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Recursion and Induction Principles for T2

The torus T? is a higher inductive type generated by a point b : T2, twopaths p: b =b,q:b = b,
and a 2-path t : p=q = g+ p. The recursion principle thus says that given C : U, for a function
f: T? = C we require

e apointd :C,

e apathp : v/ =V,

e apathg : V' =10, and

e a2vpatht :p'-qg' =q"+p.
The recursor f : T?> — C then has the property that f(b) = b'. Furthermore, there exist terms
B:f(p)=p and v : f(q) = g’ such that the following diagram commutes:

apapf(t)

flprqa) —— f(q+p)

fp)-flq) = f@)-f(p)

via B, v via B, v

pq — q-p

The induction principle is more complicated; it says that given a family P : T?> — U, for a
section f : [],.2) P(x) we require

e apointd’ : P(b),

e apathp' : p. (V) =V,

e apathqg :¢.(V') =V, and

e a2-path t’ witnessing the equality of the following two paths from (g-p), (V') to V'

~1
(aPusa. (b (1)) = (happlyz,, (0 (V') =apy. (P') *4')
happlyz, g, (b) *apy, (9') * P
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where for any type family B: A — U and paths « : x =4 yand &’ : y =4 z, the path
Te(a,a') : (wea), = Au:B(x)). o' (s (u))
is obtained by a path induction on « and «’.
The inductor f : [,.2) P(x) then has the property that f(b) = b'. Furthermore, there exist terms
B :apds(p) = p' and v : apd(q) = g such that the 2-path
3pdapa, (1) : transport®™ )7 (t,apd (p)) = apd (g )
is equal to the 2-path

transport® e (t)=V' (¢, apds(p+q))
Eb;a*(bq(t/apdf(p.q))

1
(aPasa, (o) (1))~ *apds(p=q)
via Dr(p,q)

-1
(apa%a*(b’)(t)) ' (happlyIp(p,q)(b/) " apg, (apdf(p)) ' apdf(q))
via B, ¥

-1
(aPasa. (v (1)) * (happlyz,(p,q) (B') *apy, (') * q')
t/

happlyz, 4, (0') *ap,.(q) * p

/

via g1, 9471

happlyz, (q,p) () * app, (apdf(q)) = apd(p)
Dy(q,p)”"

apd¢(g+p)

where forany g: A — B,c: B,a:a =4 a’and u : g(a) =p ¢, the path
Tg (e, 1) transport* 8= (a, 1) = g(a) '+ u

is obtained by a straightforward path induction on a. Similarly, for any g : [](,.4) B(x) and paths
a:x =4y, & 1y =4z the path

Dg(a,a’) - apdy (a=a’) = happlyz, (,e)(§(¥)) * apy, (apdg(a)) = apdg (o)

is obtained by a path induction on « and «’.
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Equivalence between S! x S! and T2
Logical equivalence between S' x S! and T2

We define a function f : S' — T? by circle recursion, mapping base ~ b and loop — p. We
define a function F~7 : §! — 8! — T? again by circle recursion, mapping base — f and loop
funext(H), where H : [](,.g1) f(x) = f(x) is defined by circle induction as follows. We map base
to g and loop to the path

transport?/(2)=f(2) (lo0p, q)
Ti(loop, )

f(loop) ™"+ (g f (loop))

T,(0)

q

where forany w : x =q1 y, and u : f(x) = f(x), the path
Ti(a, 1) : transport™ B =f@) (a4 1) = f(a) ' ou~ f(a)

is obtained by a straightforward path inductionon a. Forany u :a =o b,v:b=xd, w:a =4,
z : ¢ =4 d, we have functions

Lawez =0)

Iy:(urv=w+z) = (u"
It (uwthrwez=0) = (urv=wrz)
defined by path induction on u and z, which form a quasi-equivalence. Finally, J is the path
f(loop) =4
via By
pPtq
t
q+p
via :Bf
q f(loop)

where B¢ : f(loop) = p witnesses the second computation rule for the circle.

Having defined a function F~ : St — S! — T2, it is now straightforward to define a function
F* : 8! x 8! — T2, For the other direction, we define G : T?> — S! x S! by torus recursion
as follows. We map b +— (base, base), p +— pair™ (reflpase, loop), g +— pair~ (loop, reflpase ), and
t = Dioop loops Where fora : x =4 X’ and &’ : y =, v/,

D,y (pair:(reflx, ')+ pair~ (a, refly/)) = (pair: (a,refly) - pair:(reflx/,tx/)>
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is defined by induction on «’.

This completes the definition of a logical equivalence between S! x S! and T?. Before we pro-
ceed to show that it is in fact a quasi-equivalence, we note a few key properties of the functions
H, F*, G constructed above.

The 1-path computation rule for F~ gives us a term

Br~ : F7 (loop) = funext(H)
The 1-path computation rules for G give us terms

Bc : G(p)
Y6 :G(g) =

pair~ (reflpase, loop)
air

~(loop, reflpase)
The 2-path computation rule for G gives us the following commuting diagram:

via t

G(p+q) G(q-p)
G(p)-G(q) (1) G(q)-G(p)
via Bc, 16 via Bc, 16
pair— (refl, loop) * pair=(loop, refl) . pair~ (loop, refl) = pair=(refl, loop)
loop,loop

Forany a : x =2 x’ and &’ : y =72 i/, we have path families

p(a’) : F*(pair=(refly,a’)) = F7(x) (&)
v(a) : F* (pair~(a,refly)) = happlyp- (4 (y)
defined by path induction on « and «'.

The function H is a homotopy between f and f. As such, for any path a : x =g y, there exists
a 2-path

natg(a) : f(a) = H(y) = H(x) " f(«)

defined by induction on «. In the case when a := loop, we can show that the following diagram
commutes:

via ﬁf
f(loop) =g pa
natg (loop) (2) t
9+ flloop) ——p ——T°P

To show this, we note that for any a : x =g y, applying Z; ' to the path
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fl@) ™ H(x) - f(a)
Ti(a, H(x)) ™"
transport*f(9)=f() (a, H(x))

apdp(a)

H(y)

yields precisely naty(a) (by a simple path induction on «). The second computation rule for H
tells us that apdy (loop) = 71 (loop, g) * Z1(9). Thus

naty;(loop) = Z; ! (71 (loop, 7) " * apd(loop)) = &

which proves the commutativity of (2).

Equivalence between S' x S! and T?

Left-to-right We need to show that for any x,y : S! we have G(F*(x,y)) = (x,y). To use the
circle induction, we first define a path family € : [(,.51) G(f(y)) = (base, y). The definition of €
itself proceeds by circle induction: we map base to the path refl p,ce pase) @and loop to the path

transport® G (f(z))=(base2) (|50 refl)

T2 (loop, refl)

G(f(loop)) " = refl » pair=refl, loop)

Zy(x)

refl
where for any a : x =q1 y and u : G(f(x)) = (base, x), the path
Tz(, 1) : transport? > CUf(ED)=(base2) (4 1) — G(f(a)) ™" =~ pair~(refl, a)
is defined by path induction on «. Finally, « is the path

G(f(loop)) = refl

G(f(loop))
via B¢, Bc
pair~ (refl, loop)

refl = pair—(refl, loop)
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This finishes the definition of €. As before, for any a : x =g1 ¥ we have a 2-path

nate(a) : G(f(a)) =e(y) = e(x) = pair~ (refl, a)

defined by induction on «. In the case & := loop, the following diagram commutes:

G(f(loop)) = refl ———— G(f(loop))
(3)

nate (loop) via B, Bg

refl = pair~ (refl, loop) pair~ (refl, loop)

To show this, we note that for any a : x =g y, applying Z; ' to the path
G(f(a)) = e(x) = pair=(refl, a)
Ta(a,e(x) !

transport? G (f(z))=(base2) (g ¢(x))

apd, (0‘)
e(y)

yields precisely nate(«) (by a simple path induction on «). The second computation rule for e
tells us that apd, (loop) = T2 (loop, refl) * Z; (k). Thus

nate(loop) = Z; ! (T2 (loop, refl) " - apd,(loop)) =«

which proves the commutativity of (3).
All that remains now is to prove that

[Tjy.s1) GIF (xy))=(xy) (

transport” loop,€) =€

The left endpoint can be expressed explicitly as the function

—1 -
y—G (happlypﬁ(bop) (y)) *€(y) = pair~ (loop, refl)
as a generalization of loop to an arbitrary a and a subsequent path induction on a shows. By
function extensionality it thus suffices to show that for any y : S!, we have
-1
G (happlyr-(oop) (¥))  e(y) - pair™(loop, refl) = e(y)

The left endpoint can be simplified using Br— and the fact that happly and funext form a quasi-
inverse:

G(H(y)) " +e(y) - pair=(loop, refl) = e(y)

Showing the above is the same as showing

G(H(y)) - e(y) = e(y) - pair™(loop, refl)
for any y : S'. We proceed yet again by circle induction. We map base to the path 17 below:
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pair~ (loop, refl)

refl = pair~ (loop, refl)

Now it remains to show that

tra nsportZHG(H(Z)) ~€(z)=€(z) = pair~ (loop,refl) (

loop, ) =11
Foranyu:a=ab,v:b=ad,w:a=4c,z:c=4d, wehave functions
L:(uv=w+z)—= (vzl=u'lrw)

L' (vezl=ultw) = (uro=w+z)

defined by induction on u and z, which form a quasi-equivalence. For any « : x =g y, let 6*(«a)
be the path

via natg (a)

G(Hx f(&))

G(Hx) - G(f(a))

Givenany o : x =g y and ' : G(H(x)) = n(x) = n(x) » pair—(loop, refl), we can now express the
path transport?G(H(2))-e(z)=e(z)-pair(looprefl) (5 317} explicitly as the following path:
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via Z (6% (a))

(GUf@) "+ G(H)) + (Glf(@) e,

via nate(a)

(G(f(oc))*1 : G(Hx)> : <ex : pair:(reﬂ,zx))

G(f(a)) "' (G(Hx) -ex> « pair=(refl, &)
via

G(f(a))* (ex * pair~ (loop, refI)) * pair~ (refl, a)

(G(f(ac))_1 . ex) . (pair:(loop, refl) » pair:(reﬂ,zx))
via qDBiM

(G(f(ﬂc))_1 . ex) . <pair:(refl,o¢) * pair~ (loop, reﬂ))

G(f(a)) ' (ex . pair:(refl,zx)> » pair~ (loop, refl)

-1

via nate(a)
G(f(a)) - (G(f(zx)) -ey) * pair~ (loop, refl)

(G(f(oc))f1 . G(f(tx))) . (ey » pair~ (loop, refl))

€y * pair~ (loop, refl)

In the case a := loop and 7’ := i we thus have:
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G(q) = refl
G(q)* (G(f(1oop)) "+ G(f(loop)) ) +ref

(G)-G(f(toop)) ) « (G(f(loop)) «refl )

via Z, (6* (loop))

(G(f(1o0p)) "+ G(9)) - (G(f(loop)) - ref

via nat¢ (loop)

(G(f(loop))_1 . G(q)) . (refl . pair:(refl,loop)>

G(f(loop)) "+ (G(q) . refl) = pair~ (refl, loop)

via 7

G(f(loop)) "+ (reﬂ » pair~ (loop, refI)) * pair~ (refl, loop)

|
(G(f(loop))f1 . refl) . <pair:

(loop, refl) = pair—(refl, Ioop))

: -1
via q>|oop,loop

(G(f(loop))fl . refl) . <pair:(refl, loop) = pair~ (loop, reﬂ))

G(f(loop)) "+ (reﬂ » pair~ (refl, Ioop)) * pair~ (loop, refl)

via nate (loop) !
G(f(loop)) "+ (G(f(loop)) . refl) * pair~ (loop, refl)

(G(f(loop))_1 . G(f(loop))) . (refl * pair~ (loop, reﬂ))

refl = pair~ (loop, refl)

We can now use the commutativity of (3) and get rid of the extraneous identity paths to obtain:
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G(g)+ (G(f(loop)) "+ G(f(loop)) )

(G(9)+ G(f(1o0p)) ") - G(f(loop))

via T, (6* (loop) )
(G(f(1o0p)) ™+ G(q) ) * G(f (1o0p))

via By, Be

(G(f(1o0p)) ™+ G(q) ) - pair(refl, loop)

via yg

(G(f(loop))*1 + pair=(loop, reﬂ)) « pair™ (refl, loop)
G(f(loop)) '+ <pair(|oop, refl) = pair= (refl, |00p))
via q>;)})plloop

G(f(loop)) * - (pair:(reﬂ, loop) = pair~ (loop, reﬂ))

<G(f(|oop))_1 * pair~ (refl, Ioop)) » pair~ (loop, refl)
via B, B!

(G( F(loop)) ™"+ G( f(|oop))) + pair™ (loop, refl)

pair~ (loop, refl)

refl = pair~ (loop, refl)

or equivalently:
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G(g)+ (G(f(loop)) "+ G(f(loop)) )

(G(@)G(f(1o0p)) ") * G(f(I00p))

via T, (6* (loop) )
(G(f(1o0p)) "+ G(g)) * G(f(100p))

via By, Be

(G(f(1o0p)) ™ G(q) ) - pair(refl, loop)

via yg

(G(f(1o0p)) ™« pair=(loop, refl) ) - pair~(refl, loop)
G(f(loop)) '+ (pair(loop, refl) = pair= (refl, |00p)>
via q>;,})plloop

G(f(loop)) * - (pair:(reﬂ, loop) = pair~ (loop, reﬂ))

(G(f(loop))_1 * pair~ (refl, Ioop)) » pair~ (loop, refl)

via B¢, Bc

(pair:(refl, loop) " = pair=(refl, Ioop)) » pair~ (loop, refl)

pair~ (loop, refl)

refl = pair~ (loop, refl)

After some rearranging we get:
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G(g)+ (G(f(loop)) "+ G(f(loop)) )

(G(g) - G(f(1o0p)) ™) * G(f (1o0p))

via B, Bg
(G(a)G(F(1oop)) ") » pair(refl, loop)
via T (6* (loop))
(G(f(1o0p)) ™"+ G(g) ) - pair(refl, loop)
via v¢

<G(f(|oop))71 » pair~ (loop, reﬂ)) » pair~ (refl, loop)

‘ via B, B

<pair:(ref|, loop) "« pair= (loop, reﬂ)) = pair~ (refl, loop)

pair=(refl, loop) ' » (pair:(loop, refl) = pair= (refl, Ioop))

: -1
via q)loop,loop

pair=(refl, loop) " » (pair:(reﬂ, loop) = pair~ (loop, reﬂ))

(pair:(reﬂ, loop) ™" + pair=(refl, Ioop)) » pair~ (loop, refl)

pair~ (loop, refl)

refl = pair~ (loop, refl)

We now observe the following;:
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e For any paths &, : uy =,—,p Uz, &y 1 V1 =p=,q V2, A : W1 =g=,c W, Xz : 21 =¢=,q Z2 and
¢$:urrvy =wyrz1, ¢ Uy vy = wyrz, we have

via ay via ay,
U0 Uy 02 Up U2
¢ = ¢’
w121 1"22 2" 23
via a via ay
if and only if
_q Viaaz _1 Viaap 1
U122 12, V22,
Ir(¢) = Ir(¢")
ul_l-wl - ul_l-wz - u;l-wz
via dy via ay,

This follows at once by path induction on «,,, &y, a4, &, and the fact that 7 is an equivalence.

Next we want to show that the following diagram commutes:

via Bs, Bc, 16 o o
G(f(loop))=G(gq) pair~ (refl, loop) * pair~ (loop, refl)
5*(|00p) (4) q)loop,loop
G(q) * G(f(loop)) Via By Bor 16 pair~ (loop, refl) = pair~ (refl, loop)

This is the same as saying that the outer rectangle in the diagram below commutes:

G(f(loop))* G(q) o G(p)-Glq) ebens pair™ (refl, loop) * pair™ (loop, refl)
A
G(f(loop) -4) -~ G(p+q)
naty (loop) B via t D Dioop,loop
G(q+ f(loop)) Vb G(g-p)
C
G(q) = G(f(loop)) b G(q)+G(p) B pair™ (loop, refl) * pair™ (refl, loop)
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But this is clear: A and C obviously commute, B is precisely the diagram (2), and D is the diagram

(1).

Since (4) commutes, by our earlier observation the following diagram commutes:

1 via B¢, e, vG o o 4
G(q) * G(f (loop)) pair~ (loop, refl) = pair~(refl, loop)
Iz((s*(bop)) IZ(éloop,loop)
G(f(loop)) ™+ G(9) via 16, By Po pair=refl, loop) " * pair=(loop, refl)

Our path can now be equivalently stated as:
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G(g)+ (G(f(loop)) "+ G(f(loop)) )

(G(@)+G(f(1o0p)) ") * G(f(lo0p))
via By, Bc

(Ga) G(f(1oop)) ") » pair(refl, loop)
via By, Be

(G(q) - pair(refl, loop) ) - pair=(refl, loop)

via yg

(pair:(loop, refl) = pair™ (refl, Ioop)) = pair (refl, loop)
‘ via Z2((I>Ioop,loop)

(pair:(reﬂ, loop) ™"« pair™ (loop, refl)) = pair~ (refl, loop)

pair=(refl, loop) " » <pair: (loop, refl) = pair=(refl, Ioop))
via !

loop,loop

pair~ (refl, Ioop)_1 . (pair: (refl, loop) * pair~ (loop, reﬂ))

(pair:(reﬂ, loop) ™" + pair=(refl, Ioop)) » pair~ (loop, refl)

pair~ (loop, refl)

refl = pair~ (loop, refl)

which is equal to:
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via yg

pair~ (loop, refl)
L - o
pair~— (loop, refl) » (palr (refl, loop) ™ * pair (reﬂ,loop))

(pair:(loop, refl) = pair~ (refl, Ioop)_l) » pair—(refl, loop)

via IZ (qDIoop,Ioop)

(pair:(reﬂ, loop) ™"« pair= (loop, refl)) = pair~ (refl, loop)

pair=(refl, loop) ' * <pair:(loop, refl) = pair= (refl, Ioop))

: -1
via qDIoop,loop

pair=(refl, loop) " * <pair: (refl, loop) = pair~ (loop, reﬂ))
(pair:(reﬂ, loop) ™" « pair= (refl, Ioop)) » pair~ (loop, refl)

pair~ (loop, refl)

refl = pair~ (loop, refl)

We now make the following observation:

e Foranypathsu:a=4b,v:b=4d,w:a=4sc,z:c=pdand ¢ :u+v = w-z, the path
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is equal to the identity path at v. This follows by path induction on u and z.
Using the above observation, we can express our path simply as

G(q) = refl

G(q)
via 7g

pair~ (loop, refl)

refl = pair~ (loop, refl)

which is precisely 7.

Right-to-left We need to show that for any x : T> we have F*(G(t)) = t. We use torus induc-
tion, with b’ := refl,. We let p’ be the path
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transport® " (G(2)=2(p, refl)
Ts(p refl)
F*(G(p)) ™" +reflp

&

refl

where for any a : x =72 y and u : F*(G(x)) = x, the path
Ta(a, ) : transport™*F (CE)=2 (g y) = F*(G(a)) ' ru-a
is defined by path induction on a and {, is the path

FX(G(p)) "ereflep

F*(G(p)) " +p

via B¢

F* (pair=(refl, loop)) ™' * p
via pt(loop)
f(loop) " p

via s

-1

p P

refl

Similarly, let 4’ be the path

transportz~F " (G(z))=2 (q,refl)
Ts(q, refl)
F*(G(q)) ' =refl=q
&g

refl
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where {, is the path

FX(G(q)) " *refl g

F*(G(q) " g

via yg
F*(pair~(loop, refl))f1 q
via v(loop)
happIyFﬁ(Ioop) (base)il *q
via B

happlyfunext(H (base) ' +q

—

via happly-funext-inv(H)

-1

q " *4

refl

All that remains now is to show that the following diagram commutes:

x i t X
transport?F " (C(2)=z(p g, refl) e transportF* (G)=2(g. p refl)

transportF* (C(2))=2 (g transportzF* (G(2)=2(p refl)) transport?F* (C(2)=2(p transport?F*(G(2)=2 (g refl))

via p/ via g’
transport®F*(G(2)=2 (g refl) transportF*(C(2)=2(p, refl)
x /
refl

We make the following observation:

e Foranyw:x=py, & 1y =mnzu: F*(G(x)) =xu,: F*(G(y)) =y, u : F*(G(2)) =z,
and 7, : F*(G(a)) " ruyra = Uy, 1z F*(G(a/)) - uy *«’ = u,, the path
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transport??F (CE)=2 (g e o/ 1)

transport®F* (C(2)=2(¢/ transport?F*(G(2))=2 (n, 1))
via T3 (@, ux)
transport?*F*(GE)=2(o/ F*(G(a)) " * 1y * )

via 77y
transport” >t (GGE)=2(a/ u1, )

Ta (o', uy)

FX(G(a)) " wuy o

Nz

Uz
can be equivalently expressed as the path

transport**F (C)=z(y v o/ 1)
Ta(or o, ux)

FX(Gara')) P ruge (ara)

Uz

To prove this, it suffices to show that the outer rectangle in the diagram below commutes:
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} Ta(ara',uy) )
transport? (G(Z)):Z(Dc o, uy) F*(G(a=a')) " =ux=(ara’)

tra nsportZHFX (G(z))== (o, tra nsport?— 7 (G(z))=2 (o, 1)) A

via T3 (&, tiy)

transport®F* (G()=z 4/, F* (G(zx))71 CUy ) F* (G(oc’)f1 . (PX (G(oc))71 Uyt (x) o
T, F*(G(a)) " g+ )
via 1y B via 1y
transport?F* (C)=2(a/ 4, ) FX(G(a') vy~
, T (@),

Both of the rectangles A and B are easily shown to commute by a suitable path induction.

Using the above observation, it suffices to show that the outer part of the following diagram
commutes:

via t

transport?F* (G@)=z(p. g refl) transport??F* (C@)=z(g.  refl)

T3(p+q,refl) A T5(q+p,refl)

F*(G(p+q)) " wrefl = (prq) —— F*(G(q+p)) " wrefl(prq) — F*(G(q+p)) " *refl=(q+p)

via t via t
FX(G() "+ (F*(G(p) " +refiep) +q B FX(G(p)) " (F*(G(a) " +refieq) -p
via g,, via Cq
F*(G(q)) " reflg F*(G(p)) "erefl+g
gq gP

refl

Since rectangle A clearly commutes, it suffices to prove that part B commutes.
We can equivalently express diagram B as

[DRAFT OF MARCH 8, 2014]



22

F*(G(p+q)) " +refl+ (p=q)

via t

1

(F(G(p) - F*(G(@))) -refl-(p-)

F(G(0) " (F(G(p) " +refi=p) =q

via {p

F*(G(q)) ' +reflg

FX(G(q+p)) " rrefl = (p+q)

F*(G(q+p)) " +refl= (g p)

via t

1

(F(G(@) - F*(G(p)))  +refi=(q-p)

FX(G(p) "+ (F*(G(@)) " ~refiq) -p

via (g

F*(G(p)) " +refi+q

refl

We make the following observation:

e Forany &, : uy =,—,p U2, &y : V1 =p— . U2, the path

(u1 . 01)71 *refl (u2 . Z)z)

T vrefl -u2) L)

. 'le)'vz

via oy,

vt (uy ')t

vy rrefl =0y

refl

is equivalent to the path
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(g 01) "
(2v1)”"

(12v2)""

(1202) "

refl = (uz . 02)

via ay,

* refl - (I/lz . Uz)

via

* refl - (M2 " ’02)

* (U2 02)

refl

This is clear by path induction.

Using this observation, it suffices to show that the outer part of the following diagram commutes:

F*(G(p+q)) " +refl+ (p=q)

via t

FX(G(q+p)) " wrefl+ (p+q)

F*(G(q+p)) " +refl+ (g p)

via t

_ A _
(F*(G(p)F*(G@) el (p+) (F*(G@) F*(G(p)  +refi~(g+p)
via B, p(loop), B¢ via 7, v(loop), Br—, happly-funext-inv(H)

-1 -1
(- F*(G(@) refi-(p-a) (9-F<(Gp))) erefi-(a-p)
via yg, v(loop), Br—, happly-funext-inv(H) via B, p(loop), Bf
(prg) ' refl(pq) o (qep) terefle(peg) - (qep) "erefle(qep)
(pea) " (pea) B @-p) " (qp)
\ . /

Part B clearly commutes. This leaves us to show that part A commutes. We now make the
following observation:

1. _ 2. _ 3. _ 4.
e For any 2-paths a, : uy =,—,p Uz, &y : Uy =p—,p U3, &} @ U3 =} Ug, Ky :

&y 1 U1 =¢=,q V2 and path w : b =4 ¢ such that

1/[2 :a:Ab 1/[4,
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the following diagram commutes:

1 via a?
uy rwr vy
via a
-1
U, *w*vq
P
via ay;

U — U3
1 = 3
Xy - Xy
Un 74 Uy
D(ll
1 via ay 1
Ug "W V] —————— Uz "WV
via ad
u;l Wy —————————— u;l-w-vz

via oy

2 .4

This is clear by path induction on &,, a3, ;.

Using this observation, it suffices to show that the following diagram commutes:

via t

F*(G(p-q)) F*(G(q-p))
F*(G(p)) - F*(G(q)) F*(G(q)) - F*(G(p))
via B¢, p(loop), Bf via v¢, v(loop), Br-, happly-funext-inv(H)
pF*(G(q)) q+F*(G(p))
via v, v(loop), B, happly-funext-inv(H) via B¢, p(loop), By
prq q+p

After some rearranging we get:

via t
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via t

F*(G(p-9)) F*(G(q-p))
F*(G(p)-G(q)) F*(G(q)*G(p))

F*(G(p))* F*(G(q)) F*(G(q)) - F*(G(p))

via e, 76 via Bg, 16
F* (pair=(refl, loop)) * F* (pair~ (loop, refl)) F* (pair=(loop, refl)) » F* (pair~ (refl, loop))
via (loop), v(loop) via u(loop), v(loop)
f(|00p) ' happIyFﬁ(loop) (base) happIYF”(loop)(base) 'f(|00p)
via Bp—, happly-funext-inv(H) via Bp—, happly-funext-inv(H)
f(loop) - q q f(loop)
via B¢ via ¢
P4 via t p

or equivalently:
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F*(G(p-9)) - F*(G(+p)
F*(G(p)-G(q)) F*(G(q)-G(p))
via ,BGr YG via ,BGr YG
F*(pair~(refl, loop) * pair=(loop, refl)) F*(pair~(loop, refl) = pair=(refl, loop))
F* (pair=(refl, loop)) * F* (pair=(loop, refl)) F* (pair=(loop, refl)) » F* (pair=(refl, loop))

via p(loop), v(loop) via y(loop), v(loop)

f(|00p) ' happIyF”(loop) (base) happl)/F”(loop)(base) 'f(|00p)

via Bp—, happly-funext-inv(H) via Bp—, happly-funext-inv(H)

f(loop) =g q° f(loop)
via B¢ via B¢
ptq . q+p
via t

Finally, this diagram can be viewed as follows:
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via t

F*(G(p-q)) F*(G(q-p))
F*(G(p)-G(q)) A F*(G(q)*G(p))
via B, 16 via B, 16
via q>loop,|oop
F*(pair~(refl, loop) * pair=(loop, refl)) F*(pair~(loop, refl) = pair=(refl, loop))
F* (pair=(refl, loop)) * F* (pair=(loop, refl)) B F* (pair=(loop, refl)) » F* (pair=(refl, loop))
via p(loop), v(loop) via y(loop), v(loop)
Nathapplyr+ (o0p) (loop)
f(|00p) ' happIyF*(loop) (base) happIYF”(loop)(base) 'f(|00p)
via B¢, happly-funext-inv(H)  C via Bp—, happly-funext-inv(H)
f(loop)-q q f(loop)
naty (loop)
via B¢ D via By
Pq via t (4

where for any « : x =g y, the 2-path
Nathapply - (oop) (a) : f(a) *happlyr- (160p) () = haPPlyF- (100p) (X) * f (&)

is defined by induction on «.
Now rectangles A and D commute by diagrams (1) and (2) respectively. Rectangles B and C

commute by a suitable path induction. O
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