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How do you identify one thing with another ?

° It depends on what type of thing they are .

° to identify a real affine space A with Bn
,

it suffices to choose a point of origin in A
.

° to identify a n - dimensional vector space
V with 1137

it suffices to choose coordinates - a basis of V
.

° to identify the abeliangroupHn ( 5 ; Z ) with
Z

,
it suffices to give

an orientation of S "
.

° to identify the integer n for which

Ju ,
(5) is isomorphic to 21h as 2

,{
it suffices to prove that n equals 2

.[
equality is a special case of identification
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What are identifications ?

° Identifications are mathematical objects in their own right !
-

points of  origin,

Coordinate systems,
orientations

,
. . .

° To identify two mathematical structures
,

give an isomorphism between them .

-  

Tastructure -

preserving , invertible map.↳ " Structure identity principle
"

° To identify two elements of a set
, prove them equal .

c-
 -

↳ "
Propositions as typesEmbers.

Vectors
, paintsin space . . .

° To know how to identify X with Y
,

we only
need to know what type of thing X and Y are .
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Type Theory
° A formal system for tracking what type of thing

everything is .

↳
o

Types,
like IN

,
113

,
E

, Vectis ,
Mfd

, Type . . .

Ls
o Elements

,

like 3 : IN
,

it : B
,

Rt : Vectis ,
Rn : Mfd

,
. . .

° Variable elements
,

like x' ti : 113 (given that x : B )
x : 113 I - x

'
ti : 113

-
" Context

" I " is a
"

° Variable types,
M : Mfd

, p
: M t Tp M : Vectis

° Variable elements of variable type ,

M : Mfd
, p

: M t VCP) : Tpm
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①: A t b Cx ) : BG ) means
"
b Cx) is a BE)

, given
that x is an A

'Y

Pair types :

TM : = ( p : m ) x Tpm
- If Btx ) is a type when x : A

,
then

( x : Atx BE ) A x B

is the type of pairs C a. b) with a : A and b : Bla )
.

Function types :

Vec C m ) : = ( p : m ) → Tpm

- If Btx ) is a type when x : A
,

then

Cx : A) → BE ) A  → B

is the type of functions x a fix where x : At f Cx ) : BG )
.
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Inductive Types
- 1B

,
the type of boo leans

↳ We have 0 : 1B and I :B
,

and

° To define an element b : 1B tells ) : X ( b)
,

it suffices to define eco ) : XCO) and ell ) : X (D
.

Assumptions f teo : XO ) Mi -

e
, :X At

- -

Conclusion r
,

b : 1B t incl Ceo
,
e.) (b) :X ( b )

inclCeo
.
e.) C0) : = eo

,
ind Ceo

.
e.) CI) : = e ,
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Inductive Types
o IN ,

the type of natural numbers

° We have 0 : IN and n : N t htt : N
,

and to define n : N t f-( n ) : XG )
,

it suffices

pewter
" to define Ho) : XO ) and n : IN

,
x : XG ) I - rcn,

x ) :X Intl )

ft fo : XCO) M
,

n : IN
,

x : XG ) I - rcn,
x ) :X Intl )

-

M
,

n : IN t incl f fo
,

r ) ( n ) : X ( n )

incl C fo
,

r ) ( o ) :
-

- fo
,

incl (fo
,

r ) ( n ti ) : = rfn,
incl (fo ,

r) ( a ))
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Inductive types : Identifications !
- For x

, y
: A

,
a type ( x Fy ) of ways

to identify
x with y as elements of A

.

° We have a reflexive self - identification

x : A t reft
×

: ( x In x )

° To define an element

x : A
, y

: A
,

i :( x g) t f- ( x
, y ,

i ) : X I x
, y ,

i )

it suffices to define

x : A t rf ( x ) : X ( x
,

x
,

refl
× )

f- ( x
,

x
,

reft
× ) : = rfcx)

.
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To define an element

!:i÷÷÷÷::i""""x : A t :X ( x
,

x
,

refl
× )

° We can define inv : C x y ) → (y Ex ) by
inv ( refl

× ) : = reft
×

o We can define • : ( x E g) × ( y Ez ) → GEE) by

reft . 5 : = i
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:÷÷÷÷÷÷÷÷÷÷÷÷
° We can also define

in u left : ( i : Cx -
- y , ) → ( i . inv Ci )

⇒
ref Ix )

by inv left ( refl x ) : = refl
refix

is

x -11x¥
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In total
, any type becomes an x -

group
oid

The structure identity principle says that
identifications between mathematical structures

are isomorphisms .

But our definition of identification was abstract

Can we prove that
,

e. g .

( Rn µV ) is the same as { bases of U} ?

yes !
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Every function is a functor
, every construction covariant

.

° For f : A  → B
,

define f* : ( x Ey) → Cfx If y ) by

f ( refl × ) : = reflex
° If C : A  → Type ,

define

trc
: G= yl → (CG ) → Cly))

by trclreflx) : = idea ,

o es: an :l¥÷÷:3 - skis;÷÷:3
V I - {alternating n - forms on V }

By the SIP
,

M : Glen I R) determines MT :B "
= R

"

Then At
*

MT : AIRY = I R
"

is given by
change of basis and is equal to scaling by Yctetm

.
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Every function is a functor
, every construction covariant

.

For emphasis :

if r
,

V :{ Its:pfifty;) t car ) : type is
any

construction which may
be performed on an

A - dimensional vector space ,
then

CCRIN) has an action of Glen CB)
determined entirely by the definition of C

.

In fact
,

we can show that

4¥: →settee :E÷¥sY
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Propositions as Types
° Eaouality is a special case of identification

if A is a set
,

then ( x=y ) is a proposition .

° We can define other propositions as types
A : Type

'

t I ! A : = ( a : A) x (Cb : At → Ca=bl)
f :X - sy t tf is abjection : = ( y : Y ) - off! ( x :X ) x (y=fx))

° Remarkably It A means unique up to unique ident
.

and F is a bijection means f is an equivalence
of A -

group oids !
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Propositions as Types
° A type A is a proposition if the

, y : A
.

I ! ( x -
- yl

TA is a prop? : = ( x
, y : A) → I ! Cx -

- y )

o A type A is a set if Vx
, y : A

, E- y ) is a prop.TA
 is a set ' : = (x

, y : At → Tx -
- y ) is a prop?

° A type A is a group oid if Vx
, y : A. ( x -

- y ) is a set
.

F- is a group oid : = ( x
, y : A) → Ex -

- y) is a set '

° A type A is an (nth - type if C-21 - type means I !

Fx
, y

: A
. (Cx -

- y ) is an n - type) .
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Propositional Truncation : I

Than ( UFP
, Rijke) : For any type A

,
there is a

proposition FA and a map y : A  → FA
So that

A p c- a proposition

Eva
.

"

.
.

- e

Thru ( Krauss ) : To map from FA into a -
X

° Set
,

we need f : A  → X
, of

: ( x
, y : A) → Cfx=fy)

° group oil
,

we need that and

cohf : ( X
, y ,

z : A) → (Cf ( x
, y) • Cf (y ,

2-) = Cf ( x
, Z ))

qk.gl//fYyYfCYiZl
co cycle conditions

11 from pure logic !
f x f z

-
Cf ( X

,
Z )
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Structure Identity Principle :

( G : Type) - Data
x ( . : 6×6 → 6 )
x L -

- '
i G- ' G )oomf:¥÷÷÷÷±:÷÷÷÷ii÷÷÷ii

. ÷
Univalence

× ( g : G) → C g

Axiom : (A EB) I > (f : A - s B) if  is a bijection
↳

tz: G= yl → (a) →  CGD

Lemmas !

° ( a
, , b.) afar .bz) I Ci : a ,

= az ) xftrzi ( bi ) = bz)
o ( FAE , g) e ( x : A) → Ax =gx )
0 E. g . tri( f ) = i o f  o ( i - '

x i - ' )
. . .

Bit @xD →B)
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Group Cohomology
Def : A delooping of G is a pointed type pt : BG

St :

① G = ( pt  

Eo pt ) ② He : BG
. 3-Cpt  = e)

E. g .
Rn :{ Its:pfifty;) is a Bunch .

G : Torso is a BG

Thin (B - up - R
,

B - C - TF - R) : If A is abelian
,

it is

infinitely de loop able :

B
" ' A : = (x : Type )xHx=BnAll

-

truncation
-

" Ger be " I

pt : = (13nA
,

I refl fo)
' Band "
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Group Cohomology
Def "

Fln(G ; A ) : = Hcc : BG -213nA ) x Cpt -
- opt ) Ho

E 'S '

EI - dim Hermitian vectoryspaces } GLX
: Type KHX = Torszllo

Lemma the map C : BUG ) → 1322 classifying
( M

. )
"

the central extension

0-32*2
- sik - such - so

can be defined by
✓ i-sf.LA: Affable: A - su ) x ( tfentire" if 0 : e=V

,
CA , e) n Ea : Alec as

-0/413
"

)
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Topological Quantum Gates :

Thon ( Sati - Schreiber

-cM
determined by a level K and

Given a twist E : B Bnn + a
→ BUG )

,
weights wi

'

z
-

- I . . . d

The set of twisted coho Mogg classes

c : B Bra t HE ( Brn¥=-BB rn
"  

fsibrn
. a

HCV: BUD ) → ( x : B Br?
- Ix LEGA -

- V) → B
"

V Ho

is bijective with the set of steak
- 2

- conformal blocks
for It I point Corre tutors or the Riemann sphere

with weights w ; ( and wat ,
= n t Ew ; )

.

And
, transport in c is parallel transport along the

Knizhnik - 2- amo to Ichi Kou connection
.
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thanks Is
( arXiv : 2303 .

02382 )

( arXiv : 2206 . I 3563 )

Textbooks :

° The Holt Book - UFP
° Introduction to Holt - Rijke


