
3-Morphisms in the Degree 2
Degeneracy Maps of Street Nerves
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1 Preliminaries
First recall that the components of the left, middle, and right 2-unitors of C are invertible 3-morphisms of the
form

( id� ⊗ 6) ⊗ 5 6 ⊗ 5

id� ⊗ (6 ⊗ 5 );

_C6 ⊗ id5

UCid�,6,5
_C
6⊗ 5

�C
6,5

(6 ⊗ id�) ⊗ 5 6 ⊗ ( id� ⊗ 5 )

6 ⊗ 5 6 ⊗ 5 ;

UC
6,id�,5

id6 ⊗_C
5

id6⊗ 5

(
dC

) •
6
⊗ id5

�C
6,5

6 ⊗ 5 6 ⊗ ( 5 ⊗ id�)

(6 ⊗ 5 ) ⊗ id�

id6 ⊗
(
dC
5

) •

(
dC
6⊗ 5

) •
UC
6,5 ,id�

�C
6,5

1
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2 Extra 2-Unitors
The left, middle, and right 2-unitors of C induce the following ‘extra 2-unitors’:

( id� ⊗ 6) ⊗ 5 id� ⊗ (6 ⊗ 5 )

6 ⊗ 5 id� ⊗ (6 ⊗ 5 )

UCid�,6,5

_C6 ⊗ id5 idid� ⊗ (6⊗ 5 )

(
_C
6⊗ 5

) •

(
�C1

)
6,5

6 ⊗ 5 6 ⊗ ( 5 ⊗ id�)

(6 ⊗ 5 ) ⊗ id�

id6 ⊗ dC
5

dC
6⊗ 5

UC
6,5 ,id�

(
�C1

)
6,5

(6 ⊗ id�) ⊗ 5 6 ⊗ ( id� ⊗ 5 )

6 ⊗ 5 6 ⊗ 5 .

UC
6,id�,5

id6 ⊗_C
5

id6⊗ 5

dC6 ⊗ id5

(
�C3

)
6,5

These are all pastings. Here are their constructions:

Constructing �C1

The component at 5 of �C1 is given by the pasting of the following diagram:

( id� ⊗ 6) ⊗ 5 id� ⊗ (6 ⊗ 5 )

6 ⊗ 5 id� ⊗ (6 ⊗ 5 ) .

UCid�,6,5

_C6 ⊗ id5 idid� ⊗ (6⊗ 5 )

(
_C
6⊗ 5

) •

_C
6⊗ 5

�C
6,5

(
[C
6◦ 5

) −1

Constructing �C1
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The component at 5 of �C1 is given by the pasting of the following diagram:

6 ⊗ ( 5 ⊗ id�)

6 ⊗ ( 5 ⊗ id�)

(6 ⊗ 5 ) ⊗ id� 6 ⊗ 5

(6 ⊗ 5 ) ⊗ id�

id6 ⊗
(
id5 ⊗ id�

) id6 ⊗ id(
5 ⊗ id�

)

(
dC
6,5

) •

UC
6,5 ,id� id6 ⊗

(
dC
5

) •

id6 ⊗ dC
5

(
id6 ⊗ id5

)
⊗ idid�

id6⊗ 5 ⊗ idid�

id(6⊗ 5 ) ⊗ id�

UC
6,5 ,id�

dC
6⊗ 5

nC
6⊗ 5

�C
6,5

(
nC
6⊗ 5

) −1

UCid6 ⊗ id5 ⊗ idid�

⊗0
6,5

⊗ ididid�

⊗0
6◦ 5 ,id�

idid6 ⊗ ⊗0
5 ,id�

Constructing �C3

To construct �C3 , we first define invertible 3-morphisms �C1 and �C2 as in the diagrams

(6 ⊗ id�) ⊗ 5 6 ⊗ ( id� ⊗ 5 )

6 ⊗ 5 6 ⊗ 5

(
UC
6,id�,5

) •

id6 ⊗_C
5

id6⊗ 5

dC6 ⊗ id5

(
�C1

)
6,5

(6 ⊗ id�) ⊗ 5 6 ⊗ ( id� ⊗ 5 )

6 ⊗ 5 6 ⊗ 5 .

UC
6,id�,5

id6 ⊗
(
_C
5

) •

id6⊗ 5

dC6 ⊗ id5

(
�C2

)
6,5
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1. �C1 : The component at 5 of �C1 is given by the following pasting diagram:

(6 ⊗ id�) ⊗ 5

(6 ⊗ id�) ⊗ 5 6 ⊗ ( id� ⊗ 5 )

6 ⊗ 5 6 ⊗ 5 .

id6⊗ id� ⊗ id5

id6⊗ id� ⊗ 5

(
UC
6,id�,5

) •

dC6 ⊗ id5

UC
6,id�,5

id6 ⊗_C
5

id6⊗ 5

(
dC

) •
6
⊗ id5 �C

6,5

[C6 ⊗ id5

⊗ 0
6⊗ id�,5

qC
6,id�,5

2. �C2 : The component at 5 of �C2 is given by the following pasting diagram:

6 ⊗ ( id� ⊗ 5 )

(6 ⊗ id�) ⊗ 5 6 ⊗ ( id� ⊗ 5 )

6 ⊗ 5 6 ⊗ 5 .

id6⊗
(
id� ⊗ 5

)

id6 ⊗ idid� ⊗ 5

id6 ⊗
(
_C
5

) •

UC
6,id�,5

(
UC
6,id�,5

) •

id6 ⊗_C
5

id6⊗ 5

dC6 ⊗ id5

(
�C1

)
6,5

(
qC
6,id�,5

) • ⊗0
6,id� ⊗ 5

id6 ⊗
(
[C
5

) −1
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3. �C3 : The component at 5 of �C3 is given by the pasting of the diagram

(6 ⊗ id�) ⊗ 5 6 ⊗ ( id� ⊗ 5 )

6 ⊗ 5 6 ⊗ 5

6 ⊗ 5 ,

UC
6,id�,5

id6 ⊗
(
_C
5

) •
id6 ⊗_C

5

id6⊗ 5

dC6 ⊗ id5

id6⊗ 5

id6⊗ 5

(
�C2

)
6,5 ( (

[C
5

) •) −1

(_ (6 ◦ 5 ) )−1

inHomC [�,�], where _(6 ◦ 5 ) :
(
id6 ⊗ 5 ◦ id6 ⊗ 5

)
id6 ⊗ 5 is the invertible 3-morphism defined as the

composition
id6 ⊗ 5 ◦ id6 ⊗ 5

(
id6 ⊗ id5

)
◦
(
id6 ⊗ id5

)

(
id6 ◦ id6

)
⊗
(
id5 ◦ id5

)

id6 ⊗ id5

id6 ⊗ 5

(
⊗0
6,5

) −1 (
⊗0
6,5

) −1

_(6 ◦ 5 )

⊗2(
id6 ⊗ id5

)
,

(
id6 ⊗ id5

)

_HomC (�,� ) ⊗_HomC (�,�)

⊗0
6,5

in HomC (�,�) × HomC (�, �) .
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3 The 3-Morphisms in the Degree 2 Degeneracy Maps of the Street Nerve

3.1 s20(f)

s20(f) =

�

�

� �

9

8

:

:

id�

\

dC
:

( (
�C1

)
8,9

⊗ id\
)
⊗
(
dC
\

) −1( (
�C1

)
8,9

⊗ id\
)
⊗
(
dC
\

) −1

�

�

� �,

9

8

8

:

id�

dC
8

\

where
( (

�C1
)
8, 9

⊗ id\
)
⊗
(
dC
\

) −1 is the pasting of the diagram

( 9 ⊗ 8) ⊗ id� 9 ⊗ (8 ⊗ id�)

: ⊗ id� 9 ⊗ 8

:

UC
9,8,id�

dC
9 ⊗8

\ ⊗ idid� id9 ⊗ dC
8

dC
:

\

(
dC
\

) −1

(
�C1

)
9,8
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3.2 s21(f)

s21(f) =

�

�

� �

9

id�

:

:

8

dC
9

\

(
id\ ⊗

(
�C3

)
9,8

)
⊗
( (
d

HomC (�,� )
\

) −1
⊗ id

dC
9
⊗ id8

)(
id\ ⊗

(
�C3

)
9,8

)
⊗
( (
d

HomC (�,� )
\

) −1
⊗ id

dC
9
⊗ id8

)

�

�

� �,

9

id�

8

:

8

_C
8

\

where
(
id\ ⊗

(
�C3

)
9,8

)
⊗
( (
d

HomC (�,�)
\

) −1
⊗ iddC

9
⊗ id8

)
is the pasting of the diagram

( 9 ⊗ id�) ⊗ 8 9 ⊗ ( id� ⊗ 8)

9 ⊗ 8 9 ⊗ 8

:

UC
9,id�,8

dC
9
⊗ id8 id9 ⊗_C

8

\

id9 ⊗8

\

(
�C3

)
9,8

(
d

HomC (�,� )
\

) −1
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3.3 s22(f)

s22(f) =

�

�

� �

id�

9

9

:

8

_C
9

\

ΣΣ

�

�

� �,

id�

9

:

:

8

\

_C
:

where Σ is the pasting of the diagram

( id� ⊗ 9) ⊗ 8 id� ⊗ ( 9 ⊗ 8)

9 ⊗ 8 id� ⊗ ( 9 ⊗ 8) 9 ⊗ 8

:

UCid�,9,8

_C
9
⊗ id8 _C

9 ⊗8idid� ⊗ ( 9 ⊗8 )

\

id9 ⊗8

(
_C 9 ⊗ 8

) •
_C
9 ⊗8

\

(
�C1

)
9,8

( (
[C
9 ⊗8

) •) −1

(
d

HomC (�,� )
\

) −1

d
HomC (�,� )
_C
9 ⊗8
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