COHOMOLOGY IN TENSORED CATEGORIES

MICHAEL BARR

1. Introduction

Both [Mac Lane 1965, Beck 1967] have recently defined cohomology theories for algebras
in abstract categorial setting. Mac Lane’s theory is an abstract formaization of the (nor-
malised) bar construction (see [Mac Lane 1963, p. 144] for example). Since, however,
his proof of the normalization theorem (p. 236) remains perfectly valid, the normalized
bar construction can be replaced by the un-normalized one. It is the purpose of this pa-
per to show that under reasonable conditions Beck’s cohomology is naturally equivalent
to a slight modification of Mac Lane’s. All notation not explicitly defined is taken from
[Mac Lane 1963].

The proof given here is mainly just a modification of that of |[Barr & Beck 1966).
However sections 2, 3, and 4 are devoted to showing that the techniques used there can
all be applied to the general categorical situation.

2. Algebras

If D is a tensored category, Alg(D) denotes the category of D-algebras as described in
[Mac Lane 1963, p. 79]. The purpose of this section is to show:

2.1. THEOREM. Suppose D has countable coproducts which commute with the ®. Then
there is a triple T = (T,n,mu) on D such that Alg(D) = DT.

PrOOF. We will first show that the underlying functor U : Alg(D)—D has a left adjoint
F. Thenifn:1—UF and € : FU—1 and the adjointness morphisms, it is known that
that T = (UF,n,UeF) is a triple [Barr & Beck 1966, Beck 1967]. Then we complete the
proof by exhibiting a natural equivalence Alg(D) = DT,

2.2. DEFINITION. Let Ay, ..., A, be objects of D. We define A; ® --- ® A, inductively
tobe K ifn=0and (A1 ® - -®A,,)®A, forn>0. If each A; = A, we will also denote
this by A™. It follows from the defintion of a tensored category that there is a unique
ismorphism which we denote by o(m,n) : A @ AM — Am+n),

We now let FI(A) = > - A™_ To describe an algebra structure on F(A), let a, :

A™ — F(A) be the inclusion. Since tensor commutes with this coproduct, a map m4 :
FA)QF(A) =3, 50 A @AM~ F(A) is determined by requiring that (o, ® ) =
Apimo(n,m). Then I claim that F'(A), 7, ap (as unit) form an object of Alg(D). We must
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show three identities [Mac Lane 1965, p. 79]. The first is that if ep(a) : K@ F(A)—F(A)
is the Mac Lane isomorphism, then 7(ag ® 1) = epea). But 0(0,n) = e4(n), and, by the
naturality of e we have

(g @ 1) (1 ® ) = T @ ) = (0, m) = epay(1 @ auy)

Since the 1® «,,, are inclusions to a direct sum, this gives the result. The second is derived
similarly. The third is that

Tlen)=rn(r®1): F(A)® F(A) ® F(A) — F(A)
But F(A) ® F(A) ® F(A) is a direct sum

Z Am) A(0) & A@)

m,n,p=>0

We have

(1@ ) (0t ® v @ @) = (g @ (0, 01))

(0t ® an+p0(n,p)) = (ot ® an+p)(1 ® 0(”7]9))
= am+n+p0(ma n—+ p)(l ® O'(n,p))
But
om,n+p)(1®a(n,p)): AM & An) ® AP o Almtntp)

is a Mac Lane isomorphism, which by uniqueness must equal
o(m+n,p)(o(m,n) ® 1)
Then we get

Unpnapo (M +n,p)(a(m,n) @ 1) = T(mnin ® ap)(o(m,n) @ 1) = T(amino(m,n) ® ay)

= 7(m(m @ o) ® o) = (7 & 1)(alphay, @ o, @ o)

Since the o, ® o, ® o, are a direct family of inclusions, the result follows.

Now suppose (A, pa, up) is in Alg(D) and f: A—=Ais in D. We prove adjointness by
showing that there is a unique map f*: F'(A) — A in Alg(D) such that f*ay = f. (At
least this proves adjointness with «; : FA—=UF(A) as one of the adjointness morphisms
¢f. [MacLane 1965, p. 3].) We define f* by requiring that f*ay = uy, f*aq = f, and
ffa; = pa(ffa;_1 ® f) for i > 1. To show this in Alg(D) we must show that it preserves
the unit which follows from the definition of f*ag and that f*7m = pao(f* ® f*). By



induction on m + n,

f*ﬂ-(am & an) = f*am+na(m7 n) = p/\(f*an—f—m—l ® f)cr(m, n)
= Pa(f nim-1 ® f)(o(m,n — 1) @ 1) = pa(f*msn-10(m,n — 1) @ f)
= pa(f T (m @ an 1) @ f) = pa(a(f* @ f*)(man—1) @ f)

(
= pA(PA(f m @ ffan—1) ® f) = pa(pa @ 1)(f*alpha, @ o1  f)
= pA(1 @ pa)(ffam @ fran_1 ® ) = palf um @ pa(fran-1f))
= pA(f o @ fran) = palf* @ f*)(am @ o)

Again, this implies that f*m = po(f* ® f*). Suppose g is another map with ga; = f.
Then gay = up = f*ag by the unitary condition, fa; = f = f*ay by assumption, and if
we assume go;_1 = f*a;_q, then

[rai=pa(ffaic1 @ f) = palgaios @ gar) = pa(9 @ 9) (i1 @ o)
=gr(i1 Q@ ay) =go(i—1,1)a; = gay

(since o(i — 1, 1) is the identity isomorphism.) Hence f*«; = go; for each i. so f*=g¢g. m

This shows adjointness, and therefore gives rise to a triple as noted about. Moreover,
we have from [Barr & Beck 1966] a natural functor ¥ : Alg(D) — DT which takes
(A, pa,up) to (A, X) where A : F'(A)—=A is the unique algebra map extending the identity
map of A. Specifically, if 8; : A®) — A are the direct system, then A3y = ux, AB1 = 1x
and AB; = pa(A\Bi_1 ®14). Notice that A3y = py. This tells us how to construct an inverse
functor. In particular, if (X,¢) is a T-algebra we let ux = &7y and px = £7y2 where
7 : X —~ F(X) are the inclusions. If these give X the structure of a D-algebra, then
they clearly define a functor ® which is a right inverse to ¥. Let ¢; : F(X)W —F(F(X))
be the inclusion. Then we know that £y; = 1x by definition of a T-algebra. The other

condition says that - F§ = & - UeF(X). But UeF(A) : F(F(A)) — F(A) is just
the map coming out of the algebra structure on F(A). Hence UeF(X) - iy = 7x :
F(X)® F(X) — F(X). On the other hand, F¢ - ¢y : F(X) ® F(X)— F(X) is just

12(§ ®¢). Hence £75(§ ®@¢) = &mx - F(X) ® F(X) — X,

§12(1 @ &12) = E72(6m ®&E72) = En(E® (11 ® 72)
={mx (N ®12) = €20(1,2) = {y30(2,1)0(1,2)
={mx (12 ® 1)o(1,2) = £72(§ ® §)(72 ® gammay)o(1,2)
= £72(872 ©® Em1)o(1,2) = £72(§72 ©® 1)a (1, 2)

which, strictly speaking, is the precise statement that £+, is an associative law of compo-
sition. The unitary laws are left to the reader. Now we must show that ® is a left inverse
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to U as well. To do this we start with (X, &) in DT and make it into an algebra using
€2 : X ® X — F(X) — X as the rule of composition and vy as unit. We now a new

map ¢ : F(X) —= X by setting (o = £y, (11 = 1 = (1, and (i = §12(Cyi-1 @ 1) for
1 > 1. Assuming, however, that (v;_1 = £v;_1, we have

¢ = 7(Cvic1) = E72(67i-1 ® 1) = €72(Eim1 ® €M)
=ERERE (Vi1 ®@m) =&nx(Vic1 ® M) = Evio(i — 1.1) =&y,

Hence ¢ = ¢. This completes the proof of 2.1} "

3. Derivations

Let A be in Alg(D) and let M be a A-A°? bimodule. This means that there are morphisms
pyvc A® M — M and qp : M ® A — M satisfying the rules for right and left modules;
and that py (1 ® qu) = qu(par ® 1).

3.1. DEFINITION. A derivation of A to M is a morphism d : A — M such that dp, =
pv(1®d)+qu(d®1): A@ A—= M. It is clear that the set of derivations of A to M is
a subgroup of Homp(A, M). We denote this abelian group by Der(A, M).

3.2. PROPOSITION. Let CA = {C,A}, n > 0, be the complex in D such that C,A =
A2 and boundary operator § =3 (-1)(1®1® - @py@1®---®1). Then C is an
acyclic complex over A, i.e.

PA
. %Cnﬁ- HCO

15 exact.

PROOF. For let s, : C,A —=C, A by s, = (u®@1ey')) @1 ®---®1 for n > 0, and
5.1:A—=Cyby (u®1)e;'. Then in the usual way it is easily shown that pys_; = 1 and
Sn—10n + Opi18, = 1 for n > 0. N

3.3. DEFINITION. JA = ker py = coker dy. Since by [Mac Lane 1965, p. 81], the category
of A-bimodules is abelian, JA is a A-bimodule as well. If ) : A®) —= JA is the cokernel
of 8y, then Hom(vp, —) : Homye(JA, —) —= Hompe (A®), —) is a monomorphism onto the
subgroup of that latter consisting of those maps whose composition with ds is 0. We can
map

¢ : Der(A, —) — Hompe (A®)| —)

by restriction of the isomorphism Homp(A, —) = Hompe (A®), =), whence ¢ is a monomor-

phism also.

3.4. PROPOSITION. Im ¢ = Im Hom(e, —) and establishes a natural equivalence between
Der(A, —) and Homye(JA, —).
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PRrROOF. After sorting through all the identifications made, it is easily seen that what I
claim amounts to showing that d : A — M is a derivation if and only if py/(1 ® qpr)(1 ®
d® 1)d; = 0. If we recall the defining identities of bimodules, it is a straightforward
computation that

pv(1@qu)(1®d®1)0 =pu(1 @ aqu)(1@pu)(1®@d—dpy +qu(d® 1)] @ 1)
This gives one implication immediately. On the other hand, for any f: A — M,
Pu(l®@aqu)(1®@ f 1) (uy @1 ®up) =pu(l @ qu)(us @ f @ un) = par(ua @ qu(f ® un))
= Py (s ® qu(1 @ up)(f © 1)) = pur(ua @ ey (f @ 1))
= pu(ur ® fex) = pu(ua @ 1)(1® fen)
=em(1® fea) = ferersx
Since these e are isomorphisms, the other implication follows. [

3.5. DEFINITION. Let M be a A-bimodule as before. We let M* denote the algebra whose
underlying D object is A + M and whose multiplication is that map from

A+M)Y@A+M)ZARA+AQM+M®A

Let my : MT —=A and my : M —= M be the coordinate projections. It is easily seen that
m 1S a surjection of algebras.

whose matrix is

pp 00 0
0 pv qu O

3.6. PROPOSITION. The mapping f — myf establishes an equivalence between {f €
Hom (o) (A, M) | m f = 1} and Der(A, M).

PROOF. Let f be such a mapping. Then f has a matriz || fi  fol|, where fi = mf =1
and fo = mof. Hence there is a one to one correspondence between such f and maps

fo: A—= M such that ; 15 an algebra homomorphism. This condition becomes
2
1®1
pa O 0 O 1@ fo |l |1
0 pv qu O f2®1 fa || A
[2® fa

which reduces to px(1 ® 1) = pp, which is clear; and py(1 @ fo) + qu(fo @ 1) = fopa,
which 1s the defining equation of a derivation. [
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3.7. DEFINITION. Let (D, A) denote the category whose objects are Alg(D) morphisms
~v: I'— A and whose morphisms are commutative triangles

r = I

where « is a morphism in Alg(9D). We may always consider m; : M —= A as such an
object. In that case, Proposition [3.6] becomes

3.8. PROPOSITION. If M —= A is as above, then

Hom(aig(p),a)(1a, m1) = Der(A, M)

4. Modules

Suppose that v : ['— A is in Alg(D). We define functors
P =P, : A-Mod(D) —T- Mod(D)

Q = Q, : I'~-Mod(D) — A- Mod(D)

by setting, for a A-module (M, py,) and a I'-module (N, py), P(M,py) = (M, py @ 1)
and Q(N,pn) = (P°P(A) ®r N, P°?(py) ®r pn), where PP is the functor analogous to P
for right A-modules.

4.1. THEOREM. Q s left adjoint to P.

PROOF. First we define a morphism 7 : 1—P(). By abuse of notation, ny : N—A®r N
is defined by te t(uy ® 1)ey! wheret : A® N —=A ®p N is as defined in [Mac Lane 1965,
p. 82]. We must show that

nnpN = prony(1@nn) - T@ N—A®p N



In the diagram

I'e K®N al N

e 1ol !

re KN ol K@T@N—2 . K®N

uA®1R1 upA®1
1@ur®1 11 ARTON— ¥ _A@N
grA®1
reAoN 2% AgAeN_—— P8
1®t 1®t \

Do A op N2 A A, N pa®rl Ao N

every subdiagram except those labeled I and II commutes either by a coherence or natu-
rality. The equation gy = ppA(1 ® 7) : A® ' — A is just the operation of I" on A and I
commutes by definition of ®r.

As for II, in the diagram

'e K Ko

N / .
A®T

every subdiagram is commutative either because if coherence, naturality, or because 7 is
a morphism of algebras. Tensoring the outer square with N gives the desired result. To
complete the proof we must show that, given a I'-linear map « : N—= PM , we can find a
unique A-linear map g : QN — M such that PS-ny = a. Since A ®r N us the cokernel

1Qup

qA

oA



ofga®1—-—1py : ART'® N—A® N, we have
pu(1®a)(ga®1) =pupa®1)(1®@721)(1011 o)
=pu(1@py) (1272 1)(1®1®a)
=pu(1@pu(y®@1)(1® a))

=pu(l @ apy) = pu(1 ® a)(1 @ py)

Hence py(1 ® ) induces a map f : A@p N—= M. To show this is A-linear we must show
that py (1 ® 8) = B(pa ®r 1). But since these are cokernels it reduces to showing that

N@py(lea)]=pu(l@py)(l®1®a)

=pu(pa®1)(1@1®a) =pu(1©a)(pa@1)
The fact that PS - ny = « follows from the commutativity of

N K®N A®QN ¢ A®r N
« 1®a 1®a B
M KM AR M M

together with the fact that the bottom row is just the identity. Now suppose that 5’ :
A ®r N—= M is another A-linear map with P8’ -ny = a. Then gt : A: AQ N—=M is a
A-linear map such that o = B't(up®1)ey’. Since B't is A-linear, 8't(pa®@1) = par (1@ 3'1).
From the former, we get

loa=(12A)10uy®1)(1®e)

and then
pu(l@a) =pu(1®@ 1) (1@ur ®1)(1® ey

= Btpa @ 1)(1 @ up @ ey')
= B't(e) @ eyt)

But by coherence, €, ® e]_\,1 AN —A®K®N-—A® N must be the identity, so
B't = pp(1 ® alpha) = Pt. Since t is an epimorphism, the result follows. n

Henceforth, we will not distinguish between M and P(M). We have already noted
that if M is a A-module, then

HomAlg(D),A(IAﬂTl) = Der(A, M)
Now if v : I'—= A is in (Alg(D), A), the fact that
Der(T", M) = Homaig(n) )

can be proved in exactly the same way. Thus I have shown half of the following:
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4.2. THEOREM. 7y : Mt —= A is an abelian object of (Alg(D),A). If v : T —=A is an
abelian object of that category and N = ker~y, then N = P(M) for suitable M and v = .

PROOF. If v : I'— A is an abelian object, then Hom(1,+) is also an abelian group. If
denotes its identity, then 7 : I' — A is a right inverse to v so that v is an epimorphism.
It is easily seen that kery = N is a I'-bimodule (for « : I'— A is also a morphism of of
I'-bimodules) and so M = P;(N) is a A-module. Essentially, ¢ induces a A-structure on
N. Now, considered as objects of D, v has a right inverse so that I' = A + M and pr has
a representation as a matrix

Q11 Q12 013 04
Qg1 Qrgp (Qiaz Oigg

with respect to the basis indicated in the expansion

A+M)@A+M)=ARA+ASM+MA+MeM

The fact that with repect to these bases, ¢ has matrix and is a morphism in

1
0
(Alg(D),A) shows that as; = 0 and is in (Alg(D),A), a similar computation shows
that a9 = a3 = aq = 0. We will be finished if we show that &« = @94 = 0. Since
v : I'— A is an abelian object there is a map of v x ¥ — v where the product is in
(Alg(D), A). 1t is easily checked that v x « has the underlying object ¥ = A + M + M’
where M = M’ is given a different name for the purpose of keeping track of an ordered
basis. This algebra has multiplication map

pr LN XAQA+AIMAAIM + MOA+Me M
+ MM +MQA+M M+ M M
—= Y

whose matrix is
pa O 0 0O 0 0 O

0 0
0O pv O gy o 0 0 0 O
0 0O pv 0 0 0 g 0 «

If iy : I'—=% and iy : '— X are the injections (with matrices

1
0 and
0

o = O
o O =
_ o O

respectively), then a group law on I" would be a map 6 : ¥—T" in (Alg(D), A) satisfying
(among other conditions) #i; = #is = 1. Writing out # in matrix form, these conditions
imply that o = 0. [
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4.3. REMARK. The meaning of this theorem is that the categories of A-modules for the
D-algebra A, [Mac Lane 1965 p. 81], and A-modules for the T-algebras A [Barr & Beck
1966, Beck 1967| are isomorphic.

5. Cohomology

5.1. THEOREM. If v :T'— A is in (Alg(D),A), ¢ =y @~ : ¢ —= A® and M™ is an
abelian object in that category, then there is an isomorphism

Der(I', Py(M)), ifn=0

H"(T, M)y — {H"+1(F,P¢(M)), ifn >0

where the left hand side refers to the triple cohomology and the right hand side is the
cohomology of Mac Lane’s bar construction.

PRrROOF. We use the method of acyclic models as explained in detail in [Barr & Beck 1966].
We define standard cochain complexes L, S : (Alg(D), A) — Ab, the category of abelian
groups. Let L,(I", M) = Hompe (I3, M), where again, we are letting M stand for some
P(M) and

S™(T, M) = Hom(ajg(p),a) (G, M)

The boundary operator in L takes f to
pu(1® )+ ) (~)'(1®-@pr@- @)+ (-1)" qu(f@1)

where pr is its multiplication map and p,; and q,; are the bimodule operations on M.
The coboundary in S takes f to > (—1)" Hom(f-G'eG"*, M). Then it is clear that L and
S are standard complexes for the modified Mac Lane cohomology appearing on the right
of Theorem and the triple cohomomogy, respectively. Using n we may show, exactly
as in [Barr & Beck 1966], that S is G-representable and G-acyclic on models. If we can
show the same for L and that L= = S~ we will be through. If { = nI' : I —=GT is the
adjointness morphism (in D), it induces a map ¢+ : [+ —~ GT"+1) We have

Ln(r7 M) = Hompe (F(n+3), M) =~ I—I()I’n(]j’(”'i‘l)7 M)

Hom(C™+1,M)

Hom (GT' "+ M) = Homgre (G "+, M)
= L"(GT', M)

a G-representation of L. To show that L is G-acyclic, we choose f € L"(GT, M) and
define sf € L" Y(GT', M) as follows. Let

alig, ... ips1) : T @ @Tl+) - qrint2
Denote the inclusion and define sf by

sfaliog0,in, ... int1) = f - alio0,0,in, ... i) X (I1®egl® - ®1)
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for 2; = 0 and inductively, for ¢y > 0

sf-alioy ity .., int1)

= sf-alio+1,i1 — Lia, ...,i) (000, )@ D1 @ 0(l,i — 1) ) @1®- 1]

— falig, 1,i1 — 1y, .. .,in)A1®0o(lii —1D)'®1®---®1)
Then, just as in [Barr & Beck 1966|, s may be shown to be a contraction in L(GT', M).

LY, M) = Homre(JT, M) = Der(I', M) = Homag(p) 2) (I, M)
by the results of Section 3| and it is shown in [Beck 1967] that the latter is
H(S(v,M)) = ST, M)

. This completes the proof. n
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