Urs Schreiber

(New York University, Abu Dhabi & Czech Academy of Science, Prague)

Equivariant super homotopy theory

talk at
Geometry in Modal Homotopy Type Theory

Pittsburgh 2019

based on joint work with

H. Sati, V. Braunack-Mayer, J. Huerta, D. Fiorenza, F. Wellen

ncatlab.org/schreiber /show /Equivariant-+Super+Homotopy+Theory


http://www.andrew.cmu.edu/user/fwellen/modal-workshop.html
https://ncatlab.org/schreiber/show/Equivariant+Super+Homotopy+Theory

Part 1.
Super homotopy theory

Part 11.
Orbifold cohomology




Motivation

n

n



Analytic detours and Synthetic promises

foundations of
physics

quantum
field theory

set theory/
type theory

foundations of
mathematics



Analytic detours and Synthetic promises

foundations of
physics

quantum
field theory

set theory/
type theory

foundations of
mathematics



Analytic detours and Synthetic promises

foundations of
physics

localization
theory

quantum
field theory

set theory/
type theory

foundations of
mathematics



Analytic detours and Synthetic promises

foundations of
physics

700 of models
for co-categorie

localization
theory

quantum
field theory

set theory/
type theory

foundations of
mathematics



Analytic detours and Synthetic promises

foundations of
physics

700 of models
for oo-categorie

localization
theory

quantum
field theory

homotopy theory

set theory/
type theory

foundations of
mathematics



Analytic detours and Synthetic promises

foundations of
physics

700 of models
for oo-categorie

localization
theory

quantum
field theory

homotopy theory

set theory/
type theory

er-Lagrange complexes
on jet bundles

foundations of
mathematics



Analytic detours and Synthetic promises

foundations of
physics

700 of models
for oo-categorie

localization
theory

quantum
field theory

homotopy theory

set theory/
type theory

BV-BRST
theory

er-Lagrange complexes
on jet bundles

foundations of
mathematics



Analytic detours and Synthetic promises

foundations of
physics

700 of models
for oo-categorie

localization
theory

quantum
field theory

homotopy theory

set theory/
type theory

deformation
quantization

BV-BRST
theory

er-Lagrange complexes
on jet bundles

foundations of
mathematics



Analytic detours and Synthetic promises

foundations of quantum 00 of hacks for
physics field theory erturbative effects
deformation
quantization
BV-BRST
theory
er-Lagrange complexes
00 of models homotopy theory on jet bundles

for oo-categorie

localization
theory

simplicia set theory/ foundations of
sets type theory mathematics




Analytic detours and Synthetic promises

foundatlpns of quantum 00 of hacks for
physics field theory erturbative effects
deformation
: . tizati
for detailed exposition see: dHatitlzation
geometry—+of+physics+-+perturbative+quantum-ield+theory / BV_.BRST

theory
er-Lagrange complexes

homotopy theory on jet bundles

700 of models
for co-categorie

for detailed exposition see:
ncatlab.org/nlab /show /geometry+of+physics+—-categories+and+toposes

localization
theory

simplicia set theory/ foundations of
sets type theory mathematics



https://ncatlab.org/nlab/show/geometry+of+physics+--+perturbative+quantum+field+theory
https://ncatlab.org/nlab/show/geometry+of+physics+--+categories+and+toposes

Analytic detours and Synthetic promises

foundations of quantum f hacks
700 of hacks for
physics field theory erturbative effects
deformation
quantization
BV-BRST
theory
eT-Lagrange complexes
00 of models homotopy theory on jet bundles

for oo-categorie

localization
theory

simplicia set theory/ foundations of
sets type theory mathematics




Analytic detours and Synthetic promises

foundations of quantum f hacks
700 of hacks for
physics field theory erturbative effects
deformation
quantization
BV-BRST
theory
eT-Lagrange complexes
00 of models homotopy theory on jet bundles

for oo-categorie

localization HoT'T
theory (117)
simplicia set theory/ foundations of

sets type theory mathematics




Analytic detours and Synthetic promises

foundations of quantum f hacks
700 of hacks for
physics field theory erturbative effects
T deformation
modal quantization
HoTT
theory
er-Lagrange complexes
00 of models homotopy theory on jet bundles

for oo-categorie

localization HoT'T
theory (117)
simplicia set theory/ foundations of

sets type theory mathematics




Analytic detours and Synthetic promises

foundations of
physics

quantum
field theory

T

modal
HoTT

(77)

homotopy theory

HoTT
(1?)

set theory/
type theory

foundations of
mathematics



Part 1.

Equivariant super homotopy theory

Super homotopy theory and the Atom of Superspace

Rational
Super homotopy theory and the fundamental super p-Branes




Super homotopy theory

and the Atom of Superspace

back to Part [



physics

mathematics

gauge principle

& Pauli exclusion

homotopy theory

super-geometry

for detailed exposition see:

super homotopy theory

ncatlab.org/nlab /show /geometry+of+physics+—+supergeometry


https://ncatlab.org/nlab/show/gauge+theory
https://ncatlab.org/nlab/show/geometry+of+physics+--+categories+and+toposes
https://ncatlab.org/nlab/show/Pauli+exclusion+principle
https://ncatlab.org/nlab/show/geometry+of+physics+--+supergeometry
https://ncatlab.org/schreiber/show/Introduction+to+Higher+Supergeometry
https://ncatlab.org/nlab/show/geometry+of+physics+--+supergeometry

The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces



The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

[ objects: R"-s forn € N

CartSp := { morphisms: Ru-— _Rm 0

smooth

| coverings:  good open covers



The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

[ objects: R"-s forn € N

CartSp := { morphisms: Ru-— _Rm 0

smooth

| coverings:  good open covers

Fact (“Milnor’s exercise”):

Sending Cartesian spaces

to their R-algebras of smooth real-valued functions
is fully tfaithtul:

C*(—) : CartSp ——— CommAlgg °P


https://ncatlab.org/nlab/show/embedding+of+smooth+manifolds+into+formal+duals+of+R-algebras

The sites of super homotopy theory

1. CartSp —
2. FormalCartSp —

cartesian spaces

formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

FormalCartSp = <

\

[ objects:

R" x ID-s

(/0 (Rn > ]D)) — (X (Rn) ®R (R D fin dim
morphisms: C (R” X ]D>) I~ oo

COVerings:

alg.homom:

good open covers Xidp

nilpotent ideal

(R x D)

Fact (“Milnor’s exercise”):

Sending Cartesian spaces
to their R-algebras of smooth real-valued functions

is fully faithtul:

C®(—) -

CartSp ——— CommAlgy P

)



https://ncatlab.org/nlab/show/embedding+of+smooth+manifolds+into+formal+duals+of+R-algebras

The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

[ objects: R" x D-s
(/0 (Rn > ]D)) — (X (Rn) Rr (R D fin dim )

nilpotent ideal

SuperFormalCartSp = < morphisms: Coo(Rn v ]D>) * Ooo(Rn’ ><]D)’)

alg.homom:

| coverings:  good open covers Xidp

Fact (“Milnor’s exercise”):
Sending Cartesian spaces

to their R-algebras of smooth real-valued functions
is fully faithtul:

C*(—) : CartSp ——— CommAlgg P SuperCommAlgy P



https://ncatlab.org/nlab/show/embedding+of+smooth+manifolds+into+formal+duals+of+R-algebras

The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

e.g.
super Cartesian space RPN defined by

C®(RPIY) = C*(RP) @r R[{6°}),]/(0°6° = —0"¢")

Fact (“Milnor’s exercise”):
Sending Cartesian spaces
to their R-algebras of smooth real-valued functions

is fully faithtul:

C*(—) : CartSp ——— CommAlgg P SuperCommAlgy P


https://ncatlab.org/nlab/show/embedding+of+smooth+manifolds+into+formal+duals+of+R-algebras

The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

Adjunctions
evell——
1
tsup ’ Linf ’
1 1
HSUP*> Iint
SuperFormalCartSp FormalCartSp CartSp




The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

Adjunctions
evell——
1
tsup ’ Linf ’
1 1
HSUP*> Iint
SuperFormalCartSp FormalCartSp CartSp

Include point as R .




The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

Adjunctions
evell——
1
tsup ’ Linf ’
1 1
HSUP*> Iint
SuperFormalCartSp FormalCartSp CartSp

Contract R™ to point.




The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

Adjunctions
evell——
1
tsup ’ Linf ’
1 1
HSUP*> Iint
SuperFormalCartSp FormalCartSp CartSp

Contract R* x D to R".




The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

Adjunctions
evell——
1
tsup ’ Linf ’
1 1
HSUP*> Iint
SuperFormalCartSp FormalCartSp CartSp

Contract RPN to R




The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

Adjunctions
evell——
1
tsup ’ Linf ’
1 1
HSUP*> Iint
SuperFormalCartSp FormalCartSp CartSp

Include R" as R" .




The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

Adjunctions
evell——
1
Lsup—— Linf >
1 1
1_[Sup*> Iing
SuperFormalCartSp FormalCartSp CartSp

Include R" x D as R" x D .




The sites of super homotopy theory

1. CartSp — cartesian spaces
2. FormalCartSp — formal cartesian spaces

3. SuperFormalCartSp — super formal cartesian spaces

Adjunctions
cevell——
1
tsup ’ Linf ’
1 1
HSUP*> Iint
SuperFormalCartSp FormalCartSp CartSp

Send R%? to D'(1).




The toposes of super homotopy theory

1. Hyp = Shoo( CartSp) — smooth oo-groupoids
2. H., = Shoo( FormalCartSp) — formal smooth oco-groupoids
3. H :=5hy (SuperFormalCartSp) — super formal smooth co-groupoids
Adjunctions
L
bsup—— inf——
L L
HSUP Hinf IT
SuperFormalCartSp FormalCartSp CartSp L *
Disc ’
1
Lsup g Linf g
1 1
Hsup I 11
H H.. che | Hb: ooGrpd

Disc )



The toposes of super homotopy theory

1. Hyp = Shoo( CartSp) — smooth oo-groupoids
2. H., = Shoo( FormalCartSp) — formal smooth oco-groupoids
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

Adjunctions by Kan extension

even

L
Lsup Y Linf ’
L L
HSUP Hinf IT
SuperFormalCartSp FormalCartSp CartSp 1 *
Disc ’
€eVvell
L
Lsup > linf >
L L
Hsup i 11
H H., Hy 1 H,= ocoGrpd

Disc )



The toposes of super homotopy theory

1. Hyp = Shoo( CartSp) — smooth oo-groupoids
2. H., = Shoo( FormalCartSp) — formal smooth oco-groupoids
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

Adjunctions by Kan extension

€Vell

L
Lsup > Linf 0
L L
HSUP Hinf IT
H H.. H R | Hb =0 Grpd

Disc )



The toposes of super homotopy theory

1. Hyp = Shoo( CartSp) — smooth oo-groupoids
2. H., = Shoo( FormalCartSp) — formal smooth oco-groupoids
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

Adjunctions by Kan extension

€Vvell

L
Lsup > Linf 0
L L
Hsup Uing II
H H.. H R | Hb =0 Grpd

Disc )



The toposes of super homotopy theory

1. Hyp = Shoo( CartSp) — smooth oo-groupoids
2. H., = Shoo( FormalCartSp) — formal smooth co-groupoids
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

Adjunctions by Kan extension

€Vvell

L
ISU_p D Iinf D
L L
Hsup I il
H H.. Hy, 1 H,= ocoGrpd

Disc 0




The toposes of super homotopy theory

1. Hyp = Shoo( CartSp) — smooth oo-groupoids
2. H., = Shoo( FormalCartSp) = formal smooth co-groupoids
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

Adjunctions by Kan extension

€VeEll

L
bsup ’ Linf ’
L L
Usup i II
H H.. H R | Hb = 0 Grpd

Disc 0




The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

€Vell

L
bsup ’ Linf ’
L L
Usup i II
H H.. H R | Hb = OO Grpd

Disc 0



The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

€Vell

1
lsup D) Iinf b}
1 s
Hsup g 11
H H._. Hy, L H,= ocoGrpd

Disc ’



The toposes of super homotopy theory

1. Hgy :=Shy ( CartSp) — smooth oo-groupoids

2. H.,:=5hy ( FormalCartSp) — formal smooth co-groupoids

3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

Adjunctions by Kan extension

even

il
Lsup ) Lin >
1 i
Hsup Iy 11
H H.. Hy, 1 H,= ocoGrpd

Disc ’



The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

€Vell

L
Lsup ’ Linf ’
L L
HSUP Hinf IT
H H.. H R | Hb =0 Grpd

Disc )



The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

€VEll

L
Lsup ’ Linf g
L L
Usup Uing II
H H.. H R | Hb =0 Grpd

Disc 0




The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

€Vell

il
Lsup ’ Linf ’
il il
Hsup g 11
H H.. Hy, L H,= ocoGrpd

Disc 0



The toposes of super homotopy theory

1. Hgy :=Shy ( CartSp) — smooth oo-groupoids

2. H.,:=5hy ( FormalCartSp) — formal smooth co-groupoids

3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

Adjunctions by Kan extension

even

s
Lsup ) Linf ’
S s
Hsup g 11
H H.. Hy, 1 H,= ocoGrpd

Disc ’



The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

even

L
Lsup ’ Linf ’
L L
HSUP Hinf IT
H H.. H§R | Hb: OOGrpd

Disc )



The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

€VeEll

is
Lsup ’ Linf 0
is L
Usup ing II
H H.. H R | Hb =0 Grpd

Disc 0




The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

€Vell

s
lsup D Iinf D
1 1
[sup ¢ 11
H H.. Hy, L H,= ocoGrpd

Disc 0



The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

€Vell

L

Lsup ) Linf g
1L L

Hsup ¢ 11

H L H._. L Hy L H,= ocoGrpd
DiSCSup 0 DlSClnf—) DiSC 0

L 1L il

Fsup Ling I

coDisc



The toposes of super homotopy theory

1 = Sh ( CartSp) — smooth oo-groupoids
2.
3. H :=05hy (SuperFormalCartSp) — super formal smooth co-groupoids

m
|

= Sh ( FormalCartSp) — formal smooth co-groupoids

Adjunctions by Kan extension

€Vell

1

Lsup ) Linf g
1 1

Isup Iing 11

H L H._. L Hy L H,= ocoGrpd
Discsup > Discj i———— Disc ’

1 1 1L

Usup Ling I

coDisc



The Modalities of Super homotopy theory

The terminal functor factors into a system of dualities = adjunctions.

supergeometric
oo-groupoids
H




The Modalities of Super homotopy theory

The terminal functor factors into a system of dualities = adjunctions.

supergeometric
oo-groupoids
H

%)

nothing

7k

el be




The Modalities of Super homotopy theory

pure being

g 4 %

The terminal functor factors into a system of dualities = adjunctions.

supergeometric
oo-groupoids
H

<] =



The Modalities of Super homotopy theory

discrete

y

v
I 4 %k

The terminal functor factors into a system of dualities = adjunctions.

7k

supergeometric geometrically discrete
oo-groupoids oo-groupoids
~ = ~ =
)
H H,

= D

D]




The Modalities of Super homotopy theory

continuous

b 4
Vv Vv
g 4 %

The terminal functor factors into a system of dualities = adjunctions.

supergeometric geometrically discrete
oo-groupoids oo-groupoids
~ = ~ =
H "H, "

D) D)

<]




The Modalities of Super homotopy theory

shaped

[ 4 b 4 4

v v
I 4 %k

The terminal functor factors into a system of dualities = adjunctions.

supergeometric geometrically discrete
oo-groupoids oo-groupoids
~ = 11 =
H A * H,,

7k

D]




The Modalities of Super homotopy theory

infinitesimally shaped

R

\

[ 4 b 4 4
vV
g+ x*

The terminal functor factors into a system of dualities = adjunctions.

supergeometric reduced differential-geometric geometrically discrete
oo-groupoids oo-groupoids oo-groupoids
~ = 11 ~ = =
H A "Hy, "H, "

D) D)




The Modalities of Super homotopy theory

infinitesimally discrete

I 4 &

V V

[ 4 b 4 4
V V
g 4 x

The terminal functor factors into a system of dualities = adjunctions.

supergeometric reduced differential-geometric geometrically discrete
oo-groupoids oo-groupoids oo-groupoids
~ = ~ = ~ =
H "Hy, "H, "

gl e

D) D)




The Modalities of Super homotopy theory

RS 4 & reduced
Q)
Y, V
[ 4 b 4 4
Y, Y,
g 4 %

The terminal functor factors into a system of dualities = adjunctions.

supergeometric reduced di)fferential— geometric geometrically discrete
L oo-groupoids
~ = 11 ~ = =

H "Hy, "H,

7k

D]




The Modalities of Super homotopy theory

s
N .
RS & bosonic
Vv Vv
[ 4 b 4 4
Vv Vv
g 4 *

The terminal functor factors into a system of dualities = adjunctions.

supergeometric )bosonic )reduced geometrically discrete
L oo-groupoids
~ = 11 ~ = ~ = =

H H., "Hy, "H,

7k

D]




The Modalities of Super homotopy theory

~ 4 Rh
Vv Vv .
RS & rheonomic
Vv Vv
[ 4 b 4 f
Vv Vv
g 4 *

The terminal functor factors into a system of dualities = adjunctions.

supergeometric )bosonic )reduced geometrically discrete
oo-groupoids
~ = 11 ~ = ~ = =
H A H., > Hgp > H,

7k

D]




The Modalities of Super homotopy theory

= 4 ~» 4 Rh
\ V
R 4 S 4 & cen
V V
[ 4 b 4 f
vV
g+ x*

The terminal functor factors into a system of dualities = adjunctions.

M

super- )bosonic )reduced geometrically discrete
geometric L oo-groupoids
~ = ~ = ~ = ~ =

H H., "Hy, "H,

7k

D]




The Modalities of Super homotopy theory

id 4 1id

vV vV

= A~ A
V
A

Rh

v
3
v
J

_|

_|

&
Y,
b 4
vV vV
g 4 *

super-geometric

The terminal functor factors into a system of dualities = adjunctions.

super- )bosonic
geometric
~ = ~ =
H H.,

geometrically discrete
oo-groupoids

)Hb

7k

D]




The Modalities of Super homotopy theory

id 4 1id

vV vV

= A~ A
V
A

Rh
i Al-local
S 4 &
vV Vv
[ 4 b 4 f
vV vV
g 4 *

The central modalities are motivic Al-localizations.

super- )bosonic
geometric
~ =~ Hsup ~ =
H Asip—H.,

)reduced geometrically discrete
oo-groupoids
NI ~ = IT P
Aing > Hyp A > Hb

7k

D]



https://ncatlab.org/nlab/show/homotopy+localization

The Modalities of Super homotopy theory

id 4 1d
V V

= 4 ~» 4 Rh

;E . ; L& continuum-local
Vv Vv
Rl 4 b 4 f
Vv Vv
I 4 *

The central modalities are motivic Al-localizations.

super- )bosonic )reduced geometrically discrete
geometric oo-groupoids
~ N Usup ~ N g ~ N 11 N
H Asupé HM_) Ajnf ) H§R A ’ Hb

7k

D]



https://ncatlab.org/nlab/show/homotopy+localization

The Modalities of Super homotopy theory

id 4 id
vV vV
= 4 ~» 4 Rh
vV vV S
R s infinitum-local
vV Vv
Rl 4 b 4 f
vV V
g 4 x

The central modalities are motivic Al-localizations.

super- )bosonic )reduced geometrically discrete
geometric oo-groupoids
N Usup ~ = g ~ N e
H Asupé HM_) JANEY ) H§R ) Hb Ok

D) D)



https://ncatlab.org/nlab/show/homotopy+localization

The Modalities of Super homotopy theory

id -+ id
V vV
= 4 ~» 4 |RU
V vV
R s superpoint-local
V vV
Rl 4 b 4 f
Vv V
J H %

The central modalities are motivic Al-localizations.

super- )bosonic )reduced geometrically discrete
geometric oo-groupoids
~ =~ Hsup ~ = ~ = ~ =
H Agup—— HM_) ’ H§R ’ Hb )k

D) D)



https://ncatlab.org/nlab/show/homotopy+localization

The Modalities of Super homotopy theory

%)

= emergence of Atom of Superspace from \nothing




The Modalities of Super homotopy theory

%)

= emergence of Atom of Superspace from \nothing

now apply the microscope of homotopy theory
to discover what emerges, in turn, out of the superpoint...
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Higher super Lie theory and Rational homotopy

infinitesimal . higher Lie integration
. approximation of super-homotopy by : :
rational Sullivan construction
. op
Definition. FDAs := dgcSuperAlgg ., CE (SuperLooAlgbdﬁ{l}cn)
V \ 4 \ _/
terminology hd h
common in oo-category of oo-category of
supergravity differential nilpotent
(12)) graded-commutative super L..-algebroids
superalgebras

Theorem. (BMIS), sce Schis)

Sullivan rational homotopy theory
N\

7 N\
rational super- supergeometric geometrically discrete
oo-groupoids oo-groupoids oo-groupoids
Super L, Alghd FDAs © H Disc H
~ D
uper Lo Algbdg o, = : )
Spec r
\ . _J/

TV
higher super Lie integration

ROIT, ROIL

~—~ ~~
D=0,N=1 superpoint
supersymmetry

super Lie algebra
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R34 [HS17]

—

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type IIB Type I

universal invariant central extension: 4d super-Minkowski spacetime



Universal central invariant super- L. extensions of R"': Brane bouquet

R3:114+4 <—— p3,1]4 [HS17]

—

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type IIB Type I




Universal central invariant super- L. extensions of R"': Brane bouquet

R5:1/8

—

R3:114+4 <—— p3,1]4 [HS17]

—

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type IIB Type I




Universal central invariant super- L. extensions of R’

!: Brane bouquet

1|8 ——= m5,1|8+8
RS RS
—_—

—

R314+4 <—— p3.1|4

—

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type IIB Type I

Type ITA

[HS17]



Universal central invariant super- L. extensions of R’

!: Brane bouquet

RQ,I‘IB

S~

1|8 ——= 15,1|8+8
RS RS
—_—

—

R314+4 <—— p3.1|4

—

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type IIB Type I

Type ITA

[HS17]



Universal central invariant super- L. extensions of R’

!: Brane bouquet

R9:1/16+16 <— p9,1|16 —> R9,1|16+E

-~ —_—>

S~

51|18 ——
R —_—

—

R314+4 <—— p3.1|4

—

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

R5,1|8—|—§

Type IIB Type I

Type ITA

[HS17]



Universal central invariant super- L. extensions of R"': Brane bouquet

R10.1/32

9,1|/16+16 <—— 71p9,1|]16 —> 19,1|16+16
R 3 R ~ R

S~

1|8 ——= 15,1|8+8
RS RS
—_—

—

R3:114+4 <—— p3,1]4 [HS17]

—

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type 1IB Type 1 Type ITA




Universal central invariant super- L. extensions of R"': Brane bouquet

R10,1/32

9,1|/16+16 <—— 71p9,1|]16 —> 19,1|16+16
R 3 R ~ R

S~

1|8 ——= 15,1|8+8
RS RS
—_—

—

R3114+4 <—— p3.14 emergent [HS17]

/ spacetime

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type 1IB Type 1 Type ITA




Universal central invariant super- L. extensions of R"': Brane bouquet

R10,1[82
stringy g [F'SS13] string; stringa
N v o =
) ) 9’
R9:1116+16 <— o 1|1€<R 1/16+16

1|8 ——= 15,1|8+8
RS RS
—_—

—

R3’1|4+4 < R3’1|4 Om()rg()nt [HSl?J

/ spacetime

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type 1IB Type 1 Type ITA

universal higher central invariant extension: stringy extended super-spacetimes



Universal central invariant super-L, extensions of

!: Brane bouquet

05brane 03brane 0lbrane 00brane

09brane — stringy g [ESS13]
\

R9-1116+16 <— 9,1|16 —> R9 1/16+16

\

1|8 ——= 15,1|8+8
RS RS
—_—

—

R3’1|4+4 - R3’1|4 emergent
-

/ spacetime

R2:1124+2 <—— p2,1[2

/

R0|1+1 -~ R0|1

Type 1IB Type 1 Type ITA

d7brane R10:1182 \ 06brane
5ttm&

02brane 04brane

stringy , <— 08brane

[HS17]



Universal central invariant super-L, extensions of

!: Brane bouquet

m2brane

05brane 03brane 0lbrane 00brane

09brane — stringy g [ESS13]
\

R9-1116+16 <— 9,1|16 —> R9 1/16+16

\

1|8 ——= 15,1|8+8
RS RS
—_—

—

R3’1|4+4 - R3’1|4 emergent
-

/ spacetime

R2:1124+2 <—— p2,1[2

/

R0|1+1 -~ R0|1

Type 1IB Type 1 Type ITA

d7brane R10:1132 \ 06brane
5ttm&

02brane 04brane

stringy , <— 08brane

[HS17]



Universal central invariant super-L, extensions of

!: Brane bouquet

05btane 03brane

07btane

N

09brane — stringy g

N

0lbrane

[FSS13]

mbbrane

m2brane

R10,1/32

5ttm&

R9-1116+16 <— 9,1|16 —> R9 1/16+16

00btane

\

1|8 ——= 15,1|8+8
RS RS
—_—

—

R314+4 <—— p3.1|4

—

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

emerge nt

spacetime

Type IIB

Type I

Type ITA

/

02brane 04brane

\ 06btane

stringy , <— 08brane

[FSS15]

[HS17]



Universal central invariant super-L, extensions of

!: Brane bouquet

05btane 03brane

07btane

N

09brane — stringy g

N

0lbrane

brane
bouquet

[FSS13]

mbbrane

m2brane

R10,1/32

5ttm&

R9-1116+16 <— 9,1|16 —> R9 1/16+16

00btane

\

1|8 ——= 15,1|8+8
RS RS
—_—

—

R314+4 <—— p3.1|4

—

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

emerge nt

spacetime

Type IIB

Type I

Type ITA

/

02brane 04brane

\ 06btane

stringy , <— 08brane

[FSS15]

[HS17]



Universal central invariant super- L. extensions of R’

!: Brane bouquet

05btane 03brane

07btane

N

09brane — stringy g

N

0lbrane

brane
bouquet

[FSS13]

mbbrane

m2brane

R10,1/32

string,

v

Dthane

2

(pb)

9,1|/16+16 <—— 71p9,1|]16 —> 19,1|16+16
R 3 R ~ R

S~

1|8 ——= 15,1|8+8
RS RS
—_—

—

R314+4 <—— p3.1|4

emerge nt

/ spacetime
R2:112+2 > — R2:112
ROI1+1 ~— RO/

Type 1IB Type 1 Type ITA

/

02brane 04brane

06btane

L

stringy , <— 08brane

[FSS15]

[FSS16a)

[HS17]



Universal central invariant super- L. extensions of R"': Brane bouquet

mbbrane [FSS15]
....... M/ITA )
L
Duality [£5516a,
-
m2brane
05btane 03brane 0lbtane Dthane 02btane 04brane
1)1‘&110 10 1|32AA Gauge
07btane R 06btane
bouquet enhancement
\ (pb) /
P
09brane — stringg [F'SS13] string; string; o, <— 08brane [BSS18|
~ y L
RO-1116+16 <— p9,1|16 :>> R9-1116+16

S~

1|8 ——= 15,1|8+8
RS RS
—_—

—

R3’1|4+4 < R3’1|4 Om()rg()nt [HSl?J

/ spacetime

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type 1IB Type 1 Type ITA




Universal central invariant super- L. extensions of R"': Brane bouquet

mbbrane [F'SS15]
........ M/ITA ]
-
Duality [E5516a,
s
m2brane
05brane 03brane 0lbrane 00brane 02brane 04brane
bl"(lllC‘ 10 1|32A> G(Luge
07brane R 06brane
bouquet enhancement
\ (pb) /
P
09brane — stringp [F'SS13] string string; o <— 08brane [BSS18|
N v o =
RO-1116+16 <— p9,1|16 :>> R9-1116+16

~

1|8 —— 15,1|8+8
RS RS
—_—

—

emergent
R3:114+4 <—— p3,1]4 S [HS17]

/ spacetime

R2:1124+2 <—— p2,1[2

R0|1+1 -~ R0|1

Type IIB Type I Type ITA [F'SS16D)
“T-Duality




Universal central invariant super- L. extensions of R"': Brane bouquet

mbbrane [F'SS15]
T R M/ITA ]
<l
[FSS18| Duality _ [FSS16al
N
m2brane
05brane 03brane 0lbrane 00brane 02brane 04brane
brane 10 1|32A' G(Luge
07brane R 06brane
bouquet enhancement
\ (pb) /
P
09brane — stringp [F'SS13] string string; o <— 08brane [BSS18|
RO-1116+16 <— p9,1|16 :>> R9-1116+16

~

1|8 —— 15,1|8+8
RS RS
—_—

—

emergent
R3:114+4 <—— p3,1]4 S [HS17]

/ spacetime

R2:1124+2 <—— p2,1[2

ROlSQ R0|1+1 -~ R0|1
Exceptional Type 1IB Type I Type ITA [F'SS16D)

T-Duality



Universal central invariant super- L. extensions of R"': Brane bouquet

mbbrane [F'SS15]
T R M/ITA ]
< .....
[FSS18| Duality [FSS16al
N
m2brane
05brane 03brane 0lbrane 00brane 02brane 04brane
Rag:H 32 07brane brane R10:1[32 d6brane Gauge
\ bouquet / enhancement
(pb) B
£
09brane — stringp [F'SS13] string string; o <— 08brane [BSS18|
RO-1116+16 <— p9,1|16 :>> R9-1116+16

~

1|8 —— 15,1|8+8
RS RS
—_—

—

emergent
R3:114+4 <—— p3,1]4 S [HS17]

/ spacetime

R2:1124+2 <—— p2,1[2

R0|32 R0|1+1 -~ R0|1
Exceptional Type 1IB Type I Type ITA [F'SS16D)

T-Duality



Universal central invariant super- L. extensions of R"': Brane bouquet

Higher T-duality mbbrane [FSS15]
O
i M/ITA .
[FSSIS RIS < /11 IFSST6a
. — Duality . :
m2brane
05brane 03brane 0lbrane 00brane 02brane 04brane
brane aug
Rag:H %2 07brane rane R10,1[32 d6brane Gauge
bouquet enhancement
\ (pb) /
p
09brane — stringp [F'SS13] string string; o <— 08brane [BSS18|
RO-1116+16 <— p9,1|16 :>> R9:1116+16

~

1|8 —— 15,1|8+8
RS RS
—_—

—

emergent
R3:114+4 <—— p3,1]4 S [HS17]

/ spacetime

R2:1124+2 <—— p2,1[2

R0|32 R0|1+1 -~ R0|1
Exceptional Type 1IB Type I Type ITA [F'SS16D)

T-Duality



Universal central invariant super- L. extensions of R"': Brane bouquet

Higher T-duality mb5brane [FSS15)
Y
[FSSI8] R20;1I32 <o M/IIA [FSS16al
’ s — Duality :
Comp\ \\
m2btane
05brane 03brane 0lbrane Dthane 02brane 04brane
R10:1I82 d7brane brane R10:1132 d6brane Gauge
exc bouquet enhancement
\ (pb) /
P
09brane — stringg [F'SS13] string; string; o, <— 08brane [BSS18|
R9:1116+16 <— p9,1[16 :>> RY:1/16+16

~

1|8 —— 15,1|8+8
RS RS
—_—

—

emergent
R3:114+4 <—— p3,1]4 S [HS17]

/ spacetime

R2:1124+2 <—— p2,1[2

R0|32 R0|1+1 -~ R0|1
Exceptional Type 1IB Type I Type ITA [F'SS16D)

mn"T—Duality'““



Universal central invariant super- L. extensions of R"': Brane bouquet

mbbrane [F'SS15]

m2brane

R10,1/32

[FSS13]

R9:1116 —> p9,1|16+16

~

1|8 —— 15,1|8+8
RS RS
—_—

—

R314+4 <—— p3.1|4

—

R2:1124+2 <—— p2,1[2

[HS17]

R0|1+1 -~ RO|1

emergence of fundamental M-branes from the Atom of Superspace



Universal central invariant super- L. extensions of R"': Brane bouquet

mbbrane [F'SS15]

m2brane

R10,1/32

zoom in on the fundamental M-brane super-extensions



The fundamental M2/M5-brane cocycle

mbbrane [F'SS15]

m2brane

ofb 1y

R10,1/32

YD)

Hyvz = dL?\]/IVQZW = % (Eraumzp) Nevt A e??

the WZW-curvature of the Green-Schwarz-type sigma-model super-membrane



The fundamental M2/M5-brane cocycle

mbbrane [F'SS15]
hofib(pngs)
m2brane i Sg
hofib(iyy, )
R10,1|32
SV $)
B'R

s = dLyZY = L (YTayagh) A€ A Ae® + cs AL (YTajan®)) A et Ae®

the WZW-curvature of the Green-Schwarz-type sigma-model super-fivebrane



The fundamental M2/M5-brane cocycle

mbbrane [ESS15]

hofib(pms )
"

m2brane 7 Sg
hofib (s ) hofib(cz)

R10.1|32 S]fé

Haro /
B'R

the quaternionic Hopf fibration (in rational homotopy theory)



The fundamental M2/M5-brane cocycle

mbbrane [ESS15]
hofib(pun15)
m2brane Fao Sg
hofib 1ty ) / hofib(cz)
plotjsz _ _ _MEMS 4
B'R

the unified M2/Mb5-cocycle



The fundamental M2/M5-brane cocycle

[FSS15

vz Ms
R10.1/82 g4

the unified M2/Mb5-cocycle is in rational Cohomotopy in degree 4



The fundamental M2/M5-brane cocycle

[FSS15]

Hyiz )/ Ms
R10,1]32 g4

z (Era1a2¢) A e*t N e?? Gy

% (EFal...%@b) Aett...e Gy
Sullivan model: O (54) ~ R[G4,G7]/ dGa=0
: R} — ’ dGr=—75G4AGy

= 11d supergravity equations of motion of the C-field ([Satil3] Sect. 2.5])



The fundamental M2/M5-brane cocycle

[FSS15

vz Ms
R10.1/82 g4

the unified M2/Mb5-cocycle



The fundamental M2/M5-brane cocycle

2 /M5
R10,1|32 5

double dimensional reduction & gauge enhancement

RY:1I16+1

ku
HF1/Dgy, /B?R

D-brane charge in twisted K-theory, rationally

[BSSIS]

[FSS15]



The rational conclusion.

{ infinitesimal
In

rational } approximation

brane charge quantization follows from first principles

and reveals this situation:

cohomology theory
of charge quantization
D-branes twisted K-theory
M-branes Cohomotopy in degree 4

brane species




Tl : I lusi

{ infinitesimal
In

rational } approximation

brane charge quantization follows from first principles

and reveals this situation:

cohomology theory

brane species .
P of charge quantization

D-branes twisted K-theory
M-branes Cohomotopy in degree 4
infinitesimal

Lift beyond {

. approximation 1s not unique
rational } PP q

but one lift of rational Cohomotopy is minimal (in number of cells):
actual Cohomotopy represented by the actual 4-sphere

cocycle in S 4

actual CohoW jrationalization
X Sa

cocycle in R
rational cohomotopy




Towards microscopic M-theory

1. Construct

differential equivariant Cohomotopy S’
of 11d super-orbifold spacetimes X

2. lifting super-tangent-space-wise
the fundamental M2/M5-brane cocycle.

S
pacetime Hoiz /s

3. Compare the resulting observables on
M-brane charge quantized supergravity field moduli
with expected limiting corners of M-theory



Part 11.

Orbifold cohomology

Global equivariant
Super homotopy theory and the C-field at singularities

Super Cartan geometry and 11d orbifold supergravity




Global equivariant
Super homotopy theory

and the C-field at singularities

back to Part [



orbifolded

|

Global equivariant
Super homotopy theory

and the C-field at singularities

back to Part [



The idea of global equivariant homotopy theory

What is an orbifold, really?

detailed exposition in
ncatlab.org/nlab /show /orbifold+cohomology


https://ncatlab.org/nlab/show/orbifold+cohomology

The idea of global equivariant homotopy theory

What is an orbifold, really?

Two opposite dual views on orbifold singularities X )a:

non-smooth singular points smooth but stacky quotients
84

' [ I i
i T 1 oo
BSt %1 | i LR BS!
! 1 ! 1 1y
' [ | |

orbifold singularity

| BG
or . bor
>opposite extremN
non-smooth aspects of orbifold singularitys smooth
singular point stacky quotient

k= /G BG = /G



The site of global equivariant homotopy theory

( g )

objects: oroupoids BG = {Q | g € G}
for finite groups G

/\

Singularities morphisms: groupoids of functors

BG — BG

| coverings:  identity functors

Elsewhere known as the “global orbit category”

but better thought of as the oo-category

of models for orbifold singularities.


https://ncatlab.org/nlab/show/global%20orbit%20category

The toposes of global equivariant homotopy theory

call the base topos

H,6 = Shoo(SuperFormalCartSp)

set

H = Shoo<SingularitieS, HU)

Adjunctions

Horb

L

] S
Disc,1,

H 1 H,
I‘orb

L

coDiscy——

Cohesion of global equivariant homotopy theory
highlighted by C. Rezk, Global homotopy theory and cohesion (2014)


https://ncatlab.org/nlab/show/Global+Homotopy+Theory+and+Cohesion

The modalities of global equivariant homotopy theory

Vv

singular

— U — Y
smooth 'orb1—
singular

possibly singular /orbifolded

7k

7k

super- 7bosonic )reduced geometrically discrete
geometric oo-groupoids
N AN ~ = ~ =

H "H., > Hyp > H,
D)

super- )bosonic )reduced geometrically discrete
geometric oo-groupoids
N A~ A~ ~ =

H U H U "H U "H U

D)

smooth = non-singular



The modalities of global equivariant homotopy theory

%

singular

— U — Y
smooth 'orb1—
singular

possibly singular /orbifolded

7k

7k

super- 7bosonic )reduced geometrically discrete
geometric oo-groupoids
N AN ~ = ~ =

H "H., > Hyp > H,
D)

super- )bosonic )reduced geometrically discrete
geometric oo-groupoids
N A~ A~ ~ =

H U "H G H U H U

D)

smooth = non-singular



The modalities of global equivariant homotopy theory

Vv

singular

— U — Y
smooth 'orb1—
singular

possibly singular /orbifolded

7k

7k

super- 7bosonic )reduced geometrically discrete
geometric oo-groupoids
N AN ~ = ~ =

H "H., > Hyp > H,
D)

super- )bosonic )reduced geometrically discrete
geometric oo-groupoids
N A~ A~ ~ =

H U H U "H U "H U

D)

smooth = non-singular



The modalities of global equivariant homotopy theory

Vv

singular

— U — Y
smooth .orb1—
singular

possibly singular /orbifolded

7k

7k

super- 7bosonic )reduced geometrically discrete
geometric oo-groupoids
N AN ~ = ~ =

H "H., > Hyp > H,
D)

super- )bosonic )reduced geometrically discrete
geometric oo-groupoids
N A~ A~ ~ =

H U H U "H U "H U

D)

smooth = non-singular



Super-Orbifolds ([Wellenl7, Sch13])

Let V., G € Grp(H) be group objects.

N~

tangent generic
space singularity
model type

Definition. A G-orbi V-fold is
e an object X € Hpg,

which is

1. O-truncated: 79(X) ~ X

2. orbi-singular: y(X') ~ X

U
3. a V-fold: there exists a V -atlas px/ N?\X
V X,
*

Px
(¢) pv is a local diffeomorphism: 3y (pv) ~ py

2

(a) px is a covering; (7-1)/x (Px)
(b) px is a local diffeomorphism: 3 x (px)

12



The global equivariant 4-sphere

In the following G := bPin(5)
the unoriented spin group in 5d, regarded as geometrically discrete.

[HSSIY]
This unifies ADE-singularity O-plane
ADE-singularities IMFFGMEQY, MEFIO)

with -~ S / -~ Py
O-plane singularities (Gape Xz Gapp)x Lo
O(1)

Spin(4)  x «——Pin(5)
Write S* € SmoothManifolds for the smooth 4-sphere.
— H
with S* := [S* € coGroupoids its shape.
Then
St = y(s4 / bPin(B)) is a bPin(5)-orbi R4-fold

€ H Bypin(s)
St o= fy(S4 / Pin(5)b) is its shape orbi-space



Equivariant Cohomotpy of Super-orbifolds

Let
R10132 ¢ Grp(H) D =11, N = 1 translational supersymmetry

X c H/ ybBPin(5) a bPin(5>—OI‘bi R10,1]32_f01d.

Definition.
The cocycle space of equivariant Cohomotopy ot X is

( . )
cocycle in

X equivariant Cohomotopy 34

777777777777777

H/VbBPin(5)(X7S§) = 3 \/ / y

rbBPin(5)

and so the cohomology set is

H(Xx,S)) = 7TO<H/VbBPin(5)) (X, 57)



Super Cartan geometry

and 11d orbifold supergravity

back to Part [



Cartan geometry formalizes Einstein principle of equivalence

Spacetime 1s locally equivalent to Minkowsk: spacetime,
namely in the infinitestmal neighbourhood of every point

We now generalize this
from manifolds to super-orbifolds...

Super Minkowski

Cartan moving frame

N

T Mg, TMg,

linear | extension

rfyavgete

Super —vielbein
E o

NS

L
= (e,

:(eﬁ,{fj‘,:}:*‘JL , wﬂd:ﬂ”)

Infinitesimal neighborhoods

“thickenings”



G-Structures on orbi V-folds ([Wellen17, [Sch13])

Def.: infinitesimal disk around origin: DY =V x {e}—=V
(V)
~every orbi V-fold & carries frame %

Prop.: its canonical V' -frame bundle A, — BAut (D )

for G "% Aut (DY) X, BG
Def.: g G-structure is a lift M /

(E is the vielbein) BAut (]D)V)

V' itself carries Voo BG
Prop.: canonical G-structure M /

oiven by left translation BAut ([DV)

a G-structure is torsion-free and flat
Def.: if it coincides with this canonical one E|D¥ ~ <E11>UD>V
on each infinitesimal disk



11d Supergravity from Super homotopy theory

Consider now V = R1%:132 ynd X an orbi R1%:H32_fg](,

Claim:
G = Autg, (RV113?)

2

Spin(10, 1)

super-vielbein on X
metric/field of gravity

G-structure on X

12 1

G-structure is torsion-free: < super-torsion on X vanishes

& X s solution to 11d supergravity

ﬁi&f;’%] with vanishing bosonic flux

G-structure is flat: < X is a “flat” super-orbifold
solution to 11d supergravity



11d Supergravity from Super homotopy theory

Consider now V = R1%:132 ynd X an orbi R1%:H32_fg](,

Claim:
G = Autg, (RV113?)

2

Spin(10, 1)

super-vielbein on X
metric/field of gravity

G-structure on X

12 1

G-structure is torsion-free: < super-torsion on X vanishes

& X s solution to 11d supergravity

H%iﬁf;’%] with vanishing bosonic flux

G-structure is flat: < X is a “flat” super-orbifold
solution to 11d supergravity

Al curvature hence all higher curvature corrections
& Gy-flux & flux quantization

crammed into orbifold singularities
and thus taken care of by the equivariance
of charge quantization in differential equivariant Cohomotopy


https://ncatlab.org/nlab/show/higher+curvature+correction
https://ncatlab.org/nlab/show/supergravity+C-field#DFMOrientationAndFractionalClasses

Flat & fluxless except at curvature- & flux- singularities

Plausibility check:
Black M2/Mb5-brane solutions to SuGra interpolate (arrmsos) between:

near/far horizon metr ' _ad :
Planck-scale curved throat < car/far horizon geometry , orbifold-singularity
in flat & fluxless space
black M2

/€p>>1/ lpl

R?! x R® /| Ga
W
orbifold du Val singularity

AdSy x ST/Ga
N——

spherical space form

imconsistent: consistent:

Planck-scale throat (£p > 1) all Planck-scale geometry
spurious in SuGra (fp < 1) crammed into orbi-singularity

(evaded only by (necessary for
macroscopic N > 1) microscopic N = 1)

Hence, indeed, a consistent & complete picture:

1. 1s flat & fluxless away from singularities,

2. has hidden degrees of freedom inside the singularities.


https://ncatlab.org/nlab/show/near-horizon+geometry
https://ncatlab.org/nlab/show/near-horizon+geometry#BlackM2
https://ncatlab.org/nlab/show/spherical+space+form
https://ncatlab.org/nlab/show/orbifold
https://ncatlab.org/nlab/show/ADE+singularity

Flat & fluxless except at curvature- & flux- singularities

Plausibility check:
Black M2/Mb5-brane solutions to SuGra interpolate (arrmsos) between:
near/far horizon geometry — orbifold-singularity

Planck-scal h ¢ >
anck-scale curved throat in flat & fluxless space
P black M5\€ 1
p> p<l__
AdSy x S* G- RO x R J G
N—— N——
IMEFET0] orbifold du Val singularity
inconsistent: consistent:
Planck-scale throat (£p > 1) all Planck-scale geometry

crammed into orbi-singularity
(necessary for
microscopic N = 1)

spurious in SuGra (/p < 1)
(evaded only by
macroscopic N > 1)

Hence, indeed, a consistent & complete picture:

1. 1s flat & fluxless away from singularities,

2. has hidden degrees of freedom inside the singularities.


https://ncatlab.org/nlab/show/near-horizon+geometry
https://ncatlab.org/nlab/show/near-horizon+geometry#BlackM5Brane
https://ncatlab.org/nlab/show/orbifold
https://ncatlab.org/nlab/show/ADE+singularity

In conclusion, in super homotopy theory emerges:

CovariantPhaseSpace :=

(

(Ga,G7). - =~
T B gauge field
X E o (NQM5QM27NXQM5) *********
\ (, .
\ (TQM27 NXQMz) gravity
\ ~
\ >~
\ S
L "o >
X N Bb(Spm(Q, 1) x Spln(8))
bPin(3) x Pin(5)Orbi— \
R*O-132FRo]ds) \
\
\
\
Fry \
\
\
\

BbAut, (D'!3%) —— BbSpin(10, 1)

\

BAut (D10’1|32)

) J"(s%(spm(g) X Spin(5))) . f(S‘*//bSpin(E)))\

x Spin(5)) —— BbSpin(5)

BbSpin(8)

) JAut(X)

= 2y

MotiveOfObservables »Pin(3) xbPin(5) (C(’)\'armntPhasosl’)aco)



In conclusion, in super homotopy theory emerges:

This is the core ingredients of what is known as

M-theory on Spin(7)-manifolds with space-filling M2-branes

Pin(2,1) Pin(3) Pin(5)
RlO,l ~ ng’l o /i'(’) @ /\(5
M5 X —
M2 — —

T-dual to

F-theory on elliptically fibered 8-manifolds with space-filling D3-branes
(whose near-horizon geometry is AdS; x S°)

This happens to be
the phenomenologically relevant sector of type Il string theory.


https://ncatlab.org/nlab/show/M-theory+on+Spin(7)-manifolds
https://ncatlab.org/nlab/show/M2-brane
https://ncatlab.org/nlab/show/T-duality
https://ncatlab.org/nlab/show/F-theory+on+elliptically+fibered+Calabi-Yau+4-folds
https://ncatlab.org/nlab/show/D3-brane
https://ncatlab.org/nlab/show/near-horizon+geometry
https://ncatlab.org/nlab/show/AdS-QCD+correspondence
https://ncatlab.org/nlab/show/intersecting+D-brane+model

In conclusion, in super homotopy theory emerges:

Theorem (Fiorenza-Sati-S.):

The C-field charge quantized in twisted Cohomotopy this way,
implies cancellation of M-theory anomalies:

1) M5-brane anomaly counterterm:
dGy =0
such that ~ dG7 = —5G4 A Gy + 5p2(NxQuwis)

[Witten 96D, (5.7)]

G4 € Z4(X, Q)
G € C"(X,Q)

2) Half-integrally shifted C-field flux quantization

Q]+ le (NXQM5)} e H'(X,Z)

\

aVa

[Witten 96al 2.1 and 2.2]

3) M-theoretic tadpole cancellation:

EZG7 — %X(TX> = i(pz(TX) — ipl(TX)Q)J

[Sethi-Vafa-Witten 96] [Witten 96al, 3]
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