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Abstract

In this thesis, the author analyze various aspects of anomalies of global symmetries of 6d su-
perconformal field theories (SCFTs). Although the string theory predicts the existence of many
6d SCFTs, it is in general very hard to compute the physical quantities of these theories. However,
the quantum anomalies, which capture the quantum-mechanical violation of the global symme-
tries of the theory, are exactly computable for all known 6d SCFTs. The purpose of this thesis is
to extract non-trivial consequences about 6d SCFTs from the computed anomalies.

First of all, the author derived the conditions that a given 6d SCFT can be Higgsed to a collec-
tion of free hypermultiplets or to the N=(2, 0) theory, respectively. These conditions are stated
in term of the endpoint of a 6d SCFT, a string of positive integers which can be assigned to any 6d
SCFT and specifies a particular sub-branch of the tensor branch. The derivation is based on the
matching of the gravitational anomaly on the generic point of the Higgs branch and the endpoint
of the tensor branch. The resulting conditions can be simply interpreted in terms of M5-branes
probing the singularity in M-theory.

As another application of such an anomaly matching on the moduli space, the author also
obtained the list of possible simple Lie groups whose one-instanton moduli space can become a
Higgs branch of some 6d SCFTs. The answer fits well to the intuition based on the string theory
construction of 6d SCFTs. As a byproduct, the author found a new way to compute the anomaly
polynomial of the rank-1 E-string theory.

Another method to compute the anomalies of 6d SCFTs is the anomaly inflow, which does
not require the knowledge about the moduli space of 6d SCFTs. By using the anomaly inflow,
the author found the general anomaly formula for the chiral anomalies supported on the string
in 6d N=(1, 0) theories. The formula can be used to any strings in any 6d SCFTs and helps to
study further about the properties of the worldsheet theories. Moreover, the author obtained a new
interpretation of some properties of 6d SCFTs in terms of the strings.

As another application of the inflow technique, the author determined the Chern-Simons terms
localized on the frozen singularity in M-theory, which is one of the still mysterious objects in M-
theory. This is done by rewiring the anomaly polynomial computed from a matching on the tensor
branch in a more M-theoretic form. The expression involves a new “Euler number” whose M-
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theoretic meaning is worth of studying.
In summary, the author showed the usefulness of the anomalies in studying the various prop-

erties of 6d SCFTs, by concretely presenting several new interesting results.
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Chapter 1

Introduction and summary

1.1 6d SCFTs

Quantum field theory (QFT) is one of the most important concepts in theoretical physics. For
example, the standard model of the particle physics is very successful in describing the elementary
particles of this world. Although our spacetime is (seemingly) four-dimensional, QFTs in lower
spacetime dimension are also worth of studying. In fact, these lower dimensional QFTs not only
serve as toy models of those in 4d, but also exhibit interesting dynamics on their own. Moreover,
in condensed matter physics, many QFTs in d < 4 actually arise as long distance limits of various
lattice models.

Then, is there any motivation to study about QFTs in d > 4? A common answer to this
question is that QFTs in d > 4 are necessarily free and uninteresting. For example, the Yang-Mills
coupling g in higher dimensions has the positive mass dimension and hence is non-reormalizable.
However, progress in string theory in the 90s revealed that this naive answer is not necessarily true.
In fact, the string theory predicts that there are many interesting field theories in d = 5, 6. These
theories arise as a ultraviolet fixed point of an apparently non-renormalizable supersymmetric
gauge theory in d = 5, 6. As a fixed point of a supersymmetric RG flow, these theories possess
the superconformal symmetry in d = 5, 6 which unifies both the conformal symmetry and the
supersymmetry. We will call these theories as 5d/6d superconformal field theories (SCFTs).

In string theory, a 5d SCFTs is engineered by a brane web in type IIB [1], or a compactification
of M-theory on a Calabi-Yau threefold [2]. On the other hand, a 6d SCFTs is engineered by
M5-branes probing an M-theory singularity [3], or a compactification of F-theory on an elliptic
Calabi-Yau threefold [4, 5]. Recent studies try to classify such SCFTs arising from string theory.
The classification of 6d SCFTs from the F-theory viewpoint is almost finished in [6, 7, 8], while
the classification of 5d SCFTs was initiated in [9, 10].

In this thesis, we focus on 6d SCFTs, not on 5d SCFTs for the following reasons. First, six is
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believed to be the maximal spacetime dimension in which we can have an interacting SCFT, and
hence we expect that some special features might exist at such a “boundary” of the dimension.
Second, many (conjecturally all) 5d SCFTs arise as a S1 compacfication of some 6d SCFT, and
hence it is more economical to move to 5d SCFTs after studying enough about 6d SCFTs. Third,
since the classification of 6d SCFTs is almost finished, we can systematically list 6d SCFTs which
have the properties we focus on.

From their first discovery, 6d SCFTs are considered to be one of the most interesting topics in
string theory. Some of the reasons why are given as follows. First, their light degrees of freedom
contain strings, while those of ordinary field theories are particles. For example, the instantons of
6d gauge theories are stringy objects, whose tensions decrease to zero toward a UV fixed point. To
find a better framework incorporating such light (and strongly interacting) strings into an ordinary
field theory may help to find out the formulation of a strongly coupled string theory. Second,
many 6d SCFTs describe the dynamics of M5-branes, which are still mysterious extended objects
in the M-theory. The field theoretical study of 6d SCFTs shed light on our understanding of the
M-theory. Third, 6d SCFTs can be used as a way to organize and understand various dynamical
properties of lower dimensional field theories. For example, many S-dualities of 4d N=2 field
theories originate from the fact that they are obtained from the compacfication of some 6d SCFT
on a Riemann surface [11].

With these goals in mind, this thesis investigates various properties of 6d SCFTs.

1.2 Anomalies and 6d SCFTs.

The tool of this thesis to extract useful and interesting information about 6d SCFTs is the
anomaly of global symmetries [12] . We start by recalling the anomaly of global symmetries in
QFTs. It is the phase variation of the partition function in the presence of non-trivial background
fields (See textbook [13], or articles [14, 15]). We consider the D-dimensional quantum field
theory with the global symmetry G and couple it to the background metric gµν and the gauge field
Aµ for G. Then the partition function Z[gµν , Aµ] of the theory may change by the phase under the
background gauge transformation;

Z[gξµµν , A
g
µ] = exp

(
2πi

∫
XD

I
(1)
D [gµν , Aµ; ξµ, g]

)
Z[gµν , Aµ], (1.2.1)

where ξµ and g is the parameter of the gauge transformation of gµν and Aµ, respectively. The ID
is the anomaly associated with the diffeomorphism and the global symmetry G. The subscript (1)
represents the fact that I(1)D is first order in the gauge parameters ξµ, g.

The BRST formalism of the anomaly implies that it is convenient to work with the anomaly
polynomial ID+2 rather than the anomaly itself. It is related to the anomaly via the descent equa-
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tions;

ID+2 = dI
(0)
D+1, (1.2.2)

δI
(0)
D+1 = dI

(1)
D , (1.2.3)

where d is the exterior derivative and δ is the gauge variation. The (D + 1) form I
(0)
D+1 is called

the Chern-Simons form associated with the anomaly. The superscript (0) indicates that this quan-
tity is independent of the gauge parameters. The anomaly polynomial ID+2 is a gauge invariant
functional of the background gauge fields and the background metric.

Why anomalies are useful and important in the study of 6d SCFTs? The string theory predicts
the existence of many 6d SCFTs and their qualitative features, such as their global symmetries and
the gauge theory description. However, in order to obtain better understandings of 6d SCFTs, we
need quantitative aspects of these theories. Anomaly is a convenient physical quantity to compute
and to examine its physical consequences. Let us explain the importance of anomalies in the study
of 6d SCFTs in more detail.

Anomalies are exactly computable. First, they are in fact exactly computable. The 6d SCFTs
are necessarily strongly coupled and it is in general very hard to compute the values of physical
quantities, such as correlation functions of local operators. However, the anomalies are associated
with the topology of the gauge fields and receive little modifications during the RG flow [12],
making the exact computation possible 1.

A general method to compute the anomaly polynomial of all the known 6d SCFTs has already
been found [28, 29], as will be reviewed in Chapter 3 of this thesis. In this method, one uses
the description of 6d SCFTs on the moduli space of vacua called as tensor branch. On the tensor
branch, the theory is described by a system of almost free tensor multiplets, non-abelian gauge
fields and hypermultiplets. The precise matter content on the tensor branch can be easily read off
from the F-theory realization of the 6d theory. Combining the ordinary one-loop contributions
from the massless multiplets and those from the Green-Schwarz coupling of tensor fields, we
can uniquely determine the full anomaly polynomial of a given 6d SCFT. The fact that they are
systematically computable for all known 6d SCFTs make the anomaly a valuable tool to study the
6d SCFTs.

Constraints from anomalies. The anomalies can be used to obtain constraints for 6d SCFTs.
As already noticed in the 90s, the gauge anomaly cancelation puts a severe constraint for a given 6d

1Other physical quantities of 6d SCFTs considered in the literature include; conformal central charges [16, 17],
some supersymmetric partition functions [18, 19, 20, 21, 22, 23], superconformal multiplets and deformations [24,
25]. The numerical bootstrap computation was performed for 6d SCFTs in [26, 27].
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gauge theory to define a well-defined field theory. For example, as will be explained in Chapter 2,
the 6d pure gauge theory is only consistent for gauge groupsG = SU(2), SU(3), SO(8), F4, E6,7,8.
The cancelation of gauge anomalies is also important for the classification of 6d SCFTs from F-
theory in [6, 7, 8].

As a generalization of such an anomaly constraint, we will point out in this thesis that the
anomalies can also be used to find out all the 6d SCFTs which have a specific Higgs branch
structure [30, 31]. Here Higgs branch is the moduli space of vacua where the SU(2)R and the
flavor symmetry of the 6d theory is spontaneously broken due to the Higgsing. We compare the
anomalies on the origin and on the generic point of the putative Higgs branch. If the matching
equation does not have a solution, we can conclude that 6d SCFTs with the conjectural Higgs
branch do not exist.

In Chapter 4, we consider 6d SCFTs which can be Higgsed to a collection of hypermultiplets
and 6d SCFTs which can be Higgsed to the N=(2, 0) theory [31]. We will call such 6d SCFTs
as very Higgsable or Higgsable to N=(2, 0) theory, respectively. As an example, let us consider
the Higgs branch of the E-string theory and the N=(2, 0) theory. The E-string theory, which
is a worldvolume theory of an M5 probing the E8 wall, has the Higgs branch where the M5s
are dissolved into the finite-sized E8 instanton on the wall. This branch is described by the free
hypermultiplets only. On the contrary, the N=(2, 0) theory has no such a Higgs branch; there is
no way to eliminate the tensor modes supported on the worldvolume on the M5s. Of course, the
N=(2, 0) theory is Higgsable to N=(2, 0) theory.

There are several reasons to be interested in such two classes of 6d SCFTs. First of all, we
will find that many interesting 6d SCFTs which can be engineered in M-theory fall into these
classes. Secondly, we can concretely obtain the full list of 6d SCFTs which are very Higgsable
or Higgable to N=(2, 0) theory, by comparing the gravitational anomaly on the origin and the
generic point of the Higgs branch. The full list and the Higgsing process of these theories turn
out to have an interesting interpretation in terms of the branes. As a byproduct, we can derive the
simple Higgs branch dimension formulas for these 6d SCFTs. Moreover, these 6d theories have
nice behaviors under the T 2 compactification [32, 33]. For example, 4d N=2 theory obtained
from the T 2 compactification of 6d theories Higgsable to N=(2, 0) theory of type G contains the
vector multiplet G which has an exactly marginal coupling. The gauge coupling of G exhibits the
S-duality, identified with the SL(2,Z) acting on T 2.

In Chapter 5, we will determine the full list of 6d SCFTs which have the one-instanton moduli
space of G, denoted as MG, as its Higgs branch [30]. For example, when G = E8, the 6d theory
with this Higgs branch is already known; E-string theory. However, for G = E6,7, we do not
know any string theory constructions of such 6d theories. This should be compared with the case
of 4d N=2 theories, where we know the existence of 4d N=2 SCFTs with Higgs branch MEn .
In Chapter 5, we will find that most Gs are excluded since there is no solution to the anomaly
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matching equation. In particular, G = E6,7 examples cannot exist since they contradict with the
anomaly matching. Moreover, for G = E8, we reproduce the anomaly of the rank-1 E-string
theory, which gives another purely field theoretical way of computing its anomaly.

Strings and anomalies. The anomalies can be used to extract the useful information about the
string in 6d SCFTs. As already mentioned, the self-dual strings are important ingredients of the
6d theories. To obtain a better understanding of strings, as in the analysis of ordinary perturbative
string theory, we need the worldsheet theories on the strings. When the 6d theory is engineered
by a chain of perturbative D-branes, it is straightforward to obtain a 2d N=(0, 4) quiver gauge
theory describing the strings. However, if a 6d theory is engineered by using (non-perturbative)
F-theory sevenbranes, it is in general difficult to find such a gauge theory description.

We will present a general way to obtain a partial information about the worldsheet theories of
strings in 6d N=(1, 0) theories; the central charges of the worldsheet theory. In fact, combining
the anomaly polynomial computed by the method reviewed in Section 3.1 with the anomaly inflow
technique, also reviewed in Section 3.3, we can determine the anomaly 4-form associated with any
types of strings in any 6d theories. When a gauge theory description of the worldsheet theory is
available, we can check that our formula correctly reproduces the anomalies of the 2d gauge
theory.

There are several applications of thus obtained anomaly formula of the strings. From the
central charges of the string, one can check whether a conjectural gauge theory description of the
worldsheet theory is right or not [34, 35]. Moreover, as pointed out in [35, 36], the elliptic genus
of the string can be computed from the anomaly 4-form of the string, which in turn determines
the BPS invariants of the 6d theory [18, 19, 20, 21, 22, 23]. However, in this thesis, we will
present more simple applications of the string anomalies in Section 6.3. These include a new
understanding of the ADE classification of 6d N=(2, 0) theory, and the E8 flavor symmetry
of the E-string theory [37]. We also find a physical explanation of the curious numerology of
exceptional groups.

M-theory and anomalies. When a 6d theory is a worldvolume theory on M5s, probably on
top of other singularities in M-theory, we can compute the anomalies of the theory in a more
geometric way; anomaly inflow [38]. In this method, the anomalies are computed by integrating
the 11d Chern-Simons term in M-theory appropriately around the worlvolume of the M5s.

It has an advantage that the detailed knowledge about the 6d SCFT such as the matter contents
on the tensor branch, is not necessary. However, it can only be applied to limited examples
[39, 40, 41, 28] such as the N=(2, 0) theory, the E-string theory and the (unfrozen) conformal
matter theories. In Section 3.3 and Section 7.2, we will check that the anomaly inflow correctly
reproduces the anomalies computed by the more field theoretical method in Section 3.1.
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In order to apply the anomaly inflow to the branes, we need the Chern-Simons term in string
theory. Conversely, if we already know the anomalies of the theory on the branes by another
method, we can determine the precise Chern-Simons term in string theory. We will apply this
idea to the frozen singularities in M-theory in Chapter 7.

The ALE singularity in M-theory has several frozen variants, whose properties are not fully
understood yet. However, the tensor branch structure of the worldvolume theory on M5s probing
such a frozen singularity can easily be obtained from the results in [3]. By applying the general
method in Section 3.1, it is also straightforward to compute the anomalies of such 6d theories.

By rewriting the thus obtained anomaly polynomial into a form similar to the one obtained
from the anomaly inflow, we can determine the 7d Chern-Simons term supported on the frozen
singularity in M-theory, as explained in Section 7.3. In particular, we will find the quite exotic
Euler invariant associated with such singularities. Therefore, we have obtained a new knowledge
about the frozen singularities in M-theory, from the analysis of anomalies of 6d theories.

Compactification and anomalies. Although we do not treat the compactification of 6d theories
in this thesis, we briefly add a comment here. Anomalies of 6d theories can be used to extract
the central charges of a 4d N=1, 2 theory obtained by the compactification on a Riemann surface
[42]. Let us suppose that we already have an explicit description of the 4d theory by using, for
example, a chain of dualities or a guess from the symmetries. Then, we can check the validity
of the proposed theory by comparing the central charges computed from 6d and those computed
from the explicit description. This is a typical application of anomalies to the compactification of
6d SCFTs [43, 44, 45].

1.3 Summary and future directions

We briefly summarize the purposes and conclusions of this thesis. Moreover, we show several
future directions of the thesis.

Summary. We used the anomaly of global symmetries to extract physical information about 6d
SCFTs. We will find that purely field theoretical considerations of the anomaly lead to several
new results about 6d SCFTs, which cannot be obtained just from the string theory consideration.

After introducing the important examples of 6d SCFTs in Chapter 2, we review how to com-
pute the anomaly in Chapter 3. The computation is based on the purely field theoretical idea;
’t Hooft anomaly matching. Due to this anomaly matching, we can compute the anomaly of 6d
SCFTs from the effective gauge theory description on the tensor branch. In some examples, we
also compare the results with the more string theoretical computation, anomaly inflow, and find
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the perfect agreement.
The new results are contained in the latter half of the thesis; Chapter 4, 5, 6, 7. In Chapter 4,

based on [31], we consider the Higgsability of 6d SCFTs. We find the condition that a given
6d SCFT can be Higgsed to free hypermultiplets or to N=(2, 0) theory. The conditions thus
obtained admit an elegant M-theory interpretation. In Chapter 5, based on [30], we determine
possible G such that a 6d SCFT whose Higgs branch is MG, the one-instanton moduli space of
gauge group G, can exist. The result is consistent with the string theory prediction of 6d SCFTs.
In Chapter 6, based on [37], we obtain a partial but useful information about the strings in 6d
N=(1, 0) theories; central charges of the worldsheet theory. Our method is based on the anomaly
inflow and is applicable to any known strings in 6d theories. We find that the central charges
computed accordingly explain some mysterious features of 6d theories. In Chapter 7, based on
[31], we compute a new physical quantity in M-theory; the Chern-Simons terms associated with
the frozen singularity. This confirms that the studies of anomalies can shed light on the study of
M-theory itself.

Future directions. There are several directions worth studying further. We find many examples
of very Higgsable or Higgsable to N=(2, 0) 6d SCFTs in Chapter 4. These notions were origi-
nally introduced in [32, 33] since the T 2 compactification of such theories are simpler than other
6d theories. Therefore, it is interesting to study the T 2 compactification of these 6d SCFTs.

In Chapter 5, we find putative anomaly polynomial of 6d SCFT whose Higgs branch isMSU(3).
It is interesting to study further whether this theory indeed exists or not. This is because if such a
theory exist, the T 2 compactification leads to the Argyres-Douglas theory of type H2. Although
some Argyres-Douglas theories are known to arise as the T 2 compactification of 6d N=(1, 0)

theories, it is not clear whether the H2 does or not.
In Chapter 6, we now have the general formula for the anomalies of the strings in 6d N=(1, 0)

theories. It is without a doubt interesting to use this formula to explore the worldsheet theories
of the string further. In particular, it is very nice if we can find a way to compute the scattering
amplitudes of such strings, mimicking the ordinary perturbative string theory.

In Chapter 7, we find the “Euler number” associated with a frozen singularity in M-theory.
However, the M-theoretical meaning of this number is still unclear. The frozen singularity of M-
theory should be investigated well enough so that we can interpret this number naturally. More-
over, in a similar way, we might be able to study the properties of the intersection of the ALE
singularity and the E8 wall, which is also a mysterious object in M-theory.
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1.4 Organization of thesis

We explain the contents of each chapters in more detail.

Chapter 2. Chapter 2 is the review of the basic facts about 6d SCFTs which will be used in the
thesis. In Section 2.1, we recall the massless multiplets in 6d supersymmetry. We also list the
anomalies of such multiplets. In Section 2.2, we review the effective gauge theory description of
6d SCFTs on the tensor branch. We also briefly explain the Green-Schwarz mechanism in 6d,
which plays the key role in the anomaly computation.

In Section 2.3, we show some simple examples of interacting 6d SCFTs. We first explain
how the cancelation of the gauge anomaly constrain the gauge group of 6d N=(1, 0) pure gauge
theories and the number of fundamental hypers of 6d N=(1, 0) SU(2) gauge theories. This is the
typical application of anomalies to 6d SCFTs, which will appear several times in this thesis; ex-
clude putative 6d theories satisfying some conditions. In this section, we also recall the N=(2, 0)

theory and the E-string theory.
In Section 2.4, we review the most important example of 6d SCFTs used in this thesis; the M5s

probing the ALE singularity of M-theory, called as conformal matter theories. The tensor branch
of these theories are quite non-trivial and interesting. We also explain how various 6d theories can
be obtained by the deformation of these theories.

In Section 2.5, we review how F-theory can be used to construct many 6d SCFTs. In particular,
we explain a rough classification of 6d SCFTs based on the endpoint. Endpoint is a name for the
configuration of curves, which can be assigned to any 6d SCFTs and specifies a structure of the
particular sub-branch of the tensor branch. We also compute the endpoints of conformal matter
and related theories reviewed in Section 2.4.

Chapter 3. Chapter 3 is the review of the methods to compute the anomaly polynomial of 6d
SCFTs. In Section 3.1, we introduce the general field theoretical method to compute the anomalies
of 6d SCFTs. As examples, we will compute the anomalies of N=(2, 0) theory, E-string theory,
and pure 6d N=(1, 0) theory, introduced in Section 2.3.

In Section 3.2, we derive the explicit form of the Green-Schwarz couplings of each tensor
multiplets, for general 6d SCFTs engineered by F-theory. By using the thus obtained Green-
Schwarz coupling, we can compute the full anomaly polynomial of all known 6d SCFTs.

In Section 3.3, we explain another method to compute the anomalies of some 6d SCFTs;
anomaly inflow. Although this method is only applicable to 6d theories which arise as the world-
volume theory on M5s, with or without other singularities, the various techniques used during
the computation are very interesting. This method will be also used in Chapter 6 to determine
the anomalies of the stringy defect in 6d theories. We also compare the result of the inflow for
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N=(2, 0) theory and E-string theory, with the anomaly polynomial obtained in a field theoretical
way in Section 3.1.

Chapter 4. From this chapter, we will use anomalies to extract physical consequences about 6d
SCFTs. In this chapter, we list all the 6d SCFTs which have the specified Higgs properties by
using the anomaly matching on the Higgs branch, following the original paper [31].

In Section 4.1, we introduce the class of 6d SCFTs which we will investigate in this chapter;
very Higgsable and Higgsable to N=(2, 0). These two classes were originally introduced in the
context of T 2 compactification of 6d SCFTs in [32, 33]. However, we slightly extended the notion
based compared to those references. We show some examples of these 6d theories.

In Section 4.2 and Section 4.3, we will give a complete list of 6d SCFTs which are very
Higgsable or Higgsable to N=(2, 0), respectively. The argument is based on matching of the
gravitational anomaly. We compare the gravitational anomaly computed at a generic point on the
Higgs branch and at the endpoint of the tensor branch. It should be noted that the constraints for
the Higgsability are written in terms of the endpoint configuration. As a byproduct, we obtain a
Higgs branch dimension formula for these classes of theories.

In Section 4.4, we will interpret the list and the Higgs branch dimension formula in the pre-
vious sections in terms of the M-theory. In fact, they are geometrically explained for conformal
matter and related theories; the Higgs branch correspond to taking the M5s away from the singu-
larity.

Chapter 5. This chapter consider SCFTs which has the one-instanton moduli space of G as
its Higgs branch, following the original article [30]. In Section 5.1, we point out that for such
SCFTs, we can determine the full anomaly polynomial, including the R and G symmetry part.
This is because we have enough knowledge about the symmetry breaking and the hypermultiplet
spectrum on MG.

In Section 5.2, we apply the method outlined in Section 5.1 to 6d N=(1, 0) theories. The
only known examples of 6d SCFTs with Higgs branch MG are the E-string theory of rank-1 for
G = E8 and the free hypermultiplets gauge by Z2 forG = Sp(n). In fact, we can exclude all other
cases of G (except for G = SU(3)) by the fact that there is no solution to the anomaly matching
equation. For G = E8, Sp(N), we can reproduce the anomalies of the E-string theory and the
hypermultiplets.

In Section 5.3, we apply the same method to 2d N=(0, 4) theories. This problem is interesting
since we know many examples of 2d theories with Higgs branch MG as the worldsheet theories of
an instanton-string in 6d N=(1, 0) gauge theories. As expected, we can reproduce the anomalies
of such worldsheet theories by the anomaly matching on Higgs branch.
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Chapter 6. In this chapter, we consider the strings in 6d N=(1, 0) theories and compute their
chiral anomalies, following the reference [37]. In Section 6.1, we will derive the formula for the
anomaly 4-form of the string by using the inflow from 6d. The key ingredient in the computation
is the Green-Schwarz 4-form Ii of the 6d theory. The formula thus obtained can be used to any
bound state of strings in any 6d N=(1, 0) theory.

In Section 6.2, we check the validity of the formula found in Section 6.1. When the 6d theory
can be engineered by the intersecting D-branes in string theory, we can often determine the matter
contents on the worldsheet theory on the strings. For such cases, we compute the anomalies from
the matter contents and find the perfect agreement with our formula.

In Section 6.3, we show several applications of our anomaly formula. First of all, we repro-
duce the ADE classification of N=(2, 0) theories, slightly extending the known argument [77].
Secondly, we give a partial field-theoretical explanation of the emergent E8 symmetry in E-string
theory. Finally, we give a physical “derivation” of the curious formula for the exceptional groups,
mentioned in Section 2.3.1.

Chapter 7. In this chapter, we obtain a new information about M-theory from the computation
of anomalies of frozen conformal matter theories, following [31]. In Section 7.1, we review the
anomaly polynomial of unfrozen conformal matters, computed by the method in Section 3.1.

In Section 7.2, we review how the anomaly polynomial in the previous section can be repro-
duced from the inflow computation. The important ingredient in the computation is the Chern-
Simons terms supported on the ALE singularity.

In Section 7.3, we compute the anomaly polynomial of frozen conformal matter theories, i.e.
the worldvolume theories of M5s probing a frozen singularity in M-theory. We use the field
theoretical method in Section 3.1, and find that the result can be rewritten in a form presented in
Section 7.2. This in turn allows us to determine the Chern-Simons term supported on the frozen
singularity. We also introduce a new geometric quantity associated with such a singularity.

Appendices. In Appendices, we will collect some mathematical facts used in the thesis.
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Chapter 2

Construction of 6d SCFTs

2.1 Free 6d supersymmetric multiplets

In this section, we briefly summarize the free multiplets in 6d supersymmetry and their anomaly
polynomials for later use. See [46] for the computation of anomalies.

6d N=(1, 0) multiplets. N=(1, 0) is the minimal amount of 6d supersymmetry. It is generated
by two symplectic Majorana-Weyl spinors and has eight supercharges. The R-symmetry group is
SU(2)R, which rotates the two spinors.

Massless representations of N=(1, 0) supersymmetry are labeled by their quantum numbers
under the SO(4) ∼ SU(2)× SU(2) little group. Let us list some of them with low spins.

• tensor multiplet; (1, 0) + 2(1
2
, 0) + (0, 0); a self-dual 2-form, fermions and a real scalar.

• vector multiplet; (1
2
, 1
2
) + 2(0, 1

2
); a vector field and fermions.

• hypermultiplet; 2(1
2
, 0) + 4(0, 0); four real scalars and fermions.

The factor of two in the fermion multiplicities comes from the fact that a Weyl spinor in 6d is
always complex. The 2-form field in the tensor multiplet has self dual field strength H3 = ∗H3.

There are two typical components of the moduli space of vacua; tensor branch and Higgs
branch. The tensor branch is parametrized by the vev of the scalars in the tensor multiplets while
the Higgs branch is parametrized by those in the hypermultiplets. A generic theory on the tensor
branch is a non-abelian gauge theory coupled to tensor multiplets. A generic theory on the Higgs
branch is free hypermultiplets (plus some tensors). We note that there can be mixed branches
while there are no Coulomb branches.
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6d N=(2, 0) multiplets. N=(2, 0) is the maximal amount of 6d supersymmetry and is gener-
ated by four symplectic Majorana-Weyl spinors. The R-symmetry group is USp(4)R ∼ SO(5)R.
The only massless representation of N=(2, 0) supersymemtry with spin less than two is the
N=(2, 0) tensor multiplet. It consists of an N=(1, 0) tensor multiplet and an N=(1, 0) hy-
permultiplet. The five scalars transform as 5v of SO(5)R while the four Weyl fermions are in the
spinor representation of SO(5)R.

Anomaly polynomial of free multiplets. As a preliminary to the next chapter, we list here the
anomaly polynomials of free multiplets of 6d minimal supersymmetry. The relevant multiplets
are tensor, vector and hypermultplet. First, we recall that a spin-1

2
(complex) chiral fermion ψ in

the representation ρ in the global symmetry G has the anomaly polynomial

I fermion
8 = Â(T ) trρ e

iF |8, (2.1.1)

where T is the tangent bundle of the spacetime and F is the curvature two-form of G. 1 We note
that 1/2 factor is needed in front of (2.1.1) when the fermion is Majorana.

The 2-form potential B2 in the tensor multiplet also contributes to the gravitational anomaly.
In fact, it transforms chirally under the Lorentz group due to the self-duality. The anomaly poly-
nomial is

I2-form
8 =

16p21 − 112p2
5760

. (2.1.3)

Using (2.1.1) and (2.1.3), we can find the anomaly polynimials for 6d multiplets.

• Hypermultiplet with representation ρ

trρF
4

24
+

trρF
2p1(T )

48
+ dρ

7p21(T )− 4p2(T )

5760
(2.1.4)

• Vector multiplet with group G

−tradjF
4 + 6c2(R)tradjF

2 + dGc2(R)
2

24
− (tradjF

2 + dGc2(R))p1(T )

48

− dG
7p21(T )− 4p2(T )

5760
(2.1.5)

• Tensor multiplet

c2(R)
2

24
+
c2(R)p1(T )

48
+

23p1(T )
2 − 116p2(T )

5760
(2.1.6)

1The Â(T ) is the A-roof genus whose first few values are given as

Â0 = 1, Â1 = − 1

24
p1, Â2 =

1

5760
(−4p2 + 7p21). (2.1.2)
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• N=(2, 0) tensor multiplet

p1(N)2 + 4p2(N)

192
− p1(N)p1(T )

96
+
p1(T )

2 − 4p2(T )

192
(2.1.7)

Here dρ and dG are the dimensions of representation ρ and group G, respectively. Moreover,
p1,2(N) in the anomaly polynomial of an N=(2, 0) tensor multiplet are the Pontrjagin classes of
the SO(5)R R-symmetry bundle.

2.2 Effective action on tensor branch and the Green-Schwarz
mechanism

The effective theory on the tensor branch of 6d SCFT is given by a non-abelian gauge theory
coupled to hypermultiplets and tensor multiplets. In this thesis, the most important terms in the
effective Lagrangian is given as

Leff = 2π

∫
ηij
(
−1

2
dϕi ∧ ⋆dϕj −

1

2
dBi ∧ ⋆dBj

+ ϕi(
1

4
TrFj ∧ ⋆Fj + · · · ) +Bi(

1

4
TrFj ∧ Fj + · · · )

)
. (2.2.1)

which describes the non-minimal coupling of the tensors (Bi, ϕi) to the vector multiplets (Ai).
Here the action of Bi is somewhat formal because its field strength is self-dual. The terms
(1
4
TrFj ∧ ⋆Fj + · · · ) is constructed out of the metric and the gauge fields. In the following

we simply denote them as Ij . We note that the part containing ϕi is related to the Bi part by
supersymmetry. The physical meaning of ηij will be explained later.

At this point, we should note that the self-duality of the 2-form fields require the modification
of the Bianchi identity given as

dHi = Ii =
1

4
TrFi ∧ Fi + · · · (2.2.2)

where Hi is the 3-form field strength for the potential Bi.

Charge paring matrix ηij . The matrix in the effective action (2.2.1) is the charge paring matrix
of strings in 6d. We will explain its basic properties in the following.

Let us start by reviewing the charge paring in 4d. We choose the normalization of the 4d
Dirac-Zwanziger pairing of particles with dyonic charges q = (e,m) and q′ = (e′,m′) to be

⟨q, q′⟩4d = em′ − e′m ∈ Z. (2.2.3)
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With this choice, the quantity ⟨q, q′⟩ℏ/2 is the angular momentum carried by the electromagnetic
fields. Note also that the pairing is anti-symmetric in 4d.

Let us consider the nT self-dual 2-form fields in 6d. Then, the charges of the self-dual strings
take values in an nT dimensional lattice Λ. In 6d, the pairing is symmetric: for q, q′ ∈ Λ,
⟨q, q′⟩6d = ⟨q′, q⟩6d. We choose the normalization of ⟨q, q′⟩6d by using the compactification to
4d by T 2. Namely, the self-dual string of charge q wrapping the cycle mA + nB of T 2 becomes
a dyonic particle in 4d with the charge q(mA+ nB). Then, the normalization of the paring of 6d
strings is determined by the ralation

⟨qA, q′B⟩4d = ⟨q, q′⟩6d⟨A,B⟩T 2 , (2.2.4)

where ⟨A,B⟩T 2 is the intersection number of A and B on T 2. The most important fact here is that
the lattice Λ must be integral and unimodular under this normalization of pairng [47].

Let us explicitly introduce the coordinates q = (qi)i=1,...,nT
∈ Λ in the charge lattice. Then,

the charge paring can be specify by a symmetric matrix ηij whose definition is given as

⟨q, q′⟩6d = ηijqiq
′
j. (2.2.5)

Moreover, Bianchi identity for the self-dual 3-form field strengths Hi of the 2-form fields is given
as

dHi = qi
∏

a=2,3,4,5

δ(xa)dxa, (2.2.6)

when a self-dual string of charge q sits at xa=2,3,4,5 = 0. The 4-form Ii in (2.2.2) is interpreted as
the smooth version of the delta functions and the string in the zero-sized instanton.

Green-Schwarz contribution to the anomaly. The anomalies listed in the previous section
come from the one-loop box diagrams with internal massless chiral fields and with four external
gauge bosons or gravitons. These should be called as the “one-loop” part of the anomaly.

In addition to the one-loop part of the anomalies, there can be another source of the anomaly
for 6d N=(1, 0) theories [48, 49, 50]. This comes from the non-minimal coupling (2.2.1) and the
modified Bianchi identity in (2.2.2). In fact, under the condition (2.2.2), the gauge transformation
of the Bi is written as δBi = I

(1)
i . By substituting this gauge variation in (2.2.1), we obtain the

additional piece of anomalies

IGS =
1

2
ηijIiIj. (2.2.7)

Diagramatically, the contribution (2.2.7) comes from the tree diagram with the internal 2-form
field. This is the Green-Schwarz mechanism for 6d N=(1, 0) theories [48, 49, 50] and we call
IGS as the “Green-Schwarz” part of the anomalies. We should note that the precise expression of
Ii is undetermined up to now.
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2.3 Simple examples of 6d SCFTs

In this section, we present some simple examples of 6d SCFTs.

2.3.1 “Field theoretical” examples

We consider a 6d N=(1, 0) gauge theory with a G vector mutlplet and a hypermultiplet in the
representation R coupled to one tensor multplet. We can argue that most of the choices of G and
R are inconsistent just by the analysis on gauge anomalies [51, 52].

SU(2) with fundamental hypers. As a simple example, let us consider G = SU(2) and Nf

fundamental hypermultiplets [51]. Then, the total gauge anomaly of the vector and the hyper is
given as

Ione-loop =
1

2

Nf − 16

6

(
1

4
TrF 2

SU(2)

)2

. (2.3.1)

The Green-Schwarz contribution from the tensor multiplet

IGS =
n

4

(
1

4
TrF 2

SU(2)

)2

, (2.3.2)

should cancel the gauge anomaly (2.3.1) where n is some positive integer. Comparing (2.3.1) and
(2.3.2), this is only possible when Nf = 4, 10. Therefore, we found that the most SU(2) gauge
theories in 6d are inconsistent. The cases of Nf = 4 or Nf = 10 have a stringy realization; take
an F-theory compacification on a complex 2-dimensional base with a P1 of self-intersection −2

or −1 with a gauge algebra su2 on it [53].

Minimal 6d N=(1, 0) theories. As a next example, we consider pure gauge theories in 6d.
We call them as “minimal 6d N=(1, 0) theories”. We denote the gauge group by G. In or-
der to cancel the gauge anomaly of the vector multiplet by the Green-Schwarz contribution like
(2.3.2), we need to have the identity relating tradj F

4
G to (TrF 2

G)
2. This is only possible for

G = SU(2), SU(3), SO(8) and all exceptional groups.
In these cases, we have

− 1

24
tradf F

4
G = −wG

2

(
1

4
TrF 2

G

)2

, (2.3.3)

where wG is listed in the appendix. This anomaly indeed can be cancelled by the term (2.3.2)
with n = wG. Since n must be an integer, G = SU(2), G2 are excluded. The full list is shown in
Table 2.1. These theories are obtained by the F-theory on a base complex surface with an isolated
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n 3 4 5 6 8 12

G SU(3) SO(8) F4 E6 E7 E8

h∨G 3 6 9 12 18 30

Table 2.1: Allowed gauge group G for pure 6d gauge theories. We also show n in the Green-
Schwarz coupling and the dual Coxeter number h∨G for G. We see a relation h∨ = 3(n− 2).

P1 of self-intersection −n, with the choice of the minimal gauge algebra on it [4, 5, 53]. From
the Table 2.1, we can find the curious numerology

h∨G = 3(n− 2), (2.3.4)

for the appearing gauge groups.

Generalizations. The classification of the solution for the gauge anomaly cancelation was given
in [52] in the case of a simple gauge group and one tensor multiplet plus hypermultiplets. All the
anomaly free models found there can be geometrically engineered using F-theory [53].

2.3.2 N=(2, 0) theory

The N=(2, 0) theory is the maximally supersymmetric field theory in 6d. This theory is
constructed from the string theory as follows. Consider type IIB superstring compactified on
R1,5 × C2/ΓG where ΓG is a discrete subgroup of SU(2) acting on C2 by the multiplication of
2 × 2 matrix. Here the subscript G denotes the ADE Lie group associated with each discrete
subgroup of SU(2) by the Macky correspondence. By taking the gravity-decoupling limit, we
obtain the superconformal 6d N=(2, 0) theory of type G [54].

Blowing up the singularity of C2/ΓG, we obtain a chain of S2’s on C2 intersecting each other
according to the Dynkin diagram of G. The local geometry around each S2 is given by O(−2) →
P1. The blownup geometry represents the tensor branch of the 6d theory where the only massless
fields are N=(2, 0) tensor multiplets. The BPS self-dual strings on the tensor branch come from
the D3 branes wrapped around these S2’s. The tension is proportional to the volume of S2’s.
When we blow down all the S2’s simultaneously, the strings become tensionless and the 6d theory
is superconformal.

M-theory construction. If G = An−1, the singularity is T-dual to n NS5 branes in type IIA
superstring, or n M5 branes in M-theory. Therefore, the N=(2, 0) theory of type An−1 is the
worldvolume theory on coincident n M5 branes [55]. In this picture, the self-dual strings are the
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membranes suspended between two M5 branes. If we separate the M5 branes, the strings acquire
the tension.

The N=(2, 0) theory of type Dn also admits the M-theoretic realization as the orbifold [56].
Namely, put coincident n M5 branes and divide the R5 transverse to the M5 branes by the Z2

action xi → −xi, i = 6 · · · 10. Then the worldvolume theory on the M5 branes is the N=(2, 0)

theory of type Dn. The M-theory construction of the N=(2, 0) theory of type En is given in [57]
as the non-geometric orbifold.

2.3.3 E-string theory

Let us first consider M-theory on the orbifold R1,9 × S1/Z2 [58, 59] where Z2 acts on S1 as
x10 → −x10 and on the M-theory 3-form potential as C → −C. The action on the potential is
necessary for the invariance of the M-theory Chern-Simons terms. This orbifolding preserves the
10d N=(1, 0) supersymmetry among the original 11d supersymmetry.

The fixed points of this orbifold consist of two distinct 10d hyperplanes in the 11d spacetime.
Hořava and Witten proposed in [58] that on the single 10d hyperplane there lives a 10d super
Yang-Mills theory with gauge group E8. In the following, we will call them as end-of-the-world
E8 brane or M9 brane. In fact, M-theory on S1/Z2 is dual to the E8 × E8 heterotic string theory.
The length of the 11th direction is proportional to the heterotic string coupling constant. The
E8 ×E8 vector multiplet in the heterotic theory becomes two E8 vector multiplets that propagate
on each of the two hyperplanes.

We can add an M5 brane in the M-theory on S1/Z2 [60]. If we put coincident Q M5 branes
on top of the end-of-the-world E8 brane, the worldvolume theory is a 6d N=(1, 0) SCFT, called
as the E-string theory of rank-Q. The tensor branch of the E-string theory corresponds to the
taking M5-branes off the end-of-the-world E8 brane. On the generic point of the tensor branch,
the massless spectrum consists only of Q tensor multiplets. The BPS string on the tensor branch
is given by the membrane suspended between the end-of-the-world E8 brane and the M5 brane.
This BPS string carries a E8 current algebra on its worldvolume.

The Higgs branch is the Q-instanton moduli space of E8. We note that the dimension of the
Higgs branch is given as

dimCFT
H Higgs = Qh∨E8

− 1 = 30Q− 1. (2.3.5)

There exists a transition that a single M5-brane on the end-of-the-world E8 brane becomes a finite
sized instanton of E8, called as “small instanton transition”. This trades one tensor multiplet with
29 hypermultiplets as can be seen from (2.3.5).
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End-of-the-world E8 brane

Membrane

M5 brane

Figure 2.1: Rank-1 E-string theory on tensor branch and its BPS string

2.4 Conformal matter theories

2.4.1 M5 fractionation on the singularity

Let us consider N M5-branes at probing the R×C2/ΓG singularity where G is a simply-laced
group. The worldvolume theory is a 6d N=(1, 0) theory which we will denote as TG(N − 1).
As a domain wall theory in 7d G SYM, the theory TG(N − 1) has the GL ×GR flavor symmetry
where GL,R is isomorphic to G.

IIA analysis. Let us analyze the tensor branch structure of these theories. WhenG = SU(k), the
singularity C2/Z)k has a circle direction along which we can reduce M-theory to type IIA. Then,
the system becomes the N NS5s on top of the k D6s. Then, the tensor branch description is the
linear quiver [SU(k)] (SU(k)) · · · (SU(k)) [SU(k)] where represents the bifundamental
hypermultiplets and (SU(k)) represents a gauge group and a tensor multiplet controlling the gauge
coupling or positions of M5s along the R direction.

WhenG = SO(2k), we can similarly reduce to IIA, obtaining theN NS5s probing k D6s with
O6−. However, it is known that an NS5 can fractionate on the O6− plane to two half NS5s[61].
When crossing the first half NS5, the O6− becomes O6+, and then the O6+ again becomes O6−

after crossing the second half NS5. Since the D-brane charge of O6− and O6+ differs by 4, the
gauge group in between the two half NS5s is now Sp(n−4). Then, the tensor branch description is
the linear quiver [SO(2k) (USp(k− 4)) (SO(2k)) · · · (USp(k− 4)) [SO(2k)] where
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represents a bifumdamental half-hypermultiplet. There are 2N − 1 gauge groups and associated
tensor multiplets. Note also if the group USp(k − 4) was SO(2k) as one naively thought, there
was no possible hypermultplets allowed by gauge anomaly cancellation.

F-theory dual. What happens when G = En? Since the duality to IIA does not help, we must
use more sophisticated technique. The first option is to use the duality to F-theory [3]. Let us
briefly recall this duality in the case of single M5 for simplicity and find that it is dual to two
F-theory seven-branes of type G intersecting at a point.

First, we realize the C2/ΓG singularity in the elliptic fibration over C. Namely, the torus fiber
receives certain SL(2,Z) monodromy as we move around the origin of C. Then, the M-theory
spacetime now becomes an elliptic fibration form R1,4 × S1 ×R× (C× T 2)g where g represents
the monodromy. Here we additionally compactified the R1,5 to R1,4 × S1, which we make large
at the final step. Note also that there is an M5.

Then, we reduce to IIA along S1 to obtain R1,4×R× (C×T 2)g with a D4 at the origin of R×
(C×T 2)g. We further take a double T-dual along the elliptic fiber T 2 to obtain R1,4×R×(C×T 2)g

with a D6 at the origin. Then, we lift the configuration again to M-theory. The R× (C×T 2)g part
now becomes the C2 × T 2. The D6 becomes a smooth geometry C2/Z1 ∼ C2 whose coordinates
we denote as (u, v). On C2, there are now two cigars Σ1,2 intersecting at u = v = 0 and the
elliptic fibration degenerates on each cigar. We can safely set Σ1 = {u = 0} and Σ2 = {v = 0}.
Therefore, the total geometry of M-theory is R1,4 × (C2 × T 2) with Σ1,2 in C2. After we make
the original S1 large again, this is nothing but the F-theory configuration with two seven-branes
of type G wrapped on Σ1,2 and intersecting at the origin u = v = 0.

Here we briefly recall what the F-theory compactification to six dimension is. This is IIB
on R1,5 × B2 with seven-branes wrapped around R1,5 × Σa. Here B2 is a complex surface and
Σa is a compact or non-compact divisor of B2. Let consider the IIB axio-dilaton field τ as a
function on B2. Due to the SL(2,Z) duality of IIB, the B2 and τ defines a threefold Y3 which is an
elliptic fibration over B2. In order to preserve the minimal supersymmetry on R1,5, the Y3 must be
Calabi-Yau. The axio-dilaton field τ receives non-trivial monodromy when we go around a loop
transverse to each Σa in B2. In terms of the geometry of Y3, this means that the elliptic fibration
becomes singular along the divisor Σa on B2 whose degeneration type is specified by the type of
sevenbrane. In the last paragraph, we have used the important fact that F-theory on R1,4×S1×B2

is dual to M-theory on R1,4 × Y3.
Let us describe the geometry of Y3 more concretely. In general, the elliptic fibration Y3 on B2

can be described in the Weierstrass form;

y2 = x3 + f(u, v)x+ g(u, v), (2.4.1)

where u, v is the local coordinates of B2 and (2.4.1) represents the fibration of the torus over B2.
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On various divisors Σa of C2, the elliptic fiber degenerates, i.e. the discriminant ∆ = 4f 3 + 27g2

vanishes. The type of degeneration is classified in terms of the order of vanishing of (f, g,∆)

along the divisor Σa;

Type G ord(f) ord(g) ord(∆)
I0 none ≥ 0 ≥ 0 0

Ik su(k) or sp(⌊k/2⌋) 0 0 k ≥ 2

II none ≥ 1 1 2

III su(2) 1 ≥ 2 3

IV su(3) or su(2) ≥ 2 2 4

I∗0 so(8) or so(7) or g2 ≥ 2 ≥ 3 6

I∗k so(2k + 8) or so(2k + 7) 2 3 k + 6 ≥ 7

IV∗ e6 or f4 ≥ 3 4 8

III∗ e7 3 ≥ 5 9

II∗ e8 ≥ 4 5 10

(2.4.2)

As we already mentioned, the degeneration of the fiber along Σa means that we have a 7-
brane wrapped along R1,5 × Σa. The G in Table 2.4.2 means that the gauge algebra on the brane
is as written. There are two or three possible choices of the gauge algebra for Ik, IV, I∗k and
IV∗. This happens when the degenerate fiber undergoes the monodromy corresponding to the
outer-automorphism of a simply-laced algebra when we go around a loop along Σa. To determine
whether or not this reduction of the gauge algebra happens, we need to apply the Tate’s algorithm
to the Weierstrass form (2.4.1), whose detail we do not explain in this thesis.

To conclude this subsection, we explicitly write the Weierstrass form of the F-theory geometry
for TG(0) when G = E6,7,8. As we already argued, the relevant configuration involves the base
C2 with two non-compact 7-branes of type G on Σ1 = {u = 0} and Σ2 = {v = 0}. From the
Table 2.4.2, they are simply written as follows;

(E6, E6) : y
2 = x3 + u4v4,

(E7, E7) : y
2 = x3 + u3v3x, (2.4.3)

(E8, E8) : y
2 = x3 + u5v5.

Tensor branch structure. The 6d theory TG(0) is now trapped at the intersection {u = v = 0}.
Then, we come back to the original question; what is tensor branch of the theory TG(0) for G =

En? The key fact is that a point of contact between two seven-branes of type G = En (and Dn)
has a singularity not present in Kodaira’s classification. For example, when G = E6, the order of
vanishing of (f, g,∆) over u = 0 or v = 0 is (3, 4, 8) and at u = v = 0, the order of vanishing
is enhanced to (6, 8, 16), not present in the Table 2.4.2. This can be partially cured by blowing up
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the contact point. This is done by using the change of coordinates by t = u/v where the point
u = v = 0 is replaced by the whole CP1 parametrized by t. The new CP1 has self-intersection
−1 in C2 and the order of vanishing of (f, g,∆) is reduced by (4, 6, 12).

For example, when G = E6, the polynomials vanish with the orders (6, 8, 16) at the origin, as
can be seen from Table 2.4.2. After blowing up the intersection point, we have

[E6][E6] → [E6]
IV

1 [E6] → [E6]
I0
1
IV

3
I0
1[E6], (2.4.4)

where [E6] represents the noncompact [E6] sevenbrane while 1, 3 represents the new CP1 with
self-intersection −1 or −3, respectively. After the first blowup, the order of vanishing on the (−1)

curve is (2, 2, 4), indicating that the elliptic fiber is IV. However, the intersection of two curves
still has a singularity not in the Kodaira classification; order (5, 6, 12). Then, we need to blow
up again two intersection points, obtaining the final expression in (2.4.4). The elliptic fiber along
(−1) curves is now non-singular I0.

The self-intersection number of the curve with the IV fiber changes from (−1) to (−3) after
the second step in (2.4.4). In fact, this is due to a result of classic algebraic geometry; when we
blowup a point on B2, the self-intersection of the neighboring curves changes by 1. Explicitly,
. . . nm . . . → . . . (n + 1)1(m + 1) . . . where n,m, 1 represents a curve with self-intersection
−n,−m,−1, respectively. This can be derived as follows. Let us consider a −n curve Σ and blow
up a point on Σ. When we denote the exceptional divisor as E, the new curve is Σnew = Σ − E.
Then the self-intersection becomes

Σnew · Σnew = Σ · Σ− 2Σ · E + E · E = −(n+ 1), (2.4.5)

because Σ · Σ = −n and E · E = −1.
We can repeat the same repeated blowups for general TG(N − 1). The result is2

G = SU(k) : [SU(k)]
suk
2 . . .

suk
2 [SU(k)]

G = SO(2k) : [SO(2k)]
usp2k−8

1
so2k
4 . . . [SO(2k)]

G = E6 : [E6] 1
su3

3 1
e6
6 . . . [E6]

G = E7 : [E7] 1
su2
2

so7

3
su2
2 1

e7

8 . . . [E7]

G = E8 : [E8] 1 2
su2
2

g2
3 1

f4

5 1
g2
3

su2
2 2 1

e8
12 . . . [E8] ,

(2.4.7)

2A brief notation that we will use sometimes is

[G] (G) . . . (G) [G] . (2.4.6)

For example, the N = 2, G = E8 case is (2.5.1), which in the notation of (2.4.6) written as [E8] (E8) [E8].
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where each sequence of curves is repeated N − 1 times (and in particular the total number of G
gauge factors is N − 1). The two outermost copies of [G] represent a G×G flavor symmetry. We
note after the repeated blowdown of (−1) curves in (2.4.7), the configuration becomes a sequence
of N − 1 (−2)-curves. This is as expected since an M5 is dual to a (−2) curve in F-theory, as we
already remarked when introducing the N=(2, 0) theory.

In (2.4.7), we explicitly show the gauge algebra over each curve, not the Kodaira type of
the fiber as in (2.4.4). It should be noted that we can only determine the number of blowups
needed, the self-intersection number of new curves, and the order of vanishing of (f, g,∆) by
the procedure outlined above. To determine the gauge algebras over the new curves, for example
su(3) or su(2) in Table 2.4.2, we have to apply the Tate’s algorithm starting from the explicit
Weierstrass form as in (2.4.3), which is beyond what is needed in this thesis.

We further add comments on (2.4.7). First, the −1 curve without a gauge algebra on it repre-
sents the rank-1 E-string theory. The E8 flavor symmetry of the E-string theory is gauged accord-
ing to the product subalgebras of e8 such as e6 × su3, e7 × su2, and f4 × g2 in (2.4.7). The two
consecutive curves 12 without gauge algebras in the G = E8 case represents the rank-2 E-string
theory, whose flavor symmetry e8 × su2 is fully gauged. When two curves with gauge algebras
g1,2 are adjacent in (2.4.7), there is a bifudamental multiplet of g1×g2, trapped at the intersection.
The spectrum of hypermultiplets in (2.4.7) are summarized as follows;

• When G = SU(k), there are N bifundamental hypermultplets of suk × suk.

• When G = SO(2k), there are 2N bifundamental half-hypermultplets of so2k × usp2k−8.

• When G = E6, there are no hypermultiplets.

• When G = E7, there are 2N half-hypermultplets transforming (2,7+ 1) under su2 × so7.

• When G = E8, there are 2N half-hypermultplets transforming (2,7+ 1) under su2 × g2.

Here we omit the indices which distinguish the isomorphic but distinct gauge algebras appearing
in (2.4.7), expecting that this causes no confusion. We note that with these choices of hypermule-
pltets, the gauge anomalies in the quiver (2.4.7) are precisely cancelled.

M-theory interpretaion. The theories in (2.4.7) was called in [3] as “conformal matter theory”.3

We find from (2.4.7) that for g ̸= suk, two g gauge algebras are connected by a non-trivial 6d
SCFT with its own tensor branch. This is due to the repeated blowup as in (2.4.4).

3To be more precise, these theories are sometimes called (G,G) conformal matter, to highlight that they are used
to connect two G gauge groups. There also exist (G,G′) chains, some of which we will encounter in later. To
simplify the notation, we denote the theories in (2.4.7) as TG(N − 1).
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From the M-theory point of view, the scalar in a tensor multiplet represents the motion of an
M5 on the R. Since there are now several tensor multiplets even in a single M5, it is natural to
conjecture that the M5 has now split in several fractions on the G = Dn, En singularity. As we
already mentioned, for the G = SO(2k) case, this is known from IIA. For the G = Ek cases, we
see from (2.4.7) that the number of fractions f is 4 for E6, 6 for E7, 12 for E8. Summarizing,

f(SU(k)) = 1 , f(SO(2k)) = 2 , f(E6) = 4 , f(E7) = 6 , f(E8) = 12 . (2.4.8)

Another aspect of (2.4.7) is that, when we cross an M5 fraction, the gauge algebra g is broken
to a small subalgebra gfr (possibly even trivial). Such a variant of the ALE singularity whose
gauge algebra is smaller than the simply-laced g is called as a “frozen” version of the singularity.
This “freezing” of the singularity is characterized by a discrete flux of the M-theory 3-form field
C [62, 63]: ∫

S3/ΓG

C =
n

d
mod 1, (2.4.9)

where S3/ΓG denotes the orbifolded unit sphere around the singularity in C2/ΓG, and n, d are
coprime. The denominator d = dG→Gfr

is shown in the following table (see [62, Table 14]) and
[63, Eq. (1.1), Table 1]:

G Gfr dG→Gfr

SO(2k + 8) USp(2k) 2

E6

SU(3) 2
∅ 3

E7

SO(7) 2
SU(2) 3
∅ 4

E8

F4 2
G2 3

SU(2) 4
∅ 5
∅ 6

(2.4.10)

The interpretation of the discrete flux (2.4.9) in terms of the Chern-Simons invariant of flat G
bundle on T 3, called as “gauge triples” in [62] will be presented in Appendix B. There, we will
show the argument presented in [32] where the system is compactified on T 3 and then dualized so
that the M5s become fractional instantons of G on R× T 3.

A fractional M5 brane is then a domain wall dividing two frozen (or unfrozen) singularities
with different values of the discrete flux (2.4.9). Let the singular locus be at x8,9,10,11 = 0 and
consider a fractional M5 which sits at x7,8,9,10,11 = 0. The value of discrete flux on the domain
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x7 < 0 will be denoted as r1 and on the domain x7 > 0 denoted as r2(≥ r1). Then, the 3-form
charge of the fractional M5 is given as∣∣∣∣∫

S

dC

∣∣∣∣ = ∫
{ε}×S3/ΓG

C −
∫
{−ε}×S3/ΓG

C = r2 − r1, (2.4.11)

where ε > 0 and S = [−ε, ε]×S3/ΓG∪{ε}×D3/ΓG∪{−ε}×D3/ΓG is the 5-sphere surrounding
the fractional M5.

2.4.2 Variants of conformal matter theories

In the previous section, we introduced the conformal matter theories TG(N − 1), describing
the N M5s on the singularity C2/ΓG where G is a simply-laced algebra. In this section, we will
introduce the two variants of them; T-brane theories and frozen conformal matter theories.

T-brane theories. Conformal matter theories can be decorated by adding on the two outermost
curves a feature that is not seemingly described by the geometry of F-theory; a T-brane [64].
This is defined as follows. The transverse fluctuation of an F-theory seven-brane Σa on B2 are
parameterized by a Higgs field and we can make a nilpotent vev to it. Since it does not change
the eigenvalues and thus the position of the brane, at first sight such a deformation has no effect.
However, it does nevertheless have physical content when we introduce a nilpotent pole for the
Higgs field describing the non-compact flavor 7-brane. Such a nilpotent deformation which has
physical consequences is called as a T-brane (deformation).

This possibility was originally suggested by duality with IIA configurations involving D8-
branes [3]. The 6d theory TSU(k)(N − 1) has a realization in IIA as an NS5-D6 intersection.
But in IIA one can also introduce D8s [65, 66], and the possible combinatorics to introduce them
so that we still get a 6d SCFT are summarized by two Young diagrams YL,R; we then call these
theories as TSU(k)({YL, YR}, N − 1).

This has a natural interpretation in terms of the Nahm equation living on the D6. Indeed,
introducing D8s is equivalent to introducing poles for those equations with a nilpotent residue on
the left/rightmost of D6s. The poles are parameterized by two Young diagrams YL,R. Going to
IIB by a T-duality, this becomes a pole for the Higgs field on the flavor seven-branes [SU(K)]L,R.

Since things work well for G = SU(k). it is natural to conjecture that it is also possible to
decorate any conformal matter theory (even for G ̸= SU(k)) by two nilpotent elements YL,R ∈ G,
obtaining a more general set of theories

TG({YL, YR}, N − 1) . (2.4.12)

A tensor branch description of all the theories (2.4.12) was obtained in [67] for any simply-
laced Lie group G. The Higgs branch RG flows starting from TG(N) were analyzed in detail
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there and it was found that there is a bijective correspondence between the web of RG flows from
TG(N) and the Hasse diagram of nilpotent elements of G. Moreover, It was shown in [68] that
the difference in the Higgs moduli space dimension between the theort TG(N − 1) and its T-brane
deformation TG({YL, YR}, N − 1) is exactly equal to dYL

+ dYR
, the sum of the dimensions of the

nilpotent orbits associated to YL,R.

Frozen conformal matters. In this thesis, we are also interested in “incomplete” versions of
the theories in (2.4.7) — namely, to the 6d quivers that are obtained from taking some of the
outermost fractions (i.e. tensor multiplets) to infinity. For example, for G = E7 we can take to
infinity the two outermost fractions on the left and the three outermost on the right, and we obtain
the configuration

[SU(2)]
so7

3
su2
2 1

e7

8 . . .
e7

8 1
su2
2 [SO(7)] . (2.4.13)

The quiver now ends on the left and on the right with a partially frozen singularity. For this reason,
we will sometimes call this general class of theories as frozen conformal matter.

2.5 F-theoretic construction

2.5.1 Generic point on tensor branch

In the previous section, we have encountered F-theory quivers such as

[E8] 1 2
su2
2

g2
3 1

f4

5 1
g2
3

su2
2 2 1

e8
12 1 2

su2
2

g2
3 1

f4

5 1
g2
3

su2
2 2 1 [E8] (2.5.1)

which actually describes 2 M5s on a ΓE8 singularity, each of which has broken down in 12 frac-
tions. Here [] represent the flavor symmetry. Each numbers n are CP1 with self-intersection −n on
the base (in this case C2) of the F-theory. Adjacent curves meet each other at a point on C2. The
gauge algebra on the number n specifies the gauge algebra on the 7-brane wrapping that curve,
which corresponds to the type of degeneration of elliptic fiber in Table 2.4.2.

It is then natural to use the F-theory to systematically construct six-dimensional theories [6, 7].
We consider the F-theory on R1,5 × Y3 where Y3 is the elliptic Calabi-Yau threefold whose base
is C2. On the base C2, we have a tree (in fact, most often a chain) of CP1s: {Σi}. The F-theory
seven brane with gauge algebra gi wraps on R1,5×Σi. 4 This configuration specifies a 6d effective
field theory consisting of tensor/vector/hyper multiplets.

The data defining the 6d theory is the geometry of curves Σi on C2 and the types of sevenbranes
gi wrapping each curves. There are several constraints for these datas for a 6d SCFT. We will
describe these constraints as follows. For more details, see [6, 7].

4When Σi is non-compact, the seven-brane is a flavor brane.
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• The configuration of curves on C2 is characterized by the adjacency matrix ηij . This is an
nT × nT matrix, where nT is the number of curves in the chain, defined by

ηij =

{
ni i = j ,

−1 |i− j| = 1 ,
(2.5.2)

where ni is minus the self-intersection number for the i-th curve in the chain.

In order for a configuration to define a 6d SCFT, it is required that we can contract all the
curves to a point. Otherwise, we cannot reach the conformal phase of the theory. This
condition is equivalent to the fact that the matrix ηij must be positive-definite. For example,
the adjacency matrix of the configuration 313 is positive-definite and can be used as a base
for a 6d SCFT. However, the seemingly similar configuration 13131 does not have positive-
definite ηij and cannot be used in constructing a 6d SCFT.

It was further argued in [6] that for a 6d SCFT, such a base consists of a configuration of
curves built from

1. ADE diagram of −2 curves,

2. ”non-Higgsable clusters” given by 3, 4, 5, 6, 7, 8, (12), 23, 232 or 223,

possibly joined by −1 curves. In fact, we can easily check that the configurations in (2.4.7)
satisfy this constraint.

• For each curve C, we have a choice of gauge algebra g on it. However, we cannot freely
choose the algebra. This follows from the algebra geometric results of the surface. The first
is the adjunction formula

(K + C) · C = 2g − 2, (2.5.3)

where K is the canonical divisor of the base and g is the genus of the curve C (in this thesis
g = 0). The second is the Zariski decomposition of a (effective) divisor A of the surface
B2;

C · C < 0, A · C < 0 → A = C +X (2.5.4)

where X is some residual component of A. This decomposition gives us a sufficient condi-
tion for the C to be a component of A.

As example, let us consider a single curve C with self-intersection −8. Then, it follows
from (2.5.3) that K · C = 6. Applying (2.5.4) to divisors −4K,−6K and −12K, we find
that (f, g,∆) vanishes at least (3, 5, 9) on C. Then if follows from the Table 2.4.2 that the
gauge algebra on C is at least e7. We note that we can choose a more degenerate elliptic
fiber. In this case, the only enhancement is to e8.
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The only curves without gauge algebra on them is −1 or −2 curve. A −2 curve without
gauge algebra represents the N=(2, 0) theory of type A1. A −1 curve without gauge alge-
bra represents the E-string theory of rank-1. On the contrary, a −n curve with n > 2 must
be accompanied by a gauge algebra on it.

More details about the most generic choice of the elliptic fiber for each configuration of
curves and possible enhancements of it can be found in [6, 7].

Taking account these constraints, the (quite lengthy) list of configuration of curves which
defines a 6d SCFT was obtained in [7].

2.5.2 Endpoint configuration

So far we have described a 6d theory on a generic point of its tensor branch. It is sometimes
useful to consider a non-generic locus that one can obtain by “blowing down” the −1 curves,
that is by shrinking them to zero size. As we already mentioned, after the blowdown the self-
intersection of the neighboring curves changes by 1: namely, . . . n1m. . .→ . . . (n−1)(m−1) . . ..
This procedure might create new (−1)-curves, that can be shrunk as well. The locus on the tensor
branch of the theory where there are no longer any (−1)-curve is called as endpoint.

For example for (2.5.1) it can be checked that the endpoint consists of a single curve:

[E8]
e8
2 [E8] . (2.5.5)

It represents the locus where the 24 M5 fractions have coalesced in two full M5. We note that the
adjacency matrix can also be difined to the endpoint; we will call ηend the resulting nend

T × nend
T -

matrix.
In [6], a classification of all possible endpoints for a 6d SCFT was obtained. In fact, the con-

figuration of curves of the endpoint is a minimal resolution of the orbifold singularity C2/Γdiscrete.
Here the discrete subgroups Γdiscrete is contained in U(2). Not all the possible discrete subgroups
of U(2) arise in endpoint configurations. The allowed discrete subgroups are all the ADE sub-
groups of SU(2) and certain generalizations of the A-type and D-type subgroup in U(2) which we
label as A(x1, · · · xr) and D(y|x1, · · · , xl).

The subgroup A(x1, · · · xr) is cyclic of order p with generator acting on (z1, z2) ∈ C2 by

(z1, z2) → (ωz1, ω
qz2), where ω = exp(2πi/p) (2.5.6)

Here p and q are given by the expansion into the continued fraction:

p

q
= x1 −

1

x2 − · · · 1
xr

. (2.5.7)

33



The subgroup D(y|x1, · · · , xl) is generated by the cyclic group

A(xl, · · · , x1, 2y − 2, x1, · · · , xl) (2.5.8)

and an element Λ which sends (z1, z2) → (z2,−z1). The geometry of the minimal resolution of
the orbifold C2/Γdiscrete for A(x1, · · · , xr) and D(y|x1, · · · xr) is given by

Cend = x1 · · · xr (2.5.9)

for A(x1, · · · xr) and

Cend =
2

2 y x1 · · · xr
(2.5.10)

for D(y|x1, · · · xr).
Let us list all the endpoint configurations. It consists of four classes; ordinary ADE type,

generalized A-type, generalized D-type and outliers.

Ordinary ADE-type. The discrete subgroup is the ADE subgroup of SU(2). The endpoint
configuration consists of curves with self-intersection −2, intersecting each other according to an
ADE graph.

Generalized A-type. The discrete subgroup is A(x1, · · · xr), but not all the r-tuple
x1, · · · xr is realized. The possible configuration is the following

Cend = x1x2x3x4x5 AN y5y4y3y2y1 (2.5.11)

where AN , N ≥ 0 is a Dynkin diagram with 2 at each node, and 2 ≤ xi ≤ xmax
i , 2 ≤ yi ≤ ymax

i .
xmax
i and ymax

i is given by

xmax
1 xmax

2 xmax
3 xmax

4 xmax
5 ∈ {7, 24, 223, 2223, 22223}

ymax
1 ymax

2 ymax
3 ymax

4 ymax
5 ∈ {7, 42, 322, 3222, 32222} (2.5.12)

Generalized D-type. The discrete subgroup is D(y|x1, · · · , xl), but again not all the l-tuple is
realized. The possible configuration is following:

DN z2z1 (2.5.13)

where DN , N ≥ 2 is a Dynkin diagram with 2 at each node. z1 and z2 are given by

z2z1 ∈ {32, 24, 23} (2.5.14)
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Outliers. There exists some outliers of the infinite families presented above. They occur in the
A-type series for nine or fewer nodes. For the list, see [6, Eq. (5.12)].

2.5.3 Endpoints of conformal matter theories

In this subsection, we examine the endpoints of conformal matter and related theories. We
will find that from the viewpoint of the endpoint classification, the conformal matte theories are
general enough to represent most of the endpoints.

Conformal matter theories. From the list in (2.4.7), we can easily find that the endpoints of 6d
theory TG(N − 1) is a linear chain

[G]
g

2 · · ·
g

2 [G] (2.5.15)

where 2 is repeated N − 1 times. This is natural from the Higgs branch RG flow. When we Higgs
the G, g symmetries in (2.5.15), we have a linear chain of −2 curves, which defined an N=(2, 0)

theory of type SU(N). In the M-theory picture, this corresponds to moving stacks of M5s away
from the singularity, giving us the N=(2, 0) theory of type SU(N) as expected.

T-brane theories. One can check from [67] that all the T-brane theories have 2 . . . 2 as its end-
point. This fact can be explained by their (conjectured) origin as a decoration of the original
sequence of curves by two poles with nilpotent residues. In fact, nilpotent Higgs fields is not
expected to change the geometry. Moreover, it was argued in [67] that all the theories with 2 . . . 2

endpoint are T-brane theories, possibly up to short outliers.

Frozen conformal matters. This class is more general than the ordinary “unfrozen” conformal
matter whose endpoint is given by (2.5.15). The endpoint is no longer a sequence of −2 curves.
For example, for (2.4.13) it is 232n−23, where n is the number of e7 gauge algebras and 2n ≡
2 . . . 2︸ ︷︷ ︸

n

.

If we check the endpoints for all frozen conformal matter, we can find all the (generalized)
A-type endpoints, as classified in [6]. The rule to obtain the endpoint can be summarized as
follows;

a1 (G) (G) . . . (G)︸ ︷︷ ︸
# of (G) = n

at2 7→ Cend = e(a1)2
n−2e(a2)

t , (2.5.16)

where t denotes inversion of order, and e is described by Table 2.2. When n = 1, (2.5.16) is
changed to the following rule:

· · · x2−1y · · · ≡ · · · (x+ y − 2) · · · . (2.5.17)
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The general rules (2.5.16) and (2.5.17) are enough to cover all the possible frozen conformal
matter theories, except for those that do not include any copies of the unfrozen gauge algebra g at
all. These cases can also be treated sepately.

SO(2k) :
a 1 ∅
e(a) 2 3

E6 :
a 131 31 1 ∅
e(a) 2 23 3 4

E7 :
a 12321 2321 321 21 1 ∅
e(a) 2 223 23 3 4 5

E8 :

a 12231513221 2231513221 231513221 31513221 1513221 513221
e(a) 2 22223 2223 223 23 33
a 13221 3221 221 21 1 ∅
e(a) 3 24 4 5 6 7

Table 2.2: The map e used in the general endpoint result (2.5.16).

For example, the endpoint of (2.4.13) can be obtained using (2.5.16) as follows. In this case,
a1 = 321, and at2 = 12. Table 2.2 gives e(a1) = 23, e(a2) = 3, and then e(a2)

t = 3. So
now the endpoint is 232n−23 as was remarked. For n = 1, we have to use (2.5.17), which gives
232−13 = 24.

Looking at Table 2.2, we see that the e(a) cover all the possible x1x2x3x4x5 and y1y2y3y4y5 in
the endpoint classification in (2.5.11) and (2.5.12). Moreover, with the rule (2.5.17) we can also
find all the “rigid outliers” of [6, Eq. (5.12)].

Remarks. We conclude this subsection with several remarks. Although we can obtain all the
generalized A-type endpoints from the conformal matter theories, there are generalized D-type
such as (2.5.13) and (2.5.14) in the full list of endpoints. It is interesting to ask whether these
bifurcated endpoints can be obtained by decorating the conformal matter theories by orientifold-
type objects.

Since many different theories can share the same endpoint, the frozen conformal matter theo-
ries are far from being the most general 6d SCFTs. However, as we mentioned in in Section 2.4.2,
the T-branes theories (2.4.12 seem to exhaust all the possible 6d SCFTs with endpoint 2N−1. This
suggests that one could similarly obtain all the 6d SCFTs with generalized A-type endpoint by
introducing the T-branes to frozen conformal matter theories. The cases associated with nilpotent
hierarchies for G2 and F4 were already examined in [67].
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Chapter 3

Computations of anomalies of 6d SCFTs

3.1 Anomaly matching on tensor branch

In this section, we will develop a systematic field theoretical way to compute the anomaly
polynomial of 6d N=(1, 0) theories. The basic ingredient is the ’t Hooft anomaly matching [12],
which states that ’t Hooft anomalies are matched between the UV and IR theory of the RG flow.

Let us consider the RG flow initiated by moving onto the generic point on the tensor branch.
The UV theory is the 6d SCFT whose anomaly polynomial we would like to compute. The IR
theory is a collection of almost free massless tensor/vector/hyper multiplets of the 6d supersym-
metry. The essential point here is that this RG flow does not break any symmetry other than the
conformal symmetry. Therefore, the whole chiral anomalies of the SCFT can be found on the
generic tensor branch due to the anomaly matching [28, 29].1

As we saw in Section 2.2 the anomaly on the tensor branch has two sources: the one-loop
contribution and the Green-Schwarz contribution. The one-loop anomaly is the sum of (2.1.4),
(2.1.5) and (2.1.6). The Green-Schwarz contribution is (2.2.7), and the total anomaly polynomial
of the SCFT is simply given by ISCFT = IGS + Ione-loop.

Since the 4-form Ii in (2.2.7) is unknown by far, the problem of computing the anomaly
polynomial of a 6d SCFT reduces to the determination of Ii’s. We adopt the following two com-
plementary methods to determine them:

1. If there is no gauge group whose coupling is controlled by the tensor multiplet scalar, we
compactify the system on S1, and determine the induced Chern-Simons term in 5d. We can
determine uniquely the 6d Green-Schwarz term from the 5d Chern-Simons terms.

2. If there is a gauge group whose coupling is controlled by the tensor multiplet scalar, the re-

1Since the conformal symmetry is spontaneously broken along the flow, we need to include the contribution of
the Wess-Zumino-Witten terms of the dilaton in order to match the conformal anomaly between UV and IR.
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quirement of the cancellation of the gauge, mixed gauge-R and gauge-gravitational anoma-
lies uniquely fixes the Green-Schwarz term.

3.1.1 N=(2, 0) theory and E-string theory

In this subsection, we will consider the 6d theories whose tensor branch does not contain
any gauge groups. There are two possibilities; the N=(2, 0) theories of arbitrary type and the
E-string theories of general rank. It is surprising that the S1 compactification of these theories
are known explicitly, hence we can determine the Green-Schwarz couplings from the 5d Chern-
Simons terms.

First of all, we explain the precise relationship between the 6d Green-Schwarz terms and the
5d Chern-Simons terms. When we reduce n self-dual fields Hi along S1, we obtain n Abelian
gauge fields Ai. The kinetic term for the His in (2.2.1) is reduced to the Yang-Mills coupling;

1

2R
ηijFi ∧ ⋆Fj, (3.1.1)

where R is the radius of S1. We have used the relation Fµν = 2πR ·Hµν5 which just follows from
the quantization condition of each field strengths.

The modified Bianchi identity (2.2.2) is reduced to

d(
1

2πR
⋆ Fi) = Ii. (3.1.2)

Therefore, the 5d Chern-Simons term is written using Ii as

1

2π
SCS = ηijAiIj = AiI

i. (3.1.3)

Induced Chern-Simons terms. We consider a 5d fermion ψ with a mass term mψψ which
has charge q under a U(1) field and couples to a non-abelian background gauge field FG in a
representation ρ and to the metric. Integrating out this fermion ψ induces the 5d Chern-Simons
terms

1

2
(signm)qA ∧

(
1

2
trρ F

2
G +

1

24
dρp1(T )

)
. (3.1.4)

Although this follows from a careful computation of the triangle diagrams [69], here we show
another derivation based on the counting of fermion zero-modes. Namely, we introduce nontrivial
FG and/or nontrivial metric on the spatial slice of 5d spacetime. In this instanton background, the
fermion ψ has ν = − trρ F

2/2− dρp1(T )/24 zero modes. It is known that under the existence of
fermion zero-modes, the electric charge of the fermion changes. In fact, each zero mode shifts the
electric charge by (signm)q/2. Then the worldline Lagrangian for ψ has an additional coupling
(signm)(qν/2)A, which indicates the 5d Chern-Simons term (3.1.4).
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N=(2, 0) theory. We will compute the anomaly polynomial of 6d N=(2, 0) theory of arbitrary
type G = Ar, Dr and Er. Its S1 compactification is the 5d N=2 SYM with gauge group G. The
charge lattice of string ηij is given by the Cartan matrix of G.

We go to the tensor branch where the R-symmetry is broken to SU(2)L×SU(2)R ≃ SO(4)R ⊂
SO(5)R. In 5d SYM, this corresponds to giving a vev to only ϕI=5 out of five scalars ϕI in 5d
SYM, where I is acted by SO(5)R. We consider a generic vev v ∈ h, where h is the Cartan
subalgebra of g, such that the gauge symmetry is broken to U(1)r.

We note that the fermion mass term is written as

ψΓIϕIψ (3.1.5)

where ψ is in the spinor representation of SO(5)R. Then, the massive spectrum of the 5d theory
is as follows;

• For each root α ∈ h, we have a massive N=1 vector multiplet, charged only under SU(2)R
and with the real mass −v · α.

• For each root α ∈ h, we have a massive N=1 hypermultiplet, charged only under SU(2)L
and with the real mass +v · α.

If we choose to use v to separate all the roots α into the positive roots and the negative roots,
then the induced Chern-Simons terms for the U(1)r field A valued in h is given as

1

2

∑
α>0

(α · A)
[
(c2(L) +

2

24
p1(T ))− (c2(R) +

2

24
p1(T ))

]
= ρ · A(c2(L)− c2(R)) (3.1.6)

where ρ mod 1
2

∑
α>0 α is the Weyl vector. From this Chern-Simons term, we find that the

Green-Schwarz contribution to the anomaly is given as

1

2
⟨ρ, ρ⟩(c2(L)− c2(R))

2 =
h∨GdG
24

(c2(L)− c2(R))
2 (3.1.7)

where we used the strange formula of Freudenthal and de Vries.
Therefore, adding the contribution from rG free N=(2, 0) tensor multiplets, the anomaly

polynomial of the 6d N=(2, 0) theory of type G is given by

I
N=(2, 0)
G =

h∨GdG
24

p2(N) + rGI
N=(2, 0) tensor, (3.1.8)

Here we used the formula χ4(N) = c2(L)− c2(R), p2(N) = χ4(N)2 to lift the SU(2)L×SU(2)R

bundle to SO(5)R.
The anomaly of Q coincident M5-branes is obtained by adding the contribution of a free

N=(2, 0) tensor to (3.1.8) with G = SU(Q);

IQ M5s =
Q3

24
p2(N)−QI8 (3.1.9)
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where
I8 =

1

48
(p2(N) + p2(T )−

1

4
(p1(N)− p1(T ))

2). (3.1.10)

We note that the Q3 scaling law of the degrees of freedom on M5 branes, expected from hologra-
phy [70] is reproduced from purely field theoretical analysis.

E-string theory. We will compute the anomalies of the E-string theory of rank Q. During
the computation, we keep the hypermultiplet corresponding to the center-of-mass motion of M5s
parallel to theE8 wall. We move to the point of the tensor branch where all the M5s are coincident
but apart from the E8 wall. There is one tensor multiplet controlling the distance of the stack of
M5s from the E8 wall. Note that the matrix η in (2.2.5) for this tensor is just Q.

We compactify this setup on S1 with a holonomy to break the E8 symmetry to SO(16). Since
SO(16) is a maximal rank subgroup of E8, we can reconstruct the E8 anomalies from those of
SO(16). The 5d theory is now given by N=1 USp(2Q) theory with an antisymmetric hypermul-
tiplet2 and 8 hypermultiplets in the fundamental representation.

We are now on the Coulomb branch where the USp(2Q) is broken to U(Q) and the tensor
explained above now becomes a gauge field A which is the U(1) ⊂ U(Q). Then, we need to
determine its Chern-Simons term. The multiplet spectrum is summarized as follows;

• A massless N=4 U(Q) vector multipltets which consists of Q2 vector multiplets and Q2

hypermultiplets.

• Qmassive hypermultiplets in the vector representation of SO(16) with U(1) charge 1. These
come from 8 hypermultiplets in the fundamental representation of USp(2Q).

• Q2 + Q massive vector multiplets and Q2 − Q hypermultiplets, both with U(1) charge 2.
These come from the vector multiplet and the antisymmetric hypermultiplet of USp(2Q),
respectively.

Therefore, the induced Chern-Simons term is given as

1

2
A ∧

[
Q(

TrF 2

2
+

16p1(T )

24
) + 2(Q2 −Q)

1

2
(c2(L) +

2p1(T )

24
)

− 2(Q2 +Q)
1

2
(c2(R) +

2p1(T )

24
)
]
= ηA ∧ (

Q

2
χ4(N) + I4) (3.1.11)

where η = Q and

I4 =
1

4
(TrF 2 + p1(T ) + p1(N)). (3.1.12)

We also used the fact that the vector is charged under the SU(2)R and the hypers in the anti-
symmetric representation is charged under the SU(2)L,

2This multiplet contains 2Q2 −Q hypermultiplets in total.
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Using this Chern-Simons term, we can find the anomaly polynomial of E-string theory;

IE-string, rank Q+free hyper = IQ M5s +
Q

2
(
Q

2
χ4(N) + I4)

2

=
Q3

6
χ4(N)2 +

Q2

2
χ4(N)I4 +Q(

1

2
I24 − I8). (3.1.13)

Here I8 is as given above. Note that since (3.1.13) contains the free center-of-mass hypermultiplet,
we always need to subtract that contribution from (3.1.13) when the E-string theory is used as a
matter content,.

3.1.2 Minimal 6d N=(1, 0) theories

In this subsection, we will consider the 6d theories whose tensor branch contain any gauge
groups. As an example, we compute the anomalies of minimal 6d N=(1, 0) theories, introduce
in Section 2.3.1.

Let us start from the generality. We consider a point on the tensor branch where the effective
theory consists of t vector multiplets in gauge group GA, A = 1, · · · , t, and t tensor multiplets
controlling the coupling constants of GA, together with a number of charged “bifundamental mat-
ter contents”. These “bifundamental matter” can either be Lagrangian hypermultiplets or another
6d SCFT whose flavor symmetries are gauged by GA. For 6d theories in [6], the strongly coupled
“bifundamental matter” is always the E-string theories of rank-1 or 2. We further assume that
anomalies of the “bifundamental matter” are already known.

Now, the “one-loop” anomaly (i.e. the anomaly without Green-Schwarz contribution) on the
tensor branch is given by

Ione−loop =
∑
A

Ivec
FA

+
∑
A,B

Imatter
FA,FB

+ tI tensor. (3.1.14)

It contains pure and mixed gauge anomalies,

Ione−loop ⊃ − 1

32
cAB TrF 2

A TrF 2
B − 1

4
XATrF 2

A, (3.1.15)

where XA consists of only background flavor and gravity fields. By assumption, we already know
the coefficients cAB and XA.

One needs to cancel these anomalies by the Green-Schwarz contribution,

1

2
ηijIiIj. (3.1.16)

Here ηij is the symmetric matrix introduced in (2.2.5). The anomaly cancellation requires,

Ii =
1

4
dAi TrF 2

A + (η−1)ij(d
−1)jAX

A, dAi d
B
j η

ij = cAB. (3.1.17)
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where we have assumed that the matrix cAB has the maximal rank t so that the matrix dAi is
invertible. We also used the assumption that the number of free tensor multiplets and the gauge
groups GA is same.

While the matrix dAi is not completely determined, we can uniquely determine the Green-
Schwarz contribution in terms of cAB and XA;

1

2
ηijIiIj =

1

32
cAB TrF 2

ATrF 2
B +

1

4
XATrF 2

A +
1

2
(c−1)ABX

AXB. (3.1.18)

Combining (3.1.15) and (3.1.18), the Green-Schwarz contribution to the anomaly polynomial of
the SCFT is given by

IGS =
1

2
(c−1)ABX

AXB. (3.1.19)

Minimal 6d N=(1, 0) theories. Let us compute the R-symmetry anomalies of minimal 6d
N=(1, 0) theories, namely the theories with one-dimesinonal tensor branch with a vector multi-
plet of gauge group G = SU(3), SO(8), F4, E6,7,8, reviewed in Section 2.3.1.

The one-loop anomaly polynomial on the tensor branch is written as

Ione-loop = Ivec + I tensor = − 1

24

(
3n

4
(TrF 2)2 + 6h∨G TrF 2c2(R) + dGc2(R)

2

)
+

1

24
c2(R)

2.

(3.1.20)
where n is defined in Section 2.3.1.

In order to cancel the pure and mixed gauge anomalies in (3.1.20), the unique choice of the
Green-Schwarz contribution is

IGS =
n

2

(
1

4
TrF 2 +

h∨G
n
c2(R)

)2

. (3.1.21)

Therefore the total R-symmetry anomaly is

I tot = Ione-loop + IGS =

(
(h∨G)

2

2n
− dG − 1

24

)
c2(R)

2. (3.1.22)

3.2 Green-Schwarz coupling for general 6d SCFTs

In this section, we will determine the Green-Schwarz coupling for general 6d N=(1, 0) the-
ories constructed by F-theory as in Section 2.5. Namely, we give a method to extract the Green-
Schwarz term Ii associated with each compact curves Σi on B2.

Non-R symmetry terms in Ii. Let us recall how to determine the pieces proportional to p1(T )
and TrF 2 in Ii [50]. We will denote the configuration of curves on B2 by C, which consists of
compact or non-compact curves Σa wrapped by sevenbranes.3

3 We will use the index a, b, · · · to label all components of C, while i, j, · · · label only compact ones.
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The 6d self-dual 3-form field strengths Hi is the reduction of the spacetime 5-form field
strength F5 in type IIB string on Σi;

F5 = Hi ∧ ωi (3.2.1)

where ωi is the Poincaré dual of Σi. The Bianchi identity for the 5-form field strength F5 is

dF5 = Z, (3.2.2)

for some 6-form Z consisting of background field strength is

dHi = Ii, ηijIj = −
∫
B

Z ∧ ωi, (3.2.3)

where we used the definition of ηij = −
∫
B
ωi ∧ ωj = −Σi ·Σj . We extend this intersection form

to include ηia, intersections between compact and non-compact curves. Then, the contributions
for the anomaly polynomial from these Green-Schwarz terms are4

IGS = −1

2

∫
B

Z2 =
1

2
ηijIiIj. (3.2.4)

The anomalous coupling due to the sevenbranes are given by

Sanom =

∫
R1,5×B2

B4 ∧
∑
a

(
1

4
TrF 2

a − Na

48
p1(T )

)
∧ ωa (3.2.5)

where Fa is the gauge field on Σa, Na = ord(∆)|Σa is the number of sevenbranes wrapping Σa

andB4 is the potential for the 5-form field strength F5. Here the Calabi-Yau condition for the total
space is [4]

c1(B) = − 1

12

∑
a

Naω
a, (3.2.6)

which means that the localized curvature on the sevenbranes cancels the positve curvature of the
base B2 and the total space becomes Calabi-Yau. Then, substituting (3.2.6) to (3.2.5), we obtain

Sanom =

∫
R1,5×B2

B4 ∧
(
1

4
c1(B) ∧ p1(T ) +

1

4

∑
a

ωa TrF 2
a

)
. (3.2.7)

Then, the 10d Green-Schwarz term Z is

Z =
1

4
c1(B) ∧ p1(T ) +

1

4

∑
a

ωa TrF 2
a (3.2.8)

where Fa is the field strength on the sevenbranes wrapping Σa. So we obtain

ηijIj =
1

4
(ηia TrF 2

a −Kip1(T )), K i :=

∫
B

c1(B) ∧ ωi = 2− ηii, (3.2.9)

up to the c2(R)-dependent terms.
4 We use a convention that F5 is anti-self-dual so that the 6d fields Hi become self-dual, because ωi are anti-self-

dual.The minus sign in front of 1
2

∫
Z2 comes from this anti-self-dual (instead of self-dual) property of F5.
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R-symmetry term in Ii. Next, we consider the terms associated to the SU(2)R R-symmetry,
which are not directly visible by the geometry of F-theory construction. Each Green-Schwarz term
Ii should contain contributions proportional to c2(R) to cancel mixed gauge-SU(2)R anomalies,
so we write

ηijIj =
1

4
(ηiaTrF 2

a −Kip1(T )) + yic2(R). (3.2.10)

Our next task is to determine the coefficients yi. The contribution to the mixed anomalies between
gauge and R symmetries from the Green-Schwarz terms are

IGS ⊃ 1

4
yiTrF 2

i c2(R). (3.2.11)

Let us consider a a curve Σi with a nontrivial gauge groupGi. Then, we have a vector multiplet
which contributes the anomaly of R and Gi by

Ivec = − 1

24
(
3

4
wGi

(TrF 2)2 + 6h∨Gi
TrF 2c2(R) + dGi

c2(R)
2), (3.2.12)

where 3wGi
/4 is the coefficient converting tradj F

4 to (TrF 2)2.
To cancel the pure and mixed anomalies in (3.2.12), the unique choice of the Green-Schwarz

term is to take
IGS =

wG

2
(
1

4
TrF 2 +

h∨G
wG

c2(R))
2. (3.2.13)

Therefore, we can conclude that yi = h∨Gi
for the curve Σi.

For −1 and −2 curves without gauge groups, we cannot determine yi with this method. One
can avoid this problem by using the anomalies of E-string theory of rank-1 or 2, computed in the
previous section.

In fact, let us blow down a −1 curve Σi without gauge algebra in the configuration of curves.
Before the curve was shrunk, the massless matter associated is just a tensor multiplet. After the
blowdown, the massless spectrum includes the E-string theory of rank-1. Then, the difference of
the “one-loop” part of the anomaly before and after of the blowdown is given by

∆Ione-loop = Irank1E−string − Itensor =
1

2

(
c2(R)−

1

4
p1(T )−

1

4
TrF 2

E8

)2

. (3.2.14)

In order to obtain a consistent anomaly before and after, the mismatch (3.2.14) should be
accounted by the Green-Schwarz coupling associated with the −1 curve;

1

2
(I i)2 =

1

2

(
yic2(R)−

1

4
p1(T )−

1

4
TrF 2

i−1 −
1

4
TrF 2

i+1

)2

, (3.2.15)

where we have assumed that the −1 curve Σi touches two curves Σi−1 and Σi+1 with gauge
symmetries Gi−1 and Gi+1, respectively. Here Gi−1 × Gi+1 ⊂ E8. Comparing (3.2.14) and
(3.2.15), we find that we must have yi = 1 for the −1 curve without gauge algebra. From a
similar computation of rank-2 E-string theory, we find that we also have yi = 1 for the −2 curve
without gauge algebra.
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3.3 Comparison with the inflow

In this section, we compare the anomaly polynomial of N=(2, 0) theory and E-string theory
obtained in the previous section with the results of anomaly inflow in M-theory.

Since this technique is used throughout the thesis, let us recall what the anomaly inflow is.
We consider a defect W in the spacetime M whose worldvolume supports chiral zero modes with
anomalies Izero-modes. When the defect serves as a singular source for the field strength G = dC

and there is a Chern-Simons coupling for G in M , there are additional contribution Iinflow to the
anomalies of the worldvlume theory on W in addition to Izero-modes. This phenomenon is called as
anomaly inflow [38].

We would like to review how this works in the context of the eleven-dimensional supergravity,
i.e. low-energy effective description of the M-theory. The massless bulk fields include a three-
form potential C3 and we denote whose field strength as G4 = dC3. Let us put an M5-brane X6

in the spacetime X11. Since the M5 is a magnetic source for G4, the Bianchi identity is modified
as

dG4 = δ(5)(X6 ↪→ X11), (3.3.1)

where δ(5) is the 5-form representing the position of the M5 in the spacetime. On the other hand,
it is well-known 5 that there is a non-minimal Chern-Simons term

SCI8 = −2π

∫
X11

C ∧ I8, I8 =
1

48

[
p2(TX11)−

1

4
p21(TX11)

]
, (3.3.2)

that is linear in C3 in the low-energy limit of M-theory. The descent formula implies that the
gauge variation of the Chern-Simons term (3.3.2) is given as

δSCI8 = −2π

∫
X11

dG4 ∧ I(1)6 , (3.3.3)

and by using (3.3.1), we have

δSCI8 = −2π

∫
X6

I
(1)
6 |X6 . (3.3.4)

Therefore, we obtain an additional piece of anomaly localized on the M5-brane, I inflow
CI8

= −I8|X6 .
However, this is not the whole story of the anomaly inflow in M-theory. Indeed, the zero-mode

on a single M5-brane is a free N=(2, 0) tensor multiplet whose anomalies we already cited in

5The interaction SCI8 cannot be seen in the naive supergravity action up to two derivatives. The existence of such
a term can be inferred from the following facts. First, a one-loop effect in type IIA superstring theory [71] is known
to induce the B ∧ I8 coupling, which is the type IIA descendant of the SCI8 . Second, this interaction is necessary
to cancel the gravitational anomaly of an M5 [72]. Third, on a general 11d spin manifold, without the SCI8 term,
another Chern-Simons coupling SCGG not well defined due to the shifted quantization condition of M-theory 3-form
C [73].
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(2.1.7). The sum of these two contributions are

Izero-modes
(2,0)-tensor + I inflow

CI8
=

1

24
p2(N) ̸= 0, (3.3.5)

where N is the normal bundle of X6 in X11. As a consistent quantum theory, we expect that
there is a further anomaly localized on W6 which cancels the normal bundle contribution (3.3.5).
Indeed, there is another Chern-Simons term cubic in C3,

SCGG =
2π

6

∫
X11

C ∧G ∧G, (3.3.6)

in the 11d supergravity, which is related to the kinetic term for C3 via the supersymmetry. It is not
straightforward to compute the contribution of (3.3.6) to the anomaly on X6, since it is nonlinear
in C3 and the argument around (3.3.4) cannot be applied.

Nevertheless, a prescription to compute the anomaly inflow from (3.3.6) which correctly can-
cel the normal bundle anomaly (3.3.5) was found in [39]. It involves two improvements,

• The singular behavior of G4 around X6 is modeled by using the global angular form so as
to reproduce the modified Bianchi identity (3.3.1).

• The definition of the Chern-Simons term (3.3.6) is slightly modified so that the integration
avoids the X6 on which the G4 is singular.

In the following sections, we will adopt this prescription and compute the anomaly of M5-branes
with various types of singularities in M-theory.

Remark. In order to simplify the computation in the following sections, we prefer to represent
the coupling (3.3.6) as

SCGG =
2π

6

∫
Y12

G ∧G ∧G. (3.3.7)

where Y12 is a 12d manifold whose boundary ∂Y12 is equal to X11. We also rewrite the term
(3.3.2) using Y12:

SCI8 = −2π

∫
Y12

G ∧ I8. (3.3.8)

It is straightforward to reproduce the results in the following sections by using the original expres-
sions (3.3.2) and (3.3.6).
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3.3.1 N=(2, 0) theory

In this section, we review the procedure of [39, 40] to obtain the anomaly polynomial of Q
coincident M5-branes. Let us denote the local coordinates transverse to the M5s as yi, i = 1, · · · , 5
such that the worldvolume of the M5s is given by X6 = {yi = 0}. In this coordinate system, the
modified Bianchi identity for G4 is written as

dG = Q

5∏
i=1

δ(yi)dyi. (3.3.9)

In the presence of M5s, the 11d Chern-Simons terms (3.3.7) and (3.3.8) is singular around the
worldvolume X6. Such a contribution gives rise to an anomaly inflow toward X6, which should
be cancelled by the anomalies of chiral zero-modes supported on the M5s. When Q > 1, this
assumption determines the anomalies of the mysterious N=(2, 0) theory on M5s.

In order to extract the singular behavior of (3.3.7) and (3.3.8), we analyze how the field
strength G behaves around the M5s. The solution of (3.3.9) near y ∼ 0 is

G =
Q

2
e4 + (regular), (3.3.10)

where (regular) represents non-singular terms at y = 0. Here, e4 is the global angular form of the
normal bundle of X6 with the normalization

∫
S4 e4 = 2. It can be explicitly written as

e4(y) =
1

32π2
ϵa1···a5

[
(Dŷ)a1(Dŷ)a2(Dŷ)a3(Dŷ)a4 ŷa5

− 2F a1a2(Dŷ)a3(Dŷ)a4 ŷa5 + F a1a2F a3a4 ŷa5
]
. (3.3.11)

using the normalized coordintes ŷa = ya/|y|, a covariant exterior derivative D of SO(5)R rota-
tional symmetry around y = 0, and the field strength F a1a2 of SO(5)R. Several properties of the
global angular form are listed in Appendix C.

Now we can determine the inflow from the Chern-Simons terms. Since G is singular on the
worldvolume of M5s, we remove a small tubular neighborhood of X6 in the integral of Chern-
Simons terms. In the following, we will denote a tubular neighborhood of a submanifold M with
radius ϵ as Dϵ(M). The precise definition of the Chern-Simons terms which take into account of
the singular behavior of G is given as∫

Y12

→ lim
ϵ→0

∫
Y12\Dϵ(Y7)

. (3.3.12)

Here, Y7 is a submanifold of Y12 whose boundary is X6 and the orientation is such that ∂(Y12 \
Dϵ(Y7)) = −∂Dϵ(Y7).
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Because e4 is closed, it can be locally written as e4 = de
(0)
3 Now, we extract the most singular

part from the Chern-Simons term Sbulk
CGG;

Sbulk
CGG =

2π

6
lim
ϵ→0

∫
Y12\Dϵ(Y7)

Gbulk ∧Gbulk ∧Gbulk

∼2π · Q
3

48
lim
ϵ→0

∫
Y12\Dϵ(Y7)

e34 = −2π · Q
3

48
lim
ϵ→0

∫
∂Dϵ(Y7)

e
(0)
3 e24

=− 2π · Q
3

24

∫
Y7

p2(N)(0), (3.3.13)

where dp2(N)(0) = p2(N). We have used the Stoke theorem in the second line and second
equation of (C.5 ) in the last line. Thus the inflow toward the M5s is −(Q3/24)p2(N). Similarly,
the singular part of SCI8 can be extracted as follows;

SCI8 |sing ∼ 2πQ lim
ϵ→0

∫
∂Dϵ(Y7)

(
e
(0)
3

2
∧ I8

)
= 2πQ

∫
Y7

I
(0)
7 . (3.3.14)

Therefore, the inflow from the eleven-dimensional Chern-Simons terms is given by

−Q
3

24
p2(N) +QI8, (3.3.15)

and then the anomaly polynomial AM5(Q) of the 6d theory on Q coincident M5s is given by

AM5(Q) =
Q3

24
p2(N)−QI8. (3.3.16)

This is precisely the anomaly polynomial of M5s obtained by the tensor branch anomaly matching
in (3.1.9).

Remarks. We make a brief comment on the inflow computation of the anomaly of N=(2, 0)

theories of other types. The Dn (2,0) theories are simply realized by putting n M5-branes on
top of the M-theoretic orientifold. The inflow calculation was performed in [74] and agrees with
(3.1.8). The En (2,0) theories are realized by putting M5s on top of a non-geometric background
as recently found in [57]. The inflow computation in this non-geometric setup has not been per-
formed yet. It would be also interesting to reproduce (3.1.8) by the anomaly inflow in type IIB
supergravity on X6 × C2/ΓG.

3.3.2 E-string theory

Anomalies on the E8 wall. Let us determine the anomalies AE8-brane supported on the E8 wall
in M-theory [59]. We take the E8 wall located at x10 = 0. Then the Bianchi identity is modified
around the wall as:

dG = δ(x10)dx10I4. (3.3.17)
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Then, near the wall, the 4-form field strength G behaves as

G ∼ e0I4 + (regular) (3.3.18)

where (regular) represents non-singular terms at x10 = 0 and e0 is just a step function which is 1
for x10 > 0 and −1 for x10 < 0. Hořava and Witten argued that the concrete form of the 4-form
I4 is given as

I4 =
1

4
(TrF 2 + p1(TX11)) (3.3.19)

where F is the field strength of the E8 gauge field on the E8 wall. We note that while 1
4
TrF 2

is the correctly normalized instanton number, 1
4
p1(TX11) takes values in half-integers.6 This

gravitational factor comes from the gravitino boundary condition at the wall.
Repeating the same calculation as in the previous section, we find the singular part of the

Chern-Simons terms near the wall as,

SCGG|sing + SCI8 |sing = −
∫
Y11

I
(0)
3 (

1

6
I24 − I8). (3.3.20)

Therefore the anomaly polynomial AE8-brane supported on the wall is

AE8-brane = I4

(
1

6
I24 − I8

)
. (3.3.21)

We can check that this coincides with the anomaly of an E8 vector multiplet plus one half
the anomaly of the supergravity multiplet. Then, adding the contribution from the other E8 wall,
we reproduce the anomalies of massless field contents of E8 × E8 heterotic superstring. This is
a piece of the evidence that the strong coupling limit of E8 × E8 heterotic superstring becomes
M-theory orbifold, as discussed in [59].

Inflow computation. Let us compute the anomaly polynomial of the E-string theory of rank Q.
Near the M5-branes put on the wall, the singular behavior for G is

G ∼ e0I4 + 2Q
e4
2
+ (regular), (3.3.22)

where the M5 charge is 2Q, including the contributions from the mirror images.
Now, the field strength G has two types of singularities: the first term in (3.3.22) is singular

along Y11, and the second term in (3.3.22) is singular along Y7. Then, the properly modified
Chern-Simons terms are:

SCS = lim
ϵ1,2→0

2π

∫
Y12\(Dϵ1 (Y11)∪Dϵ2 (Y7))/Z2

(
1

6
G ∧G ∧G−G ∧ I8

)
. (3.3.23)

6For any 11d spin manifold X11, the first Pontgyagin number p1(TX11) is always even.
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The singular part which does not contain the second term of (3.3.22) are cancelled by the anoma-
lies on the wall (3.3.21). The remaining singular part of (3.3.23) localizes to the boundary of
Dϵ2(Y7), and should be canceled by the anomalies of the E-string theory of rank Q. This remain-
der is given by

SCS|sing +

∫
Y11

A
(0)
E8-brane

= 2π

∫
∂D(Y7)/Z2

(
−Q

3

6
e
(0)
3 e24 −

Q2

2
e
(0)
3 e4I4e0 −

Q

2
e
(0)
3 I24 +Qe

(0)
3 I8

)
= 2π

∫
Y7

(
−Q

3

6
p
(0)
2 − Q2

2
χ4I

(0)
3 − Q

2
I4I

(0)
3 +QI

(0)
7

)
, (3.3.24)

where we used the formulas (C.5 ), (C.6 ) in the last line, noting that the fiber is S4/Z2, instead of
S4.

Then, the anomaly polynomial AE8+free(Q) of the E-string theory of rank Q (plus free center-
of-mass hyper multiplet) is

AE8+free(Q) =
Q3

6
p2(N) +

Q2

2
χ4(N)I4 +Q

(
1

2
I24 − I8

)
, (3.3.25)

which coincides with (3.1.13).
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Chapter 4

Anomaly constraints for Higgsability of 6d
SCFTs

4.1 Classes of 6d theories

In Chapter 3, we have used the anomaly matching on the tensor branch to determine the full
anomaly polynomials of 6d SCFTs. In this chapter, we focus on the anomaly matching on the
Higgs branch. Since the R and flavor symmetries are broken on the Higgs branch, it is difficult to
compute those part of the anomaly polynomial. However, we can safely compute the gravitational
anomaly of the SCFT on the Higgs branch. In this chapter, we will use the anomaly matching on
the Higgs branch to extract the interesting information about the Higgsability of 6d SCFTs.

We will first introduce some terminology following [31] (see also [32, 33]).

Very Higgsable (vH) theories. These are the SCFTs whose Higgs branch is such that at its
generic point the theory flows to a collection of free hypermultiplets, without any tensors:

vH SCFT → free hypermultiplets . (4.1.1)

In this thesis, we call this process, where tensors are lost in favor of hypermultiplets, as a “small
instanton transition” . We divide very Higgsable 6d theories in two subclasses: Obviously very
Higgsable and Hiddenly very Higgsable.

1. Obviously very Higgsable (OvH) theories. This class was first introduced in [32]. These
theories are such that one can directly identify as very Higgsable by looking at the F-theory
realization: all of the compact cycles producing the tensor multiplets can be removed by
repeated blow-downs of (−1)-curves. Examples of such theories include

• The theory of free hypermultiplets.
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• The E-string theory which describes a single M5 on an E8 wall in M-theory. The
F-theory construction involves only a single (−1)-curve. It has a Higgs branch of
dimension 29 as can be seen from the M-theory description. Indeed, the tensor branch
corresponds to pulling away the M5 from the wall, while the Higgs branch corresponds
to turning the M5 into a finite-sized E8 instanton. Since such an instanton cannot be
pulled off the wall, we see that the tensor multiplet has been lost on the Higgs branch.

• The E-string theory of rank-N which describes N M5s on the E8 wall. The F-theory
realization consists of a single (−1)-curve followed by N − 1 (−2)-curves.

• The worldvolume theory of a single or multiple M5-branes on C2/ΓG on an E8 wall.

• The worldvolume theory TG(0) of a single M5-brane on C2/ΓG, also called as the
minimal conformal matter theory of type (G,G), where G is a simply-laced group.

• Certain theories that describe fractional M5-branes on C2/ΓG, including

– (E7, SO(7)) minimal conformal matter describing 1/2 M5-branes on C2/ΓE7;

– (E8, F4) minimal conformal matter describing 1/2 M5-branes on C2/ΓE8; and

– (E8, G2) minimal conformal matter describing 1/3 M5-branes on C2/ΓE8 .

2. Hiddenly very Higgsable (HvH) theories. These are very Higgsable theories which are not
obviously very Higgsable. We will obtain an F-theory characterization in the next section.
Examples of such theories include

• The worldvolume theory of a single M5-brane probing the completely or partially
frozen SO(2k) or E6,7,8 singularity. The gauge group on a partially frozen singularity
is a non-simply-laced group Gfr = G2, F4,USp(2k). We will examine these theories
in more detail in section 4.4.

Higgsable to N=(2, 0) (HN) theories. We can slightly generalized the notion of vH 6d theo-
ries. A 6d theory is HN if its Higgs branch is such that at its generic point the theory flows to an
N = (2, 0) theory plus free hypermultiplets:

HN SCFT → N=(2, 0) of type g + d̂ hypers. (4.1.2)

We again divide the class in two subclasses: obvious or hidden.

1. Obviously Higgsable to N=(2, 0) (OHN) theories. This class of theories was originally
defined in terms of F-theory [33]; these theories have the endpoint which consists of only
(−2)-curves. It is quite obvious that such theories indeed have the Higgs branch RG flow as
(4.1.2). We denote the number of (−2)-curves at the endpoint by n for this class of theories.
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Then, the number n is precisely the rank of the N=(2, 0) theory in (4.1.2). Examples
include

• The worldvolume theory of multiple M5-branes on C2/ΓG, also known as the non-
minimal conformal matter of type (G,G), with G a simply-laced group.

• The T-brane theories. These theories are obtained by the nilpotent Higgsing associated
with a pair of the nilpotent orbits (µL, µR) of a sufficiently long chain of the conformal
matter of type (G,G), where G is simply-laced.

2. Hiddenly Higgsable to N=(2, 0) (HHN) theories. While the theory admits a RG flow
(4.1.2), the endpoint does not consist of only (−2)-curves . The possible endpoints will be
classified in the next section. Examples include

• The theories describing multiple M5-branes probing a completely or partially frozen
SO(2k) or E6,7,8 singularity (or their T-brane descendants).

The main purpose of this chapter is to give an F-theoretic characterization of hiddenly vH or
HN theories by using the anomaly matching on the Higgs branch. As a byproduct, we will find
the formula for the Higgs branch dimension for these theories.

4.2 Constraints for the very Higgsable

In this section, we obtain a necessary condition for a 6d SCFT to be an obviously or hiddenly
very Higgsable. Since the diffeomorphism group remains unbroken during the flow (4.1.1), the
gravitational anomalies can be matched in both sides.

We compute the gravitational anomaly of the 6d SCFT by moving onto its endpoint. The
tensor branch flow from the vH SCFT to the endpoint is as follows:

vH SCFT → ⊕iOvHi + nend
V vectors + nend

H hypers (4.2.1)

where at the endpoint there are a collection of OvH theories (denoted as OvHi), nend
V vector mul-

tiplets and nend
H tensor multiplets. The configuration of the tensor multiplets at the endpoint is

encoded in an integral, symmetric and positive definite matrix ηijend with i, j = 1, . . . , nend
T .

Then, the gravitational anomaly at the endpoint is

Iend = IGS + nend
T I tensor + nend

V Ivector +
∑
i

IOvHi , (4.2.2)

where each term is as follows:
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• The Green-Schwarz contribution IGS to the gravitational anomaly at the endpoint is

nend
GS

32
p1(T )

2, (4.2.3)

where

nend
GS ≡

nend
T∑

i,j=1

(η−1
end)ij(2− ηiiend)(2− ηjjend) . (4.2.4)

• The contribution of tensor/vector multiplet is given as

I tensor =
23p1(T )

2 − 116p2(T )

5760
, Ivector = −7p1(T )

2 − 4p2(T )

5760
. (4.2.5)

• The contribution IOvHi is the gravitational anomalies of each OvHi theory. As was proved
in [32] by using the inductive method, it can be written as

IOvHi = dOvHi
H

7p1(T )
2 − 4p2(T )

5760
(4.2.6)

by using some positive integer dOvHi
H . More explicitly, the integer dend

H is written as

dOvHi
H = 29nOvHi

T + nOvHi
H − nOvHi

V (4.2.7)

where nOvHi
T,H,V is the number of tensor/hyper/vector multiplets of the OvHi theory.

Substituting these contributions to (4.2.2), we obtain the full gravitational anomaly

1

5760

(
180nend

GS + 23nend
T − 7nend

V + 7
∑
i

dOvHi
H

)
p1(T )

2

− 1

5760

(
116nend

T − 4nend
V + 4

∑
i

dOvHi
H

)
p2(T ) .

(4.2.8)

From the assumption that the theory is very Higgsable, the gravitational anomaly can also be
written as

Iend = dH
7p1(T )

2 − 4p2(T )

5760
. (4.2.9)

Here we denote the number of hypermultiplets in the right hand side of (4.1.1) as dH . Then, dH
is nothing but the dimension of the Higgs branch of the vH theory in question at the origin of the
tensor branch.

Matching the gravitational anomalies (4.2.8) and (4.2.9), we obtain two equations;

180nend
GS + 23nend

T − 7nend
V + 7

∑
i

dOvHi
H = 7dH ,

116nend
T − 4nend

V + 4
∑
i

dOvHi
H = 4dH .

(4.2.10)
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From the second equation, we have the dimension formula of the Higgs branch;

dH = 29nend
T +

(∑
i

dOvHi
H

)
− nend

V . (4.2.11)

This fourmula implies that the Higgs branch dimension dH of the vH theory at the origin of the
tensor branch can be computed using the endpoint data, including nend

T and nend
V . The quantity∑

i d
OvHi
H should be viewed at the “effective” number of hypermultiplets at the endpoint.

By plugging (4.2.11) into (4.2.10), we obtain a nontrivial constraint for the possible tensor
branch structure of the endpoint;

nend
T = nend

GS =
∑
i,j

(η−1
end)ij(2− ηiiend)(2− ηjjend) , (4.2.12)

where we have used the definition of nend
GS in (4.2.4). Note that for an OvH theory, the constraint

(4.2.12) is trivial since both sides are zero.

Remark. We can also obtain an equation similar to (4.2.11), but relating the Higgs branch di-
mension dH at the origin to data of the field theory at a generic point on the tensor branch. We
denote the number of the tensor multiplets, hypermultiplets and the vector multiplets at a generic
point on the tensor branch as nT,H,V .

Since the Green-Schwarz term does not contribute to the coefficient of p2(T ), it can be matched
between the dH free hypermultiplets and the collection of free massless multiplets at a generic
point on the tensor branch. Then, we obtain another Higgs branch dimension formula;

dH = 29nT + nH − nV . (4.2.13)

4.2.1 Characterization of HvH theories in terms of F-theory

We examine the solutions to (4.2.12) in detail. We first present some examples and then give
the complete list of solutions. The M-theory interpretation of the list will be presented in Section
4.4.

Theories with an endpoint of −2 curves. We first note that the constraint cannot be satisfied
when the endpoint consists only of −2 curves, since the right hand side of (4.2.12) is zero, while
the left hand side is positive. This prevents a number of 6d N=(1, 0) theories from being very
Higgsable. For example, we find that the worldvolume theories on multiple M5-branes on C2/ΓG

cannot have the RG flow (4.1.1).
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Theories with a single curve. Let us consider the theory engineered in F-theory by a single
curve with self-intersection −n. Then, such a theory is very Higgsable only if n satisfies the
constraint

1

n
(n− 2)2 = 1, (4.2.14)

whose solution is n = 1, 4.
The solution n = 1, with a generic elliptic fibration over the curve, is nothing but the rank-

1 E-string theory, which is indeed known to be OvH. The transition (4.1.1) results in 29 free
hypermultiplets.

The case of n = 4 is more interesting. If we assume that the elliptic fibration over the curve is
the most generic one, the theory on the tensor branch consists only of a vector multiplet of SO(8).
However, at the origin of the tensor branch, this theory has a one-dimensional Higgs branch!
Indeed, the formula (4.1.1) says that dH = 1 as nend

V = 28, nend
T = 1 and dOvHi

H = 0. We will
present an M-theoretic interpretation of the Higgs branch later in Section 4.4.

Theories with two curves. Next we consider a theory of two curves with the self-intersection
−n and −m. The intersection matrix and its inverse are given by

η =

(
m −1

−1 n

)
, η−1 =

1

mn− 1

(
n 1

1 m

)
. (4.2.15)

Then, the constraint (4.2.12) becomes

mn(m+ n− 6) + 8

mn− 1
= 2, (4.2.16)

whose solutions are (m,n) = (1, 2), (1, 5), (2, 5). The first two cases reduce to a single (−1)

or (−4) curve after blowing down the (−1)-curve. The solution (2, 5) is more interesting: in
Section 4.4, we will find vH theories with this endpoint.

General analysis. The constraint (4.2.12) quickly becomes complicated in the case of three
or more curves. However, as explained in Section 4.1, the full list of possible endpoints of 6d
SCFTs was already obtained in [6]. So we can simply check whether (4.2.12) is satisfied for each
endpoints in that paper.

The full list of solutions is given as

4 , 52 , 352 , 622 , 7222 , 82222 . (4.2.17)

The first two cases already appear in the examples above. We will give a M-theory interpretation
to the list (4.2.17) in Section 4.4.
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4.3 Constraints for the Higgsable to N= (2, 0) theories

In this section, we obtain a necessary condition for a 6d SCFT to be an obviously or hiddenly
Higgsable to N=(2, 0) theories. In the following, for simplicity, we will use the notation

n = rank g . (4.3.1)

Combining the Higgs branch RG flow in (4.1.2) with the flow of the N=(2, 0) theory;

N=(2,0) of type g → n copies of (N=(1,0) hyper + N=(1,0) tensor), (4.3.2)

we obtain the following RG flow for the HN theory in question,

HN SCFT → dH hypers + n tensors , (4.3.3)

with
dH = d̂+ n . (4.3.4)

We will refer to dH as the CFT Higgs branch dimension, since it can be interpreted as the dimen-
sion of the Higgs branch at the origin of the tensor branch.

Constraint for HN. By matching the coefficient p1(T )2 of the gravitational anomaly of the right
hand side of (4.3.3) with the effective theory at the endpoint, we find that

nend
T = nend

GS + n =
∑
i,j

(η−1
end)ij(2− ηiiend)(2− ηjjend) + n . (4.3.5)

Then, a necessary condition for an SCFT to be HN is that nend
T − nend

GS should be an integer. We
also note that nGS − nT is invariant under blowdown. So we have

nend
GS − nend

T = nGS − nT , (4.3.6)

where now nGS =
∑nT

i,j=1 η
−1
ij (2 − ηii)(2 − ηjj). So the constraint (4.3.5) can be imposed at a

generic point on the tensor branch, by requiring that nGS − nT be an integer.

Higgs branch dimension formula. Just like in (4.2.13), we can match the coefficient of p2(T )
in the gravitational anomaly of the right hand side of (4.3.3) with the effective theory on the
generic point of the tensor branch:

dH + 29n = 29nT + nH − nV , (4.3.7)
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where nT,H,V are the number of the tensor multiplets, hypermultiplets and the vector multiplets at
a generic point on the tensor branch. This expression can be rewritten by using (4.3.5) and (4.3.6)
as

dimCFT
H Higgs = nH − nV + 29nGS. (4.3.8)

Here and in the following, we will use dimCFT
H Higgs(T 6d) to denote the Higgs branch dimension

at the origin of the tensor branch of the 6d theory T 6d.

Remark. There is another expression for the Higgs branch dimension. In fact, for an HN theory,
there should be a tensor branch flow

HN SCFT → ⊕i vHi + n tensors + ñV vectors, (4.3.9)

where vHi are collections of (obviously or hiddenly) vH theories. The matching of the coefficient
p2(T ) yields

dH =
∑
i

dvHi
H − ñV . (4.3.10)

4.3.1 Characterization of HHN theories in terms of F-theory

We examine the solutions to (4.3.5) in detail. We first present some examples and then give
the complete list of solutions. The M-theory interpretation of the list will be presented in Section
4.4.

OHN theory. For an OHN theory, the endpoint consists only of (−2)-curves and the number of
these curves are equal to rank(G) = n. Therefore, nend

T = n and
∑

i,j(η
−1
end)ij(2−ηiiend)(2−η

jj
end) = 0

for such a theory. The constraint (4.3.5) is satisfied, as expected.

Non-minimal frozen conformal matters. In Section 4.4, we will see that the worldvolume
theories on multiple M5-branes on a completely or partially frozen singularity are hiddenlly HN.
Here we show an example; two M5s on a frozen D4 singularity. A generic point of the tensor
branch is represented as

[1]
so(8)

4 1
so(8)

4 [1]. (4.3.11)

For this configuration, we can easily check that (4.3.5) is satisfied with n = 1. In fact, this theory
has a Higgs branch flow to N=(2, 0) theory of type su(2).
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General analysis. We can find the most general solution to (4.3.5) by going through the list of
endpoints provided by [6]. This is just like we did for (4.2.12) at the end of Section 4.2.1.

The full list is provided by

32n−13 , 42n−132 , 332n−142 , 52n−1322 , 62n−13222 , 72n−132222 ,

(4.3.12)
where 2n−1 ≡ 2 . . . 2︸ ︷︷ ︸

n−1

, and n is nothing but the same number appearing in the constraint (4.3.5).

We should note that all e(a) in Table 2.2 appears on one side of an element of the list (4.3.12),
with a companion on the other side (which is itself for e(a)=3). It should be also noted that
(4.2.17) can be obtained by setting n = 0 in (4.3.12) and applying the rule (2.5.17). We will give
an M-theory interpretation to (4.3.12) in the next section.

4.4 Examples: conformal matters and related theories

4.4.1 Conformal matter theories

In this section, we will apply the results of the previous sections to the worldvolume theories
of M5-branes on singularities. We start from quite simple cases, i.e. the 6d theory TG(N − 1) for
simply laced G and their T-brane deformations.

Conformal matter theories. As we already remarked, these theories are OHN. In fact, after
blowing down all (−1) curves, we have a linear sequence of (−2) curves; nGS = 0, and n = N−1.
From (4.3.8), the Higgs branch dimension when all the M5s are coincident is

dimCFT
H Higgs(TG(n)) = n+ dim(G) + 1 . (4.4.1)

This formula has an M-theoretic interpretation. Since each full M5 can be pulled away from
the singularity, they contribute N = n+ 1 to the formula (4.4.1). Note that fractional M5s cannot
move away from the singularity. The extra piece dim(G) comes from the coupling to the 7d
gauge field. In fact, if we pull away all the M5s from C2/ΓG, the flavor symmetry is broken from
GL ×GR to Gdiag and this should eat dim(G) hypermultiplets.

T-brane theories. All the T-brane theories obtained in [67] from conformal matter theories are
also actually HHN. This fact can be seen from their realization in F-theory: they are obtained by
taking a conformal matter theory TG()N − 1 and adding a pole for the Hitchin field at the two
outermost (−2) curves. Moreover, the reference [68] find a compact formula for the Higgs branch
dimension by using (4.4.1), namely

dimCFT
H Higgs(TG({YL, YR}, n)) = n+ dim(G) + 1− dYL

− dYR
. (4.4.2)
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4.4.2 (Partially) frozen conformal matter theories

Let us remember our definition of frozen conformal matter in Section 2.4.2; they are obtained
by taking to infinity some of the outermost tensor multiplets in the tensor branch description of
a conformal matter theory. Then, we will determine which frozen conformal matter theories are
very Higgsable or Higgsable to N=(2, 0).

vH frozen conformal matter theories. The possible hiddenly vH endpoints are listed in
(4.2.17). From (2.5.16), (2.5.17), we find that all the allowed possibilities have an exactly f(G)−1

curves before going to the endpoint. Here f is the number of fractions defined in (2.4.8).
For example, for G = E6, these are

[1]
su(3)

3 1
e6
6 [1] , [SU(3)] 1

e6
6 1 [SU(3)] . (4.4.3)

These are both obtained from the middle part of Figure 4.1 by keeping four neighboring M5
fractions in the middle and sending to infinity all the others fractions. The same pattern is found
for any G. Note that the left and right flavor symmetries of the theory is same. Hence, we will
denote these vH theories as T fr

G→Gfr
(0), where Gfr is the flavor symmetry on either side. For

example, the configurations in (4.4.3) are T fr
E6→∅(0) and T fr

E6→SU(3)(0).
The M-theoretic interpretation of the fact that these theories are very Higgsable is that a tran-

sition such as the one in the lower part of Figure 4.1 can occur. Here, starting from the unfrozen G
singularity, we make a full M5 from f fractions which are not taken in the original order. One can
take the full M5 thus formed off the singularity, leaving behind a partially or totally frozen singu-
larity. In this sense, the theories T fr

G→Gfr
(0) represent an M5 probing a partially frozen singularity.

To conclude, et us list ilustrative examples of theories T fr
G→Gfr

(0);

• Non-simply-laced Gfr; looking at (2.4.7), we find that the non-simply-laced possibilities for
Gfr in T fr

G→Gfr
(0) are SO(7), USp(2k), G2, F4. The F-theory quivers for these theories are

[G2] [G2] : [G2]
su2
2 2 1

e8
12 1 2

su2
2

g2
3 1

f4
5 1 [G2] ,

[F4] [F4] : [F4] 1
g2
3

su2
2 2 1

e8
12 1 2

su2
2

g2
3 1 [F4] ,

[Sp(k)] [Sp(k)] : [Sp(k)]
so2k+8

4 [Sp(k)] .

(4.4.4)

If we go to the endpoints of the theories in (4.4.4) by blowing down all (−1) curves, we can
easily find that the result does not consist only of (−2) curves: we get 52 for the Gfr = G2

case, and 4 for Gfr = F4, Sp(k). However, these configurations satisfy the constraint
(4.2.12) for a theory to be hiddenly very-Higgsable.
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• Complete freezing: Gfr = ∅. It is also possible to have Gfr = ∅. The F-theory quivers of
all the possible cases are

G = SO(8) : [1]
so(8)

4 [1] ,

G = E6 : [1]
su(3)

3 1
e6
6 [1] ,

G = E7 : [1]
su(2)

2
so(7)

3
su(2)

2 1
e7
8 [1] ,

G = E8 : [1] 2
su(2)

2
g2
3 1

f4
5 1

g2
3

su(2)

2 2 1
e8
12 [1] ,

(4.4.5)

and two more possibilities for the G = E8 case to have Gfr = ∅:

[2]
su(2)

2
g2
3 1

f4
5 1

g2
3

su(2)

2 2 1
e8
12 1 [2] ,

[1]
f4
5 1

g2
3

su(2)

2 2 1
e8
12 1 2

su(2)

2
g2
3 [1] .

(4.4.6)

We will call the two in (4.4.6) as “exotically frozen”1. They correspond to the case dE8→∅ =

5 in Table 2.4.10, while the case G = E8 in (4.4.5) corresponds to dE8→∅ = 6.

HN frozen conformal matter theories. Let us find all the HN frozen conformal matter theories.
The possible endpoints are listed in (4.3.12). We find that all the HN frozen conformal matter
theories are in fact chains of vH theories such as (4.4.3). In particular, the quiver at the generic
point of the tensor branch consists of N f − 1 curves and represent N f fractions. We will denote
these theories as T fr

G→Gfr
(N − 1). They represent N = n+1 M5-branes probing a partially frozen

singularity.
By applying the Higgs branch dimension formula in each cases, we can see that the dimension

is compactly expressed as

dimCFT
H Higgs(TG→Gfr

(n)) = n+ dim(Gfr) + 1 . (4.4.7)

Notice that this expression is just like (4.4.1), but withG replaced byGfr. This is as expected from
the M-theoretic construction; the n+ 1 = N summand in (4.4.1) represents the moduli of the full
M5-branes, while the dim(G) summand comes from the coupling to the 7d Gfr gauge field.

As a rather simple example, we consider the chain which represents two full M5s on the
partially frozen E8 singularity;

[F4] 1
g2
3

su2
2 2 1

e8
12 1 2

su2
2

g2
3 1

f4

5 1
g2
3

su2
2 2 1

e8
12 1 2

su2
2

g2
3 1 [F4] . (4.4.8)

The endpoint is 33. This indeed appears in the list of possibilities (4.3.12) for n = 1. One can
check this directly as well: ηend =

(
3 −1
−1 3

)
, η−1

end = 1
8
( 3 1
1 3 ), n

end
T = 2; thus n = 2− 1 = 1.

1The term exotic is used here because, as we have discussed in Section 7.3, the theories (4.4.6) have more com-
plicated anomaly formulae than those in (4.4.5).
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E6 � 68(3) � E6 � 68(3) �

E6 � 68(3) �E6

E6 � 68(3) 68(3) �

E6

E6

E6

Figure 4.1: The central part of the picture represents fractional 2 M5-branes (dots) on a R ×
R4/ΓE6 singularity (red line). In this case each of the individual fractions is 1/4 an ordinary M5.
(To be precise, the M5 charges of the fractions are not the same. The fraction between E6 and ∅
has charge 1/3, while the one between ∅ and SU(3) has charge 1/6; see (2.4.11).) We also show
the gauge groups (or lack thereof) on each segment between two fractional M5s. On the top part
of the picture, we show a situation where the first four fractions have recombined into a full M5;
the latter can now be pulled off the singularity. On the bottom part of the picture we see a different
transition, where the fractions have come together in a different way.

Shorter OvH theories. We would like to comment on a few “shorter” OvH theories which we
mentioned at the beginning of this chapter. They are incomplete conformal matter theories that do
not consist of f fractions. They are given as

[E6] [SU(3)] : [E6] 1 [SU(3)] ,

[E7] [SO(7)] : [E7] 1
su(2)

2 [SO(7)] ,

[E8] [G2] : [E8] 1 2
su(2)

2 [G2] ,

[E8] [F4] : [E8] 1 2
su(2)

2
g2
3 1 [F4] .

(4.4.9)

These are all OvH theories, as one can easily check. The first describes 2 = 1
2
f(E6) fractions,

which is a “half M5” on an E6 singularity. The second one describes 3 = 1
2
f(E7) fractions, which

is a “half M5” on an E7 singularity. The third and fourth one describe one third and one half an
M5 on top of the E8 singularity.
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The reason these theories are very Higgsable has nothing to do with the recombination of M5s
shown in Figure 4.1. They seem to be related to a T-brane phenomenon: the Higgs branch flows
activated by the nilpotent vevs of the Higgs field. In fact, for low numbers of M5s and for nilpotent
elements with large enough orbit dimension of G = SO(2n), En, this flow can sometime lead to
the loss of all tensor multiplets.

T-brane theories. It is also possible to Higgs the theories T fr
G→Gfr

(N − 1) by two nilpotent
elements YL,R in Gfr. We then obtain T-brane theories T fr

G→Gfr
({YL, YR}, N). These theories have

not been fully worked out in general except for the cases Gfr = G2 and F4 in [67]. It would be
interesting to work out the properties of these theories.

4.4.3 Partial recombinations

In the previous sections, we only consider the Higgs moduli space at the origin of the tensor
branch for several interesting theories. It would also be interesting to study about the Higgs
moduli space on different non-generic loci of the tensor branch, where only some of the fractions
are coinciding. In particular, will examine how the Higgs moduli space dimension formula (4.4.1)
at the CFT point changes. In this subsection, we only consider the original unfrozen conformal
matter theories TG(N − 1).

Full M5s not necessarily coincident. First of all, we can see that the dimension (4.4.1) is also
valid at loci of the tensor branch where the M5 fractions coincide in groups of f, thus making N
full M5s, but they need not be on top of each other.

In fact, if we have a sequence of CFT’s connected by vectors and hypers, we expect dH at that
locus to be ∑

i

dH(CFTi) + nH − nV . (4.4.10)

Let us consider the non-generic locus of TG(N − 1) where N full M5s are formed but do not all
coincide. The theory on this locus consists of N copies of TG(0) connected by (N − 1) copies of
a G gauge field. Thus (4.4.10) gives

(dim(G) + 1)N − dim(G)(N − 1) = dim(G) +N (4.4.11)

which coincides with (4.4.1) by using N = n + 1. Thus the maximum Higgs moduli space
dimension is already reached on this locus.

A simple interpretation of (4.3.7) inspired by the observation above is as follows. We rewrite
it as in terms of the number of fractions f (recall (2.4.8)) as dH = 29(f − 1)n + nH − nV . On
a generic point of the tensor branch where all the fractions are separeted , the theory is weakly
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coupled and one expects simply dH = nH − nV . Thus we can interpret that the Higgs moduli
space increases every time one puts fractions on top of each other, up to a maximum when one
makes (f−1)n coincidences. This number of coincidences is already achieved when recombining
the fractions in N full M5s, not necessarily making all the M5s coincident.

Partial coincidence of fractions. As a next step, we consider the Higgs moduli space at some
loci of partial coincidence of fractions. For example, we take the locus where 2N half-M5s are
put on the E7 singularity;

[E7] (SO(7)) (E7) · · · (E7) (SO(7)) [E7] . (4.4.12)

As already mentioned, [E7] [SO(7)] is OvH and we use (4.3.8) to compute its Higgs branch
dimension; dH = 8 − 3 + 2 · 29 = 63. Then, the formula (4.4.10) gives (2N × 63) − 21N −
133(N − 1) = 133− 28N = dim(E7)− 28N . Comparing this with (4.4.1), we see that the Higgs
moduli space dimension is smaller by 29N . This is in accord with the interpretation in the last
paragraph; the dimension increases by 29 whenever we coalesce two half M5s to a full M5.

Similarly, we can consider [E8] (F4) (E8) · · · [E8], which is a sequence of half-M5s
on the E8 singularity. Here [E8] [F4] has dH = 136, and (4.4.10) gives (2N × 136) − 52N −
248(N − 1) = 248 − 28N = dim(E8) − 28N . Again a dimension 29 is lost when splitting the
M5s in half.
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Chapter 5

One-instanton moduli space as Higgs
branch of 6d SCFTs

5.1 Anomaly matching on Higgs branch

In the previous chapter, we focused on the gravitational part of the anomaly. For general
theories, it is difficult to determine the R-symmetry and the flavor symmetry part of the anomaly
from the anomaly matching on Higgs branch. In this chapter, however, we will point out that we
can determine the full anomaly polynomial from the anomaly matching on Higgs branch for a
special class of theories [30].

The theories we consider in this chapter are 6d N=(1, 0) theories with a Higgs branch given
by the one-instanton moduli space MG of a group G. We will uniquely determine the anomaly
polynomial of these theories and find that the most of the G is excluded by the consistency. We
also consider 2d N=(0, 4) theories whose Higgs branch is MG, because these theories often
appear on the string in 6d N=(1, 0) theories [37].

In the rest of this section, we would like to explain more about the properties of MG and how
the anomaly matching on Higgs branch works in this class of theories.

Moduli space MG. Let us review the geometric properties of MG needed in the computation.
The details can be found e.g. in [75]. The moduli space MG, whose quaternionic dimension is
h∨G − 1, is smooth on a generic point, and the symmetry SU(2)R × G acting on MG is broken to
SU(2)D × G′. Here, SU(2)X is the SU(2) subgroup associated to the highest root of G and G′ is
its commutant within G. The SU(2)D is the diagonal subgroup of SU(2)R and SU(2)X .

In addition to the symmetry breaking, we can find the representation of the hypermultiplets,
which correspond to the tangent space of MG. Indeed, there is a neutral hypermultiplet and a
charged half-hypermultiplet in a representation R under SU(2)X ×G′ at a generic point. The rule
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G h∨ G′ R′ short comment
SU(n) n U(1)F × SU(n− 2) (n− 2)−n ⊕ (n− 2)−n

SO(n) n− 2 SU(2)F × SO(n− 4) 2F ⊗ (n− 4)

Sp(n) n+ 1 Sp(n− 1) 2n− 2

E6 12 SU(6) 20 3-index antisym.
E7 18 SO(12) 32 chiral spinor.
E8 30 E7 56

F4 9 Sp(3) 14′ 3-index antisym. traceless.
G2 4 SU(2)F 4 3-index sym.

Table 5.1: The data. For SU(n), U(1)F is normalized so that n splits as (n− 2)−2 and 2n−2. For
SO(n), n is assumed to be ≥ 5.

to determine R is
g = g′ ⊕ su(2)⊕R. (5.1.1)

Here R is always of the form of the doublet of SU(2)X tensored with a representation R′ of G′.
The subgroup G′ and the representation R′ are listed in the Table 5.1.

Anomaly matching. With the help of the data explained above, we can full reconstruct the
anomaly polynomial of 6d SCFT with Higgs branch MG. We can focus on anomalies of the
R-symmetry SU(2)R and the flavor symmetry G that the supeconformal theory at the origin has.

When we move onto a generic point of the Higgs branch, we have free hypermultiplets whose
unbroken symmetry is now SU(2)D ×G′. As mentioned earlier, SU(2)D is the diagonal subgroup
of SU(2)R and SU(2)X . The number of hypermultiplets is given by dH = h∨ − 1 hypermultiplets
whose details are as follows;

• One of them is neutral under the unbroken symmetry SU(2)D × G′; indeed it is identified
with changing the vev. By noting the fact that the scalars in a half-hyper are doublets of
SU(2)R, we can find that this hypermultiplet is in fact a half-hyper in the 2 of SU(2)X .

• The remaining dH − 1 hypers transform as a doublet of SU(2)X and in some representation
R′ of G′ listed in Table 5.1. Since SU(2)X and SU(2)R are identified to be SU(2)D, this
corresponds to have dH − 1 free hypers in the representation R′.

Then, the anomaly matching on Higgs branch proceeds as follows;

1. The anomaly of G of the theory at the origin can be found from the anomaly of G′ of the
free hypermultiplets on the Higgs branch, as long as G′ is nonempty.
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2. This in turn determines the contribution of SU(2)X to the anomaly of SU(2)D. Then, we
can fix the anomaly of SU(2)R of the original superconformal theory.

3. Even when G′ is empty, we can still constrains the anomaly of SU(2)R and G of the theory
at the origin.

During the process above, we often find that the anomaly matching cannot be satisfied. If so, we
can conclude that a superconformal theory with Higgs branch MG does not exist.

5.2 Six-dimensional theories

In this section we use the method explained in Section 5.1 to which MG can arise as a Higgs
branch of 6d N=(1, 0) SCFTs. We note that the argument in the following can only be applied
under the assumption that the theories in question are superconformal.

We will find that the anomaly matching on Higgs branch can be done consistently only for

SU(2), SU(3), Sp(n), E8, and G2. (5.2.1)

The features of each cases are summarized as follows;

• In the SU(2) case, we cannot completely determine the anomaly of the SCFT; we find a
three-parameter family of solutions (5.2.10). When the parameters take special values, we
can reproduce the anomaly of a free hypermultiplet gauged by Z2.

• In the SU(3) case, we can unambiguously determine the anomaly as in (5.2.13). But we do
not know any example of 6d theories with these values of anomalies. Moreover, we either
do not know the string theory construction of a 6d SCFT with Higgs branch MSU(3).

• The Sp(n) case reproduces the anomaly polynomial of n free hypermultiplets gauged by
Z2.

• The E8 case reproduces the anomaly of the rank-1 E-string theory.

• The G2 case is excluded by a more refined anomaly matching test using the global anomaly,
as explained in Section 5.2.3

In the following subsections, we will show the detailed computations. The analysis is slightly
different depending on whether G is classical or exceptional.
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5.2.1 G is one of the exceptionals

We first consider the cases of exceptional groups. Since there is no independent quartic
Casimir for exceptional groups, the anomaly polynomial at the origin can be written as

Iorigin
8 = αc2(R)

2 + βc2(R)p1(T ) + γp1(T )
2 + δp2(T )

+
1

4
TrF 2

G

(
κ

4
TrF 2

G + λc2(R) + µp1(T )

)
, (5.2.2)

where we have introduced the unknown coefficients α, β, γ, δ, κ, λ, µ to be determined below. On
the generic point of the Higgs branch, using (D.2 ) we find that the anomaly polynomial (5.2.2)
becomes

Igeneric
8 = (α + κ+ λ)c2(D)2 + (β + µ)c2(D)p1(T ) + γp1(T )

2 + δp2(T )

+
m

4
TrF 2

G′

(
mκ

4
TrF 2

G′ + (2κ+ λ)c2(D) + µp1(T )

)
. (5.2.3)

On the other hand, the anomaly of free hypers becomes

Ihypers
8 =

1

24
c2(D)2 +

1

48
c2(D)p1(T ) +

7(2 + dR′)

11520
p1(T )

2 − 2 + dR′

2880
p2(T )

+
1

48
trR′ F 4

G′ +
TG′

(R′)

96
TrF 2

G′p1(T ). (5.2.4)

when decomposing the characteristic classes of G into those of G′. In order to match (5.2.3)
and (5.2.4), there should be no independent quartic Casimir invariant for G′.Therefore, we can
excludes G = E6, E7, F4 and we only consider the cases G = G2, E8.

When G = E8. Since tr56 F
4
E7

= 3
2
(TrF 2

E7
)2 and TE7(56) = 6, the anomaly (5.2.4) becomes

Ihyper
8 =

1

24
c2(D)2 +

1

48
c2(D)p1(T ) +

203

5760
p1(T )

2 − 29

1440
p2(T )+

+
1

32

(
TrF 2

G′

)2

+
1

16
TrF 2

G′p1(T ). (5.2.5)

Comparing (5.2.3) and (5.2.5), we can solve as

α =
13

24
, β = −11

48
, γ =

203

5760
, δ = − 29

1440
, κ =

1

2
, λ = −1, µ =

1

4
(5.2.6)

which coincides with the anomaly of rank-1 E-string theory determined in Section 3.3.2.
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When G = G2. Using tr4 F
4
SU(2) = 41

4
(TrF 2

SU(2))
2 and T SU(2)(4) = 5, the anomaly (5.2.4)

becomes

Ihypers
8 =

1

24
c2(D)2 +

1

48
c2(D)p1(T ) +

7

1920
p1(T )

2 − 1

480
p2(T )+

+
41

192

(
TrF 2

SU(2)

)2

+
5

96
TrF 2

SU(2)p1(T ). (5.2.7)

Comparing (5.2.3) and (5.2.7), we can solve the equations by

α =
91

216
, β = − 7

144
, γ =

7

1920
, δ = − 1

480
, κ =

41

108
, λ = −41

54
, µ =

5

72
. (5.2.8)

WhenG = SU(2). Let us consider the SU(2) case, which is included in this subsection since the
independent fourth order Casimir does not exist. In this case, the anomaly of the hypermultiplet
is just

Ihypers
8 =

c2(D)2

24
+
c2(D)p1(T )

48
+

7p1(T )
2 − 4p2(T )

5760
. (5.2.9)

The anomaly polynomial of the SCFT can be written as (5.2.2) since there is no independent
quartic Casimir. On a generic point of the Higgs branch SU(2)G and SU(2)R are identified as in
(D.9 ). Matching the resulting anomaly polynomial with (5.2.9), we can solve the equations by

α+ κ+ λ =
1

24
,

β + µ =
1

48
,

γ =
7

5760
, δ =

1

1440
. (5.2.10)

In this case we cannot determine the anomaly polynomial completely. The only known 6d
SCFT that have the Higgs branchMSU(2) is the O(1)×SU(2) free hyper. The anomaly polynomial
of this theory can be reproduced from (5.2.10) by setting α = β = λ = 0.

WhenG = SU(3). The case of SU(3) is also included in this subsection since the fourth Casimir
of SU(3) is zero and we can take the SCFT anomaly polynomial in the form of (5.2.2). Substitut-
ing the decomposition (D.10 ) to (5.2.2), we obtain

Igeneric
8 = (α + κ+ λ)c2(D)2 + (β + µ)c2(D)p1(T ) + γp1(T )

2 + δp2(T )

− 3c1(U(1)F )
2

(
(λ+ 2κ)c2(D) + µp1(T )− 3κc1(U(1)F )

2

)
. (5.2.11)

On the other hand, the anomaly polynomial of the hypermultiplets is given as

Ihypers
8 =

c2(D)2

24
+
c2(D)p1(T )

48

− 3c1(U(1)F )
2p1(T )

16
+

27c1(U(1)F )
4

8
+ 2

7p1(T )
2 − 4p2(T )

5760
. (5.2.12)
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Comparing these two equations, we can find a unique solution given by

α =
5

12
, β = − 1

24
,

γ =
7

2880
, δ = − 1

720
,

κ =
3

8
, λ = −3

4
, µ =

1

16
. (5.2.13)

To our knowledge, a 6d SCFT with these values of anomalies and a SCFT with Higgs branch
MSU(3) are either not known.

5.2.2 G is one of classical groups

Let us consider the cases when G = Sp(n), SO(2n), SU(n). For these groups, there are two
independent fourth order Casimir invariants, trfund F

4 and (TrF 2)2 to be considered.

When G = Sp(n). In this case, the anomaly of the free hypers is given by

Ihypers
8 =

1

48

(
trfund F

4
Sp(n−1)+2c2(D)2

)
+
(2c2(D) + trfund F

2
Sp(n−1))p1(T )

96
+n

7p1(T )
2 − 4p2(T )

5760
.

(5.2.14)
Since the purely gravitational part of the anomaly can be reproduced from that of the free

hypers, we focus on the R-symmetry and the flavor symmetry part. By using some unknown
coefficients, they can be written as

Iorigin
8 = αc2(R)

2+βc2(R)p1(T )+x trfund F
4
Sp(n)+y(trfund F

2
Sp(n))

2+trfund F
2
Sp(n)

(
κc2(R)+λp1(T )

)
.

(5.2.15)
Decomposing the characteristic classes for Sp(n) to those for Sp(n − 1) using (D.3 ) and (D.4 ),
the anomaly at the origin becomes,

Igeneric
8 = (α+ 2x+ 4y + 2κ)c2(D)2 + (β + 2λ)c2(D)p1(T )

+ x trfund F
4
Sp(n−1) + 4yc2(D) trfund F

2
Sp(n−1)

+ y

(
trfund F

2
Sp(n−1)

)2

+ trfund F
2
Sp(n−1)

(
κc2(D) + λp1(T )

)
. (5.2.16)

Comparing (5.2.14) and (5.2.16), we find

α = 0, β = 0, x =
1

48
, y = 0, κ = 0, λ =

1

96
. (5.2.17)

The full anomaly polynomial at the origin thus computed precisely agrees with that of O(1) ×
Sp(n) half-hyper. In fact, This half-hypermultplet is the ADHM gauge theory for Sp(n).
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When G = SO(n). In this case, the anomaly of the hypermultiplet is given by

Ihypers
8 =

(n− 4) trfund F
4
F + 6 trfund F

2
F trfund F

2
SO(n−4) + 2 trfund F

4
SO(n−4) + 2c2(D)2

48

+
((n− 4) trfund F

2
F + 2 trfund F

2
SO(n−4) + 2c2(D))p1(T )

96
+ (n− 3)

7p1(T )
2 − 4p2(T )

5760
.

(5.2.18)

Since the purely gravitational part already reproduces the anomaly at the origin, we concentrate
on the part involving the R-symmetry and the flavor symmetry. We write the anomaly at the origin
using some unknown coefficients as

Iorigin
8 = αc2(R)

2+βc2(R)p1(T )+x trfund F
4
SO(n)+y(trfund F

2
SO(n))

2+trfund F
2
SO(n)(κc2(R)+λp1(T )).

(5.2.19)
We can use equations (D.5 ) and (D.6 ) to decompose the anomaly (5.2.19) to

Igeneric
8 = (α + 4x+ 16y + 4κ)c2(R)

2 + (β + 4λ)c2(D)p1(T ) + (x+ 4y)(trfund F
2
F )

2 (5.2.20)

+ (12x+ 16y + 2κ)c2(D) trfund F
2
F + x trfund F

4
SO(n−4) + (16y + κ)c2(D) trfund F

2
SO(n−4)

+ y(trfund F
2
SO(n−4))

2 + 4y trfund F
2
F trfund F

2
SO(n−4) + λp1(T )(trfund F

2
SO(n−4) + 2 trfund F

2
F ).

We try to match (5.2.18) and (5.2.21) and solve for α, β, x, y, κ, λ. We find that the SU(2)F

independent terms can be matched by setting α = −1
8
, β = − 1

16
, x = 1

24
, λ = 1

48
, y = κ =

0. These values reproduce the anomalies of SU(2) gauge theory with n half-hypermultiplets,
though it is anomalous in 6d. However it is not possible to match other SU(2)F dependent terms.
Therefore, there is no solution in this case.

When G = SU(n). We only need to consider n ≥ 4. Then, the anomaly of the hypermultiplets
is given by

Ihypers
8 =

c2(D)2

24
+
c2(D)p1(T )

48
− n2(n− 2)c1(U(1)F )

2p1(T )

48
+

trfund F
2
SU(n−2)p1(T )

48

−
n2c1(U(1)F )

2 trfund F
2
SU(n−2)

4
+
n4(n− 2)c1(U(1)F )

4

24
+

trfund F
4
SU(n−2)

24

−
nc1(U(1)F ) trfund F

3
SU(n−2)

6
+ (n− 1)

7p1(T )
2 − 4p2(T )

5760
. (5.2.21)

We take the flavor and R-symmetry part of the anomaly to be written as (5.2.15) with the
replacement Sp(n) → SU(n). Decomposing the characteristic classes of SU(n) to those for
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U(1)F × SU(n− 2) by using (D.7 ) and (D.8 ), we find

Igeneric
8 = (α + 2x+ 4y + 2κ)c2(D)2 + (β + 2λ)c2(D)p1(T ) + x trfund F

4
SU(n−2) + y(trfund F

2
SU(n−2))

2

− 8xc1(U(1)F ) trfund F
3
SU(n−2) − 4(6x+ n(n− 2)y)c1(U(1)F )

2 trfund F
2
SU(n−2)

− 2(n− 2)(nκ+ 4yn+ 6(n− 2)x)c1(U(1)F )
2c2(D) + 2n(n− 2)(x(n2 − 6n+ 12)

+ 2yn(n− 2))c1(U(1)F )
4 + (κ+ 4y)c2(D) trfund F

2
SU(n−2)

+ λ trfund F
2
SU(n−2)p1(T )− 4n(n− 2)λc1(U(1)F )

2p1(T ). (5.2.22)

Matching two equations (5.2.21) and (5.2.22), we find that the U(1)F independent terms can
be matched by setting α = −x = − 1

24
, β = −λ = − 1

48
, y = κ = 0. These values coincide the

anomalies of U(1) gauge theory with n hypermultiplets, though it is anomalous in 6d. The U(1)F
dependent terms can be matched only if n = 2. However, we have assumed that n ≥ 4. Then we
again conclude that there is no solution in this case.

5.2.3 Excluding G = G2 by global anomaly

In this short section, we exclude the case of G = G2 by using the anomalies under large gauge
transformations. Such a global anomaly exist only when the group has a non-trivial 6th homotopy
group; π6(G) ̸= 0. It is known that this can only happen when

G = SU(2), π6(SU(2)) = Z12,

G = SU(3), π6(SU(3)) = Z6, (5.2.23)

G = G2, π6(G2) = Z3.

These anomalies1 are mapped to each another by the embedding

SU(2) → SU(3) → G2. (5.2.24)

More explicitly, the relations between global anomalies can be described in terms of hypermulti-
plets as follows. Let us consider a hyper in the 7 of G2, one in the 3 of SU(3), and a half-hyper
in the 2 of SU(2). In fact, they contribute to the global anomaly as the generator of π6(G) for
their respective groups [53]. Under the mapping (5.2.24), the 7 of G2 decomposes to the 3+ 3 of
SU(3) and further decomposes to the 2× 2+ singlets of SU(2). Therefore the global anomaly is
consistently mapped across each groups in (5.2.23).

1Note that these groups have no independent quartic Casimir invariant. If we embed the groups in (5.2.23) into
another group with an independent fourth Casimir, the global anomaly is matched with the standard gauge anomaly
trF 4.
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Global anomaly matching on Higgs branch. Then let us examine whether SU(2), SU(3) and
G2 cases are excluded by the global anomaly matching test on the Higgs branch. For SU(2) and
SU(3), the global anomaly doesn’t exist on the Higgs branch. This simply means that the global
anomaly also vanishes even at the origin.

The situation for G2 is more subtle. The putative SCFT at the origin possesses the G2 global
symmetry which is potentially globally anomalous. However, we will argue below that the G2

global anomaly at the origin cannot be matched with the SU(2)2 anomaly at the Higgs branch,
thus excluding the case of G = G2.

First, let us analyze the G2 anomaly at the origin. We consider a 7 of G2, the generator of the
global anomaly of G2 in (5.2.23). Under the SU(2)1 × SU(2)2 subgroup of G2, it decomposes
as 7 → (2,2) ⊕ (1,3). Since the anomaly must be preserved under this decomposition and
the 3 of SU(2) contribute to the anomaly just as 8 half-hyper doublets [53], we conclude that
the G2 anomaly is fully included in the SU(2)1 part, while SU(2)2 is non-anomalous. Therefore
SU(2)2, which is the remaining global symmetry on a generic point on the Higgs branch, must be
non-anomalous.

However on a generic point on the Higgs branch we have an half-hyper in the 4 of SU(2)2
which does contribute to the global anomaly. This can be easily checked by decomposing the
14 of G2 under the SU(2)1 × SU(2)2 subgroup. Thus we find that we cannot match the SU(2)2

anomaly on the Higgs branch with the anomaly of G2 at the origin. Therefore the G2 theory is
inconsistent.

5.3 Two-dimensional theories

In this section we analyze the 2d N=(0, 4) theories since these appear as the worldsheet
theories on strings in 6d theories. In two dimensions, the scalars always fluctuate all over the
moduli space, and the continuous symmetry never breaks. Therefore, it is imprecise to consider
the theory at the origin of the moduli space and compare the anomaly between the origin and
the generic point. Rather, what we do is to match the anomaly polynomial calculated using a
semi-classical analysis at the generic point using the unbroken symmetry at that point, with the
anomaly polynomial written in terms of the full symmetry.

We will find that the anomaly polynomials on the Higgs branch can consistently be matched
only for

SU(2), SU(3), SO(8), Sp(n), E6,7,8, F4, and G2. (5.3.1)

The data is summarized in Table 5.2, where nv, dH , kG are the coefficients in the anomaly poly-
nomial written as

I full
4 = −nvc2(R) + dHc2(I) +

2dH − nf

24
p1(T ) +

kG
4

Tr(F 2
G) (5.3.2)

73



where SU(2)R and SU(2)I are the R-symmetries. Note that the SU(2)I and the gravitational part
of the anomaly can be matched directly on the Higgs branch. We also note that there are no global
gauge anomalies in 2d since π2(G) = 0 for all Lie groups.

G n nv dH kG

SU(2) x− 1 1 x

Sp(n) 0 n 1

SU(3) 3 2 2 3

SO(8) 4 3 5 4

F4 5 4 8 5

E6 6 5 11 6

E7 8 7 17 8

E8 12 11 29 12

G2
7
3

3 10
3

Table 5.2: The cases without Fermi multiplets in two dimensions. We explicitly show the value
of self-Dirac-Zwazinger paring as n when the theory is realized on a single string in minimal 6d
N=(1, 0) theories.

In this section, we also consider the slightly generalized situation: we can also have Fermi
multiplets in addition to hypermultiplets on a generic point of the Higgs branch. This is indeed
the case for many 2d theories on the strings of 6d N=(1, 0) theories. Here Fermi multiplet is
nothing but a single left-moving Weyl fermion transforming some representation RF under G.
Therefore, we should also examine how the anomaly matching is affected when we allow the
Fermi multiplets as the massless spectrum.2

5.3.1 G is of type Sp or one of the exceptionals

In this case, the unbroken subgroup G′ is simple. If we denote the representations of Fermi
multiplets under G′ as

∑
mNm, then the anomaly polynomial of multiplets on Higgs branch is

given as

I free
4 = c2(D)+

2 + dR′

2
c2(I)+

2 + dR′ −
∑

mNm

24
p1(T )+

2TG′
(R′)− 2

∑
m T

G′
(Nm)

4
Tr(F 2

G′).

(5.3.3)

2In this thesis, we only consider Fermi multiplets transforming non-trivially under the unbroken subgroup on
Higgs branch G′. The only effect of neutral Fermi multiplets is to change the value of the gravitational anomaly.
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On the other hand, by using (D.2 ) and (D.3 ), the anomaly (5.3.2) becomes

Igeneric
4 = (kG − nv)c2(D) + dHc2(I) +

2dH − nf

24
p1(T ) +

mkG
4

Tr(F 2
G′), (5.3.4)

where m is 3 for G2 and 1 for other cases.

Without Fermi multiplets. If we assume that there are no Fermi multiplets, the anomalies
(5.3.3) and (5.3.4) can be matched by the data summarized in Table 5.2.

The cases with G = E8, E7, E6, F4 reproduce the anomaly on a single self-dual string3 in
minimal 6d N=(1, 0) theories for n = 12, 8, 7, 5:

I string
4 = −(n− 1)c2(R) + (3n− 7)c2(I) +

3n− 7

12
p1(T ) +

n

4
TrF 2

G. (5.3.5)

The case with G = Sp(n) reproduces the anomaly of O(1) × Sp(n) half-hypers as expected. To
the best of our knowledge, we do not know an example of 2d N=(0, 4) SCFT with Higgs branch
MG2 and no Fermi multiplets.

With Fermi multiplets. Next we consider the cases with Fermi multiplets on the Higgs branch.
As examples, let us consider nf fundamental Fermi multiplets of G′. For the G = E7, the

anomaly is written as

I full
4 = −(7−nf )c2(R)+17c2(I)+

17− 3nf

12
p1(T )+

8− nf

4
Tr(F 2

E7
)+

1

4
Tr(F 2

SO(nf )
). (5.3.6)

where we included the SO(nf ) symmetry acting on Fermi multiplets. This anomaly precisely
agrees with that of a single string in 6d E7 gauge theory with nf/2 hypermultplets. Similarly,
G = E6, F4 cases reproduce the anomaly of a single string in 6d G = E6, F4 gauge theory with
nf fundamental hypermultiplets.

Finally, we consider G = G2. The anomaly can be matched by

I full
4 = −7− nf

3
c2(R) + 3c2(I) +

3− nf

12
p1(T ) +

10− nf

12
Tr(F 2

G2
) +

1

4
Tr(F 2

SU(nf )
), (5.3.7)

where we included the SU(nf ) flavor symmetry acting on the Fermi multiplets. For nf = 1, 4, 7,
(5.3.7) reproduces the anomaly of a string in the 6dG2 gauge theory with nf = 1, 4, 7 fundamental
hypermultiplets.

3We have subtracted the anomaly of the center-of-mass mode from the result presented in [37].
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5.3.2 G is of type SO

In this case, the unbroken group is SU(2)F × SO(n − 4). If we denote the representation of
the Fermi multiplets by

∑
m(nm,Nm), the anomaly of the free multiplets is written as

I free
4 = c2(D) + (n− 3)c2(I) +

2n− 6−
∑

m nmNm

24
p1(T )

+
n− 4− 2

∑
mNmT

SU(2)F (nm)

4
Tr(F 2

F ) +
2−

∑
m nmT

SO(n−4)(Nm)

2
Tr(F 2

SO(n−4)).

(5.3.8)

On the other hand, by using (D.5 ), the anomaly (5.3.2) becomes

Igeneric
4 = (kG−nv)c2(D)+dHc2(I)+

2dH − nF

24
p1(T )+

kG
4

Tr(F 2
F )+

kG
4

Tr(F 2
SO(n−4)), (5.3.9)

Without Fermi multiplets. Comparing (5.3.8) and (5.3.9) in the case without Fermi multiplets,
the anomaly can be determined as

nv = 3, dH = n− 3, kG = 4. (5.3.10)

when we only consider the SU(2)F -independent part. This precisely agrees with the values of the
anomalies of the SU(2) gauge theory with n half-hypers, though it is anomalous in 2d. If we would
like to match the remaining SU(2)F -dependent part, the solution exists only for G = SO(8). The
solution precisely agrees with the anomaly of (5.3.5) for n = 4. Indeed, the worldsheet theory
on a single string in minimal 6d N=(1, 0) SCFT for n = 4 has the Higgs branch MSO(8) without
Fermi multiplets.

With Fermi multiplets. Let us consider the cases with Fermi multiplets. The matching of
SU(2)F requires the following equation to be satisfied

n− 4− 2
∑
m

NmT
SU(2)F (nm) = 4− 2

∑
m

nmT
SO(n−4)(Nm) (5.3.11)

An example of solution of it is obtained by setting 1 ≤ m ≤ n− 8, Nm = 1 and nm = 2 for all
m. Then, the anomaly polynomial is given by

I full
4 = −3c2(R) + (n− 3)c2(I) +

5

12
p1(T ) + Tr(F 2

SO(n)) +
1

4
Tr(F 2

Sp(n−8)), (5.3.12)

where we have included the global symmetry acting on (n − 8) free Fermi multiplets. This is
precisely the anomaly of a single string in 6d SO(n) gauge theory with (n − 8) fundamental
hypermultiplets.
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5.3.3 G is of type SU

If we denote the representation of the Fermi multiplets as ⊕m(Nm)nm under SU(n − 2) ×
U(1)F , the anomaly of the multiplets on the Higgs branch is

I free
4 = c2(D) + (n− 1)c2(I) +

2n− 2−
∑

mNm

24
p1(T ) +

2− 2
∑

m T
SU(n−2)(Nm)

4
Tr(F 2

SU(n−2))

−
(
n2(n− 2)− 1

2

∑
m

Nmn
2
m

)
c1(U(1)F )

2. (5.3.13)

On the other hand, by using the decomposition (D.7 ), we have the anomaly

Igeneric
4 = (kSU(n) − nv)c2(D) + dHc2(I) +

2dH −
∑

mNm

24
p1(T ) +

kSU(n)

4
Tr(F 2

SU(n−2))

− kSU(n)n(n− 2)c1(U(1)F )
2. (5.3.14)

Without Fermi multiplets. Let us first consider the case n ≥ 4. If we only consider the U(1)F -
independent part, the matching problem between (5.3.13) and (5.3.14) can be solved by

nv = 1, dH = n− 1, kSU(n) = 2 (5.3.15)

which precisely reproduce the anomalies the U(1) gauge theory with n hypermultiplets, though
it is anomalous in 2d. The matching of U(1)F -dependent terms requires us to set n = 2, which
contradicts with the original assumption n ≥ 4.

When G = SU(2), the matching can be solved by

I full
4 = −(kSU(2) − 1)c2(R) + c2(I) +

1

12
p1(T ) +

kSU(2)

4
Tr(F 2

SU(2)), (5.3.16)

where kSU(2) is an undetermined coefficient. If we set kSU(2) = 1, we reproduce the anomaly of a
O(1)× SU(2) half-hyper.

When G = SU(3), the matching can be solved by

I full
4 = −2c2(R) + 2c2(I) +

1

6
p1(T ) +

3

4
Tr(F 2

SU(3)), (5.3.17)

which coincides with the anomaly (5.3.5) for n = 3. Indeed, the worldsheet theory of a single
string in minimal 6d N=(1, 0) SCFT for n = 3 is the SCFT with Higgs branch MSU(3) and no
Fermi multiplets.

With Fermi multiplets. Let us consider the case with Fermi multiplets for n ≥ 4. For simplic-
ity, we only consider two examples.
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• When Nm≥1 = 1, the matching can be solved by

nV = 1, dH = n− 1, kSU(n) = 2 (5.3.18)

as long as the U(1)F charges satisfy

2n(n− 2) = n2(n− 2)− 1

2

∑
m

n2
m. (5.3.19)

An example of solutions of (5.3.19) is obtained by setting 1 ≤ m ≤ 2n and nm = (n − 2)

for all m. The full anomaly is written as

I full
4 = −c2(R) + (n− 1)c2(I)−

1

12
p1(T ) +

2

4
Tr(F 2

SU(n)) +
1

4
Tr(F 2

SU(2n)F
), (5.3.20)

where we have included the contribution of the flavor symmetry SU(2n)F , acting on the
Fermi multiplets of the same U(1)F charges. This is precisely the anomaly of a single
string in 6d SU(n) gauge theory with 2n fundamental hypermultiplets.

• When N1 = (n− 2),Nm≥2 = 1, the matching can be solved by

nv = 0, dH = n− 1, kSU(n) = 1 (5.3.21)

as long as the U(1)F charges satisfy

n(n− 2) = n2(n− 2)− (n− 2)n2
1

2
− 1

2

∑
m≥2

n2
m. (5.3.22)

An example of solutions of (5.3.22) is obtained by setting 1 ≤ m ≤ n + 9, n1 = (n − 4)

and nm = (n− 2) for all m ≥ 2. The total anomaly is written as

I full
4 = (n− 1)c2(I)−

1

3
p1(T ) +

1

4
Tr(F 2

SU(n)) +
1

4
Tr(F 2

SU(n+8)F
), (5.3.23)

where we have included the global symmetry SU(n + 8) acting on the Fermi multiplets of
the same U(1)F charge. This precisely agrees with the anomaly of a single string in 6d
SU(n) gauge theory with Nf = n+ 8, NΛ2 = 1 hypermultiplets.
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Chapter 6

Anomaly of strings in 6d N= (1, 0) theories

6.1 Inflow to the strings from 6d

The 6d theories on the tensor branch have a rich spectrum of 2d strings [76] For example,
when the 6d theory is engineered by F-theory compactification with elliptic Calabi-Yau threefold,
the defect strings come from D3 branes wrapping a curve on the base B2. When the 6d theory
is obtained by intersecting branes in type IIA superstring, they come from D2 branes suspended
between NS5 branes.

At sufficiently low energy scale below the vev of the scalars in tensor multiplets, the string can
be considered as a non-dynamical defect put on a definite position in the 6d spacetime. Just like
D-branes in string theory, these defect strings have non-zero chiral anomalies localized on their
worldsheets. In this chapter, we will determine the anomaly of the string defects in 6d theories on
the tensor branch by using the inflow from 6d [37] (See also [34, 35]).

To use the anomaly inflow, we need to know the Chern-Simons like terms in the 6d effective
Lagrangian. The relevant part of the effective action is given as1

2π

∫
ηij
(
1

2
dBi ∧ ⋆dBj +Bi ∧ Ij

)
. (6.1.1)

The strings in the 6d theory are charged under those 2-form fields and the charge matrix is given by
ηij . The Dirac-Zwazinger quantization implies that the matrix ηij is symmetric, positive definite
and integral. In the following, we sill raise/lower the indices by using ηij .

The Green-Schwarz coupling Bi ∧ Ij contributes to the anomaly polynomial of the 6d theory
by IGS = 1

2
ηijIi ∧ Ij . As argued in Section 3.2, the 4-form Ii in (6.1.1) is given as

ηijIj =
1

4

(
ηiaTrF 2

a − (2− ηii)p1(T )

)
+ h∨Gi

c2(I) (6.1.2)

1Because Bi is self-dual, it is imprecise to write the kinetic term as in (6.1.1), but we will see that it is convenient
to include it here for the inflow computation.
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for all 6d theories known so far. Here we sum over the indices j and a, but the index in ηii is
not summed. The field strengths Fa include both dynamical and background gauge fields. The
charge matrix η is extended to include both dynamical and background tensor multiplets.2 p1(T )
is the first Pontrjagin class of the tangent bundle of the 6d spacetime and c2(I) is the second Chern
class of the background SU(2)I R-symmetry bundle of the 6d N=(1, 0) supersymmetry. When
Gi = ∅, the dual Coxeter number h∨G is interpreted as 1, which occurs only when ηii = 1 or 2.

Symmetries. Let us consider the string with the charge vector Qi put on x2 = · · · = x5 = 0

in 6d spacetime. The global symmetries of the 2d theory on the string is SU(2)L × SU(2)R ×
SU(2)I ×

∏
aGa. Here SU(2)L × SU(2)R ≃ SO(4)N comes from the normal directions to the

string. The SU(2)I ×
∏

aGa is the R, gauge and global symmetries of the bulk 6d theory.3

The decomposition of the 6d supercharges into the 2d supersymmetry along x0,1 is

(2,1,2)+ + (1,2,2)−. (6.1.3)

Here we denote the representations under SU(2)L×SU(2)R×SU(2)I , with the subscript ± for the
2d chirality. The string preserves only half of the original 6d supercharges; (1,2,2)−. We note
that the SO(4) R-symmetry of 2d N=(0, 4) supersymmetry is identified with SU(2)R × SU(2)I .

Main formula. Let us present the main formula in this chapter. The anomaly 4-form I4 of the
2d N=(0, 4) theory on the string is given as

I4 =
ηijQiQj

2

(
c2(L)− c2(R)

)
+ ηijQiIj. (6.1.4)

By using the concrete form of the 4-form Ij in (6.1.2), we can obtain a more concrete formula;

I4 =
ηijQiQj

2

(
c2(L)− c2(R)

)
+Qi

(
1

4
ηia TrF 2

a − 2− ηii

4
(p1(T )− 2c2(L)− 2c2(R)) + h∨Gi

c2(I)

)
. (6.1.5)

In (6.1.4) and (6.1.5), we decompose the 6d p1(T ) as 2d p1(T )+p1(N). We also used the relations
χ(N) = c2(L)− c2(R) and p1(N) = −2c2(L)− 2c2(R).

2The indices a, b, . . . are for both dynamical and background fields, while the indices i, j, . . . are only for dynam-
ical ones.

3Here we should not confuse SU(2)R with the R-symmetry of 6d supersymmetry.
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Derivation by inflow. Here we will derive the formula (6.1.4) by performing the anomaly inflow
computation for the self-dual string. The anomaly inflow of self-dual strings was studied in other
references such as [77, 78, 79], mostly in the case of 6d N=(2, 0) theory.

The modified Bianchi identity for the 3-form field strength under the presence of the string is
written as

dHi = Ii +Qi

5∏
j=2

δ(xj)dxj, (6.1.6)

where Qi is the charge of the string. We can solve this identity by

Hi = Qi
e
(0)
3

2
+ (regular), (6.1.7)

where e(0)3 is the global angular form of the S3 bundle of the tubular neighborhood of the string.
We note that it is related to the Euler class χ4(N) of the normal bundle by de(0)3 = 2χ4(N).

We rewrite the relevant part of the 6d Lagrangian for the inflow computation as

2π

∫
Y7

ηij
(1
2
dHi ∧Hj +Hi ∧ Ij

)
, (6.1.8)

instead of (6.1.1). Here Y7 is an auxiliary 7d manifold whose boundary is the physical 6d space-
time. We also extend the worldsheet of the string to Y7 and denote it as M3.

We will extract the most singular term in (6.1.8) in the presence of the string. It is given as

2π

∫
Y7

(ηijQiQj

4
χ4(N)e

(0)
3 + ηijQiIj

e
(0)
3

2

)
. (6.1.9)

Anomaly inflow tells us that the anomaly on the string worldsheet is given by integrating out
(6.1.9). Integration is straightforward since there is a factor of the Euler class χ4(N) which re-
duces the integral over Y7 to M3. The result is

2π

∫
M3

(ηijQiQj

4
e
(0)
3 + ηijQiI

(0)
j,3

)
(6.1.10)

which is nothing but the formula (6.1.4).4

6.2 Comparison with quiver gauge theory description

When the 6d theory can be engineered by a brane web, it is not so hard to explicitly write the
string worldsheet theory as a 2d N=(0, 4) gauge theory. If so, we can easily compute its chiral

4The computation of the contribution from the kinetic term of (6.1.1) involves some hand-waving, due to the
self-duality of the tensor fields. However, a more careful derivation, based on the method in [80], gives the same
result.
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anomalies by counting the number of multiplets. The purpose of this subsection is to provide
further evidence for the formula (6.1.5) by checking with the multiplet counting.

To this end let us briefly recall the free multiplets of 2d N=(0, 4) supersymmetry [81].

• Vector multiplet contains a gauge field and right moving fermions which is a doublet of
SU(2)R and SU(2)I .

• Hypermultiplet contains complex scalars which is a doublet of SU(2)R and left moving
fermions which is a doublet of SU(2)I .

• Twisted hypermultiplet contains complex scalars which is a doublet of SU(2)I and left
moving fermions which is a doublet of SU(2)R.

• Fermi multiplet contains a right moving fermion which is neutral under the R-symmetry.

Here we identified the R-symmetry of 2d N=(0, 4) as SU(2)R × SU(2)I . For the computation of
the anomalies, we note the fact that a left moving complex Weyl fermion in 2d in the fundamental
representation of SU(2) gives the anomaly −1

2
trfund F

2 = −1
4
TrF 2 = −c2(SU(2)).

E-strings. The formula (6.1.5) states that the anomaly 4-form of the bound state of Q E-strings
is given as

IE-string
4 (Q) =

Q2 +Q

2
c2(L)−

Q2 −Q

2
c2(R)−

Q

4
TrF 2

E8
− Q

4
p1(T ) +Qc2(I). (6.2.1)

Here we used the fact that ηia in (6.1.2) for the E8 global symmetry is −1.
On the other hand, when we engineer the E-string theory by an NS5 probing the 16 D8s with

O8−, the Q E-strings can be introduced by putting Q D2s connecting the NS5 and the D8-O8.
The matter content of the gauge theory on the D2 was determined in [21]. It is summarized in
Table 6.1. Since all the fermions in the Table are real, we have to multiply 1/2 in the anomaly
computation.

It is straightforward to check that the SU(2)L,R,I anomaly matches with (6.2.1). The anomaly
of theE8 global symmetry also matches under the assumption that the SO(16) symmetry enhances
toE8 in the infrared of 2d gauge theory. In fact, the Fermi multiplet Ψl

+ contributes to the anomaly
by 1

2
Q(−1

2
trfund F

2
SO(16)) = −Q

4
TrF 2

SO(16). For the gravitational anomaly, the vector multiplet
gives − 1

24
(Q2 − Q)p1(T ), the hypermultiplet gives + 1

24
(Q2 + Q)p1(T ) and the Fermi multiplet

gives −1
3
Qp1(T ). if we sum the three contributions, we can reproduce the coefficient of p1(T ) in

(6.2.1).
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vector (Aµ, λ
α̇A
+ ) hyper (ϕαα̇, λ

αA
− ) Fermi (Ψl

+)

O(Q) antisymmetric symmetric fund
SU(2)L - fund -
SU(2)R fund - -
SU(2)I fund fund -
SO(16) - - fund

Table 6.1: The gauge theory on the worldsheet theory of Q E-strings. α, α̇ = 1, 2 are indices
for SU(2)L,R, A = 1, 2 are for SU(2)I and l = 1, . . . , 16 are for SO(16) flavor symmetry. We
explicitly write the representations of the fermions in the multiplets. O(Q) is the gauge symmetry
while the other symmetries are global. It should note that all the fermions listed above are real.

vector (Aµ, λ
α̇A
+ ) hyper (ϕαα̇, λ

αA
− ) hyper (qα̇, ψA

−) Fermi (ψF
+)

U(Q) adjoint adjoint fund fund
SU(2)L - fund - -
SU(2)R fund - - -
SU(2)I fund fund fund -
SU(2)F - - - fund

Table 6.2: The gauge theory on the worldsheet of Q M-strings. Here the indices α, α̇, A are the
same as in the E-string. F = 1, 2 is the fundamental indices of SU(2)F symmetry. U(Q) is the
gauge symmetry and the others are global. Again, the fermions λ are real.

M-strings. The anomaly of the bound states of Q M-string (i.e., the Q M2s suspended between
two M5s ) can be computed using our formula (6.1.5). It is given as

IM-string
4 (Q) = Q2(c2(L)− c2(R)) +Q(c2(I)− c2(F )). (6.2.2)

Here we decompose the SO(5) R-symmetry as SU(2)F × SU(2)I ⊂ SO(5) and regard SU(2)I as
the R-symmetry of 6d N=(1, 0) supersymmetry and SU(2)F as the flavor symmetry. Note that
the worldsheet theory on M-string possess both SU(2) symmetries, as can be seen in (6.2.2).

The matter contents of the gauge theory description of the 2d theory [18] is listed in Table 6.2.
It is straightforward reproduces (6.2.2) from the counting of multiplets.

Instanton strings of SO(8). Let us consider the charge-Q string in n = 4 minimal 6d theory
in Section 2.3.1. This is the instanton-string of SO(8) with instanton number Q. Then, the gauge
theory description follows from the ADHM construction of SO(8) instantons, as explained in [22].
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vector (Aµ, λ
α̇A
+ ) hyper (ϕαα̇, λ

αA
− ) hyper (qα̇, ψA

−)

Sp(Q) symmetric antisymmetric fund
SU(2)L - fund -
SU(2)R fund - -
SU(2)I fund fund fund
SO(8) - - fund

Table 6.3: The gauge theory on the charge Q string in n = 4 minimal 6d N=(1, 0) theory. Sp(Q)
is the gauge symmetry and SO(8), SU(2)L,R,I are global symmetries. The indices α, α̇, A are
the same as in the E-string case. Again the fermions λ are all real. The bifundamental hyper of
Sp(Q)× SO(8) is in fact a half-hypermultiplet.

The matter content are summarized in Table 6.3.
On the other hand, our formula (6.1.5) state that the anomaly 4-form of the charge Q string in

the n = 4 minimal 6d N=(1, 0) theory is given as

In=4
4 (Q) = (2Q2 −Q)c2(L)− (2Q2 +Q)c2(R) +QTrF 2

SO(8) +
Q

2
p1(T ) + 6Qc2(I). (6.2.3)

We can check that the matter contents in Table 6.3 indeed match with the anomaly (6.2.3).

String chains. We can also consider more complicated bound states of the strings in 6d theories
with several tensor multiplets. The reference [23] studied the strings in 6d N=(1, 0) theories
on the multiple M5-branes probing the ALE singularity or the E8 wall. The 2d N=(0, 4) gauge
theory on the string can be read off from the IIA realization of the 6d theory. The basic feature
of the 2d theories is that they are linear quiver gauge theories whose ranks of gauge groups are
determined by the string charge vector {Qi}Ni=1. Since the precise matter content and gauge groups
depend on which 6d theory we consider, we do not try to write them down here.

For these 2d theories, we can also check the agreement of the formula (6.1.5) with the mul-
tiplet counting. As a simple example, we compute the SU(2)I anomaly of the charge-{Qi}Ni=1

string in TSU(k)(N − 1) [3] in two ways. From the formula (6.1.5), the coefficient of c2(I) is
equal to k

∑N
i=1Qi. On the other hand, the multiplets in the gauge theory description which

have a non-trivial SU(2)I anomaly are U(Qi) vectors, U(Qi)-adjoint hypers and U(Qi)×SU(k)i-
bifundamental hypers [23]. Since the anomalies from vectors and adjoint hypers cancel each other,
the total anomaly comes from only bifundamental hypers and is given by (k

∑N
i=1Qi)c2(I), as ex-

pected.

84



6.3 Some applications of anomalies of strings

In this section, we will present some applications of the anomaly formula (6.1.5).

ADE classification of 6d N=(2, 0) theories. We will derive the ADE classification of 6d
N=(2, 0) theories from the viewpoint of the string, slightly extending the argument in [77]. Let
us consider an N=(2, 0) theory with r tensor multiplets. On a generic point on the tensor branch,
there are strings charged under the tensor multiplets. Given two strings with charges Q⃗ and Q⃗′

respectively, we denote the Dirac pairing as

⟨Q⃗, Q⃗′⟩ = ηijQiQ
′
j. (6.3.1)

The Dirac-Zwazinger quantization law implies ⟨Q⃗, Q⃗′⟩ ∈ Z.
Let us consider a single string with charge Q⃗. Since the string breaks translational invari-

ance and its fermionic counterpart, there are four bosonic zero-modes and eight chiral Majorana
fermionic zero-modes on the string. They comprise a hypermultiplet of the 2d N=(4, 4) super-
symmetry., whose fermionic components transform as (2,1,2)− + (1,2,2)+ under SU(2)L ×
SU(2)R × SU(2)I , with the subscript ± denoting the 2d chirality. The anomaly polynomial of the
hypermultiplet is

Izero modes
4 = (c2(L) +

1

12
p1(T ))− (c2(R) +

1

12
p1(T )) = c2(L)− c2(R). (6.3.2)

The crucial assumption in [77] was that the worldsheet theory is given purely by these zero
modes. Then the anomaly (6.3.2) needs to be reproduced from the anomaly inflow. Since we do
not know the 6d Green-Schwarz coupling at this point, we just assume a generic one

dHi = cip1(T ). (6.3.3)

Here we neglected contributions from the 6d R-symmetry c2(I) since they do not affect the 2d
anomaly terms which will be important in the following.

Using the inflow formula (6.1.4), we obtain

Iworldsheet
4 =

⟨Q⃗, Q⃗⟩
2

(c2(L)− c2(R)) + ⟨Q⃗, c⃗⟩(p1(T )− 2c2(L)− 2c2(R)). (6.3.4)

Comparing (6.3.2) and (6.3.4), we obtain

⟨Q⃗, Q⃗⟩ = 2, (6.3.5)

and ci = 0 in (6.3.3).
We have found that the charge lattice of strings of a 6d N=(2, 0) theory is an integral lattice

generated by vectors whose length squared is two. Since this condition is equivalent to the fact that
the charge lattice is a simply-laced root lattice, we have an ADE classification of the 6d N=(2, 0)

theory. We also obtained ci = 0 in (6.3.3), which agrees with a different computation in [28].
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Existence of E8 flavor symmetry of the smallest 6d N=(1, 0) theory. Let us consider an
N=(1, 0) theory with one tensor multiplet whose Dirac pairing is given by

η = 1, (6.3.6)

and whose Green-Schwarz term5 is given as

dH = I =
η − 2

4
p1(T ). (6.3.7)

We further assume that there is no dynamical gauge field on the tensor branch. We conjecture that
the 6d theory introduced above is in fact the E-string theory. If so, this smallest theory somehow
has the E8 flavor symmetry.

To see how the symmetry arises automatically, let us consider a string of charge Q = 1. By
substituting (6.3.6) and (6.3.7) to the inflow formula (6.1.4), we find the anomaly on the string

I inflow
4 =

1

2
(c2(L)− c2(R))−

1

4
(p1(T )− 2c2(L)− 2c2(R)) + c2(I)

= c2(L) + c2(I)−
1

4
p1(T ). (6.3.8)

On the string worldsheet, there are bosonic and fermionic zero modes coming from the break-
ing of the bulk translational symmetry and its fermionic partner. They form a hypermultiplet of
2d N=(0, 4) supersymmetry, and have the anomaly polynomial

Izero modes
4 = c2(L) + c2(I) +

1

12
p1(T ). (6.3.9)

Comparing (6.3.8) and (6.3.9), we find that there must be some additional degrees of freedom
on the worldsheet since there is a mismatch in the gravitational anomaly by −1

3
p1(T ). The sim-

plest possibility to account for the difference is to add a chiral CFT on the left-moving side of the
string worldsheet, with c = 8.

Assuming that the partition function of the 2d theory on the string is well-defined up to a phase,
this additional chiral CFT with c = 8 must be the E8 current algebra of level one. Although this
argument is not a complete derivation of the E8 flavor symmetry, it does at least indicate that the
E8 symmetry needs to arise automatically.

World-sheet structure of strings of minimal 6d N=(1, 0) theories. Let us consider the charge-
Q string of minimal 6d N=(1, 0) theories reviewed in Section 2.3.1. We can find the anomaly on

5For 6d N=(1, 0) theories constructed from F-theory, this relation follows from the geometric consideration [50].
It would be interesting to find a purely field theoretical derivation of (6.3.7)
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the string as

I4(n,Q) =
nQ2 − (n− 2)Q

2
c2(L)−

nQ2 + (n− 2)Q

2
c2(R)

+
nQ

4
TrF 2

G +
(n− 2)Q

4
p1(T ) +Qh∨Gc2(I) (6.3.10)

by applying the inflow formula (6.1.5).
An instanton configuration of g vector multiplet is charged under the tensor field and its charge

Q is identified with the instanton number. Therefore, the 2d world-sheet theory with N=(0, 4)

supersymmetry on the strings of the minimal 6d N=(1, 0) theory at least have a Higgs branch
which is the instanton moduli space of gauge group g of instanton number Q, whose quaternionic
dimension is h∨Q. Indeed, for n = 4 and g = so(8), the worldsheet gauge theory is known to be
the ADHM construction of charge-Q so(8) instanton.

Now, let us move onto the Higgs branch. Since it does not break the SU(2)I and the diffeomor-
phism symmetry, the p1(T ) and c2(I) terms of the anomaly can be computed straightforwardly at
the generic point on the Higgs branch. There, the string is a finite-sized instanton-string on which
there are 4h∨Q bosonic and chiral fermionic zero-modes. Therefore, the anomaly should contain
the terms

Qh∨G(
1

12
p1(T ) + c2(I)). (6.3.11)

Comparing with (6.3.10), we need to have

h∨G = 3(n− 2). (6.3.12)

This explains the numerology (2.3.4) pointed out in Section 2.3.1.
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Chapter 7

Anomaly polynomials of frozen conformal
matters

7.1 Anomaly polynomials of unfrozen conformal matters

Let us start by reviewing the computation of anomalies of the 6d theory TG(Q− 1); the theory
on Q M5-branes probing the ALE singularities C2/ΓG. We sill use the method presented in
Section 3.1.2. We note that we will ignore the U(1) part of the anomaly for simplicity. This U(1)
exists as acting on C2/Γ when Γ is of type Ak.

The matter content of the theory TG(Q− 1) at the generic point of the tensor branch is already
presented in Section 2.4.1 and it is straightforward to use the method in Section 3.1.2. However,
it is easier to divide the computation into two steps; the first is to compute the anomalies for
Q = 1.The second is to compute the anomalies for general Q theory.

Minimal conformal matter TG(0) . Even when Q = 1, to compute the anomalies it is more
convenient to make some fractional M5-branes coincident, rather than staying on the generic point
on the tensor branch. Specifically, if there is no nontrivial gauge groups on a segment between
two fractions, we make them coalesce. Then the theory consists of an equal number of tensor and
vector multiplets, coupled to hypermultiplets and/or E-string theories of rank 1 and 2. Then we
apply the method in Section 3.1.2.

As an illustration, we consider the single M5-brane on the E6 singularity and compute the
anomaly. In order to make the numbers of gauge groups and tensor multiplets equal, we make
pairs of fractional M5-branes to coalesce. The anomalies of two rank-1 E-string theories and a
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SU(3) vector multiplet plus one N=(1, 0) tensor multiplet is given as

Ione-loop

=I rank 1
E-string(TrF

2
L + TrF 2

SU(3)) + Ivec
SU(3)(TrF

2
SU(3)) + I tensor + I rank 1

E-string(TrF
2
SU(3) + TrF 2

R)

=
1

32
(TrF 2

L)
2 +

1

32
(TrF 2

R)
2 +

(
TrF 2

L + TrF 2
R

)( 1

16
p1(T )−

1

4
c2(R)

)
+

19

24
c22(R)−

29

48
c2(R)p1(T ) +

373

5760
p21(T )−

79

1440
p2(T )

− 1

32
(TrF 2

SU(3))
2 + TrF 2

SU(3)

(
−5

4
c2(R) +

1

16
p1(T ) +

1

16
TrF 2

L +
1

16
TrF 2

R

)
,

where FL, FSU(3) and FR are background field strength of EL
6 , SU(3) and ER

6 , respectively. The
anomaly of the rank-1 E-string I rank 1

E-string is taken from (3.1.13), subtracting the contribution from a
free hypermultiplet. Although there is no concept of loop computations in the E-string theory, we
will call these contributions as the ‘one-loop’ contribution by the abuse of terminology.

The Green-Schwarz term which cancels the SU(3) part of the anomalies is given as

IGS =
1

2

(
1

4
TrF 2

SU(3) + 5c2(R)−
1

4
p1(T )−

1

4
TrF 2

L − 1

4
TrF 2

R

)2

. (7.1.1)

Therefore, the total anomalies is

Ibif
E6,E6

(FL, FR) = Ione-loop + IGS =
1

16
(TrF 2

L)
2 +

1

16
TrF 2

L TrF
2
R

+
1

16
(TrF 2

R)
2 +

(
TrF 2

L + TrF 2
R

)(1

8
p1(T )−

3

2
c2(R)

)
+

319

24
c22(R)−

89

48
c2(R)p1(T ) +

553

5760
p21(T )−

79

1440
p2(T ). (7.1.2)

By applying the same procedure for the E6 case to all G, where G is a simply-laced group, we
obtain the following anomaly polynomial

Ibif
G,G(FL, FR) =

α

24
c2(R)

2 − β

48
c2(R)p1(T ) + γ

7p1(T )
2 − 4p2(T )

5760

+
(
−x
8
c2(R) +

y

96
p1(T )

)
(TrF 2

L + TrF 2
R)

+
1

48

(
trG F

4
L + trG F

4
R

)
− 1

2

(
1

4
TrF 2

L − 1

4
TrF 2

R

)2

, (7.1.3)

where coefficients are listed in Table 7.1. From this table, we can easily find that γ = dimG + 1,
x = |ΓG| − h∨G and y = h∨G. α and β are more complicated combinations of group theoretical
data, which we will display as a part of the formula for a general number Q of M5-branes.
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G SU(k) SO(2k) E6 E7 E8

α 0 10k2 − 57k + 81 319 1670 12489
β 0 2k2 − 3k − 9 89 250 831
γ k2 k(2k − 1) + 1 79 134 249
x 0 2k − 6 12 30 90
y k 2k − 2 12 18 30

Table 7.1: Table of anomaly coefficients for (G,G) conformal matters.

Non-minimal conformal matter TG(Q− 1). We would like to determine the anomaly polyno-
mial of the theory TG(Q − 1). We go to a point on the tensor branch where the theory becomes
[G] (G) · · · (G) [G] where represents TG(0). The effective theory consists of Q− 1 free
tensor multiplets, describing the relative positions of the full M5s, vector multiplets for each G,
and the 6d theories TG(0) as generalized bifudamental matters.

We choose to include the center-of-mass motion of Q M5-branes for convenience of compu-
tation and to compare the result with the inflow argument where the center-of-mass contribution
is automatically included. At the end of this section, we will comment on how to subtract the
contribution of the center-of-mass mode (both one-loop and Green-Schwarz).

The one-loop anomaly is given by

Ione-loop =

Q−1∑
i=0

Ibif
G,G(Fi, Fi+1) +

Q−1∑
i=1

Ivec
G (Fi) +QI tensor. (7.1.4)

We find that the gauge anomalies can be canceled by the Green-Schwarz term

IGS =
1

2

Q−1∑
i=0

IiIi (7.1.5)

for the self-dual tensor fields with the Bianchi identity

dHi = Ii =
1

4
TrF 2

i − 1

4
TrF 2

i+1 +
1

2
(2i−Q+ 1)|Γ|c2(R), (7.1.6)

where Hi (i = 0, 1, · · · , Q − 1) are the three-form fields in the tensor multiplets whose scalars
represent the absolute positions ofQ full M5s on R1, not the relative positions of them. Combining
all of them, we obtain the total anomaly polynomial:

I tot
G = IGS + Ione-loop = |Γ|2Q3 c

2
2(R)

24
− Q

48
c2(R)

(
|Γ|(rG + 1)− 1

)(
4c2(R) + p1(T )

)
− Q

8
|Γ|c2(R)(TrF 2

0 + TrF 2
Q) +

Q

8

(
1

6
c2(R)p1(T )−

1

6
p2(T ) +

1

24
p21(T )

)
− 1

2
Ivec(F0)−

1

2
Ivec(FQ). (7.1.7)
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Remark. As already mentioned, we give a comment about the center of mass tensor multiplet.
In fact, the anomaly polynomial of the UV SCFT is given by subtracting the contributions of the
center of mass tensor multiplet from (7.1.7),

I tot = ISCFT + I ten +
1

2Q

(
1

4
TrF 2

0 − 1

4
TrF 2

Q

)2

. (7.1.8)

Here the third term is a Green-Schwarz term for the center of mass tensor multiplet; it has the
Bianchi identity

d(
1

Q

∑
i

Hi) =
1

Q

∑
i

Ii =
1

Q

(
1

4
TrF 2

0 − 1

4
TrF 2

Q

)
. (7.1.9)

We note that the additional factor Q comes from the factor Q in front of the kinetic term of the
center-of-mass tensor multiplet, i.e. ηcenter-of-mass = Q.

7.2 Comparison with the inflow

We will compute the anomaly polynomial the theory TG(Q− 1) by using the anomaly inflow
and check that the result agrees with (7.1.7). We will denote the 11d spacetime as X11 = X6 ×
(R × C2/Γ) and put Q M5-branes at the origin of R × C2/Γ. Let ya (a = 1, 2, 3, 4, 5) be the
coordinates of the covering space R5 = R× C2.

7.2.1 7d Chern-Simons terms on ALE singularities

First of all, we would like to determine the additional two types of Chern-Simons terms local-
ized on the singularity in the M-theory spacetime X11 = X7 × C2/Γ.

Gravitational Chern-Simons terms. The Chern-Simons terms which only contain gravita-
tional terms can be determined as follows. For X11 = X7 × C2/Γ, the structure group of the
tangent bundle is decomposed as SO(11) → SO(7)×SU(2)L×SU(2)R. Since the discrete group
Γ is contained in SU(2)L, the SU(2)R symmetry still acts on C2/Γ.1 Let c2(L) and c2(R) be the
Chern classes of SU(2)L and SU(2)R respectively. Then I8 becomes

I8 = − 1

48
c2(L)(4c2(R) + p1(TX7)) +

1

48

[
p2(T )− p1(T )c2(R)−

1

4
p1(T )

2

]
. (7.2.1)

1As we already mentioned, when G is of type Ak, there is an additional U(1) symmetry acting on C2/Γ which
we ignore for simplicity.
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The singularity can be regarded as a gravitational instanton with nontrivial localized curvature
c2(L) given as ∫

C2/Γ

c2(L) =: χΓ. (7.2.2)

where χΓ can be thought of as a version of the “Euler number” of the singularity. Therefore, the
Chern-Simons term SCI8 in M-theory can be decomposed as

SCI8 = Sbulk
CI8

+ 2π

∫
X7×{0}

χΓ

48
C ∧ (4c2(R) + p1(T )). (7.2.3)

Here Sbulk
CI8

is the Chern-Simons term (3.3.2) while the second terms is localized on the singularity.
The value of χΓ is given by [82]

χΓ = rΓ + 1− 1

|Γ|
, (7.2.4)

where rΓ is the rank of the Ar, Dr, Er group corresponding to Γ, and |Γ| is the order of Γ.
This formula can be derived as follows. Let M = {z ∈ C2/Γ; |z|2 ≤ 1}. whose boundary is

∂M = S3/Γ. The topological Euler number of this space is χ(M) = r+1 because dimH2(M) =

r, dimH0(M) = 1 and others are zero. On the other hand, the topological Euler number is also
written as an integral of local quantities; χ(M) =

∫
M
E4 +

∫
∂M

(local term), where we denote
the Euler density as E4. When Γ is trivial so that ∂M = S3, the contribution from the boundary
integral is 1. This is becuase r = 0 and E4 = 0 in that case. Then, the boundary contribution to
χ(M) is 1/|Γ| when ∂M = S3/Γ. Therefore we obtain

∫
M
E4 = r + 1− 1/|Γ|.

Gauge Chern-Simons terms. Let us next consider the Chern-Simons terms involving gauge
fields localized on the singularity. The gauge fields Ai (i = 1, · · · , rΓ) in the Cartan of the G
gauge algebra localized on the singularity comes from the M-theory 3-form C as follows,

C = Cbulk + i
r∑

i=1

ωi ∧ Ai, (7.2.5)

where ωi are Poincare duals to the 2-cycles which are collapsed at the singularity. The factor
i =

√
−1 was introduced to make Ai anti-Hermitian. Then we obtain

SCGG = Sbulk
CGG +

2π

2
ηij
∫
X7×{0}

Cbulk ∧ Fi ∧ Fj

= Sbulk
CGG +

2π

4

∫
X7×{0}

Cbulk ∧ TrF 2, (7.2.6)

where ηij = −
∫
ωi∧ωj is −1 times the intersection matrix of the two-cycles given by the Cartan

matrix of G. Although we derived the formula only for gauge fields in the Cartan sugalgebra, the
last expression is valid for the whole G gauge field.
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Summary. Combining all the results, we obtain the Chern-Simons terms localized on the sin-
gularity as follows;

SΓ =2π

∫
X7×{0}

Cbulk ∧ J4, (7.2.7)

J4 ≡
χΓ

48
(4c2(R) + p1(T )) +

1

4
TrF 2. (7.2.8)

7.2.2 Inflow computation

Let us put Q coincident M5s and determine the anomalies by the inflow from the Chern-
Simons terms. We start from the modification of the Bianchi identity for G. If Γ is trivial, the
Bianchi equation for G is the same as (3.3.9). In the case of C2/Γ, we restrict the SO(5)R bundle
to the subbundle SU(2)R ⊂ SO(4)R ⊂ SO(5)R, which will be preserved even when the spacetime
is orbifolded by Γ. Then, the only change in G is the additional factor of |Γ|:

G = |Γ|Qe4
2
+ (regular) (7.2.9)

where yas are understood as the coordinates of the covering space.
Because G is singular at the position of the M5s, we remove a small tubular neighborhood of

them in the integral of Chern-Simons terms. By an abuse of notation, we denote the worldvolume
of M5s as X6 (or Y7 depending on whether we consider X11 or Y12). The integral formulas for
global angular forms, when we divide C2 by Γ is given by including additional factors of |Γ|;

|Γ|
∫
S4

e4 = 2, |Γ|
∫
S4

(e4)
3 = 2c2(R)

2 (7.2.10)

where S4 is a sphere around the origin of R× C2.
Then, the most singular part of the Chern-Simons term Sbulk

CGG is given by

Sbulk
CGG =

2π

6
lim
ϵ→0

∫
Y12\Dϵ(Y7)

Gbulk ∧Gbulk ∧Gbulk

∼2π · Q
3|Γ|3

48
lim
ϵ→0

∫
Y12\Dϵ(Y7)

e34 = −2π · Q
3|Γ|3

48
lim
ϵ→0

∫
∂Dϵ(Y7)

e
(0)
3 e24

=− 2π · Q
3|Γ|2

24

∫
Y7

c2(R)
(0)c2(R), (7.2.11)

where dc2(R)(0) = c2(R) and we have used the fact that because e4 is closed, it is locally written
as e4 = de

(0)
3 . Therefore, the contribution to the anomaly polynomial is −(Q3|Γ|2/24)c2(R)2.

Similarly, we obtain

Sbulk
CI8

∼2π ·Q
∫
Y7

I
(0)
7 ,

SΓ ∼2π · Q|Γ|
2

∫
Y7

c2(R)
(0) (J4,L + J4,R) , (7.2.12)
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where dI(0)7 = I8. We note that the two sides of the M5-branes become the independent gauge
fields for GL and GR and that the J4,L and J4,L are the J4 defined in (7.2.8) on the left and right
of the M5-branes respectively.

Combining the three contributions, the inflow terms are given as

− Q3|Γ|2

24
c2(R)

2 +QI8 +
Q|Γ|
2

c2(R)(J4,L + J4,R). (7.2.13)

which must be cancelled by the anomaly of the theory TG(Q− 1).
Moreover, there is another source of the anomaly; the boundary condition of gauge fields

GL,R. In fact, the M5-branes set the boundary condition of these gauge fields, such that a gauge
theory on the singularity is described by a 6d N=(1, 0) vector multiplet instead of a 6d N=(1, 1)

vector multiplet. In other words, among the 7d N=1 vector fields on the singularity, three scalars
and a component of vector field normal to M5-branes have Dirichlet boundary condition, while
vector fields tangent to M5-branes have Neumann boundary condition.

This boundary condition gives contribution to the anomaly. This is the same in the case of the
end-of-the-world brane where the change of the gravitino boundary condition gave contributions
to the anomaly by 1

4
p1(TX11). In our case, the contribution is written as

− 1

2
IvecL − 1

2
IvecR , (7.2.14)

where IvecL and IvecR are the anomalies of 6d N=(1, 0) vector multiplets with gauge groups GL

and GR, respectively.
Taking into account the contribution (7.2.14), we finally obtain the anomaly polynomial Itot(Q,G)

of TG(Q− 1) as

Itot(Q,G)

=
Q3|Γ|2

24
c2(R)

2 −QI8 −
Q|Γ|
2

c2(R)(J4,L + J4,R)−
1

2
IvecL − 1

2
IvecR , (7.2.15)

which coincides with the result (7.1.7) in the previous section.

7.3 Anomaly polynomials of frozen conformal matters

We will now compute the anomaly polynomial for the 6d theories T fr
G→Gfr

(Q− 1) in a similar
way to Section 7.1. The theory is a chain of Q copies of (Gfr, Gfr) conformal matter theories:

[Gfr] (Gfr) · · · (Gfr) [Gfr] , (7.3.1)

where Gfr can also be non-simply-laced or trivial.
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By repeating the same computation in Section 7.1, we find that the anomaly polynomial, in-
cluding the center of mass tensor multiplet, can be written in an elegant expression which suggest
the anomaly inflow interpretation;

I tot =
1

24
Q3|ΓG|2c2(R)2 −QI8 −

1

2
Q|ΓG|(J4,L + J4,R)−

1

2
Ivec
L − 1

2
Ivec
R , (7.3.2)

where G is the simply-laced group from which Gfr is obtained,. Other definitions are summarized
as follows;

• The expression for I8 is

I8 =
1

48

[
p2(T )− p1(T )c2(R)−

1

4
p1(T )

2

]
. (7.3.3)

• The expression for J4,L/R is

J4,L/R =
1

48
(4c2(R) + p1(T ))χG→Gfr +

1

4dG→Gfr

trF 2
L/R , (7.3.4)

where
χG→Gfr

= rG − 11 +
12

dG→Gfr

− 1

|ΓG|
. (7.3.5)

rG is the rank of G, |ΓG| is the number of elements of ΓG, and dG→Gfr is the parameter given
in (2.4.10). When Gfr = G, dG→Gfr

is taken to be 1. The last term in (7.3.4) is present only
whenGfr is non-empty. The quantity χG→Gfr

can alternatively be expressed using rank(Gfr)

as

χG→Gfr =


rG + 1− 1

|ΓG| unfrozen, Gfr = G ;

−3
5
− 1

|ΓG| “exotically frozen”: (4.4.6) ;

rGfr − 1− 1
|ΓG| otherwise .

(7.3.6)

• The expression for Ivec
L/R is

Ivec
L/R = − 1

24

[
tradj F

4
L/R + 6c2(R) tradj F

2
L/R + dim(Gfr)c2(R)

2
]

− 1

48
p1(T )

[
tradj F

2
L/R + dim(Gfr)c2(R)

]
− 1

5760

[
7p1(T )

2 − 4p2(T )
]
,

(7.3.7)

where
tradj F

2
L/R = h∨(Gfr) trF

2
L/R . (7.3.8)

The terns involving FL,R are only present when Gfr ̸= ∅.
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The center of mass contribution to the above anomaly polynomial is similar to (7.1.8);

ICM =

[
1

24
c2(R)

2 +
1

48
c2(R)p1(T ) +

23

5760
p1(T )

2 − 116

5760
p2(T )

]
+

1

2Q

1

16d2G→Gfr

(
trF 2

L − trF 2
R

)2
.

(7.3.9)

In particular, the second line is a Green–Schwarz contribution.
Therefore, the anomaly polynomial of the UV SCFT associated with (7.3.1) is given as

I tot − ICM =αc2(R)
2 + βc2(R)p1(T ) + γp1(T )

2 + δp2(T )

+

(
−x
8
c2(R) +

h∨Gfr

96
p1(T )

)
(trF 2

L + trF 2
R)

+
1

48
(tradj F

4
L + tradj F

4
R)−

1

2Q

1

16d2G→Gfr

(
trF 2

L − trF 2
R

)2 (7.3.10)

where

α =
1

24
|ΓG|2Q3 − 1

12
Q|ΓG|χG→Gfr +

1

24
(dim(Gfr)− 1)

β =
1

48
Q (1− |ΓG|χG→Gfr) +

1

48
(dim(Gfr)− 1)

γ =
1

5760
[30(Q− 1) + 7(dim(Gfr) + 1)]

δ = − 1

1440
[30(Q− 1) + dim(Gfr) + 1]

x =
|ΓG|
dG→Gfr

Q− h∨Gfr
.

(7.3.11)

Here we comment on a special case where Gfr = ∅ and Gfr is not exotically frozen. Using
(7.3.5) or (7.3.6), we take χG→Gfr = −1− 1

|ΓG| and we obtain

α =
1

24
|ΓG|2Q3 − 1

12
(−|ΓG| − 1)Q− 1

24

β =
Q

48
(2 + |ΓG|)−

1

48

γ =
1

5760
[30(Q− 1) + 7]

δ = − 1

1440
[30(Q− 1) + 1] .

(7.3.12)

This can be obtained formally from (7.1.7) and (7.1.8) by setting dimG = rankG = 0 and with
|ΓG| replaced by −|ΓG|.

The fact that the our formulas for the anomaly polynomial are a minimal modification of those
in Section 7.2 give interesting indications on the physics of frozen singularities. Especially, we
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find that there are new parameter dG→Gfr
of (2.4.10), and of χG→Gfr

in (7.3.6) associated with the
frozen singularity. For example, χG→Gfr

seems to modify the Euler number of the singularity χΓ

in (7.2.4). It would be very interesting to see how these parameters should be interpreted in the
framework of M-theory.
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Appendix A

Group theoretical data

Let us summerize group theoretic notations. In this thesis we do not concern about subtleties
arising from global structures of gauge groups and we are careless about whether we are talking
about groups or algebras. It is convenient to define the symbol TrG to be the trace in the adjoint
representation divided by the dual Coxeter number h∨G of the gauge group G, listed in Table A.1.

One of the properties of Tr is that 1
4

∫
TrF 2 is one when there is one instanton on a four-

manifold. Moreover, if we have subgroup G′ in a group G with Dynkin index of embedding 1, for
an element f of universal enveloping algebra of Lie algebra of G′ , the following equation holds:

TrG′ f = TrG f. (A.1)

All of the embeddings we consider in this paper have index 1, so we often omit the subscript G in
TrG.

To convert the above anomaly polynomials to a convenient form, we define some constants
and write those values in Table A.1. We define the constant sG which relates the trace of F 2 in the
fundamental representation and TrF 2 as trfund F 2 = sG TrF 2. Then we have

tradjF
2 = h∨G TrF 2, trfundF

2 = sG TrF 2, (A.2)

where the first equation is just the definition of Tr. For trace of F 4, we define tG and uG by

tradjF
4 = tGtrfndF

4 +
3

4
uG(TrF

2)2. (A.3)

For gauge groups G = SU(2), SU(3) and all exceptional groups, there are no independent
quadratic Casimir operator, so we can relate trρF

4 and (TrF 2)2 by

tradjF
4 =

3

4
wG(TrF

2)2, trfundF
4 =

3

4
xG(TrF

2)2 (A.4)

These constants are tabulated in Table A.2. Note that because tSO(8) = 0, we can also relate
tradj F

4 to (TrF 2)2 for G = SO(8).
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G SU(k) SO(k) USp(2k) G2 F4 E6 E7 E8

rG k − 1 ⌊k/2⌋ k 2 4 6 7 8
h∨G k k − 2 k + 1 4 9 12 18 30
dG k2 − 1 k(k − 1)/2 k(2k + 1) 14 52 78 133 248
dfnd k k 2k 7 26 27 56 248
sG

1
2

1 1
2

1 3 3 6 30
tG 2k k − 8 2k + 8 0 0 0 0 0
uG 2 4 1 10

3
5 6 8 12

Table A.1: Group theoretical constants defined for all G. Those constants are also listed in Ap-
pendix of [83].

G SU(2) SU(3) G2 F4 E6 E7 E8

wG
8
3

3 10
3

5 6 8 12
xG

1
6

1
6

1
3

1 1 2 12

Table A.2: Group theoretical constants defined only G without independent quartic Casimir.

All representations we use in this paper are fundamental or adjoint, except for the spin repre-
sentation 8 of SO(7). The conversion constant for this representation is

tr8F
2 = TrF 2,

tr8F
4 = −1

2
trfundF

4 +
3

8
(TrF 2)2. (A.5)

Finally, let us note that the finite subgroup ΓG of SU(2) of type G = An, Dn and En has the
following order:

|ΓSU(k)| = k, |ΓSO(2k)| = 4k − 8, |ΓE6 | = 24, |ΓE7 | = 48, |ΓE8 | = 120. (A.6)
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Appendix B

Gauge triples and fractional branes

In this appendix, we will explain the relation between the Chern-Simons invariants on T 3,
called as gauge triples and fractional M5-brane in Chapter 2.

Let us consider the M-theory on R1,2 × S1 × T 2 × R × C2/ΓG with a single M5 along
R1,2 × S1 × T 2. After reducing along one S1 of T 2 and taking the T-dual along the other S1

of T 2, we obtain the IIB on R1,2×S1×S1×R×C2/ΓG with a single D3-brane filling R1,2×S1.
Taking another T-dual along S1 and lifting the whole system back to M-theory, we have M-

theory on R1,2 × T 3 × R × C2/ΓG and a single M2-brane filling R1,2. The singularity has the
G gauge multiplet along R1,2 × T 3 × R, and the M2-brane can be absorbed into an instanton
configuration of G on T 3 × R.

We examine more carefully about an instanton configuration on T 3 × R. By restricting the
gauge field to T 3 at a constant “time” t ∈ R, we define the Chern-Simons invariant CS(t). Since
we have a single M2 that becomes one instanton, we simply set CS(−∞) = 0 and CS(+∞) = 1.

At t = ±∞, we need a zero-energy configuration, so the three holonomies g1,2,3 around three
edges of T 3 should commute. g1,2,3 are called as commuting triple. For simplicity, let us set
g1,2,3 = 1 at t = ±∞. If we take them to be in the Cartan of G, the Chern-Simons invariant of
the flat gauge field on T 3 is 0 mod 1. Something interesting happens when we have a commuting
triple which cannot be simultaneously conjugated into the Cartan. We examine each G separately.

G = AN . The commuting triple can be simultaneously conjugated into the Cartan

G = DN . There is a unique commuting triple (g∗1, g
∗
2, g

∗
3) that cannot be simultaneously conju-

gated into the Cartan; they can be chosen to be in a common Spin(7) subgroup, see Appendix I of
[84]. The Chern-Simons invariant is 1/2 mod 1 [85], and the unbroken subgroup is so(2N − 7).

Using this fact, we can have the following one-instanton configuration on T 3 × R:
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• For −∞ < t < t0, the configuration on T 3 is basically flat and given by (g1, g2, g3) =

(1, 1, 1). CS(t) stays almost constant close to 0.

• At around t = t0, the gauge configuration suddenly changes to (g1, g2, g3) = (g∗1, g
∗
2, g

∗
3)

dressed with holonomies in the Cartan of the commutant, so(2N − 7). CS(t) jumps to 1/2.

• Again, for t0 < t < t1, the configuration remains almost constant.

• And then at around t = t1, it suddenly changes back to (g1, g2, g3) = (1, 1, 1), making
CS(t) to jump to 1.

In these configurations, there are two parameters t0,1 corresponding to the positions of the two
fractional M5-branes. Moreover, the USp(2N − 8) gauge group between the two fractions is
interpreted as the S-dual of so(2N − 7) found above.

G = En. The analysis is similar to the DN cases, using the data in [85]. For G = E6, we have
the following commuting triples:

value v of CS 0 1
3

1
2

2
3

commutant Gv e6 ∅ su(3) ∅
. (B.1)

Then the one-instanton configuration can go through these commuting triples. The “time” of the
jump from one commuting triple characterized by CS = vi to the next CS = vi+1 corresponds to
the position of the M5 fraction. The dual of Gv is the unbroken gauge algebra in between the two
M5 fractions.

For G = E7, the list of the commuting triples are

value v of CS 0 1
4

1
3

1
2

2
3

3
4

commutant Gv e7 ∅ su(2) usp(6) su(2) ∅
. (B.2)

and for G = E8, these are

value v of CS 0 1
6

1
5

1
4

1
3

2
5

1
2

3
5

2
3

3
4

4
5

5
6

commutant Gv e8 ∅ ∅ su(2) g2 ∅ f4 ∅ g2 su(2) ∅ ∅
. (B.3)

In both cases, one can check that the sequence of the groups are the S-dual of the ones that appear
in between two consecutive M5 fractions. The possible values of fractional 3-form flux of C in
(2.4.9) can also be read off from the table above.
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Appendix C

Global angular forms

In this appendix, we recall the properties of a smoothed-out version of differential forms with
delta-function support. They are constructed using the help of the so-called global angular forms.

Let M denote an oriented manifold and E be an oriented rank 2k + 1 real vector bundle over
M . Assume that E admits a metric and a connection Θ compatible with its metric. Denote its
zero section by s0. We can construct an S2k bundle π : S(E) → M which is homeomorphic to
E0 = E \ s0(M) by assigning each point p of M a unit sphere in the fibre of E around s0(p).

Then, we can construct a form e2k on S(E) which has the following properties:

• e2k is a globally well-defined 2k-form on S(E).

• de2k = 0.

•
∫
π−1(p)

e2k|π−1(p) = 2 for any point p of M . In other words, π∗e2k = 2.

Let ρ be a compactly supported function on E which satisfies ρ(s(p)) = −1. We can explicitly
write a Thom class Φ(E) of the bundle E, the smooth analogue of δ(M ↪→ E), as

Φ(E) = dρ e2k/2. (C.1)

Here we have identified the form e2k on S(E) and its pullback in terms of the homeomorphism
S(E) ≃ E0.

We can apply the usual decent notation:

de
(0)
2k−1 = e2k, δe

(0)
2k−1 = e

(1)
2k−2. (C.2)

Here δ denote a SO(2k + 1) gauge transformation associated with the connection Θ.
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Let us concentrate on the cases k = 0 and k = 2, which are relevant for our calculation. e0 is
just a step function whose value is +1 or −1. The explicit form of e4 is given by

e4 =
1

32π2
ϵa1···a5

[
(Dŷ)a1(Dŷ)a2(Dŷ)a3(Dŷ)a4 ŷa5

− 2F a1a2(Dŷa3)(Dŷ)a4 ŷa5 + F a1a2F a3a4 ŷa5
]

(C.3)

Here, ai = 1 · · · 5 labels the fiber coordinates and ŷai are coordinates of the unit sphere S4. A
covariant derivative and 2-form is defined using the connection Θ by

Dŷa = dŷa −Θabŷb, F ab = dΘab −Θac ∧Θcb. (C.4)

Using this explicit form, we can prove the formulae

π∗(e4) = 2, π∗(e
3
4) = 2p2(E). (C.5)

The formula π∗(e34) = 2p2(N) is first proved by Bott and Cattaneo [86].
When the SO(5) connection reduces to SO(4), we can consider e0 and e4 at the same time;

e0 is a step function taking +1 and −1 on the northern and the southern hemispheres of S4,
respectively. Then we have

π∗(e4e
2
0) = 2, π∗(e

2
4e0) = 2χ4(F ), (C.6)

where χ4(F ) is the Euler class of the rank 4 bundle F which is associated with the SO(4) connec-
tion.
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Appendix D

Decomposition of characteristic classes

We would like to collect the formulas relating the characteristic classes for G and G′ used in
Chapter 5. We recall the definition of the symbol Tr; the trace in the adjoint representation divided
by h∨G. Then, the Dynkin index T (R) for a representation R relates the Tr to trR by the formula

trR F
2
G = TG(R) TrF 2

G. (D.1)

. We list the values of TG(R) in Table D.1.

G E7 SO(12) SU(6) Sp(3) SU(2) Sp(n) SO(n) SU(n)

R 56 32 20 14′ 4 2n n n

TG(R) 6 4 3 5
2

5 1
2

1 1
2

Table D.1: The values of TG(R) for various representations.

G: exceptional. Since there are no independent quartic Casimir invariants in this case, we only
have to consider TrF 2

G. As already remarked in the main body of the thesis, the unbroken sub-
group G′ is simple for these cases. The formula is given as

Tr(F 2
G) = 4c2(D) +mTrF 2

G′ , (D.2)

where m = 3 for G2 and 1 for any other group.

G = Sp. The unbroken subgroup is Sp(n − 1) in this case. Then TrF 2
Sp(n) is related that of

Sp(n− 1) by the formula

Tr(F 2
Sp(n)) = 4c2(D) + TrF 2

Sp(n−1). (D.3)

The trfund F
4
Sp(n) can be decomposed as

trfund F
4
Sp(n) = 2c2(D)2 + trfund F

4
Sp(n−1). (D.4)
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G = SO. The unbroken subgroup in this case is not simple; SU(2)F ×SO(n−4). The TrF 2
SO(n)

can be decomposed as follows;

TrF 2
SO(n) = 4c2(D) + TrF 2

F + TrF 2
SO(n−4). (D.5)

The trfund F
4
SO(n) is also decomposed;

trfund F
4
SO(n) = 4c2(D)2 + 2 trfund F

4
F + 12c2(D) trfund F

2
SO(n−4) + trfund F

4
SO(n−4). (D.6)

G = SU. The situation is different whether n ≥ 4 or not. First, we consider the case of n ≥ 4.
Then, TrF 2

SU(n) is decomposed as

TrF 2
SU(n) = 4c2(D)− 4n(n− 2)c1(U(1)F )

2 + Tr(F 2
SU(n−2)), (D.7)

and trfund F
4
SU(n) is related by

trfund F
4
SU(n) = trfund F

4
SU(n−2) − 8c1(U(1)F ) trfund F

3
SU(n−2) − 24c1(U(1)F )

2 trfund F
2
SU(n−2)+

2c2(D)2 − 12(n− 2)2c1(U(1)F )
2c2(D) + 2n(n− 2)(n2 − 6n+ 12)c1(U(1)F )

4. (D.8)

When G = SU(2) or G = SU(3), the situation is similar to the exceptional groups. In fact,
these groups have no independent quartic Casimir invariants and we only have to consider TrF 2.
When G = SU(2), SU(2)R is identified with the original G and the formula is simply given as

TrF 2
SU(2) = 4c2(D) = 4c2(R). (D.9)

When G = SU(3), we use the formula;

TrF 2
SU(3) = 4c2(D)− 12c1(U(1)F )

2. (D.10)
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