the jet bundle.

But it turns out that it still is a section of local refinement of the cotangent bundle, which is twisted by
horizontally exact terms (prop. 11.19 below). To see the required twist, it is most convenient to make use of a
local version of the antibracket (def. 11.15 below), via local refinement of example 11.12. As a result we may
form the local derived critical locus as in def. 11.6 but now with the invariance of the Lagrangian density only up
to total spacetime derivatives taken into account. Its Chevalley-Eilenberg_algebra is called the local BV-BRST
complex (prop. 11.21 below).

The following is the direct refinement of the concept of the underlying graded manifold of the infinitesimal
cotangent bundle of an action Lie algebroid in example 11.4 to the case where the base manifold is generalized to
a field bundle (def. 3.1) and the Lie algebra to a gauge parameter bundle (def. 10.5):

Definition 11.14. (infinitesimal neighbourhood of zero section in cotangent bundle of fiber product of field
bundle with shifted gauge parameter bundle)

b
Let (E,L) be a Lagrangian field theory (def. 5.1) over some spacetime X, and let G £ ¥ be a bundle of gauge
parameters (def. 10.6) which are closed (def. 10.26), inducing the Lie algebroid

E/(G*zTZ) = (J5(E X5 (GI1D), sprsr))
whose Chevalley-Eilenberg algebra is the local BRST complex of the field theory (example 10.28).
Then we write
Trint(E X5 (GI1D), Tl —11(E X5 (G[1])

for, on the left, the infinitesimal neighbourhood of the zero section of the vertical cotangent bundle of the
graded fiber product of the field bundle with the fiber-wise shifted gauge parameter bundle, as well as its
shifted version on the right, as in (182).

In local coordinates this means the following: Assuming that the field bundle E and the gauge parameter
bundle G are trivial vector bundles (example 3.4) with fiber coordinates (¢%) and (c%), respectively, then
T5 inf(E X5 (G[1])) is the trivial graded vector bundle with fiber coordinates

T5,inf(E X5 (G[1])) T,ine[ —11(E X5 (G[1])) (188)
d), @H, @Y ), @H @9
deg= -1 0 1 deg= -2 -1 0 1

and such that smooth functions on T ¢ (E X5 (G[1])) are formal power series in cg (necessarily due to

degree reasons) and in ¢2 (reflecting the infinitesimal neighbourhood of the zero section).

Here the shifted cotangents to the fields are called the antifields:
. ¢2 is antifield to the field ¢p*
. C?; is antifield to the ghost field c“.

The following is the direct refinement of the concept of the Schouten bracket on an action Lie algebroid from def.
11.11 to the case where the base manifold is generalized to the jet bundle (def. 4.1) field bundle (def. 3.1) and
the Lie algebra to the jet bundle of a gauge parameter bundle (def. 10.5):

Definition 11.15. (local antibracket)

b
Let (E,L) be a Lagrangian field theory (def. 5.1) over Minkowski spacetime X (def. 2.17), and let § g Y bea

bundle of gauge parameters (def. 10.6) which are closed (def. 10.26), inducing via example 10.28 the Lie
algebroid

E/(GXsTE) = (J5(E %5 (G[1])), SprsT))
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whose Chevalley-Eilenberg algebra is the local BRST complex of the field theory with shifted infinitesimal
vertical cotangent bundle

Egy-BRST = Txine[ —11(E x5 (G[1])) (189)
of its underlying graded bundle from def. 11.14.

Then on the horizontal p + 1-forms on this bundle (def. 4.11) which in terms of the volume form may all be
decomposed as (42)

H = hdvoly € 08" (T5 e[ —11(E x5 (G[1D))
the local antibrackets
(==Y = =) s 8 (Thine[ —1E X5 G11D) ® 08" (Thine[—11(E x5 G[11)) — 08" (T5,ine[ ~11(E x5 G[1]))
are the functions which are given in the local coordinates (188) as follows:

The first version is

— - - -
SeLf 5EL9_ OgL 5EL9)

{f dvoly, g dvoly}' := (&pj s 69" O,

This is of the form of the Schouten bracket (186) but with Euler-Lagrange derivatives (50) instead of partial
derivatives,

The second version is this:

Kk « - k — - 90)
{f dvoly, g dvol):} = i d - ijELaf fg _ — d - 55]_{ - gg dvoly
xidae\ 69 | \agE, |\ deredi \ 5gE | )\ 99,
X « - X « -
. d SgLf ag _ d OpLf ag dvol
dxP--dxte | e acrﬁ.ulmuk dxtaedxti \ sk acﬂl‘f"”’k z
SEL

where again 30t denotes the Euler-Lagrange variational derivative (50)

(Barnich-Henneaux 96 (2.9) and (2.12), reviewed in Barnich 10 (4.9))

Proposition 11.16. (basic properties of the local antibracket)

The local antibracket from def. 11.15 satisfies the following properties:

1. The two versions differ by a total spacetime derivative (def. 4.11):
{f.gy =19} +d(.. ).

2. The primed version is strictly graded skew-symmetric:
dvoly, gdvolyY = — (—1)9¢84e8W (4 qyol,, f dvol,
g 9

3. The unprimed version { —, —} strictly satisfies the graded Jacobi identity; in that it is a graded derivation in
the second argument, of degree one more than the degree of the first argument:
{f dvoly, {g dvol,, hdvoly}} = {{fdvoly, gdvoly}, hdvoly} + (—1)eBLNTDALW( 4 dyol,., (FUoly, hdvoly)}}
={{fdvolg, gdvolg}r,hdvolz}
and the first term on the right is equivalently given by the primed bracket, as shown under the brace;

4. the horizontally exact horizontal differential forms are an ideal for either bracket, in that for
f dvoly = d(-++) or g dvoly = d(:-+) we have
{f dvolg, g dvolg} =0 {f dvoly, g dvol;} = d(-)

forall f, g of homogeneous degree deg(f) and deg(g), respectively.

(Barnich-Henneaux 96 (B.6)_and footnote 9).

Proof. That the two expressions differ by a horizontally exact terms follows by the very definition of the Euler-
Lagrange derivative (50). Also the graded skew symmetry of the primed bracket is manifest.

The third point requires some computation (Barnich-Henneaux 96 (B.9)).
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Finally that { —, —}' vanishes when at least one of its arguments is horizontally exact follows from the fact that
already the Euler-Lagrange derivative vanishes on this argument (example 5.22). This implies that {—, —} is
horizontally exact when at least one of its arguments is so, by the first item. Wl

The following is the local refinement of prop. 11.13:
Remark 11.17. (local classical master equation)

The third item in prop. 11.16 implies that the following conditions on a Lagrangian density
Ke .(2}_3+1(T}‘inf(E X5 G[1])) whose degree is even

K = K dvoly, deg(L) € 2Z
are equivalent:

1. forming the local antibracket (def. 11.15) with K is a differential
2
({K' _}) =0,

2. the local antibracket (def. 11.15) of K with itself is a total spacetime derivative:
{KK}=d(...)

3. the other variant of the local antibracket (def. 11.15) of K with itself is a total spacetime derivative:

(KK} =d(...)

This condition is also called the local classical master equation.

derived critical locus on jet bundle - the local BV-BRST complex

With the local version of the antibracket in hand (def. 11.15) it is now straightforward to refine the construction
of a derived critical locus inside an action Lie algebroid (example 11.7) to the “derived” shell (51) inside the
formal dual of the local BRST complex (example 10.28). The result is a derived Lie algebroid whose Chevalley-
Eilenberg algebra is called the local BV-BRST complex. This is example 11.21 below.

The following definition 11.18 is the local refinement of def. 11.3:

Definition 11.18. (local infinitesimal cotangent Lie algebroid)

b
Let (E,L) be a Lagrangian field theory (def. 5.1) over some spacetime ¥, and let G 8 X be a bundle of gauge
parameters (def. 10.6) which are closed (def. 10.26), inducing via example 10.28 the Lie algebroid

E/(G*xsTX) = (/?(E Xz (G[1])), SprsT))

whose Chevalley-Eilenberg algebra is the local BRST complex of the field theory.

fb b
Consider the case that both the field bundle E — X (def. 3.1) as well as the gauge parameter bundle G g X are
trivial vector bundles (example 3.4) over Minkowski spacetime X (def. 2.17) with field coordinates (¢%) and
gauge parameter coordinates (¢%).

Then the vertical infinitesimal cotangent Lie algebroid (def. 11.3) has coordinates as in (180) as well as all the
corresponding jets and including also the horizontal differentials:

¥ ¥
(C“'”f"”k) (d)'l:‘f"/"k)' (¢a'l‘1"'uk> (C'(iﬁ"'ﬂk )’ (dxu)
deg = -1 0 +1

In terms of these coordinates BRST differential sgggt, thought of as a prolonged evolutionary vector field on
E X5 G, corresponds to the smooth function on the shifted cotangent bundle given by

. . o
Lgrst = (kZNc,%l...ﬂkRa"l ML+ v pycfercl € C7(Thme(E x5 GI1D), (192)
€

to be called the BRST Lagrangian function and the product with the spacetime volume form

+1,0
Lggst dvoly € 07" °(E xz G[1])
as the BRST Lagrangian density.

We now define the Chevalley-Eilenberg differential on smooth functions on T;y(E /(G X5z TX)) to be given by
the local antibracket { —, —} (190) with the BRST Lagrangian density (192)
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dCE(Ty e (B/(G x5 T5)) = {LBrsT dVOly, —}
This defines an L, -algebroid to be denoted
Tsint(E/(G X5 TX)) .
The local refinement of prop. 11.5 is now this:

Proposition 11.19. (Euler-Lagrange form is section of local cotangent bundle of jet bundle gauge-action Lie

algebroid)

b
Let (E,L) be a Lagrangian field theory (def. 5.1) over some spacetime X, and let G g X be a gauge parameter
bundle (def. 10.5) which are closed (def. 10.26), inducing via example 10.28 the Lie algebroid E /(G X5 TX) and
via def. 11.18 its local cotangent Lie c0-algebroid Tines (E /(G X5 TX)).

Then the Euler-Lagrange variational derivative (prop. 5.12) constitutes a section of the local cotangent Lie
oo-algebroid (def. 11.18)

Txint(E/ (G X5 TX))
deLl » L
E/(GxsTY) = E/(Gx5TX)
given dually
CE(E/(G %:TY) Guly CE(Ting(E/ (G Xz TE)))
by

oo = fen Ll

{C.(fll‘“ﬂk} — {C-allll“'#k}

k
{dx“f»dxﬂk (fsf;'f>} — {‘pz'#l'“#k}
{0} — {ci,#f.‘uk}

Proof. The proof of this proposition is a special case of the observation that the differentials involved are part of
the local BV-BRST differential; this will be a direct consequence of the proof of prop. 11.21 below. H

The local analog of def. 11.6 is now the following definition 11.20 of the “derived prolonged shell” of the theory
(recall the ordinary prolonged shell £° & 5 (E) from (52)):

Definition 11.20. (derived reduced prolonged shell)

b
Let (E,L) be a Lagrangian field theory (def. 5.1) over some spacetime X, and let § g X be a bundle of closed
irreducible gauge parameters (def. 10.6), inducing via prop. 11.19 a section §g; L of the local cotangent Lie
algebroid of the jet bundle gauge-action Lie algebroid.
Then the derived prolonged shell (E/(G Xy TZ'))(SELL:0 is the derived critical locus of &giL, hence the

homotopy pullback of §g L along the zero section of the local cotangent Lie co-algebroid:

E/(GXsTE)s 1ng — E/(GXsT2)
l (pb) 10
E/(GXsTZ) s T3,inf(E/ (G X5 TZ))

As before, for the purpose of our running examples the reader may take the following example as the definition
of the derived reduced prolonged shell (def. 11.20). This is local refinement of example 11.7:

Example 11.21. (local BV-BRST complex)

b
Let (E,L) be a Lagrangian field theory (def. 5.1) over Minkowski spacetime X, and let G g Y be a gauge
parameter bundle (def. 10.6) which is closed (def. 10.26). Assume that both are trivial vector bundles
(example 3.4) with field coordinates as in prop. 11.19.

Then the Chevalley-Eilenberg algebra of the derived prolonged shell (E /(G X5 T)Z'))BELL=0 (def. 11.20) is
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CE((E/(GXsTD)s, 1ug) = (Cw(TE,inf(E x5 G[1] Xz T'2[1])), {(—L + Lpgsr)dvoly, (-)} + d)
=s
where the underlying graded algebra is the algebra of functions on the (-1)-shifted vertical cotangent bundle of
the fiber product of the field bundle with the (+1)-shifted gauge parameter bundle (as in example 11.7) and
the shifted cotangent bundle of X, and where the Chevalley-Eilenberg differential is the sum of the horizontal
derivative d with the BV-BRST differential

s = {(—L+ Lpgsr)dvoly, (—)} (193)
which is the local antibracket (def. 11.15) with the BV-BRST Lagrangian density
(—L+ Lerst) € 08 "*(Tyine[—1](E x5 G[11))
which itself is the sum of (minus) the given Lagrangian density (def. 5.1) with the BRST Lagrangian (192).
The action of the BV-BRST differential on the generators is as follows:

BV-BRST differential
s
field o -

ap,-p
(Zen ChymRa ) gauge symmetry

=sprsT(®?)

ghost field c® - %y"‘ﬁycﬁcl’ Lie bracket

~—
=sgrsT(C®)
SELL
5
=

=spv(9})

SEL by iy %
~(Seen 52 (e, R 0}))

=SBRST(¢§)

antifield qbz - equations of motion

antifield of k
% kK d apy oty N
c - —Yken (D rr——s (Ra t "q,')a) Noether identities

ghost field

=spv(ch)
+y® gpcfck,
N—_————
=sprsr(ch)

and this extends to jets of generatorby sod + d o s = 0.

This is called the local BV-BRST complex.

By introducing a bigrading as in prop. 11.9

¥ +
(C“'/l.lu.#k) <¢a,u1~-yk> <¢j‘1”'ﬂk> (C'7‘1"‘l’-k)
deggh = 0 0 0 +1
degaf = -2 -1 0 0

this splits into the total complex of a bicomplex with

S = Sy t SBRST

with
SBRST SBV
deggh = +1 0
deg,, = 0 +1

as shown in the above table. Under this decomposition, the classical master equation

s2=0 54 {(—L + LBRST)dVOIE , (—L + LBRST)dVOIE} =0

is equivalent to three conditions:
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(sgv)>=0 Noether's second theorem
(SBRST)2 =0 closure of gauge symmetry

gauge symmetry preserves the shell,

[sgv Sgrst] = 0 . .
gauge symmetry acts on Noether identities

(e.q- Barnich 10 (4.10))
Proof. Due to the construction in def. 11.20 the BRST differential by itself is already assumed to square to the
(sBrst) “=0
The remaining conditions we may check on 0-jet generators.
The condition
(SBV)2 =0

is non-trivial only on the antifields of the ghost fields. Here we obtain

k

d
¥ k Ay By g
== > (-Df——=— (R
SBvSBVCa keN( ) dx“l---dx”k( a ¢a)

d* oy, OgLL
_ 1k ap, -y, 9EL
Z (=D dxt---dxPe (Ra 5¢’1)

kEN

That this vanishes is the statement of Noether's second theorem (prop. 10.9).
Next we check
Sy © SrsT 1 SBrsT © SBv = 0

on generators. On the fields ¢ and the ghost fields c® this is trivial (both summands vanish separately). On the
antifields we get on the one hand

o SgLL
SBRSTSBV¢’a = SBRST —5¢a
3 D (v T
7 dxvidxa AT a(l).l\)/lqu o0

and on the other hand

)
o EL by py 4
SBVSBRST¢a = _SBVZk: _6¢a (C,lftlmukRa ! k¢b)

d? 5} b -\ OpLL
_1\4q a HyHy ) YEL
+; ;( 1) dxv1~-~dxvq ( ad)’(,:_llm# (Clﬂl...”kRa ) 6¢b)

q

That the sum of these two terms indeed vanishes is equation (82) in the proof of the on-shell invariance of the
equations of motion under infinitesimal symmetries of the Lagrangian (prop. 6.16)

Finally, on antifields of ghostfields we get

F_ ar ES
SBVSBRSTCa = SBVY aﬂcﬁcm
k

d
= 1 k ap oy
= 7 “apc” RZE:N -1 dacka - dockx (Ra’ ' k¢a)

as well as
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where in the last line we identified the Lie algebra action of infinitesimal symmetries of the Lagrangian on
Noether operators from def. 10.12. Under this identification, the fact that

(SersTSBY + SpvSpRST)CE = 0
is relation (162) in prop. 10.13. W
Example 11.22. (derived prolonged shell in the absence of explicit gauge symmetry - the local BV-complex)

Let (E,L) be a Lagrangian field theory (def. ) with vanishing gauge parameter bundle (def. 10.5) (possibly
because there are no non-trivial infinitesimal gauge symmetries, such as for the scalar field, or because none
were chose), hence with no ghost fields introduced. Then the local derived critical locus of its Lagrangian
density (def. 11.20) is the plain local BV-complex of def. 7.44.

S = Sgy -

Example 11.23. (local BV-BRST complex of vacuum electromagnetism on Minkowski spacetime)

Consider the Lagrangian field theory of free electromagnetism on Minkowski spacetime (example 5.6) with
gauge parameter as in example 10.14. With the field and gauge parameter coordinates as chosen in these
examples

((au)' c)
then the local BV-BRST complex (prop. 11.21) has generators
ct (@H* a, ¢
deg= -2 -1 0 1

together with their total spacetime derivatives, and the local BV-BRST differential s acts on these generators as
follows:

n v . : .
(ahH* » f,  (equations of Motion -- vacuum Maxwell equations)
S ct e (a*)f; (Noether identity)

a > C (infinitesimal gauge transformation)

“ e
More generally:

Example 11.24. (local BV-BRST complex of Yang-Mills theory)

For g a semisimple Lie algebra, consider g-Yang-Mills theory on Minkowski spacetime from example 5.7, with
local BRST complex as in example 10.31, hence with BRST Lagrangian (192) given by

1
Lgrst = (C‘fl - VapyCBaZ)(a*)g + Ey“lgycﬁcyci .

Then its local BV-BRST complex (example 11.21) has BV-BRST differential s = {—L + Lggst, — } given on

0-jets as follows:
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(e.g. Barnich-Brandt-Henneaux 00 (2.8))

So far the discussion yields just the algebra of functions on the derived reduced prolonged shell. We now discuss
the derived analog of the full variational bicomplex (def. 4.11) to the derived reduced shell.

(derived variational bicomplex)

The analog of the de Rham complex of a derived Lie algebroid is called the Weil algebra:

Definition 11.25. (Weil algebra of a Lie algebroid)

Given a derived Lie algebroid a over some X (def. 10.22), its Weil algebra is

W(a) = (Sym e, (M(TineX) @ a. D a[1].), dyy = d + deg),

where d acts as the de Rham differential d: C”(X) — I'(T{,¢X) on functions, and as the degree shift operator
d:a, — a[1], on the graded elements.

smooth manifolds derived Lie algebroids
algebra of functions Chevalley-Eilenberg algebra

algebra of differential forms Weil algebra

Example 11.26. (classical Weil algebra)

Let g be a Lie algebra with corresponding Lie algebroid Bg (example 10.24). Then the Weil algebra (def. 11.25)
of Bg is the traditional Weil algebra of g from classical Lie theory.

Definition 11.27. (variational BV-bicomplex)

Let (E, L) be a Lagrangian field theory (def. 5.1) equipped with a gauge parameter bundle G (def. 10.6) which
is closed (def. 10.26). Consider the Lie algebroid E /(G X5 TX) from example 10.28, whose Chevalley-Eilenberg
algebra is the local BRST complex of the theory.

Then its Weil algebra W(E /(G X5 TX)) (def. 11.25) has as differential the variational derivative (def. 4.11)
plus the BRST differential

dyw =d — (d — spgst)

= 6 + SprsT
Therefore we speak of the variational BRST-bicomplex and write
D5(E/(GX5TD) .
Similarly, the Weil algebra of the derived prolonged shell (E/(G Xz TZ))SELLz o (def. 11.20) has differential
dy =d—(d—y5s)
=06+s '

Since s is the BV-BRST differential (prop. 11.21) this defines the “BV-BRST variational bicomplex”.

global BV-BRST complex
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Finally we may apply transgression of variational differential forms to turn the local BV-BRST complex on
smooth functions on the jet bundle into a global BV-BRST complex on graded local observables on the graded
space of field histories.

Definition 11.28. (global BV-BRST complex)

Let (E, L) be a Lagrangian field theory (def. 5.1) equipped with a gauge parameter bundle G (def. 10.6) which

is closed (def. 10.26). Then on the local observables (def. 7.39) on the space of field histories (def. 3.1) of the
graded field bundle

Egy-BRST = Tx,ine[ —1](E x5 G[1])
underlying the local BV-BRST complex (189), consider the linear map

{=-}
LOCObS(EBv_BRST) ® LOCObS(EBv_BRST) e LOCObS(EBv_BRST) (194)

75(a), Tx(B) = s({a, B})

where a, § € ﬂ}’_ﬁpl"’(EBV_BRST) (def. 7.31), where 75 denotes transgression of variational differential forms
(def. 7.32), and where on the right { —, —} is the local antibracket (def. 11.15).

This is well-defined, in that this formula indeed depends on the horizontal differential forms a and 8 only
through the local observables 75 (), 75(f) which they induce. The resulting bracket is called the (global)
antibracket.

Indeed the formula makes sense already if at least one of @, f# have compact spacetime support (def. 7.31), and
hence the transgression of the BV-BRST differential (193) is a well-defined differential on the graded local
observables

{—tsL+75Lgrst, — }: LocObs(Egy.grsT) — LocObs(ERy.BRST)

where by example 7.34 we may think of the first argument on the left as the BV-BRST action functional without
adiabatic switching, which makes sense inside the antibracket when acting on functionals with compact
spacetime support. Hence we may suggestively write

{—=S+Sgrst, —} = {~1yL+1yLgrst, —} (195)

for this (global) BV-BRST differential.

This uniquely extends as a graded derivation to multilocal observables (def. 7.39) and from there along the
dense subspace inclusion (107)

dense
PolyMultiLocObs(Egy.grsT) > PolyObs(ERy.BRST)

to a differential on off-shell polynomial observables (def. 7.13):

{—S’ +S,BRST} : POlyObS(EBv_BRST) — PO]yObS(EBv_BRST)
This differential graded-commutative superalgebra

(196)

PolyObs(Egy.grsT), (—) - (=) |, {—S" +S"gRsT, —}
vector space product differential

is the global BV-BRST complex of the given Lagrangian field theory with the chosen gauge parameters.
Proof. We need to check that the global antibracket (194) is well defined:

By the last item of prop. 11.16 the horizontally exact horizontal differential forms form a “Lie ideal” for the local
antibracket. With this the proof that the transgressed bracket is well defined is the same as the proof that the
global Poisson bracket on the Hamiltonian local observables is well defined, def. 8.15. W

Example 11.29. (global BV-differential in components)

In the situation of def. 11.28, assume that the field bundles of all fields, ghost fields and auxiliary fields are
trivial vector bundles, with field/ghost-field/auxiliary-field coordinates on their fiber product bundle
collectively denoted (¢*).

Then the first summand of the global BV-BRST differential (def. 11.28) is given by

(197)
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where

1.P: T'y(E) > I's(E)
is the differential operator (66) from def. 5.24, corresponding to the Euler-Lagrange equations of motion.
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is the sum of the cohomological degree and of the super-degree of @ (as in def. 10.17, def. ).

It follows that the cochain cohomology of the global BV-differential {—S’, —} (196) in deg,, = 0 is the space of

on-shell polynomial observables:

PO]yObS(EBV—BRST)def(af: 0 /1m({ —S’, —}) = PO]yObS(EBv_BRST, L’) . (198)
off-shell on-shell

Proof. By definition, the part L' of the gauge fields Lagrangian density is independent of antifields, so that the
local antibracket with L’ reduces to

Bl 8

, EL

U=} = —5—3
8¢” &g

With this the expression for {—S’, —} follows directly from the definition of the global antibracket (def. 11.28)
and the Euler-Lagrange equations (66)
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where the sign (—1) is the relative sign between

el
and%,{ (def. 11.11):

By the assumption that L' defines a free field theory, L' is quadratic in the fields, so that from deg(L) = 0 it
follows that the derivations from the left and from the right differ by the relative sign

(_1)("@")”@’*) +”(¢“)”(¢“)) - (_1)("<¢A) +”(¢A))

=(-1) deg(¢™)

From this the identification (198) follows by (102) in theorem 7.29. W

This concludes our discussion of the reduced phase space of a Lagrangian field theory exhibited, dually by its
local BV-BRST complex. In the next chapter we finally turn to the key implication of this construction: the gauge
fixing of a Lagrangian gauge theory which makes the collection of fields and auxiliary fields (ghost fields and
antifields) jointly have a (differential-graded) covariant phase space.

12. Gauge fixing
In this chapter we discuss the following topics:

1. Quasi-isomorphisms between local BV-BRST complexes
1. gauge fixing chain maps;

2. Example: gauge fixed electromagnetic field

While in the previous chapter we had constructed the reduced phase space of a Lagrangian field theory,
embodied by the local BV-BRST complex (example 11.21), as the homotopy quotient by the infinitesimal gauge
symmetries of the homotopy intersection with the shell, this in general still does not yield a covariant phase
space of on-shell field histories (prop. 8.7), since Cauchy surfaces for the equations of motion may still not exist
(def. 8.1).
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However, with the homological resolution constituted by the BV-BRST complex in hand, we now have the
freedom to adjust the field-content of the theory without changing its would-be reduced phase space, namely
without changing its BV-BRST cohomology. In particular we may adjoin further “auxiliary fields” in various
degrees, as long as they contribute only a contractible cochain complex to the BV-BRST complex. If such a quasi-
isomorphism of BV-BRST complexes brings the Lagrangian field theory into a form such that the equations of
motion of the combined fields, ghost fields and potential further auxiliary fields are Green hyperbolic differential
equations after all, and thus admit a covariant phase space, then this is called a gauge fixing (def. 12.2 below),
since it is the infinitesimal gauge symmetries which obstruct the existence of Cauchy surfaces (by prop. 10.1 and
remark 10.6).

The archetypical example is the Gaussian-averaged Lorenz gauge fixing of the electromagnetic field (example

12.9 below) which reveals that the gauge-invariant content of electromagnetic waves is only in their transversal
wave polarization (prop. 12.14 below).

The tool of gauge fixing via quasi-isomorphisms of BV-BRST complexes finally brings us in position to consider,
in the following chapters, the quantization also of gauge theories: We use gauge fixing quasi-isomorphisms to
bring the BV-BRST complexes of the given Lagrangian field theories into a form that admits degreewise
quantization of a graded covariant phase space of fields, ghost fields and possibly further auxiliary fields,
compatible with the gauge-fixed BV-BRST differential:

pre-quantum geometry higher pre-quantum geometry

homotopy quotient by dg-Lagrangian field theory with
Lagrangian field theory with gauge transformations

quotiented by gauge transformations
infinitesimal gauge transformations
embodied by BRST complex

pass to
l derived critical locus

dg-reduced phase space
embodied by BV-BRST complex

= l fix gauge
decategorified
dg-covariant
covariant ————
pass to cohomology reduced phase space
reduced phase space
quantize
degreewise
gauge invariant quantum
-
quantum observables pass to cohomology BV-BRST complex
Here:
term meaning

“phase space” derived critical locus of Lagrangian equipped with Poisson bracket

“reduced” gauge transformations have been homotopy-quotiented out

“covariant” Cauchy surfaces exist degreewise

quasi-isomorphisms between local BV-BRST complexes

Recall (prop. 11.10) that given a local BV-BRST complex (example 11.21) with BV-BRST differential s, then the
space of local observables which are on-shell and gauge invariant is the cochain cohomology of s in degree zero:

HO(s| d) gauge invariant on-shell
S =
local observables

The key point of having resolved (in chapter Reduced phase space) the naive quotient by infinitesimal gauge
symmetries of the naive intersection with the shell by the L-infinity algebroid whose Chevalley-Eilenberg algebra
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is called the local BV-BRST complex, is that placing the reduced phase space into the context of homotopy
theory/homological algebra this way provides the freedom of changing the choice of field bundle and of
Lagrangian density without actually changing the Lagrangian field theory up to equivalence, namely without
changing the cochain cohomology of the BV-BRST complex.

A homomorphism of differential graded-commutative superalgebras (such as BV-BRST complexes) which
induces an isomorphism in cochain cohomology is called a quasi-isomorphism. We now discuss two classes of
quasi-isomorphisms between BV-BRST complexes:

1. gauge fixing (def. 12.2 below)
2. adjoining auxiliary fields (def. 12.5 below).

gauge fixing chain maps

Proposition 12.1. (local anti-Hamiltonian flow is automorphism of local antibracket)

Let

CE(E/(G Xz TE)g, 1~o) = (n%"(T;,m[—u(E X5 G1]) X5 TE[1]), deg = {~L + Lggst, —} + d)
S
be a local BV-BRST complex of a Lagrangian field theory (E, L) (example 11.21).
Then for
Lgt € 07"V (Tsine(E x5 §) x5 TE[1])

a Lagrangian density (def. 5.1) on the graded field bundle

Lgf = Lgf dVOlZ
of degree
deg(L) = (—1,even)
then the exponential of forming the local antibracket (def. 11.15) with Lgg

e{Lgf' o
2Ty [ —11(E x5 G[1]) 0 (T3 e[ —11(E x5 G[11))

K i {Lgn K + %{Lgf' {Lgr, KJf + %{Lgf' {Lgr, {Lgr, KJJj + -

is an endomorphism of the local antibracket (def. 11.15) in that

el -J({A, B) = {e{q,_,}(A)‘ ew,,,}(B)}

and in fact an automorphism, with inverse morphism given by

-1
(e{w,—}(_)) = el=¥. =3,
We may think of this as the Hamiltonian flow of Lg¢ under the local antibracket.

In particular when applied to the BV-Lagrangian density

Sgr = {e{Lgf'i}(_L‘l'LBRST)' _}

this yields another differential

(ng)z =0

and hence another differential graded-commutative superalgebra (def. 10.17)

CE(E/(G D& 1ag) = |28 (Tome —11(E x5 G[1]) X3 TE[1]), dee = fels H(—L + Lgpsr), —| + d

Sgf

Finally, e{[‘gf' - constitutes a chain _map from the local BV-BRST complex to this deformed version, in fact a
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homomorphism of differential graded-commutative superalgebras, in that

ng o e{l‘gf' _} = e{l‘gf' _} oS .

Proof. By prop. 11.16 the local antibracket { —, —} is a graded derivation in its second argument, of degree one
more than the degree of its first argument (191). Hence for the first argument of degree -1 this implies that

eller ) s an automorphism of the local antibracket. Moreover, it is clear from the definition that {Lgf, —} is a

derivation with respect to the pointwise product of smooth functions, so that eller 7} is also a homomorpism of
graded algebras.

Since els® 7} is an automorphism of the local antibracket, and since s and sy are themselves given by applying
the local antibracket in the second argument, this implies that eller 7} respects the differentials:

e{'—gfv -}
A - eller —}( A)
sl ngf
{(—L + Lggsr), A} m {E{Lgf' _}(_L + Lgrst) s eller _}(A)}

Definition 12.2. (gauge fixing Lagrangian density)

Let

CE(E/(G x5 TZ)(;ELL:O) = (ﬂg'O(T)*:,inf[_l](E Xy G[1]) Xy TE[1]), dcg = {~L + Lgpst, —} + d)

S

be a local BV-BRST complex of a Lagrangian field theory (E, L) (example 11.21) and let
Lgt € 077 (Thine(E x5 §) x5 TE[1])

be a Lagrangian density (def. 5.1) on the graded field bundle such that

deg(Lgr) = —1.

If the quasi-isomorphism of BV-BRST complexes given by the local anti-Hamiltonian flow Lg¢ via prop. 12.1

_ f “ai f
elter =} CE(E/(G x5 TOE | _0) — CB(E/(Gxs TDE )
is such that for the transformed graded Lagrangian field theory

- L +Lgrsr = ellet }(—L + Lggst) (199)
deg, ;=0

(with Lagrangian density L’ the part independent of antifields) the Euler-Lagrange equations of motion (def.

Lagrangian field theory, and L’ the corresponding gauge fixed form of the original Lagrangian density L.

Remark 12.3. (warning on terminology)

denoted by “i” (Henneaux 90, section 8.3, 8.4).

Here “fermion” is meant as a reference to the fact that the cohomological degree deg(Lgs) = —1, which is

reminiscent of the odd super-degree of fermion fields such as the Dirac field (example 3.50); see at signs in
supergeometry the section The super odd sign rule.

Example 12.4. (gauge fixing via anti-Lagrangian subspaces)

1. its local antibracket-square vanishes

{Lgf* {Lgf' - }} =0
hence its anti-Hamiltonian flow has at most a linear component in its argument A:
eller A = A+ (L, A}

2.itis independent of the antifields
degaf(l‘gf) =0.
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Then with

o (¢™) collectively denoting all the field coordinates

(including the actual fields ¢ ¢, the ghost fields c* as well as possibly further auxiliary fields)

3 (¢i) collectively denoting all the antifield coordinates

(includion the antifields gbz of the actual fields, the antifields cz of the ghost fields as well as those of
possibly further auxiliary fields )

we have

()" = eller l(gp)
= ¢

@)% = eller ~i(g})

P
5EL Lgf

Yo

:¢j_

written as

—L' +L'ggsr = el'e" “I(~L + Lyggr)
= (—L+ Lgrs1) (¢, (1))
where the notation on the right denotes that ¢' is substituted for ¢ and ¢'; for ¢#.

This means that the defining condition that L’ be the antifield-independent summand (199), which we may
write as

L' = (—L + LBRST)(¢, (®), ¢¢ = 0)

translates into

SeLL
L' = (—L + LBRST)(¢,' ((;b’)i = _%ﬁ) .

and item (iii)).

adjoining contractible cochain complexes of auxiliary fields

Typically a Lagrangian field theory (E,L) for given choice of field bundle, even after finding appropriate gauge

contractible complex, hence without changing the cochain cohomology of the BV-BRST complex:

Definition 12.5. (auxiliary fields and antighost fields)

Over Minkowski spacetime X, let

aux

A— X

be any graded vector bundle (remark 10.23), to be regarded as a field bundle (def. 3.1) for auxiliary fields. If
this is a trivial vector bundle (example 3.4) we denote its field coordinates by (b"). On the corresponding
graded bundle with degrees shifted down by one

aux[—1]
e

A[-1]

we write (%) for the induced field coordinates.

Accordingly, the shifted infinitesimal vertical cotangent bundle (def. 11.14) of the fiber product of these
bundles

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...
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Tx,ine[ —1](A X5 AT[-1])

has the following coordinates:

antifield of antifield of
name: antighost field auxiliary field
antighost field auxiliary field
symbol: E? bf ¢t b’
deg= —(deg(b)—1)—1 —deg(b)—1 deg(h)—1 deg(bh)
= —deg(b)

On this fiber bundle consider the Lagrangian density (def. 5.1)
Laux € 28" (T ine[~11(A x5 A[~1])) (200)
given in local coordinates by
Loy = ¢ib'dvoly .

This is such that the local antibracket (def. 11.15) with this Lagrangian acts on generators as follows:

{Lauo =} (201)
auxiliary field b - 0
antighost field ¢t - b
antifield of auxiliary field bf - —Ef
antifield of antighost field E? o 0

Remark 12.6. (warning on terminology)

Beware that when adjoining antifields as in def. 12.5 to a Lagrangian field theory which also has ghost fields
(¢%) adjoined (example 10.28) then there is no relation, a priori, between

o the “antighost field” ¢t
and
o the “antifield of the ghost field” 02
In particular there is also the
o “antifield of the antighost field” Z‘ZF
The terminology and notation is maybe unfortunate but entirely established.
The following is immediate from def. 12.5, in fact this is the purpose of the definition:

Proposition 12.7. (adjoining auxiliary fields is quasi-isomorphism of BV-BRST complexes)

Let

CE(E/(G X5 TZ)SELLzo) = (ﬂg'O(TE,inf[_l](E X3 G[1]) Xz TE[1]), deg = {~L + Lggst, —} + d)

S

be a local BV-BRST complex of a Lagrangian field theory (E,L) (example 11.21).

Let moreover A s be any auxiliary field bundle (def. 12.5). Then on the fiber product of the original field
bundle E and the shifted gauge parameter bundle G[1] with the auxiliary field bundle A the sum of the original
BV-Lagrangian density —L + Lgrgt with the auxiliary Lagrangian density L,y (200) induce a new differential
graded-commutative superalgebra:

CE(E/(G %z (Axz A[-1D) Xz TD)5 ™, )

SgLL=0

S

= (ng'O(T;‘,inf[_l](E Xy G[1] X5 (A Xz A[—1])) X5 TZ[1]), dcg = {(—L + Lggst + Lag)dvoly, —} + d)

with generators
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fields ¢ E ¢!  antifields

antifields of

R+

host fields c* 1 c
& sl ghost fields

antifields of

o
i

auxiliary fields b A
auxiliary fields

antifields of

e

antighost fields ¢@ A[-1] ©
antighost fields

Moreover, the differential graded-commutative superalgebra of auxiliary fields and their antighost fields is a
contractible chain complex

(02°(A xz A[-1]), deg = b dvoly, —}) 0
and thus the canonical inclusion map

CE(E/(G Xy X5 TE)y, o) —— CE(E/(G X5 (A X5 A[~1]) X T2 _)

SgLL=0

(of the original BV-BRST complex into its tensor product with that for the auxiliary fields and their antighost
fields) is a quasi-isomorphism.

Proof. From (201) we read off that

1. the map Saux = {Laux, —} is a differential (squares to zero), and the auxiliary Lagrangian density satisfies
its classical master equation (remark 11.17) strictly
{Laux Laux} = 0

2. the cochain cohomology of this differential is trivial:
H.(SBHX) = 0

3. The local antibracket of the BV-Lagrangian density with the auxiliary Lagrangian density vanishes:
{—L+ Lgrst, Law} = 0

Together this implies that the sum —L + Lggst + L,y satisfies the classical master equation (remark 11.17)

{(—L + Lggrst + Laux) , (_L + Lggst + Laux)} =0
and hence that
S+ Squx = {_L + Lgrst + Lauwx, — }

is indeed a differential; such that its cochain cohomology is identified with that of s = { —L + Lgggt, —} under
the canonical inclusion map. H

Remark 12.8. (gauge fixed BV-BRST field bundle)
In conclusion, we have that, given

1. (E,L) a Lagrangian field theory (def. 5.1), with field bundle E (def. 3.1);

2. G a choice of gauge parameters (def. 10.5),
hence
G[1] a choice of ghost fields (example 10.28);

3. A a choice of auxiliary fields (def. 12.5),
hence
A[ —1] a choice of antighost fields (def. 12.5)

4. T int[ —1](-+*) the corresponding antifields (def. 11.14)

then the result is a new Lagrangian field theory

(Ey-BRsT-L")

now with graded field bundle (remark 10.23) the fiber product
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EBy-BRST = Trine| E xzy Gl Xz A Xz A[-1]

anti- | fields ghost  auxiliary  antighost
fields fields fields fields

and with Lagrangian density L’ independent of the antifields, but complemented by an auxiliary Lagrangian

density L,BRST .

The key point being that L’ admits a covariant phase space (while L may not), while in BV-BRST cohomology,
both theories still have the same gauge-invariant on-shell observables.

Gauge fixed electromagnetic field

As an example of the general theory of BV-BRST gauge fixing above we now discuss the gauge fixing of the
electromagnetic field.

Consider the local BV-BRST complex for the free electromagnetic field on Minkowski spacetime from example
11.23:

The field bundle is E := T"X and the gauge parameter bundle is G := X X R. The 0-jet field coordinates are

ct (@ a, c

deg= -2 -1 0 1
the Lagrangian density is (43)
1
Lgw =5 [, f* (202)
and the BV-BRST differential acts as:
BV-BRST
differential
electromagnetic field
a - c auge transformation
("vector potential") # g saug
ghost field c = 0 abelian Lie algebra
antifield of a¥)¥ = Jits equations of motion
electromagnetic field ’
antifield of
Hostficld c* - (a*)‘; Noether identity
ghostfie '
Nakanishi-Lautrup field b = 0 vanishing of auxiliary fields...
antighost field c I b ... in cohomology
antifield of s
Nakanishi.L field - —c*  vanishing of antifields of auxiliary fields...
akanishi-Lautrup fie
antifield of
¢t - 0 ... in cohomology

antighost field

Introduce a trivial real line bundle for auxiliary fields b in degree 0 and their antighost fields € (def. 12.5) in

degree -1:
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c~b
XX (c) — X x(b)
deg = -1 0

In the present context the auxiliary field b is called the abelian Nakanishi-Lautrup field.

The corresponding BV-BRST complex with auxiliary fields adjoined, which, by prop. 12.7, is quasi-isomorphic
to the original one above, has coordinate generators

ct (@H* a, ¢

[ b
p* ¢t
deg= -2 -1 0 1

and BV-BRST differential given by the local antibracket (def. 11.15) with —Lgy + Lgrst + Laux:

s = | 5 fuf™ +cul@®* + bet |dvoly, (-)
~— =Laux
t[; =LBRsT

electromagnetic field
1
Ly € 0F7H(E x5 G[1] x5 A Xz A[-1]) .

is given by (Henneaux 90 (103a))

Ly = _c_ (b—a')dvoly. (203)
deg=-1~———
deg=0

be

{Ler, (—Len + Lprst + Lauo)} = {e(b = a’y) dvoly, (=5 £, f* + ¢4 (a®)* + be*)dvoly]

= {e(b — a',) dvolg, be* dvolg} + {c(b — a',) dvoly, ¢, (a®)* dvols}

—(b(b—a',) + ¢ ,c*) dvolg

0

{Lgf: {Lgfr (_L + LBRST + Laux)}}

(So we are in the traditional situation of example 12.4.)

Therefore the corresponding gauge fixed Lagrangian density (199) is (see also Henneaux 90 (103b)):

=L’ +L'grgr = eltsr 7}( —Lgy + Lprst + Laux) (204)

= - %fwf”v+b(b—af;)+ﬁluc'” dvoly + | c,(a®H¥+ bec* |dvoly
—_— ——

—L =Laux
=Lgm = _{Lgf:LBRST+LauX} =~ LBRST

=L =LrgrsT

The Euler-Lagrange equation of motion (def. 5.24) induced by the gauge fixed Lagrangian density L' at
antifield degree 0 are (using (64)):

d 205
_me’:b'v Oa* =0 (205)
1
1 b=-diva
sl =0 o b=ja, o 2
ot =0 Oc =
c b =0 oc=0

(e.g. Rejzner 16 (7.15) and (7.16)).

(Here in the middle we show the equations as the appear directly from the Euler-Lagrange variational

derivative (prop. 5.12). The differential operator 0 = n“vﬁ % on the right is the wave operator (example
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5.27) and div denotes the divergence. The equivalence to the equations on the right follows from using in the
first equation the derivative of the second equation on the left, which is b"* = %a‘“’,u and recalling the

— : d cuv _ 1o, :
definition of the universal Faraday tensor (30): - f*" = 7 (av#, —a™” ,))

Now the differential equations for gauge-fixed electromagnetism on the right in (205) are nothing but the
wave equations of motion of (p + 1) + 1 + 1 free massless scalar fields (example 5.27).

As such, by example 7.20 they are a system of Green hyperbolic differential equations (def. 7.19), hence admit
Cauchy surfaces (def. 8.1).

Therefore (204) indeed is a gauge fixing of the Lagrangian density of the electromagnetic field on Minkowski
spacetime according to def. 12.2.

The gauge-fixed BRST operator induced from the gauge fixed Lagrangian density (204) acts as

s'BrsT = (206)
{(c n(a®* + bec*)dvoly, (—)}
ay = Cu
b -
4 -

From this we immediately obtain the propagators for the gauge-fixed electromagnetic field:

Proposition 12.10. (photon propagator in Gaussian-averaged Lorenz gauge)

After fixing Gaussian-averaged Lorenz gauge (example 12.9) of the electromagnetic field on Minkowski
spacetime, the causal propagator (prop. 7.24) of the combined electromagnetic field and Nakanishi-Lautrup field

is of the form
hot
AEMEL _ AP
* *
with
h
AR xy) = n,A),
where

1. Ny is the Minkowski metric tensor (def. 2.17);

Accordingly the Feynman propagator of the electromagnetic field in Gaussian-averaged Lorenz gauge is

@R, () = 0,866 Y),

This is also called the photon propagator.

Hence by prop. 9.64 the distributional Fourier transform of the photon propagator is

~Shoton
aphoton gy —
e ® —k"k, +i0"

(this is a special case of Khavkine 14 (99), see also Rejzner 16, (7.20))

Proof. The Gaussian-averaged Lorenz gauge-fixed equations of motion (205) of the electromagnetic field are just
(p + 1) uncoupled massless Klein-Gordon equations, hence wave equations (example 5.27) for the (p + 1) real

components of the electromagnetic field (“vector potential”)

0A4,=0 unwe{0,1,-,p}.
This shows that the propoagator is proportional to that of the real scalar field.

To see that the index structure is as claimed, recall that the domain and codomain of the advanced and retarded

propagators in def. 7.18 is

((G) ) B
I's(TY) —— TI'x(T'Y)
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corresponding to a differential operator for the equations of motion which by (64) and (205) is given by

" n~ten
ry(T'y)y —— TI3(TY)
Ay -  n*oAd,

Then the defining equation (93) for the advanced and retarded Green functions is, in terms of their integral
kernels, the advanced and retarded propagators A,

148 [ (00, ()4 dvols(0) = 47
yEX
This shows that
@5y = 1A

with 4, the advanced and retarded propagator of the free real scalar field on Minkowski spacetime (prop. 9.52),
and hence

B = (4, — (40,
= (45 =40
= nuvA
|

Next we compute the gauge-invariant on-shell polynomial observables of the electromagnetic field. The result
will involve the following concept:

Definition 12.11. (wave polarization of linear observables of the electromagnetic field)

Consider the electromagnetic field on Minkowski spacetime X, with field bundle the cotangent bundle

The space of off-shell linear observables is spanned by the point evaluation observables
e*A,(x) € LinObs(T"X)
where

1.e = (e*) € R is some vector;

2.x € RP! is some point in Minkowski spacetime
3.A,() : Ap Au(x)
is the functional which sends a section A € I'y(E) = 2(%) to its y-component at x.

After Fourier transform of distributions this is
N *
e*A, (k) € LinObs(TX)
for k = (k,) € (R”")" the wave vector

for e = (e*) € RP* the wave polarization

The linear on-shell observables are spanned by the same expressions, but subject to the condition that
2 _puy
| k| 0= k"k, =0

hence

LinObs(T"%, Lgy)

<e”ﬁu(k) | kkk, = 0>

We say that the space of transversally polarized linear on-shell observables is the quotient vector space

(e"A, (k) | k"k, = 0 and etk, = 0) (207)
(e# R, (k) | K"k, = 0 and e,  k,)

LinObs(T"Z, Lgy)

trans

of those observables whose Fourier modes involve wave polarization vectors e that vanish when contracted
with the wave vector k, modulo those whose wave polarization vector e is proportional to the wave vector.

For example if k = (x, 0, -+, k), then the corresponding space of transversal polarization vectors may be
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identified with {e | e = (0, ey, €5, -, €54, 0)}.

Proposition 12.12. (BRST cohomology on linear on-shell observables of the Gaussian-averaged Lorenz
gauge fixed electromagnetic field)

spacetime, the global BRST cohomology (def. 11.28) on the Gaussian-averaged Lorenz gauge fixed (def. 12.9) on-

shell linear observables (def. 7.3) at deggh = 0 (prop. 11.9) is isomorphic to the space of transversally polarized
linear observables, def. 12.11:

HO(LinObs(T"X x5 A X5 A[—1] X5 G[1],L'),s'ggst) = LinObs(T"Z, L),y -

(e.g. Dermisek 09 II-5, p. 325)

Proof. The gauge fixed BRST differential (206) acts on the Fourier modes of the linear observables (def. 7.3) as

follows
s"BRsT
antighost A N Nakanishi-Lautrup
(k) o B(k)
field field
i Lorenz gauge
S S W () sate
on-shell 2 condition
polarization contracted
electromagnetic A A
field ekA, (k) +~ i(e"k#)C(k) with wave vector
ie
times ghost field
Nakanishi-Lautrup N
B - 0

field

This impies that the gauge fixed BRST cohomology on linear on-shell observables at deggh = 0 is the space of

transversally polarized linear observables (def. 12.11):

{e# B, (k) | Kk, = 0 and 0 = dygsr(eA, (k) ) = i(etk,)Ck)} (208)

H°(LinObs(E, Lgy), S'grsT) :

{euﬁu(k) | K"k, = 0 and et A, (k) o« s'prst (C(K)) = - k* ﬁﬂ(k)}

|

N
{e# A, (k) | KMk, =0 and etk

w=0
{er R, (k) | Kk, = 0 and ek o k]
u u

LinObS(T*Z, LEM)

trans

AN FaY
Here the first line is the definition of cochain cohomology (using that both B and C are immediately seen to
vanish in cohomology), the second line is spelling out the action of the BRST operator and using the on-shell

relations (205) for ﬁ and the last line is by def. 12.11. H
As a corollary we obtain:

Proposition 12.13. (BRST cohomology on polynomial on-shell observables of the Gaussian-averaged Lorenz
gauge fixed electromagnetic field)

After fixing Gaussian-averaged Lorenz gauge (example 12.9) of the electromagnetic field on Minkowski
spacetime, the global BRST cohomology (def. 11.28) on the Gaussian-averaged Lorenz gauge fixed (def. 12.9)

polynomial on-shell observables (def. 7.13) at deggh =0 (prop. 11.9) is isomorphic to the distributional

polynomial algebra on transversally polarized linear observables, def. 12.11:

H°(PolyObs(T"E X5 G[1] X5 A Xz A[~1],L),'srst) = Sym(LinObs(T ", Lgn),,..) (209)

Proof. Generally, if (V°,d) is a cochain complex over a ground field of characteristic zero (such as the real
numbers in the present case) and Sym(V*, d) the differential graded-symmetric algebra that it induces (this
example), then

217 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/observables
https://ncatlab.org/nlab/show/observables
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/electromagnetic+field
https://ncatlab.org/nlab/show/electromagnetic+field
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NLGaugeFixingOfElectromagnetism
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NLGaugeFixingOfElectromagnetism
https://ncatlab.org/nlab/show/electromagnetic+field
https://ncatlab.org/nlab/show/electromagnetic+field
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ComplexBVBRSTGlobal
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ComplexBVBRSTGlobal
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NLGaugeFixingOfElectromagnetism
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NLGaugeFixingOfElectromagnetism
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/linear+observables
https://ncatlab.org/nlab/show/linear+observables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DerivedCriticalLocusOfActionLiAlgebroidBicomplexStructure
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DerivedCriticalLocusOfActionLiAlgebroidBicomplexStructure
https://ncatlab.org/nlab/show/isomorphism
https://ncatlab.org/nlab/show/isomorphism
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesOfElectromagenticFieldWavePolarization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesOfElectromagenticFieldWavePolarization
https://ncatlab.org/nlab/show/wave+polarization#Dermisek09
https://ncatlab.org/nlab/show/wave+polarization#Dermisek09
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:GaussianAveragedLorentzGaugeFixedBRSTOperator
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:GaussianAveragedLorentzGaugeFixedBRSTOperator
https://ncatlab.org/nlab/show/Fourier+transform
https://ncatlab.org/nlab/show/Fourier+transform
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservables
https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesOfElectromagenticFieldWavePolarization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesOfElectromagenticFieldWavePolarization
https://ncatlab.org/nlab/show/cochain+cohomology
https://ncatlab.org/nlab/show/cochain+cohomology
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:LorenzGaugeFixedEOMForVacuumElectromagnetism
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:LorenzGaugeFixedEOMForVacuumElectromagnetism
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesOfElectromagenticFieldWavePolarization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesOfElectromagenticFieldWavePolarization
https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/observables
https://ncatlab.org/nlab/show/observables
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/electromagnetic+field
https://ncatlab.org/nlab/show/electromagnetic+field
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NLGaugeFixingOfElectromagnetism
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NLGaugeFixingOfElectromagnetism
https://ncatlab.org/nlab/show/electromagnetic+field
https://ncatlab.org/nlab/show/electromagnetic+field
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/BRST+cohomology
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ComplexBVBRSTGlobal
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ComplexBVBRSTGlobal
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/Gaussian-averaged+Lorenz+gauge
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NLGaugeFixingOfElectromagnetism
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NLGaugeFixingOfElectromagnetism
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PolynomialObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PolynomialObservables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DerivedCriticalLocusOfActionLiAlgebroidBicomplexStructure
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#DerivedCriticalLocusOfActionLiAlgebroidBicomplexStructure
https://ncatlab.org/nlab/show/isomorphism
https://ncatlab.org/nlab/show/isomorphism
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesOfElectromagenticFieldWavePolarization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LinearObservablesOfElectromagenticFieldWavePolarization
https://ncatlab.org/nlab/show/ground+field
https://ncatlab.org/nlab/show/ground+field
https://ncatlab.org/nlab/show/characteristic+zero
https://ncatlab.org/nlab/show/characteristic+zero
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/real+numbers
https://ncatlab.org/nlab/show/symmetric+algebra
https://ncatlab.org/nlab/show/symmetric+algebra
https://ncatlab.org/nlab/show/symmetric+algebra#SymmetricAlgebraInCoChainComplexes
https://ncatlab.org/nlab/show/symmetric+algebra#SymmetricAlgebraInCoChainComplexes
https://ncatlab.org/nlab/show/symmetric+algebra#SymmetricAlgebraInCoChainComplexes
https://ncatlab.org/nlab/show/symmetric+algebra#SymmetricAlgebraInCoChainComplexes

geometry of physics -- perturbative quantum field theory in nLab

218 of 323

H*(Sym(V,d)) = Sym(H"(V,d)) .

(by this prop.). W

In conclusion we finally obtain:

Proposition 12.14. (gauge-invariant polynomial on-shell observables of the free field theory
electromagnetic field)

The BV-BRST cohomology on infinitesimal observables (def. 7.43) of the free electromagnetic field on Minkowski
spacetime (example 11.23) at deggh = 0 is the distributional polynomial algebra in the transversally polarized

linear on-shell observables, def. 12.11, as in prop. 12.13.

Proof. By the classes of quasi-isomorphisms of prop. 12.1 and prop. 12.7 we may equivalently compute the
cohomology if the BV-BRST complex with differential s’, obtained after Gaussian-averaged Lorenz gauge fixing
from example 12.9. Since the equations of motion (205) are manifestly Green hyperbolic differential equations
after this gauge fixing Cauchy surfaces for the equations of motion exist and hence prop. 10.1 together with prop.
10.4 implies that the gauge fixed BV-complex s'gy has its cohomology concentrated in degree zero on the on-
shell observables. Therefore prop. 11.10 (i.e. the collapsing of the spectral sequence for the BV/BRST bicomplex)
implies that the gauge fixed BV-BRST cohomology at ghost number zero is given by the on-shell BRST-
cohomology. This is characterized by prop. 12.13. i

This concludes our discussion of gauge fixing. With the covariant phase space for gauge theories obtained
thereby, we may finally pass to the quantization of field theory to quantum field theory proper, in the next
chapter.

13. Quantization
In this chapter we discuss the following topics:

* Motivation from Lie theory

Geometric quantization

Moyal star products

Moyal star product as deformation quantization

Moyal star product via geometric quantization

Example: Wick algebra of normal ordered product on Kdhler vector space

e Star-product on reqular polynomial observables in field theory

In the previous chapters we had found the Peierls-Poisson bracket (theorem 8.8) on the covariant phase space

This Poisson bracket (def. 13.6 below) is a Lie bracket and hence reflects infinitesimal symmetries acting on the
covariant phase space. Just as with the infinitesimal symmetries of the Lagrangian and the BRST-reduced field
bundle (example 10.28), we may hard-wire these Hamiltonian symmetries into the very geometry of the phase
space by forming their homotopy quotient given by the corresponding Lie algebroid (def. 10.22): here this is
called the Poisson Lie algebroid. Its Lie integration to a finite (instead of infinitesimal) structure is called the
symplectic groupoid. This is the original covariant phase space, but with its Hamiltonian flows hard-wired into its
higher differential geometry (Bongers 14, section 4).

Where smooth functions on the plain covariant phase space form the commutative algebra of observables under
their pointwise product (def. 7.1), the smooth functions on this symplectic groupoid-refinement of the phase
space are multiplied by the groupoid convolution product and as such become a non-commutative algebra of
quantum observables. This passage from the commutative to the non-commutative algebra of observables is
called quantization, here specifically geometric quantization of symplectic groupoids (Hawkins 04, Nuiten 13).

Instead of discussing this in generality, we here focus right away on the simple special case relevant for the
quantization of gauge fixed free Lagrangian field theories in the next chapter.

After an informal motivation of geometric quantization from Lie theory below (for a self-contained introduction
see Bongers 14), we first showcase geometric quantization by discussing how the archetypical example of
quantum mechanics in the Schréodinger representation arises from the polarized action of the Poisson bracket Lie
algebra (example 13.1 below). With the concept of polarization thus motivated, we use this to find the polarized
groupoid convolution algebra of the symplectic groupoid of a free theory (prop. 13.11 below).
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The result is the “Moyal-star product” (def. 13.2 below). This is the exponentiation of the integral kernel of the
Poisson bracket plus possibly a symmetric shift (prop. 13.5 below); it turns out to be (example 13.8 below) a
formal deformation quantization of the original commutative pointwise product (def. 13.7 below).

Below we spell out the (elementary) proofs of these statements for the case of phase spaces which are finite
dimensional vector spaces. But these proofs manifestly depend only on elementary algebraic properties of
polynomials and hence go through in more general contexts as long as these basic algebraic properties are
retained.

In the context of free Lagrangian field theory the analogue of the formal power series algebras on a linear phase
space is, a priori, the algebra of polynomial observables (def. 7.13). These are effectively polynomials in the field
observables ®@%(x) (def. 7.2) whose coefficients, however, are distributions of several variables. By microlocal

analysis, such polynomial distributions do satisfy the usual algebraic properties of ordinary polynomials if
potential UV-divergences (remark 9.27) encoded in their wave front set (def. 9.28) vanish, according to
Hérmander's criterion (prop. 9.34).

This criterion is always met on the subspace of regular polynomial observables and hence every propagator
induces a star product on these (prop. 13.17 below). In particular thus the star product of the causal propagator

polynomial observables (cor. 13.18 below). In order to extend this to local observables one may appeal to a
certain quantization freedom (prop. 13.5 below) and shift the causal propagator by a symmetric contribution,
such that it becomes the Wightman propagator; this is the topic of the following chapters (remark 13.19 at the
end below).

given by exponentiating propagators. It is the combinatorics of these exponentiated propagator expressions that
yields the hallmark structures of perturbative quantum field theory, namely the combinatorics of Wick's lemma
for the Wick algebra of free fields, and the combinatorics of Feynman diagrams for the time-ordered products.
This is the topic of the following chapters Free quantum fields and Scattering. Here we conclude just with
discussing the finite-dimensional toy version of the normal-ordered product in the Wick algebra (example 13.16
below).

motivation from Lie theory

Quantization of course was and is motivated by experiment, hence by observation of the observable universe: it
just so happens that quantum mechanics and quantum field theory correctly account for experimental
observations where classical mechanics and classical field theory gives no answer or incorrect answers. A
historically important example is the phenomenon called the “ultraviolet catastrophe”, a paradox predicted by
classical statistical mechanics which is not observed in nature, and which is corrected by quantum mechanics.

But one may also ask, independently of experimental input, if there are good formal mathematical reasons and
motivations to pass from classical mechanics to quantum mechanics. Could one have been led to quantum
mechanics by just pondering the mathematical formalism of classical mechanics?

The following spells out an argument to this effect. It will work for readers with a background in modern
mathematics, notably in Lie theory, and with an understanding of the formalization of classical/prequantum

So to briefly recall, a system of classical mechanics/prequantum mechanics is a phase space, formalized as a
symplectic manifold (X, w). A symplectic manifold is in particular a Poisson manifold, which means that the

algebra of functions on phase space X, hence the algebra of classical observables, is canonically equipped with a
compatible Lie bracket: the Poisson bracket. This Lie bracket is what controls dynamics in classical mechanics.
For instance if H € C*(X) is the function on phase space which is interpreted as assigning to each configuration

of the system its energy - the Hamiltonian function - then the Poisson bracket with H yields the infinitesimal
time evolution of the system: the differential equation famous as Hamilton's equations.

Something to take notice of here is the infinitesimal nature of the Poisson bracket. Generally, whenever one has a
Lie algebra g, then it is to be regarded as the infinitesimal approximation to a globally defined object, the
corresponding Lie group (or generally smooth group) G. One also says that G is a Lie integration of g and that g is
the Lie differentiation of G.

Therefore a natural question to ask is: Since the observables in classical mechanics form a Lie algebra under
Poisson bracket, what then is the corresponding Lie group?

The answer to this is of course “well known” in the literature, in the sense that there are relevant monographs
which state the answer. But, maybe surprisingly, the answer to this question is not (at time of this writing) a
widely advertized fact that has found its way into the basic educational textbooks. The answer is that this Lie

the quantum mechanics of the system.
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Before we spell this out in more detail, we need a brief technical aside: of course Lie integration is not quite
unique. There may be different global Lie group objects with the same Lie algebra.

The simplest example of this is already one of central importance for the issue of quantization, namely, the Lie
integration of the abelian line Lie algebra R. This has essentially two different Lie groups associated with it: the

group structure, and the discrete quotient of this by the group of integers, which is the circle group

U(l) =R/Z.

Notice that it is the discrete and hence “quantized” nature of the integers that makes the real line become a circle
here. This is not entirely a coincidence of terminology, but can be traced back to the heart of what is “quantized”
about quantum mechanics.

Namely, one finds that the Poisson bracket Lie algebra poiss(X, ) of the classical observables on phase space is

(for X a connected manifold) a Lie algebra extension of the Lie algebra ham(X) of Hamiltonian vector fields on X
by the line Lie algebra:

R — poiss(X, w) — pam(X) .

This means that under Lie integration the Poisson bracket turns into an central extension of the group of
Hamiltonian symplectomorphisms of (X, w). And either it is the fairly trivial non-compact extension by R, or it is

the interesting central extension by the circle group U(1). For this non-trivial Lie integration to exist, (X, w)

needs to satisfy a quantization condition which says that it admits a prequantum line bundle. If so, then this
U(1)-central extension of the group Ham(X, w) of Hamiltonian symplectomorphisms exists and is called... the

quantomorphism group QuantMorph(X, w):

U(1) — QuantMorph(X, w) — Ham(X, w) .

While important, for some reason this group is not very well known, which is striking because it contains a small
subgroup which is famous in quantum mechanics: the Heisenberg group.

More precisely, whenever (X, w) itself has a compatible group structure, notably if (X, w) is just a symplectic
vector space (regarded as a group under addition of vectors), then we may ask for the subgroup of the
quantomorphism group which covers the (left) action of phase space (X, w) on itself. This is the corresponding

Heisenberg group Heis(X, w), which in turn is a U(1)-central extension of the group X itself:
U(1) — Heis(X,w) — X .

At this point it is worth pausing for a second to note how the hallmark of quantum mechanics has appeared as if
out of nowhere simply by applying Lie integration to the Lie algebraic structures in classical mechanics:

if we think of Lie integrating R to the interesting circle group U(1) instead of to the uninteresting translation

w:n

group R, then the name of its canonical basis element 1 € R is canonically “i”, the imaginary unit. Therefore one

often writes the above central extension instead as follows:
iR — poiss(X, w) — ham(X, w)

in order to amplify this. But now consider the simple special case where (X,w) = (R%dp Adq) is the
2-dimensional symplectic vector space which is for instance the phase space of the particle propagating on the
line. Then a canonical set of generators for the corresponding Poisson bracket Lie algebra consists of the linear
functions p and q of classical mechanics textbook fame, together with the constant function. Under the above Lie
theoretic identification, this constant function is the canonical basis element of iR, hence purely Lie theoretically
itis to be called “i".

With this notation then the Poisson bracket, written in the form that makes its Lie integration manifest, indeed
reads

lap]=i.

Since the choice of basis element of iR is arbitrary, we may rescale here the i by any non-vanishing real number
without changing this statement. If we write “A” for this element, then the Poisson bracket instead reads

[g.p] =ih.

This is of course the hallmark equation for quantum physics, if we interpret i here indeed as Planck's constant.
We see it arises here merely by considering the non-trivial (the interesting, the non-simply connected) Lie
integration of the Poisson bracket.

This is only the beginning of the story of quantization, naturally understood and indeed “derived” from applying

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...

11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+group
https://ncatlab.org/nlab/show/Lie+group
https://ncatlab.org/nlab/show/Lie+algebra
https://ncatlab.org/nlab/show/Lie+algebra
https://ncatlab.org/nlab/show/line+Lie+algebra
https://ncatlab.org/nlab/show/line+Lie+algebra
https://ncatlab.org/nlab/show/Lie+groups
https://ncatlab.org/nlab/show/Lie+groups
https://ncatlab.org/nlab/show/simply+connected+topological+space
https://ncatlab.org/nlab/show/simply+connected+topological+space
https://ncatlab.org/nlab/show/translation+group
https://ncatlab.org/nlab/show/translation+group
https://ncatlab.org/nlab/show/abelian+group
https://ncatlab.org/nlab/show/abelian+group
https://ncatlab.org/nlab/show/abelian+group
https://ncatlab.org/nlab/show/abelian+group
https://ncatlab.org/nlab/show/discrete+space
https://ncatlab.org/nlab/show/discrete+space
https://ncatlab.org/nlab/show/quotient
https://ncatlab.org/nlab/show/quotient
https://ncatlab.org/nlab/show/integers
https://ncatlab.org/nlab/show/integers
https://ncatlab.org/nlab/show/circle+group
https://ncatlab.org/nlab/show/circle+group
https://ncatlab.org/nlab/show/integers
https://ncatlab.org/nlab/show/integers
https://ncatlab.org/nlab/show/real+line
https://ncatlab.org/nlab/show/real+line
https://ncatlab.org/nlab/show/circle
https://ncatlab.org/nlab/show/circle
https://ncatlab.org/nlab/show/quantum+mechanics
https://ncatlab.org/nlab/show/quantum+mechanics
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/Lie+algebra
https://ncatlab.org/nlab/show/Lie+algebra
https://ncatlab.org/nlab/show/observables
https://ncatlab.org/nlab/show/observables
https://ncatlab.org/nlab/show/phase+space
https://ncatlab.org/nlab/show/phase+space
https://ncatlab.org/nlab/show/connected+topological+space
https://ncatlab.org/nlab/show/connected+topological+space
https://ncatlab.org/nlab/show/manifold
https://ncatlab.org/nlab/show/manifold
https://ncatlab.org/nlab/show/Lie+algebra+extension
https://ncatlab.org/nlab/show/Lie+algebra+extension
https://ncatlab.org/nlab/show/Hamiltonian+vector+fields
https://ncatlab.org/nlab/show/Hamiltonian+vector+fields
https://ncatlab.org/nlab/show/line+Lie+algebra
https://ncatlab.org/nlab/show/line+Lie+algebra
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/Hamiltonian+symplectomorphisms
https://ncatlab.org/nlab/show/Hamiltonian+symplectomorphisms
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/circle+group
https://ncatlab.org/nlab/show/circle+group
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/prequantum+line+bundle
https://ncatlab.org/nlab/show/prequantum+line+bundle
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/Hamiltonian+symplectomorphisms
https://ncatlab.org/nlab/show/Hamiltonian+symplectomorphisms
https://ncatlab.org/nlab/show/quantomorphism+group
https://ncatlab.org/nlab/show/quantomorphism+group
https://ncatlab.org/nlab/show/subgroup
https://ncatlab.org/nlab/show/subgroup
https://ncatlab.org/nlab/show/quantum+mechanics
https://ncatlab.org/nlab/show/quantum+mechanics
https://ncatlab.org/nlab/show/Heisenberg+group
https://ncatlab.org/nlab/show/Heisenberg+group
https://ncatlab.org/nlab/show/Hamiltonian+action
https://ncatlab.org/nlab/show/Hamiltonian+action
https://ncatlab.org/nlab/show/group
https://ncatlab.org/nlab/show/group
https://ncatlab.org/nlab/show/symplectic+vector+space
https://ncatlab.org/nlab/show/symplectic+vector+space
https://ncatlab.org/nlab/show/symplectic+vector+space
https://ncatlab.org/nlab/show/symplectic+vector+space
https://ncatlab.org/nlab/show/subgroup
https://ncatlab.org/nlab/show/subgroup
https://ncatlab.org/nlab/show/quantomorphism+group
https://ncatlab.org/nlab/show/quantomorphism+group
https://ncatlab.org/nlab/show/action
https://ncatlab.org/nlab/show/action
https://ncatlab.org/nlab/show/phase+space
https://ncatlab.org/nlab/show/phase+space
https://ncatlab.org/nlab/show/Heisenberg+group
https://ncatlab.org/nlab/show/Heisenberg+group
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/quantum+mechanics
https://ncatlab.org/nlab/show/quantum+mechanics
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+algebra
https://ncatlab.org/nlab/show/Lie+algebra
https://ncatlab.org/nlab/show/classical+mechanics
https://ncatlab.org/nlab/show/classical+mechanics
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/circle+group
https://ncatlab.org/nlab/show/circle+group
https://ncatlab.org/nlab/show/translation+group
https://ncatlab.org/nlab/show/translation+group
https://ncatlab.org/nlab/show/translation+group
https://ncatlab.org/nlab/show/translation+group
https://ncatlab.org/nlab/show/basis
https://ncatlab.org/nlab/show/basis
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/central+extension
https://ncatlab.org/nlab/show/symplectic+vector+space
https://ncatlab.org/nlab/show/symplectic+vector+space
https://ncatlab.org/nlab/show/phase+space
https://ncatlab.org/nlab/show/phase+space
https://ncatlab.org/nlab/show/particle
https://ncatlab.org/nlab/show/particle
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/Lie+algebra
https://ncatlab.org/nlab/show/Lie+algebra
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/basis
https://ncatlab.org/nlab/show/basis
https://ncatlab.org/nlab/show/real+number
https://ncatlab.org/nlab/show/real+number
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/quantum+physics
https://ncatlab.org/nlab/show/quantum+physics
https://ncatlab.org/nlab/show/Planck%27s+constant
https://ncatlab.org/nlab/show/Planck%27s+constant
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Lie+integration
https://ncatlab.org/nlab/show/Poisson+bracket
https://ncatlab.org/nlab/show/Poisson+bracket

geometry of physics -- perturbative quantum field theory in nLab

221 of 323

Lie theory to classical mechanics. From here the story continues. It is called the story of geometric quantization.
We close this motivation section here by some brief outlook.

The quantomorphism group which is the non-trivial Lie integration of the Poisson bracket is naturally
constructed as follows: given the symplectic form w, it is natural to ask if it is the curvature 2-form of a
U(1)-principal connection V on complex line bundle L over X (this is directly analogous to Dirac charge

quantization when instead of a symplectic form on phase space we consider the the field strength 2-form of
electromagnetism on spacetime). If so, such a connection (L, V) is called a prequantum line bundle of the phase

wavefunction, except that it depends on all of phase space, instead of just on the “canonical coordinates”. For
purely abstract mathematical reasons (which we won'’t discuss here, but see at motivic quantization for more) it
is indeed natural to choose a “polarization” of phase space into canonical coordinates and canonical momenta
and consider only those sections of the prequantum line bundle which depend only on the former. These are the
actual wavefunctions of quantum mechanics, hence the quantum states. And the subgroup of the

observables. For instance in the simple case mentioned before where (X, w) is the 2-dimensional symplectic

vector space, this is the Heisenberg group with its famous action by multiplication and differentiation operators
on the space of complex-valued functions on the real line.

geometric quantization

We had seen that every Lagrangian field theory induces a presymplectic current Qggy (def. 5.12) on the jet
bundle of its field bundle in terms of which there is a concept of Hamiltonian differential forms and Hamiltonian
vector fields on the jet bundle (def. 6.19). The concept of quantization is induced by this local phase space-
structure.

In order to disentangle the core concept of quantization from the technicalities involved in fully fledged field
theory, we now first discuss the finite dimensional situation.

Example 13.1. (Schrédinger representation via geometric quantization)

Consider the Cartesian space R? (def. 1.1) with canonical coordinate functions denoted {q, p} and to be called
the canonical coordinate q and its canonical momentum p (as in example 5.15) and equipped with the constant
differential 2-form given in in (60) by

w=dpAdq. (210)

This is closed in that dw = 0, and invertible in that the contraction of tangent vector fields into it (def. 1.20) is
an isomorphism to differential 1-forms, and as such it is a symplectic form.

A choice of presymplectic potential for this symplectic form is
0 = —qdp (211)
in that d@ = w. (Other choices are possible, notably 6 = p dq).
For
A:R*—C

a smooth function (an observable), we say that a Hamiltonian vector field for it (as in def. 6.19) is a tangent

differential of A:
by,w=dA. (212)
Consider the foliation of this phase space by constant-q-slices
A, c R%. (213)

These are also called the leaves of a real polarization of the phase space.

(Other choices of polarization are possible, notably the constant p-slices.)
We says that a smooth function

Y:R*—>C
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is polarized if its covariant derivative with connection on a bundle if along the leaves vanishes; which for the
choice of polarization in (213) means that

Vaplp =0 =4 [ap (dlp + 191,11) =0,

which in turn, for the choice of presymplectic potential in (211), means that

a ot = 0
ap iqp=0.

The solutions to this differential equation are of the form

¥Y(q,p) = ¥(q) exp(+ipq) (214)

for:R — C any smooth function, now called a wave function.
This establishes a linear isomorphism between polarized smooth functions and wave functions.

By (212) we have the Hamiltonian vector fields

Vg = 0p vy, = —0d4
The corresponding Poisson bracket is
{an}=u, w0 (215)
= —lp,lo, dpAdg =
= -1

The action of the corresponding quantum operators 6 and ﬁ on the polarized functions (214) is as follows

q¥(q.p) = —iV,,¥(q,p) +a¥(q,p)

9 .
—i a_p(w(q)ewv)—iqwq,p) +q¥(q,p)

=iq¥(q,p)
=0

(qy(q))e'®®

and
p¥(a,p) = iVa,¥(q,p) +p¥(q,p)
2 .
=i a—q(w(q)e””) +p¥(a.p)

= (i aiq ¢(q)>equ + lﬁ(q)(i aiq ei‘”’) +p¥(q.p)

=-p¥(q,p)
=0

a .
=(i— irq
(z 3q w(q>)e
Hence under the identification (214) we have
q =qyp pw=l—aq¢-

This is called the Schrédinger representation of the canonical commutation relation (215).

Moyal star products

Let V be a finite dimensional vector space and let T €V @ V be an element of the tensor product (not
necessarily skew symmetric at the moment).

We may canonically regard V as a smooth manifold, in which case 7 is canonically regarded as a constant rank-2
tensor. As such it has a canonical action by forming derivatives on the tensor product of the space of smooth

functions:

T CP(V) @ CO(V) — CO(V) ® C(V) .
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If {0;} is a linear basis for V, identified, as before, with a basis for I'(TV), then in this basis this operation reads
n(f ®g) = n(0:f) ® (9,9),

a . . . : .
where 0;f = a_;fi denotes the partial derivative of the smooth function f along the ith coordinate, and where we

use the Einstein summation convention.

For emphasis we write

VW) X5 o)
f®g > f-g

for the pointwise product of smooth functions.
Definition 13.2. (star product induced by constant rank-2 tensor)

Given (V, ) as above, then the star product induced by 7 on the formal power series algebra C®(V)[[#]] in a

formal variable A (“Planck's constant”) with coefficients in the smooth functions on V is the linear map

(=) %7 (=) : CTM[[A]] @ C¥N[[A]] — C*WN[[A]]

given by
.0 ]
() % (5) = prodwxp(f”’” a5 © W)
Hence
f* = 1+h”ijﬂ'£+hzlnijnkz azf ‘ azg ..
md dxt oxJ 2 9xioxk 9xiox! .

Example 13.3. (star product degenerating to pointwise product)

If T = 0 in def. 13.2, then the star product *, = - is the plain pointwise product of functions.

Example. (Moyal star product)

If the tensor m in def. 13.2 is skew-symmetric, it may be regarded as a constant Poisson tensor on the smooth
manifold V. In this case *1_is called a Moyal star product and the star-product algebra COW)[[A]], * ) is called
2

the Moyal deformation quantization of the Poisson manifold (V, ).

Proposition 13.4. (star product is associative and unital)

Given (V,m) as above, then the star product (=) *x, (=) from def. 13.2 is associative and unital with unit the
constant function 1 € C*(V) & C*(V)[[A]].

Hence the vector space C* (V) equipped with the star product 1 is a unital associative algebra.

Proof. Observe that the product rule of differentiation says that

0; oprod = prode (9; ®id + idQ 9;) .
Using this we compute as follows:
(f*z 9) *z h
= prod o exp(9; ® 9;) ° ((prod o exp(w*'d, ® 0,)) ® id)(f ® g ® )
= prod o exp(r/9; ® 9;) ° (prod ® id) * (exp(*'dy ® 8)) ® id)(f ® g ® 9)
= prod o (prod ® id) o exp(nY(9; @A ® 9, +id ® 9; ® 9;) e exp(n*'9, ® 9)) VIA(f Vg ® g)
= prod o (prod ® id) ° exp(7/9; @ id ® 9;) o exp(rVid ® 8; ® 9;) ° exp(7*'9, @ 8, R id)(f @ g ® g)
= prod, ° exp(m(0; ® 9, @id+ 0, ®Id® 9; +id® 9; ® 9;))

In the last line we used that the ordinary pointwise product of functions is associative, and wrote
prod,:C*(V) @ C*(V) ® C*(V) = C*(V) for the unique pointwise product of three functions.

The last expression above is manifestly independent of the choice of order of the arguments in the triple star
product, and hence it is clear that an analogous computation yields
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o= frp (g *g h) .

Proposition 13.5. (shift by symmetric contribution is isomorphism of star products)

Let V be a vector space, 1 € V @ V a rank-2 tensor and a € Sym(V @ V) a symmetric rank-2 tensor.

Then the linear map

ey S cow)
f b exp(2haio;0;)f

constitutes an isomorphism of star product algebras (prop. 13.4) of the form
exp(h 3 ha) : (XA} *2) = CXWDIIALL *nra),
hence identifying the star product induced from 1 with that induced from + a.
In particular every star product algebra (C®(V)[[1]], * ) is isomorphic to a Moyal star product algebra *%n

i

skew = E(ﬂ” — /') the skew-symmetric part of T, this isomorphism being exhibited by the

(example ) with in’

symmetric part 2a = %(nij + b,
Proof. We need to show that

exp(% ha) [ exp(% ha)

CEMIR @ C*W[[h]] ——————— C"WI[[A]] ® C*W)[[A]]

| i*erra

CEMIA]] m} C=WIIA]]

hence that
prod o exp(A(m + a)) o (exp(i a) ® exp(i a)) = exp(% a) o prod o exp(m) .
To this end, observe that the product rule of differentiation applied twice in a row implies that
0;0; oprod = prod o ((aia,-) Qid+id® (9;0;,))+9;,®9; +9; ® ;) .
Using this we compute
exp(h% ato; 6,-) o prod o exp(An¥9; ® 9;)
= prod o exp(h > a¥((9;0;) ®id +id ® (9;0;) + 8; ® 9; + 0; ® 9;)) o exp(hmi 0, ® )
= prod o exp(h(n¥ + a¥)8; ® (7j) ° exp(h%a”(ai 9;) ®id héa” id® (0; 6,-))

= prod o exp(h(r + a0, ® ) > (exp(3 hr) @ exp(3 1))

Moyal star product as deformation quantization
Definition 13.6. (super-Poisson algebra)
A super-Poisson algebra is

1. a supercommutative algebra A (here: over the real numbers)

2. a bilinear function
{1 AQA—A
to be called the Poisson bracket

such that

1.{—, —}is asuper Lie bracket on A4, hence it
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1. is graded skew-symmetric;
2. satisfies the super-Jacobi identity;

2. for each A € A of homogeneous degree, the operation
4-}:A—> A
is a graded derivation on A of the same degree as A.

Definition 13.7. (formal deformation quantization)

Let (A, {—, —}) be a super-Poisson algebra (def. 13.6). Then a formal deformation quantization of (4,{—, —})
is

o the structure of an associative algebra on the formal power series algebra over A in a variable to be
called f, hence an associative and unital product

A[[1]] & A[[A]] — A[[R]]

such that for all f, g € A of homogeneous degree we have
1.fxgmodh = fg
2.fx g~ (~D)"BDEDg x f mod h? = h(f, g}
meaning that

1. to zeroth order in £ the star product coincides with the given commutative product on A,

2. to first order in A the graded commutator of the star product coincides with the given Poisson bracket on
A.

Example 13.8. (Moyal star product is formal deformation quantization)

Let (V,m) be a Poisson vector space, hence a vector space V, equipped with a skew-symmetric tensor
mEVAV.

Then with V regarded as a smooth manifold, the algebra of smooth functions C*(X) (def. 1.1) becomes a
Poisson algebra (def. 13.6) with Poisson bracket given by

iy Of 99
0xt dxJ ~

fgy =m

. . 1
Moreover, for every symmetric tensor @ € V @ V, the Moyal star product associated with or +a

*

CWR ® MR == CoW)IIA] .9
(.9 e (- (N eexp(GrY +at) 5 © )

is a formal deformation quantization (def. 13.7) of this Poisson algebra-structure.

Moyal star product via geometric quantization of symplectic groupoid

Proposition 13.9. (integral representation of star product)

If T skew-symmetric and invertible, in that there exists w € V" Q V" with n'ija)jk = S,ic, and if the functions f, g
admit Fourier analysis (are functions with rapidly decreasing partial derivatives), then their star product (def.
13.2) is equivalently given by the following integral expression:

(det(w)®™)
— | €

1 ~
w@(x=3),(x=y) ) d*™y d2
2™ f»Mg(3) d™yd™"y

(f %2 9)(x) =

(Baker 58)

Proof. We compute as follows:
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Here in the first step we expressed f and g both by their Fourier transform (inserting the Fourier expression of
the delta distribution from this example) and used that under this transformation the partial derivative

TP ai“ % turns into the product with inijkikj (this prop.). Then we identified again the Fourier-expansion of
a delta distribution and finally we applied the change of integration variables k = %w - z and then evaluated the

delta distribution. W

Next we express this as the groupoid convolution product of polarized sections of the symplectic groupoid. To
this end, we first need the following definnition:

Assume that r is the inverse of a symplectic form w on R?™ Then the Cartesian product

Rzn X ]RZH

T2

pry WP
R2M R2"
inherits the symplectic structure
0N = (pr’{ w — pr, w)
given by
2 = w;dx" Adx! — wdy A dy/
= wi;(dxt — dy") A (dx) + dy’)
The pair groupoid on R equipped with this symplectic form on its space of morphisms is a symplectic
groupoid.
A choice of potential form 6 for (2, hence with 2 = d0, is given by
6 = —wy(x' +y)d(x ~ y))
Choosing the real polarization spanned by d,: — d,,: a polarized section is function F = F(x, y) such that

11
laxi_ayj(dF_EZ@F) =0

hence

X-y X+y

F(x,y) =f(":_y)eﬁw( 257 (216)

Proposition 13.11. (polarized symplectic groupoid convolution product of symplectic vector space is given
by Moyal star product)

Given a symplectic vector space (]Rzn, w), then the groupoid convolution product on polarized sections (216) on

its symplectic groupoid (def. 13.10), given by convolution product followed by averaging (integration) over the
polarization fiber, is given by the star product (def. 13.2) for the corresponding Poisson tensor 1 := w ~, in that

//F(x. 0G(6y) A"t d™ (x = y) = (f % 9)((x +7)/2) .

Proof. We compute as follows:
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The first line just unwinds the definition of polarized sections from def. 13.10, the following lines each
implement a change of integration variables and finally in the last line we used prop. 13.9. i

Example: Wick algebra of normal ordered products on Kdhler vector space
Definition 13.12. (Kdhler vector space)

An Kdhler vector space is a real vector space V equipped with a linear complex structure J as well as two
bilinear forms w, g : V @y V — R such that the following equivalent conditions hold:

1. w(Jv, Jw) = w(v,w) and g(v,w) = w(v, Jw);

2. with V regarded as a smooth manifold and with w, g regarded as constant tensors, then (V, w, g) is an

almost Kédhler manifold.

Example 13.13. (standard Kdhler vector spaces)

Let V == R? equipped with the complex structure J which is given by the canonical identification R?*=C,
hence, in terms of the canonical linear basis (e;) of R?, this is

. 0 -1
]:UL;')::<1 0)-
0 1
w = (W) = (_1 0)

B [t o
9=1(9;) = 0 1)

Then (V, J, w, g) is a Kahler vector space (def. 13.12).

Moreover let

and

The corresponding Kdhler manifold is R? regarded as a smooth manifold in the standard way and equipped
with the bilinear forms J, wg extended as constant rank-2 tensors over this manifold.

If we write
X,y : R? > R
for the standard coordinate functions on R? with
z=x+1iy = R? > C
and
Z=x—1iy = R*>C

for the corresponding complex coordinates, then this translates to
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w € NA(R?)
being the differential 2-form given by
w=dxNdy
= 1dzndz
2i

and with Riemannian metric tensor given by

g=dxQ@dx+dyQdy.
The Hermitian form is given by
h=g—iw
=dzQ®dz
(for more see at Kdhler vector space this example).

Definition 13.14. (Wick algebra of a Kdhler vector space)

Let (]RZ", 0, g) be a Kahler vector space (def. 13.12). Then its Wick algebra is the formal power series vector
space C[[R?™]][[#]] equipped with the star product (def. 13.2) which is given by the bilinear form

R A T S | 217
n-—zw +zg , ( )
hence:
2n
Aprg Ay = ((5)- () oexp(h Y, 7%, ® 0,)(4; @ 4,)
kq,k;=1

2n
=A A+ Y mkike(9y, Ay) - (0, A5) +
kiky=1

(e.g. Collini 16, def. 1)
Proposition 13.15. (star product algebra of Kdhler vector space is star-algebra)

Under complex conjugation the star product * of a Kdahler vector space structure (def. 13.14) is a star algebra in
that for all A;, A, € C[[R*"]][[%]] we have

(Al * AZ)’F = A %, A;

. . . i 9,1 _ . . I .
Proof. This follows directly from that fact thatin m = % w t+ 59 1 the imaginary part coincides with the skew-
symmetric part, so that

@)™ = @ HP+ 5 HY

=@M+ g™

= mbe

Example 13.16. (Wick algebra of a single mode)

Let V := R? =~ Span({x, ¥}) be the standard Kihler vector space according to example 13.13, with canonical
coordinates denoted x and y. We discuss its Wick algebra according to def. 13.14 and show that this
reproduces the traditional definition of products of “normal ordered” operators as above.

To that end, consider the complex linear combination of the coordinates to the canonical complex coordinates
z = x+1iy and Z:i=x—1y
which we use in the form
L — i _|_ i d — i — 7
a’ = =(x+1iy) an a = =(x—1iy)

(with “a” the traditional symbol for the amplitude of a field mode).

Now
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-1 - . . .
g dx ® dx 0Jy ® ay
so that with
3} 1 (0 a g 1[0 3}
dz 2\ 0x ay 0z 2\ ox dy
we get
i a a
Bty tg-1_op —
2@ *3 2h 0z ® 0z
- a ® a
da ~ da*

Using this, we find the star product

a d
Ax, B = prodoexp<h a ® ﬁ)

to be as follows (where we write (=) - (=) for the plain commutative product in the formal power series
algebra):
a*;a=a-a
@ rpat=aa’
a'*xpa=a"-a
axpa"=a-a"+h
and so forth, for instance

(a-a)*; (a"-a") =a'-a*-a-a+4ha’-a+h®

If we instead indicate the commutative pointwise product by colons and the star product by plain
juxtaposition

ifgi = f-g fg9 = f*
then this reads
raa: a*a*s = :a‘a*aa: +4h:ia‘a: +h°

This is the way the Wick algebra with its operator product *, and normal-ordered product : —: is traditionally
presented.

star products on regular polynomial observables in field theory

Proposition 13.17. (star products on regular polynomial observables induced from propagators)

fb X
Let (E, L) be a free Lagrangian field theory with field bundle E — X, and let A € I''5;, ((E X E)") be a distribution
of two variables on field histories.

On the off-shell reqular polynomial observables with a formal paramater h adjoined consider the bilinear map

PolyObs(E)reg[[h]] ® PolyObs(E)reg[[h]] N PolyObs(E)reg[[h]]

given as in def. 13.2, but with partial derivatives replaced by functional derivatives

ab 1) o
Ay xpdy = ((5)- () e eXp(fA (x, y)_&D—a(x) ® _6¢b(y))(A1 ® A4,)
by

As in prop. 13.4 this defines a unital and associative algebra structure.

If the Euler-Lagrange equations of motion P®) = 0 induced by the Lagrangian density L are Green hyperbolic
differential equations and if A is a homogeneous propagator for these differential equations in that PA = 0, then
this star product algebra descends to the on-shell reqular polynomial observables

229 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/star+product
https://ncatlab.org/nlab/show/star+product
https://ncatlab.org/nlab/show/formal+power+series+algebra
https://ncatlab.org/nlab/show/formal+power+series+algebra
https://ncatlab.org/nlab/show/formal+power+series+algebra
https://ncatlab.org/nlab/show/formal+power+series+algebra
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/operator+product
https://ncatlab.org/nlab/show/operator+product
https://ncatlab.org/nlab/show/normal-ordered+product
https://ncatlab.org/nlab/show/normal-ordered+product
https://ncatlab.org/nlab/show/star+products
https://ncatlab.org/nlab/show/star+products
https://ncatlab.org/nlab/show/regular+polynomial+observables
https://ncatlab.org/nlab/show/regular+polynomial+observables
https://ncatlab.org/nlab/show/field+theory
https://ncatlab.org/nlab/show/field+theory
https://ncatlab.org/nlab/show/star+products
https://ncatlab.org/nlab/show/star+products
https://ncatlab.org/nlab/show/regular+polynomial+observables
https://ncatlab.org/nlab/show/regular+polynomial+observables
https://ncatlab.org/nlab/show/propagators
https://ncatlab.org/nlab/show/propagators
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/Lagrangian+field+theory
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/field+bundle
https://ncatlab.org/nlab/show/distribution+of+two+variables
https://ncatlab.org/nlab/show/distribution+of+two+variables
https://ncatlab.org/nlab/show/distribution+of+two+variables
https://ncatlab.org/nlab/show/distribution+of+two+variables
https://ncatlab.org/nlab/show/field+histories
https://ncatlab.org/nlab/show/field+histories
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/off-shell
https://ncatlab.org/nlab/show/regular+polynomial+observables
https://ncatlab.org/nlab/show/regular+polynomial+observables
https://ncatlab.org/nlab/show/formal+power+series
https://ncatlab.org/nlab/show/formal+power+series
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#StarPoduct
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#StarPoduct
https://ncatlab.org/nlab/show/partial+derivatives
https://ncatlab.org/nlab/show/partial+derivatives
https://ncatlab.org/nlab/show/functional+derivatives
https://ncatlab.org/nlab/show/functional+derivatives
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#AssociativeAndUnitalStarProduct
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#AssociativeAndUnitalStarProduct
https://ncatlab.org/nlab/show/unital+algebra
https://ncatlab.org/nlab/show/unital+algebra
https://ncatlab.org/nlab/show/associative+algebra
https://ncatlab.org/nlab/show/associative+algebra
https://ncatlab.org/nlab/show/structure
https://ncatlab.org/nlab/show/structure
https://ncatlab.org/nlab/show/Euler-Lagrange+equations
https://ncatlab.org/nlab/show/Euler-Lagrange+equations
https://ncatlab.org/nlab/show/equations+of+motion
https://ncatlab.org/nlab/show/equations+of+motion
https://ncatlab.org/nlab/show/Lagrangian+density
https://ncatlab.org/nlab/show/Lagrangian+density
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+equations
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+equations
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+equations
https://ncatlab.org/nlab/show/Green+hyperbolic+differential+equations
https://ncatlab.org/nlab/show/propagator
https://ncatlab.org/nlab/show/propagator
https://ncatlab.org/nlab/show/differential+equations
https://ncatlab.org/nlab/show/differential+equations
https://ncatlab.org/nlab/show/star+product
https://ncatlab.org/nlab/show/star+product
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/on-shell
https://ncatlab.org/nlab/show/regular+polynomial+observables
https://ncatlab.org/nlab/show/regular+polynomial+observables

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...

PolyObs(E, L) ., [[1]] @ PolyObs(E, L), [[A]] SN PolyObs(E, L), ., [[A]] -

reg
Proof. The proof of prop. 13.4 goes through verbatim in the present case, as long as all products of distributions
that appear when the propagator is multiplied with the coefficients of the polynomial observables are well-
defined, in that Hérmander's criterion (prop. 9.34) on the wave front sets (def. 9.28) of the propagator and of
these coefficients is met. But the definition the coefficients of regular polynomial observables are non-singular
distributions, whose wave front set is necessarily empty (example 9.30), so that their product of distributions is
always well-defined. W

(remark 12.8)
Egy.BRST = Txintf[—1I(E X5 G[1] X5 A X5 A[-1])
and with causal propagator (95)

4 € I'5x 5y (Egy-BRST X EBV-BRST) -

Then the star product *, (def. 13.2) is well-defined on off-shell (as well as on-shell) regular polynomial
observables (def. 7.13)

*—iA
POlyObS(EBV-BRST)reg[[h]] X POIYObS(EBv_BRST)reg[[h]] KN PO]yObS(EBV—BRST)reg[[h‘]]

and the resulting non-commutative algebra structure

(PolyObs(ERy.BRST)egl (111, *a)

is a formal deformation quantization (def. 13.7) of the Peierls-Poisson bracket on the covariant phase space
(theorem 8.8), restricted to regular polynomial observables.

(Dito 90, Diitsch-Fredenhagen 00 Diitsch-Fredenhagen 01, Hirshfeld-Henselder 02)

Proof. As in prop. 13.17, the vanishing of the wave front set of the coefficients of the regular polynomial
observables implies that all arguments go through as for star products on polynomial algebras on finite
dimensional vector spaces. By theorem 8.8 the causal propagator is the integral kernel of the Peierls-Poisson
bracket, so that the tensor 7 from the definition of the Moyal star product (example ) now is

m=A.
With this the statement follows by example 13.8. |

Remark 13.19. (extending quantization beyond regular polynomial observables)

While cor. 13.18 provides a quantization of the regular polynomial observables of any gauge fixed free
Lagrangian field theory, the regular polynomial observables are too small a subspace of that of all polynomial
observables:

By example 7.42 the only local observables (def. 7.39) contained among the regular polynomial observables
are the linear observables (def. 7.3). But in general it is necessary to consider also non-linear polynomial local
observables. Notably the interaction action functionals Sj,; induced from interaction Lagrangian densities L;,¢

(example 7.34) are non-linear polynomial observables.

For example:

e For quantum electrodynamics on Minkowski spacetime (example 5.11) the adiabatically switched action
functional (example 7.34) which is the transgression of the electron-photon interaction is a cubic local
observable

Simg = / 0,00 ()% Bo () - WA (x) - A%(x) dvoly (x)
z

e For scalar field phi”n theory (example 5.5) the adiabatically switched action functional (example 7.34)
which is the transgression of the phi”n interaction

Sint = fgsw D(x) - P(x) P(x) - P(x) dvolz(x)
z nfactors

is a local observable of order n.

Therefore one needs to extend the formal deformation quantization provided by corollary 13.18 to a larger
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subspace of polynomial observables that includes at least the local observables.

But prop. 13.5 characterizes the freedom in choosing a formal deformation quantization: We may shift the
causal propagator by a symmetric contribution. In view of prop. 13.17 and in view of of Hérmander's criterion
for the product of distributions (prop. 9.34) to be well defined, we are looking for symmetric integral kernels
H such that the sum

Ay =SA+H (218)
has a smaller wave front set (def. 9.28) than %A itself has. The smaller WF(% A + H), the larger the subspace of
polynomial observables on which the corresponding formal deformation quantization exists.

Now by prop. 9.60 the Wightman propagator 4y is of the form (218) and by prop. 9.69 its wave front set is
only “half” that of the causal propagator. It turns out that 4, does yield a formal deformation quantization of a

subspace of polynomial observables that includes all local observables: this is the Wick algebra on microcausal
polynomial observables. We discuss this in detail in the chapter Free quantum fields.

With such a formal deformation quantization of the local observables free field theory in hand, we may then

theory. This we discuss in the chapters Scattering and Quantum observables.

This concludes our discussion of some basic concepts of quantization. In the next chapter we apply this to

Quantum observables we then discuss also the quantization of the interacting Lagrangian field theories,
perturbatively.

14. Free quantum fields
In this chapter we discuss the following topics:

o Wick algebra

Time-ordered product

Operator product notation

e Hadamard vacuum state

Free quantum BV-differential

Schwinger-Dyson equation

In the previous chapter we discussed quantization of linear phase spaces, which turns the algebra of observables
into a noncommutative algebra of quantum observables. Here we apply this to the covariant phase spaces of

field theory for free fields.

For this purpose we first need to find a sub-algebra of all observables which is large enough to contain all local
observables (such as the phi”n interaction, example 14.13 below, and the electron-photon interaction, example
14.14 below) but small enough for the star product deformation quantization to meet Hormander's criterion for
absence of UV-divergences (remark 9.27). This does exist (example 14.4 below): It is called the algebra of
microcausal polynomial observables (def. 14.2 below).

types of observables in perturbative quantum field theory:

local
N
field — linear — microcausal — polynomial — general
7

regular

While the star product of the causal propagator still violates Hormander's criterion for absence of UV-
divergences on microcausal polynomial observables, we have seen in the previous chapter that gantization
freedom allows to shift this Poisson tensor by a symmetric contribution. By prop. 9.60 such a shift is provided by
passage from the causal propagator to the Wightman propagator, and by prop. 9.69 this reduces the wave front
set and hence the UV-singularities “by half”.

This way the deformation quantization of the Peierls-Poisson bracket exists on microcausal polynomial
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observables as the star product algebra induced by the Wightman propagator. The resulting non-commutative
algebra of observables is called the Wick algebra (prop. 14.5 below). Its algebra structure may be expressed in
terms of a commutative “normal-ordered product” (def. 14.12 below) and the vacuum expectation values of field
observables in a canonically induced vacuum state (prop. 14.15 below).

its arguments and then multiplying them with the Wick algebra product (prop. 14.8 below) and hence is called
the time-ordered product (def. 14.7 below). This is the key structure in the discussion of interacting field theory
discussed in the next chapter [nteracting quantum fields. Here we consider this on regular polynomial
observables only, hence for averages of field observables that evaluate at distinct spacetime points. The
extension of the time-ordered product to local observables is possible, but requires making choices: This is
called renormalization, which we turn to in the chapter Renormalization below.

free field algebra
of quantum physics terminology maths terminology
observables
1 supercommutative (A4, Ap - A,
product normal ordered product pointwise product of functionals
non-commutative
product AA y—
2) (deformation 172 g L dH fz Wigh
induced by operator product star product for Wightman propagator
Poisson bracket)
3) T(A14;) Ay *p Ay
time-ordered product star product for Feynman propagator

Wick's lemma

Moyal product for Wightman propagator 4y

perturbative AyAy... An=:A1Ay...Ap: + : AjAs... A, : + permutations Al *y A2 =
e—XpianSion Iy ] e
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Feynman diagrams

* Feynman diagram
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= Feynman amplitude
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While the Wick algebra with its vacuum state provides a quantization of the algebra of observables of free gauge
fixed Lagrangian field theories, the possible existence of infinitesimal gauge symmetries implies that the
physically relevant observables are just the gauge invariant on-shell ones, exhibited by the cochain cohomology
of the BV-BRST differential { —S’ 4+S'grgr, (—)}. Hence to complete quantization of gauge theories, the BV-BRST
differential needs to be lifted to the noncommutative algebra of quantum observables - this is called BV-BRST
quantization.

To do so, we may regard the gauge fixed BRST-action functional $'grgr as an interaction term, to be dealt with

later via scattering theory, and hence consider quantization of just the free BV-differential { —S’, (—)}. One finds

that this is equal to its time-ordered version {—S’, (=)} (prop. 14.22 below) plus a quantum correction, called

the BV-operator (def. 14.23 below) or BV-Laplacian (prop. 14.24 below).

Applied to observables this relation is the Schwinger-Dyson equation (prop. 14.27 below), which expresses the

ordered products of observables (example 14.29 below.)

After introducing field-interactions via scattering theory in the next chapter the quantum correction to the BV-
differential by the BV-operator becomes the “quantum master equation” and the Schwinger-Dyson equation
becomes the “master Ward identity”. When choosing renormalization these identities become conditions to be
satisfied by renormalization choices in order for the interacting quantum BV-BRST differential, and hence for
gauge invariant quantum observables, to be well defined in perturbative quantum field theory of gauge theories.
This we discuss below in Renormalization.
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Wick algebra

The abstract Wick algebra of a free field theory with Green hyperbolic differential equation is directly analogous
to the star product-algebra induced by a finite dimensional Kahler vector space (def. 13.14) under the following
identification of the Wightman propagator with the Kédhler space-structure:

Remark 14.1. (Wightman propagator as Kdhler vector space-structure

differential equation. Then the corresponding Wightman propagator is analogous to the rank-2 tensor on a
Kahler vector space as follows:

covariant phase space
of free Green hyperbolic
Lagrangian field theory

finite dimensional
Kihler vector space

space of field histories

2n
I's(E) R

symplectic form

Kéhler form w
Tz, 2pFv

causal propagator 4 w

Peierls-Poisson bracket

_ [ raa 84, 54, Poisson bracket
(A1 Az} = [ (00, %2) st 5y AVOlz(®)

Wightman propagator Hermitian form

AH=%A+H ﬂzéw‘l—kig_l

(Fredenhagen-Rejzner 15, section 3.6, Collini 16, table 2.1)

Definition 14.2. (microcausal polynomial observables)

fb
Let E — X be a field bundle which is a vector bundle, over some spacetime X.

A polynomial observable (def. 7.13)

A= a©®

+ f @%(x)al (x) dvols (x)
X

+ f DU(xy) - D% (xy)alp, (X1, %) dvoly (x1)dvoly (x,)
22

+ / D (xy) - D(xy) - DU (X3) gy, (X1, X2, X3) dVoly (x1)dvoly (x)dvoly (x)
23
+ e,
is called microcausal if each distributional coefficient
a® e ' (R

as above has wave front set (def. 9.28) not containing those elements (xq, -**Xxy, k1, :**ky) where the k wave
vectors are all in the closed future cone or all in the closed past cone (def. 2.35).

We write
PolyObs(E) . < PolyObs(E)
PolyObs(E, L), . = PolyObs(E),, ./im(P) < PolyObs(E,L)

for the subspace of off-shell/on-shell microcausal polynomial observables inside all off-shell/on-shell

polynomial observables.

The important point is that microcausal polynomial observables still contain all regular polynomial observables
but also all polynomial local observables:

Example 14.3. (regular polynomial observables are microcausal)
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Every regular polynomial observable (def. 7.13) is microcausal (def. 14.2).

Proof. By definition of regular polynomial observables, their coefficients are non-singular distributions and
because the wave front set of non-singular distributions is empty (example 9.30) N

Example 14.4. (polynomial local observables are microcausal)
Every polynomial local observable (def. 7.39) is a microcausal polynomial observable (def. 14.2).

Proof. For notational convenience, consider the case of the scalar field with k = 2; the general case is directly
analogous. Then the local observable coming from gbz (a phi”n interaction-term), has, regarded as a polynomial
observable, the delta distribution §(x; — x,) as coefficient in degree 2:

A(D)

/ 900)(@(x))* dvoly (x)

z

/g(xl)s(xl — x3) P(x1)P(x2) dvoly(x;) dvoly(x2)

IXZ =a®

Now for (xq,x,) € X X X and R*" =~ U c X x X a chart around this point, the Fourier transform of distributions
of g - 8(—, —) restricted to this chart is proportional to the Fourier transform § of g evaluated at the sum of the
two covectors:

(klr kz) N /g(x1)5(x1’xz)ei(k1~x1+k2 <X3) dvol);(xl) dvol);(xz)
]RZ'".

o« gk + k)

Since g is a plain bump function, its Fourier transform ﬁ is quickly decaying (according to prop. 9.26) along
kq + k,, as long as kq + k, # 0. Only on the cone k; + k, = 0 the Fourier transform is constant, and hence in
particular not decaying.

This means that the wave front set consists of the elements of the form (x, (k, —k))
with k # 0. Since k and —k are both in the closed future cone or both in the closed
past cone precisely if k = 0, this situation is excluded in the wave front set and hence
the distribution g - §(—, —) is microcausal.

(graphics grabbed from Khavkine-Moretti 14, p. 45)

Proposition 14.5. (Hadamard-Moyal star product on microcausal observables - abstract Wick algebra)

causal propagator and let

Ay = SA+H
be a corresponding Wightman propagator (Hadamard 2-point function).
Then the star product induced by Ay

6
5@ (x,)

1)
A%y A == prodoex RAP (x,, x dvol, |(P P
H p p(/xz H (X1,%3) ® 5(I>b(x2) g)( 1 ® Py)

on off-shell microcausal observables Ay, A, € Fp, (def. 14.2) is well defined in that the wave front sets involved
in the products of distributions that appear in expanding out the exponential satisfy Hormander's criterion.

Hence by the general properties of star products (prop. 13.4) this yields a unital associative algebra structure on
the space of formal power series in h of off-shell microcausal observables

(PolyObs(E) , [[A]], * ) -

This is the off-shell Wick algebra corresponding to the choice of Wightman propagator H.

Moreover the image of P is an ideal with respect to this algebra structure, so that it descends to the on-shell
microcausal observables to yield the on-shell Wick algebra

(PolyObs(E,L),_ _[[R]], *4) .
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Finally, under complex conjugation (—)" these are star algebras in that
(Ay %y Ag)" = Ay *y A7
(e.g. Collini 16, p. 25-26)

Proof. By prop. 9.69 the wave front set of 4y has all cotangents on the first variables in the closed future cone (at
the given base point, which itself is on the light cone)

and hence all those on the second variables in the closed past cone.

The first variables are integrated against those of A; and the second against A,. By definition of microcausal
observables (def. 14.2), the wave front sets of A; and 4, are disjoint from the subsets where all components are
in the closed future cone or all components are in the closed past cone. Therefore the relevant sum of of the wave
front covectors never vanishes and hence Hormander's criterion (prop. 9.34) for partial products of
distributions of several variables (prop. 9.37).

It remains to see that the star product A; *y A, is itself again a microcausal observable. It is clear that it is again
a polynomial observable and that it respects the ideal generated by the equations of motion. That it still satisfies
the condition on the wave front set follows directly from the fact that the wave front set of a product of
distributions is inside the fiberwise sum of elements of the factor wave front sets (prop. 9.36, prop. 9.37).

Finally the star algebra-structure via complex conjugation follows via remark 14.1 as in prop. 13.15. i

Remark 14.6. (Wick algebra is formal deformation quantization of Poisson-Peierls algebra of observables)

propagator A and let 4, = éA + H be a corresponding Wightman propagator (Hadamard 2-point function).

Then the Wick algebra (PolyObs(E, L) [[7]], >y ) from prop. 14.5 is a formal deformation quantization of

the Poisson algebra on the covariant phase space given by the on-shell polynomial observables equipped with
the Poisson-Peierls bracket { —, —} : PolyObs(E,L) . & PolyObs(E,L) . — PolyObs(E,L) _ in that for all
Ay, A; € PolyObs(E, L), . we have

Ay xg A, = A - A, mod h
and

Ay *y Ay — Ay %y ay = ih{A;,A,} mod h? .

Proof. By prop. 14.5 this is immediate from the general properties of the star product (example 13.8).

Explicitly,  consider,  without restriction of  generality, A; = f(al)a(x)d)a(x) dvolg(x) and
A, = f(az)a(x)':b“(x) dvols(x) be two linear observables. Then

Ay xy Ay
= A4

dA; dA,
AU (x;) 0P (x;)

+ h/(%’A“l“z (1, %5) + H% (2, 1,) ) mod A2

A4,

+ h( f (@), (e2) (5 492y, x5) + H1%(21, 35) ) (22),, (xz)) mod h?

Now since 4 is skew-symmetric while H is symmetric (prop. 9.60) it follows that

Ay *p Ay — Ay xy Ay = ih(f(a1)a1 (xl)AalaZ(xhxz)(az)az (x2)> mod h?
= ih{Ay, A}

The right hand side is the integral kernel-expression for the Poisson-Peierls bracket, as shown in the second
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line.

time-ordered product

Definition 14.7. (time-ordered product on regular polynomial observables)

Lagrange differential equations; write Ag = A, —A_ for the induced causal propagator. Let moreover

Ay = éAS + H be a compatible Wightman propagator and write 4y = %(A+ +A4_) + H for the induced

Then the time-ordered product on the space of off-shell regular polynomial observable PolyObs(E)reg is the
star product induced by the Feynman propagator (via prop. 13.17):

PolyObs(E)reg[[h]] ® PolyObs(E)reg[[fl]] — PolyObs(E)reg[[h]]
(A1, 42) - Ay *p A,

hence

Ay *p Ay = ((—)'(—))°6Xp< /A?b(x,y)

Ixx

6 )
m ® Fb(y) dVOlz(X) dVOlE(y)>

(Notice that this does not descend to the on-shell observables, since the Feynman propagator is not a solution
to the homogeneous equations of motion.)

Proposition 14.8. (time-ordered product is indeed causally ordered Wick algebra product)

Lagrange differential equations; write As = A, —A_ for the induced causal propagator. Let moreover

Ay = EiAS + H be a compatible Wightman propagator and write Ap = %(A+ +A_)+ H for the induced

Feynman propagator.

Then the time-ordered product on regular polynomial observables (def. 14.7) is indeed a time-ordering of the
Wick algebra product xy in that for all pairs of reqular polynomial observables

Ay, A, € PolyObs(E), [[A]]

Ay *y Az | supp(4;) VA supp(4;)

A *xz A, = .
TR Ay xn Ay | supp(Ay) VA supp(4y)

Here S VA S, is the causal order relation (“S; does not intersect the past cone of S,”). Beware that for general
pairs (51, S,) of subsets neither S; VA S, nor S, VA S;.

Proof. Recall the following facts:

1. the advanced and retarded propagators A4 by definition are supported in the future cone/past cone,
respectively
supp(4y) € V™
2. they turn into each other under exchange of their arguments (cor. 9.53):
A, (y,x) = A3 (x,y) .

3. the real part H of the Feynman propagator, which by definition is the real part of the Wightman propagator
is symmetric (by definition or else by prop. 9.60):
H(x,y) = H(y,x)

Using this we compute as follows:
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Aq x Ay =4, ~* 4,
F S(A4+A)+H

Ay, *» Ay | supp(A4;) VAsupp(4,)
S A4 +H
Ay, * HAz | supp(4z) VA supp(4;)

EA,-%—

Ay, » Ay | supp(4;) VAsupp(4,)
La,+H

Ay, » A | supp(4z) VAsupp(4,)

24+

A, * Az | supp(4;) VA supp(4;)
L@ -a)+H

Ay, * A; | supp(4;) VA supp(4;)
L@y -a)+H

Ay A’; A, | supp(A;) VA supp(4z)

A, A’; Ay | supp(4z) VA supp(4;)

Proposition 14.9. (time-ordered product on regular polynomial observables isomorphic to pointwise
product)

The time-ordered product on reqular polynomial observables (def. 14.7) is isomorphic to the pointwise product of
observables (def. 7.1) via the linear isomorphism

T : PolyObs(E),., [[]] — PolyObs(E),,[[A]]

given by
1 ab 5 (219)
T4 exp<;h / p(x,y) W)A
z
in that
T(A14y) = Ay *p Ay
=TT (A) T (4p))
hence

PolyObs(E), . [[A]] ® PolyObs(E),  [[A]] =  PolyObs(E),,[[A]]

rer | | =

PolyObs(E),,,[[]] ® PolyObs(E),,[[1]] S ) PolyObs(E) . [[]]

(Brunetti-Diitsch-Fredenhagen 09, (12)-(13), Fredenhagen-Rejzner 11b, (14))

Proof. Since the Feynman propagator is symmetric (prop. 9.62), the statement is a special case of prop. 13.5. i
Example 14.10. (time-ordered exponential of regular polynomial observables)
LetV € pOIYObSreg,deg=0[[h]] be a regular polynomial observable (def. 7.13) of degree zero, and write
exp(V) = 1+V+ 2V V4V VoVt
for the exponential of VV with respect to the pointwise product (89).

Then the exponential expT(V) of V with respect to the time-ordered product * (def. 14.7) is equal to the

conjugation of the exponential with respect to the pointwise product by the time-ordering isomorphism I
from prop. 14.9:

exp,(V) = 14+ V4V ap Vb Vo Vo Voo
=Toexp(=)oT V).

Remark 14.11. (renormalization of time-ordered product)
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The time-ordered product on regular polynomial observables from prop. 14.7 extends to a product on
polynomial local observables (def. 7.39), then taking values in microcausal observables (def. 14.2):

T: PolyLocObs(E)®”[[h]] — PolyObs(E),, .[[7]] -

This extension is not unique. A choice of such an extension, satisfying some evident compatibility conditions, is
a choice of renormalization scheme for the given perturbative quantum field theory. Every such choice
corresponds to a choice of perturbative S-matrix for the theory, namely an extension of the time-ordered
exponential exp.. (example 14.10) from regular to local observables.

This construction of perturbative quantum field theory is called causal perturbation theory. We discuss this
below in the chapters Interacting quantum fields and Renormalization.

operator product notation

Definition 14.12. (notation for operator product and normal-ordered product)

It is traditional to use the following alternative notation for the product structures on microcausal polynomial
observables:

1. The Wick algebra-product, hence the star product * for the Wightman propagator (def. 14.5), is
rewritten as plain juxtaposition:
star product of
"operator product” A4, = A;*y 4 .
Wightman propagator
2. The pointwise product of observables (def. 7.1) A; - A, is equivalently written as plain juxtaposition
enclosed by colons:

"normal-ordered
(AA,r = A A, pointwise product
product”

3. The time-ordered product, hence the star product for the Feynman propagator *p (def. 14.7) is

equivalently written as plain juxtaposition prefixed by a “T"”

"time-ordered star product of
. T(A14;) = Aixpdy
product Feynman propagator

Under representation of the Wick algebra on a Fock Hilbert space by linear operators the first product
becomes the operator product, while the second becomes the operator poduct applied after suitable re-
ordering, called “normal odering” of the factors.

Disregarding the Fock space-representation, which is faithful, we may still refer to these “abstract” products as
the “operator product” and the “normal-ordered product”, respectively.

Example 14.13. (phi”n interaction)

Consider phi”n theory from example 5.5. The adiabatically switched action functional (example 7.34) which is
the transgression of the phi”n interaction is the following local (hence, by example 14.4, microcausal)
observable:

N int

/¢(x) - P(x)- P(x) - P(x) dvoly(x)

z nfactors

’

f: D(x)P(x) P(x)P(x): dvoly(X)

z nfactors

Here in the first line we have the integral over a pointwise product (def. 7.1) of n field observables (example
7.2), which in the second line we write equivalently as a normal ordered product by def. 14.12.

Example 14.14. (electron-photon interaction)

Consider the Lagrangian field theory defining quantum electrodynamics from example 5.11. The adiabatically
switched action functional (example 7.34) which is the transgression of the electron-photon interaction is the
local (hence, by example 14.4, microcausal) observable
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Here in the first line we have the integral over a pointwise product (def. 7.1) of n field observables (example
7.2), which in the second line we write equivalently as a normal ordered product by def. 14.12.

(e.g. Scharf 95, (3.3.1))

Hadamard vacuum state
Proposition 14.15. (canonical vacuum states on abstract Wick algebra)

Let (E,L) be a free Lagrangian field theory with Green-hyperbolic Euler-Lagrange equations of motion; and let

Ay be a compatible Wightman propagator.

For
o € Mx(E)y, o

any on-shell field history (i.e. solving the equations of motion), consider the function from the Wick algebra to
formal power series in h with coefficients in the complex numbers which evaluates any microcausal polynomial
observable on @

(Dog

PolyObs(E, L) ., [[[h]] — C[[A]]
A = A(Po)

Specifically for @, = 0 (which is a solution of the equations of motion by the assumption that (E, L) defines a free
field theory) this is the function

PolyObs(E, L), [[[7]] e a

A=a©®
+ fa,gl)(x)¢a(x) dvol;()}  —  A(0) = a©@

z
+ .-

which sends each microcausal polynomial observable to its value A(® = 0) on the zero field history, hence to the

constant contribution a® in its polynomial expansion.
The function ( —), is

1. linear over C[[R]];
2. real, in that for all A € PolyObs(E, L)  [[7]]
(A7) =4y
3. positive, in that for every A € PolyObs(E, L), [[R]] there exista ¢, € C[[R]] such that
(A" *y A)q>0 =cy-Cq,
4. normalized, in that

(1), =1

where (=) * denotes componet-wise complex conjugation.

This means that (—), is a state on the Wick star-algebra ((PolyObs(E, L) e l[R1] *u ) (prop. 14.5). One says
that

* (—), is a Hadamard vacuum state;

and generally

o (=), iscalled a coherent state.
Po
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(Diitsch 18, def. 2.12, remark 2.20, def. 5.28, exercise 5.30 and equations (5.178))

Proof. The properties of linearity, reality and normalization are obvious, what requires proof is positivity. This is
proven by exhibiting a representation of the Wick algebra on a Fock Hilbert space (this algebra homomorphism
is Wick's lemma), with formal powers in h suitably taken care of, and showing that under this representation the
function (—), is represented, degreewise in #, by the inner product of the Hilbert space. Wl

Example 14.16. (operator product of two linear observables)
Let

A; € LinObs(E,L) . < PolyObs(E,L) .

for i € {1,2} be two linear microcausal observables represented by distributions which in generalized

function-notation are given by

A = f(ai)ai(xi)q)ai(xi) dvolg(x;) .
Then their Hadamard-Moyal star product (prop. 14.5) is the sum of their pointwise product with their value
(220)

(Ay *y Az)o = ih_/-f(al)al (M)Aglaz(xl'xz)(az)az (x2) dvolz(x) dvolg(x2)

in the Wightman propagator, which is the value of the Hadamard vacuum state from prop. 14.15:

Ay xg Ay = A - Ay + (A1 %5 Ay),

In the operator product/normal-ordered product-notation of def. 14.12 this reads

AAy = A Ay + (A4, .

Example 14.17. (Weyl relations)

propagator Ay.

Then for

Ay, A; € LinObs(E,L) . < PolyObs(E,L) .

two linear microcausal observables, the Hadamard-Moyal star product (def. 14.5) of their exponentials
exhibits the Weyl relations:

el *y edz = pA1TAz o(A1*H A2),

where on the right we have the exponential of the value of the Hadamard vacuum state (prop. 14.15) as in
example 14.16.

(e.g. Diitsch 18, exercise 2.3)

Example 14.18. (Wightman propagator is 2-point function in the Hadamard vacuum state)

Let (E,L) be a free Lagrangian field theory with Green-hyperbolic Euler-Lagrange equations of motion; and let
Ay be a compatible Wightman propagator.

With respect to the induced Hadamard vacuum state (—)0 from prop. 14.15, the Wightman propagator
Ay (x,y) itself is the 2-point function, namely the distributional vacuum expectation value of the operator

product of two field observables:

(@) xy @°(), = (¢(X)'¢(Y))+<fl f5(x—x')4f1b(x,y)5(y—Y')>

=0 IXE

=hag’(xy)
by example 14.16.

Equivalently in the operator product-notation of def. 14.12 this reads:

(@°(0)@°(y), = hlu(xy).

Similarly:
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Let (E, L) be a free Lagrangian field theory with Green-hyperbolic Euler-Lagrange equations of motion; and let

Ay be a compatible Wightman propagator with induced Feynman propagator A.

With respect to the induced Hadamard vacuum state (—), from prop. 14.15, the Feynman propagator 4 (x, y)

itself is the time-ordered 2-point function, namely the distributional vacuum expectation value of the time-
ordered product (def. 14.7) of two field observables:

ftS(x —x)AR (6, Y)Y — y')>

XX

(T(@°(x) % (), = <<1>(x>~<1>(y)>+<n
=0

=hafP(xy)
analogous to example 14.16.

Equivalently in the operator product-notation of def. 14.12 this reads:

(T(@*N)®°(y))), = hlr(xy) .

propagators (i.e. integral kernels of Green functions)
for the wave operator and Klein-Gordon operator

name svmbol wave front as vacuum exp. value as a product of
Y set of field operators field operators
_ th AS(X' J/) = Peierls-Poisson
causal propagator 4dg =4, —A_ _ bracke
([®@), eM]) pracket
ihd,(xy) =
advanced future part of
propagator 4, V ([@@),®O]) | x>y Peie:{ls—Poisson
bracket
0 | y=x
ihd_(x,y) =
past part of
retar A_ ([@(x),®®»)]) | y=x Peierls-Poisson
propagator / bracket
— 0 | x=zy —
positive frequency
hdy(x, of
1) Peierls-Poisson
=(Px)P()) bracket,
Wightman Wick algebra-
propagator = ( q)(x)q)(y) ) product,
=0 2-point function
-) +) of vacuum state
+ < [¢ (), @ (y)] > or generally of
Hadamard state
, Rap(x,y)
L
A =5 (A+a) +H = (T(@@®()) ) |
Feynman i time-ordered
propagator =idp +H ( ®(x)P(x) ) | x>y product
=Ay +id_ =

(see also Kocic's overview: pdf)

(eme@) | y=x
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free quantum BV-differential

So far we have discussed the plain (graded-commutative) algebra of quantum observables of a gauged fixed free
Lagrangian field theory, deforming the commutative pointwise product of observables. But after gauge fixing, the
algebra of observables is not just a (graded-commutative) algebra, but carries also a differential making it a
differential graded-commutative superalgebra: the global BV-differential {—S’+Sgrst, —} (def. 11.28). The
gauge invariant on-shell observables are (only) the cochain cohomology of this differential. Here we discuss
what becomes of this differential as we pass to the non-commutative Wick-algebra of quantum observables.

Proposition 14.20. (global BV-differential on Wick algebra)

Let (E,L) be a free Lagrangian field theory (def 5.25) with gauge fixed BV-BRST Lagrangian density

—L' +L'ggst (def. 12.2) on a graded BV-BRST field bundle
EBV.BRST = T*[_l]l,inf(E X5 G[1] Xz A X5 A[—1]) (remark 12.8). Let Ay be a compatible Wightman
propagator (def. 9.57).

Then the global BV-differential { —S', (=)} (def. 11.28) restricts from polynomial observables to a linear map on
microcausal polynomial observables (def. 14.2)

{=S", (=)} : PolyObs(ERy-BRST) [ [72]] — PolyObs(ERy.BRST) pc[[7]]

and as such is a derivation not only for the pointwise product, but also for the product in the Wick algebra (the
star product induced by the Wightman propagator):

(=S Ay xy Ay} = (=S A} *y Ay + Ay +y (=57, 45} .

We call {—S,(—)} regarded as a nilpotent derivation on the Wick algebra this way the free quantum BV-
differential.

(Fredenhagen-Rejzner 11b, below (37), Rejzner 11, below (5.28))

Proof. By example 11.29 the action of {—S’,(—)} on polyomial observables is to replace antifield field
observables by

Qi) b £ (P ®H(),

where P is a differential operator. By partial integration this translates to {—S’, (—)} acting by the formally

adjoint differential operator P* (def. 4.9) via distributional derivative on the distributional coefficients of the
given polynomial observable.

Now by prop. 9.35 the application of P retains or shrinks the wave front set of the distributional coefficient,
hence it preserves the microcausality condition (def. 14.2). This makes {—S', (—)} restrict to microcausal
polynomial observables.

To see that {—S’, (—)} thus restricted is a derivation of the Wick algebra product, it is sufficient to see that its
commutators with the Wightman propagator vanish in each argument:
S ®id, 4 6 ® 6 =0
(=S, ()} ®id, dy(55 @ 55| =

and

. , ) )
4@ (5. 455055 - 0-
Because with this we have:

1) 1)
(= s ) = (=, ()= () () o x5 @ 5 ) J 0 @ )

= () (Do (=8, 1@ W+ IS (=5, (-1) - exp (55 © 555 ) s @ )
= () (D et ® 55)) o (=5 1@+ RS (-5, (=) © )

={=5, A1} xy Ay + Ay xy (=S, A3}

Here in the first step we used that {—S’,(—)} is a derivation with respect to the pointwise product, by
construction (def. 11.28) and then we used the vanishing of the above commutators.

To see that these commutators indeed vanish, use that by example 11.29 we have
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and similarly for the other order of the tensor products. Here the term over the brace vanishes by the fact that
the Wightman propagator is a solution to the homogeneous equations of motion by prop. 9.58.

To analyze the behaviour of the free quantum BV-differential in general and specifically after passing to
interacting field theory (below in chapter Interacting quantum fields) it is useful to re-express it in terms of the
incarnation of the global antibracket with respect not to the pointwise product of observables, but the time-
ordered product:

Definition 14.21. (time-ordered antibracket)

—L' +L'grsr (def. 12.2) on a graded BV-BRST field bundle
EBV-BRST = T*[_l]z‘,inf(E Xy G[1] X5 A X5 A[ —1]) (remark 12.8).

Then the time-ordered global antibracket on regular polynomial observables

-
PolyObs(ERY.BRST) eg [11] ® PolyObs(ERy.BRST) g 1]l —— PolyObs(ERy.BRST) egl[]]

is the conjugation of the global antibracket (def. 11.28) by the time-ordering operator 7" (from prop. 14.9):

(==Y = 7T (T

hence

{=-}
POlyObS(EBv_BRST)reg[[h]]®POIYObS(EBv_BRST)reg[[fL]] e PO]yObS(EBv_BRST)reg[[h]]

7| |5

PolyObs(ERy.BRST)yeq|[1]] ® PolyObs(EBY.BRST) egl[h]] —— PolyObs(Ey.BRST)yeql[1]]

(Fredenhagen-Rejzner 11, (27), Rejzner 11, (5.14))

Proposition 14.22. (time-ordered antibracket with gauge fixed action functional)

—L' +L'ggst (def. 12.2) on a graded BV-BRST field bundle
EBV—BRST = T*[_l]x,inf(E X5 g[l] Xy A Xy A[—lD (remark 12.8).

Then the time-ordered antibracket (def. 14.21) with the gauge fixed BV-action functional —S' (def. 11.28) equals
the conjugation of the global BV-differential with the isomorphism T from the pointwise to the time-ordered
product of observables (from prop. 14.9)

{(=S', =}, = To{=S',—}oT7},
hence

(=51,
PolyObs(ERy.BRST)regl[Ml] ——— PoyObs(ERy.BRST) egl[1t]]

.| |»

{=s1,-)
PolyObs(ERy.BRST)eg ]l —— PoyObs(ERY.BRST) gl []]

Proof. By the assumption that (E, L) is a free field theory its Euler-Lagrange equations are linear in the fields,
and hence S’ is quadratic in the fields. This means that

718" = §' +const,

where the second term on the right is independent of the fields, and hence that
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(T7U(=8),-y={=5,-}.
This implies the claim:
(=8, =) =T({(T (=) T ()
=T7((=S", 7))
=To{-8,—}oT 1.

Definition 14.23. (BV-operator for gauge fixed free Lagrangian field theory)

—L' +L'ggst (def. 12.2) on a graded BV-BRST field bundle
EBV-BRST = T*[—l]mnf(E Xy G[1] X5 A Xz A[—1]) (remark 12.8) and with corresponding gauge-fixed

global BV-BRST differential on graded regular polynomial observables

{—S"+S'grsT, =} : PolyObs(EBY.BRST) g [[72]] — PolyObs(ERy.BRST) egl[7]]
(def. 12.2).
Then the corresponding BV-operator
Agy : PolyObs(ERy.BRST) g [[7]] — PolyObs(ERy.BRST) cg[[1]]

on regular polynomial observables is, up to a factor of ifi, the difference between the free component { —S’, —}
of the gauge fixed global BV differential and its time-ordered version (def. 14.21)

tgy = (=8 <) = {=5.()),
hence
(=S, =}, = {=S', -} +indgy . (221)

Proposition 14.24. (BV-operator in components)

If the field bundles of all fields, ghost fields and auxiliary fields are trivial vector bundles, with field/ghost-
field/auxiliary-field coordinates collectively denoted (™) then the BV-operator Agy from prop. 14.23 is given

explicitly by

) )
Aoy = —1)de@? f — 2 dvol
B g( ) s04(x) sDk()

z

Since this formula exhibits a graded Laplace operator, the BV-operator is also called the BV-Laplace operator or
BV-Laplacian, for short.

Proof. By prop. 14.22 we have equivalently
ihdgy = To{-S,—}oT ' — (=S5, -}
and by example 11.29 the second term on the right is
Bl s
! .00 * EL
{=s,-}= f} (@) (—)(X)— dvol;(x)

P 5p” 5 (%)

eg(@? 4
= ;(—1)“‘ 8(® )/(Pd))f‘(x)(m—j(x) dvoly(x)

With this we compute as follows:

(222)
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Here we used

1. under the first brace that by assumption of a free field theory, { —S’, —} is linear in the fields, so that the

hyperbolic Euler-Lagrange equations of motion (cor. 9.65).

Proposition 14.25. (global antibracket exhibits failure of BV-operator to be a derivation)

Let (E,L) be a free Lagrangian field theory (def 5.25) with gauge fixed BV-BRST Lagrangian density
—L' +L'grsr (def. 12.2) on a graded BV-BRST field bundle
ERy.BRST = T'[—1l; ;n(E Xz G[1] X5 A x5 A[—1])

The BV-operator Agy (def 14.23) and the global antibracket {—, —} (def. 11.28) satisfy for all polynomial
observables (def. 7.13) A1, A, € PolyObs(Egy.grsT)[[7]] the relation

(A1 4y} = (~D)*E) Ay (A; - 4y) = (=18 Agy (A7) - Az — Ay - Agy(4r) (223)
for (=) - (=) the pointwise product of observables (def. 7.1).

Moreover, it commutes on reqular polynomial observables with the time-ordering operator T (prop. 14.9)

ABV o =To ABV on POlyObS(EBv_BRST)reg[[fl.]]

and hence satisfies the analogue of relation (223) also for the time-ordered antibracket { —, _}T (def. 14.21) and

the time-ordered product g on regular polynomial observables

d d
(AL Az}, = (—1)98%) Agy (A *p Ay) — (—1) 8245y (A)) *p A, — Ay ¢ Agy(Ay) -
e.g. Henneaux-Teitelboim 92, (15.105d),
g

Proof. With prop. 14.24 the first statement is a graded version of the analogous relation for an ordinary Laplace
operator A == g*d, 8, acting on smooth functions on Cartesian space, which on smooth functions f, g satisfies

Af-9) = (Vf,Vg) —4A(f)g — fA(9),

by the product law for differentiation, where now Vf := (g®a, f) is the gradient and (v, w) = 9V wh the

inner product. Here one just needs to carefully record the relative signs that appear.

That the BV-operator commutes with the time-ordering operator is clear from the fact that both of these are
given by partial functional derivatives with constant coefficients. This immediately implies the last statement
from the first. |

Example 14.26. (BV-operator on time-ordered exponentials)
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—L' +L'ggst (def. 12.2) on a graded BV-BRST field bundle
Egy.BRsT = T'[— 15, (E Xz G[1] Xz A X5 A[—1]).

Let moreover V € PolyObs(Egy.BRST) [[7]] be a regular polynomial observable (def. 7.13) of

reg,deg=0
degree zero. Then the application of the BV-operator Agy (def. 14.23) to the time-ordered exponential
exp,. (V) (example 14.10) is the time-ordered product of the time-ordered exponential with the sum of Agy (V)

and the global antibracket %{V, V} of V with itself:

ty(exp, (V) = (Bpy(V) + 5V, V}) 5 exp, (V)

Proof. By prop. 14.25 Agy acts as a derivation on the time-ordered product up to a correction given by the
antibracket of the two factors. This yields the result by the usual combinatorics of exponentials.

Bgy(1+V+3V AV )
1 1
=dgy(V) +3 (Apgy(V) *p V +V %5 Agy (V) + RS

= Agy(V) + 5V, V} + Agy(V) #p V + -

Schwinger-Dyson equation

A special case of the general occurrence of the BV-operator is the following important property of on-shell time-
ordered products:

Proposition 14.27. (Schwinger-Dyson equation)

Let (E,L) be a free Lagrangian field theory (def 5.25) with gauge fixed BV-BRST Lagrangian density
—L' +L'ggst (def. 12.2) on a graded BV-BRST field bundle
EBV-BRST = T*[_l]z‘,inf(E Xy G[1] X5 A X5 A[—1]) (remark 12.8).

Let
a i (224)
A= |A%(x) Pgz(x)dvoly(x) € POlyObSreg(EBV-BRST)
z

be an off-shell reqular polynomial observable which is linear in the antifield field observables ®* Then

+1 ss’ a p— 8A%(x) ,(225)
T+ Fa(x) A (x) dvolz(x) = i ihT+ W dVOlZ(X) € PO]ythreg(EBV_BRST,L ) .

z z on-shell

This is called the Schwinger-Dyson equation.

The following proof is due to (Rejzner 16, remark 7.7) following the informal traditional argument (Henneaux-
Teitelboim 92, (15.108b)).

Proof. Applying the inverse time-ordering map T -1 (prop. 14.9) to equation (221) applied to A yields

TY-5", 4} = — ihT Agy(A) +T -5, 4},
—v_” —v_’a N————_——
T gy A“COdvolz () iy 240 dvoly (=517 M)

where we have identified the terms under the braces by 1) the component expression for the BV-differential
{—S', —} from prop. 11.29, 2) prop. 14.24 and 3) prop. 14.22.

The last term is manifestly in the image of the BV-differential { —S’, —} and hence vanishes when passing to on-
shell observables along the isomorphism (198)

PolyObs(EBy.BRsT.L') = PolyObs(ERYy.BRST) gef(a =0y /IM({ 5", =)
on-shell off-shell

(by example 11.29).

The same argument with the replacement 7 < 71 throughout yields the other version of the equation (with
time-ordering instead of reverse time ordering and the sign of the fi-term reversed). il
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Remark 14.28. (“Schwinger-Dyson operator”)

The proof of the Schwinger-Dyson equation in prop. 14.27 shows that, up to time-ordering, the Schwinger-
Dyson equation is the on-shell vanishing of the “quantized” BV-differential (221)

{_S,'_}T = {—S’, —} + ihABv,

where the BV-operator is the quantum correction of order #. Therefore this is also called the Schwinger-Dyson
operator (Henneaux-Teitelboim 92, (15.111)).

Example 14.29. (distributional Schwinger-Dyson equation)

Often the Schwinger-Dyson equation (prop. 14.27) is displayed before spacetime-smearing of field observables

A%x) = 8(x — x)8q, P (x1) -+ P (xy) .

This choice makes (225) become the distributional Schwinger-Dyson equation

T _ U (x,) - DU (x,,)
5D (x,) 1 n
on-Shell ~ R T(®Ger) @ (o) - 6k — 185 - @ (x ) @ (o))

(e.q. Dermisek 09).

In particular this means that if (xg, ag) # (xy, ay) forall k € {1, ---,n} then

[ Yo e POn — _
T(5<I>a°(x0) P (xl) P (xn)) 0 on-shell

Since by the principle of extremal action (prop. 7.38) the equation

éS

5050  °

is the Euler-Lagrange equation of motion (for the classical field theory) “at x,”, this may be interpreted as
saying that the classical equations of motion for fields at x, still hold for time-ordered quantum expectation

values, as long as all other observables are evaluated away from x,; while if observables do coincide at x then
there is a correction measured by the BV-operator.

This concludes our discussion of the algebra of quantum observables for free field theories. In the next chapter
we discuss the perturbative QFT of interacting field theories as deformations of such free quantum field theories.

15. Interacting quantum fields

In this chapter we discuss the following topics:

Free field vacua

Perturbative S-matrices

Conceptual remarks

Interacting field observables

Time-ordered products

e (“Re”-)Normalization

Feynman perturbation series

Effective action

Vacuum diagrams
Interacting quantum BV-differential

Ward identities
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In the previous chapter we have found the quantization of free Lagrangian field theories by first choosing a gauge
fixed BV-BRST-resolution of the algebra of gauge invariant on-shell observabes, then applying algebraic
deformation quantization induced by the resulting Peierls-Poisson bracket on the graded covariant phase space
to pass to a non-commutative algebra of quantum observables, such that, finally, the BV-BRST differential is
respected.

Of course most quantum field theories of interest are non-free; they are interacting field theories whose
equations of motion is a non-linear differential equation. The archetypical example is the coupling of the Dirac
field to the electromagnetic field via the electron-photon interaction, corresponding to the interacting field
theory called quantum electrodynamics (discussed below).

In principle the perturbative quantization of such non-free field theory interacting field theories proceeds the
same way: One picks a BV-BRST-gauge fixing, computes the Peierls-Poisson bracket on the resulting covariant
phase space (Khavkine 14) and then finds a formal deformation quantization of this Poisson structure to obtain
the quantized non-commutative algebra of quantum observables, as formal power series in Planck's constant A.

It turns out (Collini 16, Hawkins-Rejzner 16, prop. 15.25 below) that the resulting interacting formal
deformation quantization may equivalently be expressed in terms of scattering amplitudes (example 15.12
below): These are the probability amplitudes for plane waves of free fields to come in from the far past, then
interact in a compact region of spacetime via the given interaction (adiabatically switched-off outside that
region) and to emerge again as free fields into the far future.

The collection of all these scattering amplitudes, as the types and wave vectors of the incoming and outgoing free
fields varies, is called the perturbative scattering matrix of the interacting field theory, or just S-matrix for short.
It may equivalently be expressed as the exponential of time-ordered products of the adiabatically switched
interaction action functional with itself (def. 15.3 below). The combinatorics of the terms in this exponential is
captured by Feynman diagrams (prop. 15.51 below), which, with some care (remark 15.21 below), may be
thought of as finite multigraphs (def. 15.50 below) whose edges are worldlines of virtual particles and whose
vertices are the interactions that these particles undergo (def. 15.55 below).

The axiomatic definition of S-matrices for relativistic Lagrangian field theories and their rigorous construction
via ("re"-)normalization of time-ordered products (def. 15.46 below) is called causal perturbation theory, due to
(Epstein-Glaser 73). This makes precise and well-defined the would-be path integral quantization of interacting
field theories (remark 15.16 below) and removes the errors (remark 15.19 below) and ensuing puzzlements

(expressed in Feynman 85) that plagued the original informal conception of perturbative quantum field theory

The equivalent re-formulation of the formal deformation quantization of interacting field theories in terms of
scattering amplitudes (prop. 15.25 below) has the advantage that it gives a direct handle on those observables
that are measured in scattering experiments, such as the LHC-experiment. The bulk of mankind’s knowledge
about realistic perturbative quantum field theory - such as notably the standard model of particle physics - is
reflected in such scattering amplitudes given via their Feynman perturbation series in formal powers of Planck's
constant and the coupling constant.

Moreover, the mathematical passage from scattering_amplitudes to the actual interacting field algebra of
quantum observables (def. 15.24 below) corresponding to the formal deformation quantization is well
understood, given via “Bogoliubov's formula” by the quantum Mgller operators (def. 15.8 below).

Via Bogoliubov's formula every perturbative S-matrix scheme (def. 15.3) induces for every choice of
adiabatically switched interaction action functional a notion of perturbative interacting field observables (def.
15.8). These generate an algebra (def. 15.24 below). By Bogoliubov's formula, in general this algebra depends on
the choice of adiabatic switching; which however is not meant to be part of the physics, but just a mathematical
device for grasping global field structures locally.

But this spurious dependence goes away (prop. 15.27 below) when restricting attention to observables whose
spacetime support is inside a compact causally closed subsets O of spacetime (def. 15.26 below). This is a
sensible condition for an observable in physics, where any realistic experiment nessecarily probes only a
compact subset of spacetime, see also remark 15.18.

The resulting system (a “co-presheaf”) of well-defined perturbative interacting field algebras of observables (def.
15.29 below)

0 + IntObs(ERy.BRST> Lint) (0)

is in fact causally local (prop. 15.30 below). This fact was presupposed without proof already in [I'in-Slavnov 78;
because this is one of two key properties that the Haag-Kastler axioms (Haag-Kastler 64) demand of an
intrinsically defined quantum field theory (i.e. defined without necessarily making recourse to the geometric
backdrop of Lagrangian field theory). The only other key property demanded by the Haag-Kastler axioms is that
the algebras of observables be C*-algebras; this however must be regarded as the axiom encoding non-
perturbative quantum field theory and hence is necessarily violated in the present context of perturbative QFT.
Since quantum field theory following the full Haag-Kastler axioms is commonly known as AQFT, this perturbative
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version, with causally local nets of observables but without the C*-algebra-condition on them, has come to be
called perturbative AQFT (Diitsch-Fredenhagen 01, Fredenhagen-Rejzner 12).

In this terminology the content of prop. 15.30 below is that while the input of causal perturbation theory is a

. causal perturbative
gauge-fixed perturbation theory algebraic
Lagrangian

quantum
field theory
field theory
(Becchi-Rouet-Stora 76, (Bogoliubov-Shirkov 59, (II'in-Slavnov 78,

Batalin-Vilkovisky 80s) Epstein-Glaser 73) Brunetti-Fredenhagen 99,
Diitsch-Fredenhagen 01)

The independence of the causally local net of localized interacting field algebras of observables
IntObs(ERy.BRST Lint) (0) from the choice of adiabatic switching implies a well-defined spacetime-global

algebra of observables by forming the inductive limit

IntObs(Epy-gRST: Line) = lim( IntObs(Epy-pRsT: Lin)(©) )
[

This is also called the algebraic adiabatic limit, defining the algebras of observables of perturbative QFT “in the
infrared”. The only remaining step in the construction of a perturbative QFT that remains is then to find an
interacting vacuum state

<_>int : IntObs(ERy.-BRST: Lint) — C[[%, g]]

on the global interacting field algebra Obsy, . This is related to the actual adiabatic limit, and it is by and large an

open problem, see remark 15.18 below.

In conclusion so far, the algebraic adiabatic limit yields, starting with a BV-BRST gauge fixed free field vacuum,
the perturbative construction of interacting field algebras of observables (def. 15.24) and their organization in
increasing powers of A and g (loop order, prop. 15.68) via the Feynman perturbation series (example 15.58,
example 15.71).

But this interacting field algebra of observables still involves all the auxiliary fields of the BV-BRST gauge fixed
free field vacuum (as in example 15.54 for QED), while the actual physical gauge invariant on-shell observables
should be (just) the cochain cohomology of the BV-BRST differential on this enlarged space of observables.
Hence for the construction of perturbative QFT to conclude, it remains to pass the BV-BRST differential of the
free field Wick algebra of observables to a differential on the interacting field algebra, such that its cochain
cohomology is well defined.

Since the time-ordered products away from coinciding interaction points are uniquely fixed (prop. 15.42 below),
one finds that also this interacting quantum BV-differential is uniquely fixed, on regular polynomial observables,
by conjugation with the quantum Mgller operators (def. 15.72). The formula that characterizes it there is called
the quantum master equation or equivalently the quantum master Ward identity (prop. 15.73 below).

In its incarnation as the master Ward identity, this expresses the difference between the shell of the free classical
field theory and that of the interacting quantum field theory, thus generalizing the Schwinger-Dyson equation to
interacting field theory (example 15.76 below). Applied to Noether's theorem it expresses the possible failure of
conserved currents associated with infinitesimal symmetries of the Lagrangian to still be conserved in the
interacting perturbative QFT (example 15.78 below).

As one extends the time-ordered products to coinciding interaction points in ("re"-)normalization of the
perturbative QFT (def. 15.46 below), the gquantum master equation/master Ward identity becomes a
renormalization condition (prop. 15.49 below). If this condition fails one says that the interacting perturbative
QFT has a quantum anomaly, specifically a gauge anomaly if the Ward identity of an infinitesimal gauge
symmetry is violated.

These issues of "(re)-"normalization we discuss in detail in the next chapter.

Free field vacua

In considering perturbative QFT, we are considering perturbation theory in formal deformation parameters
around a fixed free Lagrangian quantum field theory in a chosen Hadamard vacuum state.
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For convenient referencing we collect all the structure and notation that goes into this in the following
definitions:

Definition 15.1. (free relativistic Lagrangian quantum field vacuum)
Let
1. ¥ be a spacetime (e.g. MinkowsKi spacetime);
2. (E,L) a free Lagrangian field theory (def. 5.25), with field bundle E f—b> P
theory (E X5 G[1], L — Lpgst) (example 10.28); -
4.(Egy.BRsT-L' —L'BrsT) @ gauge fixing (def. 12.2) with graded BV-BRST field bundle
Egy.BrsT = Tz[—11(E x5 G[1] x5 A Xz A[—1]) (remark 12.8);

5.4y € I'" (Egy-BrsT X EBV-BRST) @ Wightman propagator Ay = EiA + H compatible with the causal

propagator 4 which corresponds to the Green hyperbolic Euler-Lagrange equations of motion induced by

Given this, we write

( PolyObs(Epy-BRST)mellA1], *4 )

for the corresponding Wick algebra-structure on formal power series in i (Planck's constant) of microcausal
polynomial observables (def. 14.2). This is a star algebra with respect to (coefficient-wise) complex
conjugation (prop. 14.5).

Write
PolyObs(ERy-BRST) mcl[7] g C[A]] (226)
A o A(® = 0)

for the induced Hadamard vacuum state (prop. 14.15), hence the state whose distributional 2-point function is
the chosen Wightman propagator:

(@) D°(y)) = hAF(xy) .

Given any microcausal polynomial observable A € PolyObs(EBy.BRST) mc[[7 9, /1] then its value in this state

is called its free vacuum expectation value
(4) € C[[h,g,jll -
Write

iy 227
LocObs(Egy.grsT) “— PolyObs(EBy.-BRST) e 227

A - 1A

for the inclusion of local observables (def. 7.39) into microcausal polynomial observables (example 14.4),
thought of as forming normal-ordered products in the Wick algebra (by def. 14.12).

We denote the Wick algebra-product (the star product *, induced by the Wightman propagator 4y according
to prop. 13.17) by juxtaposition (def. 14.12)

AAy = Ay xy Ay .

Ifan element A € PolyObs(ERy.gRrsT) has an inverse with respect to this product, we denote that by A -
AT'A=1.

Finally, for A € LocObs(Egy.grsT) we write supp(A) € X for its spacetime support (def. 7.31). For

51,5, © X two subsets of spacetime we write

"S, does not intersect the past of S,"
S1VAS, k)

"S, does not intersect the future of S;"

for the causal order-relation (def. 2.37) and
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for spacelike separation.

Being concerned with perturbation theory means mathematically that we consider formal power series in
deformation parameters # (“Planck's constant”) and g (“coupling constant”), also in j (“source field”), see also
remark 15.14. The following collects our notational conventions for these matters:

Definition 15.2. (formal power series of observables for perturbative QFT)

Let (Egy.BRST: L' 4x) be a relativistic free vacuum according to def. 15.1.

Write

. k3
LocObs(Egy.grs)[[%.9.j11 = ||  LocObs(Egy.grsT)(h**g"*j*")
kq,kz,ks EN

for the space of formal power series in three formal variables

1. A (“Planck’s constant”),
2. g (“coupling constant”)
3. j (“source field")

with coefficients in the topological vector spaces of the off-shell polynomial local observables of the free field
theory (def. 7.39); similarly for the off-shell microcausal polynomial observables (def. 14.2):

. . 3
PolyObs(ERy.BRST) el 9, j1] = ||  PolyObs(Egy.BRST) e (A 9%/ ) .
Ky Ky k3 €N

Similary
LocObs(Egy.grsT)[[M.gll,  PolyObs(Egy.grsT)[[% g1l
denotes the subspace for which no powers of j appear, etc.
Accordingly
Cop(2)9)

denotes the vector space of bump functions on spacetime tensored with the vector space spanned by a single
copy of g. The elements

9gw € CH(E)9)

may be regarded as spacetime-dependent “coupling_constants” with compact support, called adiabatically
switched couplings.

Similarly then
LocObs(Egy.grsT)I[1 9, j11(g. /)

is the subspace of those formal power series that are at least linear in g or j (hence those that vanish if one
sets g, j = 0). Hence every element of this space may be written in the form

0 = gSint + jJA € LocObs(Egy.grsT)I[? 9, /119, J)

where the notation is to suggest that we will think of the coefficient of g as an (adiabatically switched)
interaction action functional and of the coefficient of j as an external source field (reflected by internal and
external vertices, respectively, in Feynman diagrams, see def. 15.52 below).

In particular for

Line € 25" "°(Egy.grsT)[[% 9]]

a formal power series in A and g of local Lagrangian densities (def. 5.1), thought of as a local interaction
Lagrangians, and if

Isw € CHE)9)
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is an adiabatically switched coupling as before, then the transgression (def. 7.32) of the product

o Line € 0% ¢y (Epy.BRsT) (1 911(9)
is such an adiabatically switched interaction
9Sint = Tx(ggy Lin) € LocObs(Egy.grsT)[[% 9]11{9) -

We also consider the space of off-shell microcausal polynomial observables of the free field theory with formal
parameters adjoined

PolyObs(EBy.BRST) (W19, /11,

which, in its fi-dependent, is the space of Laurent series in h, hence the space exhibiting also negative formal
powers of A.

Perturbative S-Matrices

We introduce now the axioms for perturbative scattering matrices relative to a fixed relativistic free Lagrangian
quantum field vacuum (def. 15.1 below) according to causal perturbation theory (def. 15.3 below). Since the first
of these axioms requires the S-matrix to be a formal sum of multi-linear continuous functionals, it is convenient
to impose axioms on these directly: this is the axiomatics for time-ordered products in def. 15.31 below. That
these latter axioms already imply the former is the statement of prop. 15.39, prop. 15.40 below . Its proof
requires a close look at the “reverse-time ordered products” for the inverse S-matrix (def. 15.35 below) and their
induced reverse-causal factorization (prop. 15.38 below).

Definition 15.3. (S-matrix axioms - causal perturbation theory)

Let (Egy.BRST- L', 4x) be a relativistic free vacuum according to def. 15.1.

Then a perturbative S-matrix scheme for perturbative QFT around this free vacuum is a function

S : LocObs(Egy.grsT)I[% g, j11g. j) — PolyObs(Egy.BRST) e ()[4, 1]

from local observables to microcausal polynomial observables of the free vacuum theory, with formal
parameters adjoined as indicated (def. 15.2), such that the following two conditions “perturbation” and “causal
additivity (jointly: ”causal perturbation theory*) hold:

1. (perturbation)
There exist multi-linear continuous functionals (over C[[#, g, j]]) of the form

®iing.i
Ty ( LocObs(Epy.prs[lg.j1g. ) ) " — PolyObs(Epy.BRST) e (115, 1]

for all k € N, such that:

1. The nullary map is constant on the unit of the Wick algebra
To(gSine + jA) = 1

(228)

2. The unary map is the inclusion of local observables as normal-ordered products (227)
T1(9Sint + JA) = G:Sine: +J:4:

3.The perturbative S-matrix is the exponential series of these maps in that for all
9Sint + jA € LocObs(Egy.grsT)([1 9. j11(9, /)

. 1 3
5(gSin + j4) = T(expg (5 (9Sime + jA))) (229)
@ 1/1\" . '
= Z =) Te| (GSine +iA), -+ (gSine + JA)
— k! \ih
k=0 karguments

2. (causal additivity)
For all perturbative local observables 0y, 04, 0, € LocObs(Egy.grsT) ([ g, j1] we have

( supp(0.) vAsUpP(0;) ) = (S0 + 04 +0,) S(05 +0,)S(00) 505 +05) ) . (230)

(The inverse §(0) ~1of S(0) with respect to the Wick algebra-structure is implied to exist by the axiom
“perturbation”, see remark 15.4 below.)

Def. 15.3 is due to (Epstein-Glaser 73 (1)), following (Stiickelberg 49-53, Bogoliubov-Shirkov 59). That the
domain of an S-matrix scheme is indeed the space of local observables was made explicit (in terms of axioms for
the time-ordered products, see def. 15.31 below), in (Brunetti-Fredenhagen 99, section 3, Diitsch-Fredenhagen
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3.3).
Remark 15.4. (invertibility of the S-matrix)

The mutliplicative inverse S(—) 1 of the perturbative S-matrix in def. 15.3 with respect to the Wick algebra-

product indeed exists, so that the list of axioms is indeed well defined: By the axiom “perturbation” this follows
with the usual formula for the multiplicative inverse of formal power series that are non-vanishing in degree 0:

If we write
8(gSint +jA) = 1+ D(gSine + jA)
then

(231)

(5(@Sm+ ) =( 14 DS+ )

2 (- DS+

where the sum does exist in PolyObs(Egy.grsT)((M))[[[g, /1], because (by the axiom “perturbation”)
D(gSint + jA) has vanishing coefficient in zeroth order in the formal parameters g and j, so that only a finite
sub-sum of the formal infinite sum contributes in each order in g and j.

This expression for the inverse of S-matrix may usefully be re-organized in terms of “rever-time ordered
products” (def. 15.35 below), see prop. 15.36 below.

Notice that S(—gSi,, — jA) is instead the inverse with respect to the time-ordered products (228) in that

T(S(=gSint = JA), $(gSine + jA)) = 1 = T(S(gSint +jA), $(=9gSin — jA)) -

(Since the time-ordered product is, by definition, symmetric in its arguments, the usual formula for the
multiplicative inverse of an exponential series applies).

Remark 15.5. (adjoining further deformation parameters)

The definition of S-matrix schemes in def. 15.3 has immediate variants where arbitrary countable sets {g, }
and {j, } of formal deformation parameters are considered, instead of just a single coupling constant g and a

single source field j. The more such constants are considered, the “more perturbative” the theory becomes and
the stronger the implications.

Given a perturbative S-matrix scheme (def. 15.3) it immediately induces a corresponding concept of observables:

Definition 15.6. (generating function scheme for interacting field observables)

Let (ERy-BRST L', 4x) be a relativistic free vacuum according to def. 15.1, let § be a corresponding S-matrix

scheme according to def. 15.3.

The corresponding generating_function scheme (for interacting field observables, def. 15.8 below) is the
functional

Z () : LocObs(Egy.rsT)[[% g11{g) * LocObs(Egy.grsT)I[% j11(j) — PolyObs(ERy.BRST) e (W)[[g, j1I

given by
Zgs,n GA) = S(gSine) ' S(gSine + JA) - (232)
Proposition 15.7. (causal additivity in terms of generating functions)

In terms of the generating functions Z (def. 15.6) the axiom “causal additivity” on the S-matrix scheme S (def.
15.3) is equivalent to:

o (causal additivity in terms of Z)
For all [ocal observables 0, 04,0, € LocObs(Egy.grsT) [ g, /1] ® C(g, j) we have

< supp(01) VA supp(0,) ) = ( 20,(01) Z0,(02) = Z0,(01 + 02) ) 233
& ( Zo,40,02) = 20,0 )

(Whence “additivity’”.)

Proof. This follows by elementary manipulations:
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Multiplying both sides of (230) by $(0y) ! yields

8(09) 7'8(09 + 01 + 0;) = S(09) 'S(04 + 0,)8(09) "'S(04 + 0,)

Z0,(01+02) Z0,(01) Z0,(02)

This is the first line of (233).
Multiplying both sides of (230) by (0, + 0,) ~ ' yields

8§00+ 0,) 7180y + 01 + 0,) = S(0y) 1850 + 0,) .

=204 +04(02) =Z20,(02)

This is the second line of (233). W

Definition 15.8. (interacting field observables - Bogoliubov's formula)

Let (Egy-BRST L', 4x) be a relativistic free vacuum according to def. 15.1, let § be a corresponding S-matrix
scheme according to def. 15.3, and let gSj,; € LocObs(Egy.grsT) [ g11(g) be a local observable regarded

as an adiabatically switched interaction-functional.

Then for A € LocObs(Egy.grsT)[[ g]] a local observable of the free field theory, we say that the

corresponding local interacting field observable
Aint € PolyObs(EBY.BRST) mcl [ 9]]

is the coefficient ofj1 in the generating function (232):

., d . 234
A= ih g5 245, ) ) 234

j=0

) d -1 .
ih 75 ( (gm0 " S0 + ) )

|j=0
= 8(gSin) 'T(S(gSine), A) .

This expression is called Bogoliubov's formula, due to (Bogoliubov-Shirkov 59).

One thinks of A;,; as the deformation of the local observable A as the interaction Sjy; is turned on; and speaks
of an element of the interacting field algebra of observables. Their value (“expectation value”) in the given free
Hadamard vacuum state (—) (def. 15.1) is a formal power series in Planck's constant A and in the coupling

constant g, with coefficients in the complex numbers
(Aint) € (C[[h, g]]

which express the probability amplitudes that reflect the predictions of the perturbative QFT, which may be
compared to experiment.

(Epstein-Glaser 73, around (74)); review includes (Diitsch-Fredenhagen 00, around (17), Diitsch 18, around

(3.212).

Remark 15.9. (interacting field observables are formal deformation quantization)

The interacting_field observables in def. 15.8 are indeed formal power series in the formal parameter h

(Planck's constant), as opposed to being more general Laurent series, hence they involve no negative powers

15.3 the S-matrix that they are defined from does involve negative powers of A.

It follows in particular that the interacting field observables have a classical limit & — 0, which is not the case
for the S-matrix itself (due to it involving negative powers of #). Indeed the interacting field observables
constitute a formal deformation quantization of the covariant phase space of the interacting field theory (prop.
15.25 below) and are thus the more fundamental concept.

As the name suggests, the S-matrices in def. 15.3 serve to express scattering amplitudes (example 15.12 below).
But by remark 15.9 the more fundamental concept is that of the interacting field observables. Their perspective
reveals that consistent interpretation of scattering amplitudes requires the following condition on the relation
between the vacuum state and the interaction term:

Definition 15.10. (vacuum stability)

Let (ERy.BRST: L', 4x) be a relativistic free vacuum according to def. 15.1, let § be a corresponding S-matrix

scheme according to def. 15.3, and let gSj,. € LocObs(Egy.grsT)[[% g1]1(g) be a local observable, regarded
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as an adiabatically switched interaction action functional.

We say that the given Hadamard vacuum state (prop. 14.15)

(=) : PolyObs(EBy-BRST) 7 9, j11 — C[[h, g, j1]

is stable with respect to the interaction Sy, if for all elements of the Wick algebra
A € PolyObs(EBy.BRST) mc[[f 911

we have

1
(AS(gSim0) = (S(gSim)(4) and  (S(gSin) T'A) = ey (A)

Example 15.11. (time-ordered product of interacting field observables)

Let (EBY-BRST- L', Ay) be a relativistic free vacuum according to def. 15.1, let S be a corresponding S-matrix
scheme according to def. 15.3, and let gSj,; € LocObs(Egy.grsT)[[7 g]1(g) be a local observable regarded

as an adiabatically switched interaction-functional.
Consider two local observables
Ay, A, € LocObs(Egy.grsT)[[% 9]l

with causally ordered spacetime support

supp(4;) VA supp(4;)

Then causal additivity according to prop. 15.7 implies that the Wick algebra-product of the corresponding
interacting field observables (4;),,,, (42);,, € PolyObs(Egy.grsT)[[% g]] (def. 15.8) is

a o
(A, (A2),, = (a—jzum) (a—j zoAz))
|j=0

lj=0
2

= 9 i A i A
= 5737 20:402G,42) )

192 ],12:%
PY:
=—\ 2(,A1 +J,A )) )
ahazz< R

Here the last line makes sense if one extends the axioms on the S-matrix in prop. 15.3 from formal power
series in f,g,j to formal power series in #,g,j,,j, -+ (remark 15.5). Hence in this generalization, the
generating functions Z are not just generating functions for interacting field observables themselves, but in
fact for time-ordered products of interacting field observables.

An important special case of time-ordered products of interacting field observables as in example 15.11 is the
following special case of scattering amplitudes, which is the example that gives the scattering matrix in def. 15.3
its name:

Example 15.12. (scattering amplitudes as vacuum expectation values of interacting field observables)

Let (Egy.BRST L', 4x) be a relativistic free vacuum according to def. 15.1, let § be a corresponding S-matrix

scheme according to def. 15.3, and let gS;,. € LocObs(Egy.grsT)[[7, g11(g) be a local observable regarded

as an adiabatically switched interaction-functional, such that the vacuum state is stable with respect to gSjn¢
(def. 15.10).

Consider local observables

Ain,lr Y Ain,nin:
€ LocObs(Egy.grsT)[[ 9]l

Aout,lt th Aout,nout
whose spacetime support satisfies the following causal ordering:

Aout,igye < Aoutj,,, Aoutigye VA Sint VA Ain,i;,, Ain iy >< Ainj,,

forall 1 < iy < J,u < Nourand 1 < iy < jjp < Ny

Then the vacuum expectation value of the Wick algebra-product of the corresponding interacting field
observables (def. 15.8) is
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These vacuum expectation values are interpreted, in the adiabatic limit where Iew = 1, as scattering

amplitudes (remark 15.17 below).

Proof. For notational convenience, we spell out the argument for n;, = 1 = nyy. The general case is directly
analogous.

So assuming the causal order (def. 2.37)
supp(Aout) VA SUpp(Sine) VA supp(Ain)

we compute with causal additivity via prop. 15.7 as follows:
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With this the statement follows by the definition of vacuum stability (def. 15.10). B

Remark 15.13. (computing S-matrices via Feynman perturbation series)

For practical computation of vacuum expectation values of interacting field observables (example 15.11) and
hence in particular, via example 15.12, of scattering amplitudes, one needs some method for collecting all the
contributions to the formal power series in increasing order in 7 and g.

Such a method is provided by the Feynman perturbation series (example 15.58 below) and the effective action
(def. 15.62), see example 15.71 below.

Conceptual remarks

observables (def. 15.8) have a wealth of implications and consequences. Before discussing these formally below,
we here make a few informal remarks meant to put various relevant concepts into perspective:

Remark 15.14. (perturbative QFT and asymptotic expansion of probability amplitudes)

Given a perturbative S-matrix scheme (def. 15.3), then by remark 15.9 the expectation values of interacting
field observables (def. 15.8) are formal power series in the formal parameters i and g (which are interpreted
as Planck's constant, and as the coupling constant, respectively):

(Aine) € C[[h,g]] .

This means that there is no guarantee that these series converge for any positive value of # and/or g. In terms
of synthetic differential geometry this means that in perturbative QFT the deformation of the classical free
field theory by quantum effects (measured by ) and interactions (meaured by g) is so very tiny as to actually
be infinitesimal: formal power series may be read as functions on the infinitesimal neighbourhood in a space
of Lagrangian field theories at the pointh = 0, g = 0.

In fact, a simple argument (due to Dyson 52) suggests that in realistic field theories these series never
converge for any positive value of A and/or g. Namely convergence for g would imply a positive radius of
convergence around g = 0, which would imply convergence also for —g and even for imaginary values of g,
which would however correspond to unstable interactions for which no converging field theory is to be
expected. (See Helling, p. 4 for the example of phi*4 theory.)
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In physical practice one tries to interpret these non-converging formal power series as asymptotic expansions
of actual but hypothetical functions in #, g, which reflect the actual but hypothetical non-perturbative quantum
field theory that one imagines is being approximated by perturbative QFT methods. An asymptotic expansion of
a function is a power series which may not converge, but which has for every n € N an estimate for how far

the sum of the first n terms in the series may differ from the function being approximated.

For examples such as quantum electrodynamics and quantum chromodynamics, as in the standard model of

orders in A happens to agree with experiment (such as at the LHC collider) to high precision (for QED) or at
least decent precision (for QCD), at least away from infrared phenomena (see remark 15.18).

In summary this says that perturbative QFT is an extremely coarse and restrictive approximation to what
should be genuine non-perturbative quantum field theory, while at the same time it happens to match certain
experimental observations to remarkable degree, albeit only if some ad-hoc truncation of the resulting power
series is considered.

This is strong motivation for going beyond perturbative QFT to understand and construct genuine non-
perturbative quantum field theory. Unfortunately, this is a wide-open problem, away from toy examples. Not a
single interacting field theory in spacetime dimension > 4 has been non-perturbatively quantized. Already a
single aspect of the non-perturbative quantization of Yang-Mills theory (as in QCD) has famously been
advertized as one of the Millennium Problems of our age; and speculation about non-perturbative quantum
gravity is the subject of much activity.

Now, as the name indicates, the axioms of causal perturbation theory (def. 15.3) do not address non-
perturbative aspects of non-perturbative field theory; the convergence or non-convergence of the formal
power series that are axiomatized by Bogoliubov's formula (def. 15.8) is not addressed by the theory. The
point of the axioms of causal perturbation theory is to give rigorous mathematical meaning to everything else
in perturbative QFT.

Remark 15.15. (Dyson series and Schrédinger equation in interaction picture)

The axiom “causal additivity” (230) on an S-matrix scheme (def. 15.3) implies immediately this seemingly
weaker condition (which turns out to be equivalent, this is prop. 15.40 below):

o (causal factorization)
For all local observables 04, 0, € LocObs(Egy.grsT)[[% 1 j11(g, j) we have

( supp(0y) vasupp(0,) ) = ( 5(01+0,) = 5(01)5(0,) )

(This is the special case of “causal additivity” for O, = 0, using that by the axiom “perturbation” (229) we have
$(0)=1)

If we now think of 0y = gS; and 0, = gS, themselves as adiabatically switched interaction action

functionals, then this becomes
( supp(s1) vAsupp(S,) ) = ( 5(aS: +95,) = 5952 5(g55,)

This exhibits the S-matrix-scheme as a “causally ordered exponential” or “Dyson series” of the interaction,
hence as a refinement to relativistic field theory of what in quantum mechanics is the “integral version of the
Schrodinger equation in the interaction picture” (see this equation at S-matrix; see also Scharf 95, second half
of 0.3).

The relevance of manifest causal additivity of the S-matrix, over just causal factorization (even though both
conditions happen to be equivalent, see prop. 15.40 below), is that it directly implies that the induced
interacting field algebra of observables (def. 15.8) forms a causally local net (prop. 15.30 below).

Remark 15.16. (path integral-intuition)

In informal discussion of perturbative QFT going back to informal ideas of Schwinger-Tomonaga-Feynman-
Dyson, the perturbative S-matrix is thought of in terms of a would-be path integral, symbolically written

not really!

S5(gSine + JA) exp(i f (gLine (@) + jA(d>))) exp(g f Lfree@))v[dﬂ :

PElz(EBY_BRST)asm

Here the would-be integration is thought to be over the space of field histories I's (ERy.BRST) (the space

asm
of sections of the given field bundle, remark 3.3) for field histories which satisfy given asymptotic conditions at
x% - 4 o0; and as these boundary conditions vary the above is regarded as a would-be integral kernel that
defines the required operator in the Wick algebra (e.g. Weinberg 95, around (9.3.10)_and (9.4.1)). This is
related to the intuitive picture of the Feynman perturbation series (example 15.58 below) expressing a sum
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over all possible interactions of virtual particles (remark 15.21).

Beyond toy examples, it is not known how to define the would-be measure D[®] and it is not known how to
make sense of this expression as an actual integral.

The analogous path-integral intuition for Bogoliubov's formula for interacting field observables (def. 15.8)
symbolically reads

A" L [ e [t + 4@ ) exp( [Lieat@) 01011,

®ers(E) z z

asm

If here we were to regard the expression

not really! exp(}‘[Lfree (®)) D[@]

u(
f exp(f Lfree ((D)) D[d)]
PErz(EBY.BRST)asm =

as a would-be Gaussian measure on the space of field histories, normalized to a would-be probability measure,
then this formula would express interacting field observables as ordinary expectation values

not really!
Aint =2 / A@) u(®) .

PErs(ERY.-BRST )asm

As before, beyond toy examples it is not known how to make sense of this as an actual integration.

But we may think of the axioms for the S-matrix in causal perturbation theory (def. 15.3) as rigorously defining
the path integral, not analytically as an actual integration, but synthetically by axiomatizing the properties of
the desired outcome of the would-be integration:

The analogy with a well-defined integral and the usual properties of an exponential vividly suggest that the
would-be path integral should obey causal factorization. Instead of trying to make sense of path integration so
that this factorization property could then be appealed to as a consequence of general properties of integration
and exponentials, the axioms of causal perturbation theory directly prescribe the desired factorization
property, without insisting that it derives from an actual integration.

The great success of path integral-intuition in the development of quantum field theory, despite the dearth of
actual constructions, indicates that it is not the would-be integration process as such that actually matters in
field theory, but only the resulting properties that this suggests the S-matrix should have; which is what causal
perturbation theory axiomatizes. Indeed, the simple axioms of causal perturbation theory rigorously imply
finite (i.e. ("re"-)normalized) perturbative quantum field theory (see remark 15.20).

informally rigorously

would-be UV-finite
suggests  causally additive  implies
path integral —— ) . — (i.e. (re-)normalized)
scattering matrix
intuition perturbative QFT

Remark 15.17. (scattering amplitudes)

Let (EBV-BRST- L', Ap) be a relativistic free vacuum according to def. 15.1, let § be a corresponding S-matrix

scheme according to def. 15.3, and let
Sint € LocObs(Egy-gRrsT) ([ 1]
be a local observable, regarded as an adiabatically switched interaction action functional.
Then for
Ain, Aout € PolyObs(EBY-BRST) [ [7]]
two microcausal polynomial observables, with causal ordering
supp(Aout) VA sUpp(Aint)

the corresponding scattering amplitude (as in example 15.12) is the value (called “expectation value” when
referring to Agyue S(Sint) Ain, OF “matrix element” when referring to S(Sj,c), or “transition amplitude” when
referring to (Ayy| and |4ip )

(Aout | $(Sine) | Ain) = (A:;ut S(Sint) Ain) € C[[ng]] .
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for the Wick algebra-product Agyt S(Sint) Ain € PolyObs(Egy.grsT)[[7 g]] in the given Hadamard vacuum
state (—):PolyObs(Egy.grsT) [ 911 = C[[#A, g]].

If here A;, and Ay, are monomials in Wick algebra-products of the field observables

®%(x) € Obs(Egy.grsT)[[7]], then this scattering amplitude comes from the integral kernel

<¢aom’l(xout,1)"' <l>amu's(xout,s) I CS‘(Sint) | <l>ain’l(xin,l)"' d)ain'r(xin,r»

= <(¢aout'1(xout,l))*“.(d)aom's(xout,s))* cS(Sint) q)ain'l(xin,l)"' q)am'r(xin,r)>

or similarly, under Fourier transform of distributions,

N\ Qout,1 N\ Qout,s N\ Qin,1 N\ Qin,r (235)
(8" o )+ B o) | SCSin) 18" Ui, )+ B Chin 1))

Qin,r

A Qout,1 * A Qout,s * A Qin1 ~n
= (85" ko)) (8" o)) SCStn0) B i )+ B i)

These are interpreted as the (distributional) probability amplitudes for plane waves of field species a;, . with

wave vector ki, . to come in from the far past, ineract with each other via Sj,, and emerge in the far future as
plane waves of field species @y, . with wave vectors Koyt ..

Or rather:
Remark 15.18. (adiabatic limit, infrared divergences and interacting vacuum)

Since a local observable Sj,¢ € LocObs(Egy.grsT)[[% g, j]] by definition has compact spacetime support,
the scattering amplitudes in remark 15.17 describe scattering processes for interactions that vanish (are
“adiabatically switched off”) outside a compact subset of spacetime. This constraint is crucial for causal
perturbation theory to work.

There are several aspects to this:

o (adiabatic limit) On the one hand, real physical interactions L;,; (say the electron-photon interaction) are

not really supposed to vanish outside a compact region of spacetime. In order to reflect this
mathematically, one may consider a sequence of adiabatic switchings g, € C?;)(Z)(g) (each of compact

support) whose limit is the constant function g € C®(X)(g) (the actual coupling constant), then consider
the corresponding sequence of interaction action functionals Sipt,sw = Tx(y,, Lint) and finally consider:

1. as the true scattering amplitude the corresponding limit
(Aout | S(Sint) |Aint) = gliIIl 1<Aout |S(Sint,sw) |Aint>

of adiabatically switched scattering amplitudes (remark 15.17) - if it exists. This is called the strong
adiabatic limit.

2. as the true n-point functions the corresponding limit
a a an— a
(i (x) @i (62)+ P (1) Pt s (%))

= ll_In) <¢§11t,sw(xl)¢?rxzt,sw(x2)" : d)ﬁlnt_stv (xn— 1)¢i£:1"t,sw(xn)>
gSW -1
of tempered distributional expectation values of products of interacting field observables (def. 15.8)
- if it exists. (Similarly for time-ordered products.) This is called the weak adiabatic limit.

Beware that the left hand sides here are symbolic: Even if the limit exists in expectation values, in general
there is no actual observable whose expectation value is that limit.

The strong and weak adiabatic limits have been shown to exist if all fields are massive (Epstein-Glaser
73). The weak adiabatic limit has been shown to exists for quantum electrodynamics and for mass-less
phi”4 theory (Blanchard-Seneor 75) and for larger classes of field theories in (Duch 17, p. 113, 114).

If these limits do not exist, one says that the perturbative QFT has an infrared divergence.

(algebraic adiabatic limit) On the other hand, it is equally unrealistic that an actual experiment detects
phenomena outside a given compact subset of spacetime. Realistic scattering experiments (such as the
LHC) do not really prepare or measure plane waves filling all of spacetime as described by the scattering
amplitudes (235). Any observable that is realistically measurable must have compact spacetime support.
We see below in prop. 15.27 that such interacting field observables with compact spacetime support may
be computed without taking the adiabatic limit: It is sufficient to use any adiabatic switching which is
constant on the support of the observable.

This way one obtains for each causally closed subset O of spacetime an algebra of observables A;,(0)

whose support is in O, and for each inclusion of subsets a corresponding inclusion of algebras of
observables (prop. 15.30 below). Of this system of observables one may form the category-theoretic
inductive limit to obtain a single global algebra of observables.
Aine = lim A (0)
0
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This always exists. It is called the algebraic adiabatic limit (going back to Brunetti-Fredenhagen 00,
section 8).

For quantum electrodynamics the algebraic adiabatic limit was worked out in (Diitsch-Fredenhagen 98,
reviewed in Diitsch 18, 5,3).

(interacting vacuum) While, via the above algebraic adiabatic limit, causal perturbation theory yields the
correct interacting field algebra of quantum observables independent of choices of adiabatic switching, a
theory of quantum probability requires, on top of the algebra of observables, also a state

(=ine * Aine — C[[R]]
Just as the interacting field algebra of observables A;,; is a deformation of the free field algebra of

observables (Wick algebra), there ought to be a corresponding deformation of the free Hadamard vacuum
state ( —) into an “interacting vacuum state” ( —)

int’
Sometimes the weak adiabatic limit serves to define the interacting vacuum (see Duch 17, p. 113-114).

A stark example of these infrared issues is the phenomenon of confinement of quarks to hadron bound states
(notably to protons and neutrons) at large wavelengths. This is paramount in observation and reproduced in
numerical lattice gauge theory simulation, but is invisible to perturbative quantum chromodynamics in its free
field vacuum state, due to infrared divergences. It is expected that this should be rectified by the proper
interacting_vacuum of QCD (Rafelski 90, pages 12-16), which is possibly a “theta-vacuum” exhibiting
superposition of QCD instantons (Schafer-Shuryak 98, section 1II.D). This remains open, closely related to the
Millennium Problem of quantization of Yang-Mills theory.

In contrast to the above subtleties about the infrared divergences, any would-be UV-divergences in perturbative
QFET are dealt with by causal perturbation theory:

Remark 15.19. (the traditional error leading to UV-divergences)

Naively it might seem that (say over Minkowski spacetime, for simplicity) examples of time-ordered products
according to def. 15.31 might simply be obtained by multiplying Wick algebra-products with step functions @
of the time coordinates, hence to write, in the notation as generalized functions (remark 15.33):

Ty ) "2 O(xd — 2 T(ey) T(x,) + O — x9) T(x) Ty

and analogously for time-ordered products of more arguments (for instance Weinberg 95, p. 143, between
(3.5.9).and (3.5.10)).

fig. 3):

Both T as well as @ are distributions and their product of distributions is in general not defined, as
Hoérmander's criterion (prop. 9.34), which is exactly what guarantees absence of UV-divergences (remark
9.27), may be violated. The notorious ultraviolet divergences which plagued (Feynman 85) the original

defined product (see remark 15.20).

On the other hand, when both distributions are restricted to the complement of the diagonal (i.e. restricted
away from coinciding points x; = x;), then the step function becomes a non-singular distribution so that the

above expression happens to be well defined and does solve the axioms for time-ordered products.

Hence what needs to be done to properly define the time-ordered product is to choose an extension of
distributions of the above product expression back from the complement of the diagonal to the whole space of
tuples of points. Any such extension will produce time-ordered products.

There are in general several different such extensions. This freedom of choice is the freedom of
"re-"normalization; or equivalently, by the main theorem of perturbative renormalization theory (theorem
16.19 below), this is the freedom of choosing “counterterms” (remark 16.24 below) for the local interactions.
This we discuss below and in more detail in the next chapter.

Remark 15.20. (absence of ultraviolet divergences and re-normalization)

The simple axioms of causal perturbation theory (def. 15.3) do fully capture perturbative quantum field theory
“in the ultraviolet”: A solution to these axioms induces, by definition, well-defined perturbative scattering
amplitudes (remark 15.17) and well-defined perturbative probability amplitudes of interacting field
observables (def. 15.8) induced by local action functionals (describing point-interactions such as the electron-
photon interaction). By the main theorem of perturbative renormalization (theorem 16.19) such solutions
exist. This means that, while these are necessarily formal power series in # and g (remark 15.14), all the
coefficients of these formal power series (“loop order contributions”) are well defined.

This is in contrast to the original informal conception of perturbative QFT due to Schwinger-Tomonaga-
Feynman-Dyson, which in a first stage produced ill-defined diverging expressions for the coefficients (due to
the mathematical error discussed in remark 15.19 below), which were then “re-normalized” to finite values, by
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further informal arguments.

Here in causal perturbation theory no divergences in the coefficients of the formal power series are considered
in the first place, all coefficients are well-defined, hence “finite”. In this sense causal perturbation theory is
about “finite” perturbative QFT, where instead of “re-normalization” of ill-defined expressions one just
encounters “normalization” (prominently highlighted in Scharf 95, see title, introduction, and section 4.3),
namely compatible choices of these finite values. The actual “re-normalization” in the sense of “change of
normalization” is expressed by the Stiickelberg-Petermann renormalization group.

This refers to those divergences that are known as UV-divergences, namely short-distance effects, which are
mathematically reflected in the fact that the perturbative S-matrix scheme (def. 15.3) is defined on local
observables, which, by their very locality, encode point-interactions. See also remark 15.18 on infrared
divergences.

Remark 15.21. (virtual particles, worldline formalism and perturbative string theory)

It is suggestive to think of the edges in the Feynman diagrams (def. 15.55) as worldlines of “virtual particles”
and of the vertices as the points where they collide and transmute. (Care must be exercised not to confuse this
with concepts of real particles.) With this interpretation prop. 15.56 may be read as saying that the scattering
amplitude for given external source fields (remark 15.17) is the superposition of the Feynman amplitudes of
all possible ways that these may interact; which is closely related to the intuition for the path integral (remark
15.16).

This intuition is made precise by the worldline formalism of perturbative quantum field theory (Strassler 92).
This is the perspective on perturbative QFT which directly relates perturbative QFT to perturbative string
theory (Schmidt-Schubert 94). In fact the worldline formalism for perturbative QFT was originally found by
taking thre point-particle limit of string scattering amplitudes (Bern-Kosower 91, Bern-Kosower 92).

Remark 15.22. (renormalization scheme)

Beware the terminology in def. 15.3: A single S-matrix is one single observable

S(Sint) € PolyObs(ERy.BRST) mc (M9, j1]

for a fixed (adiabatically switched local) interaction Sjy, reflecting the scattering amplitudes (remark 15.17)
with respect to that particular interaction. Hence the function

S : LocObs(Egy.grsT)L[% 9. j11{9, /) — PolyObs(Egy.grsT) (W) [[9, 1]

axiomatized in def. 15.3 is really a whole scheme for constructing compatible S-matrices for all possible
(adiabatically switched, local) interactions at once.

Since the usual proof of the construction of such schemes of S-matrices involves (“re"-)normalization, the
function § axiomatized by def. 15.3 may also be referred to as a ("re"-)normalization scheme.

This perspective on § as a renormalization scheme is amplified by the main theorem of perturbative
renormalization (theorem 16.19) wich states that the space of choices for § is a torsor over the Stiickelberg-
Petermann renormalization group.

Remark 15.23. (quantum anomalies)

The axioms for the S-matrix in def. 15.3 (and similarly that for the time-ordered products below in def. 15.31)
are sufficient to imply a causally local net of perturbative interacting field algebras of quantum observables
(prop. 15.30 below), and thus its algebraic adiabatic limit (remark 15.18).

It does not guarantee, however, that the BV-BRST differential passes to those algebras of quantum observables,
hence it does not guarantee that the infinitesimal symmetries of the Lagrangian are respected by the
quantization process (there may be “quantum anomalies”). The extra condition that does ensure this is the
quantum master Ward identity or quantum master equation. This we discuss elsewhere.

Apart from gauge symmetries one also wants to require that rigid symmetries are preserved by the S-matrix,
notably Poincare group-symmetry for scattering on Minkowski spacetime.

Interacting field observables

We now discuss how the perturbative interacting field observables which are induced from an S-matrix enjoy
good properties expected of any abstractly defined perturbative algebraic quantum field theory.

Definition 15.24. (interacting field algebra of observables - quantum Mgller operator)
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Let (ERy-BRST: L', 4x) be a relativistic free vacuum according to def. 15.1, let § be a corresponding S-matrix

scheme according to def. 15.3, and let gSin: € LocObs(Egy.grsT)[[% g]] be a local observable regarded as
an adiabatically switched interaction-functional.

We write

LocIntObs; (Egy-BRST. 9Sim) = | Aine | 4 € LocObs(Epy _prsp)l[A g1l | < PolyObs(Epy.grs)I[A 91]

for the subspace of interacting field observables A;,; (def. 15.8) corresponding to local observables A4, the local
interacting field observables.

Furthermore we write
R_l
LocObs(Egy.grsT)[[ 9]] —— IntLocObs(EBy.BRST: 9Sint) [T, g]]
A B A= 8(gSind) T T(S(gSine), A)

for the factorization of the function A = A, through its image, which, by remark 15.4, is a linear isomorphism
with inverse

R
IntLocObs(ERy.BRsT 9Sint) [ 911 — LocObs(Egy.gRrsT) ([ 91
Aint > A= T(S( —gSint), (S(gsint)Aint))

Finally we write

IntObs(EBy.BRST Sint) = < IntLocObs(Egy.grsT) [ g1] >
© PolyObs(Egy.gRrsT)I[[7 911

for the smallest subalgebra of the Wick algebra containing the interacting local observables. This is the
perturbative interacting field algebra of observables.

The definition of the interacting field algebra of observables from the data of a scattering matrix (def. 15.3) via
Bogoliubov's formula (def. 15.8) is physically well-motivated, but is not immediately recognizable as the result of
applying a systematic concept of quantization (such as formal deformation quantization) to the given Lagrangian
field theory. The following proposition 15.25 says that this is nevertheless the case. (The special case of this
statement for free field theory is discussed at Wick algebra, see remark 14.6).

Proposition 15.25. (interacting_field algebra of observables is formal deformation quantization of
interacting Lagrangian field theory)

Let (EBV-BRST'LIIAH) be a relativistic free vacuum according to def 151, and let

I Lint € Qg’_ﬁ;"’(EBV_BRST)[[h, 9gl1{g) be an adiabatically switched interaction Lagrangian density with

corresponding action functional gSint = T5(9,, Lint)-

Then, at least on regular polynomial observables, the construction of perturbative interacting field algebras of

(EBV-BRST: L' +94,, Lint)-

(Hawkins-Rejzner 16, prop. 5.4, Collini 16)

The following definition collects the system (a co-presheaf) of generating functions for interacting field
observables which are localized in spacetime as the spacetime localization region varies:

Definition 15.26. (system of spacetime-localized generating functions for interacting field observables)

Let (Egy.BRST L', 4x) be a relativistic free vacuum according to def. 15.1, let § be a corresponding S-matrix

scheme according to def. 15.3, and let
Line € 27" "°(Egy.grsT)[[1 911

be a Lagrangian density, to be thought of as an interaction, so that for g € C;'; (2)(g) an adiabatic switching

the transgression

Sintsw = Tz(ggy Lint) € LocObs(Egy.grsT)([% 9, j1]
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is alocal observable, to be thought of as an adiabatically switched interaction action functional.

For O C X a causally closed subset of spacetime (def. 2.38) and for g_, € Cutoffs(0) an adiabatic switching
function (def. 2.39) which is constant on a neighbourhood of O, write

Gen(EBV—BRST'Sint.SW)(O) = <Zsimysw (]A) | A€ LOCObS(EBv_BRST)[[fl, g]] with supp(4) c 0> (= PO]yObS(EBv_BRST)[[h,

for the smallest subalgebra of the Wick algebra which contains the generating functions (def. 15.6) with
respect to Sine sy for all those local observables A whose spacetime support is in 0.

Moreover, write

Gen(ERy.BRST Lind) (0) © Tl  Gen(Egy.BRST Sintsw)(©)
s € Cutoffs(0)

be the subalgebra of the Cartesian product of all these algebras as g, ranges over cutoffs, which is generated

by the tuples

L (A) = (ZS‘“"S‘” (]A))QSW € Cutoffs(0)

for A with supp(4) c 0.

We call Gen(ERy.BRST: Lint) (0) the algebra of generating functions for interacting_field observables localized
in 0.

Finally, for O; € O, an inclusion of two causally closed subsets, let

io,,0, + Gen(EBy.BRST: Lint)(01) — Gen(EBy.BRST Lint) (02)

be the algebra homomorphism which is given simply by restricting the index set of tuples.
This construction defines a functor

Gen(ERy.BRST: Lint) : CausClsdSubsets(X) — Algebras

from the poset of causally closed subsets of spacetime to the category of algebras.

(extends to star algebras if scattering matrices are chosen unitary...)

The key technical fact is the following:

Proposition 15.27. (localized interacting field observables independent of adiabatic switching)

Let (Egy.BRST L', 4y) be a relativistic free vacuum according to def. 15.1, let S be a corresponding S-matrix

scheme according to def. 15.3, and let
Line € 28" "°(Epy-BrsT)[[. 911

be a Lagrangian density, to be thought of as an interaction, so that for g € C;; (2){(g) an adiabatic switching

the transgression
ISintsw = Tx(ggy Lint) € LocObs(Egy.grsT)I[% 9, j1]

If two such adiabatic switchings g, 1+ 9y 2 € Cg;, (2) agree on a causally closed subset

0cl’
in that
gsw,l |0 = gsw,ZIO

then there exists a microcausal polynomial observable

K € PolyObs(EBy.BRST) [ 9, 11

such that for every local observable

263 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/local+observable
https://ncatlab.org/nlab/show/local+observable
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/interaction
https://ncatlab.org/nlab/show/interaction
https://ncatlab.org/nlab/show/action+functional
https://ncatlab.org/nlab/show/action+functional
https://ncatlab.org/nlab/show/causally+closed+subset
https://ncatlab.org/nlab/show/causally+closed+subset
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CausalComplementOfSubsetOfLorentzianManifold
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CausalComplementOfSubsetOfLorentzianManifold
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CutoffFunctions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#CutoffFunctions
https://ncatlab.org/nlab/show/neighbourhood
https://ncatlab.org/nlab/show/neighbourhood
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/generating+functions
https://ncatlab.org/nlab/show/generating+functions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SchemeGeneratingFunction
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SchemeGeneratingFunction
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/Cartesian+product
https://ncatlab.org/nlab/show/Cartesian+product
https://ncatlab.org/nlab/show/tuples
https://ncatlab.org/nlab/show/tuples
https://ncatlab.org/nlab/show/generating+functions
https://ncatlab.org/nlab/show/generating+functions
https://ncatlab.org/nlab/show/interacting+field+observables
https://ncatlab.org/nlab/show/interacting+field+observables
https://ncatlab.org/nlab/show/causally+closed+subsets
https://ncatlab.org/nlab/show/causally+closed+subsets
https://ncatlab.org/nlab/show/homomorphism
https://ncatlab.org/nlab/show/homomorphism
https://ncatlab.org/nlab/show/tuples
https://ncatlab.org/nlab/show/tuples
https://ncatlab.org/nlab/show/functor
https://ncatlab.org/nlab/show/functor
https://ncatlab.org/nlab/show/poset
https://ncatlab.org/nlab/show/poset
https://ncatlab.org/nlab/show/causally+closed+subsets
https://ncatlab.org/nlab/show/causally+closed+subsets
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/category
https://ncatlab.org/nlab/show/category
https://ncatlab.org/nlab/show/algebras
https://ncatlab.org/nlab/show/algebras
https://ncatlab.org/nlab/show/star+algebras
https://ncatlab.org/nlab/show/star+algebras
https://ncatlab.org/nlab/show/S-matrix#BrunettiFredenhagen99
https://ncatlab.org/nlab/show/S-matrix#BrunettiFredenhagen99
https://ncatlab.org/nlab/show/interacting+field+observables
https://ncatlab.org/nlab/show/interacting+field+observables
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/relativistic+field+theory
https://ncatlab.org/nlab/show/relativistic+field+theory
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/vacuum
https://ncatlab.org/nlab/show/vacuum
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VacuumFree
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VacuumFree
https://ncatlab.org/nlab/show/S-matrix
https://ncatlab.org/nlab/show/S-matrix
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianFieldTheoryPerturbativeScattering
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianFieldTheoryPerturbativeScattering
https://ncatlab.org/nlab/show/Lagrangian+density
https://ncatlab.org/nlab/show/Lagrangian+density
https://ncatlab.org/nlab/show/interaction
https://ncatlab.org/nlab/show/interaction
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/transgression+of+variational+differential+forms
https://ncatlab.org/nlab/show/transgression+of+variational+differential+forms
https://ncatlab.org/nlab/show/local+observable
https://ncatlab.org/nlab/show/local+observable
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/interaction
https://ncatlab.org/nlab/show/interaction
https://ncatlab.org/nlab/show/action+functional
https://ncatlab.org/nlab/show/action+functional
https://ncatlab.org/nlab/show/adiabatic+switchings
https://ncatlab.org/nlab/show/adiabatic+switchings
https://ncatlab.org/nlab/show/causally+closed+subset
https://ncatlab.org/nlab/show/causally+closed+subset
https://ncatlab.org/nlab/show/microcausal+polynomial+observable
https://ncatlab.org/nlab/show/microcausal+polynomial+observable
https://ncatlab.org/nlab/show/local+observable
https://ncatlab.org/nlab/show/local+observable

geometry of physics -- perturbative quantum field theory in nLab

264 of 323

A € LocObs(Egy.grsT)[[7 9]
with spacetime support in O
supp(4) c O

the corresponding two generating functions (232) are related via conjugation by K:

Zsi“trswz (]A) = K_l (Zsint,sw1 (]A)) K. [236)

In particular this means that for every choice of adiabatic switching g, € Cutoffs(0O) the algebra Geng, . (0)
of generating_functions for interacting_field observables computed with g, is canonically isomorphic to the

abstract algebra Geny,  (O) (def. 15.26), by the evident map on generators:

Gen(EBy-BRST: Lint) () —  Gen(EBy.BRST: Sint,sw) (0) (237)

Zsiior) Zs,
( Smt,swr gSW,ECutoffs(O) Smt,sw

(Brunetti-Fredenhagen 99, prop. 8.1)

Proof. By causal closure of 0, lemma 2.40 says that there are bump functions
a,m € CoH(2)(g)

which decompose the difference of adiabatic switchings

Iewz " Gswa =atT

subject to the causal ordering

supp(a) VA O VA supp(r) .

With this the result follows from repeated use of causal additivity in its various equivalent incarnations from
prop. 15.7:

2 gSingsw, UA)
- Z(Tz(gw,}2 Lim))(fA)
- Z(T:((ySWJ+a+r)Lint))(jA)
= 2 gSint oy + 720 Lint) +T2(a Ling)) (jA)

= 2 gSint oy + 720 Ling)) (JAa)

= 8(gSintsw, + 7z ( Lint)) o S(gSintsw, +JA + 12(rLiny))

= S(9Sint,sw, + Tz(r Line)) -1 S(gSintsw, + JA) S(gSintsw, ) S (A + 150 L))

= 5(gSinsw, + Tz Lind)  S(gSintew,) S(GSintsw,)  S(Sintsw, +A) S(GSintsw,)  SGA + T5(r Line))
=id

-1
= (Zgsimpow; T Lin)))  Zosin; UA) Zosinn, T2 Lint))
R —

Kt K

This proves the existence of elements K as claimed.

It is clear that conjugation induces an algebra homomorphism, and since the map is a linear isomorphism on the
space of generators, it is an algebra isomorphism on the algebras being generated (237).

(While the elements K in (236) are far from being unique themselves, equation (236) says that the map on
generators induced by conjugation with K is independent of this choice.) W

Proposition 15.28. (system of generating algebras is causally local net)

Let (EBY-BRST: L', Ay) be a relativistic free vacuum according to def. 15.1, let S be a corresponding S-matrix

scheme according to def. 15.3, and let
1,0
Line € 25" "°(Egy.BRsT)I[%. ]I

be a Lagrangian density, to be thought of as an interaction.
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Then the system

Gen(ERy.BRST: Lint) : CausCldSubsets(2) — Algebra

of localized generating functions for interacting field observables (def. 15.26) is a causally local net in that it
satisfies the following conditions:

1. (isotony) For every inclusion O, € O, of causally closed subsets of spacetime the corresponding algebra

homomorphism is a monomorphism
io,,0, : Gen(Egy.BRST Lint) (01) < Gen(ERy.BRST: Lint) (02)

2. (causal locality) For 04,0, € X two causally closed subsets which are spacelike separated, in that their
causal ordering (def. 2.37) satisfies

04, VA O, and O, VA 04
and for O c X any further causally closed subset which contains both
0,0, cO
then the corresponding images of the generating function algebras of interacting field observables localized
in O and in O,, respectively, commute with each other as subalgebras of the generating function algebras

of interacting field observables localized in O:
[i0,,0(Geng,, (01)) , io, 0(Geny,, (0))] = 0 € Gen(Ey.BRsT: Lint) (0) -

(Diitsch-Fredenhagen 00, section 3, following Brunetti-Fredenhagen 99, section 8, II'in-Slavnov 78)

Proof. Isotony is immediate from the definition of the algebra homomorphisms in def. 15.26.

By the isomorphism (237) we may check causal localizy with respect to any choice of adiabatic switching
Js,, € Cautoff(O) constant over 0. For this the statement follows, with the assumption of spacelike separation,

by causal additivity (prop. 15.7):
For supp(4;) € 0, and supp(4;) < 0, we have:
Z.gsint,sw (jAl)ngint,sw (JAZ) = CS‘gsint,sw (]Al + ]AZ)
= Sgsim}sw Az + jAD)
= ngint,sw (jAZ)ngint,sw (]Al)
|

With the causally local net of localized generating functions for interacting field observables in hand, it is now
immediate to get the

Definition 15.29. (system of interacting field algebras of observables)

Let (ERy-BRST: L', 4x) be a relativistic free vacuum according to def. 15.1, let § be a corresponding S-matrix

scheme according to def. 15.3, and let
Line € 28 "°(Egy.grsT)I[M 91]

be a Lagrangian density, to be thought of as an interaction, so that for g € C;T, (2)(g) an adiabatic switching

the transgression
ISintsw = 9Tz(dg, Lin) € LocObs(Egy.grsT)[[7 9]1(g)
is a local observable, to be thought of as an adiabatically switched interaction action functional.

For O C X a causally closed subset of spacetime (def. 2.38) and for g_, € Cutoffs(0) an compatible adiabatic

switching function (def. 2.39) write

d
IntObs(EBy.BRST: Sint,sw) (0) = <ihd—jzsim(jz4) lj—o | supp(4) c 0> © PolyObs((1))[[g]]

for the interacting field algebra of observables (def. 15.24) with spacetime supportin 0.

Let then

IntObs(ERy.BRST: Lint) (0) C H IntObs(ERy-BRST Sint,sw) (0)
Isw € Cutoffs(0)

be the subalgebra of the Cartesian product of all these algebras as g, ranges, which is generated by the tuples
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. d L d ;

Y € Cutoffs(0)

for supp(4) c 0.

Finally, for O, € O, an inclusion of two causally closed subsets, let

i9,,0, | IntObs(ERy.BRST: Lint) (01) — IntObs(Egy.BRST: Lint) (02)

be the algebra homomorphism which is given simply by restricting the index set of tuples.

This construction defines a functor

IntObs(ERy.BRST: Lint) : CausClsdSubsets(X) — Algebras

from the poset of causally closed subsets in the spacetime X to the category of star algebras.

Finally, as a direct corollary of prop. 15.28, we obtain the key result:

Proposition 15.30. (system of interacting field algebras of observables is causally local)

Let (EBY-BRST: L', Ay) be a relativistic free vacuum according to def. 15.1, let S be a corresponding S-matrix

scheme according to def. 15.3, and let

Line € Q2 "°(Egy.grsD)I[M 911 -

be a Lagrangian density, to be thought of as an interaction, then the system of algebras of observables Obs,
(def. 15.29) is a local net of observables in that

1. (isotony) For every inclusion O, C O, of causally closed subsets the corresponding algebra homomorphism
is a monomorphism
i01,02 : IntObS(EBv_BRST, Lint) (01) o IntObS(EBv_BRST, Lint) (02)

2. (causal locality) For 04,0, € X two causally closed subsets which are spacelike separated, in that their
causal ordering (def. 2.37) satisfies

01 VA O, and O, VA 04
and for O c X any further causally closed subset which contains both
0,0, cO
then the corresponding images of the generating algebras of O, and O,, respectively, commute with each
other as subalgebras of the generating algebra of O:

[io,,0(0bsy,, (01)) , in,0(Obsy,, (02))] = 0 € IntObs(Egy.BRST Line) (0) -

(Diitsch-Fredenhagen 00, below (17), following Brunetti-Fredenhagen 99, section 8, [I'in-Slavnov 78)

Proof. The first point is again immediate from the definition (def. 15.29).
For the second point it is sufficient to check the commutativity relation on generators. For these the statement
follows with prop. 15.28:

L d . L d .

ih d_] Z'Sint,sw (]Al) |j:0 ’ ih d_] ZSint,sw (]]2) |j:0

2
= (ih)?

[Zsint,sw (]lAl) ’ Zsint,sw (IIAZ)]

=0 |j1=0
jz=0

9j,07],

time-ordered products

Definition 15.3 suggests to focus on the multilinear operations T(. ..) which define the perturbative S-matrix
order-by-order in i. We impose axioms on these time-ordered products directly (def. 15.31) and then prove that
these axioms imply the axioms for the corresponding S-matrix (prop. 15.39 below).

Definition 15.31. (time-ordered products)

Let (Egy.BRST- L', 4x) be a free vacuum according to def. 15.1.
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A time-ordered product is a sequence of multi-linear continuous functionals for all k € N of the form

k
>®cuh,g,m

Ty ( LocObs(Egy.gRrsT)([7 9, J11(9, J) — PolyObs(ERY.BRST) e (M)[[9, 1]

(from tensor products of local observables to microcausal polynomial observables, with formal parameters
adjoined according to def. 15.2) such that the following conditions hold for all possible arguments:

1. (normalization)
To(0) =1

2. (perturbation)
T.1(0) =:0:

3. (symmetry) each Ty, is symmetric in its arguments, in that for every permutation o € X(k) of k elements
T (05(1), 052 Ooi)) = Tr(01,03,++,0;)

4. (causal factorization) If the spacetime support (def. 7.31) of local observables satisfies the causal
ordering (def. 2.37)

( supp(0,) U -+ U Supp(Or)) VA ( supp(Or41) U+ U supp(Ok)>

then the time-ordered product of these k arguments factors as the Wick algebra-product of the time-

ordered product of the first r and that of the second k — r arguments:
T(01,-40,) = T(01,+,0:)T(Ors1,, Ok) .

Example 15.32. (S-matrix scheme implies time-ordered products)
Let (EBy.BRST- L', 4x) be a relativistic free vacuum according to def. 15.1 and let
1 1
S = ———T
20 "

be a corresponding S-matrix scheme according to def. 15.3.

Then the {T}, . are time-ordered products in the sense of def. 15.31.

Proof. We need to show that the {Tk}ke y satisfy causal factorization.
For
0; € LocObs(Egy.grsT)I[1 9. /119, /)
alocal observable, consider the continuous linear function that muliplies this by any real number

R — LocObs(Egy.grsT) (% 9. j11{9, J)

Kj = KIOJ

Since the T, by definition are continuous linear functionals, they are in particular differentiable maps, and hence

so is the S-matrix §. We may extract T, from § by differentiation with respect to the parameters k; at k; = 0:

k

Ti(0y,-+0y) =

. S(104 + - + Kkok)l,cl_4..‘,(k=0

6K1~~~6
forall k € N.

Now the causal additivity of the S-matrix § implies its causal factorization (remark 15.15) and this implies the
causal factorization of the {T} by the product law of differentiation:

. 2"
Ti(01,,00) = (i) 5 ——— o, SU01 -+ RO,
1

=0
e o
= (m)"m( S0, 0+ K,0,) Sy 11041+ +1600) Iy

T k—r

d 5}
— (iR — ip\fe-r___ ©
= (1) 55 001+ #1600, o (W)

oK S(Kr 110741 + - +10y)|
r+1 k

Kry1, Kk =0
=T7(01,0r) Tie—r(Or 11, O)
|

The converse implication, that time-ordered products induce an S-matrix scheme involves more work (prop.
15.39 below).
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Remark 15.33. (time-ordered products as generalized functions)

It is convenient (as in Epstein-Glaser 73) to think of time-ordered products (def. 15.31), being Wick algebra-
valued distributions (hence operator-valued distributions if we were to choose a representation of the Wick
algebra by linear operators on a Hilbert space), as generalized functions depending on spacetime points:

If

{a; € 07" (Egy.grsT)(9)} U {ﬁj € QEH'O(EBV-BRST)(I')}

is a finite set of horizontal differential forms, and
{9,J; €}

is a corresponding set of bump functions on spacetime (adiabatic switchings), so that

{s,:sz /gi(x) (3@ a)(x) dvolz(x)} U {Aj:¢ - /ji(x) (i2@)'B,)) dvolz(x)g
X x

is the corresponding set of local observables, then we may write the time-ordered product of these
observables as the integration of these bump functions against a generalized function T 4, with values in the

Wick algebra:

T(ai),(ﬁj)(xl' X Xy 1o "'xn).gl(xl)"'gr(xr) jl(xr+1)"'jn(xn) dVOlZ"(xlr "'xn)
27[
= T(Sli S Aria, ""An)

Moreover, the subscripts on these generalized functions will always be clear from the context, so that in
computations we may notationally suppress these.

Finally, due to the “symmetry” axiom in def. 15.31, a time-ordered product depends, up to signs, only on its set
of arguments, not on the order of the arguments. We will write X := {xy, -, x,} and Y := {y,, -y } for sets of

spacetime points, and hence abbreviate the expression for the “value” of the generalized function in the above
asT(X,Y) etc.

In this condensed notation the above reads
/T(X. Y) g,(e1) g, (), 1)), (xn) dvolgres(X) .
2r+5

This condensed notation turns out to be greatly simplify computations, as it absorbs all the “relative”
combinatorial prefactors:

Example 15.34. (product of perturbation series in generalized function-notation)

Let
& 1
U= 2, / Uy, ) §(x1)+g (xn) dvol
n=0"'""
and
o 1
V(g) = D) — | V(s xn) g(x1)-+g(xy) dvol
n=0"""

be power series of Wick algebra-valued distributions in the generalized function-notation of remark 15.33.

Then their product W(g) := U(g)V(g) with generalized function-representation

© 1
W(g)= ) — [WCxs, ) g(xs)-g(xn) dvol
n=0"'""
is given simply by
wWX) = lZXU(I)V(X\I).

(Epstein-Glaser 73 (5))

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...

11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/time-ordered+products
https://ncatlab.org/nlab/show/time-ordered+products
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/S-matrix#EpsteinGlaser73
https://ncatlab.org/nlab/show/S-matrix#EpsteinGlaser73
https://ncatlab.org/nlab/show/time-ordered+products
https://ncatlab.org/nlab/show/time-ordered+products
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TimeOrderedProduct
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TimeOrderedProduct
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/distributions
https://ncatlab.org/nlab/show/distributions
https://ncatlab.org/nlab/show/operator-valued+distributions
https://ncatlab.org/nlab/show/operator-valued+distributions
https://ncatlab.org/nlab/show/representation
https://ncatlab.org/nlab/show/representation
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/linear+operators
https://ncatlab.org/nlab/show/linear+operators
https://ncatlab.org/nlab/show/Hilbert+space
https://ncatlab.org/nlab/show/Hilbert+space
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/finite+set
https://ncatlab.org/nlab/show/finite+set
https://ncatlab.org/nlab/show/horizontal+differential+forms
https://ncatlab.org/nlab/show/horizontal+differential+forms
https://ncatlab.org/nlab/show/bump+functions
https://ncatlab.org/nlab/show/bump+functions
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/adiabatic+switchings
https://ncatlab.org/nlab/show/adiabatic+switchings
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/time-ordered+product
https://ncatlab.org/nlab/show/time-ordered+product
https://ncatlab.org/nlab/show/integration
https://ncatlab.org/nlab/show/integration
https://ncatlab.org/nlab/show/bump+functions
https://ncatlab.org/nlab/show/bump+functions
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/generalized+functions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TimeOrderedProduct
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TimeOrderedProduct
https://ncatlab.org/nlab/show/set
https://ncatlab.org/nlab/show/set
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/Wick+algebra
https://ncatlab.org/nlab/show/distributions
https://ncatlab.org/nlab/show/distributions
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NotationForTimeOrderedProductsAsGeneralizedFunctions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NotationForTimeOrderedProductsAsGeneralizedFunctions
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/S-matrix#EpsteinGlaser73
https://ncatlab.org/nlab/show/S-matrix#EpsteinGlaser73

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+qua...

Proof. For fixed cardinality |I| = n, the sum over all subsets I € X overcounts the sum over partitions of the

1
coordinates as (X1, **Xp,, X, +1,"""Xn) precisely by the binomial coefficient ﬁ Here the factor of n!

cancels against the “global” combinatorial prefactor in the above expansion of W(g), while the remaining factor

T — is just the “relative” combinatorial prefactor seen at total order n when expanding the product
L (n—ny)!

Ugvig- 1

In order to prove that the axioms for time-ordered products do imply those for a perturbative S-matrix (prop.
15.39 below) we need to consider the corresponding reverse-time ordered products:

Definition 15.35. (reverse-time ordered products)

Given a time-ordered product T = {Tk}ke y (def. 15.31), its reverse-time ordered product

Ty - ( LocObs(Egy.prs1)[Ih.g. 1] ) — PolyObs(Egy-grsT) ()1, /1]

for k € N is defined by

2oy 5D g cunshutmenr T Ao Aothn) Tk, +1) Acte)) T Ao,y + 1) Ay, ) | k21

T(Ay+Ay) = )
1 | k=0

where the sum is over all unshuffles ¢ of (1 < -+- < n) into r non-empty ordered subsequences. Alternatively,
in the generalized function-notation of remark 15.33, this reads

|X]|
TX) = ), (-D" > T@)-T{d,)
r=1 Iy, 1. %0
2, nt=0)
Iu--ul. =X

Proposition 15.36. (reverse-time ordered products express inverse S-matrix)

Given time-ordered products T(—) (def. 15.31), then the corresponding reverse time-ordered product T(—) (def.
15.35) expresses the inverse S(— )71 (according to remark 15.4) of the corresponding perturbative S-matrix

scheme $(Sint) = Xjen Py T(Smt, -+, Sint) (def 15.3):
kargs

, 11\ .
(s@sm+in) = ¥ & (—) T((gSime + JA),+ (9Simt + jA)) -
keN karguments

Proof. For brevity we write just “A” for (gSmt + jA). (Hence we assume without restriction that 4 is not

independent of powers of g and j; this is ]ust for making all sums in the following be order-wise finite sums.)

By definition we have

1_
Z FT(A""'A)
ken kargs
;Nk, Z (-7 . ;m(k )T(Aa(l)'"Aa(kl))T(Aa(lir1)"'Aa(k2))"'T(Aa(k,,1+1)"‘Aokr)
€ o €Unshu T

where all the A, happen to coincide: 4; = A.

If instead of unshuffles (i.e. partitions into non-empty subsequences preserving the original order) we took
partitions into arbitrarily ordered subsequences, we would be overcounting by the factorial of the length of the
subsequences, and hence the above may be equivalently written as:

1 1
ZR,Z( DT Y i Te Aote) TCo +1Aoti) T Aoty 417 Asy, )
Y(kiz1)

where X (k) denotes the symmetric group (the set of all permutations of k elements).

Moreover, since all the A;, are equal, the sum is in fact independent of o, it only depends on the length of the
subsequences. Since there are k! permutations of k elements the above reduces to
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where in the last line we used (231). W
In fact prop. 15.36 is a special case of the following more general statement:

Proposition 15.37. (inversion relation for reverse-time ordered products)

Let {Tk}kEN be time-ordered products according to def. 15.31. Then the reverse-time ordered products according

to def. 15.35 satisfies the following inversion relation for all X # @ (in the condensed notation of remark 15.33):

DITMHTX\]) = 0
JcX

and
DITX\DTQP) = 0
JjcX

Proof. This is immediate from unwinding the definitions. Wl

Proposition 15.38. (reverse causal factorization of reverse-time ordered products)

Let {Tk}kE y be time-ordered products according to def. 15.31. Then the reverse-time ordered products according

to def. 15.35 satisfies reverse-causal factorization.

Proof. In the condensed notation of remark 15.33, we need to show that for X = P U Q with P N Q = @ then
(PvAQ) = (T(X) =T(QT(P)) .

We proceed by induction. If [X| = 1 the statement is immediate. So assume that the statement is true for sets of
cardinality n > 1 and consider X with |X| = n + 1.

We make free use of the condensed notation as in example 15.34.

From the formal inversion

D THTX\]) =0

JcX

(which uses the induction assumption that |X| > 1) it follows that

T(X) = — Z THTX\J)

J#X

2 T@NDT@NPTC A NNT@N (')
Jnjr=0
=0

L L,:QZ . Tw)( sz T(K)TP\ K)T(L) - T(Q) Y TK)TP\K)
L,,*L@nLr: ;—/ Eig
=0

=-T(P)
=T(QT(P)
Here
1. in the second line we used that X = Q U P, together with the
causal factorization property of T(—) (which holds by def. 15.31) and that of T(—)

(which holds by the induction assumption, using that J # X hence that |J| < |X]).

1. in the third line we decomposed the sum over J,]J' © X into two sums over subsets of Q and P:
1. The first summand in the third line is the contribution where J' has a non-empty intersection with Q.
This makes K range without constraint, and therefore the sum in the middle vanishes, as indicated, as
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it is the contribution at order |Q| of the inversion formula from prop. 15.37.

2. The second summand in the third line is the contribution where ]’ does not intersect Q. Now the sum
over Kiis the inversion formula from prop. 15.37 except for one term, and so it equals that term.

Using these facts about the reverse-time ordered products, we may finally prove that time-ordered products
indeed do induced a perturbative S-matrix:

Proposition 15.39. (time-ordered products induce S-matrix)

Let {T}, o be a system of time-ordered products according to def: 15.31. Then

5(=) = T(expg (5(9))

kfactors
is indeed a perturbative S-matrix according to def. 15.3.

Proof. The axiom “perturbation” of the S-matrix is immediate from the axioms “perturbation” and
“normalization” of the time-ordered products. What requires proof is that causal additivity of the S-matrix
follows from the causal factorization property of the time-ordered products.

Notice that also the weaker causal factorization property of the S-matrix (remark 15.15) is immediate from the
causal factorization condition on the time-ordered products.

But causal additivity is stronger. It is remarkable that this, too, follows from just the time-ordering (Epstein-
Glaser 73, around (73)):

To see this, first expand the generating function Z (232) into powers of g and j

ZgsGA) = D, ——R| GSine - 9Sine A, - jA)
nfactors mfactors

and then compare order-by-order with the given time-ordered product T and its induced reverse-time ordered
product (def. 15.35) via prop. 15.36. (These R(—, —) are also called the “generating retarded products,

discussed in their own right around def. below.)

In the condensed notation of remark 15.33 and its way of absorbing combinatorial prefactors as in example
15.34 this yields at order (g /#) IYI(j/h) Xl the coefficient

R(Y,X) = Y THOT((Y\D,X) . (238)

Icy

We claim now that the support of R is inside the subset for which Y is in the causal past of X. This will imply the
claim, because by multi-linearity of R(—, —) it then follows that

(supp(41) VA SUpp(A2)) = (Z(gs;p, + jay GA2) = Zs;, (A2))
and by prop. 15.7 this is equivalent to causal additivity of the S-matrix.
It remains to prove the claim:

Consider X,Y c X such that the subset P C Y of points not in the past of X, hence the maximal subset with
causal ordering

P VAX,

is non-empty. We need to show that in this case R(Y,X) = 0 (in the sense of generalized functions).

Write Q := Y \ P for the complementary set of points, so that all points of Q are in the past of X. Notice that this
implies that P is also not in the past of Q:

PVAQ.

With this decomposition of Y, the sum in (238) over subsets I of Y may be decomposed into a sum over subsets ]
of P and K of Q, respectively. These subsets inherit the above causal ordering, so that by the causal factorization
property of T(—) (def. 15.31) and T(—) (prop. 15.38) the time-ordered and reverse time-ordered products
factor on these arguments:
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R(Y,X) .Z TYJUKT((P\]) U (Q\K),X)

KcQ

= Z TETOTP\NTQ\ K X)
KcQ

= KZQT(K)(]ZP TNHTP\D)TQ\K.X)

=0

Here the sub-sum in brackets vanishes by the inversion formula, prop. 15.37.
In conclusion:

Proposition 15.40. (S-matrix scheme via causal factorization)

Let (Egy.BRST- L', 4n) be a relativistic free vacuum according to def. 15.1 and consider a function

S : LocObs(Egy.grsT)I[% 9. j11(g, j) — PolyObs(Egy.BRST) ;e (M)[19. /1]

from local observables to microcausal polynomial observables which satisfies the condition “perturbation” from
def. 15.3. Then the following two conditions on S are equivalent

1. causal additivity (def. 15.3)
2. causal factorization (remark 15.15)

and hence either of them is necessary and sufficient for S to be a perturbative S-matrix scheme according to def.
153

Proof. That causal factorization follows from causal additivity is immediate (remark 15.15).

Conversely, causal factorization of § implies that its expansion coefficients {Tk}keN are time-ordered products

(def. 15.31), via the proof of example 15.32, and this implies causal additivity by prop. 15.39.

(“Re”-)Normalization

We discuss now that time-ordered products as in def. 15.31, hence, by prop. 15.39, perturbative S-matrix
schemes (def. 15.3) exist in fact uniquely away from coinciding interaction points (prop. 15.42 below).

This means that the construction of full time-ordered products/S-matrix schemes may be phrased as an
extension of distributions of time-ordered products to the diagonal locus of coinciding spacetime arguments
(prop. 15.47 below). This choice in their definition is called the choice of (“re"-)normalization of the time-
ordered products (remark 15.20), and hence of the interacting pQFT that these define (def. 15.46 below).

The space of these choices may be accurately characterized, it is a torsor over a group of re-definitions of the
interaction-terms, called the “Stiickelberg-Petermann renormalization group”. This is called the main theorem of
perturbative renormalization, theorem 16.19 below.

Here we discuss just enough of the ingredients needed to state this theorem. We give the proof in the next
chapter.

Definition 15.41. (tuples of local observables with pairwise disjoint spacetime support)

Let (Egy.BRST- L', 4x) be a relativistic free vacuum according to def. 15.1.

For k € N, write

-\ @i 2\ ®tiing.i
( LocPoly(EBv-BRST)[[h,g,J]]) . Q( LocPoly(Egy.gRrsT)([M 9. 1] )
pds

for the linear subspace of the k-fold tensor product of local observables (as in def. 15.3, def. 15.31) on those
tensor products 4; & ---Aj of tuples with disjoint spacetime support:

supp(4;) N supp(4y) = @ fori+je{l,-k}.

Proposition 15.42. (time-ordered product unique away from coinciding spacetime arguments)

Let (Egy-BRST-L'» 4x) be a relativistic free vacuum according to def. 15.1, and let T = {T1} ey be a sequence
of time-ordered products (def. 15.31)
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Then their restriction to the subspace of tuples of local observables of pairwise disjoint spacetime support (def.
15.41) is unique (independent of the "re-"normalization freedom in choosing T) and is given by the star product

D% (x) dvols(x) dVOlE(Y)) (4: ® 4,)

ab 4
Ay xp Ay = ((=) () cexp h( /AF (x,y)—@m

Ixx

that is induced (def. 13.17) by the Feynman propagator Ap = é(A+ +A_+H) (corresponding to the Wightman
propagator Ay = Ei(AJr —A_) + H which is given by the choice of free vacuum), in that

T< AIJ""Ak > = Al *F"'*FAk'

In particular the time-ordered product extends from the restricted domain of tensor products of local observables
to a restricted domain of microcausal polynomial observables, where it becomes an associative product:

T(Ay, - Ak,) =T(Ay, 5 Ar,) *p T(Ag, 410 Agy) *p o *p T(Ag,_ 110 Aky) (239)
= Ay xp - xp Ay,
for all tuples of local observables Ay, -+, Ay, Ak, +1,** Ak, *+* Ay, With pairwise disjoint spacetime support.
The idea of this statement goes back at least to Epstein-Glaser 73, as in remark 15.19. One formulation appears

as (Brunetti-Fredenhagen 00, theorem 4.3). The above formulation in terms of the star product is stated in
(Fredenhagen-Rejzner 12, p. 27, Diitsch 18, lemma 3.63 (b)).

Proof. By induction over the number of arguments, it is sufficient to see that, more generally, for
Ay, A; € PolyObs(EBY.BRST) e[ 9, j1] two microcausal polynomial observables with disjoint spacetime

support the star product A; *g A, is well-defined and satisfies causal factorization.

Consider two partitions of unity

(1, ECHED,  (ty,; € CHE);

and write (Al,i)i and (AZ']-)]. for the collection of microcausal polynomial observables obtained by multiplying
all the distributional coefficients of A; and of A, with x, ; and with y, It respectively, for all i and j, hence such
that

Ay = ZAl,i Ay = ZALI' :
i Jj
By linearity, it is sufficient to prove that Ay ; *z A, ; is well defined for all i, j and satisfies causal factorization.
Since the spacetime supports of A; and A, are assumed to be disjoint
supp(4;) Nsupp(4z) = @

we may find partitions such that each resulting pair of smaller supports is in fact in causal order-relation:

(supp(4y) N supp(x, ,)) VA (supp(42) N supp(x, ;)

or forall i,j .

(supp(42) N supp(x, ;)) VA (supp(A;) N supp(x, )

But now it follows as in the proof of prop. 14.8) via (?) that

Aqi*y Ay | supp(Ay,;) VA supp(4; ;)

Ay *p Ay =
Az j*y Ay | supp(Ay,;) VA supp(4y;)
Finally the associativity-statement follows as in prop. 13.4. i

Before using the unqueness of the time-ordered products away from coinciding spacetime arguments (prop.
15.42) to characterize the freedom in ("re"-)normalizing time-ordered products, we pause to observe that in the
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same vein the time-ordered products have a unique extension of their domain also to regular polynomial
observables. This is in itself a trivial statement (since all star products are defined on regular polynomial
observables, def. 13.17) but for understanding the behaviour under ("re"-)normalization of other structures,
such as the interacting BV-differential (def. 15.72 below) it is useful to understand renormalization as a process
that starts extending awa from regular polynomial observables.

By prop. 15.33, on regular polynomial observables the S-matrix is given as follows:

Definition 15.43. (perturbative S-matrix on regular polynomial observables)

Let (EBV-BRST: L', Ay) be a relativistic free vacuum according to def. 15.1.

Recall that the time-ordered product on regular polynomial observables is the star product * induced by the

this is given by conjugation of the pointwise product (89) with 7" (?) as

T(A1,4A;) = Ay*p Ay = T(T ' (A)-T7H(4)

(prop. 14.9).

We say that the perturbative S-matrix scheme on regular polynomial observables is the exponential with
respect to xp:

S : PolyObs(EBY.BRST) regl [ 9, /1] — PolyObs(ERy.BRST) e (M)I[19, j1]
given by
1

1 1 1
S(Sind) = exp, (3 Sind)) = 1+ {3 Sint + 3 52 Sine *p Sine -

We think of Sj, here as an adiabatically switched non-point-interaction action functional.

We write S(Sint) ! for the inverse with respect to the Wick product (which exists by remark 15.4)

S(Sint) "+ S(Sine) = 1.

Notice that this is in general different form the inverse with respect to the time-ordered product *g, which is
S(=Sin):

S(=Sint) *r $(Sine) = 1.

Similarly, by def. 15.24, on regular polynomial observables the quantum Mgller operator is given as follows:

Definition 15.44. (quantum Mgller operator on regular polynomial observables)

Let (EBy.BRST- L', 4u) be a relativistic free vacuum according to def. 15.1. Given an adiabatically switched

non-point-interaction action functional in the form of a regular polynomial observable of degree 0

Sint € PO]yObS(EBV—BRST)reg[[h' 9 ]]]

then the corresponding quantum Mgller operator on regular polynomial observables

R : PolyObs(ERY.BRST) reg [ 9, /11 — PolyObs(ERy.BRST) egl [ . J1]

is given by the derivative of Bogoliubov's formula

R = S(Sin) " *n (SSime) £ (2)),
where §(Sint) = e)(pT(;—h1 Sint> is the perturbative S-matrix from def. 15.43.

This indeed lands in formal power series in Planck's constant A (by remark ), instead of in more general
Laurent series as the perturbative S-matrix does (def. 15.43).

Hence the inverse map is

R = 8(=Sint) *r ($(Sint) * (—)) -

(Bogoliubov-Shirkov 59; the above terminology follows Hawkins-Rejzner 16, below def. 5.1)

(Beware that compared to Fredenhagen, Rejzner et. al. we change notation conventions R < R in order to
bring out the analogy to (the conventions for the) time-ordered product A, *r A, = T(T "1(4,) - T"1(4,)) on
regular polynomial observables.)
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Still by def. 15.24, on regular polynomial observables the interacting field algebra of observables is given as
follows:

Definition 15.45. (interacting field algebra structure on regular polynomial observables)

Let (EBYV-BRST: L', 4y) be a relativistic free vacuum according to def. 15.1. Given an adiabatically switched

non-point-interaction action functional in the form of a regular polynomial observable in degree 0

Sint € PolyObs(EBy.BRST) egl[ 9,711,

then the interacting field algebra structure on regular polynomial observables

*int

PO]yObS(EBv_BRST)reg[[h, g,j]] X PO]yObS(EBv_BRST)reg[[h, g, h]] — POlyObS(EBv_BRST)reg[[fL, g, ]]]

is the conjugation of the Wick algebra-structure by the quantum Mgller operator (def. 15.44):
Ay *ine Az = R(R (A %5 R (A7)

(e.g. Fredenhagen-Rejzner 11b, (19))

Notice the following dependencies of these defnitions, which we leave notationally implicit:

endomorphism of

regular polynomial meaning depends on choice of
observables
T time-ordering free Lagrangian density and Wightman propagator
S-matrix free Lagrangian density and Wightman propagator
R quantum Mgller free Lagrangian density and Wightman propagator and
operator interaction

After having discussed the uniqueness of the time-ordered products away from coinciding spacetime arguments
(prop. 15.42) we now phrase and then discuss the freedom in defining these products at coinciding arguments,
thus ("re"-)normalizing them.

Definition 15.46. (Epstein-Glaser ("re"-)normalization of perturbative QFT)

Let (Egy.BRST: L' 4x) be a relativistic free vacuum according to def. 15.1.

Prop. 15.42 implies that the problem of constructing a sequence of time-ordered products (def. 15.31), hence,
by prop. 15.39, an S-matrix scheme (def. 15.3) for perturbative quantum field theory around the given free
field vacuum, is equivalently a problem of a sequence of compatible extensions of distributions of the star

k arguments
events inside the Cartesian products sk of spacetime X, along the canonical inclusion

Ffeo 1 g,m=xpf— 2

Via the associativity (239) of the restricted time-ordered product thesese choices are naturally made by
induction over k, choosing the (k + 1)-ary time-ordered product T}, as an extension of distributions of
Te(= =) *p ().

——

kargs

This inductive choice of extension of distributions of the time-ordered product to coinciding interaction points
deserves to be called a choice of normalization of the time-ordered product (e.g. Scharf 94, section 4.3), but for
historical reasons (see remark 15.19 and remark 15.20) it is known as re-normalization. Specifically the
inductive construction by extension to coinciding interaction points is known as Epstein-Glaser
renormalization.

In (Epstein-Glaser 73) this is phrased in terms of splitting of distributions. In (Brunetti-Fredenhagen 00, sections
4 and 7) the perspective via extension of distributions is introduced, following (Stora 93). Review is in (Diitsch

18, section 3.3.2).

Proposition 15.42 already shows that the freedom in choosing the ("re"-)normalization of time-ordered products
is at most that of extending them to the “fat diagonal”, where at least one pair of interaction points coincides. The
following proposition 15.47 says that when making these choices inductively in the arity of the time-ordered

"

products as in def. 15.46 then the available choice of ("re"-)normalization) at each stage is in fact only that of
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extension to the actual diagonal, where all interaction points coincide:
Proposition 15.47. (("re’-)normalization is inductive extension of time-ordered products to diagonal)

Let (Egy.BRST- L', 4u) be a relativistic free vacuum according to def. 15.1.

Assume that for n € N, time-ordered products {Tk}k<n of arity k < n have been constructed in the sense of def.

15.31. Then the time-ordered product T, 1 of arity n + 1 is uniquely fixed on the complement

£ dign) = fGr e DY, | 300 # 1)

diag
of the image of the diagonal inclusion £ — E™ (where we regarded T, ., as a generalized function on Z™**

according to remark 15.33).

This statement appears in (Popineau-Stora 82), with (unpublished) details in (Stora 93), following personal
communication by Henri Epstein (according to Diitsch 18, footnote 57). Following this, statement and detailed
proof appeared in (Brunetti-Fredenhagen 99).

Proof. We will construct an open cover of X"*1\ X by subsets ¢; € £™** which are disjoint unions of non-
empty sets that are in causal order, so that by causal factorization the time-ordered products T, 1 on these
subsets are uniquely given by T}, (=) *y T,_(—). Then we show that these unique products on these special
subsets do coincide on intersections. This yields the claim by a partition of unity.

We now say this in detail:

Forl c {1,-,n+ 1} write] :== {1,--,n+ 1} \ . For I,1 # @, define the subset

— n+1 n+1
CI = {(xi)ie{1'...,n+1} e | {xi}iE,V/\ {x}'}je{1,---,n+1}\l} c X .
Since the causal order-relation involves the closed future cones/closed past cones, respectively, it is clear that
these are open subsets. Moreover it is immediate that they form an open cover of the complement of the
diagonal:
_ yntly g
rewYnin ¢, = 2"\ diag(2) .
I EL]
(Because any two distinct points in the globally hyperbolic spacetime ¥ may be causally separated by a Cauchy

surface, and any such may be deformed a little such as not to intersect any of a given finite set of points. )

Hence the condition of causal factorization on T}, implies that restricted to any C; these have to be given (in
the condensed generalized function-notation from remark 15.33 on any unordered tuple X = {xy, -, X, 41} € C;

with corresponding induced tuples I == {x;},, and I := {x;},_; by

i€l

Thir(X) = TMTA) for X €C, . (240)

2n+1

This shows that T}, 1 is unique on \ diag(2) if it exists at all, hence if these local identifications glue to a

global definition of T, ; 1. To see that this is the case, we have to consider any two such subsets
I, I, c {1, n+1}, I,I,,I,I, 0.
By definition this implies that for
Xecl, Nney,

a tuple of spacetime points which decomposes into causal order with respect to both these subsets, the
corresponding mixed intersections of tuples are spacelike separated:

ILnl, ><1I;nl,.

By the assumption that the {Tk}k:tn satisfy causal factorization, this implies that the corresponding time-

ordered products commute:
TLNR)TA NL) = TONL)TA; ND) . (241)

Using this we find that the identifications of Ty, .y on C;, and on Cy,, accrding to (260), agree on the intersection:
in that forX € C;, N C;, we have
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Here in the first step we expanded out the two factors using (260) for I, then under the brace we used (261)
and in the last step we used again (260), but now for /.

To conclude, let

(XI € Cg:) (£n+ 1))lc(1,---,n+ 1}

L1#9
be a partition of unity subordinate to the open cover formed by the C;. Then the above implies that setting for

any X € 2"\ diag(2)

Thi1(X) = IE(IZ }Xi(X)T(I)T(i)
1,i¥n9)+1

is well defined and satisfies causal factorization. |

Since (“re"-)normalization involves making choices, there is the freedom to impose further conditions that one
may want to have satisfied. These are called renormalization conditions.

Definition 15.48. (renormalization conditions, protection from quantum corrections and quantum

anomalies)

Let (EBy.BRST- L', 4x) be a relativistic free vacuum according to def. 15.1.

Then a condition P on k-ary functions of the form

k
>®cuh,g,m

Ty : ( LocObs(Egy.grsT)[[7. 9. /1] — PolyObs(Ey.BRST) g (M)[[9, j1]

is called a renormalization condition if

1. it holds for the unique time-ordered products away from coinciding spacetime arguments (according to
prop. 15.42);

2. whenever it holds for all unrestricted Ty <,, for some n € N, then it also holds for T, ; ; restricted away
from the diagonal:
P(Tk)kgn = P(Tn+1 |E"+1\diag(£)) '
This means that a renormalization condition is a condition that may consistently be imposed degreewise in an
inductive construction of time-ordered products by degreewise extension to the diagonal, according to prop.
15.47.

If specified renormalization conditions {P;} completely remove any freedom in the choice of time-ordered

products for a given quantum observable, one says that the renormalization conditions protects the observable
against quantum corrections.

If for specified renormalization conditions {P;} there is no choice of time-ordered products {T}, oy (def.
15.31) that satisfies all these conditions, then one says that an interacting perturbative QFT satisfying {P;} fails

to exist due to a quantum anomaly.

Proposition 15.49. (basic renormalization conditions)

Let (Egy.BRST- L', 4n) be a relativistic free vacuum according to def. 15.1.

Then the following conditions are renormalization conditions (def. 15.48):

1. (field independence) The functional derivative of a polynomial observable arising as a time-ordered product
takes contributions only from the arguments, not from the product operation itself; in generalized function-
notation:

S (242)
—xT(A1.""An) = Z T<A1,~~~,Ak_1,

1<k=<n

6
— A Apq, o A
S q)a(x) ko Ak+1 n)
2. (translation equivariance) If the underlying spacetime is Minkowski spacetime, £ = RP'%, with the induced
action of the translation group on polynomial observables

p : RP! x PolyObs(Egy.grsT) [ g, /1] — PolyObs(Egy.grsT)I[% g, j1]

then
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3. (quantum master equation, master Ward identity) see prop. 15.73
(if this condition fails, the corresponding quantum anomaly (def. 15.48) is called a gauge anomaly)

(Diitsch 18, p. 150 and section 4.2)

Proof. For the first two statements this is obvious from prop. 15.47 and prop. 15.42, which imply that
Thni1 I):"“\diag():) is uniquely specified from {Tk}ksn via the star product induced by the Feynman propagator,

and the fact that, on Minkowski spacetime, this is manifestly translation invariant and independent of the fields
(e.q- prop. 9.64).

The third statement requires work. That the quantum master equation/(master Ward identity always holds on
regular polynomial observables is prop. 15.73 below. That it holds for T, ; | if it holds for {T}, _,

EnH 1\ diag(X)
is shown in (Duetsch 18, section 4.2.2). W

We discuss methods for normalization (prop. 15.47) and re-normalization in detail in the next chapter.

Feynman perturbation series

By def 15.46 and the main theorem of perturbative renormalization (theorem 16.19), the construction of
perturbative S-matrix schemes/time-ordered products may be phrased as ("re-")normalization of the star
product induced by the Feynman propagator, namely as a choice of extension of distributions of the this star-
product to the locus of coinciding interaction points.

expanded as a sum of products of distributions labeled by finite multigraphs (def. 15.50 below), where each
vertex corresponds to an interaction or source field insertion, and where each edge corresponds to one
contractions of two of these with the Feynman propagator. The products of distributions arising this way are the
Feynman amplitudes (prop. 15.51 below).

If the free field vacuum is decomposed as a direct sum of distinct free field types/species (def. 15.52 below), then
in addition to the vertices also the edges in these graphs receive labels, now by the field species whose particular

diagrams (def. 15.55 below) and the products of distributions which they encode are their Feynman amplitudes
built by the Feynman rules (prop. 15.56 below).

The choice of ("re"-)normalization of the time-ordered products/S-matrix is thus equivalently a choice of
("re"-)normalization of the Feynman amplitudes for all possible Feynman diagrams. These are usefully organized
in powers of A by their loop order (prop. 15.68 below).

In conclusion, the Feynman rules make the perturbative S-matrix be equal to a formal power series of Feynman
amplitudes labeled by Feynman graphs. As such it is known as the Feynman perturbation series (example 15.58
below).

Notice how it is therefore the combinatorics of star products that governs both Wick's lemma in free field theory
as well as Feynman diagrammatics in interacting field theory:

free field algebra
of quantum physics terminology maths terminology
observables
1 supercommutative 1A Ay Ay - A,
product normal ordered product pointwise product of functionals
non-commutative
roduct
P . A4, Ay xy Ay
2) (deformation N duct " duct for Wisht "
induced by operator produc star product for Wightman propagator
Poisson bracket)
3) T(A14;) Ay *p Ay
time-ordered product star product for Feynman propagator
Wick's lemma Moyal product for Wightman propagator Ay
perturbative
expansion
of 2) via 1) AyAy.. An=:A1Ay... An: + : AjAs ... A, : + permutations

[ reu vl
A Ar . Ai A+ A A AsA
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We now discuss Feynman diagrams and their Feynman amplitudes in two stages: First we consider plain finite
multigraphs with linearly ordered vertices but no other labels (def. 15.50 below) and discuss how these
generally organize an expansion of the time-ordered products as a sum of distributional products of the given
Feynman propagator (prop. 15.51 below). These summands (or their vacuum expectation values) are called the
Feynman amplitudes if one thinks of the underlying free field vacuum as having a single “field species” and of the
chosen interaction to be a single “interaction vertex”.

But often it is possible and useful to identify different field species and different interaction vertices. In fact in
applications this choice is typically evident and not highlighted as a choice. We make it explicit below as def.
15.52. Such a choice makes both the interaction term as well as the Feynman propagator decompose as sums
(remark 15.53 below). Accordingly then, after “multiplying out” the products of these sums that appear in the
Feynman amplitudes, these, too, decompose further as as sums indexed by multigraphs whose edges are labeled
by field species, and whose vertices are labeled by interactions. These labeled multigraphs are the Feynman
diagrams (def. 15.55 below) and the corresponding summands are the Feynman amplitudes proper (prop. 15.56
below).

Definition 15.50. (finite multigraphs)
A finite multigraph is

1. a finite set V (“of vertices”);

2. a finite set E' (“of edges”);

3.a function E g{{vl, Uy} ={vy, 1} | v, v, EV, vy #F 1, }

(sending any edge to the unordered pair of distinct vertices that it goes between).

A choice of linear order on the set of vertices of a finite multigraph is a choice of bijection of the form

V={1,2v}.

Hence the isomorphism classes of a finite multigraphs with linearly ordered vertices are characterized by

1. a patural number
v:=|V|€eN
(the number of vertices);

2.foreachi < j € {1,-,v} a natural number
ei;=|p*({vyv;HDI EN
(the number of edges between the ith and the jth vertex).

We write G, for the set of such isomorphism classes of finite multigraphs with linearly ordered vertices

identified with {1, 2, ---, v}; and we write

G= ug

veNTV

for the set of isomorphism classes of finite multigraphs with linearly ordered vertices of any number.

Proposition 15.51. (Feynman amplitudes of finite multigraphs)

Let (Egy.BRST- L', 4n) be a relativistic free vacuum according to def. 15.1.
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Forv € N, the v-fold time-ordered product away from coinciding interaction points, given by prop. 15.42

v
>®c[[ﬂ,g,m

Ty : ( LocObs(Egy.rsT)[[7 9, j1] — PolyObs(EBy.BRST) g (M)I[9, /1]

is equal to the following formal power series labeled by isomorphism classes of finite multigraphs with v linearly
ordered vertices, I' € G, (def: 15.50):

T,(04,,0y) (243)
EDIRUCHIE

reg,

ers ers 5er,s

= prod o <(A )érs, —>(0 ® & 0,)

pezgv r<sel_{!;---,v) er,s! i 1) <l>:r's 1) q)ser’s ! v

her,s

= > ()= I ,

reg, r<s€{1,-,v} €r,s:

I / dvoly (x)dvoly (v,) 45" (xi, ¥,)
i=Lers 4y

0, ®0,,,®®0, ;® 5710,
OU(x,) S D s (x,, ) T sy, s 0P (y, )

® 041 ® & (

(01 Q@ ®0,1® 5

where e, s i= e, (I') is, for short, the number of edges between vertex r and vertex s in the finite multigraph I of

the outer sum, according to def. 15.50.

Here the summands of the expansion (243)

er,s

r(oyy.,) = prode [ ,<(Ap)e”

r<sef{1,-,v} Cr,s:

er,s 5er,s

(244) .
SeT W>(Ol ® ®0,) € PolyObs(Egy.grr)((M)[g, ]

and/or their vacuum expectation values

(r(pr_)) € C)llh jl

are called the Feynman amplitudes for scattering processes in the given free field vacuum of shape I' with
interaction yertices O;. Their expression as products of distributions via algebraic expression on the right hand
side of (244) is also called the Feynman rules.

(Keller 10, 1V.1)

Proof. We proceed by induction over the number v of vertices. The statement is trivially true for a single vertex.
So assume that it is true for v > 1 vertices. It follows that

T(Ol' =, 0y, 0v+1)
=T(T(01,-+0:),0y41)

8 8
= prod o exp<<hAF, 5o ® ﬁ>) (prod °Z H
= prod o Z
reg,
I

r<s Eps !
€{1,-,v}

er,s 69r,s

! <(hAF)eﬂs ><01 ®-® 0») ® 0,44

(o 5757
F ’ 5d)rer,s 5¢,S3r,s

v+1

e
((el,v+l)>"‘v(ev,v+1)> <(hAF)ev+1<6e1,v+101 Q- ® 6ev,v+1ov ® 68v+1ov+1 >)

e ! e
e = (ev+1)! S Prv+1 S Ppevv+i 6¢el,v+1+ +eyvi1

ev+1ttey vy
=(eyv+1)(evv+1))

ers 55’r,s

B
= prod o L< hAR) s, e E >0 —®0
prode 35 JI (0™ S pgee )01 ® 7 ®0vn)

r<s
T€Gysy €{1,,v+1}

The combinatorial factor over the brace is the multinomial coefficient expressing the number of ways of
distributing e, . 1-many functional derivatives to v factors, via the product rule, and quotiented by the factorial
that comes from the exponential in the definition of the star product.
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Here in the first step we used the associativity (239) of the restricted time-ordered product, in the second step
we used the induction assumption, in the third we passed the outer functional derivatives through the pointwise
product using the product rule, and in the fourth step we recognized that this amounts to summing in addition
over all possible choices of sets of edges from the first v vertices to the new v + 1st vertex, which yield in total
the sum over all diagrams with v + 1 vertices. il

If the free field theory is decomposed as a direct sum of free field theories (def. 15.52 below), we obtain a more
fine-grained concept of Feynman amplitudes, associated not just with a finite multigraph, but also with a
labelling of this graph by field species and interaction types. These labeled multigraphs are the genuine Feynman
diagrams (def. 15.55 below):

Definition 15.52. (field species and interaction vertices)

Let (EBV-BRST- L',4y) be a relativistic free vacuum according to def 151, and let
gSint + JA € LocObs(Egy.BrsT) ([ g, j11{g, j) be alocal observable regarded as an adiabatically switched

interaction action functional.
Then

1.a choice of field species is a choice of decomposition of the BV-BRST field bundle Egy.gRrgT as a fiber

product over finite set Spec = {sp,,sp,, -, sp,,} of (graded super-) field bundles

EBy-BRST = Esp, Xz Xz Esp
such that the gauge fixed free Lagrangian density L' is the sum
L' =L +-+Lg

of free Lagrangian densities
p+1,0
L’spi € -QZ (El)
on these separate field bundles.
1. a choice of interaction vertices and external vertices is a choice of sum decomposition
gSinc+JA = ) GSmeit D, JA;
i€Ext jE€Int
parameterized by finite sets Int and Ext, to be called the sets of internal vertex labels and external vertex

labels, respectively.
Remark 15.53. (Feynman propagator for separate field species)

Let (EBY-BRST: L', Ay) be a relativistic free vacuum according to def. 15.1.

Then a choice of field species as in def. 15.52 induces a corresponding decomposition of the Feynman
propagator of the gauge fixed free field theory

Ap € I'sx5(Egy.BrsT X EBV-BRST)

as the sum of Feynman propagators for each of the chosen field species:
n
dp = Apat ot dpn € @ [yxs(Esp WEsp) < I"yxs (Epy-rRST X EBV-BRST)

hence in components, with (¢>A the collective field coordinates on Egy.gRrgT, this decomposition is of the

form
(484 0 0 - 0
(a29) = 0 @ 0 - 0
0 e e 0 (Agn

Example 15.54. (field species in quantum electrodynamics)

The field bundle for Lorenz gauge fixed quantum electrodynamics on Minkowski spacetime X admits a
decomposition into field species, according to def. 15.52, as

Egy.BRST = (Soad X)Xy  TEZxz(RxX) Xz (R[1]xX) %y (R[-1]x )

Dirac electromagnetic field & ghost field  antighost field
field Nakanishi-Lautrup field

(by example 5.11) and example 12.9)).

The corresponding sum decomposition of the Feynman propagator, according to remark 15.53, is
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Aphoton " tichost
A = Aglectron_l_ ( F ) +A§h°St+Agn ighost
N * *
Dirac
field electromagnetic field &

Nakanishi-Lautrup field
where
1A glectron

is the electron propagator (def. ));

2. A,Ehomn is the photon propagator in Gaussian-averaged Lorenz gauge (prop. 12.10);

3. the ghost field and antighost field Feynman propagators AEhOSt, and A;mighDSt are each one copy of the

Feynman propagator of the real scalar field (prop. 9.64), while the Nakanishi-Lautrup field contributes a
mixing with the photon propagator, notationally suppressed behind the star-symbols above.

Definition 15.55. (Feynman diagrams)

Let (EBy.BrsT L' 4y) be a relativistic free vacuum according to def 151, and let

gSint + JA € LocObs(Egy.BrsT)[[ g, j11{g, j) be alocal observable regarded as an adiabatically switched

interaction action functional.
Let moreover

EBy.BRST = Esp,

X
sp € Spec

be a choice of field species, according to def 15.52,

GSine +JjA = D) GSimeit+ 2, jAj

i€Ext jE€Int
a choice of internal and external interaction vertices according to def. 15.52.

With these choices, we say that a Feynman diagram (I, vertlab, edgelab) is

1. a finite multigraph with linearly ordered vertices (def. 15.50)
reg,

2. a function from its vertices

vertlab : V — Int U Ext
to the disjoint union of the chosen sets of internal and external vertex labels;

3. a function from its edges
edgelab : E — Spec
to the chosen set of field species.

We write

forget
gFeyn M

(I', vertlab, edgelab) = T

for the set of isomorphism classes of Feynman diagrams with labels in Sp, refining the set of isomorphisms of
plain finite multigraphs with linearly ordered vertices from def. 15.50.

Proposition 15.56. (Feynman amplitudes for Feynman diagrams)

Let (Egy.rsT-L'»4y) be a relativistic free vacuum according to def. 151, and let
9Sint + JA € LocObs(Egy.grsT)I[7 g, j11{g. j) be a local observable regarded as an adiabatically switched

interaction action functional.

Let moreover

EBV-BRST = ([ oec Esp

be a choice of field species, according to def 15.52, hence inducing, by remark 15.53, a sum decomposition of the
Feynman propagator

Ae = D) lpsp, (245)
Sp € Spec

and let
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9Sint + JA = Z ISinti + /SéllrrHjAj (246)

i€Ext
be a choice of internal and external interaction vertices according to def. 15.52.

Then by “multiplying out” the products of the sums (245) and (246) in the formula (244) for the Feynman
amplitude I'((gSine + jA)){_,) (def. 15.51) this decomposes as a sum of the form

r((gSine + jA);_,) = E (I, edgelab, vertlab) (gSin + jA)
vertlab
Vp — IntuUExt

edgelab
r—

E, Spec

over all ways of labeling the vertices v of I' by the internal or external vertex labels, and the edges e of I' by field
species. The corresponding summands

(I', edgelab, vertlab) (gSiy: + jA) € PolyObs(Egy.grsT) L% 9, j]]
or rather their vacuum expectation value
((I', edgelab, vertlab) (gSin: + jA)) € C[[h g, /1]

are called the Feynman amplitude associated with these Feynman diagrams.

Example 15.57. (Feynman amplitudes in causal perturbation theory - example of QED)

To recall, in perturbative quantum field theory, Feynman diagrams (def. 15.55) are labeled finite multigraphs

turn contribute to probability amplitudes for physical scattering processes - scattering_amplitudes (example
15.12):

The Feynman amplitudes are the summands in the Feynman perturbation series-expansion (example 15.58) of
the scattering matrix (def. 15.3)

1 1
SSint) = 2 757 Tintr Sing)
k! ip)k W
T CO) kfactors

of a given interaction Lagrangian density L;,. (def. 5.1).

The Feynman amplitudes are the summands in an expansion of the time-ordered products T(--) (def. 15.31) of

the interaction with itself, which, away from coincident vertices, is given by the star product of the Feynman
propagator Ag (prop. 15.42), via the exponential contraction

1) )
T(Sint Sint) = prode eXP<h/A?b(X: }’)W ® W(y))(si‘“ ® Sint) -

Each edge in a Feynman diagram corresponds to a factor of a Feynman propagator in T'(Sjn¢*-Sint), being a
factors
k

Xi.

For example quantum electrodynamics (example 5.11) in Gaussian-averaged Lorenz gauge (example 12.9)
involves (via example 15.54):

1. the Dirac field modelling the electron, with Feynman propagator called the electron propagator (def.
9.72), here to be denoted

A electron propagator

(prop. 12.10), here to be denoted
G photon propagator
3. the electron-photon interaction (48)
Line = ig(¥*" “/3 l/J_a ay 1£f
interaction incoming phhovgon outgoing
e Rl R

The Feynman diagram for the electron-photon interaction alone is
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where the solid lines correspond to the electron, and the wiggly line to the photon. The corresponding product
of distributions (prop. 9.34) is (written in generalized function-notation, example 9.10)
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interaction looks as follows:

* Feynman diagram
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* Feynman amplitude

G(z1,22) Az, x3)2G($37 z4)A(z1, 74) A2y, 25) A(2s, 26) Az, 27) G (25, 27)

where on the bottom the corresponding Feynman amplitude product of distributions is shown; now
notationally suppressing the contraction of the internal indices and all prefactors.

For instance the two solid edges between the vertices x, and x5 correspond to the two factors of 4(x,, x,):

* Feynman diagram —
. S 5
1 A %y f
e
(71‘5 [
G N\ /&‘1?7

= Feynman amplitude

G(xy, w2) A, 3)°G(w3, 74) A(wy, 24) Ay, 75) Aws, 26) A6, 27) G (5, 7)

This way each sub-graph encodes its corresponding subset of factors in the Feynman amplitude:

* Feynman diagram
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graphics grabbed from Brouder 10

A priori this product of distributions is defined away from coincident vertices: x; # x; (prop. 15.42 below).
The definition at coincident vertices x; = x; requires a choice of extension of distributions (def. 16.10 below) to
the diagonal locus of coincident interaction points. This choice is the ("re-")normalization (def. 15.46 below) of
the Feynman amplitude.

Example 15.58. (Feynman perturbation series)

Let (EBY-BRST: L', Ay) be a relativistic free vacuum according to def. 15.1, and let

9Sint + jA € LocObs(Egy.grsT)I[™ 9, R1(g. /)

be alocal observable, regarded as a adiabatically switched interaction action functional.

By prop. 15.51 every choice of perturbative S-matrix (def. 15.3)
S(gSint + jA) € PolyObs(ERy.BRST) me ()19, j11 +

has an expansion as a formal power series of the form

S(@Simt +JA) = D, T((gSime +iDIYD),

reg

where the series is over all finite multigraphs with linearly ordered vertices I' (def. 15.50), and the summands
are the corresponding ("re"-)normalized (def. 15.46) Feynman amplitudes (prop. 15.51).

If moreover a choice of field species and of internal and external interaction vertices is made, according to def.
15.52, then this series expansion refines to an expansion over all Feynman diagrams (I, edgelab, vertlab) (def.
15.55) of Feynman amplitudes (I', edgelab, vertlab) (gSi,: + jA) (def. 15.56):

S(gSine + jA) = D (I, edgelab, vertlab) (gSin: + jA),
(I,edgelab,vertlab) € g7y

Expressed in this form the S-matrix is known as the Feynman perturbation series.

Remark 15.59. (no tadpole Feynman diagrams)

In the definition of finite multigraphs in def. 15.50 there are no edges considered that go from any vertex to
itself. Accordingly, there are no such labeled edges in Feynman diagrams (def. 15.55):

O

In pQFT these diagrams are called tadpoles, and their non-appearance is considered part of the Feynman rules
(prop. 15.51). Via prop. 15.51 this condition reflects the nature of the star product (def. 13.17) which always

Beware that in graph theory these tadpoles are called “loops”, while here in pQFT a “loop” in a planar graph
refers instead to what in graph theory is called a face of the graph, see the discussion of loop order in prop.
15.68 below.

(Keller 10, remark I1.8 and proof of prop. 11.7)

Effective action

We have seen that the Feynman perturbation series expresses the S-matrix as a formal power series of Feynman
amplitudes labeled by Feynman diagrams. Now the Feynman amplitude associated with a disjoint union of

connected Feynman diagrams (def. 15.60 below) is just the product of the amplitudes of the connected

components (prop. 15.64 below). This allows to re-organize the Feynman perturbation series as the ordinary
exponential of the Feynman perturbation series restricted to just connected Feynman diagrams. The latter is
called the effective action (def. 15.62 below) because it allows to express vacuum expectation values of the
S-matrix as an ordinary exponential (equation (248) below).

Definition 15.60. (connected graphs)

Given two finite multigraphs I'y, I', € G (def. 15.50), their disjoint union
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ryur, € g

is the finite multigraph whose set of vertices and set of edges are the disjoint unions of the corresponding sets
of 'y and I',

Vrour, = Ve, UVr,
Er,ur, = Er UEr,

and whose vertex-assigning function p is the corresponding function on disjoint unions
Prour, = Pr,UPr, -

The operation induces a pairing on the set G of isomorphism classes of finite multigraphs

(DU :Gxg—G.

A finite multigraph I € G (def. 15.50) is called connected if it is not the disjoint union of two non-empty finite
multigraphs.

We write
gconn = g

for the subset of isomorphism classes of connected finite multigraphs.

Lemma 15.61. (Feynman amplitudes multiply under disjoint union of graphs)

Let
r=ryur,u-—-ur, € g

be disjoint union of graphs (def. 15.60). then then corresponding Feynman amplitudes (prop. 15.51) multiply by
the pointwise product (def. 7.1):

I(gSine +JA;S)) = T1((gSime + JA)  To((gSime + JALE) - oo Tu((gSime + I -
Proof. By prop. 15.42 the contributions to the S-matrix away from coinciding interaction points are given by the
star product induced by the Feynman propagator, and specifically, by prop. 15.51, the Feynman amplitudes are
given this way. Moreover the star product (def. 13.17) is given by first contracting with powers of the Feynman
propagator and then multiplying all resulting terms with the pointwise product of observables. This implies the
claim by the nature of the combinatorial factor in the definition of the Feynman amplitudes (prop. 15.51). W

Definition 15.62. (effective action)

Let (EBy.BRST- L', 4n) be a relativistic free vacuum according to def. 15.1, let S be an S-matrix scheme for

perturbative QFT around this vacuum (def. 15.3) and let
9Sint + jA € LocObs(Egy.grsT)[[% g, h]]
be a local observable.

Recall that for each finite multigraph I' € G (def. 15.50) the Feynman perturbation series for S(gSiy: + jA4)
(example 15.58)

S(GSint +JA) = Y I'(gSint + i)
reg

contributes with a ("re"-)nromalized Feynman amplitude
r((gSine + jA){_,) € PolyObs(Egy.grsT) (M)[[g, j11-

We say that the corresponding effective action is ih times the sub-series

Sett(g,)) = i Y, T((gSint +jA))) € PolyObs(Egy.grsT)((M)[[g, jl] (247)

FeQConn

of Feynman amplitudes that are labeled only by the connected graphs I’ € G C G (def. 15.60).

conn

(A priori Seg(g, j) could contain negative powers of #, but it turns out that it does not; this is prop. 15.68
below.)

Remark 15.63. (terminology for “effective action”)

Beware differing conventions of terminology:
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1. In the perspective of effective quantum field theory (remark 16.27 below), the effective action in def.
15.62 is sometimes called the effective potential at scale A = 0 (see prop. 15.62 below).
This terminology originates in restriction to the special example of the scalar field (example 3.5), where

the non-derivative Phi"n interactions gSi, = X, fgé&)(x)(cb(x))”dvol;(x) (example 5.5) are
b

naturally thought of as potential energy-terms.

From this perspective the effective action in def. 15.62 is a special case of relative effective actions S 4
(“relative effective potentials”, in the case of Phi”n interactions) relative to an arbitrary UV cutoff-scales A
(def. 16.26 below).

2. For the special case that

jA = / 0,0 ()@ () dvl ()
z
is a regular linear observable (def. 7.30) the effective action according to def. 15.62 is often denoted W (})
or E(j), and then its functional Legendre transform (if that makes sense) is instead called the effective
action, instead.

This is because the latter encodes the equations of motion for the vacuum expectation values (®(x). ) of

int
the interacting field observables; see example 15.66 below.

Notice the different meaning of “effective” in both cases: In the first case it refers to what is effectively seen of
the full pQFT at some UV-cutoff scale, while in the second case it refers to what is effectively seen when
restricting attention only to the vacuum expectation values of regular linear observables.

Proposition 15.64. (effective action is logarithm of S-matrix)

Let (Egy.BRST- L', 4x) be a relativistic free vacuum according to def. 15.1, let § be an S-matrix scheme for
perturbative QFT around this vacuum (def. 15.3) and let

gSint + JA € LocObs(Egy.BrsT)[[ g, hl]
be a local observable and let
Seit(9,J) € PolyObs(Epy.grsT)((1))[lg, /1]
be the corresponding effective action (def. 15.62).

Then then S-matrix for gSine + jA is the exponential of the effective action with respect to the pointwise product

(=) - (=) of observables (def. 7.1):

. 1 .
8(gSine +JjA) = exp(; Sett(9) 1))
'—1+1S '+1S i) S, '+1S j) - S, j) - S, ) +
= 7 etf(9, J) i)? ett(9, J) - Ser(9, ) OE etf(9, ) - Ser(9, J) + Sere(9, 1)
Moreover, this relation passes to the vacuum expectation values:
. 1 . 248
< S(gSine +jA) > = < exp(gseff(g'])) > (248)

— ein(Serr(@.0)

Conversely the vacuum expectation value of the effective action is to the logarithm of that of the S-matrix:

(See(g, ))) = ihIn(S(gSint + jA)) .

Proof. By lemma 15.61 the summands in the nth pointwise power of 7 times the effective action are precisely

the Feynman amplitudes I'((gSin: + jA);'gl)) of finite multigraphs I with n connected components, where each

such appears with multiplicity given by the factorial of n:

r= rj

1/1 % _
E(%Seff(9'1)> = 2 T(@Sime i) -
j=1
T'j€Sconn

It follows that
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1 .
eXp.(% sim) = > TS + A
u

neN .
r rj

j=1
rngconn

> I((gSine + jDIY]
reg

yields the Feynman perturbation series by expressing it as a series (re-)organized by number of connected
components of the Feynman diagrams.

To conclude the proof it is now sufficient to observe that taking vacuum expectation values of polynomial
observables respects the pointwise product of observables

(Al 'A2> = (A1)<A2)-

This is because the Hadamard vacuum state ( —):PolyObs(Egy.grsT)[[% g, /1] = C[[h, g, j]] simply picks the

zero-order monomial term, by prop. 14.15), and under multiplication of polynomials the zero-order terms are
multiplied. B

This immediately implies the following important fact:

Proposition 15.65. (in stable vacuum the effective action is generating_function for vacuum expectation
values of interacting field observables)

Let (Egy.rsT-L'»4y) be a relativistic free vacuum according to def. 151, and let
gSint + JA € LocObs(Egy.BrsT) [ g, j11{g, j) be a local observable regarded as an adiabatically switched
interaction action functional.

If the given vacuum state is stable (def. 15.10) then the vacuum expectation value (Sqs(g, j)) of the effective

action (def. 15.62) is the generating function for the vacuum expectation value of the interacting field observable
Ajnt (def. 15.8) in that

d .
(Aine) = d_jSeff(gr]) lizo -

Proof. We compute as follows:

d L. d .
d_jSeff(g']) = lhd—jln(S(QSim + A,

) 1 d )
iR(S(gSint)) @ ($(gSine + AN

d _ .
= 2; @S0 'S(gSint +JA) |,
Z(jA)

= (Aint> .

Here in the first step we used prop 15.64, in the second step we applied the chain rule of differentiation, in the
third step we used the definition of vacuum stability (def. 15.10) and in the fourth step we recognized the
definition of the interacting field observables (def. 15.8). W

Example 15.66. (equations of motion for vacuum expectation values of interacting field observables)

Consider the effective action (def. 15.62) for the case that
JA =12(jg, )
= f J o (0@ () dvoly (x)
5

is a regular linear observable (this def.), hence the smearing of a field observable (this def.) by an adiabatic
switching of the source field

. o .
Jew € Cep(X)()) -

(Here we are notationally suppressing internal field indices, for convenience.)

In this case the vacuum expectation value of the corresponding effective action is often denoted

W)
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and regarded as a functional of the adiabatic switching j_ -~ of the source field.

In this case prop. 15.65 says that if the vacuum state is stable, then W is the generating functional for
interacting (def. 15.8) field observables (def. 7.2) in that

5
(@), = ™ W(jg, =0). (249)

Assume then that there exists a corresponding functional I'(®) of the field histories @ € I's(Egy.gRrsT) (def.

3.1), which behaves like a functional Legendre transform of W in that it satisfies the functional version of the
defining equation of Legendre transforms (first derivatives are inverse functions of each other, see this
equation):

5 5 '
590 (70 ") = H 0

By (249) this implies that

0 r((@,,)) = 0.

This may be read as a quantum version of the principle of extremal action (prop. 7.38) formulated now not for
the field histories @(x), but for the vacuum expectation values (®(x), ) of their corresponding interacting

quantum field observables.

Beware, (as in remark 15.63) that many texts refer to I'(®) as the effective action, instead of its Legendre

transform, the generating functional W(j_ ).

The perspective of the effective action gives a transparent picture of the order of quantum effects involved in the
S-matrix, this is prop. 15.68 below. In order to state this conveniently, we invoke two basic concepts from graph
theory:

Definition 15.67. (planar graphs and trees)

A finite multigraph (def. 15.50) is called a planar graph if it admits an embedding into the plane, hence if it may
be “drawn into the plane” without intersections, in the evident way.

A finite multigraph is called a tree if for any two of its vertices there is at most one path of edges connecting
them, these are examples of planar graphs. We write

gtree c g

for the subset of isomorphism classes of finite multigraphs with linearly orrdered vertices (def. 15.50) on
those which are trees.

Proposition 15.68. (loop order and tree level of Feynman perturbation series)

The effective action (def. 15.62) contains no negative powers of h, hence is indeed a formal power series also in h:

Serr(9,J) € PolyObs(Egy.grsT)[[% g, j1] -
and in particular
(Ser(9, 1)) € C[[h, g, j]] -

Moreover, the contribution to the effective action in the classical limit h — 0 is precisely that of Feynman
amplitudes of those finite multigraphs (prop. 15.51) which are trees (def. 15.67); thus called the tree level-
contribution:

Seit(@ Nly_y = 0 D) T((gSime+ i)

FEgConn r\'gtree

Finally, a finite multigraph I' (def. 15.50) which is planar (def. 15.67) and connected (def. 15.60) contributes to
the effective action precisely at order

AL

where L(I') € N is the number of faces of I', here called the number of loops of the diagram; here usually called
the loop order of T

(Beware the terminology clash with graph theory, see the discussion of tadpoles in remark 15.59.)

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...
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Proof. By def. 15.3 the explicit i-dependence of the S-matrix is

S(Sine) = Z%

——T(Sine, S
= (lh)k ( int lnt)

kfactors

and by prop. 15.42 the further h-dependence of the time-ordered product T'(:+*) is

o 1)
T(Sint Sint) = prode eXP(h<AF: 5o ® R>>(sint ® Sint)»

By the Feynman rules (prop. 15.51) this means that

1. each vertex of a Feynman diagram contributes a power h Ttoits Feynman amplitude;

2. each edge of a Feynman diagram contributes a power i o its Feynman amplitude.
If we write
E(),V(I'") € N

for the total number of vertices and edges, respectively, in I', this means that a Feynman amplitude
corresponding to some I" € G contributes precisely at order

RED-VI) (250)

So far this holds for arbitrary I'. If however I" is connected (def. 15.60) and planar (def. 15.67), then Euler's
formula asserts that

E(r)-v() = LI —1. (251)

Hence A*? 1 is the order of & at which I' contributes to the scattering_matrix expressed as the Feynman

perturbation series.

But the effective action, by definition (247), has the same contributions of Feynman amplitudes, but multiplied
by another power of ', hence it contributes at order

RED =V +1 _ L)

This proves the second claim on loop order.

The first claim, due to the extra factor of 7 in the definition of the effective action, is equivalent to saying that the
Feynman amplitude of every connected finite multigraph contributes powers in A of order > —1 and
contributes at order i ~* precisely if the graph is a tree.

Observe that a connected finite multigraph I" with v € N vertices (necessarily v > 1) has at least v — 1 edges
and precisely v — 1 edges if it is a tree.

To see this, consecutively remove edges from I' as long as possible while retaining connectivity. When this
process stops, the result must be a connected tree I'"’, hence a connected planar graph with L(I'") = 0. Therefore
Euler's formula (251) implies that that E(I") = V(I"") — 1.
This means that the connected multigraph I in general has a Feynman amplitude of order

=0 =-1

REM=VI) _ fEC)—ETN)+ETH-V(T)

and precisely if it is a tree its Feynman amplitude is of order i B |

Vacuum diagrams

With the Feynman perturbation series and the effective action in hand, it is now immediate to see that there is a
general contribution by vacuum diagrams (def. 15.69 below) in the scattering matrix which, in a stable vacuum
state, cancels out against the prefactor §(gSi,¢) in Bogoliubov's formula for interacting field observables.

Definition 15.69. (vacuum diagrams)

Let (EBy.BrST L' 4y) be a relativistic free vacuum according to def 151, and let

9gSint + JA € LocObs(Egy.grsT)[[% g, j11{(g, j) be alocal observable regarded as an adiabatically switched

interaction action functional, and consider a choice of decomposition for field species and interaction vertices
according to def. 15.52.
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Then a Feynman diagram all whose vertices are internal vertices (def. 15.55) is called a vacuum diagram.

Write

Feyn Feyn
vac © g

for the subset of isomorphism classes of vacuum diagrams among the set of isomorphism classes of all
Feynman diagrams, def. 15.55. Similarly write

Feyn . ~Feyn Feyn Feyn
conn,vac gconnngvac c g

for the subset of isomorphism classes of Feynman diagrams which are both vacuum diagrams as well as
connected graphs (def. 15.60).

Finally write
Seftvac(g) = D (I, vertlab, edgelab) (gSin:) € PolyObs(Egy.BRST) el 9]
(I',vertlab,edgelab)
€Gconn,vac

for the sub-series of that for the effective action (def. 15.62) given only by those connected diagrams which are
also vacuum diagrams.

Example 15.70. (2-vertex vacuum diagram in QED)

The vacuum diagram (def. 15.69) with two electron-photon interaction-vertices in quantum electrodynamics
(example 5.11) is:

N,

Iy Iy

<

Example 15.71. (vacuum diagram-contribution to S-matrices)

Let (EBV-BRST'L"AH) be a relativistic free vacuum according to def. 15.1, and let

gSint + JA € LocObs(Egy.grsT)[[% g, j11{(g, j) be alocal observable regarded as an adiabatically switched

interaction action functional, and consider a choice of decomposition for field species and interaction vertices
according to def. 15.52.

Then the Feynman perturbation series-expansion of the S-matrix (example 15.58) of the interaction-term
gSint alone (no source field-contribution) is the series of Feynman amplitudes that are labeled by vacuum

diagrams (def. 15.69), hence (by prop. 15.64) the exponential of the vacuum effective action Seff vy, (def.
15.69):

S(gSint) = exp. (% Seff,vac (g, ]))

= Z I'(gSine)

reg

vac

More generally, the S-matrix with source field-contribution jA included always splits as a pointwise product of
the vacuum S_matrix with the Feynman perturbation series over all Feynman graphs with at least one external
vertex:

5(gSine + JA) = S(gSin) - exp, (- (Serr(9, /) — Settvac(9)) ) ,

Feynman perturbation series
over diagrams with at least one external vertex

Hence if the free field vacuum state is stable with respect to the interaction gSj, according to def. 15.10, then
the vacuum expectation value of a time-ordered product of interacting field observables j(4;),,, (example

15.11) and hence in particular of scattering amplitudes (example 15.12) is given by the Feynman perturbation
series (example 15.58) over just the non-vacuum Feynman diagrams, hence over all those diagram that have at
least one one external vertex

( supp(4;) VA supp(4;) VA -« VA supp(4,,) )

dn
= (A0 @) Ay ) = g (3 TGSt 3A))

]
1 n T€G\Gyac t lfgrrin =0
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This is the way in which the Feynman perturbation series is used in practice for computing scattering
amplitudes.

Interacting quantum BV-Differential

So far we have discussed, starting with a BV-BRST gauge fixed free field vacuum, the perturbative construction of
interacting field algebras of observables (def. 15.24) and their organization in increasing powers of # and g
(loop order, prop. 15.68) via the Feynman perturbation series (example 15.58, example 15.71).

But this interacting field algebra of observables still involves all the auxiliary fields of the BV-BRST gauge fixed
free field vacuum (example 15.54), while the actual physical gauge invariant on-shell observables should be
(just) the cochain cohomology of the BV-BRST differential on this enlarged space of observables. Hence for the
construction of perturbative QFT to conclude, it remains to pass the BV-BRST differential of the free field Wick
algebra of observables to a differential on the interacting field algebra, such that its cochain cohomology is well
defined.

Since the time-ordered products away from coinciding interaction points and as well as on regular polynomial
observables are uniquely fixed (prop. 15.42), one finds that also this interacting quantum BV-differential is
uniquely fixed, on regular polynomial observables, by conjugation with the quantum Mgller operators (def.
15.72). The formula that characterizes it there is called the quantum master equation or equivalently the
quantum master Ward identity (prop. 15.73 below).

When extending to coinciding interaction points via ("re"-)normalization (def. 15.46) these identities are not
guaranteed to hold anymore, but may be imposed as renormalization conditions (def. 15.48, prop. 15.49).
Quantum correction to the master Ward identity then imply corrections to Noether current conservation laws;
this we discuss below.

For the following discussion, recall from the previous chapter how the global BV-differential
{S’, —} : POlyObS(EBV—BRST)reg[[h]] — PO]yObS(EBV—BRST)reg[[h]]

on regular polynomial observables (def. 11.29) as well as the global antibracket {—, —} (def. 11.28) are

conjugated into the time-ordered product via the time ordering operator 7 o { =S, —} o 7~ (def. 14.21, prop.
14.22), which makes

In the same way we may use the quantum Mgller operators to conjugate the BV-differential into the regular part
of the interacting field algebra of observables:

Definition 15.72. (interacting quantum BV-differential)

Let (Egy.BRST- L', 4x) be a relativistic free vacuum according to def. 15.1 and let

Sint € PolyObs(ERY.BRST) eg [t 9. /1]

be a regular polynomial observables, regarded as an adiabatically switched non-point-interaction action
functional.

Then the interacting quantum BV-differential on the interacting field algebra on regular polynomial
observables (def. 15.45) is the conjugation of the plain global BV-differential {—S’, —} (def. 11.28) by the
quantum Mgller operator induced by Sj, (def. 15.44):

Ro {—S', (—)} ° R_l : POlyObS(EBV—BRST)reg[[h]] i PO]yObS(EBV—BRST)reg[[h]] .

(Rejzner 11, (5.38))

Proposition 15.73. (quantum master equation and quantum master Ward identity on regular polynomial

observables)

Consider an adiabatically switched non-point-interaction action functional in the form of a reqular polynomial
observable in degree 0

Sint € PolyObs(Egy.BRrsT) By [[A]],
Then the following are equivalent:

1. The quantum master equation (QME)
1car 7 . ’
US" +Sin, S +Sint}y + thAdpy(S" +Sin) = 0. (252)
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2. The perturbative S-matrix (def. 15.43) is BV-closed
{=5",8Sin)} = 0.

3. The quantum master Ward identity (MWI) on regular polynomial observables in terms of retarded products:
Ro (=S, ()}oR™ = — ({8 +Sine, (D} + ihdgy) (253)
(Diitsch 18, (4.2))

expressing the interacting quantum BV-differential (def. 15.72) as the sum of the time-ordered antibracket
(def. 14.21) with the total action functional S’ +S;,. and ih times the BV-operator (BV-operator).

4. The quantum master Ward identity (MWI) on reqular polynomial observables in terms of time-ordered
products:

S(=Sime) ¢ {=5",5Sm) % ()} = = (15" +Sine, ()} + ifdgy) (0
(Diitsch 18, (4.8))

Proof. To see that the first two conditions are equivalent, we compute as follows
! 1 1
{=8,5(Sim0)} = {=5" exp, (5 Sime)} (255)

— U 1 . 1
= {—S ,expT(; Sim)}T —ih ABV(expT(E Sim))
— N —
HS)y (%ABV(SintH—{Sintvsint}g-)

1
2(ih)?
*F expr (7 Sint) . expf(%sim)

-1 , 1 . 1
= 2 (18", Sine} + 3{Sine Sinc} + 1y (Sint) ) *¢ X7 (5 Sine)
QME

Here in the first step we used the definition of the BV-operator (def. 14.23) to rewrite the plain antibracket in
terms of the time-ordered antibracket (def. 14.21), then under the second brace we used that the time-ordered
antibracket is the failure of the BV-operator to be a derivation (prop. 14.25) and under the first brace the
consequence of this statement for application to exponentials (example 14.26). Finally we collected terms, and to
“complete the square” we added the terms on the left of

1

_{S’!S,}T - lh’ABV(S,) =0

2 N v ;,0_/
=0 =

which vanish because, by definition of gauge fixing (def. 12.2), the free gauge-fixed action functional S’ is

independent of antifields.

But since the operation (=) *g eXpT(% Sint> has the inverse (=) *g expg.(;—h1 Sim), this implies the claim.

Next we show that the quantum master equation implies the quantum master Ward identities.

We use that the BV-differential { —S’, —} is a derivation of the Wick algebra product * (lemma ).

First of all this implies that with { —S', S(Sine)} = 0 also {=S", §(Sine) 1} = 0.
Thus we compute as follows:

(=S, =} R7'(A) = {5, R'(A)}

{ =5, 8(Sine) " *u (S(Sint) *r @) }

{=S",8(Sin) "} *u (S(Sine) *r A)

=0

+8(Sine) " Hu {5, 8(Sine) *r A}

= CS‘(Sint) - *H (S( +Sint) *F S( _Sint) *F {_S,’S(Sint) *F A}>

=1

= S(Sint) " *u [ S(+Sine) *r S(—Sine) *r { =5, S(Sine) *r A}
()

=R S(=Sint) *r {—5",S(Sint) *r A}
()
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By applying R to both sides of this equation, this means first of all that the interacting quantum BV-differential is
equivalently given by

Ro{=8", ()} o R = S(=Sind) *r {=S",S(Sint) *r ()},

hence that if either version (253) or (257), of the master Ward identity holds, it implies the other.

Now expanding out the definition of § (def. 15.43) and expressing {—S’, —} via the time-ordered antibracket
(def. 14.21) and the BV-operator Agy (prop. 14.23) as

{=S". -} = {=S'", -}, —ihdpy

(on regular polynomial observables), we continue computing as follows:
Ro (=S, ()} R(A) (256)
—1 , 1
= expT(? Sint) *F {_5 , EXPT(E Sint) *p A}
-1 , 1 . 1
= expy (7 Sine) *r ({57, exp, (5 Sim) % 4] = ihdp(ex0,(3: Sine) #¢ 4))

1 1 ’
= E{_S 'Sint}T *p A+ {_S !A}T

—ih EXpT(;_hl Si“t) *F ABV(eXpT(% Si“t)) *r A+ EXPT(% Si“t) *p Agy(4) + {eXpT(% Sint)' A}T
_
(% ABV(Sint)*ﬁ{simﬁint}) eXPT(% Sint)
*F %{Sintvfl)

*F expr(%sint)

—({S" +Sint, A}y + ihdgy(A))

1 /(1. 1 . !
— 1 (505" S0 S' +Sinidy + ihdpy (S’ +Sin0) ) *p A
QME
—({S' +Sint, A}, + ihdgy(A))

Here in the line with the braces we used that the BV-operator is a derivation of the time-ordered product up to
correction by the time-ordered antibracket (prop. 14.25), and under the first brace we used the effect of that
property on time-ordered exponentials (example 14.26), while under the second brace we used that {( —), A}T is

a derivation of the time-ordered product. Finally we have collected terms, added 0 = {S', S’} + ihdgy(S') as
before, and then used the QME.

This shows that the quantum master Ward identities follow from the quantum master equation. To conclude, it is
now sufficient to show that, conversely, the MWI in terms of, say, retarded products implies the QME.

To see this, observe that with the BV-differential being nilpotent, also its conjugation by R is, so that with the
above we have:

(-5, -p°=0
e (Ro{=S,(m)}R =0

S ({8 +Sine (D}y + idgy)® =0

{ 3457 +Sin0,S" +Sint}y +ihApy (7 +5int) , ()]
Here under the brace we computed as follows:

({S" +Sint, ()} + ihlpy)* = (S +Sine {S" +Sintdp (25

2{(S1 48,51 +8}. (D)

+ iA({S" +Sint, ()} © dpy + Ay © (S’ +Sine, (—)},)
{4y (S +S), (D)}y

+ (ih)*Agy © Agy
=0

where, in turn, the term under the first brace follows by the graded Jacobi identity, the one under the second
brace by Henneaux-Teitelboim (15.105c) and the one under the third brace by Henneaux-Teitelboim
(15.105b). N
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Ward identities

The quantum master Ward identity (prop. 15.73) expresses the relation between the quantum (measured by
Planck's constant #) interacting (measured by the coupling constant g) equations of motion to the classical free
field equations of motion at #,g — 0 (remark 15.75 below). As such it generalizes the Schwinger-Dyson
equation (prop. 14.27), to which it reduces for g = 0 (example 15.75 below) as well as the classical master Ward
identity, which is the case for A = 0 (example 15.77 below).

Applied to products of the equations of motion with any given observable, the master Ward identity becomes a
particular Ward identity.

This is of interest notably in view of Noether's theorem (prop. 6.7), which says that every infinitesimal symmetry
of the Lagrangian of, in particular, the given free field theory, corresponds to a conserved current (def. 6.6), hence
a horizontal differential form whose total spacetime derivative vanishes up to a term proportional to the
equations of motion. Under transgression to local observables this is a relation of the form

divj =0 on-shell,

where “on shell” means up to the ideal generated by the classical free equations of motion. Hence for the case of
local observables of the form div], the quantum Ward identity expresses the possible failure of the original
conserved current to actually be conserved, due to both quantum effects () and interactions (g). This is the
form in which Ward identities are usually understood (example 15.78 below).

As one extends the time-ordered products to coinciding interaction points in ("re"-)normalization of the
perturbative QFT (def. 15.46), the quantum master equation/master Ward identity becomes a renormalization
condition (def. 15.48, prop. 15.49). If this condition fails, one speaks of a quantum anomaly. Specifically if the
Ward identity for an infinitesimal gauge symmetry is violated, one speaks of a gauge anomaly.

differential on regular polynomial observables

{=S", (=)} : PolyObs(ERy.BRST)egl[71]] — PolyObs(EBy.BRST) egl[12]]

(def. 11.28).

Let moreover

9Sint € PolyObs(ERY.BRST) gl 911

be a regular polynomial observable (regarded as an adiabatically switched non-point-interaction action
functional) such that the total action S’ +gSj,, satisfies the quantum master equation (prop. 15.73); and write

RN = S(GgSine) " * (S(GSine) *r ()

for the corresponding quantum Mgller operator (def. 15.44).

Then by prop. 15.73 we have
(=8, ()} eR™" = R7({=(8" +gSin0), (D)} — ihdgy) (257)
This is the quantum master Ward identity on regular polynomial observables, i.e. before renormalization.

(Rejzner 13, (37))

field EOMs)

For AEPolyObs(EBV_BRST)reg[[h,g]] the quantum master Ward identity on regular polynomial
observables (257) reads

R{=(S" +gSime) , A}y — ihdgy(4)) = {=S",R}(A)} (258)

The term on the right is manifestly in the image of the global BV-differential { —S’, —} of the free field theory
(def. 11.28) and hence vanishes when passing to on-shell observables along the isomorphism (198)

PolyObs(Ey.BRsT,L') = PolyObs(EBY.BRST) gef(ar=o)/IMU—S", =)
on-shell off-shell
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(by example 11.29).
Hence
R{=(S" +gSine) , A}, — ihdgy(A)) = 0 on-shell

In contrast, the left hand side is the interacting field observable (via def. 15.44) of the sum of the time-ordered
antibracket with the action functional of the interacting field theory and a quantum correction given by the BV-
operator. If we use the definition of the BV-operator Agy (def. ) we may equivalently re-write this as

RM{=S', A} +{—gSint, A};) = 0 on-shell (259)

Hence the quantum master Ward identity expresses a relation between the ideal spanned by the classical free
field equations of motion and the quantum interacting field equations of motion.

Example 15.76. (free field-limit of master Ward identity is Schwinger-Dyson equation)

In the free field-limit g — 0 (noticing that in this limit R~ = id) the quantum master Ward identity (257)
reduces to

{=5", A}, — ihdgy(A) = {-S', A}

which is the defining equation for the BV-operator (221), hence is isomorphic (under T) to the Schwinger-
Dyson equation (prop. 14.27)

Example 15.77. (classical limit of quantum master Ward identity)

In the classical limit # — 0 (noticing that the classical limit of { —, —},. is { —, —}) the quantum master Ward
identity (257) reduces to

RY({—(5" +gSin), A}) = (=", R} (A)}

This says that the interacting field observable corresponding to the global antibracket with the action
functional of the interacting field theory vanishes on-shell, classically.

Applied to an observable which is linear in the antifields

A= f A% DL (x) dvoly(x)

z
this yields
0={-8, R} +R({~(S' +Sin0), 4};)
= 85’ R LAY x)) dvol R [a4® 5(5’+Si"t)d 1
= /m (A%(x)) dvoly(x) + (f (X)Ta(x) VO):(X))
z z

This is the classical master Ward identity according to (Diitsch-Fredenhagen 02, Brennecke-Diitsch 07, (5.5)),
following (Diitsch-Boas 02).

Example 15.78. (quantum correction to Noether current conservation)

Let v € I's'(Tx(EgRsT)) be an evolutionary vector field, which is an infinitesimal symmetry of the

Lagrangian L', and let Jy € -Q}:]'O(EBV-BRST) the corresponding conserved current, by Noether's theorem [
(prop. 6.7), so that

d]ﬁ = L;;(?L’

SgLL’

= (w*dvoly) g € 07" (Egy.BrsT)

by (80), where in the second line we just rewrote the expression in components (50)

gLl
v et € 07°(Egy.BRsT)

and re-arranged suggestively.

Then for ag,, € Cg;’, (2) any choice of bump function, we obtain the local observables
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by transgression of variational differential forms.

This is such that
{_SIrAsw} = (diVDSW .

Hence applied to this choice of local observable 4, the quantum master Ward identity (259) now says that
R —1( (div])sw> - R —1( (9Sint Ay ) on-shell

Hence the interacting field observable-version R ~*(div]) of div] need not vanish itself on-shell, instead there
may be a correction as shown on the right.

This concludes our discussion of perturbative quantum observables of interacting field theories. In the next
chapter wé discuss explicitly the inductive construction via (‘re”-)normalization of time-ordered
products/Feynman amplitudes as well as the various incarnations of the re-normalization group passing
between different choices of such ("re"-)normalizations.

16. Renormalization
In this chapter we discuss the following topics:

o Epstein-Glaser normalization

o Stiickelberg-Petermann re-normalization

e UV-Regularization via Counterterms

o Wilson-Polchinski effective QFT flow

e Renormalization group flow

e Gell-Mann & Low RG Flow

In the previous chapter we have seen that the construction of interacting perturbative quantum field theories is
given by perturbative S-matrix schemes (def. 15.3), equivalently by time-ordered products (def. 15.31) or
equivalently by Feynman amplitudes (prop. 15.51). These are uniquely fixed away from coinciding interaction
points (prop. 15.42) by the given local interaction (prop. 15.42), but involve further choices of interactions
whenever interaction vertices coincide (prop. 15.47). This choice is called the choice of ("re"-)normalization (def.
15.46) in perturbative QFT.

In this rigorous discussion no “infinite divergent quantities” (as in the original informal discussion due to
considered, instead finite well-defined quantities are considered right away, and the available space of choices is
determined. Therefore making such choices is rather a normalization of the time-ordered products/Feynman
amplitudes (as prominently highlighted in Scharf 95, see title,_introduction, and section 4.3). Actual re-
normalization is the the change of such normalizations.

The construction of perturbative QFTs may be explicitly described by an inductive extension of distributions of

o Epstein-Glaser renormalization.

This inductive construction has the advantage that it gives accurate control over the space of available choices of
(“re”-)normalizations (theorem 16.14 below) but it leaves the nature of the “new interactions” that are to be
chosen at coinciding interaction points somwewhat implicit.
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Alternatively, one may re-define the interactions explicitly (by adding “counterterms”, remark 16.24 below),
depending on a chosen UV cutoff-scale (def. 16.20 below), and construct the limit as the “cutoff is removed”
(prop. 16.23 below). This is called (“re”-)normalization by

o UV-Regularization via Counterterms.

This still leaves open the question how to choose the counterterms. For that it serves to understand the relative
effective action induced by the choice of UV cutoff at any given cutoff scale (def. 16.26 below). This is the
perspective of effective quantum field theory (remark 16.27 below).

The infinitesimal change of these relative effective actions follows a universal differential equation, known as
Polchinski's flow equation (prop. 16.30 below). This makes the problem of (“re”-)normalization be that of solving
this differential equation subject to chosen initial data. This is the perspective on (“re”-)normalization called

o Wilson-Polchinski effective QFT flow.

The main theorem of perturbative renormalization (theorem 16.19 below) states that different S-matrix
schemes are precisely related by vertex redefinitions. This yields the

o Stiickelberg-Petermann renormalization group.

If a sub-collection of renormalization schemes is parameterized by some group RG, then the main theorem
implies vertex redefinitions depending on pairs of elements of RG (prop. 16.31 below). This is known as

e Renormalization group flow

Specifically scaling transformations on Minkowski spacetime yield such a collection of renormalization schemes
(prop. 16.36 below); the corresponding renormalization group flow is known as

e Gell-Mann & Low RG flow.

The infinitesimal behaviour of this flow is known as the beta function, describing the running of the coupling
constants with scale (def. 16.32 below).

Epstein-Glaser normalization

is equivalently, by prop. 15.25, the construction of S-matrices §(gSiyt + jA) in the sense of causal perturbation

theory (def. 15.3) for the given local interaction gSj,¢ + jA. By prop. 15.47 the construction of these S-matrices

is inductively in k € N a choice of extension of distributions (remark 16.2 and def. 16.10 below) of the
corresponding k-ary time-ordered products of the interaction to the locus of coinciding interaction points. An
inductive construction of the S-matrix this way is called Epstein-Glaser-("re"-)normalization (def. 15.46).

By paying attention to the scaling degree (def. 16.4 below) one may precisely characterize the space of choices in
the extension of distributions (prop. 16.12 below): For a given local interaction gSj,; + j4 it is inductively in

k € N a finite-dimensional affine space. This conclusion is theorem 16.14 below.

Proposition 16.1. (("re"-)normalization is inductive extension of time-ordered products to diagonal)

Let (EBV-BRST> L', Ay) be a gauge-fixed relativistic free vacuum according to def. 15.1).

Assume that for n € N, time-ordered products {Ty}, _,, of arity k < n have been constructed in the sense of def.

15.31. Then the time-ordered product Ty, ;1 of arity n + 1 is uniquely fixed on the complement
£ diagn) = fG €D, | 30 # 1)
ij

ai
of the image of the diagonal inclusion ¥ = ™ (where we regarded T, as a generalized function on gt
according to remark 15.33).

This statement appears in (Popineau-Stora 82), with (unpublished) details in (Stora 93), following personal
communication by Henri Epstein (according to Diitsch 18, footnote 57). Following this, statement and detailed
proof appeared in (Brunetti-Fredenhagen 99).

Proof. We will construct an open cover of g+t \ 2 by subsets C; C 2™+ which are disjoint unions of non-
empty sets that are in causal order, so that by causal factorization the time-ordered products T, 4 on these
subsets are uniquely given by T (=) *y T\, _(—). Then we show that these unique products on these special
subsets do coincide on intersections. This yields the claim by a partition of unity.
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We now say this in detail:
Forl c {1,--,n+ 1} write] := {1,--,n + 1} \ I. For I,1 # @, define the subset
— n+1 n+1
G = {(xi)ieu,---,nﬂ} ez | {xi}iel VA {xj}je{l,---,n+1}\1} c2 '
Since the causal order-relation involves the closed future cones/closed past cones, respectively, it is clear that

these are open subsets. Moreover it is immediate that they form an open cover of the complement of the
diagonal:

_ yn+ly g
IC(L}_JMU C =2 \ diag(2) .
LI#@
(Because any two distinct points in the globally hyperbolic spacetime X may be causally separated by a Cauchy
surface, and any such may be deformed a little such as not to intersect any of a given finite set of points.)

Hence the condition of causal factorization on T, ;1 implies that restricted to any C; these have to be given (in
the condensed generalized function-notation from remark 15.33) on any unordered tuple
X = {x1,"*, Xp 41} € C; with corresponding induced tuples I := {x;}, , andI := {xi};¢; by

Thni1(X) = TOT(A) for X €C, . (260)

2n+1

This shows that T,, ; ; is unique on \ diag(2) if it exists at all, hence if these local identifications glue to a

global definition of T, ; 1. To see that this is the case, we have to consider any two such subsets
I, I, c {1, n+1}, I,1,,I,I, 0.
By definition this implies that for
XEC,NCy

a tuple of spacetime points which decomposes into causal order with respect to both these subsets, the
corresponding mixed intersections of tuples are spacelike separated:

ILnl, ><1I;nl,.

By the assumption that the {T}},, satisfy causal factorization, this implies that the corresponding time-

ordered products commute:
T NL)TA, NL) = T NL)TA ND) . (261)

Using this we find that the identifications of Ty, .y on €, and on Cy,, accrding to (260), agree on the intersection:
in that forX € C;, N C;, we have

TANTA) =T N1)TA, NL) T n1)TA; NT,)
=T NI)TA NI)TA N)TA; N )
=T(I;)T(I7)

Here in the first step we expanded out the two factors using (260) for I,, then under the brace we used (261)
and in the last step we used again (260), but now for /.

To conclude, let

(X, € CSE™), supp(x,) € Ci)rcppomin (262)

LI#g

be a partition of unity subordinate to the open cover formed by the C;:

Then the above implies that setting for any X € Z™* 1\ diag(Z)

Tpi1(X) = ,(Z ) X, OTMTD) (263)
iee

is well defined and satisfies causal factorization. |

Remark 16.2. (time-ordered products of fixed interaction as distributions)

field bundle is a trivial vector bundle (example 3.4)

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...
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and let
9Sint + jA € LoObs(Egy.grsT)II[™ 9, j11(9, /)

be a polynomial local observable as in def. 15.2, to be regarded as a adiabatically switched interaction action
functional. This means that there is a finite set

{Lint,i' a, €05° 1'O(EBV-BRST)}

i,ir
of Lagrangian densities which are monomials in the field and jet coordinates, and a corresponding finite set
{Gsw.i € CHENG), Jgw s € CHENUN

of adiabatic switchings, such that
ISine +JA = T5(D] 9o i Linti + D Jgus @ir)
i ir

is the transgression of variational differential forms (def. 7.32) of the sum of the products of these adiabatic
switching with these Lagrangian densities.

In order to discuss the S-matrix S(gSjnt + jA) and hence the time-ordered products of the special form

Tl 9Sint + jA, -+, gSint + jA | itis sufficient to restrict attention to the restriction of each T}, to the subspace

kfactors
of local observables induced by the finite set of Lagrangian densities {Lin,;, 0}, ;-

This restriction is a continuous linear functional on the corresponding space of bump functions {g_, ;» /oy i >

hence a dstributional section of a corresponding trivial vector bundle.

In terms of this, prop. 15.47 says that the choice of time-ordered products T}, is inductively in k a choice of
extension of distributions to the diagonal.

If X = RP" is Minkowski spacetime and we impose the renormalization condition “translation invariance”

(def. 15.48) then each T} is a distribution on k=1 = R®*FD&=1 3nd the extension of distributions is from
p+1)(k—1)

the complement of the origina 0 € R

Therefore we now discuss extension of distributions (def. 16.10 below) on Cartesian spaces from the
complement of the origin to the origin. Since the space of choices of such extensions turns out to depend on the
scaling degree of distributions, we first discuss that (def. 16.4 below).

Definition 16.3. (rescaled distribution)

Letn € N. For A € (0,) c R a positive real number write

R" 2 R®
x = Ax

for the diffeomorphism given by multiplication with A, using the canonical real vector space-structure of R™.

Then for u € D' (R™) a distribution on the Cartesian space R™ the rescaled distribution is the pullback of u
along m;

uy =s;u € D'(R™ .
Explicitly, this is given by
pr" &2 R
booe ATwb@ ()

Similarly for X € R™ an open subset which is invariant under s, the rescaling of a distribution u € D’ (X) is is
u; = sju.

Definition 16.4. (scaling degree of a distribution)

Let n € N and let X € R™ be an open subset of Cartesian space which is invariant under rescaling s; (def.
16.3) forall A € (0, ), and letu € D’ (X) be a distribution on this subset. Then

1. The scaling degree of u is the infimum
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sd(u) = inf{w ER | %ir% A%uy = 0}

of the set of real numbers  such that the limit of the rescaled distribution 1“u, (def. 16.3) vanishes. If
there is no such w one sets sd(u) = oo.

2. The degree of divergence of u is the difference of the scaling degree by the dimension of the underlying
space:

deg(u) ==sd(u) —n.

Example 16.5. (scaling degree of non-singular distributions)

If u = uy is a non-singular distribution given by bump function f € C”(X) € D' (X), then its scaling degree

(def. 16.4) is non-positive

sd(us) <0.

Specifically if the first non-vanishing partial derivative d,f(0) of f at 0 occurs at order || € N, then the
scaling degree of us is —|a.

Proof. By definition we have for b € C¢p(R™) any bump function that

A%@p),m)y =29"" /f(x)g(l_lx)d"x

R™

=2 ff(lx)g(x)d"x
[Rn

where in last line we applied change of integration variables.

The limit of this expression is clearly zero for all w > 0, which shows the first claim.

If moreover the first non-vanishing partial derivative of f occurs at order |a@| = k, then Hadamard's lemma says
that f is of the form

fe = (TTat) " aronTTaH™+ ¥ TTaHohs)
i i BeN™ i
[Bl=lal+1

where the hﬁ are smooth functions. Hence in this case
(A°(up),m) = 2271 f (TTet) @ar@) [T by ™
i i
]RTL

+ @ttt /H (x)Pihg ()b (x)d™x
" i

This makes manifest that the expression goes to zero with A — 0 precisely for w > —|a|, which means that
sd(uy) = —|af

in this case. W

Example 16.6. (scaling degree of derivatives of delta-distributions)

Let @ € N™ be a multi-index and 9,8 € D’ (X) the corresponding partial derivatives of the delta distribution
8y € D' (R™) supported at 0. Then the degree of divergence (def. 16.4) of 8,8, is the total order the
derivatives

deg( 948, ) = lal
where |a| = }; ;.

Proof. By definition we have for b € ¢ (R™) any bump function that
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|l
(A(0480),,b) = ““'“'Am_"(m ””_1")>
|lx=0
F1kd

0% x1...9%xn b(o)

— (_1)|allw—n—|a|

where in the last step we used the chain rule of differentiation. It is clear that this goes to zero with A as long as

w >n+ |a|.Hencesd(9,60) =n+|al. B

Let

i
Lkux

5
dp(x) = lim +1ff dko dPk
L Gr)? o ek — () + e

be the Feynman propagator for the massive free real scalar field on n = p + 1-dimensional Minkowski

spacetime (prop. 9.64). Its scaling degree is
sd(4p) =n—-2
=p- 1 ’

(Brunetti-Fredenhagen 00, example 3 on p. 22)

Proof. Regarding Ay as a generalized function via the given Fourier-transform expression, we find by change of
integration variables in the Fourier integral that in the scaling limit the Feynman propagator becomes that for

vannishing mass, which scales homogeneously:

Lk“ﬂ.x“ N
lim (A° Ap(Ax)) = lim lamba® Eei(0 l, o= /f dky dPk
o0 -0 @ ) @ —k,kH — %) +ie

3

tkulx” N
fim| 277 i, PHff 7 dkod?k
K (2m) @~k — (29) + e

= lim[A°~™*2 1im et dko dPk
150 Eg(om) (277.')p+1 —k klt_l_l 0 .

Proposition 16.8. (basic properties of scaling degree of distributions)
Let X € R™ and u € D' (X) be a distribution as in def. 16.3, such that its scaling degree is finite: sd(u) < oo (def.
16.4). Then

1. For a € N, the partial derivative of distributions d,, increases scaling degree at most by |a|:
deg(d,u) < deg(w) + |af

2. For a € N", the product of distributions with the smooth coordinate functions x* decreases scaling degree

at least by |a|:
deg(x®u) < deg(u) — |a|

3. Under tensor product of distributions their scaling degrees add:
sd(u @ v) < sd(u) + sd(v)

forv € D' (Y) another distributionon Y € R™;

4. deg(fu) < deg(w) — k for f € C*(X) and f9(0) = 0 for|a| < k — 1;

(Brunetti-Fredenhagen 00, lemma 5.1, Diitsch 18, exercise 3.34)

Proof. The first three statements follow with manipulations as in example 16.5 and example 16.6

For the fourth... B

Proposition 16.9. (scaling degree of product distribution)

Letu,v € D' (R™) be two distributions such that

1. both have finite degree of divergence (def. 16.4)
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deg(u),deg(v) <

2. their product of distributions is well-defined

uv € D' (R™)
(in that their wave front sets satisfy Hormander's criterion)

then the product distribution has degree of divergence bounded by the sum of the separate degrees:

deg(uv) < deg(u) + deg(v) .

With the concept of scaling degree of distributions in hand, we may now discuss extension of distributions:

Definition 16.10. (extension of distributions)

LA
Let X € X be an inclusion of open subsets of some Cartesian space. This induces the operation of restriction of
distributions

DR LD (x).

A Ay
Given a distribution u € D’ (X), then an extension of u to X is a distribution &1 € D’ (X) such that

Proposition 16.11. (unique extension of distributions with negative degree of divergence)

For n €N, let u € D' (R™\ {0}) be a distribution on the complement of the origin, with negative degree of

divergence at the origin
deg(u) <0 .
Then u has a unique extension of distributions e (R™) to the origin with the same degree of divergence
deg(t) = deg(u) .
(Brunetti-Fredenhagen 00, theorem 5.2, Diitsch 18, theorem 3.35 a))

Proof. Regarding uniqueness:

’ ’
Suppose 1 and 1 are two extensions of u with deg(il) = deg({l ). Both being extensions of a distribution
defined on R™ \ {0}, this difference has support at the origin {0} € R"™. By prop. this implies that it is a linear
combination of derivatives of the delta distribution supported at the origin:

/
A A
u-u = Z c%0,6,

a€eN"

for constants c® € C. But by example 16.6 the degree of divergence of these point-supported distributions is

non-negative
deg(0,6y) =|a| =0.
This implies that ¢ = 0 for all @, hence that the two extensions coincide.
Regarding existence:
Let
b€ CHRM

be a bump function which is < 1 and constant on 1 over a neighbourhood of the origin. Write

x=1—-b € C°(RM

x(z)

graphics grabbed from Diitsch 18, p. 108

and for A € (0, o0) a positive real number, write
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2,00 = x(Ax) .

Since the product y,u has support of a distribution on a complement of a neighbourhood of the origin, we may

extend it by zero to a distribution on all of R", which we will denote by the same symbols:
xu €D (R .

By construction y,u coincides with u away from a neighbourhood of the origin, which moreover becomes

arbitrarily small as A increases. This means that if the following limit exists
4 = lim y,u
’ 14>w‘xl
then it is an extension of u.

To see that the limit exists, it is sufficient to observe that we have a Cauchy sequence, hence that for all
beC gf, (R™) the difference

U — X, 0M0) = ub)Xpq +X,)
becomes arbitrarily small.

It remains to see that the unique extension 1l thus established has the same scaling degree as u. This is shown in
(Brunetti-Fredenhagen 00, p. 24). W

Proposition 16.12. (space of point-extensions of distributions)

Forn € N, letu € D' (R™\ {0}) be a distribution of degree of divergence deg(u) < oo.

Then u does admit at least one extension (def. 16.10) to a distribution uep (R™), and every choice of extension
has the same degree of divergence as u

deg(tt) = deg(u) .

!
Moreover, any two such extensions Tand Lt differ by a linear combination of partial derivatives of distributions
of order < deg(u) of the delta distribution 8, supported at the origin:

!
A A
u—-u = Z q%0,6,,
aenN™
|| < deg(w)

for a finite number of constants q* € C.

This is essentially (Hérmander 90, thm. 3.2.4). We follow (Brunetti-Fredenhagen 00, theorem 5.3), which was
inspired by (Epstein-Glaser 73, section 5). Review of this approach is in (Diitsch 18, theorem 3.35 (b)), see also
remark 16.13 below.

Proof. For f € C”(R™) a smooth function, and p € N, we say that f vanishes to order p at the origin if all partial
derivatives with multi-index & € N"™ of total order |a| < p vanish at the origin:

df(O =0 la<p.
By Hadamard's lemma, such a function may be written in the form

fO) = D) xTe(x) (264)

a€N
lal=p+1

for smooth functions r, € Cg; (R™.
Write
D,(R™) © D(R™) = Ccp(R™)

for the subspace of that of all bump functions on those that vanish to order p at the origin.

By definition this is equivalently the joint kernel of the partial derivatives of distributions of order |a| of the
delta distribution 8 supported at the origin:

beD,(RY) &  V (3,80,b)=0.
a€eN

lal<p

Therefore every continuous linear projection
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p,: D(R™) — D,(R™) (265)
may be obtained from a choice of dual basis to the {0, }, hence a choice of smooth functions

(wh € CHRM}genn

1Bl<p
such that
(0460, wF) = 65 o a,wh(0) = & for|a| < p,
by setting
p, = id - (D) w9480, (5)), (266)
aeN™
lal<p
hence

p,:bb— Zn(—n‘“'waaabm) .

a€N
lal<p

Together with Hadamard's lemma in the form (264) this means that every b € D(R™) is decomposed as

b(x) =p,(b)(x) + (id—p,)(b)(x) (267)
= > x%e(x) + Y, (-1)®w*3,b(0)
i hin R
Now let
p = deg(u) .

Observe that (by prop. 16.8) the degree of divergence of the product of distributions x*u with |a| = p + 1 is
negative

deg(xw) = p— |a] < —1

P S
Therefore prop. 16.11 says that each x®u for |a| = p + 1 has a unique extension x*u to the origin. Accordingly
the composition u o p, has a unique extension, by (267):

(&, b) = (&, ) + (L Gd = p ) () (268)
= 2 (U, re) + Y (L, w(0uby, b)
aeN ~— aeNt g
lel=p*1 unique lat<p choice
That says that 1 is of the form
U= aop, + ), c"0.6,

—— aeN™
unique  jai<p

for a finite number of constants c* € C.

Notice that for any extension 1 the exact value of the ¢ here depends on the arbitrary choice of dual basis {w*}
used for this construction. But the uniqueness of the first summand means that for any two choices of extensions

!
Land & , their difference is of the form

o= > (€)= ¢ 948,

a€N
lal=p

where the constants g% == ((c)% — ¢%) € C are independent of any choices.

It remains to see that all these % in fact have the same degree of divergence as u.

By example 16.6 the degree of divergence of the point-supported distributions on the right is
deg(0¢8o) = la| < p.

Therefore to conclude it is now sufficient to show that
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deg(lﬂ?p) =p.

This is shown in (Brunetti-Fredenhagen 00, p. 25). B

Remark 16.13. (“W-extensions”)

Since in Brunetti-Fredenhagen 00, (38) the projectors (266) are denoted “W”, the construction of extensions of
distributions via the proof of prop. 16.12 has come to be called “W-extensions” (e.g Diitsch 18).

In conclusion we obtain the central theorem of causal perturbation theory:

Theorem 16.14. (existence and choices of ("re”-)normalization of S-matrices/perturbative QFTs)

Let (Egy.BRST- L', 4n) be a gauge-fixed relativistic free vacuum, according to def. 15.1, such that the underlying

spacetime is Minkowski spacetime and the Wightman propagator Ay is translation-invariant.
Then:

1. an S-matrix scheme S (def. 15.3) around this vacuum exists;

2. for gSint + jA € LocObs(Egy.grsT) L% 9, /11{g, j) a local observable as in def. 15.2, regarded as an

adiabatically switched interaction action functional, the space of possible choices of S-matrices

S(gSint + jA) € PolyObs(Egy.BRST) |l 9. /11
hence of the corresponding perturbative QFTs, by prop. 15.25, is, inductively in k € N, a finite dimensional
affine_space, parameterizing the extension of the time-ordered product T) to the locus of coinciding
interaction points.

Proof. By prop. 16.7 the Feynman propagator is finite scaling degree of a distribution, so that by prop. 16.9 the
binary time-ordered product away from the diagonal T,(—, = (=) *¢ (=) has finite scaling

=) |£2\diag(£)
degree.

By prop. 16.9 this implies that in the inductive description of the time-ordered products by prop. 15.47, each
induction step is the extension of distributions of finite scaling degree of a distribution to the point. By prop.
16.12 this always exists.

This proves the first statement.

Now if a polynomial local interaction is fixed, then via remark 16.2 each induction step involved extending a
finite number of distributions, each of finite scaling degree. By prop. 16.12 the corresponding space of choices is
in each step a finite-dimensional affine space. W

Stiickelberg-Petermann renormalization group

A genuine re-normalization is the passage from one S-matrix ("re"-)normalization scheme § to another such
difference between any § and ' is inductively in k € N a choice of extra term in the time-ordered product of k
factors, equivalently in the Feynman amplitudes for Feynman diagrams with k vertices, that contributes when all
k of these vertices coincide in spacetime (prop. 16.12).

A natural question is whether these additional interactions that appear when several interaction vertices
coincide may be absorbed into a re-definition of the original interaction gS;,; + jA. Such an interaction vertex
redefinition (def. 16.15 below)

Z 1 gSint + jA » gSine + jA + higher order corrections

should perturbatively send local interactions to local interactions with higher order corrections.

The main _theorem of perturbative renormalization (theorem 16.19 below) says that indeed under mild
conditions every re-normalization § — §' is induced by such an interaction vertex redefinition in that there
exists a unique such redefinition Z so that for every local interaction gSj,: + jA we have that scattering

amplitudes for the interaction gSin. + jA computed with the ("re"-)normalization scheme §' equal those

computed with S but applied to the re-defined interaction Z(gSin; + jA):
§'( gSme+ A ) = S Z(gSume+ ) ).
This means that the interaction vertex redefinitions Z form a group under composition which acts transitively

and freely, hence regularly, on the set of S-matrix ("re"-)normalization schemes; this is called the Stiickelberg-
Petermann renormalization group (theorem 16.19 below).

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...

11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/extension+of+distributions#BrunettiFredenhagen00
https://ncatlab.org/nlab/show/extension+of+distributions#BrunettiFredenhagen00
https://ncatlab.org/nlab/show/renormalization#BrunettiFredenhagen00
https://ncatlab.org/nlab/show/renormalization#BrunettiFredenhagen00
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:SpaceOfSmoothFunctionsOfGivenVaishingOrderProjector
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:SpaceOfSmoothFunctionsOfGivenVaishingOrderProjector
https://ncatlab.org/nlab/show/extensions+of+distributions
https://ncatlab.org/nlab/show/extensions+of+distributions
https://ncatlab.org/nlab/show/extensions+of+distributions
https://ncatlab.org/nlab/show/extensions+of+distributions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/renormalization#Duetsch18
https://ncatlab.org/nlab/show/renormalization#Duetsch18
https://ncatlab.org/nlab/show/causal+perturbation+theory
https://ncatlab.org/nlab/show/causal+perturbation+theory
https://ncatlab.org/nlab/show/renormalization
https://ncatlab.org/nlab/show/renormalization
https://ncatlab.org/nlab/show/S-matrices
https://ncatlab.org/nlab/show/S-matrices
https://ncatlab.org/nlab/show/perturbative+QFTs
https://ncatlab.org/nlab/show/perturbative+QFTs
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/relativistic+field+theory
https://ncatlab.org/nlab/show/relativistic+field+theory
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/vacuum
https://ncatlab.org/nlab/show/vacuum
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VacuumFree
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VacuumFree
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Minkowski+spacetime
https://ncatlab.org/nlab/show/Wightman+propagator
https://ncatlab.org/nlab/show/Wightman+propagator
https://ncatlab.org/nlab/show/S-matrix+scheme
https://ncatlab.org/nlab/show/S-matrix+scheme
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianFieldTheoryPerturbativeScattering
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#LagrangianFieldTheoryPerturbativeScattering
https://ncatlab.org/nlab/show/local+observable
https://ncatlab.org/nlab/show/local+observable
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FormalParameters
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FormalParameters
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/adiabatic+switching
https://ncatlab.org/nlab/show/interaction
https://ncatlab.org/nlab/show/interaction
https://ncatlab.org/nlab/show/action+functional
https://ncatlab.org/nlab/show/action+functional
https://ncatlab.org/nlab/show/S-matrices
https://ncatlab.org/nlab/show/S-matrices
https://ncatlab.org/nlab/show/perturbative+QFTs
https://ncatlab.org/nlab/show/perturbative+QFTs
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#InteractingFieldAlgebraOfObservablesIsFormalDeformationQuantization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#InteractingFieldAlgebraOfObservablesIsFormalDeformationQuantization
https://ncatlab.org/nlab/show/induction
https://ncatlab.org/nlab/show/induction
https://ncatlab.org/nlab/show/finite+dimensional+vector+space
https://ncatlab.org/nlab/show/finite+dimensional+vector+space
https://ncatlab.org/nlab/show/affine+space
https://ncatlab.org/nlab/show/affine+space
https://ncatlab.org/nlab/show/extension+of+distributions
https://ncatlab.org/nlab/show/extension+of+distributions
https://ncatlab.org/nlab/show/time-ordered+product
https://ncatlab.org/nlab/show/time-ordered+product
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FeynmanPropagatorOnMinkowskiScalingDegree
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FeynmanPropagatorOnMinkowskiScalingDegree
https://ncatlab.org/nlab/show/Feynman+propagator
https://ncatlab.org/nlab/show/Feynman+propagator
https://ncatlab.org/nlab/show/scaling+degree+of+a+distribution
https://ncatlab.org/nlab/show/scaling+degree+of+a+distribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ScalingDegreeOfProductDistribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ScalingDegreeOfProductDistribution
https://ncatlab.org/nlab/show/time-ordered+product
https://ncatlab.org/nlab/show/time-ordered+product
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ScalingDegreeOfProductDistribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#ScalingDegreeOfProductDistribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#RenormalizationIsInductivelyExtensionToDiagonal
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#RenormalizationIsInductivelyExtensionToDiagonal
https://ncatlab.org/nlab/show/extension+of+distributions
https://ncatlab.org/nlab/show/extension+of+distributions
https://ncatlab.org/nlab/show/scaling+degree+of+a+distribution
https://ncatlab.org/nlab/show/scaling+degree+of+a+distribution
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TimeOrderedProductOfFixedInteraction
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#TimeOrderedProductOfFixedInteraction
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/St%C3%BCckelberg-Petermann+renormalization+group
https://ncatlab.org/nlab/show/St%C3%BCckelberg-Petermann+renormalization+group
https://ncatlab.org/nlab/show/S-matrix
https://ncatlab.org/nlab/show/S-matrix
https://ncatlab.org/nlab/show/renormalization+scheme
https://ncatlab.org/nlab/show/renormalization+scheme
https://ncatlab.org/nlab/show/induction
https://ncatlab.org/nlab/show/induction
https://ncatlab.org/nlab/show/Epstein-Glaser+renormalization
https://ncatlab.org/nlab/show/Epstein-Glaser+renormalization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#RenormalizationIsInductivelyExtensionToDiagonal
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#RenormalizationIsInductivelyExtensionToDiagonal
https://ncatlab.org/nlab/show/time-ordered+product
https://ncatlab.org/nlab/show/time-ordered+product
https://ncatlab.org/nlab/show/Feynman+amplitudes
https://ncatlab.org/nlab/show/Feynman+amplitudes
https://ncatlab.org/nlab/show/Feynman+diagrams
https://ncatlab.org/nlab/show/Feynman+diagrams
https://ncatlab.org/nlab/show/vertices
https://ncatlab.org/nlab/show/vertices
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/spacetime
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpaceOfPointExtensions
https://ncatlab.org/nlab/show/interaction+vertex+redefinition
https://ncatlab.org/nlab/show/interaction+vertex+redefinition
https://ncatlab.org/nlab/show/interaction+vertex+redefinition
https://ncatlab.org/nlab/show/interaction+vertex+redefinition
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#InteractionVertexRedefinition
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#InteractionVertexRedefinition
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/main+theorem+of+perturbative+renormalization
https://ncatlab.org/nlab/show/main+theorem+of+perturbative+renormalization
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PerturbativeRenormalizationMainTheorem
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PerturbativeRenormalizationMainTheorem
https://ncatlab.org/nlab/show/interaction+vertex+redefinition
https://ncatlab.org/nlab/show/interaction+vertex+redefinition
https://ncatlab.org/nlab/show/scattering+amplitudes
https://ncatlab.org/nlab/show/scattering+amplitudes
https://ncatlab.org/nlab/show/scattering+amplitudes
https://ncatlab.org/nlab/show/scattering+amplitudes
https://ncatlab.org/nlab/show/renormalization+scheme
https://ncatlab.org/nlab/show/renormalization+scheme
https://ncatlab.org/nlab/show/interaction+vertex+redefinition
https://ncatlab.org/nlab/show/interaction+vertex+redefinition
https://ncatlab.org/nlab/show/interaction+vertex+redefinitions
https://ncatlab.org/nlab/show/interaction+vertex+redefinitions
https://ncatlab.org/nlab/show/group
https://ncatlab.org/nlab/show/group
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/composition
https://ncatlab.org/nlab/show/action
https://ncatlab.org/nlab/show/action
https://ncatlab.org/nlab/show/transitive+action
https://ncatlab.org/nlab/show/transitive+action
https://ncatlab.org/nlab/show/free+action
https://ncatlab.org/nlab/show/free+action
https://ncatlab.org/nlab/show/regular+action
https://ncatlab.org/nlab/show/regular+action
https://ncatlab.org/nlab/show/S-matrix
https://ncatlab.org/nlab/show/S-matrix
https://ncatlab.org/nlab/show/renormalization+schemes
https://ncatlab.org/nlab/show/renormalization+schemes
https://ncatlab.org/nlab/show/St%C3%BCckelberg-Petermann+renormalization+group
https://ncatlab.org/nlab/show/St%C3%BCckelberg-Petermann+renormalization+group
https://ncatlab.org/nlab/show/St%C3%BCckelberg-Petermann+renormalization+group
https://ncatlab.org/nlab/show/St%C3%BCckelberg-Petermann+renormalization+group
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PerturbativeRenormalizationMainTheorem
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#PerturbativeRenormalizationMainTheorem

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+qua...

Definition 16.15. (perturbative interaction vertex redefinition)

Let (Egy.BRST: L' 4x) be a gauge fixed free field vacuum (def. 15.1).

A perturbative interaction vertex redefinition (or just vertex redefinition, for short) is an endofunction

Z : LocObs(Egy.grsT)I[% 9, j11{g, /) — LocObs(Egy.grsT)[[% 9, j11(g, )

on local observables with formal parameters adjoined (def. 15.2) such that there exists a sequence {Zk}kEN of

continuous linear functionals, symmetric in their arguments, of the form

k
)®cuh,g,m

( Locobs(Epy-BRsTIIR. 9. 1)) — LocObs(Egy-grsT)I[1 9, /11(g. )

such that for all gSj,¢ + jA € LocObs(Egy.grsT)[[% g, j11(g, j) the following conditions hold:
1. (perturbation)
1. ZO(gSint+jA) =0
2.Z1(gSint + JA) = gSint + JA
3.and
Z(gSine +JjA) =Z eXp@(gSint + jA)

1 . .
= Z sz(gsint + jA, -, gSint + jA)
ken k!
Kargs

2. (field independence) The local observable Z(gSi,: + jA) depends on the field histories only through its

argument gSi,. + jA, hence by the chain rule:
5 . , 5 . (269)
5®%(x) Z(gSine +JjA) = 2 gSine+jA —6d>a(x) (gSint +jA)

The following proposition should be compared to the axiom of causal additivity of the S-matrix scheme (230):

Proposition 16.16. (local additivity of vertex redefinitions)

Let (Egy.BRST L', 4n) be a gauge fixed free field vacuum (def. 15.1) and let Z be a vertex redefinition (def.
16.15).

Then for all local observables Oy, 04,0, € LocObs(Egy.grsT)[[% g, j11{g, j) with spacetime support denoted
supp(0;) c X (def. 7.31) we have

1. (local additivity)
(supp(0,) N'supp(0;) = @)
= Z(0g+ 0, +0;) = Z(0g + 01) — Z(0g) + Z(0q + 03)
2. (preservation of spacetime support)
supp( 20, +0,) = 2(0y) ) € supp(0y)

hence in particular
supp( 2(0) ) = supp(0,)
(Diitsch 18, exercise 3.98)
Proof. Under the inclusion
LocObs(Egy.grsT) < PolyObs(ERy.BRST)

of local observables into polynomial observables we may think of each Zj as a generalized function, as for time-
ordered products in remark 15.33.

Hence if

0;= /]';’(Lj)

x

is the transgression of a Lagrangian density L we get

307 of 323 11/3/2021, 1:42 PM


https://ncatlab.org/nlab/show/perturbative+interaction+vertex+redefinition
https://ncatlab.org/nlab/show/perturbative+interaction+vertex+redefinition
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/vacuum
https://ncatlab.org/nlab/show/vacuum
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VacuumFree
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VacuumFree
https://ncatlab.org/nlab/show/perturbative+interaction+vertex+redefinition
https://ncatlab.org/nlab/show/perturbative+interaction+vertex+redefinition
https://ncatlab.org/nlab/show/vertex+redefinition
https://ncatlab.org/nlab/show/vertex+redefinition
https://ncatlab.org/nlab/show/endofunction
https://ncatlab.org/nlab/show/endofunction
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FormalParameters
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#FormalParameters
https://ncatlab.org/nlab/show/continuous+linear+functionals
https://ncatlab.org/nlab/show/continuous+linear+functionals
https://ncatlab.org/nlab/show/local+observable
https://ncatlab.org/nlab/show/local+observable
https://ncatlab.org/nlab/show/field+histories
https://ncatlab.org/nlab/show/field+histories
https://ncatlab.org/nlab/show/chain+rule
https://ncatlab.org/nlab/show/chain+rule
https://ncatlab.org/nlab/show/causal+additivity
https://ncatlab.org/nlab/show/causal+additivity
https://ncatlab.org/nlab/show/S-matrix
https://ncatlab.org/nlab/show/S-matrix
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:CausalAdditivity
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#eq:CausalAdditivity
https://ncatlab.org/nlab/show/vertex+redefinitions
https://ncatlab.org/nlab/show/vertex+redefinitions
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/gauge+fixing
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/free+field+theory
https://ncatlab.org/nlab/show/vacuum
https://ncatlab.org/nlab/show/vacuum
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VacuumFree
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#VacuumFree
https://ncatlab.org/nlab/show/vertex+redefinition
https://ncatlab.org/nlab/show/vertex+redefinition
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#InteractionVertexRedefinition
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#InteractionVertexRedefinition
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpacetimeSupport
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#SpacetimeSupport
https://ncatlab.org/nlab/show/renormalization#Duetsch18
https://ncatlab.org/nlab/show/renormalization#Duetsch18
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/local+observables
https://ncatlab.org/nlab/show/polynomial+observables
https://ncatlab.org/nlab/show/polynomial+observables
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/generalized+function
https://ncatlab.org/nlab/show/time-ordered+products
https://ncatlab.org/nlab/show/time-ordered+products
https://ncatlab.org/nlab/show/time-ordered+products
https://ncatlab.org/nlab/show/time-ordered+products
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NotationForTimeOrderedProductsAsGeneralizedFunctions
https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory#NotationForTimeOrderedProductsAsGeneralizedFunctions
https://ncatlab.org/nlab/show/transgression+of+variational+differential+forms
https://ncatlab.org/nlab/show/transgression+of+variational+differential+forms
https://ncatlab.org/nlab/show/Lagrangian+density
https://ncatlab.org/nlab/show/Lagrangian+density

geometry of physics -- perturbative quantum field theory in nLab https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+qua...

Zi((01+ 024 03),+, (01 + 0, + 03)) = 3, Z(Lj, (%1, Ly, () -
j1,~-<,jke{0,1,2}2k

Now by definition Z,(-++) is in the subspace of local observables, i.e. those polynomial observables whose
coefficient distributions are supported on the diagonal, which means that

é é

szk()zo for x:ty

Together with the axiom “field independence” (269) this means that the support of these generalized functions
in the integrand here must be on the diagonal, where x; = -+ = x.

By the assumption that the spacetime supports of 0; and O, are disjoint, this means that only the summands
with j,, -+, j,, € {0,1} and those with j, -, j, € {0, 2} contribute to the above sum. Removing the overcounting

of those summands where all j , -, j, € {0} we get
2 (01 + 0, +05), (0, +0,+03) )

= Z(L]‘ (X1)."‘:Lj (xk))
Z 1 k

JyJi €101}
1 k Ek

-y Z(Lj, (x1), Ly, (i)

ST €10} ]

- Z(Lyj, (e1), - Ly, (xi0d)
Z 1 k

Ju e
= Z( (05 + 01,7+, (05 + 01) ) = Zi( 00,404 ) + Zi( (0g + 02),, (05 + 02) )
This directly implies the claim. W

As a corollary we obtain:

Proposition 16.17. (composition of S-matrix scheme with vertex redefinition is again S-matrix scheme)

Let (EBV-BRST' L', Ay) be a gauge fixed free field vacuum (def. 15.1) and let Z be a vertex redefinition (def.
16.15).

Then for
S : LocObs(Egy.grsT)I[% g, j11(g, j) — PolyObs(Egy.BRST) ;e (M)[19. /1]

and S-matrix scheme (def. 15.3), the composite

S Z : LocObs(Egy.grsT)II[M . j11(9. J) &R LocObs(Egy.grsT)[[% 9, j11(g. J) &R PolyObs(Egy.BRST) mc ((MN[[9. j11

is again an S-matrix scheme.

Moreover, if S satisfies the renormalization condition “field independence” (prop. 15.49), then so does S o Z.
(e.g Diitsch 18, theorem 3.99 (b))
Proof. It is clear that causal order of the spacetime supports implies that they are in particular disjoint

(supp(Ol) V/\supp(Oz)> = (supp(Ol)ﬂsuppw) = ®)

Therefore the local additivity of Z (prop. 16.16) and the causal factorization of the S-matrix (remark 15.15)
imply the causal factorization of the composite:

5( Z(04 + 0,) ) = 5( Z(01) + 2(0,) )
- 5( 2(0,) )5( 2(0,) ) .

But by prop. 15.40 this implies in turn causal additivity and hence that § o Z is itself an S-matrix scheme.

Finally that § o Z satisfies “field indepndence” if § does is immediate by the chain rule, given that Z satisfies this
condition by definition. W
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Proposition 16.18. (any two S-matrix renormalization schemes differ by unique vertex redefinition)

Let (Egy.BRST: L'» 4n) be a gauge fixed free field vacuum (def. 15.1).

Then for §,§' any two S-matrix schemes (def. 15.3) which both satisfy the renormalization condition “field
independence’, the there exists a unique vertex redefinition Z (def. 16.15) relating them by composition, i. e. such
that

Proof. By applying both sides of the equation to linear combinations of local observables of the form
k10 + -+ + K, Oy and then taking derivatives with respect to k at k; = 0 (as in example 15.32) we get that the
equation in question implies
. P k
(in o, o 8021101+ +1k0 ., e, =

0
! _ PPN 4
p -~~6Kk5 (101 + -+ 10 [ =g = () o,

0

which in components means that

1
Tk (01, 0y) = Z F(m)kin Z Tn( ZI11I((0i1)i1e11)'"'rZIInI((Oin)ineln)')

2<n<k 't 10y
={1,~-k},
Iy, In#0
+Z (01, 0y)
where {T'k}keN are the time-ordered products corresponding to 8’ (by example 15.32) and {Tk},cp those

correspondong to S.

Here the sum on the right runs over all ways that in the composite S ¢ Z a k-ary operation arises as the
composite of an n-ary time-ordered product applied to the |I;|-ary components of Z, for i running from 1 to n;
except for the case k = n, which is displayed separately in the second line

This shows that if Z exists, then it is unique, because its coefficients Z; are inductively in k given by the
expressions

Zk(041,-+,0p) (270)

1
=T’k(01,"',0k) - Z F(ih)kin Z Tn(Z\I1|((0i1)i1611)’“.‘Z|1n|((0in)in61n)’)

2<sn<k "’ Ipu-Uly

(TeZ<k)y
(The symbol under the brace is introduced as a convenient shorthand for the term above the brace.)
Hence it remains to see that the Z;, defined this way satisfy the conditions in def. 16.15.
The condition “perturbation” is immediate from the corresponding condition on § and §'.

Similarly the condition “field independence” follows immediately from the assumoption that § and §” satisfy this
condition.

It only remains to see that Z; indeed takes values in local observables. Given that the time-ordered products a

priori take values in the larrger space of microcausal polynomial observables this means to show that the
spacetime support of Z, is on the diagonal.

But observe that, as indicated in the above formula, the term over the brace may be understood as the coefficient
at order k of the exponential series-expansion of the composite § o Z _, where

1

Z<k = m

nefl,--k—1}

ZTL

is the truncation of the vertex redefinition to degree < k. This truncation is clearly itself still a vertex
redefinition (according to def. 16.15) so that the composite § o Z _, is still an S-matrix scheme (by prop. 16.17)
so that the (T ° Z o), are time-ordered products (by example 15.32).

So as we solve ' = § o Z inductively in degree k, then for the induction step in degree k the expressions T’ o
and (T © Z) _,, agree and are both time-ordered products. By prop. 15.47 this implies that T’y and (T © Z ),

agree away from the diagonal. This means that their difference Z; is supported on the diagonal, and hence is
indeed local. W

In conclusion this establishes the following pivotal statement of perturbative quantum field theory:
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Theorem 16.19. (main theorem of perturbative renormalization - Stiickelberg-Petermann renormalization
group of vertex redefinitions)

Let (Egy.BRST- L') 4u) be a gauge fixed free field vacuum (def. 15.1).

1. the vertex redefinitions Z (def. 16.15) form a group under composition;

2. the set of S-matrix ("re"-)normalization schemes (def. 15.3), remark 15.22) satisfying the renormalization
condition “field independence” (prop. 15.49) is a torsor over this group, hence equipped with a regular
action in that

1. the set of S-matrix schemes is non-empty;

2. any two S-matrix ("re"-)normalization schemes S, S’ are related by a unique vertex redefinition Z via
composition:

§' =802,

This group is called the Stiickelberg-Petermann renormalization group.

Typically one imposes a set of renormalization conditions (def. 15.48) and considers the corresponding subgroup
of vertex redefinitions preserving these conditions.

Proof. The group-structure and regular action is given by prop. 16.17 and prop. 16.18. The existence of
S-matrices follows is the statement of Epstein-Glaser ("re"-)normalization in theorem 16.14. |

UV-Regularization via counterterms

While Epstein-Glaser renormalization (prop. 15.47) gives a transparent picture on the space of choices in
("re"-)normalization (theorem 16.14) the physical nature of the higher interactions that it introduces at
coincident interaction points (via the extensions of distributions in prop. 16.12) remains more implicit. But the
main theorem of perturbative renormalization (theorem 16.19), which re-expresses the difference between any
two such choices as an interaction vertex redefinition, suggests that already the choice of ("re"-)normalization
itself should have an incarnation in terms of interaction vertex redefinitions.

This may be realized via a construction of ("re"-)normalization in terms of UV-regularization (prop. 16.23
below): For any choice of “UV-cutoff”, given by an approximation of the Feynman propagator A by non-singular

distributions A 4 (def. 16.20 below) there is a unique “effective S-matrix” §, induced at each cutoff scale (def.
16.22 below). While the “UV-limit” Alim S, does not in general exist, it may be “regularized” by applying suitable
— 00

interaction vertex redefinitions Z,; if the higher-order corrections that these introduce serve to “counter”

(remark 16.24 below) the coresponding UV-divergences.

This perspective of ("re"-)normalization via via counterterms is often regarded as the primary one. Its elegant
proof in prop. 16.23 below, however relies on the Epstein-Glaser renormalization via inductive extensions of
distributions and uses the same kind of argument as in the proof of the main theorem of perturbative
renormalization (theorem 16.19 via prop. 16.18) that establishes the Stiickelberg-Petermann renormalization
group.

Definition 16.20. (UV cutoffs)

def. 15.1), where 4y = Ei(A+ —A_) + H is the corresponding Wightman propagator inducing the Feynman

propagator
Ap € I'5y 5 (EBy.BRST X EBV-BRST)
by 4p = 5(A, +4_) + H.

Then a choice of UV cutoffs for perturbative QFT around this vacuum is a collection of non-singular
distributions Ar 4 parameterized by positive real numbers

(0,0) — Tsyzep(EBy-BRST X EBV-BRST)
A - Ap 2

such that:

1. each A 4 satisfies the following basic properties
1. (translation invariance)
Ara(6Y) = dpa(x =)
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2. (symmetry) ) )
A5 x) = Apa(xy)

AFA(—x) = A5

2.the A 4 interpolate between zero and the Feynman propagator, in that, in the Hérmander topology:
1. the limit as A4 — 0 exists and is zero

Jim B = 0.

2. the limit as A — oo exists and is the Feynman propagator:
lim Ap, = Af.

A— oo
(Diitsch 10, section 4)
Example 16.21. (relativistic momentum cutoff)

Recall from this prop. that the Fourier transform of distributions of the Feynman propagator for the real scalar
field on Minkowski spacetime RP! is,

+i 1

@D e k) — (%)2 +i0

Al =

To produce a UV cutoff in the sense of def. 16.20 we would like to set this function to zero for wave numbers

- -
| k| (hence momenta # | k|) larger than a given A.

This needs to be done with due care: First, the Paley-Wiener-Schwartz theorem (prop. 9.19) says that 4 4 to
N
be a test function and hence compactly supported, its Fourier transform 4 4, needs to be smooth and of

bounded growth. So instead of multiplying 21\,; by a step function in k, we may multiply it with an exponential
damping.

Let (EBY-BRST- L', Ay) be a gauge fixed relativistic free vacuum (according to def. 15.1) and let {AF'A}AE [0,00)

be a choice of UV cutoffs for perturbative QFT around this vacuum (def. 16.20).

We say that the effective S-matrix scheme S 4 at cutoff scale A € [0, o)

- S -
PolyObs(ERY.BRST) e[l 9 j11 —> PolyObs(ERy.BRST) e L[ 9. 1]

0 - S4(0)
is the exponential series

1 (271)
$4(0) = epr'A<E 0)

—1+10+1 ! 0 0+1 ! 0 0 0+ |
= — —_— 0 % — 0 % *
ih 2 (in)? o 3! (ik)? pazona

with respect to the star product *g 4 induced by the Af, 4 (def. 13.17).

This is evidently defined on all polynomial observables as shown, and restricts to an endomorphism on
microcausal polynomial observables as shown, since the contraction coefficients 4, are non-singular
distributions, by definition of UV cutoff.

(Diitsch 10, (4.2))

Proposition 16.23. (("re"-)normalization via UV regularization)

gSint + JA € LocObs(Egy.grsT) [ 9, /11{g, J) a polynomial local observable as in def. 15.2, regarded as an

adiabatically switched interaction action functional.

Let moreover {4g 4} , [0,00) be a UV cutoff (def. 16.20); with S 4 the induced effective S-matrix schemes (271).

Then
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1. there exists a [0, c)-parameterized interaction vertex redefinition {Z}

AeR, (def. 16.15) such that the
limit of effective S-matrix schemes S 4 (271) applied to the Z 4-redefined interactions
S = /111_{20(5/1 °Z,)
exists and is a genuine S-matrix scheme around the given vacuum (def. 15.3);
2. every S-matrix scheme around the given vacuum arises this way.

These Z 5 are called counterterms (remark 16.24 below) and the composite S, o Z , is called a UV reqularization
of the effective S-matrices S .

Hence UV-reqularization via counterterms is a method of ("re"-)normalization of perturbative QFT (def. 15.46).

This was claimed in (Brunetti-Diitsch-Fredenhagen 09, (75)), a proof was indicated in (Diitsch-Fredenhagen-
Keller-Rejzner 14, theorem A.1).

Proof. Let {ppk}kEN be a sequence of projection maps as in (265) defining an Epstein-Glaser

("re"-)normalization (prop. 15.47) of time-ordered products {Tk}kEN as extensions of distributions of the T,
regarded as distributions via remark 16.2, by the choice q,‘f = 0in (268).

We will construct that Z 4 in terms of these projections P,
First consider some convenient shorthand:

Forn € N, write 2., == Z1e{1,»-~,n} %Zn. Moreover, for k € N write (T, © Z <), for the k-ary coefficient in the

expansion of the composite $, o Z_,, as in equation (270) in the proof of the main theorem of perturbative
renormalization (theorem 16.19, via prop. 16.18).

In this notation we need to find Z, such that for each n € N we have

lim (Ty0Z<pn,)

Jim . = T, . (272)
We proceed by induction over n € N.

Since by definition T, = const;, T; = id and Z, = const,, Z; = id the statement is trivially true for n = 0 and
n=1

So assume now n € N and {Z;}, _,, has been found such that (272) holds.

Observe that with the chosen renormalizing projection P, the time-ordered product T, ; ; may be expressed
n+1

as follows:
Tar @0 =( 3 20 Tu® )# (Ty® ). p,, 0® -~ ©0) (273)
l,i:':)l)Jr1

= <,11Tlo 15(1;+1)Xi(x)< Ty (M ) *E A ( T|j|(i) ), ppk(o R Q® 0)>
Liz0

Here in the first step we inserted the causal decomposition (263) of Ty, 1 ; in terms of the {T}, _, away from the
diagonal, as in the proof of prop. 15.47, which is admissible because the image of P, vanishes on the diagonal.
n+1

In the second step we replaced the star-product of the Feynman propagator Ay with the limit over the star-
products of the regularized propagators A 4, which converges by the nature of the Hormander topology (which
is assumed by def. 16.20).

Hence it is sufficient to find Z,, 1 1 4, and K, ;4 4 such that

<(TA OZA)n+1’ (= _)> = <1€(1Z:n+1}xi(X)< Ty ) *F.A ( Tm(i) ), ppk(—,---, —)> (274)

+ Kn+1,A(_l Y _)
subject to these two conditions:
1.2, 41,4 islocal;

2. lim Kpy10 = 0.

Now by expanding out the left hand side of (274) as
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Ta°Z)ps1 = Znira + TaeZana)p,y

(which uses the condition Ty = id) we find the unique solution of (274) for Z,, ;4 4, in terms of the {Z_, ,} and
Ko 41,4 (the latter still to be chosen) to be:

(Znsrn (=) :<.E(1,.Z;,+fi(x)( Ty (D) ) *F,A< Ty (D) ) p, (= _)> (275)
Lizg

- <(TA ° ZSn,A)nJrl' (= _)>
+ <Kn+1,A' (= —)>
We claim that the following choice works:

Kni1,a(= 0 =) = <(T,l °Zena)yiy Py (<0 _)> (276)

_ < 16{12’7:“}%1'()()( Tiy(D ) *E A ( Ty ) P, (= _)>
L1£0

To prove this, we need to show that 1) the resulting Z,, , 1 4 is local and 2) the limit of K, ; ; 4 vanishesas A — oo,
First regarding the locality of Z,, ;. 1 4: By inserting (276) into (275) we obtain
<Zn+ 1,4 (_' Y _)> = <(TA ° ZSn)nJrl i p(_: Y _)> - <(TA ° ZSn)n+1 ’ (_' o _)>

- <(TA °Zan)yyyr @, iD= _)>

By definition b, ~ id is the identity on test functions (adiabatic switchings) that vanish at the diagonal. This
n+1

means that Z,, 1 4 is supported on the diagonal, and is hence local.

Second we need to show that Alim Kpy1,40=0:
— 00

By applying the analogous causal decomposition (263) to the regularized products, we find

° (277)
(TaoZaninsrr,, (=)
(2 10(TroZann)y® ) rea(TaoZendg® ) v, (=)
1e{1,n+1} n+1
| S E]
Using this we compute as follows:
(278)

(Him (740 Zana)y B, (=)

pn+1

(im 3 5100 (Tao 2y ® ) ora( TaeZonny® )p, (o))

A2 ® ye Ty
Li=g
{2, 1® (Jim (T4 0 Z <)y @) (Jim 5p.0 )(Jim (T Z2n )y D), 1, (=)
Lizg Typy (D) Ti; (D

(Jim 3 GOTW®eaTy®.p, ()

A— o0 Ie{1,-n
LIz

Here in the first step we inserted (277); in the second step we used that in the Hormander topology the product
of distributions preserves limits in each variable and in the third step we used the induction assumption (272),
and the definition of UV cutoff (def. 16.20).

Inserting this for the first summand in (276) shows that Alim Kny14=0.

In conclusion this shows that a consistent choice of counterterms Z, exists to produce some S-matrix
S = /}im (8§40 Z,). It just remains to see that for every other S-matrix S there exist counterterms 2, such that
— 0

S= Jim (S0 Z o).

But by the main theorem of perturbative renormalization (theorem 16.19) we know that there exists a vertex
redefinition Z such that
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§=802
= lim (Sp0Z)e2

Alim (§a°(Z4°2))
— 00 T

and hence with counterterms Z, for § given, then counterterms for any S are given by the composite
Z1=2,°2. 1

Remark 16.24. (counterterms)

A€[0,00)
be a choice of UV cutoffs for perturbative QFT around this vacuum (def. 16.20).

Consider
9Sint + jJA € LocObs(Egy.grsT)I[% 9. /11(9. /)
a local observable, regarded as an adiabatically switched interaction action functional.

Then prop. 16.23 says that there exist vertex redefinitions of this interaction

Z(gSint +jA) € LocObs(Egy.grsT) [ 9, /11(9, )
parameterized by A € [0, ), such that the limit
Seo(gSine +JA) = lim S4(Z4(gSine + jA))
exists and is an S-matrix for perturbative QFT with the given interaction gSi,; + jA.
In this case the difference
Scounter,a = (gSint + JA) — Za(gSine + jA) € Loc(Egy.grsDIIN 9. /(9% j% 9))

(which by the axiom “perturbation” in def. 16.15 is at least of second order in the coupling constant/source
field, as shown) is called a choice of counterterms at cutoff scale A. These are new interactions which are added
to the given interaction at cutoff scale A

ZA(gSint+jA) = gSint t A + Scounter,A .

In this language prop. 16.23 says that for every free field vacuum and every choice of local interaction, there is
a choice of counterterms to the interaction that defines a corresponding ("re"-)normalized perturbative QFT,
and every (re"-)normalized perturbative QFT arises from some choice of counterterms.

Wilson-Polchinski effective QFT flow

We have seen above that a choice of UV _cutoff induces effective S-matrix schemes §, at cutoff scale A (def.
16.22). To these one may associated non-local relative effective actions Sef 4 (def. 16.26 below) which are such

that their effective scattering amplitudes at scale A coincide with the true scattering amplitudes of a genuine
cutoff scale (remark 16.27 below). Crucially the “flow” of the relative effective actions with the cutoff scale
satisfies a differential equation that in itself is independent of the full UV-theory; this is Polchinski's flow equation
(prop. 16.30 below). Solving this equation for given choice of initial value data is hence another way of choosing
("re"-)normalization constants.

Proposition 16.25. (effective S-matrix schemes are invertible functions)

Let (Egy.BRST- L', 4n) be a gauge fixed relativistic free vacuum (according to def. 15.1) and let {AF_A}A €0,%0) be
a choice of UV cutoffs for perturbative QFT around this vacuum (def. 16.20).

Write
PolyObs(ERy.-BRST) el [ 9, /11(g, j) < PolyObs(ERy.BRST) el [ 9. 1]

for the subspace of the space of formal power series in h, g, j with coefficients polynomial observables on those
which are at least of first order in g, j, i.e. those that vanish for g, ] = 0 (as in def. 15.2).
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Write moreover
1 + PolyObs(ERY-BRST) el [ 9 J11(g, j) © PolyObs(Egy-BRST) [ 9, /1]

for the subspace of polynomial observables which are the sum of 1 (the multiplicative unit) with an observable at
least linearn g, j.

Then the effective S-matrix schemes S 4 (def. 16.22) restrict to linear isomorphisms of the form

. . ‘S - .
PolyObs(ERy.BRST) mcl [ 9, j11(g, j) ——— 1 + PolyObs(ERy-BRST) mc [ 9, J11(9. J) -

(Diitsch 10, (4.7))

Proof. Since each A, 4 is symmetric (def. 16.20) if follows by general properties of star products (prop. 13.5) just
as for the genuine time-ordered product on regular polynomial observables (prop. 14.9) that eeach the “effective
time-ordered product” *r 4 is isomorphic to the pointwise product (=) - (=) (def. 7.1)

Ay *paly = TA(T/Tl(Al) '71171(142))

1 ab 62
T, = exp ;h/“”(x’”m

z
asin (2).

In particular this means that the effective S-matrix §, arises from the exponential series for the pointwise
product by conjugation with 7' :

1 -1
Sp = Tpoexp, E(_) o Ty

(just as for the genuine S-matrix on regular polynomial observables in def. 15.43).

Now the exponential of the pointwise product on 1+ PolyObs(Egy.grsT)[[% g, j11(g,j) has as inverse

function the natural logarithm power series, and since T evidently preserves powers of g, j this conjugates to an
inverse at each UV cutoff scale A:

Sit = Tooln(ih(=)) o T . (279)
n

Definition 16.26. (relative effective action)

A€[0,00)
be a choice of UV cutoffs for perturbative QFT around this vacuum (def. 16.20).

Consider
9Sint + JA € LocObs(Egy.prsT)[[h 9, /119, /)
a local observable regarded as an adiabatically switched interaction action functional.
Then for
A, Ay € (0,0)

two UV cutoff-scale parameters, we say the relative effective action Segs, 4,4, is the image of this interaction

under the composite of the effective S-matrix scheme § 4, at scale 4, (271) and the inverse function Syt ofthe

effective S-matrix scheme at scale A (via prop. 16.25):
Settan, = Sa' ©8a,(gSine +JA) A Ay €[0,). (280)

For chosen counterterms (remark 16.24) hence for chosen UV regularization S, (prop. 16.23) this makes

sense also for 4, = oo and we write:
Sett,a = Sefneo = Sa'°Sew(gSine +jA) A E€[0,) (281)

(Diitsch 10, (5.4))
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Remark 16.27. (effective quantum field theory)

Let (Egy.gRST- L', 4x) be a gauge fixed relativistic free vacuum (according to def. 15.1), let {AF'A}AE [0,00) bea

choice of UV cutoffs for perturbative QFT around this vacuum (def. 16.20), and let §,, = /}im Sp0Z, be a
— 00

corresponding UV regularization (prop. 16.23).

Consider a local observable
9Sint + JA € LocObs(Egy.prsT)[[h 9, /119, /)
regarded as an adiabatically switched interaction action functional.

Then def. 16.20 and def. 16.26 say that for any A € (0, o) the effective S-matrix (271) of the relative effective
action (280) equals the genuine S-matrix S, of the genuine interaction gSj,¢ + jA:

Sa(Sefr,n) = Soo(gSine + JA) .

In other words the relative effective action Sefr 4 encodes what the actual perturbative QFT defined by
Se(gSint + jA) effectively looks like at UV cutoff /.

Therefore one says that S 4 defines effective quantum field theory at UV cutoff A.

Notice that in general S 4 is not a local interaction anymore: By prop. 16.25 the image of the inverse S,fl of

the effective S-matrix is microcausal polynomial observables in 1+ PolyObs(ERy.BRST) mc[[7 9, J11(g. /)
and there is no guarantee that this lands in the subspace of local observables.

Therefore effective quantum field theories at finite UV _cutoff-scale A € [0, o) are in general not local field

theories, even if their limit as A — oo is, via prop. 16.23.

Proposition 16.28. (effective action is relative effective action at A = 0)

Let (Egy.BRST- L', 4n) be a gauge fixed relativistic free vacuum (according to def. 15.1) and let {AF_A}AE [0,00) be
a choice of UV cutoffs for perturbative QFT around this vacuum (def. 16.20).

Then the relative effective action (def. 16.26) at A = 0 is the actual effective action (def. 15.62) in the sense of the

diagrams I':

Seff,0 = Seff,0,0

=Serr == ), T(gSine +JjA) -

T'€lconn

More generally this holds true for any A € [0, 00) LI {o0}

Settoa =2, I'4(gSine+ jA),

I'€Tconn

where I' ;(gSint + jA) denotes the evident version of the Feynman amplitude (def 15.51) with time-ordered
products replaced by effective time ordered product at scale A as in (def. 16.22).

(Diitsch 18, (3.473))

Proof. Observe that the effective S-matrix scheme at scale A = 0 (271) is the exponential series with respect to
the pointwise product (def. 7.1)

$0(0) = exp (0) .

Therefore the statement to be proven says equivalently that the exponential series of the effective action with
respect to the pointwise product is the S-matrix:

1 .
exp.(aseff) = ‘Soo(gsint+]A) .

That this is the case is the statement of prop. 15.64. W

The definition of the relative effective action Sefr 4 = Seff, 4,00 in def. 16.26 invokes a choice of UV regularization

S (prop. 16.23). While (by that proposition and the main theorem of perturbative renormalization, theorem
16.19 )this is guaranteed to exist, in practice one is after methods for constructing this without specifying it a
priori.
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But the collection relative effective actions Seff 4,4, for Ay < o “flows” with the cutoff-parameters A and in

particular also with Ay (remark 16.29 below) which suggests that examination of this flow yields information
about full theory at §,.

This is made precise by Polchinski's flow equation (prop. 16.30 below), which is the infinitesimal version of the
“Wilsonian RG flow” (remark 16.29). As a differential equation it is independent of the choice of S, and hence
may be used to solve for the Wilsonian RG flow without knowing S, in advance.

The freedom in choosing the initial values of this differential equation corresponds to the ("re"-)normalization
freedom in choosing the UV regularization S,. In this sense “Wilsonian RG flow” is a method of
(“re"-)normalization of perturbative QFT (def. 15.46).

Remark 16.29. (Wilsonian groupoid of effective quantum field theories)

A€E[0,0)
be a choice of UV cutoffs for perturbative QFT around this vacuum (def. 16.20).

Then the relative effective actions Segr, 4,4, (def. 16.26) satisfy
Settantg = (Sa'o84)(Settan,)  ford, A" €[0,00), Ag € [0,00) LI {00} .

This is similar to a group of UV-cutoff scale-transformations. But since the composition operations are only
sensible when the UV-cutoff labels match, as shown, it is really a groupoid action.

This is often called the Wilsonian RG.
We now consider the infinitesimal version of this “flow”:

Proposition 16.30. (Polchinski's flow equation)

Let (Egy-BRST-L'» 4x) be a gauge fixed relativistic free vacuum (according to def. 15.1), let {AFrA}Ae[o ) be a

choice of UV cutoffs for perturbative QFT around this vacuum (def. 16.20), such that A — Ap, 4 is differentiable.

Then for every choice of UV regularization 8, (prop. 16.23) the corresponding relative effective actions Sef, 4
(def. 16.26) satisfy the following differential equation:

d 11 d
aseff,/l = _EEW(S‘*M *e, a0 Sett,) gy -y »

where on the right we have the star product induced by Ar ,, (def. 13.17).

This goes back to (Polchinski 84, (27)). The rigorous formulation and proof is due to (Brunetti-Diitsch-
Fredenhagen 09, prop. 5.2, Diitsch 10, theorem 2).

Proof. First observe that for any polynomial observable O € PolyObs(Egy.grsT)[[7 g, j1] we have

1 d
md—/l(o *pp g4 0)
! CRA T TRA Y
k+2factors
_ 1 d d 5 Z <A 6 5> 08 ®0
T (k+2)dA prod o exp B S 5w, (_,_)
k+2factors
1 k+2\/d
=m( 2 )(aO*F'AO)*F,AM

kfactors

11
2 k!

Here o denotes the functional derivative of the ith tensor factor of 0, and the binomial coefficient counts the
i

number of ways that an unordered pair of distinct labels of tensor factors may be chosen from a total of k + 2
tensor factors, where we use that the star product *f, 4 is commutative (by symmetry of 4 4) and associative (by
prop. 13.4).

With this and the defining equality §4(Sefr 4) = S(gSine + jA) (281) we compute as follows:
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d .
0="2753Sinc +j4)
d
= 71 5aCSefr.n)
1d d
=\ 57 gaSetta) *raSa(Setr.a) + | 754 (Setr.a)
1d 1d (1 1
= %aseff,/l *p,4 Sa(Sefra) + S an %Seff,A *E, A1 E'seff,A Ly —p *Fa Sa(Settn)
Acting on this equation with the multiplicative inverse (=) *g 4 S4(—Sef,4) (using that g 4 is a commutative

product, so that exponentials behave as usual) this yields the claimed equation. W

renormalization group flow

In perturbative quantum field theory the construction of the scattering matrix S, hence of the interacting field
algebra of observables for a given interaction gSj,; perturbing around a given free field vacuum, involves choices

of normalization of time-ordered products/Feynman diagrams (traditionally called 're’-normalizations)
encoding new interactions that appear where several of the original interaction vertices defined by gSin¢
coincide.

Whenever a group RG acts on the space of observables of the theory such that conjugation by this action takes
("re"-)normalization schemes into each other, then these choices of ("re"-)normalization are parameterized by -
or “flow with” - the elements of RG. This is called renormalization group flow (prop. 16.31 below); often called
RG flow, for short.

The archetypical example here is the group RG of scaling transformations on Minkowski spacetime (def. 16.34
below), which induces a renormalization group flow (prop. 16.36 below) due to the particular nature of the
Wightman propagator resp. Feynman propagator on Minkowski spacetime (example 16.35 below). In this case
the choice of ("re"-)normalization hence “flows with scale”.

Now the main theorem of perturbative renormalization (theorem 16.19) states that (if only the basic
renormalization condition called “field independence” is satisfied) any two choices of ("re"-)normalization schemes
S and §' are related by a unique interaction vertex redefinition Z, as

§'=8§02.

Applied to a parameterization/flow of renormalization choices by a group RG this hence induces an interaction
vertex redefinition as a function of RG. One may think of the shape of the interaction vertices as fixed and only
their (adiabatically switched) coupling constants as changing under such an interaction vertex redefinition, and
hence then one has coupling constants 9g; that are parameterized by elements p of RG:

ZP

Pyac

{93 = {9;(0}

This dependendence is called running of the coupling constants under the renormalization group flow (def. 16.32
below).

One example of renormalization group flow is that induced by scaling transformations (prop. 16.36 below). This
is the original and main example of the concept (Gell-Mann & Low 54)

In this case the running of the coupling constants may be understood as expressing how “more” interactions (at
higher energy/shorter wavelength) become visible (say to experiment) as the scale resolution is increased. In
this case the dependence of the coupling 9; (p) on the parameter p happens to be differentiable; its logarithmic

derivative (denoted “i” in Gell-Mann & Low 54) is known as the beta function (Callan 70, Symanzik 70):

-, %9
B(g) =P,

The running of the coupling constants is not quite a representation of the renormalization group flow, but it is a
“twisted” representation, namely a group 1-cocycle (prop. 16.33 below). For the case of scaling transformations
this may be called the Gell-Mann-Low renormalization cocycle (Brunetti-Diitsch-Fredenhagen 09).

Proposition 16.31. (renormalization group flow)

Let
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vac = (EBV-BRST'L,'AH)

be a relativistic free vacuum (according to def. 15.1) around which we consider interacting perturbative QFT.

Consider a group RG equipped with an action on the Wick algebra of off-shell microcausal polynomial
observables with formal parameters adjoined (as in def. 15.2)

rg._, : RG X PolyObs(Egy.BRST) e (M)[[9, j1] — PolyObs(Egy.BRST) e (M)[[1 4, j11,

hence for each p € RG a continuous linear map rg, which has an inverse rgp’1 € RG and is a homomorphism of

the Wick algebra-product (the star product xy induced by the Wightman propagator of the given vauum vac)
rg, (A1 *y A7) = rgp(Al) *n g, (42)
such that the following conditions hold:

1. the action preserves the subspace of off-shell polynomial local observables, hence it restricts as
rg._, : RG x LocObs(Egy.grsT)I[ 9, j11(g, j) — LocObs(Egy.grsT)[[1 g, j11(. J)

2. the action respects the causal order of the spacetime support (def. 7.31) of local observables, in that for
04,0, € LOCObS(EBv_BRST)[[fL, 9, j11 we have

(supp(01) VA supp(0)) = (supp(rg,(01)) VA supp(rgp(Oz)))
forall p € RG.

Then:

The operation of conjugation by this action on observables induces an action on the set of S-matrix
renormalization schemes (def. 15.3, remark 15.22), in that for

§ : LocObs(Egy.grsT)[[% g, j11 — PolyObs(Egy.grsT) (M)[[g, 1]

a perturbative S-matrix scheme around the given free field vacuum vac, also the composite
§P = rg oSorg " : LocObs(Egy.gRrsT)I[h g, jl] — PolyObs(Egy.grsT) (M)Ilg, 1]

is an S-matrix scheme, for all p € RG.

More generally, let
vac, = (EBy.BRST:L'p,4n,p)

be a collection of gauge fixed free field vacua parameterized by elements p € RG, all with the same underlying
field bundle; and consider rg, as above, except that it is not an automorphism of any Wick algebra, but an

isomorphism between the Wick algebra-structures on various vacua, in that
18, (Ay *pyp-1p 4;) = rg, (A1) *np . rg, (42) (282)
forallp,p,,. € RG
Then if
Sn}pera

is a collection of S-matrix schemes, one around each of the gauge fixed free field vacua vac,, it follows that for all
pairs of group elements p__ , p € RG the composite

p

Pyac

=rg,08p, org)’ (283)

is an S-matrix scheme around the vacuum labeled by p_, .

Since therefore each element p € RG in the group RG picks a different choice of normalization of the S-matrix

scheme around a given vacuum at p__ , we call the assignment p — 55 a re-normalization group flow.
vac

vac’

(Brunetti-Diitsch-Fredenhagen 09, sections 4.2, 5.1, Diitsch 18, section 3.5.3)

Proof. It is clear from the definition that each ngac satisfies the axiom “perturbation” (in def. 15.3).

In order to verify the axiom “causal additivity”, observe, for convenience, that by prop. 15.40 it is sufficient to
check causal factorization.

https://ncatlab.org/nlab/show/geometry-+of+physics+--+perturbative+qua...
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So consider 04, 0, € LocObs(Egy.grsT)L[% g, j11(g, j) two local observables whose spacetime support is in
causal order.

supp(01) VA supp(0,) .
We need to show that the
55‘,“ (01 +0;) = ngac (01) *,p,,. <5~\//]ac,,2 (02)

forallp,p_ . € RG.

vac

Using the defining properties of g and the causal factorization of §, “1p,.. We directly compute as follows:

§puc(01+02) =18, 08,1, org (01 +0,)

18, 851, (18,701 + 1, 1(0,)) )
= rgp( <Sp_1pvac (I‘g;l(Ol))) *H,p‘lpvac (Sp_lpvac (rgl;l(OZ))) )
- rgp( Sﬂ’wvac(rgp*l(ol)) )*H'Pvac rgp( Sp pyac (rgp_ 1(02)) )

= 5£vac(01) *H,pyac Sh..(02) -

Pyac

Definition 16.32. (running coupling constants)

Let
vac = vac, = (Egy.grsT-L’,4n)

be a relativistic free vacuum (according to def. 15.1) around which we consider interacting perturbative QFT,
let S be an S-matrix scheme around this vacuum and let gy be a renormalization group flow according to

prop. 16.31, such that each re-normalized S-matrix scheme Sf,’ac satisfies the renormalization condition “field
independence”.

Then by the main theorem of perturbative renormalization (theorem 16.19, via prop. 16.18) there is for every
pair p,, p, € RG a unique interaction vertex redefinition

ngac . LOCObS(EBv_BRST)[[h, 9, ]]] —_— LOCObS(EBv_BRST)[[h, 9, ]]]
which relates the corresponding two S-matrix schemes via

sho=85, ozF (284)

pvac pvac pvac )
If one thinks of an interaction vertex, hence a local observable gS;,. + j4, as specified by the (adiabatically
switched) coupling constants g; € Cg;; (2)(g) multiplying the corresponding interaction Lagrangian densities
+1,0
Linej € 2" "(EBY-BRST) a5

gSint = Z T):(g,- Lint,j)
J

(where 75 denotes transgression of variational differential forms) then Z:,’f exhibits a dependency of the

(adiabatically switched) coupling_constants g; of the renormalization group flow parameterized by p. The

corresponding functions

ZP

Pyac (@Sint) + (g)) = (9;(0))
are then called running coupling constants.

(Brunetti-Diitsch-Fredenhagen 09, sections 4.2, 5.1, Diitsch 18, section 3.5.3)

Proposition 16.33. (running coupling constants are group cocycle over renormalization group flow)

Consider running coupling constants

ZP

Pvac

1 (g~ (g;(0)
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asin def. 16.32. Then forall p ., p,, p, € RG the following equality is satisfied by the “running functions” (284):

P1Py Py ( P2 —1)
= o o o
Zprac = Zovac °\90, 2 Zp 1, 2 90, ) -

(Brunetti-Ditsch-Fredenhagen 09 (69), Diitsch 18, (3.325))

Proof. Directly using the definitions, we compute as follows:

S, ogPiPr_ ghiPa

Pvac Pvac Pyac

-1 -1

O'p2 °0'p1

= o oS 1 - o
Upl Jpz sz 1 Pyac

=sP2 =5 . ezf2,
P1 Pyac P11 Pvac  P1 Pvac

=id

1 P 1
= o - og-to o 2 og,
T, ©Sppyee °Opy °0p, ° 2,1,  ©0p,

— P1
- Spvac szvac °%py

P1 P2 -1
= o o o o
Spvac vaac O-pl prlpvac O-pl

This demonstrates the equation between vertex redefinitions to be shown after composition with an S-matrix

scheme. But by the uniqueness-clause in the main theorem of perturbative renormalization (theorem 16.19) the

composition operation S, . (—) as a function from vertex redefinitions to S-matrix schemes is injective. This
Vi

implies the equation itself. |

Gell-Mann Low RG flow

We discuss (prop. 16.36 below) that, if the field species involved have well-defined mass dimension (example
16.35 below) then scaling transformations on Minkowski spacetime (example 16.34 below) induce a
renormalization group flow (def. 16.31). This is the original and main example of renormalization group flows

(Gell-Mann& Low 54).

Example 16.34. (scaling transformations and mass dimension)

Let
fb
E—2X
be a field bundle which is a trivial vector bundle over Minkowski spacetime Z = R ~p RP*L,

For p € (0,00) c Ra positive real number, write

2 5
x Vo px

for the operation of multiplication by p using the real vector space-structure of the Cartesian space RPH?
underlying Minkowski spacetime.

By pullback this acts on field histories (sections of the field bundle) via

@ L@
R )

Let then

p~vac, = (Egy.BrST.L'p,4u,p)

be a 1-parameter collection of relativistic free vacua on that field bundle, according to def. 15.1, and consider a
decomposition into a set Spec of field species (def. 15.52) such that for each sp € Spec the collection of

dim(sp) € R
such that for all p we have (using generalized functions-notation)
pZdim(Sp)AF,l/p,sp(px) = AF,Sp,p=l(x) . (285)

Typically p rescales a mass parameter, in which case dim(sp) is also called the mass dimension of the field
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species sp.
Let finally
PolyObs(E) —5 PolyObs(E)
w0 o pTImEP @ (pTx)

be the function on off-shell polynomial observables given on field observables Phi®(x) by pullback along p ~*

followed by multiplication by p taken to the negative power of the mass dimension, and extended from there
to all polynomial observables as an algebra homomorphism.

This constitutes an action of the group

RG = (R, )

of positive real numbers (under multiplication) on polynomial observables, called the group of scaling
transformations for the given choice of field species and mass parameters.

(Diitsch 18, def. 3.19)

Example 16.35. (mass dimension of scalar field)

Consider the Feynman propagator 4 ,, of the free real scalar field on Minkowski spacetime X' = RP! for mass
parameter m € (0, o0); a Green function for the Klein-Gordon equation.

Let the group RG = (R, ) of scaling transformations p € R, on Minkowski spacetime (def. 16.34) act on

the mass parameter by inverse multiplication
(0, Ap,m) » AF.p’lm(p(_)) .
Then we have
App-1m(P(=)) = p ~PrDF2AL 4 (x)
and hence the corresponding mass dimension (def. 16.34) of the real scalar field on RP1is
dim(scalar field) = (p +1)/2 -1

Proof. By prop. 9.64 the Feynman propagator in question is given by the Cauchy principal value-formula (in
generalized function-notation)

"
Lkux

.
Dpm() = lim _ // _—dko d”k .
L 2 )p o k" — () +ie

By applying change of integration variables k = p ~'k in the Fourier transform this becomes

lkupx“

AFp*lm(px) eg(ow) (Zn)p+1//w —k K ( 1ﬂ)z+ie
x) =
zkux“
:p—(p+1) lim p+1// 5 dkg dPTC)
e @2m = —p 2k, k" — p=2(25)" + ie

zkux“ N
= p-(Pr1+2 lim, 1’“_[_/ 5 dko dPk
L0 (2m) —ku k" = (2€) L ie

=p ~+D +ZAF,m(x)

dky dPk

Proposition 16.36. (scaling transformations are renormalization group flow)
Let
vac = vac,, = (EBV-BRST' L', AH,m)

be a relativistic free vacua on that field bundle, according to def. 15.1 equipped with a decomposition into a set
Spec of field species (def. 15.52) such that for each sp € Spec the collection of Feynman propagators the
corresponding field species has a well-defined mass dimension dim(sp) (def. 16.34)
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Then the action of the group RG = (R, ) of scaling transformations (def. 16.34) is a renormalization group

flow in the sense of prop. 16.31.
(Diitsch 18, exercise 3.20)
Proof. It is clear that rescaling preserves causal order and the renormalization condition of “field indepencen”.

The condition we need to check is that for Ay, A; € PolyObs(ERy.BRST)c[[? g, j1] two microcausal

polynomial observables we have forany p, p_,. € R, that

Gp(Al *H.p’lpvacc AZ) = Gp(Al) *H'pvac ap(AZ) .

By the assumption of decomposition into free field species sp € Spec, it is sufficient to check this for each
species 4y s,,. Moreover, by the nature of the star product on polynomial observables, which is given by iterated

contractions with the Wightman propagator, it is sufficient to check this for one such contraction.

Observe that the scaling behaviour of the Wightman propagator 4y, ,, is the same as the behaviour (285) of the

correspponding Feynman propagator. With this we directly compute as follows:
05 (@) *pp, m Tp(PY) = p 2 D(p71x) %y m P(p'Y)
=p 2 Mg, m(p M=)
=l p-1p, m(6Y)1
=18,(4rp-1p,, m(x)1)

= 1g,(®() *5,p-1p,,.m P))

This concludes our discussion of renormalization.
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