Strong functors, strong monads



Strong functors

o A (left) strong functor on a monoidal category (C,/,®) is
given by
e an endofunctor F on C
e with a nat. transf. 045 : A® FB — F(A® B) (the (left)

strength)
satisfying
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@ Similarly, one defines a right strong functor.



@ On a monoidal closed category (C,/, ®,—), a strong
functor can also be defined as an endofunctor on C
equipped with

e a natural transformation F(A — B) - A — FB
or
e a natural transformation A—-o B — FA — FB

subject to appopriate conditions.



@ A bistrong functor is a functor F with a left strength 6
and a right strength ¥ such that
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@ A bistrong functor on a symmetric monoidal category

(C,1,®) category is symmetric bistrong, if

0
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@ In this situation 6 determines ¥ via
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Strong natural transformations

e A (left) strong natural transformation between two (left)
strong functors (F,0), (G, #') is a natural transformation
T : F = G satisfying

0
A® FB—% F(A® B)
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A® GB——> G(A® B)
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@ Right strong and bistrong natural transformations are
defined analogously.



Set functors, nat. transfs. are uniquely strong

@ On (Set, 1, x), any functor F has a unique left strength
given by
Oap(a,c) = F (\b.(a,b)) c
and are therefore uniquely bistrong.

@ Any natural transformation is left strong and bistrong.



Strong monads

o A (left) strong monad on a monoidal category (C,/,®) is
a monad (T,n, ) with a strength 6 for T for which n
and p are strong, i.e., satisfy
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e (Id is always strong; if F, G are strong, then sois G - F.)
@ Right strong and bistrong monads are defined analogously.



An alternative: strong Kleisli triples

o A strong Kleisli triple is
e an object mapping T : |C| — |C|,
e for any object A, amapna: A— TA,
o foranymap k: XA — TB,amapk*: X TA— TB
(the strong Kleisli extension operation)
such that
o if k: X®A— TB, then k* o (X ® na) = k,
o MaoAa) =A1a: 1@ TA— TA,
o ifk: X®A—=>TB,L:Y®B— TC, then
(f* o (Y X® k) o Ozy7X7A)* =/{*o (Y & k*) oay X,TA :
(Y®X)® TA— TC.
@ (No explicit functoriality and naturality conditions! No
explicit strength operation, no explicit laws for strength.)

@ Strong monads and strong Kleisli triples are in a bijection.



Set monads are uniquely strong

@ On (Set, 1, x), every monad is uniquely left strong and
bistrong.



Commutative bistrong monads

@ A [symmetric] bistrong monad (T, 7, i, 6,9) defines two
natural transformations

ATB

mh g =ar TA®TB 25 T(A®TB) $ T(T(A2B)) 228 T(A®B)
and
i 5 =ar TAOTB 28 T(TA®B) "¢ T(T(A©B)) " T(AwB)

@ The [symmetric] bistrong monad is called a commutative,
if m" =m".



