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What is linear HoTT?

Obviously it’s a variation of HoTT.

But with linear enhancement to deal with quantum systems.

A programming and certification language for universal quantum
computers with classical control and topologically protected quantum
gates.

The internal language of tangent ∞-toposes, such as the made up by
the parameterized spectra studied in stable homotopy theory.

This allows treatment of the very special case of Set-indexed complex
vector spaces (parameterized HC-module spectra).

The latter can represent entanglement, deferred measurement,
Copenhagen/Everett equivalence, ...

But then the probabilistic content of quantum theory emerges in
KR-linear homotopy theory, mixed states (density matrices).

Higher homotopy for topological protected hardware, good for those
suspicious of NISQ computing.
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Origins

Riley, Finster, Licata in Synthetic Spectra via a Monadic and Comonadic
Modality (2021) added to HoTT a modality that is simultaneously a
monad and a comonad, and are aware that the smash product for spectra
looks like a linear logic tensor, ⊗.

All the ingredients come together in Riley’s 2022 thesis A Bunched
Homotopy Type Theory for Synthetic Stable Homotopy Theory.

This work is in line with the use of HoTT with higher inductive types in
synthetic homotopy theory.
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Origins

But great motivation for a linear HoTT appears back in 2014 in Urs
Schreiber Quantization via Linear homotopy types

Recalling that traditional linear logic has semantics in symmetric
monoidal categories and serves to formalize quantum mechanics,
what we consider is its refinement to linear homotopy-type the-
ory with semantics in stable infinity-categories of bundles of stable
homotopy types (generalized cohomology theories) formalizing La-
grangian quantum field theory.

David Corfield LHoTT 21 February 2025 4 / 53

https://arxiv.org/abs/1402.7041


Origins

Anyone telling the story would need to talk about another instance of the
addition of related modalities to HoTT, those of cohesion, part of whose
history is made in:

Urs Schreiber, Classical field theory via Cohesive homotopy types,
2013

Urs Schreiber, Michael Shulman, Quantum Gauge Field Theory in
Cohesive Homotopy Type Theory, 2014.

Michael Shulman, Brouwer’s fixed-point theorem in real-cohesive
homotopy type theory, 2015
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https://arxiv.org/abs/1311.1172
https://arxiv.org/abs/1408.0054
https://arxiv.org/abs/1408.0054
https://arxiv.org/abs/1509.07584
https://arxiv.org/abs/1509.07584


Applications of LHoTT

LHoTT wasn’t developed merely to provide a quantum computing
language with the happy spin-off that it can do more.

Conceptually it derives from a profound attempt to understand
fundamental physics, which has resulted in the proposal of ‘Hypothesis H’
by Hisham Sati and Urs Schreiber.

There’s then the question of whether it can cater for the needs of other
users of substructural dependent type theories.
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and nForum.

It’s been a great pleasure and privilege to watch his ideas being formulated
in such an open fashion, an example set by John from at least the 1990s.
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Klein 2-geometry. Like living in a kind of Lakatosian dialogue, a
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Intellectual trajectories

Joint project of n-Café with John Baez and Urs Schreiber: Higher
gauge theory and higher geometry.

But time for other things: probability, machine learning, my own
historically-minded philosophy (inhabiting a case study), ...

JB: Applied Category Theory + ...

US : M-Theory via modal HoTT

DC : Followed the latter as observer-philosopher, but then came to see
modal HoTT as a tool for philosophy (inspired also by Mike
Shulman).

Circumstances have now directed me to Applied Category Theory.
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Crossover?

I start working on graded-monad cost analysis and amortization,
where we (Rajani, Orchard & now Binder) arrive at a model involving
copresheaves on an ordered monoid.

Hearing of this monoidal topos then prompted people to tell us to
look at bunched logic.

Now I’m back looking at Mitchell Riley’s thesis: A Bunched
Homotopy Type Theory for Synthetic Stable Homotopy Theory.

Two-way traffic?

Modal HoTT for physics (dcct) ↔ (The rest of) Applied category theory

(Cf. spin-off (→) persistent cohomotopy for topological data analysis)
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Program of Sati, Schreiber + co-authors

A proposal for M-theory, the long-sought non-perturbative quantum
theory whose limiting cases are perturbative string theories.

The key open question of fundamental quantum physics is not
primarily the lack of coherent quantum gravity theory as such, as
often portrayed, but the general lack of non-perturbative quantum
theory of almost any sort.

Charge quantization of the C-field occurs in a certain cohomology
theory, namely, twisted equivariant differential non-abelian
cohomotopy theory.

This cohomology theory may be understood via modal homotopy type
theory, an extension by ‘modalities’ of the new foundational language,
HoTT.
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Hypothesis H

David Corfield LHoTT 21 February 2025 11 / 53
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Consequences of Hypothesis H

Consequences of the hypothesis are elaborated in a series of articles
establishing anomaly cancellation conditions, extending to the differential
and the equivariant forms of unstable cohomotopy cohomology.

A very rich array of mathematics is encountered along the way, requiring
the development of new mathematical theory, see e.g., M/F-Theory as
Mf-Theory, Proper Orbifold Cohomology and The Character Map in
Nonabelian Cohomology – Twisted, Differential, and Generalized

But all of this doesn’t just arrive out of the blue – there’s an origin story...
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How M-branes emerge from the superpoint
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But why are we even considering superpoints?

This origin story requires a further origin story.

(For more details see nLab: Hegel’s The Science of Logic)
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https://ncatlab.org/nlab/show/Science+of+Logic


How the superpoint emerges from nothing
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Computation

From this program there has recently emerged an approach to quantum
computation:

Building on results on defect branes in string/M-theory and on their
holographically dual anyonic defects in condensed matter theory, they
provide a paradigm for simulating and verifying topological quantum
computing architectures with high-level certification languages aware
of the actual physical principles of realistic topological quantum
hardware.

Then a theory of linear homotopy types extends this scheme to a
full-blown quantum programming/certification language in which
topological quantum gates may be compiled into verified quantum
circuits with quantum measurement gates and classical control.
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Exposition of the latter

Myers-Sati-Schreiber, QS: Quantum Programming via Linear Homotopy Types
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https://ncatlab.org/schreiber/show/Quantum+Certification+via+Linear+Homotopy+Types


Not just about quantum computing

Generally, our thesis is that the conceptual foundation not just of
quantum computing but in fact of fundamental quantum physics
generally is in linear homotopy theory. (p. 5)

It may seem overambitious that in a treatise on quantum program-
ming, we should have anything to say about problems in quantum
field theory, but we offer the inclined reader an argument (...) that
the solutions to these fundamental problems share a common root
in linear homotopy theory and as such lend themselves to formu-
lation in LHoTT [linear homotopy type theory]. (p. 8)
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Some relevant articles

Introduction to Hypothesis H: Non-perturbative quantum theory as
candidate for M-theory, applicable via holography to topologically
ordered solid states for topological quantum computation; confined
quarks in hadrons.

Topological Quantum Gates in Homotopy Type Theory: The
specification of realistic topological quantum gates, operating by
anyon defect braiding in topologically ordered quantum materials.
(Sec. 5.1 contains a good intro to HoTT.)

Entanglement of Sections: The pushout of entangled and
parameterized quantum information: Categorical semantics for the
linear-multiplicative fragment of Linear Homotopy Type Theory.

David Corfield LHoTT 21 February 2025 19 / 53

https://ncatlab.org/schreiber/show/Introduction+to+Hypothesis+H
https://ncatlab.org/schreiber/show/Topological+Quantum+Gates+in+Homotopy+Type+Theory
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More relevant articles

QS: Quantum Programming via Linear Homotopy Types: A new
language paradigm, QS, for quantum programming and quantum
information theory. QS as embedded in Linear Homotopy Type
Theory.

The Quantum Monadology: Covers similar ground.
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Alongside the odd contribution to the research program...
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there’s the task of providing some philosophical context

If the program goes to plan, we are seeing emerge:

A new logic for a new mathematics for a new physics.

See my Thomas Kuhn, Modern Mathematics and the Dynamics of Reason.

While each stage meets a certain resistance, it’s remarkable to see how the
logic speaks to the physics.

Computational trinitarianism with its quantum expansion identifies the
ends.

David Corfield LHoTT 21 February 2025 22 / 53
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What is linear HoTT?

What is HoTT?

What is modal HoTT?

What is the linear modality?
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Homotopy type theory – a new foundational language

(Homotopy type) theory = Homotopy (type theory)

Theory of homotopy types

A type theory that is homotopical
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Homotopy (type theory)

HoTT is a constructive dependent type theory

Elements of types correspond to proofs of propositions correspond to
programs carrying out specified tasks.

Types may depend on other types, tasks may depend on the way
other tasks can be fulfilled: x : A ⊢ B(x) : Type

Note a type of types (indeed an infinite series) Typei .

Type formation: 0, 1, sum type A+ B, product type A× B, function
type [A,B], ...

Two important constructions are dependent sum (pair/co-product),∑
x :A B(x) and dependent product (function),

∏
x :A B(x).

Identity types: A : Type, a, b : A ⊢ IdA(a, b) : Type
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A dictionary

Type formation is governed by
formation-introduction-elimination-computation rules, such as for product.

(For some Brandomian reflections on this, see my Type-theoretic Expressivism slides.)
David Corfield LHoTT 21 February 2025 26 / 53
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(Homotopy type) theory

Synthetic treatment of abstract spatial structure – homotopy types.

A structurally invariant theory of ∞-groupoids, structure emerging
from iterated identity types.

Dependent types correspond to spaces sitting over another space.

Dependent sum corresponds to the total space.

Dependent product corresponds to the type of sections

Physics: principal bundles, gauge-of-gauge transformations.

(Cf. Mike Shulman’s Homotopy type theory: the logic of space)
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HoTT subsumes logic

Propositional logic: (−1)-types = propositions

Predicate logic: (−1)-types depending on 0-types = predicates on
sets.

Structural set theory: 0-types.

HoTT: dependent ∞-types.

HoTT is the internal language of an ∞-topos

HoTT offers the opportunity for a synthetic mathematical treatment of
spaces as homotopy types.
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Modality

Philosophers and computer scientists have sought modal variants of
propositional and predicate logic.

It was natural then to expect a modal HoTT.

Examples of these modalities may be use to capture important
mathematical structure synthetically, such as cohesion and smoothness.

A modal HoTT is the internal language of a system of ∞-toposes

Modalities are kinds of monad and comonad, operators arising from
adjunctions.

David Corfield LHoTT 21 February 2025 29 / 53



Native modality

One natural pair of examples to consider are the modalities arising from
dependent sum and dependent product.

w : World ⊢ A(w) : Prop∏
w :World A(w),

∑
w :World A(w)

‘For all worlds, A’.

‘The worlds where A’, truncated to ‘In some world, A’.

From these we derive the operators on world-dependent types which
act as necessity and possibility.

E.g., w : World ⊢ A(w) : Type, then w : World ⊢ □A(w) : Type.

Cf. Ch. 4 of my Modal HoTT book for discussion.
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As it appears in QS

(Eq. 157)

But one may also specify modal operators for various purposes, e.g.,
cohesive, singular, and linear structure.
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Modal HoTT

1 HoTT: synthetic language to describe structure

2 Cohesive HoTT: synthetic language for topological, differential,
equivariant and orbifold structure, differential cohomology of (higher)
gauge theory.

3 Linear HoTT: synthetic language for stable homotopy theory, for
‘linear’ structure (infinitesimal, tangent, abelian, stable, etc.),
quantum information

((1) Shulman; (2) Sati-Schreiber; (3) Myers-Sati-Schreiber)
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Category-theoretic semantics

HoTT: ∞-topos

Modal HoTT: systems of ∞-toposes and geometric morphisms

Cohesive HoTT: adjoint quadruple between two ∞-toposes

Linear HoTT: bireflective inclusion of one ∞-topos inside another

David Corfield LHoTT 21 February 2025 33 / 53



Linear HoTT

Surprise to find that the ‘tangent’ ∞-category of an ∞ -topos is an
∞-topos.

Parameterized spectra as tangent to ∞-groupoids.

Can deploy HoTT.

Inclusion of parameterized 0-spectra is left and right adjoint to
projection to base.

Add self-adjoint modality for round trips, ♮.

Freely add ⊗ and ⊸, gives a tree-like structure (like bunched
implications). No need for exponential, !, since it may be derived.

(Fantasy of relating Goodwillie calculus to Bounded LL.)

Contexts: two pieces, (i) a palette describing the bunched structure of
the context, and (ii) a more typical context of variables with types.
Each variable is labelled with a colour from the palette, placing the
data of that variable at the corresponding node of the tree.
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Add self-adjoint modality for round trips, ♮.

Freely add ⊗ and ⊸, gives a tree-like structure (like bunched
implications). No need for exponential, !, since it may be derived.

(Fantasy of relating Goodwillie calculus to Bounded LL.)
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Two operators
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Classically

(Eq. 157)

Now for the quantum version: from possible worlds to many worlds.
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Quantumly

(Eq. 158)
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Quantumly

(Eq. 161)
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No cloning/no deleting

Linear HoTT maintains features of the multiplicative conjunction of linear
logic:
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Entanglement

Bunched type theory and Einstein-Podolsky-Rosen (EPR) Phenomena

Bunched products of contexts to represent the conditioning of physics on
entangled quantum states:

Γ1 × (Γ2 ⊗ (Γ3 × Γ4))× (Γ5 ⊗ Γ6)× (Γ7 ⊗ Γ8 ⊗ Γ9)

This gets treated in the type theory by a corresponding palette of colours.
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Equivalence of Everett and Copenhagen styles
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Deferred measurement

The deferred measurement principle is verified in the data-typing of
quantum processes provided in LHoTT.
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Subsuming previous work

Proto-Quipper programs may be translated to LHoTT, so as to
formally certify them.

LHoTT/QS can be used for certifying (type-checking) ZX
Calculus-protocols.
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Further topics

Section 4 of the QS paper treats: the Born rule, mixed states, and
quantum channels.

Using some more of the expressive possibilities of LHoTT, (Z2-equivariant
types), it is possible to avoid specifying dagger structure to capture the
Born rule.
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Cohesive Linear HoTT

Myers-Sati-Schreiber, Topological Quantum Gates in Homotopy Type Theory
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https://ncatlab.org/schreiber/show/Topological+Quantum+Gates+in+Homotopy+Type+Theory


Wrapping up

How adaptable is LHoTT for all our substructural dependent needs?

We won’t always have bireflective sub-∞-toposes to hand.

But who would think linear HoTT could serve to treat complex vector
spaces indexed by finite sets?

“This particular syntactic presentation, however, feels to the au-
thor like somewhat of a dead-end from an extensibility standpoint.
The syntax, all though it feels very nice to use informally, is quite
brittle.” (Riley)

Riley offers advice (thesis, p. 242) about a modification to treat
things like set-indexed families of presheaves over a monoidal
category, P(Psh(M)).

Maybe we can bring his coloured palettes to bear on the humble cost
analysis of Psh(C op)/X̂ .
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Wrapping up

But let’s not lose sight of the larger picture:

Concurrent revolutions in logic, mathematics and physics

Cohesive Linear HoTT as the logic of quantum physics

And it all started with...

⊢ 0 : Type∑
0(−) ⊣

∏
0(−)

“Becoming is the unseparatedness of being and nothing.”
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Bonus material
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Back to computation

We’re offered a scheme for computation:

Myers-Sati-Schreiber, Topological Quantum Gates in Homotopy Type Theory
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Follow-up

The relation to M-theory is obtained by taking ”external param-
eters” to be ”positions (moduli) of defect branes” (specifically
of M3-branes inside M5-branes) and ”computational states” to
be ”quantum states of these defect branes”, which under holo-
graphic CMT ought to translate to ”positions of anyonic defects”
and ”topologically ordered quantum ground states of 2d materials
with such defects”.

In both cases the physical mechanism by which we actually go
about moving these positions, as a physical process, is currently
being disregarded. In condensed matter theory (CMT) and under-
standing defects as ”band nodes in momentum space” it ought
to happen by changing external parameters such as the material’s
strain. (Schreiber, personal communication)
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Persistent cohomotopy

efficient data analysis will require further refining persistent co-
homotopy to twisted equivariant cohomotopy [SS-Orb, §5]. Curi-
ously, this has profound relations (Hypothesis H) to formal high
energy physics and quantum materials, connecting to which might
serve to further enhance the power of topological data analysis.
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Entanglement

(Literature 1.5)
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Further topics

Having treated no-cloning/deleting, superposition/parallelism,
quantization, entanglement, quantum gates with quantum measurement,
Section 4 of the QS paper treats: the Born rule, mixed states, and
quantum channels.

Using some more of the expressive possibilities of LHoTT, (Z2-equivariant
types), it is possible to avoid specifying dagger structure to capture the
Born rule.
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