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1 Motivation

Isbell duality
Two formalized algebra -~ geometry

methods of quantization: algebraic quantization
(deformation quantization)

geometric quantization

higher algebra higher geometry
oo-cosheaves oo-sheaves = oo-stacks
best discussed in e.g. moduli stack
the context of: of G-connections: BGconn
considered elsewhere .
considered here
(e.g. Costello)

for instance for dimension moduli stack description [Sch]
3d G-Chern-Simons k=3 action functional (0-bundle) | exp(iS(—)) : [X3, BGeonn) = U(1)
in top dimensions: k=2 prequantum circle 1-bundle (X2, BGar) = BU(1)comn
Question: What is geometric pre-quantization in lower dimensions k? Answer for 3d CS:
dim. prequantum (3 — k)-bundle
k=0 differential fractional Coomn  BGuonn — B3U(1) FiScS]
a first Pontryagin comt contt conn !
o WZW 1 [Sl,cconn] 1 3 exp(27ri fsl(_)) 2 lmphClt ln
h=1 background B-field (5%, BGcom] (5% B (Deon] BEU(1)conn [CIMSW]
_ off-shell CS [$2,Ceonn] 3 exp(2mi [y (=)
k=2 prequantum bundle [227 BGconn] I [227 B U(l)conn] BU(]-)conn [SChJ
Cconn ex (QTFZI - (_))
k=3| action functional (53, BGeomn] —25 153 B3U(1)eomn] = U (1) [FiScSt]

. . L. . . geometric quantization .
Higher geometric quantization | symplectic manifold quantum mechanics
expected to complete pattern: high tri tizati

P P P n-plectic co-stack 16101 SCOMCLHC qUantizabion extended QFT

Already done [Rogers]EI: n-plectic geometry and 2-geometric prequantization over smooth manifolds.

Goal now: formulate generally in cohesive homotopy type theoryf} thus generalize from manifolds to
smooth moduli co-stacks; and apply to oco-Chern-Simons theoryﬂ

L'http://ncatlab.org/nlab/show/n-plectic+geometry
’http://ncatlab.org/nlab/show/cohesive+homotopy+type+theory
3http://ncatlab.org/schreiber/show/infinity-Chern-Simons+theory


http://www.crcg.de/wiki/HSTG6
http://ncatlab.org/nlab/show/n-plectic+geometry
http://ncatlab.org/nlab/show/cohesive+homotopy+type+theory
http://ncatlab.org/schreiber/show/infinity-Chern-Simons+theory

2 General theory

oo-geometric
quantization [PQ)]

cohesive homotopy type theory
[Sch]

twisted hyper-
sheaf cohomology
INSS]

n-plectic
cohesive oo-groupoid

w: X = (= G) (eg. G=U(1) or =C>)

twisting cocycle
in de Rham cohomology

symplectomorphisms

Aut gnir g (w) = \ /

QnJrl

twist automorphism
0O-group

Hamiltonian G-action

M . BG _> BAUt/BnGconn (Cconn)

G-oo-action
on the twisting cocycle

gauge reduction

Ceom//G : X//G = B"Geonn

G-oo-quotient
of the twisting cocycle

prequantum circle n-bundle

BnGCOHH

V lcurv

X — Q?l+1(_7 G)

twisting cocycle in
differential cohomology

Planck’s constant A

1 .
flcconn : X — BnGconn

divisibility
of twist class

t hi - X = X . .
UATLOMOTPAISI CO-Eroup = twist automorphism
2 Aut/BnGconn (cconn) - o
Heisenberg oco-group Ceonn Geonn co-group
BnGconn
Hamiltonian observables Lic(Aut ) (Ceonn) infinitesimal
with Poisson L..-bracket /B"Geonn /\conn twist automorphisms
twists in

Hamiltonian
symplectomorphisms

oo-image of
Aut/BnGconn (Cconn) — Aut/Q:{Fl(_’G) ((A})

de Rham cohomology
that lift to
differential cohomology

oo-representation of
cohesive n-group B"!'G

V,—=V,//B"'G

lp

B"G

local coefficient co-bundle

prequantum space of states

FX(E) = [C7 p]/BnGconn =

cocycles in
[c]-twisted cohomology

prequantum operator

X o X
Z
x /
B"G

<_> : FX(E) X Aut/BnGconn (Cconn) — FX<E>

oo-action of
twist automorphisms
on twisted cocycles

trace to higher dimension

composition with:

r hol
[Sla Vn//Bn_chonn] i s Vn—l//Bn_QGconn
jp(‘;ﬁln lpgnnl
exp(2mi —
BnGconn o f51 ) Bn_chonn

fiber integration in
(nonabelian)
differential cohomology




3 Example: 1- and 2-geometric pre-quantization

base ring | local coefficient bundle n-plectic co-groupoid
C—C//u(1) . . .
Choose: C ordinary symplectic manifold
ch w:X = le(—)
BU(1)

Proposition. For X an ordinary smooth manifold, w : X — Q%(—) an ordinary symplectic form,
the items in the above table [2| reproduce those of traditional geometric prequantization.

base oco-ring local coefficient co-bundle n-plectic oo-groupoid

BU(n)—— (BU(n))//BU(1) ~ BPU(n) ' _
Choose: KU l 2-plectic manifold
P w: X = 04(-)
dd,, cl
B2U(1)

Proposition.

e 2-states are [Ceonn|-twisted rank-n bundles with connection
= D-branes in B-field Cconn which are anomaly-free (if X is Spin®)
(cocycles in [c]-twisted K-theory)

o Lie(Aut /B217(1).0n, (Ceonn)) = the Poisson bracket Lie 2-algebra of [Rogers] (for X a
manifold);

e tracing to higher dimension is given by traced U(n)-holonomy of twisted bundles with

connection:
2-geometric on X trace 1-geometric on loop space [S!, X]
prequantum 2-states prequantum states
~ [c]-twisted U(n)-bundles - ~ sections of line bundle exp(27i [, [S", Ceonn))
on X on loop space [S?, X]
X = (BU(n))//(BU(1))conn (5%, X)L 11 (BU) // (BU (L) Jeomn] — e U (D
\ jpﬁfﬂn - \,\ jp?Jén lpconn
(S ccomn exp(2ri 51 ()
BQU(l)conn [Sla BZU(l)conn] 2 1 conn
2-Hamiltonian G-actions Hamiltonian G-actions
{ on X } - { on loop space [S?, X] }

X X
= /

X = X
=
Cconn Cconn B2U(1)COHH

B2U(1)eomn lexp(%rifsl(—))
BU(l)conn

Proposition. For X interpreted as a D-brane and ceon, as the B-field, this is the Freed-Witten
anomaly cancellation mechanism for the type II superstring.

3



4 Example: Prequantum oo-Chern-Simons theory

For G a smooth oo-group and X = BGonn the moduli co-stack of G-oco-connections [FiScSt][Schl,
a prequantum n-bundle Ceonn : BGeonn — B"U(1)conn is @ smooth and differential refinement

of a universal characteric class [c] € H"™(BG,Z). The induced QFT is a higher extended
Chern-Simons theory.?

Some examples:

model prequantum n-bundle prequantum n-bundle quantomorph.
modulus total space
‘ _ cup product on moduli co-stacks moduli 2-stack of
U éilr)r;i};iegﬁ_?ilsj-n;)m of circle n-connections [FiSaSc2] differential T-duality Zs
B2nt1 U(l)conn(ﬂ;)B‘Wr?)U (1) conn structures [Sch]
differential first fractional smooth moduli 2-stack diagonal
Spin-Chern-Simons Pontryagin class [FiScSt] of String-2-connections transformations
at h = 2. %fn BString,,,,/ in Spin X Spin
BSpin,,,, — B*U(1)com [SaScSt] [FiSaSc] theory
differential second fractional smooth moduli 6-stack
String-Chern-Simons Pontryagin class [FiScSt] of Fivebrane-6-connections
at h = 6. %f)z BFivebrane g
BStrngconn — B7U(1)conn [S&SCStJ
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