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Sir Michael Atiyah

...mathematics can I think be viewed as the science of analogy.
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Ulam reporting Banach

A mathematician is a person who can find analogies between the-
orems; a better mathematician is one who can see analogies be-
tween proofs and the best mathematician can notice analogies be-
tween theories.

One can imagine that the ultimate mathematician
is one who can see analogies between analogies.
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Regular polygons
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Regular polyhedra
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Regular polytopes

2 regular polygons triangle square ... ...
3 5 Platonic solids tetrahed. cube octahed. 2 more
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4 dimensional polytopes

The 8-cell
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Regular polytopes

2 regular polygons triangle square ... ...
3 5 Platonic solids tetrahed. cube octahed. 2 more
4 6 4-complexes 4-simplex 4-hypercube 4-orthoplex 3 more
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Regular polytopes

2 regular polygons triangle square ... ...
3 5 Platonic solids tetrahed. cube octahed. 2 more
4 6 4-complexes 4-simplex 4-hypercube 4-orthoplex 3 more
5 3 5-complexes 5-simplex 5-hypercube 5-orthoplex no more
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n simplex hypercube orthoplex

2 triangle square ...
3 4-6-4 8-12-6 6-12-8
4 5-10-10-5 16-32-24-8 8-24-32-16
5 6-15-20-15-6 32-80-80-40-10 10-40-80-80-32
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n simplex hypercube orthoplex

2 3-3 4-4 4-4
3 4-6-4 8-12-6 6-12-8
4 5-10-10-5 16-32-24-8 8-24-32-16
5 6-15-20-15-6 32-80-80-40-10 10-40-80-80-32
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2 regular polygons triangle square ... ∞ more
3 5 Platonic solids tetrahed. cube octahed. 2 more
4 6 4-complexes 4-simplex 4-hypercube 4-orthoplex 3 more
5 3 5-complexes 5-simplex 5-hypercube 5-orthoplex no more
... ... ... ... ... ...
k 3 k-complexes k-simplex k-hypercube k-orthoplex no more

Vaguer analogy: infinite families with sporadics, such as simple Lie groups
(Ai ,Bi ,Ci ,Di ,E6,E7,E8,F4,G2).
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Henri Poincaré

...the mathematical facts worthy of being studied are those which,
by their analogy with other facts, are capable of leading us to
the knowledge of a mathematical law, just as experimental facts
lead us to the knowledge of a physical law. They are those which
reveal to us unexpected kinship between other facts, long known,
but wrongly believed to be strangers to one another.

But we can have too much of a good thing...
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André Weil

Nothing is more fruitful, every mathematician knows it, than these
obscure analogies, these disputes reflected from one theory to an-
other, these secret caresses, these quarrels for no reason; indeed
nothing gives the researcher more pleasure. The day comes when
the illusion falls away; intuition turns into certainty, twin theories
reveal their common source, before vanishing; as the Gita tells us,
we achieve knowledge and indifference at the same time. Meta-
physics has become mathematics, fit content for a treatise whose
austere beauty we no longer find moving.
...

Fortunately for researchers, as soon as the mists dissolve in one
place, they descend elsewhere.
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Analogies indicating what may be expected to be subsumed under a
covering law.

Some are suggestive of a larger scheme, but resist complete
systematisation (for now).
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Suggestive analogies, such as arithmetic topology
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This analogy likens the linking of loops in a 3-space with quadratic
reciprocity.

The latter relates for two prime numbers, p and q, whether each is a
square modulo the other.

There are suggestive ‘dictionaries’ for this analogy. But let’s turn to the
more precisely formulated end of analogy formation.
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Category theory as the great systematizer

Emily Riehl:

Atiyah described mathematics as the “science of analogy.” In
this vein, the purview of category theory is mathematical analogy.
Category theory provides a cross-disciplinary language for math-
ematics designed to delineate general phenomena, which enables
the transfer of ideas from one area of study to another. The
category-theoretic perspective can function as a simplifying ab-
straction, isolating propositions that hold for formal reasons from
those whose proofs require techniques particular to a given math-
ematical discipline.
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GCD and the cartesian plane as ’products’

Consider 72 and 108.

Both are divisible by 12, but also by 9.

These latter both factor through 36.

All common divisors do this.

Consider two copies of the real numbers.

Consider a system with two real measurements such as the location
and velocity of a pendulum, but also the fertiliser load and crop yield
of a collection of fields.

This data can be represented in the plane.

This is so for all such collections.
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Products

Consider two propositions, P and Q.

Consider a proposition, R, that entails both of them.

Then R entails P ∧ Q.

All instances of:
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Preservation of products by right adjoints

∀x(Px&Qx) iff ∀xP(x)&∀xQ(x).

Given two polynomials, the zeros of f × g = zeros of f + zeros of g .

the set of points underlying the product of two spaces = the product
of the sets of points underlying each space.
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Pólya’s Bayesian account

A is analogous to B

A is true

Then B is somewhat more likely to be true

Pólya speaks of the “hope for a common ground”, H.

We face the standard problem of mere conjunction. We cannot simply
have H = A&B.

H must be ‘lawlike’.
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Pólya speaks of the “hope for a common ground”, H.

We face the standard problem of mere conjunction. We cannot simply
have H = A&B.

H must be ‘lawlike’.

David Corfield (University of Kent) Analogy in mathematics 28 May, 2021 22 / 26
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Pólya speaks of the “hope for a common ground”, H.

We face the standard problem of mere conjunction. We cannot simply
have H = A&B.

H must be ‘lawlike’.

David Corfield (University of Kent) Analogy in mathematics 28 May, 2021 22 / 26
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Euler’s analogy

We can relate the roots of an equation to the factorization of the relevant
polynomial.

If f (x) = 0 has roots α and β, then f (x) = A(1− x/α)(1− x/β).

Works for any finite number of roots.

Could this work for infinitely many roots?

sin(x)/x = 1− x2/3! + x4/5!− ...
sin(x)/x has roots x = ±π,±2π,±3π, ...

sin(x)/x = (1− x2/π2)(1− x2/4π2)(1− x2/9π2) · · · ?
But then 1 + 1/4 + 1/9 + ... = π2/6.

Euler checked this to many places. But it doesn’t work for tan(x)/x .

Eventually a general theorem (a common ground) concerning such
factorisation appears in the 19th century.
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Riemann hypothesis

The real part of every non-trivial zero of the Riemann zeta function is 1
2 .

Checked by computer for billions of zeros.

An analogue (Rosetta Stone) for finite fields is known to be true.

There is impressive numerical evidence in its favour but certainly
the best reason to believe that it is true comes from the analogy of
number fields with function fields of curves over finite fields where
the analogue of RC has first been proved by A. Weil. (Deninger
1994)

[Developed further by Deligne.]
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Caution needed, Munson
We intend to explain some of the intuition behind one incarnation of calculus
of functors, namely the so-called “manifold calculus” due to Weiss and Good-
willie. Specifically, we will highlight some analogies between the ordinary
calculus of functions and the manifold calculus of functors. The trouble with
analogies is that they are not equivalences, and some may lead the reader
to want to push them further. Some may indeed be pushed further than we
are currently aware, and some may lead to direct contradictions and/or bad
intuition. Another risk is that it is considered bad manners to tell people how
to categorize various ideas: part of our mathematical culture seems to be that
we leave intuition for talks and personal communications and rigor and preci-
sion for our papers, and with good reason: we cannot anticipate the ways in
which our work may be useful in the future, and so it may be best to convey
it in as concise and precise a way as possible. We feel the relatively small
risk of misleading the reader and the faux pas of making permanent intuitive
notions by publishing them is a small price to pay for the possibility that this
may entice some reader to learn more about these ideas and try to use them.

The structure of the category...is much richer than the usual topology on the
real line, so analogies between functions and functors may seem a little
weak. Still, there are a few things to say that may be helpful. We like to think
of ... as the analog of the dense subset Q.
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To conclude

Analogical reasoning is everywhere in maths.

Category theory is good at capturing very general, precise analogies
across fields.

Some analogies run for a very long time without being turned into
general theory.

Analogies play a huge role in plausibility assessment.

Care must be taken not to follow them blindly.
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