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Introdu
tion

The goal of this book is to give a 
omprehensive exposition of the relations

among the following three topi
s: tensor 
ategories (su
h as a 
ategory of repre-

sentations of a quantum group), 3-dimensional topologi
al quantum �eld theory

(whi
h, as will be explained below, in
ludes invariants of links), and 2-dimensional

modular fun
tor (whi
h arises in 2-dimensional 
onformal �eld theory).

The idea that these subje
ts are somehow related �rst appeared in physi
s

literature, in the study of quantum �eld theory. The pioneering works of Wit-

ten [W1, W2℄ and Moore and Seiberg [MS1℄ triggered a real avalan
he of pa-

pers, both physi
al and mathemati
al, exploring various aspe
ts of these rela-

tions. Among the more important milestones we should name the papers of Segal

[S℄, Reshetikhin{Turaev [RT1, RT2℄, Tsu
hiya{Ueno{Yamada [TUY℄, Drinfeld

[Dr3, Dr4℄, Beilinson{Feigin{Mazur [BFM℄, and many others.

By late 1990s it had be
ome a 
ommonpla
e that these topi
s are 
losely related.

However, when the se
ond author de
ided to tea
h (and the �rst author to take) a


lass on this topi
 at MIT in the Spring of 1997, they realized that �nding pre
ise

statements in the existing literature was not easy, and there were some gaps to

be �lled. Moreover, the only work giving a good exposition of all these notions

was Turaev's book [T℄, whi
h unfortunately didn't 
over some important (from

our point of view) topi
s, su
h as 
omplex-analyti
 approa
h to modular fun
tor,

based on 
onne
tions on the moduli spa
es. Another ex
ellent referen
e was the

manus
ript [BFM℄, whi
h unfortunately is still un�nished, and it is not known

when (and if) it will be published. Thus, it was natural that after the 
ourse was


ompleted, we de
ided to turn it into a book whi
h would provide a 
omprehensive

exposition. Needless to say, this book is almost 
ompletely expository, and 
ontains

no new results | our only 
ontribution was putting known results together, �lling

the gaps, and sometimes simplifying the proofs.

To give the reader an idea of what kind of relations we are talking about, we

give a qui
k introdu
tion. Let us �rst introdu
e the main obje
ts of our study:

Tensor 
ategories: These are abelian 
ategories with asso
iative tensor prod-

u
t, unit obje
t, and some additional properties, su
h as rigidity (existen
e

of duals). We will be interested only in semisimple 
ategories, su
h as a 
at-

egory of 
omplex representations of a 
ompa
t group. However, we weaken

the 
ommutativity 
ondition: namely, we require existen
e of fun
torial iso-

morphism �

VW

: V 
W !W 
V , but | unlike the 
lassi
al representation

theory | we do not require �

2

= id. The best known example of su
h a


ategory is a 
ategory of representations of a quantum group; however, there

are also other examples.

We will also need spe
ial 
lass of tensor 
ategories whi
h are 
alled

modular tensor 
ategories (MTC); these are semisimple tensor 
ategories

1



2 INTRODUCTION

with �nite number of simple obje
ts and 
ertain non-degenera
y properties.

The main example of su
h 
ategories is provided by a suitable semisimple

quotient of the 
ategory of representation of a quantum group at a root of

unity.

3-dimensional topologi
al quantum �eld theory (3D TQFT): Despite

its physi
al name, this is a 
ompletely mathemati
al obje
t (to su
h an ex-

tent that some physi
ists question whether it has any physi
al meaning at

all). A simple de�nition is that a TQFT is a rule whi
h assigns to every

2-dimensional manifold N a �nite-dimensional ve
tor spa
e �(N), and to

every 
obordism | i.e. a 3-manifold M su
h that its boundary �M is writ-

ten as �M = N

1

t N

2

| a linear operator �(N

1

) ! �(N

2

) (here N is N

with reversed orientation). In parti
ular, this should give a linear operator

�(M) : C ! C , i.e., a 
omplex number, for every 
losed 3-manifold M .

We will, however, need a somewhat more general de�nition. Namely,

we will allow 2-manifolds to have marked points with some additional data

assigned to them, and 3-manifolds to have framed tangles inside, whi
h

should end at the marked points. In parti
ular, taking a 3-sphere with a

link in it, we see that every su
h extended 3D TQFT de�nes invariants of

links.

2-dimensional modular fun
tor (2D MF): topologi
al de�nition: By def-

inition, a topologi
al 2D modular fun
tor is the assignment of a �nite-

dimensional ve
tor spa
e to every 2-manifold with boundary and some ad-

ditional data assigned to the boundary 
omponents, and assignment of an

isomorphism between the 
orresponding ve
tor spa
es to every homotopy


lass of homeomorphisms between su
h manifolds. In addition, it is also

required that these ve
tor spa
es behave ni
ely under gluing, i.e., the op-

eration of identifying two boundary 
ir
les of a surfa
e to produ
e a new

surfa
e.

2-dimensional modular fun
tor (2D MF): 
omplex-analyti
 de�nition:

A 
omplex-analyti
 modular fun
tor is a 
olle
tion of ve
tor bundles with


at 
onne
tion on the moduli spa
es of 
omplex 
urves with marked points,

plus the gluing axiom whi
h des
ribes the behavior of these 
at 
onne
tions

near the boundary of the moduli spa
e (in Deligne{Mumford 
ompa
ti�-


ation). Su
h stru
tures naturally appear in 
onformal �eld theory: every

rational 
onformal �eld theory gives rise to a 
omplex-analyti
 modular fun
-

tor. The most famous example of a rational 
onformal �eld theory | and

thus, of a modular fun
tor | is the Wess{Zumino{Witten model, based on

representations of an aÆne Lie algebra.

The main result of this book 
an be formulated as follows: the notions of a

modular tensor 
ategory, 3D TQFT and 2D MF (in both versions) are essentially

equivalent.

Below we will provide a simple example that illustrates how one fa
t | the

quantum Yang{Baxter equation | looks in ea
h of these setups. Let us �x a

semisimple abelian 
ategory C and a 
olle
tion of obje
ts V

1

; : : : ; V

n

2 C.

Tensor 
ategory setup. Assume that we have a stru
ture of a tensor 
ategory

on C. Denote by �

i

the 
ommutativity isomorphisms

�

V

i

V

i+1

: V

1


 � � � 
 V

i


 V

i+1


 � � � 
 V

n

! V

1


 � � � 
 V

i+1


 V

i


 � � � 
 V

n

:
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Then the axioms of a tensor 
ategory imply that

�

i

�

i+1

�

i

= �

i+1

�

i

�

i+1

where both sides are isomorphisms � � �
V

i


V

i+1


V

i+2


� � � ! � � �
V

i+2


V

i+1




V

i


 � � � . This identity is known as the quantum Yang{Baxter equation.

3D TQFT setup. Consider the 2-sphere S

2

= R

2

[ 1 with marked points

p

1

= (1; 0); p

2

= (2; 0); : : : ; p

n

= (n; 0) and with the obje
ts V

1

; : : : ; V

n

assigned to

these points; this de�nes a ve
tor spa
e �(S

2

;V

1

; : : : ; V

n

). Consider the 3-manifold

M = S

2

� [0; 1℄ with a tangle inside as shown in Figure 0.1 (whi
h only shows two

planes; to get the sphere, the reader needs to add an in�nite point to them).

i+1i

Figure 0.1. A 3-manifold with a braid inside.

This gives an operator

�

TQFT

: �(S

2

;V

1

; : : : ; V

n

)! �(S

2

;V

1

; : : : ; V

i+1

; V

i

; : : : ; V

n

)

whi
h also satis�es the quantum Yang{Baxter equation; this follows from the fa
t

that the following 3-manifolds with tangles inside are homeomorphi
:

i+1 i+2i

=

i+1 i+2i

2D MF (topologi
al) setup. Here, again, we take N = S

2

= R

2

[1 with

small disks around the points p

1

; : : : ; p

n

removed, and with obje
ts V

1

; : : : ; V

n

as-

signed to the boundary 
ir
les. The 
orresponding ve
tor spa
e is again Hom

C

(1; V

1




� � � 
 V

n

). Consider the homeomorphism b

i

shown in Figure 0.2. This de�nes an

operator

(b

i

)

�

: �(S

2

;V

1

; : : : ; V

n

)! �(S

2

;V

1

; : : : ; V

i+1

; V

i

; : : : ; V

n

)

whi
h also satis�es the quantum Yang{Baxter equation. Now this follows from the

fa
t that the homeomorphisms b

i

b

i+1

b

i

and b

i+1

b

i

b

i+1

are homotopi
.

2D MF (
omplex-analyti
) setup. We 
onsider the moduli spa
e of spheres

with n marked points. A 2D MF de�nes a lo
al system on this moduli spa
e; denote
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i i i+i+1 1

Figure 0.2. Braiding for topologi
al modular fun
tor.

the �ber of the 
orresponding ve
tor bundle over the surfa
e � = P

1

with marked

points p

1

= 1; : : : ; p

n

= n by �(S

2

;V

1

; : : : ; V

n

). Then the operator of holonomy

along the path b

i

, shown in Figure 0.3, gives a map

(b

i

)

�

: �(P

1

;V

1

; : : : ; V

n

)! �(P

1

;V

1

; : : : ; V

i+1

; V

i

; : : : ; V

n

)

and the quantum Yang{Baxter equation follows from the identity b

i

b

i+1

b

i

= b

i+1

b

i

b

i+1

in the fundamental group of the moduli spa
e of pun
tured spheres.

i i+1

Figure 0.3. Braiding for 
omplex-analyti
 modular fun
tor.

This simple example should 
onvin
e the reader that indeed there is some 
om-

mon algebrai
 stru
ture playing pivotal role in all of these subje
ts. In this parti
-

ular example, it is not too diÆ
ult to show that this underlying algebrai
 stru
ture

is nothing but the braid group. However, when we try to in
lude the notion of

dual representation on the tensor 
ategory side and higher genus surfa
es on the

topologi
al side, situation gets more 
ompli
ated. Still, the main result holds: un-

der some (not too restri
tive) assumptions, the notions of modular tensor 
ategory

(MTC), 3D TQFT and 2D MF (topologi
al and 
omplex-analyti
) are essentially

equivalent. S
hemati
ally, this 
an be expressed by the following diagram:

MTC

))RRRRRRRRRRR
oo //

topologi
al 2D MF

oo //

��


omplex-analyti
 2D MF

3D TQFT

OO
:

Here is a brief des
ription of these equivalen
es, along with pre
ise referen
es:

Tensor 
ategories!3D TQFT: This equivalen
e is given by Reshetikhin{

Turaev invariants of links and 3-manifold [RT1, RT2℄ and their general-

ization to surfa
es with boundaries [T℄. In parti
ular, in the example of a

sphere with nmarked points des
ribed above, the 
orresponden
e is given by

�(S

2

;V

1

; : : : ; V

n

) = Hom

C

(1; V

1


� � �
V

n

); �

i

= �

TQFT

i

. Pre
ise statements


an be found in Chapter 4, in parti
ular, in Theorem 4.4.3. These invari-

ants have a long history, whi
h we 
an't des
ribe here; suÆ
es to say that

the idea that path integrals in 
onformal �eld theory give rise to invariants

of links was suggested by Witten [W1, W2℄. Unfortunately, path integral
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te
hnique is still far from being rigorous from mathemati
al point of view,

so Reshetikhin and Turaev do not use it; instead, they use presentation of

a 3-manifold as a result of surgery along a framed link.

3D TQFT!2D MF (topologi
al): This arrow is almost tautologi
al: all

the axioms of 2D MF are 
ontained among the axioms of 3D TQFT, ex
ept

for the gluing axiom, whi
h is also rather easy to prove. Details are given

in Se
tion 5.8.

2D MF(topologi
al)!3D TQFT: A 
omplete 
onstru
tion of su
h a map

is not yet known (at least to the authors); some partial results in this dire
-

tion, due to Crane[C℄ and Kohno [Ko℄, are given in Se
tion 5.8. They are

based on the Heegard splitting.

2D MF (topologi
al)$tensor 
ategories: This is based on the results of

Moore and Seiberg [MS1℄, who showed (with gaps, whi
h were �lled in

[BK℄, [FG℄) that the axioms of a modular tensor 
ategory, when rewritten

in terms of the ve
tor spa
es of homomorphisms, almost 
oin
ide with the

axioms of 2D topologi
al modular fun
tor. (The word \almost" refers to

a minor diÆ
ulty in dealing with duality, or rigidity, in a tensor 
ategory.)

This is dis
ussed in detail in Chapter 5; in parti
ular, the main result is

given in Theorem 5.5.1, or, in a more abstra
t language, in Theorem 5.6.19.

2D MF (topologi
al)$2D MF (
omplex-analyti
): This is based on the

Riemann{Hilbert 
orresponden
e, whi
h in parti
ular 
laims that the 
ate-

gories of lo
al systems (=lo
ally 
onstant sheaves) and ve
tor bundles with


at 
onne
tions with regular singularities are equivalent. Applying this to

the moduli spa
e of Riemann surfa
es with marked points, and using the

fa
t that the fundamental group of this moduli spa
e is exa
tly the mapping


lass group, we get the desired equivalen
e. We also have to 
he
k that this

equivalen
e preserves the gluing isomorphisms. All this is done in Chapter 6;

in parti
ular, the main result is 
ontained in Theorem 6.4.2.

The book is organized as follows.

In Chapter 1, we give basi
 de�nitions related to braided tensor 
ategories,

su
h as 
ommutativity and asso
iativity isomorphisms, and state various 
oheren
e

theorems. We also give two basi
 examples of tensor 
ategories: the 
ategory C(g)

of representations of a quantum group U

q

(g) (for formal q, i.e., over the �eld of

rational fun
tions in q) and Drinfeld's 
ategory D(g;{);{ =2 Q, whi
h as abelian


ategory 
oin
ides with the 
ategory of �nite-dimensional 
omplex representations

of a simple Lie algebra g, but has 
ommutativity and asso
iativity isomorphisms

de�ned in terms of asymptoti
s of the Knizhnik{Zamolod
hikov equations.

In Chapter 2, we 
ontinue the study of the theory of tensor 
ategories. We

de�ne the notion of ribbon 
ategory (in other terminology, rigid balan
ed braided

tensor 
ategory) as a 
ategory in whi
h every obje
t has a dual satisfying some

natural properties and there are fun
torial isomorphisms V

��

' V 
ompatible with

the tensor produ
t. We develop the \graphi
 
al
ulus", allowing one to present

morphisms in a ribbon 
ategory by ribbon (framed) tangles. In parti
ular, this

shows that every ribbon 
ategory gives rise to invariants of links (Reshetikhin{

Turaev invariants). We also show that both examples of Chapter 1 | that is, the


ategories C(g) and D(g;{) | are ribbon.

In Chapter 3, we introdu
e one more re�nement of the notion of a tensor 
ate-

gory | that of a modular tensor 
ategory. By de�nition, this is a semisimple ribbon
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ategory with a �nite number of simple obje
ts satisfying a 
ertain non-degenera
y


ondition. It turns out that these 
ategories have a number of remarkable prop-

erties; in parti
ular, we prove that in su
h a 
ategory one 
an de�ne a proje
tive

a
tion of the group SL

2

(Z) on an appropriate obje
t, and that one 
an express the

tensor produ
t multipli
ities (fusion 
oeÆ
ients) via the entries of the S-matrix

(this is known as Verlinde formula). We also give two examples of modular tensor


ategories. The �rst one, the 
ategory C(g;{);{ 2 Z

+

, is a suitable semisimple sub-

quotient of the 
ategory of representation of the quantum group U

q

(g) for q being

root of unity: q = e

�i=m{

. The se
ond one is the 
ategory of representations of a

quantum double of a �nite group G, or equivalently, the 
ategory of G-equivariant

ve
tor bundles on G. (We do not explain here what is the proper de�nition of

Drinfeld's 
ategory D(g;{) for { 2 Z

+

, whi
h would be a modular 
ategory | this

will be done in Chapter 7.)

In Chapter 4, we �rst move from algebra (tensor 
ategories) to topology,

namely, to invariants of 3-manifolds and topologi
al quantum �eld theory (TQFT).

We start by showing how one 
an use Reshetikhin{Turaev invariants of links to de-

�ne, for every modular tensor 
ategory, invariants of 
losed 3-manifolds with a link

inside. This 
onstru
tion is based on presenting a manifold as a result of surgery of

S

3

along a framed link, and then using Kirby's theorem to 
he
k that the resulting

invariant does not depend on the 
hoi
e of su
h presentation. Next, we give a gen-

eral de�nition of a topologi
al quantum �eld theory in any dimension and 
onsider

a \baby example" of a 2D topologi
al quantum �eld theory. After this, we return

again to dimension 3 
ase and de�ne \extended" 3D TQFT, in whi
h 3-manifolds

may 
ontain framed tangles, whose ends must be on the boundary; thus, the bound-

ary be
omes a surfa
e with marked points and non-zero tangent ve
tors assigned

to them. The main result of this 
hapter is that every MTC de�nes an extended

3D TQFT (up to a suitable \
entral extension"). This, in parti
ular, explains the

a
tion of SL

2

(Z) whi
h was introdu
ed in Chapter 3: this a
tion 
orresponds to the

natural a
tion of SL

2

(Z) on the torus with one marked point.

In Chapter 5, we introdu
e topologi
al 2D modular fun
tor and dis
uss its

relation with the mapping 
lass groups. We also introdu
e the proper formalism |

that of towers of groupoids. The main part of this 
hapter is devoted to des
ribing

the tower of mapping 
lass groups| and thus, the modular fun
tor | by generators

and relations, as suggested by Moore and Seiberg. Our exposition follows the results

of [BK℄. On
e su
h a des
ription is obtained, as an easy 
orollary we get that every

modular tensor 
ategory de�nes a 2D topologi
al modular fun
tor (with 
entral


harge | see below), and 
onversely, every 2D MF de�nes a tensor 
ategory whi
h

is \weakly rigid". Unfortunately, we were unable to prove | and we do not know

of su
h a proof | that the tensor 
ategory de�ned by a 2D MF is always rigid.

However, if it is a
tually rigid, then we prove that it is an MTC.

In Chapter 5, we also des
ribe a

urately the 
entral 
harge phenomena. As

was said before, an MTC de�nes only a proje
tive representation of SL

2

(Z), or,

equivalently, a representation of a 
entral extension of SL

2

(Z), while a 2D MF

should give a true representation of SL

2

(Z) and all other mapping 
lass groups.

To a

ount for proje
tive representations, we introdu
e the notion of a modular

fun
tor with a 
entral 
harge, whi
h 
an be thought of as a \
entral extension" of

the modular fun
tor, and show how the 
entral 
harge 
an be 
al
ulated for a given

MTC.
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In Chapter 6, we introdu
e the 
omplex-analyti
 version of modular fun
tor.

We start by giving all the ne
essary preliminaries, both about 
at 
onne
tions

with regular singularities (mostly due to Deligne) and about the moduli spa
e of

pun
tured 
urves and its 
ompa
ti�
ation (Deligne{Mumford). Unfortunately, this

presents a te
hni
al problem: the moduli spa
e is not a manifold but an algebrai


sta
k; we try to avoid a
tually de�ning algebrai
 sta
ks, thus making our exposition

a

essible to people with limited algebrai
 geometry ba
kground.

After this, we de�ne the 
omplex-analyti
 MF as a 
olle
tion of lo
al systems

with regular singularities on the moduli spa
es of pun
tured 
urves, formulate the

gluing axiom, whi
h now be
omes the statement that these lo
al systems \fa
torize"

near the boundary of the moduli spa
e (the a

urate de�nition uses the spe
ializa-

tion fun
tor), and prove that the notions of topologi
al and 
omplex analyti
 MF

are equivalent. We also return to the Drinfeld 
ategory D(g;{), and show that its

de�nition in terms of Knizhnik{Zamolod
hikov equations is nothing but an example

of the 
omplex-analyti
 modular fun
tor in genus zero.

Finally, in Chapter 7 we 
onsider the most famous example of a modular fun
-

tor, namely the one 
oming from the Wess{Zumino{Witten model of 
onformal �eld

theory. This modular fun
tor is based on integrable representations of an aÆne Lie

algebra

b

g, and the ve
tor bundle with 
at 
onne
tion is de�ned as 
oinvariants

with respe
t to the a
tion of the Lie algebra of meromorphi
 g-valued fun
tions (in

physi
s literature, this bundle is known as the bundle of 
onformal blo
ks). The

main result of this 
hapter is proving that this bundle indeed satis�es the axioms of


omplex-analyti
 modular fun
tor. The most diÆ
ult part is proving the regularity

of the 
onne
tion at the boundary of the moduli spa
e, whi
h was �rst done by

Tsu
hiya, Ueno, and Yamada [TUY℄. The proof presented in this 
hapter is based

on the results of the unpublished manus
ript [BFM℄, with ne
essary 
hanges.

History. Even though the theory des
ribed in this book is relatively new,

the number of related publi
ations is now measured in thousands, if not tens of

thousands. We tried to list some of the most important referen
es in the beginning

of ea
h 
hapter; however, this sele
tion is highly subje
tive and does not pretend

to be 
omplete in any way. If you �nd that we missed some important result or

gave an in
orre
t attribution, please let us know and we will gladly 
orre
t it in the

next edition.
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h we
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CHAPTER 1

Braided Tensor Categories

In this 
hapter, we give basi
 de�nitions related to braided tensor 
ategories,

su
h as 
ommutativity and asso
iativity isomorphisms, and state various 
oheren
e

theorems. We also give two basi
 examples of tensor 
ategories: the 
ategory C(g)

of representations of a quantum group U

q

(g) (for formal q, i.e., over the �eld of

rational fun
tions in q) and Drinfeld's 
ategory D(g;{);{ =2 Q, whi
h as abelian


ategory 
oin
ides with the 
ategory of �nite-dimensional 
omplex representations

of a simple Lie algebra g, but has 
ommutativity and asso
iativity isomorphisms

de�ned in terms of asymptoti
s of the Knizhnik{Zamolod
hikov equations.

1.1. Monoidal tensor 
ategories

We will work over a �eld k of 
hara
teristi
 0. Re
all the following de�nition

(for details, see, e.g., [Ma
℄).

Definition 1.1.1. A 
ategory C is an additive 
ategory over k if the following


onditions are satis�ed:

(i) All Hom

C

(U; V ) � Mor

C

(U; V ) are k-ve
tor spa
es and the 
ompositions

Hom

C

(V;W )�Hom

C

(U; V )! Hom

C

(U;W ); (';  ) 7! ' Æ  

are k-bilinear (U; V;W 2 ObC).

(ii) There exists a zero obje
t 0 2 Ob C su
h that Hom

C

(0; V ) = Hom

C

(V; 0) = 0

for all V 2 Ob C.

(iii) Finite dire
t sums exist in C.

An additive 
ategory C is 
alled abelian if it satis�es the following 
ondition:

(iv) Every morphism ' 2 Hom

C

(U; V ) has a kernel ker' 2 MorC and a 
okernel


oker' 2 MorC. Every morphism is a 
omposition of an epimorphism followed

by a monomorphism. If ker' = 0, then ' = ker(
oker'); if 
oker' = 0, then

' = 
oker(ker').

Informally speaking, an abelian 
ategory is an additive 
ategory in whi
h we


an use the notions of a kernel and a 
okernel of a morphism in the same way as,

say, in the 
ategory of ve
tor spa
es over k.

Fun
tors between additive 
ategories will always be assumed to be k-linear on

the spa
es of morphisms.

Example 1.1.2. The following 
ategories are abelian:

(i) The 
ategory of k-ve
tor spa
es Ve
(k) and the 
ategory of �nite dimensional

k-ve
tor spa
es Ve


f

(k).

(ii) The 
ategory Rep(A) of representations of a k-algebra A.

(iii) The 
ategory Rep(G) of representations of a group G over k.

9
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Definition 1.1.3. An obje
t U in an abelian 
ategory C is 
alled simple if any

inje
tion V ,! U is either 0 or isomorphism.

An abelian 
ategory C is 
alled semisimple if any obje
t V is isomorphi
 to a

dire
t sum of simple ones:

V '

M

i2I

N

i

V

i

where V

i

are simple obje
ts, I is the set of isomorphism 
lasses of non-zero simple

obje
ts in C, N

i

2 Z

+

and only a �nite number of N

i

are non-zero.

Throughout the book we will 
onsider only semisimple 
ategories satisfying the

following additional property:

EndV

i

= k for all i 2 I:(1.1.1)

This automati
ally holds if the base �eld k is algebrai
ally 
losed (S
hur's Lemma).

It easily follows from the de�nition that

Hom(V

i

; V

j

) = 0; i 6= j:(1.1.2)

Let C be an abelian 
ategory. We want to de�ne a notion of tensor produ
t 
 on

C with natural asso
iativity and 
ommutativity properties. Let us �rst digress to a

well-known example. Re
all that for a k-ve
tor spa
eA, a bilinear map � : A�A! A

is 
alled asso
iative if any two expressions

(a

1

� a

2

) �

�

(a

3

� a

4

) � � � a

n

�

;(1.1.3)

obtained by pla
ing bra
kets in the produ
t a

1

�a

2

� � �a

n

, are equal. This de�nition

of asso
iativity is equivalent to the usual one.

Theorem 1.1.4. A bilinear map � : A�A! A is asso
iative if and only if

(a

1

� a

2

) � a

3

= a

1

� (a

2

� a

3

)(1.1.4)

for all a

1

; a

2

; a

3

2 A.

Of 
ourse, this fa
t is well-known. Nevertheless, we will give a proof be
ause

its method will be useful later.

Proof. Let A

n

be the set of all ways of pla
ing bra
kets (grammati
ally 
or-

re
tly) in the produ
t a

1

�a

2

� � �a

n

, i.e., the set of all expressions of the form (1.1.3).

Let us 
onne
t two points in A

n

if they 
an be obtained from one another by apply-

ing (on
e) the relation (1.1.4). Our goal is to show that this makes A

n

a 
onne
ted

graph. It is easy to see that the elements of A

n

are in 1-1 
orresponden
e with

binary trees with n leaves, e.g.

a

1

� (a

2

� a

3

) (a

1

� a

2

) � a

3

(a

1

� a

2

) � (a

3

� a

4

)
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We will prove by indu
tion that every tree 
an be redu
ed by applying (1.1.4) to

the tree

(� � � ((a

1

� a

2

) � a

3

) � � � ) � a

n

This is 
lear by the �gure

~ ~

The �rst equivalen
e � is obtained by applying the indu
tive assumption to the

two smaller subtrees and then the elementary relation (1.1.4); the se
ond one|by

the indu
tive assumption.

Exer
ise 1.1.5. Prove that jA

n

j =

1

n

�

2n�2

n�1

�

. This is known as the (n � 1)st

Catalan number 


n�1

.

Hint: jA

n

j =

P

n�1

k=1

jA

k

jjA

n�k

j.

Now, what kind of asso
iativity to require for a bifun
tor 
 : C � C ! C for an

abelian 
ategory C? We 
annot assert that

(U 
 V )
W = U 
 (V 
W )

for all U; V;W 2 C be
ause this is not true even in the 
ategory of ve
tor spa
es

Ve
(k). We may ask that instead

(U 
 V )
W ' U 
 (V 
W )

but now this 
ondition is too weak. For example, in Ve


f

(k) every two ve
tor spa
es

of equal dimension are isomorphi
. What we need is the existen
e of a 
anoni
al

isomorphism.

Re
all that for two fun
tors F;G : C ! C

0

a fun
torial morphism ' : F ! G is

a 
olle
tion of morphisms

'

U

: F (U)! G(U); U 2 Ob C;

su
h that for every f 2 Hom

C

(U; V ) the following diagram is 
ommutative:

F (U)

F (f) //

'

U

��

F (V )

'

V

��
G(U)

G(f)

//
G(V )

:(1.1.5)
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Fun
torial morphisms are also 
alled \natural transformations". Sometimes

they are also referred to as \
anoni
al morphisms"; however, we will use the latter

term in a slightly di�erent situation (see below).

Example 1.1.6. (i) In Ve


f

(k) there exists a fun
torial isomorphism between

a ve
tor spa
e and its double dual, V ' V

��

, but there is no fun
torial isomorphism

between V and V

�

.

(ii) Let G be a group, g 2 Z(G) (
enter of G), V be a G-module. Then the

a
tion of g is a fun
torial isomorphism V ' V (of the identity fun
tor in Rep(G)).

Definition 1.1.7. A monoidal 
ategory is a 
ategory C with the following ad-

ditional data:

(i) a bifun
tor 
 : C � C ! C;

(ii) a fun
torial isomorphism

�

UVW

: (U 
 V )
W

�

�! U 
 (V 
W )(1.1.6)

(asso
iativity isomorphism) of fun
tors C � C � C ! C;

(iii) a unit obje
t 1 2 Ob C and fun
torial isomorphisms

�

V

: 1
 V

�

�! V;(1.1.7)

�

V

: V 
 1

�

�! V(1.1.8)

for V 2 Ob C.

They have to satisfy the following

(iv) Asso
iativity axiom. Suppose X

1

and X

2

are two expressions obtained

from V

1


 V

2


 � � � 
 V

n

by inserting 1's and bra
kets, e.g.,

(V

1


 1)


�

(V

2


 V

3

)
 � � � 
 V

n

�

:(1.1.9)

Then all isomorphisms ' : X

1

�

�! X

2

, 
omposed of �'s, �'s, �'s and their inverses,

have to be equal.

Usually, we will 
onsider additive monoidal 
ategories. In this 
ase, we addi-

tionally require that 
 is bilinear on the spa
es of morphisms and that

(v) 1 is a simple obje
t in C and End

C

(1) = k.

The asso
iativity axiom 1.1.7(iv) implies that we have a uniquely de�ned fun
-

torial isomorphism X

1

�

�! X

2

. We will 
all su
h an isomorphism \
anoni
al".

Note that a 
omposition of two su
h 
anoni
al isomorphisms is again a 
anoni
al

isomorphism.

Example 1.1.8. The following 
ategories are monoidal:

(i) Ve
(k) and Ve


f

(k);

(ii) The 
ategoryRep(g) (respe
tivelyRep

f

(g)) of representations (respe
tively

�nite dimensional representations) of a Lie algebra g over k.

(iii) Let A be a bialgebra over k, i.e., a k-algebra provided with algebra homo-

morphisms �: A! A
A (
omultipli
ation) and " : A! k (
ounit) satisfying

(�
 id)� = (id
�)�;(1.1.10)

("
 id)� = (id
")� = id :(1.1.11)

Then the 
ategory Rep(A) of representations of A (as a k-algebra) is a monoidal


ategory. (
 is the tensor produ
t of ve
tor spa
es and 1 = k with the following

a
tion of A: x(v 
w) := �(x)(v 
w), x
 := "(x)
 for x 2 A, v 2 V , w 2 W , 
 2 k,

V;W 2 ObRep(A).)
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In fa
t, the axioms (1.1.10, 1.1.11) 
an be dedu
ed from the requirement that

the 
ategory Rep(A) be monoidal.

Theorem 1.1.9 (Ma
Lane Coheren
e Theorem). Suppose we are given the data

(C;
; �; �; �) as above. Then C is a monoidal 
ategory if and only if the following

properties are satis�ed.

(i) Pentagon axiom. For any V

i

2 Ob C (i = 1; 2; 3; 4) the following diagram is


ommutative

((V

1


 V

2

)
 V

3

)
 V

4

�

12;3;4

''OOOOOOOOOOO
�

1;2;3


id

4

wwooooooooooo

(V

1


 (V

2


 V

3

))
 V

4

�

1;23;4

��"
""
""

(V

1


 V

2

)
 (V

3


 V

4

)

�

1;2;34

����
��
�

V

1


 ((V

2


 V

3

)
 V

4

)

id

1


�

2;3;4

//
V

1


 (V

2


 (V

3


 V

4

))

(ii) Triangle axiom. For any V

1

; V

2

2 Ob C the diagram

(V

1


 1)
 V

2

� //

�
id &&MMMMMMMMMM
V

1


 (1
 V

2

)

id
�xxqqqqqqqqqq

V

1


 V

2

is 
ommutative.

We do not want to give the proof of this theorem here as it is rather te
hni
al

and does not help in any way to understand the stru
ture of a monoidal 
ategory;

instead, we refer the reader to [Ma
, Se
t. VII.2℄. Also, we want to stress that this

theorem is in a sense just a te
hni
al tool, similar to des
ribing a group by gen-

erators and relations. Of 
ourse, su
h a des
ription may be useful, but a \global"

des
ription|su
h as a group of automorphisms of some obje
t|is mu
h more im-

portant, and in many 
ases, more useful. For monoidal 
ategories, su
h a global

des
ription is given by the asso
iativity axiom 1.1.7(iv).

Remark 1.1.10. In analogy with Theorem 1.1.4, we 
an reformulate the state-

ment of the above theorem as follows (forgetting about 1). Suppose that we are

given (C;
; �) as above, satisfying the pentagon axiom 1.1.9(i). Re
all the de�ni-

tion of the set A

n

from the proof of Theorem 1.1.4; then Theorem 1.1.4 
laims that

if we add to A

n

an edge for every elementary asso
iativity equality (1.1.4) then A

n

be
omes a 
onne
ted graph: �

0

(A

n

) = 1.

Let us 
onstru
t a 2-dimensional 
omplex by gluing to A

n

pentagons 
orre-

sponding to ea
h 
ommutative diagram of the form 1.1.9(i) and squares 
orrespond-

ing to the fun
toriality 
ondition (1.1.5) for �. Then the Coheren
e Theorem 1.1.9

states that the resulting 2-
omplex is simply 
onne
ted: �

1

(A

n

) = 0. It is easy to

see that this implies that the 
ategory C is monoidal. In fa
t, Stashe� has shown

that this 2-
omplex is a 2-skeleton of the sphere S

n�3

.

Similarly, the Coheren
e Theorem in the form stated|with the unit obje
t and

isomorphisms �; �|is equivalent to the statement that the 2-
omplex M

n

whose

verti
es are labeled by the expressions of the form (1.1.9), is simply 
onne
ted.

Note that M

n

has in�nite number of verti
es; however, this does not 
ause any

problems.
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In a monoidal 
ategory we 
an use the 
anoni
al isomorphisms to \identify" all

expressions of the form (1.1.9) and write the tensor produ
t without bra
kets, in

the same way we do with tensor produ
t of ve
tor spa
es. Here is an appropriate

formalism (warning: this terminology is not standard).

Definition 1.1.11. For a 
ategory C, de�ne its universal 
over

^

C to be the


ategory with:

Obje
ts: An obje
t of

^

C is a 
olle
tion (V

�

; '

��

0

)

�;�

0

2A

, where A is any set,

V

�

are obje
ts of C, and '

��

0

2 Hom

C

(V

�

0

; V

�

) are isomorphisms satisfying

'

�

1

�

2

'

�

2

�

3

= '

�

1

�

3

.

Morphisms: For two obje
ts X = (V

�

; '

��

0

)

�;�

0

2A

and Y = (V

�

; '

��

0

)

�;�

0

2B

of

^

C, the spa
e of morphisms Hom

^

C

(X;Y ) is de�ned to be the set of all


olle
tions (f

��

2 Hom

C

(V

�

; V

�

))

�2A;�2B

satisfying f

��

'

��

0

= f

�

0

�

and

'

�

0

�

f

��

= f

��

0

.

In other words, obje
ts of

^

C are 
olle
tions of obje
ts of C related by 
anoni
al

isomorphisms, and morphisms are 
olle
tions of morphisms 
ompatible with these

isomorphisms. In parti
ular, taking 
olle
tions 
ontaining only one obje
t, we see

that C itself is a full sub
ategory of

^

C.

Lemma 1.1.12. The 
ategory

^

C is equivalent to C.

The proof of this lemma is left to the reader as an exer
ise.

Now we 
an say that in a monoidal 
ategory, for given V

1

; : : : ; V

n

, the 
olle
tion

of all expressions of the form (1.1.9) with the 
anoni
al isomorphisms between them

forms an obje
t of the 
ategory

^

C, whi
h we will denote V

1


 � � � 
 V

n

. Sin
e the


ategories

^

C and C are equivalent, we 
an as well think of V

1


� � �
V

n

as an obje
t

of C without bothering about bra
kets. In other words, in a monoidal 
ategory

iterations of 
 give a fun
tor C

�n

! C, whi
h we also denote by 
. From now

on, we will frequently use this remark and omit parentheses and the asso
iativity

and unit isomorphisms in our formulas. This is no less rigorous than omitting

the parentheses in tensor produ
ts of ve
tor spa
es, whi
h usually is 
onsidered as

too trivial to mention. Readers who feel uneasy about this 
an spell out all the

formulas, writing all the asso
iativity and unit isomorphisms expli
itly.

More standard (but in our opinion, more arti�
ial) way to deal with the same

problem is to use the notion of a stri
t 
ategory.

Definition 1.1.13. A monoidal 
ategory C is 
alled stri
t if

V 
 1 = V; 1
 V = V; (V

1


 V

2

)
 V

3

= V

1


 (V

2


 V

3

)(1.1.12)

for all obje
ts V; V

i

2 ObC and all �'s, �'s, �'s are the identity isomorphisms.

In a stri
t monoidal 
ategory one 
an write multiple tensor produ
ts V

1


V

2




� � � 
 V

n

without bothering about bra
kets.

Note that the 
ategory of ve
tor spa
es Ve
(k) is not stri
t. However, we have

the following result.

Theorem 1.1.14 (Ma
Lane). Every monoidal 
ategory is equivalent to a stri
t

one.

Proof. See, e.g., [Ka, Se
t. XI.5℄ or [Ma
℄.
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Finally, let us note that if C is an additive monoidal 
ategory, then the fun
tor


 : C

�n

! C is polylinear on the spa
es of morphisms. For many appli
ations, it is


onvenient to de�ne the notion of \tensor produ
t of additive 
ategories" as below.

Definition 1.1.15. Let C

1

; C

2

be additive 
ategories over k. Their tensor prod-

u
t C

1

� C

2

is the 
ategory with the following obje
ts and morphisms:

Ob(C

1

� C

2

) = �nite sums of the form

M

X

i

� Y

i

; X

i

2 Ob C

1

; Y

i

2 ObC

2

;

Hom

C

1

�C

2

(

M

X

i

� Y

i

;

M

X

0

j

� Y

0

j

) =

M

i;j

Hom(X

i

; X

0

j

)
Hom(Y

i

; Y

0

j

):

One easily sees that C

1

� C

2

is again an additive 
ategory, and that for any

additive 
ategory C there is a natural bije
tion between additive fun
tors C

1

�C

2

! C

and bilinear fun
tors C

1

� C

2

! C. In a similar way, one 
an de�ne C

1

� � � �� C

n

.

More generally, for every �nite set A (not ne
essarily ordered) and a 
olle
tion of

additive 
ategories C

a

; a 2 A, we 
an de�ne �

a2A

C

a

. As usual, we will use the

notation C

�n

, C

�A

if all the C

i

are equal to C (respe
tively, all the C

a

are equal to

C). It is also 
onvenient to de�ne C

0

= C

;

= Ve


f

(k).

Using this de�nition, we see that a stru
ture of a monoidal 
ategory on an

additive 
ategory C gives rise to a 
olle
tion of fun
tors 
 : C

�n

! C, satisfying

some natural 
ompatibility 
onditions (see [De2℄). We will dis
uss this in detail

later.

1.2. Braided tensor 
ategories

In the 
ategory of ve
tor spa
es Ve
(k) we also have a 
ommutativity isomor-

phism �

VW

: V 
W

�

�!W 
 V . It is naturally 
ompatible with the isomorphisms

�, �, �, and �

2

= id. We would like to axiomatize this kind of stru
ture; however,

we want to allow that �

2

6= id, sin
e this is what happens in most interesting ex-

amples. It turns out that the simplest way to formulate the 
ompatibility axioms

is based on the so-
alled braid group.

Definition 1.2.1. A braid in n strands is an isotopy 
lass of a union of n non-

interse
ting segments of smooth 
urves (strands) in R

3

with end points f1; : : : ; ng�

f0g � f0; 1g, su
h that for ea
h of these strands the third 
oordinate z is stri
tly

in
reasing from 0 to 1 (so strands are 
onsidered as \going up").

An example of a braid is depi
ted in Figure 1.1 below. All braids form a group


alled the braid group in n strands B

n

.

Figure 1.1. A braid in 7 strands.

We multiply two braids by putting one of them on the top of the other:

b

0

b

00

=

b

0

b

00

:(1.2.1)

The unit element is the braid shown in Figure 1.2.
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Figure 1.2. The unit of B

7

.

Theorem 1.2.2 (E. Artin). The braid group B

n

has generators b

i

, i = 1; : : : ; n�

1 (see Figure 1.3) and relations (braid relations):

b

i

b

j

= b

j

b

i

; ji� jj > 1;(1.2.2)

b

i

b

i+1

b

i

= b

i+1

b

i

b

i+1

:(1.2.3)

b

i

=

i+1i

Figure 1.3. Generators of the braid group.

Proof. See, e.g., [B1, Theorem 1.8℄.

Let C be a monoidal 
ategory with fun
torial isomorphisms

�

VW

: V 
W

�

�! W 
 V(1.2.4)

for all obje
ts V;W 2 Ob C. The fun
toriality of � means that

�

V

0

W

0

(f 
 g) = (g 
 f)�

VW

(1.2.5)

for any two morphisms f : V ! V

0

and g : W !W

0

.

For given obje
ts V

1

; : : : ; V

n

in C, we 
onsider all expressions of the form

�

(V

i

1


 V

i

2

)
 (1
 V

i

3

)

�


 � � � 
 V

i

n

;(1.2.6)

obtained from V

i

1


 V

i

2


 � � � 
 V

i

n

by inserting some 1's and bra
kets, where

(i

1

; : : : ; i

n

) is a permutation of f1; : : : ; ng. To any 
omposition of �'s, �'s, �'s, �'s

and their inverses, a
ting on the element (1.2.6), we assign an element of the braid

group B

n

as follows. To �, � and � we assign 1, to �

V

i

k

V

i

k+1

the generator b

k

.

For example, both isomorphisms

(V

1


 V

2

)
 V

3

�

�! (V

2


 V

1

)
 V

3

and

(V

3


 V

2

)
 V

1

�

�! (V

2


 V

3

)
 V

1


orrespond to the element b

1

.
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More generally, to the isomorphism

(1.2.7) �

AB

: � � � 
 (V

i

a


 � � � 
 V

i

b

)
 (V

i

b+1


 � � � 
 V

i




)
 � � �

�

�! � � � 
 (V

i

b+1


 � � � 
 V

i




)
 (V

i

a


 � � � 
 V

i

b

)
 � � �


ipping two blo
ks A and B we assign the braid

b

AB

=

b+a   a+1 1 b+... 2 ... c

:

To a 
omposition of morphisms we asso
iate the produ
t of the 
orresponding

braids. In view of (1.2.1), one 
an say that \operators a
t from bottom to top".

Definition 1.2.3. A braided tensor 
ategory (BTC) C is a 
ategory with 
, 1,

�, �, �, � as above, su
h that for any two expressions X

1

, X

2

of the form (1.2.6)

and ' : X

1

�

�! X

2

obtained by 
omposing �'s, �'s, �'s, �'s and their inverses, '

depends only on its image in the braid group B

n

.

The fun
torial isomorphism � is 
alled the 
ommutativity isomorphism.

Unless stated otherwise, we will always assume that C is abelian, in whi
h 
ase

we also require that 
 is bilinear and that 1 is simple, with End(1) = k.

Remark 1.2.4. Any braided tensor 
ategory is a monoidal 
ategory.

Theorem 1.2.5 (Coheren
e Theorem). The data (C;
;1; �; �; �; �) 
onstitute

a braided tensor 
ategory i� they satisfy the following axioms:

(i) Pentagon axiom 1.1.9(i).

(ii) Triangle axiom 1.1.9(ii).

(iii) Hexagon axioms:

(a) For any V

i

2 Ob C (i = 1; 2; 3) the following diagram is 
ommutative

V

1


 (V

2


 V

3

)

�

1;23 //
(V

2


 V

3

)
 V

1

�

2;3;1

''PPPPPPPPPPPP

(V

1


 V

2

)
 V

3

�

1;2;3

77nnnnnnnnnnnn

�

1;2


id

3 ''PPPPPPPPPPPP
V

2


 (V

3


 V

1

)

(V

2


 V

1

)
 V

3

�

2;1;3

//
V

2


 (V

1


 V

3

)

id

2


�

1;3

77nnnnnnnnnnnn

(b) The same as (a) but with �

�1

instead of �.

Proof. It is easy to see that these axioms are ne
essary; for example, the

hexagon axiom 
laims equality of two isomorphisms, both 
orresponding to the
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following element of the braid group:

V V V1 2 3

We refer the reader to [Ma
℄ for the proof that these axioms are suÆ
ient.

Exer
ise 1.2.6. Show that in a BTC, the braid relation (1.2.3) gives rise to

identity of two morphisms V

1


 V

2


 V

3

�

�! V

3


 V

2


 V

1

and dedu
e this identity

from the pentagon and hexagon axioms. This identity is 
alled the Yang{Baxter

equation.

Definition 1.2.7. A braided tensor 
ategory C is 
alled a symmetri
 tensor


ategory (STC) if all isomorphisms � satisfy �

WV

�

VW

= id

V
W

.

Example 1.2.8. (i) The 
ategories of ve
tor spa
es Ve
(k) and Ve


f

(k) are

symmetri
 tensor 
ategories.

(ii) Let A be a 
o
ommutative bialgebra (i.e., a bialgebra with � = �

op

:= P�,

where P (a
 b) = b
 a). Then the 
ategory Rep(A) of A-modules is a symmetri


tensor 
ategory, with the same � as in Ve
(k) (that is, � = P ).

(iii) Let A be a quasi-triangular bialgebra, i.e., a bialgebra possessing a uni-

versal R-matrix R: an invertible element R 2 A
A satisfying

�

op

(x) = R�(x)R

�1

; x 2 A;(1.2.8)

(id
�)R = R

13

R

12

;(1.2.9)

(�
 id)R = R

13

R

23

:(1.2.10)

(Here we use the standard notation R

13

:=

P

a

i


 1 
 b

i

2 A 
 A 
 A, et
., for

R =

P

a

i


 b

i

2 A
A.)

Then, taking �

VW

= PR : V 
W

�

�! W 
 V (where P (v 
 w) = w 
 v), we

see that Rep(A) is a braided tensor 
ategory. As in Example 1.1.8(iii), the axioms

for R are in fa
t equivalent to the requirement that Rep(A) be a BTC (for details,

see, e.g., [Ka℄).

Exer
ise 1.2.9. Show that the universal R-matrix satis�es

("
 id)(R) = (id
")(R) = 1;(1.2.11)

R

12

R

13

R

23

= R

23

R

13

R

12

(1.2.12)

and interpret these identities in terms of the BTC stru
ture of Rep(A). Eq. (1.2.12)

is 
alled the quantum Yang{Baxter equation (QYBE), 
f. Exer
ise 1.2.6.

Finally, we will need a notion of fun
tors between braided tensor 
ategories whi
h

agree in a 
ertain sense with the tensor produ
t.

Definition 1.2.10. Let C

1

; C

2

be braided tensor 
ategories. A tensor fun
tor

from C

1

to C

2

is a pair (F; J), where F is a fun
tor F : C

1

! C

2

and J is a fun
torial

isomorphism

J

U;V

: F (U 
 V )

�

�! F (U)
 F (V )
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su
h that:

(i) F (�

1

) = �

2

, where �

1

; �

2

are the asso
iativity isomorphisms in C

1

; C

2

,

respe
tively, and

F (�

1

) : F ((V

1


 V

2

)
 V

3

)! F (V

1


 (V

2


 V

3

))

is 
onsidered as an operator

(F (V

1

)
 F (V

2

))
 F (V

3

)! F (V

1

)
 (F (V

2

)
 F (V

3

))

using J .

(ii) F (�

1

) = �

2

, where �

1

; �

2

are the 
ommutativity isomorphisms in C

1

; C

2

.

The notions of fun
torial isomorphisms between two tensor fun
tors and of

equivalen
e of braided tensor 
ategories are de�ned in an obvious way.

In the next two se
tions we will give two major examples of braided tensor


ategories: the 
ategory of representations of a quantum group and the Drinfeld


ategory arising from the Knizhnik{Zamolod
hikov equations.

1.3. Quantum groups

We assume that the reader is familiar with the basi
s of representation theory

of simple Lie algebras and quantum groups, so our exposition is very brief. More

detailed information 
an be found in [Hum℄ (
lassi
al theory) and in [L2℄, [CP℄,

[Jan℄ (quantum groups). Let us �rst �x the notation.

g will be a �nite dimensional simple Lie algebra over C ,

h|its Cartan subalgebra,

� � h

�

|the root system,

� = f�

1

; : : : ; �

r

g � �|the set of simple roots,

h

i

= �

_

i

2 h|the dual roots (
oroots),

A = (a

ij

)

1�i;j�r

|the Cartan matrix, a

ij

= (�

_

i

; �

j

),

P � h

�

|the weight latti
e,

P

+

� P|the 
one of dominant integer weights,

Q � h

�

|the root latti
e,

Q

_

� h|the dual root latti
e (
oroot latti
e).

Let hh�; �ii be an invariant bilinear form on g normalized by hh�; �ii = 2 for short

roots �. Then d

i

:= hh�

i

; �

i

ii=2 2 Z

+

for all i = 1; : : : ; r.

Finally, C

q

will be the �eld C (q

1=jP=Qj

) where q is a formal variable.

Definition 1.3.1. The quantum group U

q

(g) is the asso
iative algebra over C

q

with generators e

i

, f

i

(i = 1; : : : ; r), q

h

(h 2 Q

_

) and relations

q

h

0

q

h

00

= q

h

0

+h

00

; q

0

= 1; h

0

; h

00

2 Q

_

;(1.3.1)

q

h

e

i

q

�h

= q

(h;�

i

)

e

i

; q

h

f

i

q

�h

= q

�(h;�

i

)

f

i

;(1.3.2)

[e

i

; f

j

℄ = Æ

ij

q

d

i

h

i

� q

�d

i

h

i

q

d

i

� q

�d

i

;(1.3.3)
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and the Serre relations

1�a

ij

X

k=0

(�1)

k

�

1� a

ij

k

�

i

e

1�a

ij

�k

i

e

j

e

k

i

= 0; i 6= j;(1.3.4)

1�a

ij

X

k=0

(�1)

k

�

1� a

ij

k

�

i

f

1�a

ij

�k

i

f

j

f

k

i

= 0; i 6= j;(1.3.5)

where

�

n

k

�

i

:=

[n℄

i

!

[k℄

i

! [n� k℄

i

!

; [n℄

i

! := [1℄

i

[2℄

i

� � � [n℄

i

; [n℄

i

:=

q

d

i

n

� q

�d

i

n

q

d

i

� q

�d

i

:(1.3.6)

U

q

(g) has the following Hopf algebra stru
ture:


omultipli
ation

�(q

h

) = q

h


 q

h

;(1.3.7)

�(e

i

) = e

i


 q

d

i

h

i

+ 1
 e

i

;(1.3.8)

�(f

i

) = f

i


 1 + q

�d

i

h

i


 f

i

;(1.3.9)


ounit

"(q

h

) = 1; "(e

i

) = "(f

i

) = 0;(1.3.10)

and antipode


(q

h

) = q

�h

; 
(e

i

) = �e

i

q

�d

i

h

i

; 
(f

i

) = �q

d

i

h

i

f

i

:(1.3.11)

It also has a quasi-triangular stru
ture: an invertible element R in a 
ertain 
om-

pleted tensor produ
t U

q

(g)

b


U

q

(g) satisfying (1.2.8{1.2.10). R has the form

R = q

P

x

i


x

i

(1 + � � � );(1.3.12)

where fx

i

g and fx

i

g are dual bases in h with respe
t to hh�; �ii and the terms in

the bra
kets belong to U

q

(g)

+


 U

q

(g)

�

. Here U

q

(g)

+

(respe
tively U

q

(g)

�

) is the

subalgebra of U

q

(g) generated by the elements q

h

, e

i

(respe
tively q

h

, f

i

).

Let C(g) be the 
ategory of �nite dimensional representations of U

q

(g) over C

q

whi
h have a weight de
omposition:

V =

M

�2P

V

�

; q

h

j

V

� = q

(h;�)

id

V

� :(1.3.13)

Then C(g) is a braided tensor 
ategory with the usual 
, 1 = C

q

, �, �, � | the

same as in the 
ategory of ve
tor spa
es, and

�

VW

= PR

VW

: V 
W

�

�!W 
 V:(1.3.14)

This is a well-de�ned operator even though R lies in a 
ompletion of U

q

(g)
U

q

(g),

i.e., the sum in (1.3.12) be
omes �nite when applied to any ve
tor from V 
W .

The 
ategory C(g) is semi`simple with the same simple obje
ts as Rep

f

(g), i.e.,

V

�

(� 2 P

+

), and moreover,

V

�


 V

�

=

X

�2P

+

N

�

��

V

�

(1.3.15)
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with the same multipli
itiesN

�

��

as inRep

f

(g) [L1℄. However, C(g) is not equivalent

to Rep

f

(g) as a BTC (or even as a monoidal 
ategory|see Remark 1.3.3 below).

There is a version of C(g) (due to Lusztig [L2℄) in whi
h we allow q to be a


omplex number instead of a formal variable. Let A = Z[q

�1=jP=Qj

℄ and U

q

(g)

Z

be

the A-subalgebra of U

q

(g) generated by the elements

e

(n)

i

=

e

n

i

[n℄

i

!

; f

(n)

i

=

f

n

i

[n℄

i

!

; q

h

; n = 1; 2; : : : ; i = 1; : : : ; r; h 2 Q

_

:(1.3.16)

Fix { 2 C

�

and 
onsider C as an A-module via the homomorphism

A ! C ; q

a

7! e

a�i=m{

where

m := max d

i

=

hh�; �ii

2

for a long root �:(1.3.17)

Note that m = 1 when the Lie algebra g is simply-la
ed.

Now we de�ne

U

q

(g)j

q=e

�i=m{

:= U

q

(g)

Z




A

C :(1.3.18)

The quasi-triangular Hopf algebra stru
ture of U

q

(g) 
an be de�ned for U

q

(g)

Z

and

hen
e for all algebras U

q

(g)j

q=e

�i=m{

[L2℄. Thus, we 
an de�ne a braided tensor 
at-

egory C(g;{)|the 
ategory of �nite dimensional representations of U

q

(g)j

q=e

�i=m{

over C possessing a weight de
omposition. Note that there is a subtlety in de�n-

ing the notion of weight de
omposition for { 2 Q; we will dis
uss it in detail in

Se
tion 3.3.

Theorem 1.3.2 (Lusztig [L2℄). If { 62 Q then the 
ategory C(g;{) is semi-

simple with the same simple obje
ts and multipli
ities N

�

��

(1.3.15) as Rep

f

(g).

Remark 1.3.3. C(g;{) is not equivalent to Rep

f

(g) as a monoidal 
ategory.

In fa
t, for g = sl

n

, { 62 Q, the 
ategories C(g;{) and C(g;{

0

) are equivalent as

monoidal 
ategories i� { = �{

0

. (See [KW℄.)

1.4. Drinfeld 
ategory

In this se
tion we use the same notation as in the previous one. Let h�; �i be an

invariant bilinear form on g normalized by h�; �i = 2 for long roots �. De�ne the

element


 :=

X

a

i


 a

i

2 U(g)
 U(g);(1.4.1)

where fa

i

g and fa

i

g are dual bases in g with respe
t to h�; �i. Re
all that the

universal enveloping algebra U(g) of g has a 
omultipli
ation determined by

�(x) := x
 1 + 1
 x 2 U(g)
 U(g); x 2 g:(1.4.2)

Lemma 1.4.1. (i) [�(x);
℄ = 0 for all x 2 g.

(ii) (1
�)
 = 


12

+


13

in U(g)


3

, where 


12

=

P

a

i


a

i


1, et
., as before.

(iii) For any V;W 2 Rep

f

(g), 
 is diagonalizable on V 
W . If V

�

� V

�


 V

�

(�; �; � 2 P

+

), then 
 a
ts on V

�

as the 
onstant

1

2

�

h�; � + 2�i � h�; � + 2�i � h�; �+ 2�i

�

:(1.4.3)
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Proof. Part (i) is a standard exer
ise; (ii) is obvious; (iii) follows from the

identity 
 =

1

2

(�(D) �D 
 1� 1
D), where

D =

X

a

i

a

i

(1.4.4)

is the Casimir element. Details 
an be found, for example, in [Hum℄.

Consider the Knizhnik{Zamolod
hikov equation

{

d

dt

f(t) =

�




12

t

+




23

t� 1

�

f(t)(KZ

0

3

)

for a fun
tion f : (0; 1)! V

1


V

2


V

3

, V

i

2 Rep

f

(g). The equation (KZ

0

3

) has two

singular points: t = 0 and t = 1, both of them regular.

Definition 1.4.2. Let v 2 V

1


V

2


V

3

be an eigenve
tor of 


12

, i.e., 


12

v = �v,

� 2 C . We say that a solution f(t) of (KZ

0

3

) is an asymptoti
 solution around 0


orresponding to v, and write f(t) � t

�={

v, if

f(t) = t

�={

(v + r(t))(1.4.5)

for some ve
tor valued fun
tion r(t) analyti
 in a neighborhood of 0 and vanishing

at t = 0.

Lemma 1.4.3. If { 62 Q then for every eigenve
tor v 2 V

1


 V

2


 V

3

of 


12

,

there exists a unique asymptoti
 solution of (KZ

0

3

) around 0 
orresponding to v.

Extended by linearity, this 
orresponden
e gives an isomorphism

�

0

: �(V

1

; V

2

; V

3

)! V

1


 V

2


 V

3

;(1.4.6)

where �(V

1

; V

2

; V

3

) is the spa
e of solutions of (KZ

0

3

) on the interval (0; 1).

Proof. Follows from the standard results on asymptoti
s of solutions of or-

dinary di�erential equations (see, e.g., [CL, Chapter 4℄) and the fa
t that 


12

is

diagonalizable and eigenvalues of 


12

={ 
an not di�er by a non-zero integer. The

latter statement follows from Lemma 1.4.1(iii) and the irrationality of {.

Remark 1.4.4. The assumption { 62 Q is essential, the map �

0

may have poles

for rational values of {.

Similarly, we 
an de�ne the notion of an asymptoti
 solution of (KZ

0

3

) around

1 and get an isomorphism

�

1

: �(V

1

; V

2

; V

3

)! V

1


 V

2


 V

3

:(1.4.7)

Note that it easily follows from Lemma 1.4.1(i) that �(V

1

; V

2

; V

3

) is a g-module,

and that �

0

; �

1

are morphisms of g-modules.

Theorem 1.4.5 (Drinfeld [Dr1℄). Let D(g;{) for { 62 Q be the 
ategory of all

�nite dimensional representations of g over C with the usual 
, 1 = C , � and �,

but with

�

V

1

V

2

V

3

= �

1

�

�1

0

: (V

1


 V

2

)
 V

3

! V

1


 (V

2


 V

3

)(1.4.8)

and

�

V

1

V

2

= Pe

�i
={

: V

1


 V

2

! V

2


 V

1

:(1.4.9)

Then D(g;{) is a braided tensor 
ategory.
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The proof of this theorem will be sket
hed below. The asso
iativity morphism �

(1.4.8) is 
alled the Drinfeld asso
iator . The following theorem relates the Drinfeld


ategoryD(g;{) with the 
ategory of representations of quantum group, 
onsidered

in the previous se
tion.

Theorem 1.4.6 (Drinfeld, Kazhdan{Lusztig). For { =2 Q, the 
ategories D(g;{)

and C(g;{) are equivalnet as braided tensor 
ategories.

The proof of this theorem is extremely diÆ
ult. It was proved by Drinfeld

([Dr1℄, [Dr4℄) over the ring of formal power series in 1={ (whi
h 
orresponds to

the in�nitesimal neighborhood of the point q = 1). Kazhdan and Lusztig in their

series of papers [KL℄ proved that for simply-la
ed Lie algebras this theorem holds for

numeri
 values of { provided that { 62 Q

+

. Note that for { 2 Q

�

, our de�nition of

the 
ategory D(g;{) does not work; Kazhdan and Lusztig use a di�erent de�nition,

based on representation theory of aÆne Lie algebras, whi
h works for all { 6= 0,

and whi
h 
oin
ides with our de�nition for { 62 Q. Finally, the 
ase of non-simply

la
ed Lie algebras was treated by Lusztig in [L3℄.

Let us explain why Drinfeld's 
ategory D(g;{) is indeed a BTC, and why the

equation (KZ

0

3

) is so spe
ial. To do so, we will need to introdu
e more general

Knizhnik{Zamolod
hikov equations

{

�

�z

i

f =

�

X

j 6=i




ij

z

i

� z

j

�

f; 1 � i � n;(KZ

n

)

for a fun
tion f(z

1

; : : : ; z

n

) with values in V

1


 � � � 
 V

n

, V

i

2 Rep

f

(g).

Lemma 1.4.7. The KZ equations are 
ompatible. In other words, this system of

equations de�nes a 
at 
onne
tion: lo
ally, every v 2 V

1


 � � � 
V

n


an be extended

uniquely to a solution.

Proof. We have to 
he
k that:

h

{

�

�z

i

�

X

j 6=i




ij

z

i

� z

j

; {

�

�z

k

�

X

j 6=k




kj

z

k

� z

j

i

= 0:

This is veri�ed by an expli
it 
al
ulation, based on the identity [


12

+


13

;


23

℄ = 0,

whi
h easily follows from Lemma 1.4.1 (i), (ii).

Knizhnik{Zamolod
hikov equations were introdu
ed in [KZ℄ in the study of

Wess{Zumino{Witten model of Conformal Field Theory. These equations also play

important role in representation theory of aÆne Lie algebras and have been studied

in many papers (see [EFK℄ and referen
es therein). We will return to these equa-

tions later when we dis
uss the relations between tensor 
ategories and modular

fun
tors.

Here is another argument whi
h explains why these equations are so important.

Suppose we want to write a system of di�erential equations of the form

�

�z

i

f =

�

X

j 6=i

r

ij

(z

i

; z

j

)

�

f;(1.4.10)

where f takes values in the tensor produ
t V

1


 � � � 
 V

n

and r

ij

(z

i

; z

j

) a
ts on

V

i


 V

j

. Moreover, let us assume that V

i

are representations of g and that we have

some fun
tion r(z; w) 2 g 
 g su
h that r

ij

(z

i

; z

j

) is just the a
tion of r(z

i

; z

j

) in

V

i


 V

j

. All su
h r(z; w) giving a 
at 
onne
tion were determined by Belavin and
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Drinfeld [BD℄. In parti
ular, they showed that up to 
ertain equivalen
es, all non-

degenerate r(z; w) whi
h give a 
ompatible system of di�erential equations (1.4.10)

are of the form

r(z; w) =




z � w

+ regular:

Therefore, in a sense, (KZ

n

) is the simplest 
ompatible system of the form (1.4.10).

Remark 1.4.8. Let f be a solution of (KZ

n

). Then it is easy to see that:

(i) (

P

n

i=1

�=�z

i

)f = 0, hen
e f is translation invariant: f(z

1

+ 
; : : : ; z

n

+ 
) =

f(z

1

; : : : ; z

n

) for all 
 2 C .

(ii) {(

P

n

i=1

z

i

(�=�z

i

))f = (

P

i<j




ij

)f and the operator

P

i<j




ij


ommutes

with all 


ij

. Therefore, f(
z

1

; : : : ; 
z

n

) = 


{

�1

P




ij

f(z

1

; : : : ; z

n

).

This remark shows that (KZ

n

) 
an be redu
ed to an equation in n�2 variables.

For example, when n = 3, setting z

1

= 0, z

2

= t, z

3

= 1, we see that (KZ

3

) redu
es

to (KZ

0

3

).

Now, let us return to explaining why the 
ategory D(g;{) is a BTC. We will

try to 
onvey the main idea, referring the reader to the original papers of Drinfeld

for the formal proof (whi
h is not diÆ
ult).

Let V

1

; : : : ; V

n

be �nite-dimensional representations of g. De�ne

�(V

1

; V

2

; : : : ; V

n

) = fspa
e of solutions of the equations (KZ

n

) on �

n

g;

�

n

= f(z

1

; � � � ; z

n

) 2 R

n

j z

1

< � � � < z

n

g:

(1.4.11)

As before, we note that �(V

1

; V

2

; : : : ; V

n

) is a g-module, and that for every point

z

0

= (z

0

1

; : : : ; z

0

n

) 2 �

n

, the map f 7! f(z

0

) gives an isomorphism �(V

1

; V

2

; : : : ; V

n

)!

V

1


 � � � 
 V

n

.

Our next goal is to de�ne an analogue of the morphisms �

0

; �

1

, 
orresponding

to taking asymptoti
s of a solution. Unlike the 
ase n = 3, when our system 
an

be redu
ed to an ODE with two regular singularities, for general n we have more


hoi
es.

Let X be any bra
ket arrangement in the tensor produ
t V

1


 � � � 
 V

n

, e.g.,

X = (V

1


 V

2

) 
 (V

3


 V

4

). As was dis
ussed in the proof of Theorem 1.1.4,

su
h expressions are in bije
tion with binary trees. For ea
h su
h X , we de�ne an

isomorphism

�

X

: �(V

1

; V

2

; : : : ; V

n

)! V

1


 � � � 
 V

n

(1.4.12)

as follows. First, we 
hoose a 
urve


 : (0; 1)! fz = (z

1

; : : : ; z

n

) 2 R

n

jz

1

< � � � < z

n

g

su
h that as t! 0, we have z

i

(t)� z

j

(t) � t

d�d

ij

, where

d

ij

= depth of the minimal subtree in X 
ontaining both V

i

and V

j

,

d = max d

ij

= depth of X:

In other words, the 
loser are V

i

and V

j

in the tree, the faster z

i

�z

j

approa
hes zero.

For example, forX = (V

1


V

2

)
(V

3


V

4

), we 
an take the 
urve 
(t) = (0; t; 1; 1+t).

For X = ((V

1


 V

2

)
 V

3

)
 V

4

, we 
an take 
(t) = (0; t

2

; t; 1).

Now, let us restri
t the system of equations (KZ

n

) to this 
urve, i.e., rewrite

them in terms of the variable t. We 
laim that this gives an ODE with a regular

singularity at t = 0; thus, we 
an de�ne an isomorphism �

X

as the operation of

taking asymptoti
s as t! 0, similarly to Lemma 1.4.3. Moreover, this isomorphism
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does not depend on the 
hoi
e of the 
urve as long as it satis�es the 
onditions

formulated above. Details 
an be found in [EFK, Le
ture 8℄.

Exer
ise 1.4.9. Prove that for n = 3; X = (V

1


 V

2

) 
 V

3

, the morphism �

X


oin
ides with the morphism �

0

de�ned in Lemma 1.4.3, and for X = V

1


(V

2


V

3

),

�

X


oin
ides with �

1

.

Now we are ready to prove the pentagon axiom 1.1.9(i). Let us 
onsider the

following diagram:

((V

1


 V

2

)
 V

3

)
 V

4

**UUUUUUUUUUUUUUUU

ttiiiiiiiiiiiiiiii

(V

1


 (V

2


 V

3

))
 V

4

��

�(V

1

; V

2

; V

3

; V

4

)

//oo

OO

**UUUUUUUUUUUUUUUU

ttiiiiiiiiiiiiiiii
(V

1


 V

2

)
 (V

3


 V

4

)

��
V

1


 ((V

2


 V

3

)
 V

4

)

//
V

1


 (V

2


 (V

3


 V

4

))

(1.4.13)

where the arrows forming the outer sides of the pentagon are the same as in the

pentagon axiom, with the asso
iativity given by the Drinfeld asso
iator (1.4.8), and

the arrows originating at �(V

1

; V

2

; V

3

; V

4

) are the morphisms �

X

de�ned above.

Lemma 1.4.10. Ea
h of the �ve triangles forming the diagram above is 
om-

mutative.

Obviously, this lemma immediately implies that the Drinfeld asso
iator satis�es

the pentagon axiom. Let us prove, for example, that the following triangle is


ommutative:

�(V

1

; V

2

; V

3

; V

4

)

((PPPPPPPPPPPP

vvnnnnnnnnnnnn

((V

1


 V

2

)
 V

3

)
 V

4

//
(V

1


 V

2

)
 (V

3


 V

4

)

:(1.4.14)

Commutativity of this triangle is equivalent to saying that the map

�

Y

�

�1

X

: X = ((V

1


 V

2

)
 V

3

)
 V

4

! Y = (V

1


 V

2

)
 (V

3


 V

4

);

obtained from 
omparing asymptoti
s of the KZ equations in 4 variables, 
oin
ides

with the map

�

Y

0

�

�1

X

0

: X

0

= (V

0

1


 V

3

)
 V

4

! Y

0

= V

0

1


 (V

3


 V

4

);

obtained from the KZ equations in 3 variables, with V

0

1

= V

1


 V

2

.

Let us make two observations. First, the maps

�

X

: �(V

1

; V

2

; V

3

; V

4

)! ((V

1


 V

2

)
 V

3

)
 V

4

;

�

Y

: �(V

1

; V

2

; V

3

; V

4

)! (V

1


 V

2

)
 (V

3


 V

4

)

are determined only by the behavior of the solutions for jz

1

� z

2

j � jz

1

� z

3

j,

jz

1

� z

2

j � jz

1

� z

4

j. More formally, let us de�ne

D

"

= f(z

1

; : : : ; z

4

) 2 R

4

jz

1

< � � � < z

4

; jz

1

� z

2

j < "jz

1

� z

3

j; jz

1

� z

2

j < "jz

1

� z

4

jg:
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Then for every " > 0, the 
urves 
(t) used in the de�nition of the operators �

X

; �

Y

satisfy 
(t) 2 D

"

for t small enough.

Se
ond, let us 
onsider the following system of equations:

{

�

�z

1

f =

�




12

z

1

� z

2

+




13

w

2

� z

3

+




14

w

2

� z

4

�

f;

{

�

�z

2

f =

�




12

z

2

� z

1

+




23

w

2

� z

3

+




24

w

2

� z

4

�

f;

{

�

�z

3

f =

�




13

z

3

� w

2

+




23

z

3

� w

2

+




34

z

3

� z

4

�

f;

{

�

�z

4

f =

�




14

z

4

� w

2

+




24

z

4

� w

2

+




34

z

4

� z

3

�

f;

(KZ

0

4

)

where w

2

:= (z

1

+ z

2

)=2. The only di�eren
e between these equations and the

equations (KZ

4

) is that in the right hand side we have repla
ed everywhere z

1

and

z

2

with w

2

, ex
ept in the terms 


12

=(z

1

�z

2

) and 


12

=(z

2

�z

1

). One 
an show that

this is still a 
ompatible system of equations. Moreover, sin
e|as was mentioned

before|asymptoti
s only depend on the behavior of solutions for jz

1

� z

2

j � jz

1

�

z

3

j, jz

1

� z

2

j � jz

1

� z

4

j, this repla
ement does not 
hange the asymptoti
s: the

operator �

Y

�

�1

X

de�ned from the equations (KZ

0

4

) 
oin
ides with that obtained

from (KZ

4

). (Of 
ourse, this requires a rigorous proof whi
h is not too diÆ
ult.)

Let w

1

= (z

1

� z

2

)=2, w

2

= (z

1

+ z

2

)=2, then

�

�w

1

=

�

�z

1

�

�

�z

2

and

�

�w

2

=

�

�z

1

+

�

�z

2

. The system (KZ

0

4

) is equivalent to the following system of equations:

{

�

�w

1

f = 2




12

w

1

f +

�




13

� 


23

w

2

� z

3

+




14

� 


24

w

2

� z

4

�

f;

and

{

�

�w

2

f =

�




13

+


23

w

2

� z

3

+




14

+


24

w

2

� z

4

�

f;

{

�

�z

3

f =

�




13

+


23

z

3

� w

2

+




34

z

3

� z

4

�

f;

{

�

�z

4

f =

�




14

+


24

z

4

� w

2

+




34

z

4

� z

3

�

f:

Let us 
all (KZ

00

4

) the system obtained from this one by dis
arding the last term

in the �rst equation. Again, this does not 
hange the asymptoti
s for jz

1

� z

2

j �

jz

1

� z

3

j, jz

1

� z

2

j � jz

1

� z

4

j. Then the �rst equation be
omes

{

�

�w

1

f = 2




12

w

1

f

whi
h is equivalent to the KZ system in 2 variables. Noting that 


13

+ 


23

=




V

1


V

2

;V

3

, we see that this system 
an be written as a sum of two systems of

equations:

KZ

00

4

(V

1

; V

2

; V

3

; V

4

) = KZ

2

(V

1

; V

2

)
 id+KZ

3

(V

1


 V

2

; V

3

; V

4

):(1.4.15)

Moreover, by virtue of Lemma 1.4.1(i), the right-hand sides of these two systems

of equations 
ommute. It is not diÆ
ult to show from this that the operators

�

Y

�

�1

X

de�ned from the equations KZ

00

4

(V

1

; V

2

; V

3

; V

4

) 
oin
ide with those de�ned

from the equations KZ

3

(V

1


 V

2

; V

3

; V

4

). This proves that the triangle (1.4.14) is



1.4. DRINFELD CATEGORY 27


ommutative. In a similar way, one proves 
ommutativity of all the other triangles

in (1.4.13) and thus, proves the lemma.

It is 
lear that the 
ru
ial step in the above arguments was that the KZ equa-

tions have 
ertain ni
e \fa
torization" properties, like (1.4.15). The seeming infor-

mality and awkwardness of these arguments 
an be avoided if we use the appropri-

ate language|namely, of lo
al systems with regular singularities on the appropriate

moduli spa
es|whi
h we will do later (see Se
tion 6.5).

Finally, we leave it to the reader to prove the unit and hexagon axioms. The

proofs are easy on
e you noti
e that the Drinfeld's asso
iator is trivial if one of

the representations V

1

; V

2

; V

3

is equal to C , and that the 
ommutativity 
onstraint

(1.4.9) relates the asymptoti
s of a solution of the KZ equations in 2 variables in

the zone z

1

< z

2

and its analyti
 
ontinuation to the zone z

2

< z

1

via the upper

half-plane.



28 1. BRAIDED TENSOR CATEGORIES



CHAPTER 2

Ribbon Categories

In this 
hapter, we 
ontinue the study of the theory of tensor 
ategories. We

de�ne the notion of ribbon 
ategory (in other terminology, rigid balan
ed braided

tensor 
ategory) as a 
ategory in whi
h every obje
t has a dual satisfying some

natural properties and there are fun
torial isomorphisms V

��

' V 
ompatible with

the tensor produ
t. We develop the \graphi
 
al
ulus", allowing one to present

morphisms in a ribbon 
ategory by ribbon (framed) tangles. In parti
ular, this

shows that every ribbon 
ategory gives rise to invariants of links (Reshetikhin{

Turaev invariants). We also show that both examples of Chapter 1 | that is, the


ategories C(g) and D(g;{) | are ribbon.

2.1. Rigid monoidal 
ategories

Now we will dis
uss the notion of duality in a tensor 
ategory. To motivate

the de�nitions, let us 
onsider again the 
ategory Ve


f

(k) of �nite dimensional

ve
tor spa
es over a �eld k. For ea
h V 2 ObVe


f

(k), there is a dual ve
tor spa
e

V

�

2 ObVe


f

(k) and natural morphisms

e

V

: V

�


 V ! k;(2.1.1)

i

V

: k ! V 
 V

�

:(2.1.2)

Here e

V

is the evaluation map and i

V

(1) :=

P

v

i


v

i

where fv

i

g and fv

i

g are dual

bases in V and V

�

, i.e., i

V

(1) 
orresponds to id

V

via the isomorphism V 
 V

�

'

End

k

(V ).

Definition 2.1.1. Let C be a monoidal 
ategory and V be an obje
t in C. A

right dual to V is an obje
t V

�

with two morphisms

e

V

: V

�


 V ! 1;(2.1.3)

i

V

: 1! V 
 V

�

;(2.1.4)

su
h that the 
omposition

V

i

V


id

V

�����! V 
 V

�


 V

id

V


e

V

�����! V(2.1.5)

is equal to id

V

, and the 
omposition

V

�

id

V

� 
i

V

������! V

�


 V 
 V

�

e

V


id

V

�

������! V

�

(2.1.6)

is equal to id

V

�

.

The properties (2.1.5) and (2.1.6) are 
alled the rigidity axioms .

As mentioned before, we skip the 
anoni
al asso
iativity and unit isomorphisms

in our formulas. Otherwise, we would have to write the �rst map in (2.1.5) as

29



30 2. RIBBON CATEGORIES

follows:

V

�

�1

V

��! 1
 V

i

V


id

V

�����! (V 
 V

�

)
 V

�

�! V 
 (V

�


 V ):

Similarly to 2.1.1, we 
an de�ne a left dual of an obje
t V to be an obje
t

�

V

with morphisms

e

0

V

: V 


�

V ! 1;(2.1.7)

i

0

V

: 1!

�

V 
 V(2.1.8)

and similar axioms.

Definition 2.1.2. A monoidal 
ategory C is 
alled rigid if every obje
t in C

has right and left duals.

Example 2.1.3. As we already dis
ussed, the 
ategory of �nite dimensional

ve
tor spa
es Ve


f

(k) has duals satisfying the rigidity axioms. For example, (2.1.5)

is equivalent to the well-known identity

X

i

v

i

(v

i

; v) = v; v 2 V:(2.1.9)

Example 2.1.4. Let A be a Hopf algebra over a �eld k, i.e., a bialgebra A with

an algebra anti-isomorphism 
 : A! A, 
alled the antipode, satisfying

�(id

)� = " = �(
 
 id)�;(2.1.10)

where � : A
A! A is the multipli
ation.

Let C = Rep

f

(A) be the 
ategory of �nite dimensional representations of A. It

is a monoidal 
ategory (see Exer
ise 1.1.8(iii)). For an obje
t V we de�ne its dual

V

�

to be the dual ve
tor spa
e with the following a
tion of A:

(av

�

; v) := (v

�

; 
(a)v)(2.1.11)

for a 2 A, v

�

2 V

�

, v 2 V . Then the 
anoni
al maps of ve
tor spa
es k ! V 
 V

�

and V

�


 V ! k are morphisms of A-modules, and thus, C is a rigid monoidal


ategory.

Lemma 2.1.5. If it exists, the right dual is unique up to a unique isomorphism


ompatible with e and i, i.e., for any two duals (V

�

(1)

; e

(1)

; i

(1)

) and (V

�

(2)

; e

(2)

; i

(2)

) of

an obje
t V , there is a unique isomorphism ' : V

�

(1)

�

�! V

�

(2)

su
h that the diagrams

V

�

(1)


 V

'
id

V //

e

(1)

!!C
CC

CC
CC

C
V

�

(2)


 V

e

(2)

}}{{
{{

{{
{{

1

V 
 V

�

(1)

id

V


' //
V 
 V

�

(2)

1

i

(1)

aaCCCCCCCC i

(2)

=={{{{{{{{

are 
ommutative.

Proof. Take ' to be the 
omposition

V

�

(1)

id
i

(2)

����! V

�

(1)


 V 
 V

�

(2)

e

(1)


id

����! V

�

(2)

:

The rest of the proof is left as an exer
ise.

Note that if V

�

and

�

V exist, then there are 
anoni
al isomorphisms

V =

�

(V

�

) = (

�

V )

�

:(2.1.12)
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Lemma 2.1.6. Suppose that V has a dual V

�

. Then there exist 
anoni
al iso-

morphisms

Hom(U 
 V;W ) = Hom(U;W 
 V

�

);(2.1.13)

Hom(U; V 
W ) = Hom(V

�


 U;W ):(2.1.14)

Proof. To  2 Hom(U 
 V;W ) we asso
iate the 
omposition

U

id
i

V

����! U 
 V 
 V

�

 
id

���! W 
 V

�

whi
h is an element of Hom(U;W 
 V

�

).

Similarly, to ' 2 Hom(U;W 
 V

�

) we assign

U 
 V

'
id

���!W 
 V

�


 V

id
e

V

����!W:

One 
an easily 
he
k that these two maps are inverse to ea
h other, establishing

(2.1.13). The proof of (2.1.14) is similar.

In parti
ular, if both U and V have duals, then by Lemma 2.1.6

Hom(U; V ) = Hom(V

�

; U

�

) = Hom(1; V 
 U

�

):(2.1.15)

(In the language of abstra
t nonsense, this means that the 
ategory C has internal

Hom's when it has duals.) For f 2 Hom(U; V ) its image in Hom(V

�

; U

�

) via the

isomorphism (2.1.15) will be denoted by f

�

.

If the right dual � exists for all obje
ts in C, then by (2.1.15) it is a 
ontravariant

fun
tor, i.e., a fun
tor C ! C

op

where C

op

is the opposite (or dual) 
ategory to C.

(Re
all that C

op

has the same obje
ts as C but with all arrows reversed.)

Exer
ise 2.1.7. Show that, in a rigid 
ategory, � is an equivalen
e of 
ategories

C ! C

op

.

Rigidity is a very restri
tive requirement. As an illustration, let us prove the

following proposition.

Proposition 2.1.8. In an abelian rigid monoidal 
ategory the tensor produ
t

fun
tor 
 is exa
t, i.e., for any short exa
t sequen
e 0 ! U ! V ! W ! 0 and

an obje
t X, the sequen
es

0! U 
X ! V 
X !W 
X ! 0

and

0! X 
 U ! X 
 V ! X 
W ! 0

are exa
t.

Proof. The sequen
e

0! U 
X ! V 
X !W 
X

is exa
t i�

0! Hom(Y; U 
X)! Hom(Y; V 
X)! Hom(Y;W 
X)

is exa
t for any obje
t Y . But by (2.1.12, 2.1.13), Hom(Y; U 
 X) = Hom(Y 


�

X;U). Sin
e the fun
tor Hom(Y;�) is left exa
t, it follows that � 
 X is left

exa
t. Using Exer
ise 2.1.7 (or repeating the same argument with duals), we see

that it is also right exa
t.
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Definition 2.1.9. For an abelian 
ategory C, its Grothendie
k group K(C) is

the quotient of the free abelian group on the set of all isomorphism 
lasses of

obje
ts in C modulo the relations hV i = hUi + hW i for any short exa
t sequen
e

0 ! U ! V ! W ! 0. Here hUi denotes the isomorphism 
lass of U . When the


ategory C is rigid monoidal we 
an make K(C) a ring|the Grothendie
k ring of

C|by de�ning hUihV i = hU 
 V i. Note that we need the exa
tness of 
 in order

that this be well-de�ned.

Obviously, K(C) is an asso
iative ring with unit; if in addition C is braided,

then K(C) is 
ommutative.

Example 2.1.10. Let C = Rep

f

(sl

2

) be the 
ategory of �nite dimensional rep-

resentations of sl

2

over C . It is well-known that every obje
t in C is a dire
t sum of

simple ones and the simple obje
ts are 
lassi�ed by their dimension: for any n 2 Z

+

there is a unique up to isomorphism irredu
ible sl

2

-module V

n

of dimension n+ 1.

Therefore the Grothendie
k group of C is

K(C) =

1

M

n=0

Z hV

n

i:(2.1.16)

The ring stru
ture is also well-known:

hV

m

ihV

n

i =

X

k

N

k

mn

hV

k

i;(2.1.17)

where

N

k

mn

=

(

1 for jm� nj � k � m+ n; k +m+ n 2 2Z;

0 otherwise:

(2.1.18)

Here is a di�erent des
ription of K(C). De�ne the map

K(C)! Z[x; x

�1

℄

S

2

= ff(x) 2 Z[x; x

�1

℄ j f(x) = f(x

�1

)g(2.1.19)

by

V 7! tr

V

x

h

for V 2 ObC; h =

�

1 0

0 �1

�

2 sl

2

:(2.1.20)

Then it is easy to see that this map is an isomorphism.

As we dis
ussed before, the 
ategory C(sl

2

;{) of representations of the quantum

group U

q

(sl

2

) with q = e

�i={

;{ 62 Q, has the same Grothendie
k ring.

Let again C be a rigid monoidal 
ategory. One may ask whether the duality is


ompatible with the monoidal stru
ture (
;1; �; �; �). It turns out that this is true

without imposing further restri
tions.

Lemma 2.1.11. Let C be a rigid monoidal 
ategory. Then:

(i) 1

�

= 1 =

�

1.

(ii) (V 
W )

�

=W

�


 V

�

.

(iii) (�

V

1

V

2

V

3

)

�

= �

V

�

3

V

�

2

V

�

1

.

If C is a BTC then, in addition, we have:

(iv) (�

VW

)

�

= �

V

�

W

�

.

(v) e

V
W

= (e

V


 e

W

)(�

W

�

;V

�


V


 id), and the same with �

�1

instead of �.

(vi) i

V
W

= (id
�

V

�

;W
W

�

)(i

V


 i

W

), and the same with �

�1

instead of �.

(In the statements (i), (ii) equality means existen
e of a unique isomorphism; these

isomorphisms are used in (iii){(vi).)
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Proof. (i) and (ii) are obvious sin
e the dual is unique up to a unique iso-

morphism. The statements (iii){(vi) are also easy, but we �nd it more instru
tive

to give their proof in Se
tion 2.3 using the pi
torial te
hnique developed there.

2.2. Ribbon 
ategories

In our basi
 example|the 
ategory of �nite dimensional k-ve
tor spa
es|we

also have fun
torial isomorphisms

Æ

V

: V

�

�! V

��

(2.2.1)

with the properties:

Æ

V
W

= Æ

V


 Æ

W

;(2.2.2)

Æ

1

= id;(2.2.3)

Æ

V

�

= (Æ

�

V

)

�1

;(2.2.4)

where for f 2 Hom(U; V ), f

�

2 Hom(V

�

; U

�

) is de�ned by (2.1.15).

The existen
e of su
h isomorphisms Æ does not follow from the other axioms of

a rigid BTC. Let us introdu
e the last formal de�nition of this 
hapter.

Definition 2.2.1. A ribbon 
ategory is a rigid braided tensor 
ategory with

fun
torial isomorphisms (2.2.1) satisfying (2.2.2|2.2.4) for all obje
ts V and W .

As before, unless otherwise spe
i�ed we assume that C is abelian, 
 is bilinear,

1 is simple and End(1) = k.

The term \ribbon", introdu
ed by Reshetikhin and Turaev [RT1℄, will be ex-

plained later. Ribbon BTCs are also 
alled \tortile 
ategories" [JS℄ or \balan
ed

rigid braided tensor 
ategories". The word \balan
ing" will be explained below.

Note that in any rigid BTC C one 
an 
onstru
t fun
torial isomorphisms

 

V

: V

��

�

�! V(2.2.5)

as the 
omposition

V

��

i
id

���! V 
 V

�


 V

��

id
�

�1

�����! V 
 V

��


 V

�

id
e

���! V:(2.2.6)

However,  does not satisfy the property (2.2.2) unless C is symmetri
.

Lemma 2.2.2. In any rigid braided tensor 
ategory C, we have:

 

V
W

= �

WV

�

VW

( 

V


  

W

);

 

1

= id :

If, in addition, C is ribbon, then

 

V

�

= Æ

�

V

 

�

V

Æ

�

V

:

Proof. Left as an exer
ise, whi
h is best done using the pi
torial te
hnique of

Se
tion 2.3.

Let C be a ribbon 
ategory. We de�ne fun
torial isomorphisms

�

V

=  

V

Æ

V

: V

�

�! V; V 2 ObC:(2.2.7)
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The isomorphisms � are usually 
alled balan
ing isomorphisms, or twists. It follows

from Lemma 2.2.2 that they satisfy the balan
ing axiom:

�

V
W

= �

WV

�

VW

(�

V


 �

W

);(2.2.8)

�

1

= id;(2.2.9)

�

V

�

= (�

V

)

�

:(2.2.10)

Conversely, a system of twists satisfying the balan
ing axioms (2.2.8{2.2.10) uniquely

de�nes Æ

V

satisfying (2.2.2{2.2.4).

Corollary 2.2.3. If C is a symmetri
 tensor 
ategory, then Æ

V

=  

�1

V

de�nes

a stru
ture of a ribbon 
ategory on C.

A non-trivial example of a ribbon 
ategory is provided by the 
ategoryRep

f

U

q

(g)

of �nite dimensional representations of the quantum group U

q

(g) (see Se
tion 1.3

and Example 2.1.4). Here q will be a formal variable. Re
alling (2.1.11), we see

that V

��

' V as a ve
tor spa
e, but has a di�erent a
tion of U

q

(g), namely

�

V

��

(a) = �

V

(


2

(a)); a 2 U

q

(g):(2.2.11)

These two representations are isomorphi
:

Proposition 2.2.4. The 
ategory Rep

f

U

q

(g) is a ribbon 
ategory with balan
-

ing Æ

V

= q

2�

: V

�

�! V

��

, where � is half of the sum of positive roots in g. (On

the weight subspa
e V

�

� V , � 2 h

�

, q

2�

a
ts as a multipli
ation by q

hh2�;�ii

and

hh�; �

i

ii := hh�

i

; �

i

ii=2 = d

i

.)

Proof. Quite trivial and based on the identity




2

(a) = q

2�

aq

�2�

; a 2 U

q

(g);

whi
h 
an be easily 
he
ked on the generators of U

q

(g) (see (1.3.11)).

Let us 
al
ulate  and � in the 
ategory C = Rep

f

U

q

(g). Let R be the universal

R-matrix of U

q

(g) (see Example 1.2.8(iii) and (1.3.12)). Write

R

�1

21

=

X

a

i


 b

i

; R

21

= P (R);(2.2.12)

where P (a
 b) := b
 a. Re
all that � = PR = R

21

P , so �

�1

= PR

�1

21

. Let fv

i

g,

fv

i

g be dual bases in V , V

�

, and let x 2 V

��

. Then we 
ompute  (x) using (2.1.9),

(2.2.6):

x 7!

X

i

v

i


 v

i


 x 7!

X

i;j

v

i


 b

j

(x)
 a

j

(v

i

) 7!

7!

X

i;j

v

i

(b

j

(x); a

j

(v

i

)) =

X

i;j

v

i

(


�1

(a

j

)b

j

(x); v

i

) =

X

j




�1

(a

j

)b

j

(x):

Thus we obtained:

Lemma 2.2.5. � = u

�1

q

2�

, where u

�1

:=

P

j




�1

(a

j

)b

j

lies in a 
ertain 
om-

pletion of U

q

(g).

Exer
ise 2.2.6. Dedu
e from the previous lemma that � a
ts as a multipli
a-

tion by q

hh�;�+2�ii

on the irredu
ible U

q

(g)-module V

�

with highest weight �.
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The 
entral element � = u

�1

q

2�

is 
alled a (universal) Casimir operator for

U

q

(g). The element u was introdu
ed and studied by Drinfeld [Dr2℄.

Our next example of a ribbon 
ategory will be the Drinfeld 
ategory D(g;{)

(see Se
tion 1.4).

Theorem 2.2.7 (Drinfeld [Dr2℄). (i) The 
ategory D(g;{) is a ribbon 
ate-

gory, with V

�

; e; i; Æ the same as in the 
ategory of ve
tor spa
es.

(ii) In this 
ategory, the universal twist is given by � = e

�iD={

where D is the

Casimir operator of g de�ned by (1.4.4).

Note that this theorem is not immediately obvious sin
e both the rigidity ax-

ioms and the de�nition of � involve the Drinfeld asso
iator � (1.4.8), i.e., the

asymptoti
s of solutions of KZ equations. However, it is not too diÆ
ult.

The formula for the universal twist given by this theorem agrees with q

hh�;�+2�ii

if q = e

�i=m{

(where m is given by (1.3.17)) and 
on�rms the equivalen
e of D(g;{)

and C(g;{) as ribbon 
ategories (
f. Theorem 1.4.6).

Finally, we note that a given rigid BTC may be endowed with di�erent stru
-

tures of a ribbon 
ategory, i.e., the maps Æ are not uniquely de�ned by the asso
ia-

tivity and 
ommutativity isomorphisms. Here is an example.

Example 2.2.8. Let C = Rep

f

(sl

2

) be the 
ategory of �nite dimensional rep-

resentations of sl

2

over C (see Example 2.1.10). This 
ategory is symmetri
, and

thus, has a stru
ture of ribbon 
ategory given by Corollary 2.2.3. This de�nition

of Æ 
oin
ides with the 
anoni
al isomorphism of ve
tor spa
es V

�

�! V

��

.

Let Z = (�1)

h

. It is obvious that for every sl

2

-module V , the map Z : V ! V


ommutes with the a
tion of sl

2

; thus, Z is a fun
torial isomorphism (of the identity

fun
tor). On the simple module V

n

it a
ts as 1 for even n and as �1 for odd n.

De�ne

~

Æ = ZÆ. Then

~

Æ also satis�es axioms (2.2.2{2.2.4), whi
h follows from

�(Z) = Z 
 Z;Zj

C

= 1; 
(Z) = Z = Z

�1

. Thus,

~

Æ de�nes a new stru
ture of a

ribbon 
ategory on C.

Exer
ise 2.2.9. Show that in any ribbon symmetri
 tensor 
ategory �

2

= id.

This exer
ise is done mu
h easier using the results of the next se
tion.

Hint: By Lemma 2.2.2, (�

2

V

)

�

=  

V

�

 

�

V

.

2.3. Graphi
al 
al
ulus for morphisms

Let C be a ribbon 
ategory. We will introdu
e a pi
torial te
hnique for repre-

senting morphisms in C (
f. [RT1℄, [T℄).

A morphism f : V !W in C will be represented by the �gure

f

V

W

Note that this diagram should be read from bottom to top, as indi
ated by the

arrows. (Some authors use other 
onventions.)
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When f is the identity morphism the box will be omitted:

V

V

id =

V

Here and below we relate by

:

= diagrams whi
h give equal morphisms in C. The


omposition f Æ g of two morphisms is obtained by pla
ing the diagram of f on top

of that of g:

U

V

W

U

W

=f g

f

g

The tensor produ
t of two morphisms f

1

and f

2

will be depi
ted by pla
ing the

diagram of f

1

to the left of the diagram of f

2

:

V

=

1 V2

W1 W2

f f

W

V V

W

1 2

1

1 2

2

f f
1 2

A morphism f : V

1


 � � � 
 V

m

!W

1


 � � � 
W

n

will be depi
ted as

f

W

V

W

V1 m

n1

(2.3.1)

Sin
e 1 
 V ' V 
 1 ' V for any obje
t V , we 
an add arrows labeled with 1's

to any pi
ture without 
hanging the morphism it represents. Hen
e, the empty

pi
ture represents the identity endomorphism of 1.

Note that there is ambiguity in de�ning V

1


 � � � 
 V

m

for m=ge3 when the


ategory C is not stri
t. In pra
ti
e, however, we will use pi
tures of the form

(2.3.1) only for m;n � 2. An a

urate formulation of this formalism, that works

for non-stri
t 
ategories, is provided by Theorem 2.3.9 below.

We will depi
t duals by simply reversing the arrows and will skip the arrows

labeled by 1. Also we identify V

��

with V via Æ

V

. Then, for example, the morphism
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e

V

(2.1.3) 
orresponds to

V V V V

e eV V

*

1

= =

V

(2.3.2)

Similarly, i

V

(2.1.4) 
orresponds to

V =

VV

1

V

i(2.3.3)

The braiding �

VW

(1.2.4) will be depi
ted as

VW

WV

W V

=σ

V W

WV
(2.3.4)

and its inverse �

�1

VW

as

=σ

W W

V

V V

W V W

WV
-1

(2.3.5)

Using these pi
tures as building blo
ks one 
an represent arbitrary fun
torial

morphism in C whi
h is a 
omposition of �; �; �; �; e; i; Æ and their inverses.

Remark 2.3.1. The asso
iativity � and the balan
ing Æ are lost in this formal-

ism. A more re�ned version whi
h keeps tra
k of � was proposed by Bar-Natan

[BN℄.

The rigidity axioms (2.1.5, 2.1.6) in the 
ase of a stri
t 
ategory read

(id

V


e

V

)(i

V


 id

V

) = id

V

;(2.3.6)

(e

V


 id

V

�

)(id

V

�


i

V

) = id

V

�

;(2.3.7)

and 
an be represented graphi
ally as

V

=

V V

=

V

,
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For a morphism f : V !W in C, its dual f

�

: W

�

! V

�

is given by the following

pi
ture (see the proof of Lemma 2.1.6):

f *

W

V

f

W

=

V

The fun
toriality of � (1.2.5) is represented by:

W

V

W

f g

W

W

V

V

g f

W V

W V

V

(2.3.8)

Another example is the following lemma.

Lemma 2.3.2.

=

V WWV

Proof. This is equivalent to the 
ommutative diagram

V 
W

�


W

�

V;W

�


W //

id

V


e

W

��

W

�


W 
 V

e

W


id

V

��
V 
 1

�

V;1

//
1
 V

(2.3.9)

whi
h follows from the fun
toriality of �

V;�

.

As an immediate 
orollary we obtain the identity from Lemma 2.1.11(v). Next,

let us prove the identity (�

V W

)

�

= �

V

�

W

�

from Lemma 2.1.11(iv). Its pi
torial

representation is

V

V

=

W

W

V W

VW
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We manipulate the left hand side as follows using Lemma 2.3.2:

=

V W

=

W WV V

V VWV WW

Then applying rigidity, we obtain the right hand side.

It is not diÆ
ult to write this proof formally in terms of axioms|it is not long

but looks 
ompletely mysterious. (We leave it to the suspi
ious reader.) Repre-

senting morphisms with pi
tures is an intuitive way to visualize the axioms.

Definition 2.3.3. Let V be an obje
t in a ribbon 
ategory C and f be an

endomorphism of V . We de�ne the tra
e of f|tr f 2 End

k

(1) ' k|to be the


omposition

1

i

V

�! V 
 V

�

f
id

���! V 
 V

�

Æ

V


id

����! V

��


 V

�

e

V

�

��! 1:(2.3.10)

Its pi
ture is

tr f = f

V

(2.3.11)

In parti
ular, for f = id

V

, we de�ne the dimension of V to be dimV := tr id

V

dimV =

V

(2.3.12)

Exer
ise 2.3.4. (i) Show that in the 
ategory Rep

f

U

q

(g) we have:

tr

q

f = tr

V

q

2�

f; dim

q

V = tr

V

q

2�

:(2.3.13)

Here we denote by dim

q

and tr

q

the above de�ned dimension and tra
e to distinguish

them from the ordinary dimension and tra
e of V 
onsidered as a ve
tor spa
e.

(ii) Using their pi
torial presentation, dedu
e from the axioms that

tr(f 
 g) = tr f tr g; tr(f

�

) = tr f; tr(fg) = tr(gf):(2.3.14)

In parti
ular,

dim(V 
W ) = dimV dimW; dimV

�

= dimV:(2.3.15)

(A solution to this exer
ise 
an be found in [Ka, Theorem XIV.4.2℄.)

After the examples given above, it is natural to ask if it is true that any two

morphisms giving rise to isotopi
 pi
tures are equal. To answer this question, we

must �nally formalize what we mean by \pi
tures". As it was with braids, the

most natural approa
h is to 
onsider these pi
tures as plane proje
tions of 
ertain

3-dimensional obje
ts.
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Definition 2.3.5. A tangle is an isotopy 
lass of a 
olle
tion of non-interse
ting

smooth 
urves in R

2

�[0; 1℄, allowed to have ends only on the lines R�f0g�f0g and

R �f0g� f1g. If all the 
urves are 
losed, the tangle is 
alled a link ; in parti
ular,

a link whi
h 
onsists of just one 
urve is 
alled a knot .

In parti
ular, this in
ludes as a spe
ial 
ase the notion of a braid (De�ni-

tion 1.2.1).

Now we 
an return to the question: is it true that any two morphisms 
orre-

sponding to isotopi
 tangles are equal? The answer is \no". For example, the twist

�

V

: V ! V de�ned by (2.2.7) is represented by the pi
ture?!

=θ

V V

whi
h is obviously isotopi
 to the pi
ture of id

V

, but � 6= id unless the 
ategory C

is symmetri
. To 
ount the twists, one has to 
onsider so-
alled framed, or ribbon,

tangles.

We will 
all a ribbon a homeomorphi
 image of a re
tangle in R

3

. We will

always assume that a ribbon has distinguished \bases", i.e., a distinguished pair of

opposite edges (in the pi
tures, they will be usually shown as \short sides"), and a

distinguished side|\fa
e side"|whi
h will be shown in white, as opposed to the

\ba
k side", whi
h will be shown in gray. We will also allow homeomorphi
 images

of annuli, whi
h, again, must have a distinguished side.

Definition 2.3.6. A ribbon tangle (or a framed tangle) of n strands is an

isotopy 
lass of a union of n non-interse
ting ribbons in R

2

� [0; 1℄, su
h that

the bases of all ribbons lie on the lines R � f0g � f0; 1g, and near these lines, the

ribbons are turned with their fa
e side upward. A ribbon tangle 
omposed only of

annuli is 
alled a ribbon (or framed) link , and a ribbon link 
onsisting of a single

annulus is 
alled a framed knot.

Examples of ribbon tangles are shown on the next several pages. Note, however,

that by de�nition, every ribbon must have an even number of twists; in parti
ular,

ribbons like this:

��
��
��
��
��

��
��
��
��
��

are not allowed.

We will 
all a 
oupon a re
tangle in R

3

lying in a plane parallel to R �f0g�R

and having edges parallel to R � f0g � f0g and f0g � f0g � R. Ea
h 
oupon is

provided with a labeling of its sides: \fa
e" and \ba
k", and its edges: \bottom",

\left", \top", and \right". The di�eren
e between 
oupons and ribbons is that we

do not allow 
oupons to be twisted.
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Definition 2.3.7. A generalized ribbon tangle is an isotopy 
lass of a union of

several non-interse
ting ribbons and several 
oupons in R

2

� [0; 1℄, su
h that the

bases of all ribbons lie on the lines R �f0g�f0; 1g or on edges of 
oupons parallel

to them, and near them ribbons are turned with their fa
e side upward.

So, a generalized ribbon tangle is almost the same as a ribbon tangle, but we

allow 
oupons and allow the ribbons to end on them.

Definition 2.3.8. If C is a 
ategory, a C-
olored ribbon tangle is a generalized

ribbon tangle with the following additional stru
ture:

(i) Ea
h ribbon strand is dire
ted.

(ii) Ea
h ribbon strand is labeled (or 
olored) by an obje
t of C.

(iii) Ea
h 
oupon is labeled by a morphism of C, so that the following 
ondition

is satis�ed. For any �xed 
oupon, let V

1

; : : : ; V

m

be the labels of the ribbons ending

on the bottom edge of the 
oupon, and let "

i

= + if the dire
tion of the ith ribbon

is \in
oming" (i.e., pointing towards the 
oupon), and "

i

= � otherwise. To this we

asso
iate the obje
t X = V

"

1

1


 � � � 
 V

"

m

m

, where V

+

:= V and V

�

:= V

�

(X := 1

if there are no ribbons ending on the bottom edge of the 
oupon). We do a similar

thing for the top edge of the 
oupon, where now we put " = + for the \outgoing"

ribbons, and get an obje
t Y . Then we require that the 
oupon is labeled by a

morphism f : X ! Y .

Note that any plane proje
tion of a usual tangle 
an be 
onsidered as a ribbon

tangle whi
h is \lying 
at", i.e., always with the fa
e side up, as in Example 2.3.10

(this is 
alled the \bla
kboard framing"). For te
hni
al reasons, we will often draw

lines instead of ribbons, always assuming the bla
kboard framing. Also, we will

often omit the arrows pointing up when there is no ambiguity.

Note, however, that di�erent proje
tions of the same (non-framed) tangle now

give rise to di�erent framed tangles. For example, the ribbon tangle 
orresponding

to the twist �

V

is no longer isotopi
 to the trivial tangle. We will insert a 
ir
le


ontaining the letter � (or �

�1

) to represent twists:

=
�
�
�
�

�
�
�
�

= =θ

VVV V

It turns out that this was the only problem: now it is true that the isomorphisms


orresponding to isotopi
 ribbon tangles are equal. This was proved by Reshetikhin

and Turaev in [RT1℄; see also expositions in [T, Ka℄. We give here their result in

a slightly modi�ed form (
f. [T, Theorem 2.5℄).

Let C be a ribbon 
ategory. Fix obje
ts V

1

; : : : ; V

n

in C and 
onsider all possible

expressions of the form

X = ((V

1


 V

2

)
 V

4

)
 ((V

���

1


 1)


�

V

2

)
 � � �(2.3.16)

where we take the tensor produ
t of V

1

; : : : ; V

n

in arbitrary order and allow repe-

titions, arbitrary number of left and right stars and 1's.

To ea
h expression X as above we assign a sequen
e F (X) of arrows and labels

by the following rule: to an obje
t

�����

V

�����

we assign #

V

if the total number of
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stars is odd and "

V

if it is even. All 1's are skipped. For example, to the element

(2.3.16) we assign the sequen
e

V V V V V1 2 4 1 2

For two su
h expressionsX

1

and X

2


onsider all morphisms ' : X

1

! X

2

whi
h


an be obtained as a 
omposition of the elementary morphisms �

�1

, �

�1

, �

�1

, �

�1

,

e, i, Æ

�1

, as well as a number of other morphisms of C. To ea
h su
h 
omposition

of morphisms ' : X

1

! X

2

, we assign a C-
olored ribbon tangle T = F (') with

bottom(T ) = F (X

1

); top(T ) = F (X

2

)

by the following rules.

A morphism f : X

1

! X

2


orresponds to a 
oupon labeled with f , so that the

ribbons ending on its bottom edge are labeled by F (X

1

), and those ending on its

top edge by F (X

2

) (
f. De�nition 2.3.8(iii)). The morphisms �; �; �; Æ and their

inverses 
orrespond to the trivial tangles, F (e), F (i), F (�), and F (�

�1

) are given

by the right hand sides of (2.3.2), (2.3.3), (2.3.4), and (2.3.5), respe
tively, and

F ('

1


 '

2

) =
F ('

1

) F ('

2

)
; F ('

1

'

2

) =

F ('

1

)

F ('

2

)

:

In other words, we just apply the rules of the graphi
al 
al
ulus introdu
ed

earlier, but we use ribbons instead of lines so that we keep tra
k of the twists.

Then we have the following 
ru
ial result.

Theorem 2.3.9 (Reshetikhin{Turaev [RT1℄). The morphism ' depends only

on the isotopy 
lass of the tangle F ('), i.e., if F ('

1

) and F ('

2

) are isotopi
 as

ribbon tangles then '

1

= '

2

.

The proof of this theorem will be sket
hed later, when we give another refor-

mulation.

Example 2.3.10. The identity �

V
W

= �

WV

�

VW

(�

V


 �

W

) (2.2.8) 
orre-

sponds to the following isotopi
 ribbon graphs:

=

Another way to present this identity, using the 
onventions formulated before

(i.e., drawing lines instead of ribbons and omitting upward arrows), is shown below.

θ

θ θ

=(2.3.17)
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An important 
orollary of Theorem 2.3.9 is that any two isomorphisms ' : X

1

�

�!

X

2

, 
omposed of �; �; �; Æ and their inverses, are equal and therefore, if F (X

1

) =

F (X

2

) then there exists a 
anoni
al isomorphism X

1

�

�! X

2

.

Typi
ally, the Reshetikhin{Turaev Theorem is used in the opposite dire
tion.

We will reformulate the theorem in another form whi
h appeared in their original

paper [RT1℄.

Theorem 2.3.11 (Reshetikhin{Turaev [RT1℄). Let C be a ribbon 
ategory. Then

for every C-
olored ribbon tangle T we 
an de�ne a morphism F

�1

(T ) : X

1

! X

2

in C where

X

1

= F

�1

(bottom(T )); X

2

= F

�1

(top(T )):

The obje
ts X

1

and X

2

are de�ned up to a 
anoni
al isomorphism and the morphism

F

�1

(T ) depends only on the isotopy type of the tangle T .

Outline of proof. First, one shows that two ribbon tangles are isotopi
 if

and only if the 
orresponding diagrams in the plane 
an be obtained one from

another by applying a sequen
e of the following elementary operations:

a) isotopy of R

2

and

b) one of a �nite number of \simple moves", su
h as

, θ

θ

the braid relation and some more|see a 
omplete list in [RT1℄ or [T, Ka℄. These

simple moves generalize the so-
alled Reidemeister moves whi
h play the same role

for unframed tangles.

Now, it suÆ
es to 
he
k that F

�1

(T ) is un
hanged under any of these moves,

whi
h is straightforward: for example, the braid relation and the �rst of these

moves follow from the de�nition of a braided 
ategory, and the se
ond relation

follows from the fun
toriality of the 
ommutativity isomorphism. We refer the

reader to the original papers for details.

Corollary 2.3.12. For every C-
olored framed link T , F

�1

(T ) 2 k is a num-

ber whi
h depends only on the isotopy type of T .

Therefore, every ribbon 
ategory gives a number of invariants of links. These

invariants are usually 
alled Reshetikhin{Turaev invariants . In parti
ular, if we

take C to be the 
ategory C(g;{) of representations of a quantum group then these

invariants are rational fun
tions in q

1=n

. If they are rewritten as formal power series

in 1={ then every 
oeÆ
ient of su
h a series is again an invariant; moreover, every

su
h 
oeÆ
ient is an invariant of a very spe
ial type|Vassiliev invariant (see, for

example, [PS℄). However, it was re
ently proved that not all Vassiliev invariants


an be obtained in this way [Vo℄.

Theorem 2.3.9 is the most e�e
tive way of proving identities in ribbon 
ategories|

just draw the 
orresponding pi
tures and manipulate with them. For example, the

identity dim(V 
W ) = dimV dimW (
f. Exer
ise 2.3.4) is now obvious from the



44 2. RIBBON CATEGORIES

following isotopy of ribbon tangles:

=
V WWV

We also have the following somewhat te
hni
al but useful fa
t.

Proposition 2.3.13. Let T be a C-
olored ribbon tangle. Let T

0

be obtained

from T by reversing the dire
tion of one of the strands and repla
ing the 
orre-

sponding to it label V by V

�

. Then we get the same morphism F

�1

(T ) = F

�1

(T

0

).

The proof is similar to that of Theorem 2.3.9. It is immediate to dedu
e from

Proposition 2.3.13 that dimV = dimV

�

(
f. Exer
ise 2.3.4).

2.4. Semisimple 
ategories

In this se
tion we study some properties of semisimple abelian tensor 
ategories

and, in parti
ular, semisimple ribbon 
ategories.

Let C be a semisimple ribbon 
ategory. Let I be the set of equivalen
e 
lasses

of non-zero simple obje
ts in C, and let fV

i

g

i2I

be representatives of those 
lasses.

Sin
e we assumed that 1 is a simple obje
t, it also 
an be written as V

i

for some

i 2 I . Traditionally, this index is denoted by 0: V

0

= 1.

Semisimpli
ity immediately implies a number of properties:

1. For i 2 I , V

�

i

is also simple, hen
e V

�

i

' V

i

�

for some i

�

2 I . The map

� : I ! I is an involution and 0

�

= 0. (Note, however, that in general there is no


anoni
al way to de�ne the isomorphism V

�

i

' V

i

�

, see Remark 2.4.2 below.)

2. We 
an de�ne the multipli
ity 
oeÆ
ients N

k

ij

2 Z

+

by

V

i


 V

j

'

M

k

N

k

ij

V

k

:(2.4.1)

In the physi
s literature, this formula is 
alled a fusion rule, and the 
oeÆ
ients

N

k

ij

are 
alled \fusion 
oeÆ
ients". They satisfy:

N

k

ij

= dimHom(V

k

; V

i


 V

j

) = dimHom(1; V

i


 V

j


 V

�

k

);(2.4.2)

N

k

ij

= N

k

ji

= N

j

�

ik

�

= N

k

�

i

�

j

�

; N

0

ij

= Æ

ij

�

:(2.4.3)

These numbers are nothing but the stru
ture 
oeÆ
ients of the Grothendie
k ring

K(C), whi
h has the basis x

i

= hV

i

i with the multipli
ation rule x

i

x

j

=

P

k

N

k

ij

x

k

.

3. Sin
e EndV

i

= k, we have

�

V

i

= �

i

id

V

i

; dimV

i

= d

i

(2.4.4)

for some �

i

; d

i

2 k. The number d

i

is 
alled the quantum dimension of V

i

, 
f.

Exer
ise 2.3.4. We have

�

0

= 1; �

i

�

= �

i

;(2.4.5)

d

0

= 1; d

i

�

= d

i

; d

i

d

j

=

P

k

N

k

ij

d

k

:(2.4.6)

Lemma 2.4.1. In a semisimple ribbon 
ategory, all dimensions d

i

= dimV

i

of

simple obje
ts are non-zero.
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Proof. Sin
e N

0

ii

�

= N

i

i0

= 1, we 
an write V

i


 V

�

i

= X �X

0

, where X ' 1

(not 
anoni
ally), and Hom(1; X

0

) = 0. Thus, the maps i : 1 ! V

i


 V

�

i

and

e : V

i


V

�

i

! 1 
an be 
onsidered as maps 1! X , X ! 1. Sin
e both of these maps

are non-zero (this follows from rigidity), their 
omposition is also non-zero.

Remark 2.4.2. It is tempting (and many authors do so) to 
hoose some iden-

ti�
ation V

�

i

�

�! V

i

�

to simplify the formulas. However, this should be avoided.

Not only this 
annot be done 
anoni
ally, but in many 
ases it 
annot be done at

all! Indeed, in order for this to be useful we need to 
hoose these isomorphisms

�

i

: V

�

i

! V

i

�

in su
h a way that the 
omposition

V

i

�

�1

i

�

��! V

�

i

�

�

�

i

�! V

��

i


oin
ides with Æ

V

i

. We leave it as an exer
ise to the reader that for the 
ategory

Rep

f

(sl

2

) (with the standard balan
ing), 
onsidered in Example 2.2.8, this is im-

possible: regardless of the 
hoi
e of �

i

, the 
omposition above will give

~

Æ rather

than Æ.

When C = Rep

f

G, G|a �nite group, an important role in the representation

theory of G is played by the regular representation R = Fun(G). This is a G-

bimodule (i.e., an element of C

�2

); as a bimodule, it is isomorphi
 to

L

V

i

� V

�

i

.

More generally, any rigid semisimple abelian 
ategory automati
ally gives rise to

an obje
t R 2 ind�C

�2

de�ned by

R =

M

i2I

V

i

� V

�

i

;(2.4.7)

where we denote by ind�C

�2

the 
ategory whose obje
ts are in�nite sums of the

form

P

A

i

� B

i

with A

i

; B

i

2 C. The obje
t R does not depend on the 
hoi
e of

representatives V

i

of the isomorphism 
lasses: if we 
hoose another representative

~

V

i

, then one has a 
anoni
al isomorphism R

�

�!

~

R. In parti
ular, if C is balan
ed,

then R is symmetri
 in the following sense: we say that an obje
t R 2 ind�C

�2

is

symmetri
 if we are given an isomorphism s : R

op

�

�! R su
h that ss

op

= id. Here

the fun
tor op is de�ned by (A�B)

op

= B �A.

For the obje
t R de�ned by (2.4.7), s 
an be written expli
itly as follows: for

every i, 
hoose an isomorphism '

i

: V

�

i

�

�! V

i

�

, and de�ne  

i

: V

�

i

� V

i

! V

i

�

� V

�

i

�

by  

i

= '

i

� Æ

V

i

('

�

i

)

�1

. This obviously does not depend on the 
hoi
e of '

i

(sin
e

EndV

i

= k). Now, de�ne

s =

M

 

i

: R

�

�! R

op

:(2.4.8)

We will also frequently use the following obje
t of ind�C asso
iated with R :

H = 
(R) =

M

V

i


 V

�

i

:(2.4.9)

The previous arguments show that H is also 
anoni
ally isomorphi
 to

L

V

�

i


 V

i

.

Also, H is 
anoni
ally isomorphi
 to H

�

=

L

V

��

i


V

�

i

. Both these properties will

be used many times in the sequel.

One of the main goals of the next le
tures will be to answer the following ques-

tion: given a semisimple abelian 
ategory C and a symmetri
 obje
t R 2 ind�C

�2

,

what extra data are needed to re
onstru
t the stru
ture of a ribbon 
ategory on C?

We will give an answer to this question in Chapter 5.
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Finally, when working with an obje
t R 2 ind�C

�2

(not ne
essarily the one

given by (2.4.7)), it is 
onvenient to use the following notation: if R =

L

A

i

�B

i

,

then we write Hom(X;R

(1)


 Y 
 R

(2)

) instead of

L

i

Hom(X;A

i


 Y 
 B

i

), et
.

If R is symmetri
, then the supers
ripts \(1)", \(2)" 
an be omitted, and we will

just write Hom(X;R
 Y 
R). Similarly, we 
an use several 
opies R

1

; : : : ; R

m

of

R and write, for example,

R

1


X 
R

2


R

2


R

1

= R

(1)

1


X 
R

(1)

2


R

(2)

2


R

(2)

1

=

M

i;j

A

i


X 
A

j


B

j


B

i

:



CHAPTER 3

Modular Tensor Categories

In this 
hapter, we introdu
e one more re�nement of the notion of a tensor 
ate-

gory | that of a modular tensor 
ategory. By de�nition, this is a semisimple ribbon


ategory with a �nite number of simple obje
ts satisfying a 
ertain non-degenera
y


ondition. It turns out that these 
ategories have a number of remarkable prop-

erties; in parti
ular, we prove that in su
h a 
ategory one 
an de�ne a proje
tive

a
tion of the group SL

2

(Z) on an appropriate obje
t, and that one 
an express the

tensor produ
t multipli
ities (fusion 
oeÆ
ients) via the entries of the S-matrix

(this is known as Verlinde formula).

We also give two examples of modular tensor 
ategories. The �rst one, the


ategory C(g;{);{ 2 Z

+

, is a suitable semisimple subquotient of the 
ategory of

representation of the quantum group U

q

(g) for q being root of unity: q = e

�i=m{

.

The se
ond one is the 
ategory of representations of a quantum double of a �nite

group G, or equivalently, the 
ategory of G-equivariant ve
tor bundles on G. (We

do not explain here what is the proper de�nition of Drinfeld's 
ategory D(g;{) for

{ 2 Z

+

, whi
h would be a modular 
ategory | this will be done in Chapter 7.)

3.1. Modular tensor 
ategories

In this se
tion we will study ribbon 
ategories with some additional proper-

ties. Let C be a semisimple ribbon 
ategory. We will use the same notation as in

Se
tion 2.4. De�ne the numbers ~s

ij

2 k = End1 (i; j 2 I) by the following pi
ture:

~s

ij

=

i j

:(3.1.1)

Here and below, we will often label strands of tangles by the indi
es i 2 I meaning

by this V

i

. Note that (2.3.17) implies

~s

ij

=

θ

i j
-1θ θ-1

= �

�1

i

�

�1

j

tr �

V

�

i


V

j

= �

�1

i

�

�1

j

X

k2I

N

k

i

�

j

�

k

d

k

:

(3.1.2)

47
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Also, it is easy to see that

~s

ij

= ~s

ji

= ~s

i

�

j

�

= ~s

j

�

i

�

; ~s

i0

= d

i

= dimV

i

:(3.1.3)

Definition 3.1.1. A modular (tensor) 
ategory (MTC for short) is a semisim-

ple ribbon 
ategory C satisfying the following properties:

(i) C has only a �nite number of isomorphism 
lasses of simple obje
ts: jI j <1.

(ii) The matrix ~s = (~s

ij

)

i;j2I

, where ~s

ij

is de�ned by (3.1.1), is invertible.

Remark 3.1.2. If C is symmetri
, one 
an 
hange over
rossing and under
ross-

ing, hen
e ~s

ij

= d

i

d

j

. Unless jI j = 1, this matrix ~s is singular, therefore C is not

modular.

Remarks 3.1.3. (i) Many authors (for example, Turaev [T℄) impose weaker


onditions, not ne
essarily requiring semisimpli
ity in our sense. We are only inter-

ested in the simplest 
ase; thus the above de�nition is absolutely suÆ
ient for our

purposes. We refer the reader to [Ke℄, [Lyu2℄ for a dis
ussion of the non-semisimple


ase.

(ii) The name \modular" is justi�ed by the fa
t that in this 
ase we 
an de�ne

a proje
tive a
tion of the modular group SL

2

(Z) on 
ertain obje
ts in our 
ategory,

as we will show below. To the best of our knowledge, this 
onstru
tion �rst ap-

peared (in rather vague terms) in a paper of Moore and Seiberg [MS2℄; later it was

formalized by Lyubashenko [Lyu1℄ and others. Our exposition follows the book of

Turaev [T℄.

(iii) The appearan
e of the modular group in tensor 
ategories may seem mys-

terious; however, there is a simple geometri
al explanation, based on the fa
t that

to ea
h modular tensor 
ategory one 
an asso
iate a 2+1-dimensional Topologi
al

Quantum Field Theory. This also shows that in fa
t we have an a
tion of the map-

ping 
lass group of any 
losed oriented 2-dimensional surfa
e on the appropriate

obje
ts in MTC. This is the key idea of the book [T℄, and will be dis
ussed in detail

in Chapter 4.

From now on, let us adopt the following 
onvention:

If some (
losed) strand in a pi
ture is left unlabeled then we assume

summation over all labels i 2 I ea
h taken with the weight d

i

= dimV

i

.

(3.1.4)

Sin
e d

i

�

= d

i

, we 
an drop the arrow of su
h a strand. Re
all also that we omit the

upward arrow when there is no ambiguity. Then we have the following propositions.

(Their statements and proofs 
an be written expli
itly in terms of �; i; e; Æ, et
., but

we will prefer to use the pi
torial presentation.)

Lemma 3.1.4. In any semisimple ribbon 
ategory we have

i

j

=

~s

ij

d

i

i(3.1.5)

Re
all that by Lemma 2.4.1, d

i

6= 0.
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Proof. The left hand side is an element of End(V

i

) = k, i.e., it is equal to

a

ij

id

V

i

for some a

ij

2 k. Taking a tra
e (i.e., 
losing the diagram), we obtain

=
j

i a ij i

The left hand side is equal to ~s

ij

, while the right hand side to a

ij

d

i

.

Lemma 3.1.5. We have the following identities :

θθ θ-1 θ-1+= p

i i

-p= i i,
(3.1.6)

where

p

�

:=

X

i2I

�

�1

i

d

2

i

:(3.1.7)

Proof. We will 
onsider only the 
ase of plus sign, the 
ase of minus sign is

similar. Again the left hand side is an element of End(V

i

) = k, we take the tra
e

of this element and multiply it with �

i

. Then, using (2.3.17), we get

θ θ θ= 

i i

Now de
ompose the tensor produ
t V

j


 V

i

as in (2.4.1) to get

�

i

tr(lhs) =

X

j

d

j

tr

V

j


V

i

� =

X

j;k

N

k

ji

d

j

d

k

�

k

:

Using (2.4.3) and (2.4.6), we obtain

�

i

tr(lhs) =

X

k

�

X

j

N

j

�

ik

�

d

j

�

d

k

�

k

=

X

k

d

i

d

k

�

d

k

�

k

=

�

X

k

�

k

d

2

k

�

d

i

= p

+

d

i

;

as desired.
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Corollary 3.1.6.

-1θ θ-1θ

k

+= pi k

i

Proof. Sin
e any obje
t is a dire
t sum of simple ones, (3.1.6) holds if we

repla
e V

i

by any obje
t V . Apply this identity for V = V

i


V

k

and use (2.3.17).

Theorem 3.1.7. De�ne the matri
es ~s = (~s

ij

), t = (t

ij

) and 
 = (


ij

) (\
harge


onjugation matrix") by (3.1.1) and

t

ij

= Æ

ij

�

i

;(3.1.8)




ij

= Æ

ij

�

:(3.1.9)

Then we have:

(~st)

3

= p

+

~s

2

;(3.1.10)

(~st

�1

)

3

= p

�

~s

2


;(3.1.11)


t = t
; 
~s = ~s
; 


2

= 1;(3.1.12)

where p

�

are de�ned by (3.1.7). Moreover, when ~s is invertible, we have

~s

2

= p

+

p

�


:(3.1.13)

Proof. The fa
t that 
 
ommutes with ~s and t follows from (3.1.3) and (2.4.5);

and 


2

= 1 be
ause i

��

= i. To prove the non-trivial relations (3.1.10, 3.1.11),


onsider �rst the identity

θ θ-1θ-1+= pi k

i

k

(3.1.14)

obtained from Corollary 3.1.6. The right hand side is equal to

p

+

�

�1

i

�

�1

k

i

k

= p

+

�

�1

i

�

�1

k

~s

ik

d

i

i
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where we used Lemma 3.1.4. We 
an rewrite the left hand side of (3.1.14) as

X

j

d

j

�

j

k

j

i

Applying Lemma 3.1.4 twi
e we obtain

X

j

d

j

�

j

~s

jk

d

j

i

j

=

X

j

�

j

~s

jk

~s

ij

d

i

i

This gives the identity

X

j

~s

ij

�

j

~s

jk

= p

+

�

�1

i

~s

ik

�

�1

k

whi
h is equivalent to

~st~s = p

+

t

�1

~st

�1

;

proving (3.1.10). Similarly, using the analogue of Corollary 3.1.6 with minus sign,

one 
an prove

~st

�1

~s = p

�

t~st
;

whi
h implies (3.1.11).

When the matrix ~s is non-singular, it is a matter of pure algebra to dedu
e

Eq. (3.1.13) from (3.1.10){(3.1.12).

Corollary 3.1.8. In an MTC, p

+

and p

�

are non-zero.

Now assume that the 
ategory C is modular, and introdu
e the notation

D :=

p

p

+

p

�

; � := (p

+

=p

�

)

1=6

(3.1.15)

(assuming that they exist in k, otherwise we 
an always pass to a 
ertain algebrai


extension). De�ne the renormalized matrix

s := ~s=D:(3.1.16)

Then we 
an rewrite the relations from Theorem 3.1.7 as follows:

(st)

3

=

s

p

+

p

�

s

2

= �

3

s

2

; s

2

= 
; 
t = t
; 


2

= 1:(3.1.17)

Re
alling the well-known des
ription of SL

2

(Z) as the group generated by the ele-

ments

s =

�

0 �1

1 0

�

; t =

�

1 1

0 1

�

(3.1.18)



52 3. MODULAR TENSOR CATEGORIES

with relations (st)

3

= s

2

; s

4

= 1, we see that the matri
es s; t give a proje
tive

representation of SL

2

(Z). (The fa
t that s

2

t = ts

2

follows from (st)

3

= s

2

.)

Remark 3.1.9. Of 
ourse, one easily sees that we 
an repla
e the matrix t by

t=� and get a true representation of SL

2

(Z) rather than a proje
tive one. In fa
t,

sin
e H

2

(SL

2

(Z);Q) = 0, every proje
tive representation of SL

2

(Z) over a �eld k

of 
hara
teristi
 0 
an be trivialized in some algebrai
 extension of k. However,

we prefer not to do it: later we will show that any MTC gives rise to proje
tive

representations of more general groups (mapping 
lass groups), of whi
h SL

2

(Z) is

the simplest example, and these representations 
an not be trivialized. Moreover,

if we renormalize t now, it will make things only worse later.

Corollary 3.1.10. In an MTC, we have:

i = p

+

p

�

Æ

i;0 i(3.1.19)

p

+

p

�

=

X

d

2

i

= :(3.1.20)

i j = Æ

ij

p

+

p

�

d

i

i

i

(3.1.21)

Proof. Let us prove the �rst identity. As before, it suÆ
es to prove that the

tra
es of both sides are equal. By Lemma 3.1.4 the left hand side of (3.1.19) is

equal to

P

j

d

j

~s

ij

=d

i

id

V

i

. Taking a tra
e, we obtain

X

j

d

j

~s

ij

=

X

j

~s

0j

~s

ij

= (~s)

2

0i

= p

+

p

�




0i

= p

+

p

�

Æ

i;0

:

The se
ond identity (3.1.20) easily follows from (3.1.19). The proof of (3.1.21) is

similar to the above, using twi
e Lemma 3.1.4.

We note that equation (3.1.20), along with the de�nition of s, give the following

formulas for the number D =

p

p

+

p

�

:

D =

q

X

dim

2

V

i

= s

�1

00

:(3.1.22)

We 
an easily des
ribe the Grothendie
k ring of a modular tensor 
ategory. As

before, let C be an MTC and let K(C) be the Grothendie
k ring of C (see De�ni-

tion 2.1.9). Then the algebra K = K(C)


Z

k is a �nite dimensional 
ommutative
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asso
iative algebra with a basis x

i

= hV

i

i, i 2 I , and a unit 1 = x

0

. This algebra is

frequently 
alled the fusion algebra, or Verlinde algebra.

Theorem 3.1.11. Let C be an MTC, K = K(C) 


Z

k, and let F (I) be the

algebra of k-valued fun
tions on the set I. De�ne a map � : K ! F (I) by the

pi
ture:

V

i =

�

�(V )

�

(i) i

Then � is an algebra isomorphism.

Proof. It is immediate from the results of Se
tion 2.3 that � is an algebra

homomorphism. Indeed,

VU

i :

=

U

V

i

i

:

Choose a basis in F (I) 
onsisting of renormalized delta-fun
tions: �

i

(j) =

Æ

ij

=s

0i

. Then it follows from Lemma 3.1.4 and the obvious identity ~s

ij

=d

i

= s

ij

=s

0i

that the map � is given by

�(x

j

) =

X

i

s

ij

�

i

:(3.1.23)

Sin
e the matrix s

ij

is invertible, this 
ompletes the proof.

The importan
e of this result is that it gives a new basis �

�1

(�

i

) in K in whi
h

the multipli
ation be
omes diagonal. For brevity, let us write �

i

2 K instead of

�

�1

(�

i

). Then (3.1.23) and �

i

�

j

= Æ

ij

�

i

=s

0i

imply that

x

i

�

j

= �

j

s

ij

=s

0j

:(3.1.24)

Comparing this with the usual formula for the multipli
ation in the basis x

i

:

x

i

x

j

=

X

k

N

k

ij

x

k

;(3.1.25)

we get the following proposition.
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Proposition 3.1.12. For a �xed i let N

i

be the matrix of multipli
ation by x

i

in the basis fx

j

g, i.e., (N

i

)

ab

= N

a

ib

, and let D

i

be the following diagonal matrix:

(D

i

)

ab

:= Æ

ab

s

ia

=s

0a

. Then

sN

i

s

�1

= D

i

:(3.1.26)

This proposition is usually formulated by saying that \the s-matrix diagonalizes

the fusion rules". Another reformulation is the following. De�ne in K another

operation, � (
onvolution), by the formula

x

i

� x

j

= Æ

ij

x

i

=s

0i

:(3.1.27)

Then:

s(xy) = s(x) � s(y);(3.1.28)

s(x � y) = s(x)s(y):(3.1.29)

Therefore, the matrix s 
an be 
onsidered as some kind of a Fourier transform.

Finally, Proposition 3.1.12 immediately implies the following famous formula

for the 
oeÆ
ients N

k

ij

, whi
h was 
onje
tured in [Ve℄ and proved in [MS1℄.

Theorem 3.1.13 (Verlinde formula).

N

k

ij

=

X

r

s

ir

s

jr

s

k

�

r

s

0r

:(3.1.30)

Before giving the proof, let us note that as a 
onsequen
e the right hand side

of (3.1.30) is a non-negative integer, whi
h is a non-trivial and unexpe
ted fa
t.

Proof. Rewrite formula (3.1.26) as sN

i

= D

i

s, or

X

a

N

a

ij

s

ar

=

s

ir

s

jr

s

0r

:(3.1.31)

Multiplying this identity by s

rk

�

and summing over r, we get (3.1.30).

Remark 3.1.14. If the base �eld k = C , and the 
ategory C is Hermitian, that

is, if it 
an be endowed with a 
omplex 
onjugation fun
tor satisfying 
ertain


ompatibility 
onditions [T, Se
t. II.5℄, then it 
an be shown that the matri
es s; t

are unitary (see [Ki℄).

Let C be a modular tensor 
ategory. Re
all the obje
t H =

L

V

i


 V

�

i

2 C

de�ned in (2.4.9). As was mentioned in Se
tion 2.4, we have 
anoni
al isomorphisms

H ' H

�

and H '

L

V

�

i


 V

i

. It also follows from the de�nition that dimH =

D

2

=

P

(dim V

i

)

2

.

Definition 3.1.15. De�ne elements S; T; C 2 EndH as follows. Write

S =

M

i;j2I

S

ij

; S

ij

: V

j


 V

�

j

! V

i


 V

�

i
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and similarly T =

L

T

ij

, C =

L

C

ij

. Then:

S

ij

:=

d

i

D

i

j

;(3.1.32)

T

ij

:= Æ

ij

θ

j j

;(3.1.33)

C

ij

:= Æ

ij

�

j j

-1θ

:(3.1.34)

We have the following generalization of Theorem 3.1.7.

Theorem 3.1.16. S

2

= C, C

2

= S

4

= �

�1

H

, (ST )

3

=

p

p

+

=p

�

S

2

and the

element C is 
entral in EndH.

Proof. Let us �rst 
he
k the identity S

2

= C. We have:

(S

2

)

ij

=

X

k

S

ik

S

kj

=

X

k

d

i

D

d

k

D

j

i

k
=

d

i

D

2

j

i
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=

d

i

D

2

i

j

θ-1

=

d

i

D

2

j

θ-1

i

= Æ

ij

�

j

θ-1

j

= Æ

ij

�

j j

-1θ

= C

ij

using (3.1.21) and p

+

p

�

= D

2

, d

i

= d

i

�

.

Similarly, (STS)

ij

=

P

k;l

S

ik

T

kl

S

lj

=

P

k

S

ik

(�

k


 id)S

kj

is equal to

d

i

D

2

θ

i

j

=

d

i

D

2

j

θ-1

i

θ
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=

d

i

D

2

p

+

j

θ-1

-1θ θ-1

i

=

s

p

+

p

�

d

i

D

-1θ

i

θ-1
j

whi
h equals

p

p

+

=p

�

(T

�1

ST

�1

)

ij

; now using Corollary 3.1.6 instead of Corol-

lary 3.1.10. This proves that (ST )

3

=

p

p

+

=p

�

S

2

.

Finally, using (2.3.17), it is easy to see that (C

2

)

ij

= Æ

ij

�

�1

V

i


V

�

i

= (�

�1

H

)

ij

.

We 
annot say that S; T give a proje
tive representation of the modular group

in H , sin
e �

H

is not a 
onstant. However, �

H

be
omes a 
onstant after restri
tion

to an isotypi
 
omponent of H . Equivalently, let us �x a simple obje
t U in our


ategory and 
onsider the spa
e

Hom(U;H) =

M

i2I

Hom(U; V

i


 V

�

i

):

This is a ve
tor spa
e over k, and �

H

j

Hom(U;H)

= �

U

id

Hom(U;H)

, �

U

2 k.

Theorem 3.1.17. De�ne the maps S

U

; T

U

: Hom(U;H)! Hom(U;H) by

S

U

: � 7! S�;

T

U

: � 7! T�:

Then S

U

; T

U

satisfy the following relations

S

4

U

= �

�1

U

;

T

U

S

2

U

= S

2

U

T

U

;

(S

U

T

U

)

3

=

s

p

+

p

�

S

2

U

;

and thus give a proje
tive representation of the group SL

2

(Z) in Hom(U;H).

Example 3.1.18. Let U = 1 be the unit obje
t in C. Then we have a 
anoni
al

identi�
ation Hom(1; V

i


 V

�

i

) ' k, and thus we have a 
anoni
al basis f�

i

g of

Hom(1; H). In this 
ase, the a
tion of the modular group de�ned in Theorem 3.1.17

in the basis f�

i

g is given by s; t de�ned by (3.1.16) and (3.1.8).

The next theorem was proved by Vafa in the 
ontext of Conformal Field Theory.

Theorem 3.1.19 (Vafa [V2℄). In any modular tensor 
ategory the numbers �

i

and � = (p

+

=p

�

)

1=6

are roots of unity (regardless of the base �eld k).

Proof. We will use the following observation: if

Y

j2I

�

M

ij

j

= 1; i 2 I;
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with a non-singular integer matrix M

ij

, then all �

j

are roots of unity. Indeed, we


an diagonalize the matrix M

ij

by rows and 
olumns operations.

For �xed obje
ts W

1

, W

2

, W

3

in C, de�ne the following endomorphisms of

W

1


W

2


W

3

:

�

1

:= �

W

1


 id
 id; �

2

:= id
�

W

2


 id; �

3

:= id
 id
�

W

3

;

�

12

:= �

W

1


W

2


 id; �

23

:= id
�

W

2


W

3

; �

13

:= θ

W WW1 2 3

�

123

:= �

W

1


W

2


W

3

:

Then it is easy to 
he
k that

�

12

�

13

�

23

= �

123

�

1

�

2

�

3

(3.1.35)

(this identity is sometimes 
alled the lantern identity). Consider this identity for

W

1

= V

i

, W

2

= V

�

i

, W

3

= V

i

. It gives rise to an identity of operators in the ve
tor

spa
e

U

i

= Hom(V

i

; V

i


 V

�

i


 V

i

)

whi
h is non-zero sin
e it 
ontains i

V

i


 id

V

i

. We take determinant of both sides of

this identity.

To 
ompute det �

12

j

U

i

, we use the de
ompositions of V

i


 V

�

i

and V

j


 V

i

as

dire
t sums of simple obje
ts:

V

i


 V

�

i

=

X

j

N

j

ii

�

V

j

; V

j


 V

i

=

X

k

N

k

ji

V

k

;

and (2.4.4, 1.1.2). We obtain

det �

12

j

U

i

=

Y

j

�

N

j

ii

�

N

i

ji

j

:

Similarly, we 
ompute the determinants of other �'s and get the identity

Y

j

�

A

ij

j

= �

4 dimU

i

i

;

where A

ij

= 2N

j

ii

�

N

i

ij

+N

j

ii

N

i

ji

�

. Using that dimU

i

= (1=3)

P

j

A

ij

> 0, it is easy

to see that the matrix A

ij

� 4Æ

ij

dimU

i

is nonsingular. It follows that all �

i

are

roots of unity.

Sin
e det t =

Q

i

�

i

, det t is a root of unity. On the other hand, s

4

= 1 implies

that det s is a 4th root of unity. Therefore, it follows from (st)

3

= �

3

s

2

that � is a

root of unity.

Remark 3.1.20. In MTCs 
oming from Conformal Field Theory (CFT), when

the base �eld is C , one usually writes

�

i

= e

2�i�

i

; � = e

2�i
=24

:(3.1.36)
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The numbers �

i

are 
alled the 
onformal dimensions and 
 is 
alled the (Virasoro)


entral 
harge of the theory. In this language Vafa's theorem asserts that the


onformal dimensions and the 
entral 
harge of the theory are rational numbers;

this is one of the reasons why su
h CFTs are 
alled rational.

One 
an also easily prove the following result.

Theorem 3.1.21. All the numbers s

ij

=s

0j

= ~s

ij

=d

j

are algebrai
 integers.

Proof. By Verlinde formula (3.1.26), these numbers are the eigenvalues of the

matrix N

i

with integer entries.

3.2. Example: Quantum double of a �nite group

We will give the simplest example of a modular tensor 
ategory|the 
ategory

of �nite dimensional representations of the Hopf algebra D(G), whi
h is the quan-

tum double of the group algebra k[G℄ of a �nite group G. It is interesting that

this example appeared in two seemingly unrelated areas|the theory of 
hara
ters

of redu
tive groups over �nite �elds [L5, L6℄ and the orbifold 
onstru
tions in

Conformal Field Theory [DVVV, KT℄.

Let us �rst �x the notation. Let G be a �nite group. Re
all that its group

algebra k[G℄ over a �eld k is a Hopf algebra with a k-basis fxg

x2G

and

multipli
ation x
 y 7! xy; x; y 2 G;

unit e (the unit element of G);


omultipli
ation �(x) = x
 x; x 2 G;


ounit "(x) = 1;

antipode 
(x) = x

�1

:

This Hopf algebra is 
o
ommutative. A representation of k[G℄ is the same as

a representation of G. By Mas
hke's theorem, the 
ategory Rep

f

k[G℄ of �nite

dimensional representations is semisimple.

The Hopf algebra dual to k[G℄ is isomorphi
 to the fun
tion algebra F (G) of

the group G. It has a k-basis fÆ

g

g

g2G


onsisting of delta fun
tions:

Æ

g

(x) = Æ

g;x

=

(

1 for g = x;

0 for g 6= x:

It has

multipli
ation Æ

g

Æ

h

= Æ

g;h

Æ

g

; g; h 2 G;

unit 1 =

P

g2G

Æ

g

;


omultipli
ation �(Æ

g

) =

P

g

1

g

2

=g

Æ

g

1


 Æ

g

2

; g 2 G;


ounit "(Æ

g

) = Æ

g;e

;

antipode 
(Æ

g

) = Æ

g

�1
:

A representation of F (G) is the same as a G-graded ve
tor spa
e (sin
e fÆ

g

g

g2G

are proje
tors).

Applying Drinfeld's quantum double 
onstru
tion [Dr3℄ it is easy to des
ribe

expli
itly the quantum double D(G) of k[G℄. As a ve
tor spa
e, D(G) = F (G) 


k



60 3. MODULAR TENSOR CATEGORIES

k[G℄. It is a Hopf algebra with

multipli
ation (Æ

g


 x)(Æ

h


 y) = Æ

gx;xh

(Æ

g


 xy); x; y; g; h 2 G;

unit 1 =

P

g2G

Æ

g


 e;


omultipli
ation �(Æ

g


 x) =

P

g

1

g

2

=g

(Æ

g

1


 x)
 (Æ

g

2


 x); g; x 2 G;


ounit "(Æ

g


 x) = Æ

g;e

;

antipode 
(Æ

g


 x) = Æ

x

�1

g

�1

x


 x

�1

:

The Hopf algebra D(G) is quasitriangular with

R-matrix R =

P

g2G

(Æ

g


 e)
 (1
 g):

(Of 
ourse, on
e we know the above formulas, they 
an be easily 
he
ked dire
tly.)

Note that F (G) and k[G℄ embed in D(G) as k-algebras and D(G) is their

semidire
t produ
t:

D(G) = F (G)o k[G℄;(3.2.1)

with

xÆ

g

x

�1

= Æ

xgx

�1 for g; x 2 G:(3.2.2)

Let Rep

f

D(G) be the 
ategory of �nite dimensional representations of D(G)

as a k-algebra. By the above remarks, a representation V of D(G) is the same as

a G-module with a G-grading V =

L

g2G

V

g

satisfying xV

g

� V

xgx

�1
, x; g 2 G.

In other words, obje
ts of Rep

f

D(G) are �nite dimensional G-equivariant ve
tor

bundles over G. We will show that the 
ategory Rep

f

D(G) is semisimple and will

des
ribe its simple obje
ts.

For V 2 ObRep

f

D(G) and v 2 V the submodule generated by v is

D(G)v =

X

g2G

k[G℄Æ

g

v =

X

g2G

M

xgx

�1

2g

xZ(g)Æ

g

v;

where g denotes the 
onjugasy 
lass and Z(g) the 
entralizer of g in G. Note that

k[Z(g)℄Æ

g

v is an irredu
ible representation � of Z(g). Hen
e

V

g;�

:= k[G℄Æ

g

v =

M

xgx

�1

2g

x�;(3.2.3)

is an irredu
ible D(G)-module whi
h depends only on the 
onjuga
y 
lass g and

the isomorphism 
lass of the irredu
ible representation � of Z(g). The a
tion of

D(G) on V

g
;�

is given expli
itly by:

(Æ

f


 h)(xv) = Æ

f;hxgh

�1

x

�1
hxv for f; h; x 2 G; v 2 �:(3.2.4)

This shows that the 
ategory Rep

f

D(G) is semisimple with simple obje
ts

V

g
;�

labeled by pairs (g; �), where g 2 G is a 
onjuga
y 
lass in G and � 2

[

Z(g) is

an isomorphism 
lass of irredu
ible representation of the 
entralizer Z(g) of some

element g 2 g (� is independent of the 
hoi
e of g).
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In what follows we will use the orthogonality relations of irredu
ible 
hara
ters

of a �nite group G:

1

jGj

X

h2G

tr

�

�

(h) tr

�

0

(hg) =

tr

�

(g)

tr

�

(e)

Æ

�;�

0

; �; �

0

2

b

G; g 2 G;(3.2.5)

1

jZ(g)j

X

�2

b

G

tr

�

�

(g) tr

�

(h) = Æ

g;h

; h; g 2 G:(3.2.6)

Also re
all that jgjjZ(g)j = jGj.

Theorem 3.2.1. Rep

f

D(G) is a modular tensor 
ategory with simple obje
ts

V

g
;�

labeled by (g; �), g 2 G, � 2

[

Z(g) (g 2 g). We have:

V

�

g;�

' V

g

�1

;�

�

;(3.2.7)

t

(g;�);(g

0

;�

0

)

= Æ

(g;�);(g

0

;�

0

)

tr

�

(g)

tr

�

(e)

;(3.2.8)

s

(g;�);(g

0

;�

0

)

=

1

jZ(g)jjZ(g

0

)j

X

h2G

hg

0

h

�1

2Z(g)

tr

�

(hg

0

�1

h

�1

) tr

�

0

(h

�1

g

�1

h):(3.2.9)

The numbers p

�

from (3.1.7) are equal to the order of G.

The s-matrix (3.2.9) was �rst introdu
ed by Lusztig [L5℄ (see also [L6, L7℄)

under the names \non-abelian Fourier transform" and \exoti
 Fourier transform".

Then it appeared in [DVVV℄ and [KT℄ in 
onne
tion with \orbifolds". Dijkgraaf,

Pasquier and Ro
he [DPR℄ 
onsidered a generalization of the above 
onstru
tion

whi
h is also related to orbifolds. They introdu
ed a quasi-Hopf algebra D




(G),

depending on a 
ohomology 
lass 
 2 H

3

(G;U(1)), whi
h redu
es to D(G) when


 = 1.

Proof of Theorem 3.2.1. Eq. (3.2.7) follows easily from the de�nitions (note

that Z(g

�1

) = Z(g) and tr

�

�

(h) = tr

�

(h

�1

)).

To prove (3.2.8), we 
ompute the twists � using the results of Proposition 2.2.4

and Lemma 2.2.5. Sin
e 


2

= id, it follows that Æ

V

= id, 
f. (2.2.11). Hen
e,

� = u

�1

=

X

h2G

Æ

h


 h:(3.2.10)

As g is 
entral in Z(g), it a
ts as a 
onstant = tr

�

(g)= tr

�

(e) on the representation

�; hen
e by (3.2.4), �

g;�

= tr

�

(g)= tr

�

(e).

To prove (3.2.9), we will use (3.1.2). We 
ompute for x; x

0

2 G, v 2 �

�

, v

0

2 �

0

:

�

V

�

g;�


V

g

0

;�

0

(xv 
 x

0

v

0

) = �(u

�1

)(xv 
 x

0

v

0

)

=

X

h2G

h

1

h

2

=h

(Æ

h

1


 h)(xv) 
 (Æ

h

2


 h)(x

0

v

0

)

=

X

h2G

h

1

h

2

=h

Æ

h

1

;hxg

�1

x

�1

h

�1
hxv 
 Æ

h

2

;hx

0

g

0

x

0

�1

h

�1

hx

0

v

0

= (fxv 
 fx

0

v

0

); where f = xg

�1

x

�1

x

0

g

0

x

0

�1

:
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Hen
e,

tr �

V

�

g;�


V

g

0

;�

0

=

X

xg

�1

x

�1

2g

�1

x

0

g

0

x

0

�1

2g

0

x

�1

x

0

g

0

x

0

�1

x2Z(g

�1

)

tr

�

�

(g

�1

x

�1

x

0

g

0

x

0

�1

x) tr

�

0

(x

0

�1

xg

�1

x

�1

x

0

g

0

)

=

tr

�

�

(g

�1

)

tr

�

�

(e)

tr

�

0

(g

0

)

tr

�

0

(e)

1

jZ(g)jjZ(g

0

)j

X

h2G

hg

0

h

�1

2Z(g)

tr

�

�

(hg

0

h

�1

) tr

�

0

(h

�1

g

�1

h);

whi
h proves (3.2.9).

The 
omputation of p

�

is straightforward (using (3.2.5, 3.2.6)), and is left to

the reader.

3.3. Quantum groups at roots of unity

We will show that the 
ategory of representations of a quantum group at root

of unity is a modular tensor 
ategory.

We will use the notation and de�nitions from Se
tion 1.3. Re
all that the

quantum group U

q

(g) was de�ned over the �eld C

q

where q is a formal variable

(De�nition 1.3.1). We also de�ned a version of the quantum group (\the quantum

group with divided powers") whi
h makes sense for q 2 C (see (1.3.18)).

In this se
tion we will 
onsider the 
ase q = e

�i=m{

({ 2 Z

+

and m is

from (1.3.17)), and we will abbreviate U

q

(g)j

q=e

�i=m{

to U

q

(g). As usual, we let

q

a

= e

a�i=m{

for any a 2 Q. Let C(g;{) be the 
ategory of �nite dimensional

representations of U

q

(g) over C with weight de
omposition:

V =

M

�2P

V

�

; q

h

j

V

�
= q

(h;�)

id

V

�
;

e

(n)

i

(V

�

) � V

�+n�

i

; f

(n)

i

(V

�

) � V

��n�

i

:

Note that our de�nition of weight de
omposition is stronger than just requiring

that all q

h

be diagonalizable: the a
tion of q

h

does not allow one to distinguish

between V

�

and V

�+2m{�

; � 2 P .

Theorem 3.3.1. C(g;{) is a ribbon 
ategory over C .

Proof. The asso
iatity, unit, et
., follow from the fa
t that U

q

(g) is a Hopf

algebra (
f. Examples 1.2.8(iii), 2.1.4). For the 
ommutativity we need that the

R-matrix 
an be de�ned over U

q

(g)

Z

, whi
h was proved by Lusztig, see [L2℄.

Definition 3.3.2. Let � 2 P

+

be a dominant integer weight of g. The Weyl

module V

�

of U

q

(g) is de�ned by

V

�

= (V

�

)

Z




A

C ;

where A = Z[q

�1=jP=Qj

℄ and (V

�

)

Z

= U

q

(g)

Z

v

�

� (V

�

)

C

q

is the U

q

(g)

Z

-submodule

of (V

�

)

C

q

generated by the highest weight ve
tor.

This means that we 
hoose a basis of (V

�

)

C

q

su
h that the a
tion of U

q

(g)

Z

has 
oeÆ
ients from Z[q

�1=jP=Qj

℄ and then we 
an put q a 
omplex number. This

des
ription shows that the weight subspa
es of V

�

are the same as those of (V

�

)

C

q

.
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For example, let us 
onsider �rst the 
ase when g = sl

2

. The weight latti
e of

sl

2


an be identi�ed with Z, so the Weyl modules are

V

n

=

n

X

i=0

C v

i

; n 2 Z

+

:

Here v

0

is the highest weight ve
tor and v

i

= f

(i)

v

0

. The a
tion of U

q

(sl

2

) is given

by (re
all that [k℄ := (q

k

� q

�k

)=(q � q

�1

)):

q

h

v

i

= q

n�2i

v

i

; ev

i

= [n� i+ 1℄v

i�1

; fv

i

= [i+ 1℄v

i+1

;

see the �gure (f is represented by solid lines and e by dashed ones).

[1]

-1 ][ [

[ [2]

[1]

n

n n

]

]

v v v v vn 2n 1 0 - 1

The 
oeÆ
ients of the above a
tion are in Z[q

�1

℄, so it makes sense for q 2 C

�

. We

will assume that q 6= �1.

Exer
ise 3.3.3. Write the a
tion of e

(k)

and f

(k)

in this basis.

Let q = e

�i={

, { 2 Z

+

. Then the module V

n

may be redu
ible sin
e [k℄ = 0

when { divides k. For example, for n = 3, { = 3, the basis elements v

1

and v

2

span a submodule V

0

3

. This 
laim does not follow simply from the fa
t that V

0

3

is

invariant under the operators e and f , be
ause for example e

(3)

is a new operator

di�erent from e

3

=[3℄! (sin
e [3℄ = 0). We leave the proof as an exer
ise (not too

diÆ
ult). The submodule V

0

3

is not a dire
t summand, hen
e V

3

is not semisimple.

Theorem 3.3.4. (i) The module V

n

is irredu
ible for n < {.

(ii) dim

q

V

n

= [n+ 1℄ = 0 if and only if { divides n+ 1.

The proof of this theorem is straightforward. In parti
ular, this theorem implies

that

For 0 � n � { � 2, V

n

is irredu
ible and dim

q

V

n

6= 0,(3.3.1)

whi
h is obvious be
ause in this 
ase all q-fa
torials are non-zero. (In fa
t, one has

a stronger statement: V

n

is irredu
ible i� n < { or n = l{ � 1, l 2 Z

+

, see [AP℄.)

We will need a similar result for an arbitrary semisimple �nite dimensional Lie

algebra g. Re
all the number m from (1.3.17). We let q = e

�i=m{

, { 2 Z, and

assume that { � h

_

, where h

_

= h�; �i + 1 is the dual Coxeter number, � is the

half sum of positive roots, and � is the highest root of g.

Theorem 3.3.5. dim

q

V

�

= 0 if and only if � + � 2 H

�;l

for some � 2 �

+

,

l 2 Z, where H

�;l

is the hyperplane

H

�;l

:= fx 2 h

�

j hx; �i = l{g:

Proof. By (2.3.13) we have an expli
it formula for dim

q

:

dim

q

V

�

= tr

V

�

q

2�

= �

�

(q

2�

);(3.3.2)

where �

�

is the 
hara
ter of the representation V

�

. Here and below we use the

notation e

�

(q

�

) = q

hh�;�ii

and extend it to f(q

�

) for f 2 C [P ℄, where P is the

weight latti
e of g.
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We have the Weyl formula for �

�

:

�

�

(q

2�

) =

1

Æ(q

2�

)

X

w2W

(�1)

l(w)

q

hhw(�+�);2�ii

;(3.3.3)

where l(w) is the length of w, and Æ is the Weyl denominator

Æ =

Y

�2�

+

(e

�=2

� e

��=2

) =

X

w2W

(�1)

l(w)

e

w(�)

:(3.3.4)

(This equality is the Weyl denominator formula.)

We 
an rewrite (3.3.3) as

�

�

(q

2�

) =

1

Æ(q

2�

)

X

w2W

(�1)

l(w)

q

2hh�+�;w(�)ii

=

Æ(q

2(�+�)

)

Æ(q

2�

)

=

Y

�2�

+

[hh�; � + �ii℄

[hh�; �ii℄

;

(3.3.5)

where, as usual, [n℄ denotes the q-number.

Note that hh�; �ii � hh�; �ii = m(h

_

� 1) < m{, thus the denominator is non-

zero. The numerator is 0 exa
tly when �+ � belongs to some H

�;l

.

Let us de�ne the aÆne Weyl group W

a

to be the group generated by re
e
tions

with respe
t to the hyperplanes H

�;l

. It 
ontains the Weyl group W of g whi
h is

generated by re
e
tions with respe
t to the hyperplanes H

�;0

. Re
all the following

standard fa
ts (see e.g. [K1℄).

Theorem 3.3.6. (i) W

a

is a Coxeter group generated by the simple re
e
tions

s

i

(i = 1; : : : ; rankg) and the re
e
tion s

0

with respe
t to the hyperplane H

�;1

.

(ii) W

a

= W n {Q

_

where Q

_

is the 
oroot latti
e embedded in h

�

using the

form h; i; {Q

_

a
ts on h

�

by translations.

(iii) A fundamental domain for the shifted a
tion w:� := w(�+ �)� � of W on

h

�

is the Weyl 
hamber

C = f� 2 h

�

j (� + �; �

_

i

) � 0; (�+ �; �

_

) � {g:(3.3.6)

For example, for g = sl

2

, h

�

is a line and C is the 
losed interval [�1;{ � 1℄.

We will need a simple te
hni
al lemma.

Lemma 3.3.7. (i) Let f 2 C [P ℄

�W

beW invariant (respe
tively anti-invariant).

Then f(q

2�

) is (anti)symmetri
 with respe
t to the a
tion of W

a

on �.

(ii) Conversely, if f(q

2�

) = f(q

2�

0

) for all f 2 C [P ℄

W

then �

0

= w(�) for some

w 2 W

a

.

Proof. (i) The (anti)symmetry with respe
t to W is obvious. It suÆ
es to


he
k that f(q

2�

) is symmetri
 with respe
t to translations from {Q

_

, i.e.,

f(q

2(�+{�

_

)

) = f(q

2�

); �

_

2 Q

_

:

This follows from the equation

e

�

(q

2(�+{�

_

)

) = q

2hh�;�ii

q

2{hh�;�

_

ii

and the fa
t that 2{hh�; �

_

ii = 2{mh�; �

_

i 2 2{mZ.

(ii) The proof of the 
onverse statement is left to the reader as an exer
ise;

the 
ru
ial step is proving that 
ertain matri
es are non-singular. We will give an

example of a 
al
ulation of this sort later (see the proof of Theorem 3.3.20).
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Corollary 3.3.8. If we de�ne \dim

q

V

�

" for all � 2 P as Æ(q

2(�+�)

)=Æ(q

2�

),

then it is W

a

-antisymmetri
 with respe
t to the shifted a
tion on �.

Proof. Follows from Lemma 3.3.7 and the fa
t that Æ is a W -antisymmetri


element in C [P ℄ (see (3.3.4)).

Theorem 3.3.9. Let C = f� 2 P

+

j (�+ �; �

_

) < {g. Then for � 2 C we

have dim

q

V

�

> 0 and V

�

is irredu
ible.

(In fa
t, one 
an des
ribe exa
tly when V

�

is irredu
ible (see [APW℄) but we will

not need it.)

Proof. The fa
t that dim

q

V

�

> 0 follows from Eq. (3.3.5). The irredu
ibility

of V

�

follows from the so-
alled \linkage prin
iple" (in a weak form):

V

�


an have a subquotient with highest weight �

0

only if �

0

= w(�)

for some w 2W

a

.

To prove it, introdu
e operators K

�

: V ! V (where � 2 P

+

, V is any module) by

the pi
ture

VVν

Sin
e K

�

is a morphism in the 
ategory C(g;{), it 
ommutes with the a
tion of

U

q

(g) on V . If v

�

is a highest weight ve
tor in V , it is easy to see that K

�

(v

�

) =

�

�

(q

2(�+�)

)v

�

. Indeed, let fv

i

g and fv

i

g be dual bases in V

�

and V

�

�

. Using

1.2.8(iii), 2.3.4 and 2.2.4, we 
ompute:

K

�

: v

�

i

7!

X

i

v

�


 v

i


 v

i

�

7!

X

i

q

hh�;wt v

i

ii

(v

i

+ � � � )
 v

�


 v

i

�

7!

X

i

q

2hh�;wt v

i

ii

v

�


 (v

i

+ � � � )
 v

i

Æ

7!

X

i

q

2hh�+�;wt v

i

ii

v

�


 (v

i

+ � � � )
 v

i

e

7!

�

X

i

q

2hh�+�;wt v

i

ii

�

v

�

= �

�

(q

2(�+�)

)v

�

;

where \+ � � �" denotes terms with lower weight than v

i

.

The operators K

�

are 
entral and a
t by 
onstant on v

�

, therefore for subquo-

tients we have

�

�

(q

2(�+�)

) = �

�

(q

2(�

0

+�)

):

Be
ause all �

�

, � 2 P

+

, span C [P ℄

W

, it follows from Lemma 3.3.7(ii) that �

0

= w(�)

for some w 2 W

a

.

This 
ompletes the proof of the theorem.
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Note that C(g;{) is a very 
ompli
ated 
ategory; in parti
ular, it is not semisim-

ple. We want to extra
t a semisimple part with simple obje
ts V

�

, � 2 C. As an

indi
ation that this is possible, we give without proof the following fa
t (see [AP℄

and referen
es therein).

Proposition 3.3.10. For �; � 2 C we have

V

�


 V

�

'

�

M

�2C

N

�

��

V

�

�

� Z

for some module Z with dim

q

Z = 0.

However, it is not possible to de
lare all modules of dim

q

= 0 to be 0. For

example, for g = sl

2

we have dim

q

(V

{�2

� V

{

) = 0, while both V

{�2

and V

{

are

modules with non-zero q-dimension and V

{�2

is simple.

The 
orre
t 
onstru
tion was found by Andersen and Paradowski [AP℄ and is

based on the use of an auxiliary 
ategory of tilting modules, whi
h is interesting in

its own right.

Definition 3.3.11. A module T over U

q

(g) is 
alled tilting if both T and T

�

have 
omposition series with fa
tors V

�

, � 2 P

+

. Let T be the full sub
ategory of

C(g;{) 
onsisting of all tilting modules.

Example 3.3.12. (i) If � 2 C then V

�

' V

�

�

for �

�

= �w

0

(�), where w

0

is the

longest element in W . Therefore the module V

�

is tilting. However, for a general

� 2 P

+

, V

�

may not be tilting.

(ii) Let g = sl

2

, q = e

�i=3

, so [3℄ = 0. Consider the Weyl module V

3

over U

q

sl

2

.

We add two more ve
tors to it and extend the a
tion of sl

2

as shown in the �gure

for the elements e and f (f is represented by solid lines and e by dashed ones).

[1]

[1]

[1]

[1]

[2]

[2]

[2]

[2]

0

0

0

0

0

12

3

4 5

v

v v

v

vv

(The reader 
an de�ne as an exer
ise the a
tion of e

(k)

; f

(k)

for k > 0.) We obtain

a module T =

P

5

i=0

C v

i

. It is easy to see that the ve
tors v

0

, v

1

, v

2

, v

3

generate

a submodule isomorphi
 to V

3

and the fa
tor by it is isomorphi
 to V

1

. It 
an be

easily shown that T

�

' T , hen
e the module T is tilting. Note that T is not a

dire
t sum of V

3

and V

1

.

The following important theorem was proved by Andersen and Paradowski (see

[AP℄ and referen
es therein).

Theorem 3.3.13 ([AP℄). (i) The 
ategory of tilting modules T is 
losed under

�, �, 
 and dire
t summands.

(ii) For every � 2 P

+

there exists a unique inde
omposable tilting module T

�

su
h that its weight subspa
e (T

�

)

�

is 0 unless � � � and (T

�

)

�

= C .
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(iii) For � 2 C we have T

�

= V

�

, while for � 62 C we have dim

q

T

�

= 0. Hen
e

dim

q

T � 0 for all T 2 Ob T .

We will not give a proof of the theorem. We only note that, for example, it is

rather diÆ
ult to show that T is 
losed under 
.

Corollary 3.3.14. T is a ribbon 
ategory.

Note that T is not an abelian 
ategory sin
e it is not 
losed under quotients.

Definition 3.3.15. A tilting module T is 
alled negligible if tr

q

f = 0 for any

f 2 EndT . (In parti
ular, dim

q

T = 0.)

Lemma 3.3.16. T is negligible i� T =

L

� 62C

n

�

T

�

for some n

�

2 Z

+

.

Proof. Follows easily from Theorem 3.3.13. Indeed, it is enough to show

that T

�

is negligible i� � 62 C. Sin
e T

�

is inde
omposable and dim

C

T

�

<

1, every endomorphism f of T

�

in some homogeneous basis has the form f =


 id+upper triangular. Then tr

q

f = 
 dim

q

T

�

.

Definition 3.3.17. A morphism f : T

1

! T

2

is 
alled negligible if tr

q

(fg) = 0

for all g : T

2

! T

1

.

Note that if T

1

or T

2

is negligible then any morphism f : T

1

! T

2

is negligible.

Lemma 3.3.18. (i) If T is negligible, then so are T

�

, T 
 T

0

for any T

0

, and

dire
t summands of T .

(ii) If f is negligible, then so are f

�

, f 
 g, fg and gf for any g.

The proof being obvious is omitted.

Definition 3.3.19. Let C

int

� C

int

(g;{) ({ 2 Z, { � h

_

) be the 
ategory with

obje
ts tilting modules and morphisms

Hom

C

int(V;W ) = Hom

T

(V;W )=negligible morphisms:

We list some properties of the 
ategory C

int

� C

int

(g;{):

1. T 2 ObT is negligible i� it is isomorphi
 to 0 in C

int

.

2. C

int

is a ribbon 
ategory.

3. Any obje
t V in C

int

is isomorphi
 to

L

�2C

n

�

V

�

.

4. C

int

is a semisimple abelian 
ategory and dim

C

int V > 0 if V 6' 0.

These properties show that C

int

is the 
ategory we wanted. It is a semisimple ribbon


ategory with a �nite number of simple obje
ts. A natural question is whether this


ategory is modular. We will show that the answer is positive.

Theorem 3.3.20. C

int

is a modular tensor 
ategory with simple obje
ts V

�

(� 2

C),

s

��

= jP={Q

_

j

�1=2

i

j�

+

j

X

w2W

(�1)

l(w)

q

2hhw(�+�);�+�ii

;(3.3.7)

t

��

= Æ

��

q

hh�;�+2�ii

;(3.3.8)

and

D =

p

jP={Q

_

j

Y

�2�

+

�

2 sin(�h�; �i={)

�

�1

;(3.3.9)

� = e

2�i
=24

; 
 = ({ � h

_

) dim g={:(3.3.10)
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Proof. The 
al
ulations in the proof of Theorem 3.3.9 and Eq. (3.1.5) give

~s

��

= �

�

(q

2(�+�)

) dim

q

V

�

=

1

Æ(q

2�

)

X

w2W

(�1)

l(w)

q

2hhw(�+�);�+�ii

:

To show that det ~s 6= 0, we will 
al
ulate the matrix ~s

2

. First note that if we

use the formula above to extend ~s

��

for �; � 2 P , this extended matrix will be

antisymmetri
 with respe
t to the shifted a
tion of the aÆne Weyl group W

a

:

~s

w:�;�

= (�1)

l(w)

~s

�;�

; w 2 W

a

:(3.3.11)

In parti
ular, ~s

��

= 0 when � or � are on the walls of C.

Sin
e

P

�2C

~s

��

~s

��

is symmetri
 with respe
t to the shifted a
tion of W

a

on

� and C is the fundamental domain for the a
tion of W

a

on P , we 
an repla
e the

range of summation with P=W

a

. Sin
e W

a

'W n {Q

_

, this sum equals

1

jW j

X

�2P={Q

_

~s

��

~s

��

=

1

jW j

X

w;w

0

2W

X

�2P={Q

_

Æ(q

2�

)

�2

(�1)

l(w)+l(w

0

)

q

2hh�+�;w(�+�)+w

0

(�+�)ii

:

Now we need an obvious lemma.

Lemma 3.3.21.

X

�2P={Q

_

q

2hh�;aii

=

(

0 for a 62 {Q

_

;

jP={Q

_

j for a 2 {Q

_

:

Note that w(� + �) + w

0

(� + �) = w(� + �)� w

0

w

0

(�

�

+ �) 2 {Q

_

i� �+ � 2

w

�1

w

0

w

0

(�

�

+ �) + {Q

_

where w

0

is the longest elment in W . But sin
e both �

and �

�

are in C, whi
h is a fundamental domain of W

a

, this is only possible if

�+ � = �

�

+ �, w

�1

w

0

= w

0

. Therefore

X

�2C

~s

��

~s

��

=

jP={Q

_

j

Æ(q

2�

)

2

(�1)

l(w

0

)

Æ

�;�

�

:

This number is non-zero, hen
e det ~s 6= 0.

This also gives D sin
e (~s

2

)

��

= D

2

Æ

�;�

�

. Formula (3.3.8) for the twist follows

dire
tly from Example 2.2.6. The rest of the proof is straightforward and is left to

the reader.

Example 3.3.22. When g = sl

2

, we have:

s

��

=

r

2

{

sin

�

�

(�+ 1)(�+ 1)

{

�

; 0 � �; � � { � 2:

The arguments of Theorem 3.3.20 
an be repeated for q = e

�i=m{

, { 2 Q, but

in this 
ase the matrix ~s may be degenerate.

Note that the formulas for the matri
es s; t 
oin
ide with the Ka
{Peterson

formula [KP℄ for the modular transformations of 
hara
ters of the aÆne Lie algebra

^

g when q = e

�i=m{

(their matrix T 
orresponds to the matrix t=� in our notations).

This fa
t will be explained later.

Finally, let us dis
uss the Verlinde algebra for C

int

. Let V = K(Rep

f

(g))
C be

the 
omplexi�ed Grothendie
k ring of Rep

f

(g); similarly, denote V

k

= K(C

int

)
 C

(where, as before, { = k + h

_

).
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Proposition 3.3.23. The Verlinde algebra V

k

is the quotient of V, namely,

V

k

= V=I

k

, where I

k

� V is the linear span of hV

�

i � (�1)

l(w)

hV

w:�

i for � 2

P

+

; w 2W

a

; w:� 2 P

+

.

Proof. The 
onstru
tion given in Theorem 3.1.11 de�nes a surje
tive map

� : V ! V

k

. It follows from Weyl 
hara
ter formula that I

k

� ker�. On the other

hand, it follows from Theorem 3.3.6(iii) that dimV=I

k

= jCj = dimV

k

.

Exer
ise 3.3.24. (i) Show that for g = A

n

, the ideal I

k

is the linear span of

hV

�

i for � 2 P

+

; (�+ �; �

_

) = {.

(ii) Show that for g = E

8

this is not so.

(iii) Show that the fusion rules for U

q

(sl

2

) for q = e

�i=(k+2)

are given by

hV

m

ihV

n

i =

X

l

N

l

mn

hV

l

i;

where

N

l

mn

=

(

1 for jm� nj � l � m+ n; l � 2k � (m+ n); l +m+ n 2 2Z;

0 otherwise

(
f. Example 2.1.10).
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CHAPTER 4

3-dimensional Topologi
al Quantum Field Theory

In this 
hapter, following the ideas of [RT2℄ and [T℄, we will show that the

algebrai
 formalism of modular tensor 
ategories is 
losely related with the topology

of 3-manifolds. In parti
ular, we will show that every MTC gives rise to an invariant

of 
ompa
t 3-manifolds. Histori
ally, this was one of the main motivations for the

theory of modular tensor 
ategories. We will quote without proofs several important

results about 3-manifolds whi
h are used in this 
onstru
tion. The reader is referred

to an ex
ellent introdu
tory text [PS℄ and referen
es therein for proofs and detailed

dis
ussion.

In this 
hapter, by \manifold" we mean an oriented 
ompa
t topologi
al man-

ifold, possibly with boundary; by a \
losed manifold" we will mean a manifold

without boundary. All maps between manifolds will be 
ontinuous and preserving

orientation, unless stated otherwise. By ' we denote homeomorphism of manifolds,

and byM we denote the manifold M with reversed orientation. Finally, for an ori-

ented manifold M we endow its boundary �M with an orientation in the standard

way: (v

1

; : : : ; v

k

) is a positive reper for �M if (v

1

; : : : ; v

k

; n) is a positive reper for

M , where n is the outward normal ve
tor to �M .

4.1. Invariants of 3-manifolds

In this se
tion we 
onstru
t invariants of 
losed 3-manifolds. This 
onstru
tion

is based on the notion of surgery, whi
h itself is a spe
ial 
ase of the operation of

gluing, des
ribed in the lemma below.

Lemma 4.1.1. Let M

1

and M

2

be two manifolds of the same dimension. Let

N

1

be a 
onne
ted 
omponent of �M

1

, N

2

a 
onne
ted 
omponent of �M

2

and

f : N

1

�

�! N

2

be an orientation reversing homeomorphism.

(i) De�ne M

1

[

f

M

2

by

M

1

[

f

M

2

:= (M

1

tM

2

)=f(x; y) j y = f(x); x 2 N

1

g:

Then M

f

� M

1

[

f

M

2

is again a manifold. We will say that M

f

is obtained by

gluing M

1

and M

2

using the identi�
ation f of their boundary 
omponents.

(ii) If f

0

= f Æ ' for some ' : N

1

�

�! N

1

whi
h extends to M

1

�

�! M

1

, then

M

f

0

'M

f

.

(iii) M

f

depends only on the isotopy 
lass of f , i.e., it does not 
hange when

we 
ontinuously deform f .

Proof. Only (iii) is not immediately obvious. It follows from the next 
laim:

If f

0

� f then one 
an write f

0

= f Æ ' for some ' : M

1

�

�! M

1

su
h that ' 6= id

only in a neighborhood of N

1

. Indeed, it suÆ
es to prove this in the 
ase where

M

1

is the 
ylinder [0; 1℄�N

1

, in whi
h 
ase it is obvious.

71
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Examples 4.1.2. Let T

1

and T

2

be two solid tori. The boundary of a solid

torus is a 2-dimensional torus whi
h 
an be thought of as a re
tangle with identi�ed

opposite sides. The sides of the re
tangle give two 1-
y
les whi
h form a basis in

homology (see Figure 4.1).

β

α

a

bb

a

Figure 4.1. A torus obtained by gluing opposite sides of a re
tangle.

Below we will 
onsider orientation reversing homeomorphisms f : T

1

�

�! T

2

as

a
ting on the 
orresponding re
tangles. We will 
onsider two examples.

(i) f identi�es a

0

1

with a

0

2

, a

00

1

with a

00

2

, b

0

1

with b

00

2

and b

00

1

with b

0

2

, i.e., it is a

re
e
tion in the verti
al line:

a

bb

a

bb

a1

1

11 2

2

2

2

a
f

f

f

f

Then M

f

= T

1

[

f

T

2

' S

2

� S

1

. Indeed, M

f

has a well-de�ned proje
tion on

the 
ir
le � whi
h is a 
ommon parallel of both tori (on the �gure above, � is

represented by any of the intervals b

1

; : : : ; b

00

2

). The �ber of this proje
tion is S

2

,

obtained by gluing two 
opies of a disk along the boundary. Finally, it 
an be shown

that this is indeed a dire
t produ
t.

(ii) f identi�es a

0

1

with b

0

2

, a

00

1

with b

00

2

, b

0

1

with a

0

2

and b

00

1

with a

00

2

, i.e., it is a

re
e
tion in the diagonal:

f

f

f

f

a
1

a1 a

b

b
1

b2
2

2
b1

a2
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Then we 
laim that T

1

[

f

T

2

' S

3

. The easiest way to visualize this is to note that

the 
omplement of a solid torus in S

3

= R

3

[1 is again a solid torus. Hen
e S

3

is

a union of two solid tori with boundaries identi�ed by the map f .

In general, the spa
es T

1

[

f

T

2

obtained by gluing two solid tori are 
alled lens

spa
es, see e.g. [PS℄. Sin
e su
h a lens spa
e is de�ned by the isotopy 
lass of f , it is

natural to study the group of isotopy 
lasses of homeomorphisms of a 2-dimensional

torus.

Theorem 4.1.3. Let T

0

be a solid torus. Fix a standard basis �; � of H

1

(�T

0

;Z),

as shown in Figure 4.1. (Given a solid torus T

0

, � is de�ned uniquely up to a sign,

but � is not.) Then:

(i) For a map f : �T

0

! �T

0

, denote by f

�

its a
tion in H

1

(�T

0

;Z)' Z

2

. Then

f 7! f

�

is an isomorphism of the group �

1;0

of isotopy 
lasses of homeomorphisms

�T

0

�

�! �T

0

with SL

2

(Z).

1

(ii) The homeomorphisms of �T

0


orresponding to the matri
es

�

�1 0

0 �1

�

and

�

1 k

0 1

�

from SL

2

(Z) (k 2 Z) 
an be extended to the whole T

0

.

Proof. (i) For every f , the indu
ed automorphism f

�

of H

1

(�T

0

;Z) preserves

the interse
tion form. Hen
e the matrix of f

�

in the basis �; � belongs to SL

2

(Z).

Surje
tivity of this map is obvious if we write �T

0

= R

2

=Z

2

and note that SL

2

(Z)

a
ts on R

2

; inje
tivity 
an be proved by standard topologi
al arguments, see details

in [PS℄.

(ii) The homeomorphism of T

0

that extends the transformation

�

1 k

0 1

�

is the

so-
alled Dehn twist : 
ut the solid torus T

0

along the disk with boundary �, twist

it k times and glue it ba
k (see Figure 4.2 for k = 1).

β

α !

β

α

Figure 4.2. Dehn twist.

Let us also remind the following standard fa
t:

Theorem 4.1.4. The group SL

2

(Z) is generated by the elements

s =

�

0 �1

1 0

�

; t =

�

1 1

0 1

�

;

with the de�ning relations s

4

= 1; (st)

3

= s

2

.

1

The notation �

1;0

is 
hosen be
ause later we will introdu
e more general groups �

g;n

,


orresponding to surfa
es of genus g with n boundary 
omponents.
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Let us restri
t our attention to 3-manifolds. In this 
ase, there are two 
lassi
al


onstru
tions allowing to get any manifold by gluing of simpler pie
es: Heegaard

splitting and surgery along links. The approa
h of this 
hapter is based on surgery;

the Heegaard splitting will be dis
ussed later.

Definition 4.1.5. Let L be a link in S

3

. Denote by T

i

some small tubular

neighborhood of the i-th 
omponent of L. Ea
h T

i

is a solid torus. Let T

0

be a

�xed standard solid torus. Suppose we are given (orientation preserving) homeo-

morphisms f

i

: �T

i

�

�! �T

0

. De�ne a new 3-manifold M

L;f

, 
alled a surgery of S

3

along the link L, by the formula

M

L;f

:=

�

S

3

n ([

i

T

int

i

)

�

[

f

i

(T

0

)

N

;(4.1.1)

where N is the number of 
omponents of L and \int" denotes interior.

In other words, we are 
utting from S

3

a number of solid tori (possibly linked)

and pasting instead new solid tori, but possibly in some twisted way.

Theorem 4.1.6. Any 
onne
ted 
losed 3-manifold 
an be obtained as a surgery

of S

3

along a link.

Note that the de�nition above requires that we spe
ify not only the link but

also the atta
hment maps f

i

. Our next observation is that there is a 
anoni
al

way to 
onstru
t f

i

if the link is framed (= ribbon). Let L be a framed link in

S

3

whi
h is dire
ted, i.e., ea
h 
omponent of L has an arrow. Let T

i

be a tubular

neighborhood of the ith 
omponent, as before. Then the link L determines 
y
les

�

i

, �

i

in �T

i

. Instead of giving the formal de�nition, we draw a pi
ture | see

Figure 4.3, where the 
y
le �

i

winds the same way as the ith 
omponent of L.

β

α

i

i

Figure 4.3. A ribbon link and the 
orresponding 
y
les �

i

, �

i

in

its tubular neighborhood.

Let f

i

: �T

i

�

�! �T

0

be the homeomorphism whi
h sends the 
y
le �

i

to �� and

�

i

to �. (By Theorem 4.1.3, su
h f

i

exists and is unique up to isotopy.)

Definition 4.1.7. Let L be a dire
ted framed link in S

3

. Then we de�ne

M

L

=M

L;f

i

to be the surgery of S

3

along the link L with the atta
hment maps f

i

des
ribed above.

Lemma 4.1.8. M

L

does not depend on the 
hoi
e of dire
tions of the 
ompo-

nents of L.

Proof. Follows from the fa
t that � 7! ��, � 7! �� 
an be extended to the

whole T

0

(see Theorem 4.1.3(ii)).
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This 
onstru
tion gives a 3-manifold M

L

for any framed link L in S

3

.

Theorem 4.1.9. Any 
onne
ted 
ompa
t oriented 3-manifoldM without bound-

ary 
an be obtained as M

L

for some framed link L in S

3

.

Examples 4.1.10. (i) When L = ; is the empty link, then M = S

3

.

(ii) Let L = 
 (no twisting). Then, by Example 4.1.2(ii), S

3

n T

1

= T

2

is a

solid torus. Then gluing T

0

and T

2

we obtainM

L

= S

2

�S

1

as in Example 4.1.2(i).

(iii) When L = 


1

= (framing 1), then M

L

= S

3

. This is by no means

obvious; we leave it as an exer
ise to the reader to dedu
e it from Example 4.1.2(ii)

and Theorem 4.1.3(ii).

The next question is when two di�erent links L and L

0

in S

3

give the same

3-manifold. The answer (highly non-trivial) was found by Kirby. We present it

here in a form due to Fenn and Rourke (see [PS℄ and referen
es therein).

Theorem 4.1.11 (Kirby 
al
ulus). M

L

'M

L

0

i� L

0


an be obtained from L by

a sequen
e of Kirby{Fenn{Rourke moves shown in Figure 4.4 below and the same

with over
rossing and under
rossing inter
hanged. (The number of strands 
an be

arbitrary, in
luding zero.)

Figure 4.4. Kirby{Fenn{Rourke moves.

The proof of this theorem is quite diÆ
ult and will not be given here.

Theorem 4.1.12 (Reshetikhin{Turaev [RT2℄). Let C be a MTC and L be a

framed link in R

3

� S

3

. De�ne the number �(M

L

) by the formula

�(M

L

) := D

�jLj�1

F

�1

(L)

�

p

+

p

�

�

�(L)=2

;(4.1.2)

where jLj is the number of 
omponents of L, D is from (3.1.15), p

�

from (3.1.7),

�(L) is the so-
alled wreath number of L (see [RT2℄ for its de�nition), and F

�1

(L)

is the Reshetikhin{Turaev invariant of the link L from Theorem 2.3.11 (we use the


onvention (3.1.4): we take sum over all possible labelings of un
olored strands,

with labeling V

i

taken with weight d

i

).

Then �(M

L

) is an invariant of the 3-manifold M

L

, i.e., it does not depend on

the link L:

�(M

L

) = �(M

L

0

) if M

L

'M

L

0

:

This invariant 
an be de�ned for an arbitrary 3-manifold M and is 
alled

Reshetikhin{Turaev invariant .
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Proof. If we assume that p

+

=p

�

= 1, then the proof immediately follows from

Lemma 3.1.5. The general 
ase is not mu
h more diÆ
ult; we refer the reader to

the original papers for details.

Examples 4.1.13. (i) �(S

3

) = D

�1

, 
f. 4.1.10(i).

(ii) �(S

2

� S

1

) = �(M




) = F

�1

(
)D

�2

= 1, 
f. 4.1.10(ii) and (3.1.20).

Remark 4.1.14. One easily sees that if L

1

; L

2

are two links in R

3

whi
h are

not linked with ea
h other (i.e., they 
an be separated by a plane), then M

L

1

tL

2

=

M

L

1

#M

L

2

, where we denote by # the 
onne
ted sum. Thus, RT invariants satisfy

the following multipli
ativity property:

�(M

1

#M

2

) = D �(M

1

)�(M

2

):(4.1.3)

Reshetikhin{Turaev invariants 
an be generalized to manifolds with ribbon

links inside. Let us assume that we have a partially C-
olored ribbon link in R

3

whi
h is presented as a union 
 t L; here 
 is a C-
olored ribbon link (whi
h may


ontain 
oupons), and L is an un
olored framed link without 
oupons. Performing

surgery along L, we get the manifold M

L

with a ribbon link 


L

inside. Then

Theorem 4.1.11 
an be generalized to this situation as follows.

Theorem 4.1.15 (Reshetikhin{Turaev [RT2℄). (i) Any 
onne
ted 
losed 3-ma-

nifold M with a ribbon link 
 inside 
an be obtained as (M

L

;


L

).

(ii) (M

L

;


L

) ' (M

L

0

;


0

L

0

) i� the link 


0

[L

0


an be obtained from 
[L by a

sequen
e of Kirby{Fenn{Rourke moves, where the annulus in Figure 4.4 is a part

of L.

Theorem 4.1.16 (Reshetikhin{Turaev [RT2℄). Let C be a MTC and let 
[L

be a partially 
olored framed link as above. Then

�

C

(M

L

;


L

) := D

�jLj�1

F

�1

(L [ 
)

�

p

+

p

�

�

�(L)=2

(4.1.4)

is an invariant, i.e., depends only on (M

L

;


L

).

The proof is similar to the proof of the previous theorem. The expli
it 
ompu-

tation of Reshetikhin{Turaev invariants is not diÆ
ult for lens spa
es (
f. 4.1.2(iii))

but in general is very 
ompli
ated.

One may wonder is there a reason why MTCs give invariants of 3-manifolds.

The reason is that MTCs give 3-dimensional Topologi
al Quantum Field Theories.

4.2. Topologi
al Quantum Field Theory

In this se
tion, we introdu
e the se
ond main hero of our le
tures|topologi
al

quantum �eld theory (TQFT). (The �rst hero was the modular tensor 
ategory.)

This notion was introdu
ed in [W1℄, [At℄ and studied extensively in many papers,

su
h as [Q℄. As before, \manifold" = \
ompa
t topologi
al oriented manifold with

boundary". We also �x a base �eld k of 
hara
teristi
 zero; all ve
tor spa
es


onsidered in this 
hapter will be ve
tor spa
es over k.

Definition 4.2.1. A (d + 1)-dimensional Topologi
al Quantum Field Theory

(d+ 1 D TQFT) is the following 
olle
tion of data:

(a) To any d-manifold N without boundary assigned a �nite dimensional ve
tor

spa
e �(N).
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(b) To any (d + 1)-manifold M (possibly with boundary) assigned a ve
tor

�(M) in the ve
tor spa
e �(�M).

(
) To any homeomorphism of d-manifolds f : N

�

�! N

0

assigned an isomor-

phism of ve
tor spa
es f

�

: �(N)

�

�! �(N

0

).

(d) Fun
torial isomorphisms

�(N )

�

�! �(N)

�

;(4.2.1)

�(;)

�

�! k;(4.2.2)

�(N

1

tN

2

)

�

�! �(N

1

)
 �(N

2

);(4.2.3)

where N is the manifold N with the opposite orientation, whi
h are 
ompatible

in an obvious sense with ea
h other and with the 
ommutativity, asso
iativity and

unit morphisms.

These data are required to satisfy the following axioms:

(i) Fun
toriality. If f : M

�

�!M

0

is a homeomorphism of (d+1)-manifolds then

(f j

�M

)

�

(�(M)) = �(M

0

).

(ii) Gluing axiom. Let M be a (d + 1)-manifold, �M = N

1

t N

2

t N

3

, and

f : N

1

�

�! N

2

be a homeomorphism. Let M

0

= M=f be the (d + 1)-manifold

obtained from M by identifying N

1

with N

2

using f , i.e., by gluing N

1

to N

2

.

Then �(M

0

) is equal to the image of �(M) via the map �(N

1

)
 �(N

2

)
 �(N

3

)!

�(N

2

)

�


 �(N

2

)
 �(N

3

)! �(N

3

).

(iii) Normalization axiom. Let I be an interval and N be a d-manifold. Then

�(I � N) = N t N and we require that �(I � N) equals the image of id

�(N)

in

�(N)
 �(N) ' �(N)

�


 �(N).

(iv) Normalization axiom. �(S

d

) = k and �(B

d+1

) = 1 2 k, where B

d+1

is the

unit ball in R

d+1

, and S

d

= �B

d+1

is the d-sphere.

This 
ompletes the de�nition.

Remark 4.2.2. For a more pedanti
 reader, we list here all the 
ompatibility


onditions mentioned in part (d) above. Fun
toriality of the morphisms (4.2.1){

(4.2.3) means that

(f t g)

�

= f

�


 g

�

; f

�

= (f

�1

�

)

�

;

where for f : N

1

�

�! N

2

we denote by f the same map 
onsidered as a homeomor-

phism N

1

�

�! N

2

, and for a map of ve
tor spa
es ' : V

1

! V

2

we denote by '

�

the

adjoint map '

�

: V

�

2

! V

�

1

.

The 
ompatibility 
onditions are as follows: to the 
anoni
al homeomorphisms

N t ;

�

�! N;

N

1

tN

2

�

�! N

2

tN

1

;

(N

1

tN

2

) tN

3

�

�! N

1

t (N

2

tN

3

)

are assigned the usual isomorphisms of ve
tor spa
es

�(N)
 k

�

�! �(N);

�(N

1

)
 �(N

2

)

�

�! �(N

2

)
 �(N

1

);

(�(N

1

)
 �(N

2

))
 �(N

3

)

�

�! �(N

1

)
 (�(N

2

)
 �(N

3

)):
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Also, to the 
anoni
al homeomorphisms

;

�

�! ;; N

1

tN

2

�

�! N

1

tN

2

are assigned the usual isomorphisms

k

�

�

�! k; (�(N

1

)
 �(N

2

))

�

�

�! �(N

1

)

�


 �(N

2

)

�

:

This 
ompletes the list of 
ompatibility 
onditions.

The axioms of TQFT show in parti
ular that for every (d + 1)-dimensional

manifold M without boundary, the number �(M) 2 �(;) = k is a topologi
al

invariant of M . However, not every invariant 
an be extended to a TQFT (see [T℄,

[Fu℄).

Note that, if M is a (d + 1)-manifold with �M = N

1

t N

2

, then �(M) 2

�(N

1

)

�


 �(N

2

) ' Hom

k

(�(N

1

); �(N

2

)). The gluing axiom says that gluing of two

su
h manifolds M gives rise to multiplying the 
orresponding operators.

Another example: M = S

1

�N is obtained by gluing the bases of the 
ylinder

I � N and it is easy to see that �(S

1

�N) = tr �(I �N) = dim �(N). Compare

this with (2.3.12):

N

N

Next, we have the following important result.

Theorem 4.2.3. In any TQFT, we have:

(i) (fg)

�

= f

�

g

�

, id

�

= id.

(ii) For f : N

1

�

�! N

2

the isomorphism f

�

: �(N

1

)

�

�! �(N

2

) depends only on

the isotopy 
lass of f .

Proof. For a homeomorphism f : N

1

�

�! N

2

, let M

f

be a 
ylinder N

1

� I

with boundary �M

f

identi�ed with N

1

t N

2

using f . Then it follows from the

normalization axiom that �(M

f

) = f

�

: �(N

1

)! �(N

2

). To prove (i), it suÆ
es to

noti
e that the 
ylinder M

fg

is homeomorphi
 to the 
ylinder obtained by gluing

M

f

with M

g

. To prove (ii), note that if f is isotopi
 to identity then M

f

is

homeomorphi
 to the trivial 
ylinderM

id

= N

1

�I ; thus, by fun
toriality, �(M

f

) =

id. We leave the details to the reader.

Corollary 4.2.4. For every d-manifold N , a TQFT gives a representation of

the group of isotopy 
lasses of homeomorphisms f : N

�

�! N in the spa
e �(N).

This group is 
alled the mapping 
lass group. We will return to this observation

later.

4.3. 1+1 dimensional TQFT

In this se
tion, we 
onsider a toy model of a TQFT: a (1+1) D TQFT. This


ase is rather trivial; however, the understanding of this example will be 
ru
ial for

some of our future 
onstru
tions.
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Theorem 4.3.1. 1+1 D TQFTs are in one-to-one 
orresponden
e with �nite

dimensional Frobenius algebras, i.e., 
ommutative asso
iative algebras A with unit

and with a linear map tr : A! k su
h that the bilinear form tr(ab) is non-degenerate.

Proof. 1. Every 1+1 D TQFT gives a Frobenius algebra.

There is only one 1-dimensional 
onne
ted 
losed manifold: the 
ir
le S

1

and S

1

=

S

1

. Let A be the ve
tor spa
e �(S

1

):

A = �(
):

The disk D

1

has a boundary �D

1

= S

1

, hen
e it gives a ve
tor �(D

1

) 2 A whi
h

we denote by 1. Sin
e �(;) := k, we 
an 
onsider �(D

1

) as a map from k to A

giving the unit:

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

1: k A

On the other hand, sin
e S

1

= S

1

, we 
an also write �D

1

= S

1

t ; whi
h gives a

map tr : A! k:

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

tr: A k

The pair of pants (also 
alled a trinion) gives a map A 
 A ! A whi
h is the

multipli
ation a
 b 7! ab:

AAA

Now the 
ommutativity of multipli
ation follows from the fa
t that the 
ipping of

the legs is a homeomorphism:

=

1 12 2

Similarly, asso
iativity follows from the pi
ture

=
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and the gluing axiom. The unit property of 1 is a 
onsequen
e of the gluing and

normalization axioms:

��������
��������
��������
��������
��������

��������
��������
��������
��������
��������

=

Similarly, the non-degenera
y of the bilinear form tr(ab) follows from

��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������

=

This shows that A is a Frobenius algebra.

2. Every Frobenius algebra gives a 1+1 D TQFT.

Let A be a Frobenius algebra. To the 
ir
le S

1

we assign �(S

1

) := A and to a

disjoint union of 
ir
les a tensor produ
t of A with itself: �(S

1

t � � � t S

1

| {z }

n

) := A


n

.

For f : S

1

�

�! S

1

we let f

�

= id and for g : S

1

�

�! S

1

let g

�

be the isomorphism

A

�

�! A

�

given by the non-degenerate bilinear form tr(ab).

It is 
lear how to de�ne �(disk) 2 A, �(
ylinder) 2 A

�


 A and �(trinion) 2

A

�


 A

�


 A. The next lemma allows to extend this to any 2-manifold using the

gluing axiom. Let us say that a 
utting of a 2-dimensional manifold � is a �nite


olle
tion of simple non-interse
ting 
urves on �, whi
h are not allowed to interse
t

with the boundary. Equivalently, we will say that these 
urves 
ut the manifold

into a union of \pie
es", i.e., the 
onne
ted 
omponents of the 
omplement to the


urves.

Lemma 4.3.2. Every 2-manifold with a boundary 
an be 
ut into a union of:

(a) disks

������
������
������

������
������
������

(b) 
ylinders

(
) trinions

However, a 2-manifold M 
an be 
ut in several di�erent ways. To 
he
k that

�(M) is well-de�ned, we need the next result.

Lemma 4.3.3 ([HT℄). Any two ways to 
ut a 2-manifold M into disks, 
ylin-

ders and trinions 
an be related by isotopy of M and a sequen
e of \simple moves":

��������
��������
��������
��������
��������

��������
��������
��������
��������
��������

=
(i)



4.4. 3D TQFT FROM MTC 81

=(ii)

=(iii)

=(iv)

It is easy to 
he
k that � gives the same result on both sides of (i{iv), therefore

it is well de�ned on any 2-manifold M . For example, both sides of (iv) 
orrespond

to the ve
tor

P

i

v

i

v

i

2 A where fv

i

g and fv

i

g are dual bases in A with respe
t to

the bilinear form tr(ab).

This 
ompletes the proof of the theorem.

Remark 4.3.4. Note that every Frobenius algebra is also a 
oalgebra: one 
an

de�ne 
omultipli
ation �: A ! A 
 A as the adjoint of the multipli
ation with

respe
t to the bilinear form tr(ab). However, the relation between 
omultipli
ation

and multipli
ation in a Frobenius algebra is di�erent than in a Hopf algebra: instead

of �(ab) = �(a)�(b), one has

�(ab) = (a
 1)�(b) = (1
 b)�(a):

Example 4.3.5. Let X be a �nite set, A = F(X) the algebra of k-valued

fun
tions on X (with respe
t to multipli
ation), and tr : A ! k given by tr(f) =

P

x2X

f(x). This obviously is a Frobenius algebra. Moreover, one easily sees that

in this 
ase the 
omultipli
ation is given by �(Æ

x

) = Æ

x


 Æ

x

(where Æ

x

is the

delta fun
tion at x: Æ

x

(y) = Æ

x=y

), and for a 
onne
ted surfa
e with n boundary


omponents, independent of genus, one has

�(�) = �

n�1

(1) =

X

x2X

Æ

x


 � � � 
 Æ

x

:

4.4. 3D TQFT from MTC

In this se
tion we will show that every modular tensor 
ategory gives rise to a

3D TQFT, whi
h generalizes the invariant of 3-manifolds without boundary 
on-

stru
ted in Se
tion 4.1. These ideas were �rst suggested by Witten [W2℄ (for the

modular 
ategory arising from representations of U

q

(sl

2

) at roots of unity). Our

exposition is based on the 
onstru
tion in [T℄, with some modi�
ations.
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Before giving the pre
ise de�nitions, let us note that we 
ould have repla
ed

in the de�nition of a TQFT topologi
al manifolds by, say, smooth manifolds, or by

manifolds with some additional stru
ture. The only things we need are the notions

of boundary, orientation reversing, gluing, and disjoint unions. One 
an formalize

the requirements, but it is hardly ne
essary. Note that in dimensions 2 and 3

smooth and topologi
al theories are equivalent: every topologi
al manifold 
an be

endowed with a smooth stru
ture, and any two smooth stru
tures are equivalent.

Therefore, in this se
tion we will not distinguish between smooth and topologi
al

stru
tures.

In this se
tion, we will 
onstru
t an \extended" TQFT in the sense that we will


onsider manifolds with some additional stru
ture. Let C be an abelian 
ategory.

Definition 4.4.1. (i) A C-marked surfa
e is an oriented 
ompa
t surfa
e �

with a �nite number of points p

1

; : : : ; p

m

on it, and the following data atta
hed

to every point p

i

: a non-zero tangent ve
tor v

i

, an obje
t W

i

2 ObC and a sign

"

i

= �.

We de�ne a 
hange of orientation of a C-marked surfa
e � to be the surfa
e �

with the same data as � but with "

i

; v

i

repla
ed by �"

i

;�v

i

.

(ii) A C-marked 3-manifold is a pair (M;T ), whereM is an oriented 3-manifold

with a boundary and T is a partially C-
olored ribbon tangle in M su
h that the

only un
olored 
omponents are annuli, and the 
olored 
omponents may end on

the boundary of M . Orientation reversal is de�ned by (M;T ) = (M;T ), where, as

usual, M is M with reversed orientation, and T is T with reversed dire
tions of all

strands.

For a C-marked 3-manifold M we will denote by �M its topologi
al boundary

provided with the following stru
ture of a C-marked surfa
e (see Figure 4.5 below):

| the points p

i

are the ends of the ribbon tangle T ,

| W

i

is the 
olor of the 
orresponding strand of T ,

| the sign "

i

is + if the tangle goes outward and "

i

= � if the tangle goes

inward,

| the tangent ve
tor v

i

at the point p

i

is determined (up to a positive real

fa
tor) by the 
ondition that it is tangent to the base of T , and the dire
tion

is 
hosen so that the reper (n

i

; v

i

) has positive orientation (with respe
t ot the

orientation in �M), where n

i

is the unit normal ve
tor to the ribbon (on the \fa
e

side").
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= -1

Figure 4.5. A C-marked 3-manifold.

It is 
lear that �M = �M , and M = M . With this extended notions of 3-

manifolds, boundaries, et
., one 
an also de�ne the notion of 3D TQFT. We will
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all su
h TQFT's \C-extended", or for brevity, simply \extended" when there is no

ambiguity.

Remark 4.4.2. Instead of 
onsidering manifolds with ribbon tangles inside,

we 
ould have 
onsidered manifolds with tubular neighborhoods of these tangles

removed, and a 
ertain framing and 
oloring of these tubes. Su
h a manifold is not

even a manifold with a boundary, but a manifold with 
orners. For this reason,

extended TQFT's are sometimes 
alled \TQFT's with 
orners".

Theorem 4.4.3 (Turaev [T℄). To any MTC C su
h that p

+

=p

�

= 1 one 
an

asso
iate a C-extended 3D TQFT whi
h generalizes the Reshetikhin{Turaev invari-

ants �(M;
) of 
losed 3-manifolds de�ned in Se
tion 4.1.

Remark 4.4.4. It was shown in [Fu℄ that every 
omplex-valued invariant of


losed 3-manifolds satisfying the multipli
ativity �(M

1

#M

2

) = �(M

1

)�(M

2

) and

reality �(M) = �(M) properties 
an be obtained from some (non-extended) TQFT,

whi
h is essentially uniquely de�ned by this invariant. Sin
e Reshetikhin{Turaev

invariants, up to a 
onstant, satisfy the multipli
ativity property (see (4.1.3)), it is

not surprising that they 
ome from some TQFT. The problem is to 
onstru
t this

TQFT expli
itly.

The remaining part of this se
tion is devoted to the 
onstru
tion of the TQFT,

and thus, the proof of Theorem 4.4.3. The main idea of the proof is to redu
e

everything to manifolds without boundary (but with some kind of a ribbon link

inside) and then use the results of Se
tion 4.1.

Step 1. Parameterized manifolds.

Let us start with 
onstru
ting some supply of \standard" C-marked surfa
es.

Let us 
all a type t a �nite sequen
e of the form

t = ((W

1

; "

1

); (W

2

; "

2

); H; (W

3

; "

3

); H; : : : )(4.4.1)

where W

i

are obje
ts of C, "

i

= �, and H is some formal symbol. We will denote

by g = g(t) the number of o

urren
es of H .

For every type t as above, we de�ne some \standard" C-marked surfa
e �

t

. First

of all, let us de�ne the \standard sphere" to be S

2

= f(x; y; z) 2 R

3

j x

2

+y

2

+z

2

=

1g, whi
h we 
onsider as the boundary of the unit ball in R

3

. We will also use

the \equator" of this sphere, whi
h we de�ne to be the 
ir
le given by equation

y = 0 (see Figure 4.6). The 
lo
kwise dire
tion (in the xz-plane) of this 
ir
le will

be referred to as the positive dire
tion. Equivalently, one 
an view the standard

sphere as S

2

= C P

1

, with the equator being the 
ompleted real axis, and the

positive dire
tion given by the positive dire
tion on the real axis. We will always

identify these two realizations by stereographi
 proje
tion, so that the the south

pole (0; 0;�1) 2 R

3

is identi�ed with 1 2 C P

1

.

Now, given a type t, we 
onstru
t �

t

as follows. Let us take the standard

sphere. Choose points p

1

< � � � < p

n

on the equator (n is the number of terms in

t). For every term (W

i

; "

i

) of t, assign to the 
orresponding point the obje
t W

i

,

the sign "

i

, and the ve
tor v

i

whi
h goes along the positive dire
tion of the equator.

For every o

urren
e of H , glue a handle to the 
orresponding p

i

. This gives a

C-marked surfa
e �

t

whi
h is de�ned uniquely up to a unique homeomorphism.

More formally, �

t


an be de�ned as follows. De�ne for every t the ribbon tangle

T

t

whi
h 
onsists of:

(a) One (un
olored) 
oupon (pla
ed in the bottom of T

t

).
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8

x

z

0

y

Figure 4.6. Standard sphere.

(b) A strand of 
olor W for ea
h o

urren
e of (W; "), whi
h 
onne
ts the


oupon with the top of the tangle. This strand is dire
ted upward if " = + and

downward if " = �.

(
) An ar
 (un
olored and non-dire
ted) for ea
h o

urren
e of H .

De�ne the handlebodyM

t

as a neighborhood of the 
oupon and ar
s of T

t

in R

3

, and

let �

t

= �M

t

. One easily sees that this de�nes �

t

uniquely up to a homeomorphism,

and the homeomorphism is unique up to isotopy.

For example, for t = ((W

1

;+); H; (W

2

;�)), the tangle T

t

and the surfa
e �

t

are shown in Figure 4.7 below (for te
hni
al resons, the tangent ve
tors v

i

are not

shown in the �gure).

W1 W2

W
1

+ W
2

-

Figure 4.7. The tangle T

t

and the surfa
e �

t

.

Note that some of the surfa
es �

t

are homeomorphi
. What is more important

is that every C-marked surfa
e is (not 
anoni
ally) isomorphi
 to at least one of �

t

.

For a type t, we de�ne t to be obtained by reversing the order of terms in the

sequen
e and repla
ing every "

i

by �"

i

. For example, for t = ((W

1

;+); H; (W

2

;�)),

we have t = ((W

2

;+); H; (W

1

;�)). Then we have a 
anoni
al homeomorphism

rev

t

: �

t

�

�! �

t

given by re
e
tion in the verti
al plane x = 0, and rev

t

Æ rev

t

= id.

In order to 
onstru
t a TQFT, we will 
onstru
t �rst an auxiliary TQFT with

\parameterized manifolds". The 2-manifolds in this TQFT will be C-marked sur-

fa
es � together with a parameterization ', i.e., an isomorphism

' : �

�

�! �

t

1

t � � � t �

t

l

:(4.4.2)

Homeomorphisms are homeomorphisms preserving these parameterizations (whi
h

essentially kills all non-trivial homeomorphisms: the only automorphisms of a pa-

rameterized surfa
e are permutations of 
omponents of the same type). The param-

eterized 3-manifolds will be C-marked 3-manifolds equipped with parameterizations

of their boundaries.
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We 
laim that if we 
onstru
t a TQFT for the parameterized manifolds then we

automati
ally get a TQFT for non-parameterized manifolds. Indeed, let us assume

that we have 
onstru
ted a \parameterized" TQFT; in parti
ular, for every pair

(�; '), where � is a C-marked surfa
e and ' is a homeomorphism �

�

�! �

t

, we

have a ve
tor spa
e �(�; '). Let f be a homeomorphism f : �

t

�

�! �

t

. Consider

the 
ylinder M = � � [0; 1℄ with the parameterization of its boundary 
hosen as

follows:

�M = � t �

't(fÆ')

�����! �

t

t �

t

:

This gives us an operator

f

�

= �(M) : �(�; ')

�

�! �(�; f Æ ')

and it follows from the gluing axiom that (fg)

�

= f

�

g

�

, id

�

= id (
ompare with the

proof of Theorem 4.2.3). Taking tensor produ
t, we 
an de�ne f

�

for a homeomor-

phism of disjoint union of �

t

's.

This allows us to 
onstru
t 
anoni
al isomorphisms f

'; 

: �(�;  )

�

�! �(�; '),

whi
h satisfy the 
ompatibility 
ondition f

'

1

;'

2

f

'

2

;'

3

= f

'

1

;'

3

. In this 
ase, we


an identify all these spa
es with ea
h other, thus forming a spa
e �(�) whi
h

is 
anoni
ally isomorphi
 to ea
h of �(�; ') (
ompare with the 
onstru
tion in

De�nition 1.1.11).

Now let M be a C-marked 3-manifold. Choose a parameterization ' of its

boundary � = �M (see (4.4.2)). Then �(M;') is a ve
tor in the ve
tor spa
e

�(�M;'). Identifying �(�) = �(�; '), we get a ve
tor �(M) 2 �(�); it is easy to

see that this ve
tor does not depend on the 
hoi
e of '.

It is straightforward to 
he
k all the axioms of a 3D TQFT. Thus, from every

\parameterized" TQFT one 
an automati
ally 
onstru
t a \non-parameterized"

TQFT.

Step 2. Redu
ing to 
losed manifolds.

Now we are going to 
onstru
t a TQFT based on parameterized manifolds. Let

us start by de�ning the spa
es �(�

t

) � �(�

t

; id). For t given by (4.4.1), let

W

t

=W

"

1

1


W

"

2

2


H 
W

"

3

3


H 
 � � � ;(4.4.3)

where W

"

= W if " = + and W

�

if " = �, and as before, H =

L

i2I

V

i


 V

�

i

|see

(2.4.9). Then we de�ne

�(�

t

) := Hom

C

(1;W

t

) =: hW

t

i;(4.4.4)

For a C-marked surfa
e � along with a parameterization �

�

�! �

t

1

t � � � t �

t

l

, we

let �(�) = �(�

t

1

)
 � � � 
 �(�

t

l

).

Next, let us 
onstru
t an isomorphism �(�

t

)

�

�

�! �(�

t

). Let ' : 1 ! W

t

,

 : 1! W

t

. De�ne (';  ) 2 k by

(';  ) = D

�g

(1

'
 

���!W

t


W

t

e

t

�! 1)(4.4.5)

where e

t

is the tensor produ
t of the evaluation maps W

"

i

i


 W

�"

i

i

! 1 and

renormalized evaluation maps e

H

(� 
 id) : H 
H ! 1. Here e

H

is the evaluation

map indu
ed by the identi�
ation H

�

�! H

�

(see (2.4.9)), and �j

V

i


V

�

i

= d

�1

i

id. As

before, we denote by d

i

the (quantum) dimension of V

i

, and D is given by (3.1.15).

One easily 
he
ks that the pairing (4.4.5) is nondegenerate and symmetri
.

Thus, we have identi�
ations �(�

t

)

�

�! �(�

t

)

�

. We extend them to disjoint unions

of �

t

in an obvious way.
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Now, let us 
onstru
t for every parameterized C-marked 3-manifoldM a ve
tor

�(M) 2 �(�M). The main idea is, of 
ourse, to redu
e everything to invariants of


losed manifolds. This 
an be done as follows.

Let us de�ne a spe
ial link to be a ribbon link X (whi
h may 
ontain 
oupons),

with some of the strands and 
oupons 
olored by obje
ts, respe
tively, morphisms

from C and su
h that the following 
ondition holds:

| any un
olored strand is either an annulus, or has both ends at the same

un
olored 
oupon, in whi
h 
ase these ends are next to ea
h other,

| all un
olored 
oupons are of the form T

t

.

Examples of spe
ial links 
an be found in the next se
tion.

Let X be a spe
ial link, with un
olored 
oupons of types t

1

; : : : ; t

k

. De�ne

its Reshetikhin{Turaev invariant F

�1

(X) 2 (

N

k

i=1

hW

t

i

i)

�

as follows. For any


olle
tion '

i

2 hW

t

i

i, let us denote by T ('

1

; : : : ; '

k

) the ribbon link obtained by


oloring ea
h un
olored 
oupon by the 
orresponding '. Then we write

F

�1

(X)('

1

; : : : ; '

k

) =

X




d




F

�1

(T ('

1

; : : : ; '

k

));

where the sum is taken over all 
olorings 
 of un
olored strands 
 : U ! I , and

d




=

Q

u2U

d


(u)

where U is the set of all un
olored strands. This generalizes the


onventions of Chapter 3.

The 
ru
ial observation is that every 
onne
ted C-marked parameterized 3-

manifoldM 
an be obtained from S

3

by a surgery along some spe
ial link X . More

pre
isely, let X be a spe
ial link in R

3

� S

3

, with un
olored 
oupons of types

t

1

; : : : ; t

k

. Ea
h su
h 
oupon determines an embedding of the standard handlebody

M

t

, de�ned in Step 1, into R

3

. De�ne

M

X

=M

L

n

[

M

t

i

;

where L is the ribbon link formed by all un
olored annuli of X . In other words, we

�rst do surgery along all un
olored annuli and then remove from the obtained 
losed

manifold neighborhoods of un
olored 
oupons. This gives a C-marked manifold with

boundary whi
h is 
anoni
ally identi�ed with t�

t

i

.

We let �(M

X

) = F

�1

(X) 2 (

N

hW

t

i

i)

�

'

N

hW

t

i

i, where we use the pairing

(4.4.5) to identify hW

t

i ' hW

t

i

�

. Theorem 4.1.15 implies that this is well-de�ned.

This 
ompletes the de�nition of the TQFT based on parameterized C-marked 3-

manifolds. All the 
ompatibility 
onditions are easy to prove and are left to the

reader (or 
an be found in [T℄); fun
toriality is also obvious. Therefore, we have to

prove the gluing and the normalization axioms.

Step 3. Proving the gluing axiom.

Now, let us prove the gluing axiom, assuming that p

+

=p

�

= 1. Looking at

the de�nitions, we see that it is equivalent to the following statement: if X is a

spe
ial link whi
h 
ontains two un
olored 
oupons T; T

0

of types t; t respe
tively,

andX

0

= t

T;T

0

(X) is the link obtained fromX by \
an
eling" these two 
oupons as

shown in Figure 4.8 below, thenM

X

=M

X

0

. This statement is of purely topologi
al

nature, and we omit its proof.

Finally, the proof of the normalization axiom will be given in the next se
tion,

along with other examples. This 
ompletes the proof of Theorem 4.4.3.

In the 
ase where p

+

=p

�

6= 1, the theorem above is in
orre
t as stated. For

example, the gluing axiom holds only up to a multipli
ative fa
tor, and instead of

the a
tion of the mapping 
lass group in �(�), one would get a proje
tive a
tion.
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Figure 4.8. \Can
eling" of two 
oupons.

(In the physi
s language, this is referred to as \anomalies", so for p

+

=p

�

6= 1, we

get a TQFT with anomalies.) As in the 
ase of a proje
tive representation of a

group, it is possible to get rid of these fa
tors (anomalies) by a suitable \
entral

extension" of the TQFT. We will dis
uss this generalization later (see Se
tion 5.7).

4.5. Examples

In this se
tion we give several examples of the 
al
ulation of the ve
tor spa
es

and operators for the TQFT de�ned in the previous se
tion. As before, we �x a

MTC C.

First of all, let us get some working experien
e with spe
ial links.

Example 4.5.1. Let T be a ribbon tangle, in whi
h all the strands are C-


olored ex
ept for some annuli (su
h tangles were dis
ussed in Chapter 3). Su
h

a tangle de�nes two types t

top

; t

bot

and a linear map F

�1

(T ) : W

t

bot

! W

t

top

(see

Theorem 2.3.9).

Let us form a spe
ial link X by adding to T two un
olored 
oupons of type

t

bot

; t

top

. An example of su
h ribbon tangle T and the 
orresponding link X is

shown in Figure 4.9.

2WW1
W3

2WW1
W3

Figure 4.9. A ribbon tangle and the 
orresponding spe
ial link.

Then the de�nition of the previous se
tion gives F

�1

(X) 2 hW

t

bot

i

�


hW

t

top

i

�

'

Hom(hW

t

bot

i; hW

t

top

i). We 
laim that this operator is given by � 7! F

�1

(T )�. In-

deed, it suÆ
es to prove that for � 2 hW

t

bot

i;	 2 hW

t

top

i, we have

F

�1

(X)(�;	) = (1

�
	

���! W

t

bot


W

t

top

F

�1

(T )
id

�������!W

t

top


W

t

top

e

t

top

���! 1):

This is immediate from the de�nition.

The same statement holds if we allow T to be a partially 
olored ribbon tangle

whi
h is allowed to have un
olored strands ending at the top or bottom, as long as
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the two ends of any su
h strand are next to ea
h other, and we de�ne

F

�1

(T ) =

M




d




F

�1

(T; 
) : W

t

bot

!W

t

top

;

where 
 : U ! I is a 
oloring (here U is the set of all un
olored strands), and

d




=

Q

d


(u)

over all annuli and the strands whi
h end at the top (but not the

bottom!). In this 
ase, the statement is a little bit less obvious, sin
e one has to


he
k the normalizations.

Thus, we see that as a spe
ial 
ase, the operators F

�1

(X) for spe
ial links


ontain the operators F

�1

(T ) for any partially 
olored tangle T .

Next, let us see how the ve
tors �(M) look in the simplest examples.

Example 4.5.2. Let T be a C-
olored ribbon tangle su
h that bottom(T ) = ;,

top(T ) = t; thus, F

�1

(T ) : 1 ! W

t

is a ve
tor in hW

t

i. Let M be the unit ball in

R

3

with the tangle T pla
ed inside so that the top of T is on the equator of the

standard sphere S

2

= �M . Then it immediately follows from the de�nition and

the previous example that �(M) = F

�1

(T ) 2 hW

t

i.

More generally, let T be any C-
olored ribbon tangle, with bottom(T ) = t

1

,

top(T ) = t

2

, and let M be the domain

fx 2 R

3

j 1 � kxk � 2g ' S

2

� I;

with the tangle T pla
ed inside so that the bottom of T is pla
ed on the equator

of the inner sphere kxk = 1, and the top of T is pla
ed on the equator of the outer

sphere kxk = 2. Then F

�1

(T ) : hW

t

1

i ! hW

t

2

i and

�(M) 2 hW

t

1

i

�


 hW

t

2

i ' Hom(hW

t

1

i; hW

t

2

i)

is given by � 7! F

�1

(T )� for �: 1!W

t

1

.

The next several examples deal with the 
ase when g(t) = 1, so that �

t

is a

torus. We will make heavy use of the results of Examples 4.1.2, 4.1.10. We will

identify our \standard torus" �

t

with the torus 
onsidered in these examples so

that the 
y
les �; � 2 H

1

(�

t

) shown below 
orrespond to �; � shown in Figure 4.1.

Example 4.5.3. Let t = (H), so that the handlebody M

t

is the solid torus T ,

and �T = �

t

is a torus with no marked points. By (4.4.4), �(�

t

) = Hom

C

(1; H) =

L

i2I

Hom

C

(1; V

i


 V

�

i

). We 
laim that the ve
tor �(T ) 2 �(�T ) is exa
tly the

image of the identity morphism id: 1! 1
 1 (2 Hom

C

(1; V

0


 V

�

0

)):

Proof. The proof is based on the fa
t that the standard torus 
an be obtained

as a result of surgery of S

3

along the spe
ial link shown in Figure 4.10.

X =

Figure 4.10

Indeed, performing the surgery along the annulus, we get S

2

� S

1

(see Exam-

ple 4.1.10(ii)); after this, we 
ut a neighborhood of the 
oupon, whi
h is isomorphi
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to a solid torus T

0

. But by Example 4.1.2(i), the 
omplement of a torus in S

2

�S

1

is again a torus (of 
ourse, one also has to 
he
k that the atta
hment maps given

by the link X are the same as in Example 4.1.2(i)|we leave it to the reader).

By Example 4.5.1, the 
orresponding RT invariant F

�1

(X) 2 hHi 
oin
ides

with F

�1

(L), where L is obtained from the tangle X by removing the 
oupon. By

(3.1.19, 3.1.20), F

�1

(L) is equal to id: 1! V

0


 V

�

0

� H .

Remark 4.5.4. In the same way one 
an prove that for the solid handlebody

T

g

of genus g one has

�(T

g

) = (id : 1! (1
 1)


g

) 2 �(�T

g

) = Hom

C

(1; H


g

):(4.5.1)

Example 4.5.5. Let t = ((W;�); H), so that �

t

is the 2-dimensional torus with

one marked point, and �(�

t

) = hW

�

; Hi = Hom

C

(W;H). Let S : �

t

! �

t

be the

homeomorphism 
orresponding to the matrix S 2 SL

2

(Z) de�ned in Theorem 4.1.4.

Then we 
laim that S

�

: Hom

C

(W;H)! Hom

C

(W;H) 
oin
ides with the operator

S

W

de�ned in Theorem 3.1.17.

Proof. Let us 
onsider the manifold M = �

t

� I , so that �M = �

t

t �

t

,

with the parameterization of the boundaries given by idtS. We 
laim that M


an be obtained from S

3

by a surgery along the partially 
olored link X shown in

Figure 4.11.

X = W

Figure 4.11

Indeed, in this 
ase we do not have to do any surgery at all but just to remove

from S

3

the two linked solid tori|the neighborhoods of the two 
oupons. By

Example 4.1.2(ii), this gives a 
ylinder �

t

� I . As before, we leave it to the reader

to 
he
k that parameterization of the boundaries given by X 
oin
ides with the one

given in Example 4.1.2(ii). After this, the result follows form Example 4.5.1.

This explains why we de�ned the operator S : H ! H by this pi
ture|
f.

(3.1.32).

Exer
ise 4.5.6. In a similar way, prove that T

�

: Hom

C

(W;H)! Hom

C

(W;H)


oin
ides with the operator T

W

de�ned in Theorem 3.1.17.

Example 4.5.7. Let us 
he
k the normalization axiom. For simpli
ity, let us


onsider t = ((W;�); H), so that �

t

is the torus with 1 marked point, �(�

t

) =

Hom

C

(W;H). Let M be the 
ylinder �

t

� I , I = [0; 1℄. Let us 
he
k that �(M) =

id 2 Hom(�(�

t

); �(�

t

)).

One 
an representM asM

X

with X from Figure 4.12 below. Indeed, a surgery

of S

3

along 
 gives S

2

� S

1

, as we already dis
ussed in Example 4.1.10(ii). Then

we 
ut two solid tori from S

2

�S

1

. But S

2

�S

1


an be also obtained by gluing two

solid tori along their boundaries, see Example 4.1.2(ii). Now removing two solid

tori from S

2

� S

1

, we get T

2

� I .
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X =

Figure 4.12

Note the similarity of the pi
ture for X and the one whi
h de�nes the matrix

S

2

in C (
f. the proof of Theorem 3.1.16).

Example 4.5.8. Let

t = ((W

1

;+); : : : ; (W

n

;+));

t

0

= ((W

1

;+); : : : ; (W

i+1

;+); (W

i

;+); : : : ; (W

n

;+));

so that �

t

;�

t

0

are spheres with n marked points, and

�(�

t

) = hW

t

i = Hom(1;W

1


 � � � 
W

n

);

�(�

t

0

) = Hom(1;W

1


 � � � 
W

i+1


W

i


 � � � 
W

n

):

Let b

i

: �

t

�

�! �

t

0

be the homeomorphism whi
h ex
hanges i-th, (i+ 1)-st marked

points as shown in Figure 4.13 below (for 
onvenien
e, we are not showing the

tangent ve
tors). Then we 
laim that (b

i

)

�

: �(�

t

) ! �(�

t

0

) is given by � 7!

�

W

i

;W

i+1

�.

21 1

2

Figure 4.13. Braiding homeomorphism.

Indeed, letM be the 
ylinder �

t

�I , with the parameterization of the boundary

given by

' : �M = �

t

t �

t

id�b

i

����! �

t

t �

t

0

:

By de�nition, (b

i

)

�


oin
ides with �(M) 2 Hom(hW

t

i; hW

t

0

i). To 
ompute �(M),

note thatM is homeomorphi
 (as a parameterized manifold) to the 
ylinder S

2

� I

with the trivial parameterization of the boundaries, and with the ribbon tangle

shown in Figure 4.14 pla
ed inside (
f. Example 4.5.2). Therefore, by Example 4.5.2,

�(M) = �

W

i

;W

i+1

. (This example was used without proof in the Prefa
e.)
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i+1i

Figure 4.14
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CHAPTER 5

Modular Fun
tor

Given a modular tensor 
ategory C, in the previous 
hapter we 
onstru
ted

a 3-dimensional Topologi
al Quantum Field Theory (3D TQFT). Moreover, this

3D TQFT was based on an extended notion of a manifold (a usual manifold with

additional data). In this 
hapter, we will show that the notion of a modular tensor


ategory (MTC) is essentially equivalent to some geometri
 
onstru
tion in dimen-

sion 2. The right notion here is that of a modular fun
tor, whi
h was introdu
ed

by Segal (see [S℄). Our exposition mostly follows the papers [S, MS1, MS2, T℄

and folklore of mathemati
al physi
ists.

5.1. Modular fun
tor

Definition 5.1.1. A (topologi
al) d-dimensional modular fun
tor (MF for short)

is the following 
olle
tion of data:

(i) A ve
tor spa
e �(N) assigned to any oriented 
ompa
t d-manifoldN without

boundary.

(ii) An isomorphism f

�

: �(N

1

)

�

�! �(N

2

) of ve
tor spa
es assigned to every

homeomorphism f : N

1

�

�! N

2

, whi
h depends only on the isotopy 
lass of f .

(iii) Isomorphisms �(;)

�

�! k, �(N

1

t N

2

)

�

�! �(N

1

) 
 �(N

2

), where k is the

base �eld.

These data have to satisfy the following axioms:

Multipli
ativity: (fg)

�

= f

�

g

�

, id

�

= id.

Fun
toriality: the isomorphisms (iii) are fun
torial.

Compatibility: the isomorphisms of part (iii) are 
ompatible with the 
anon-

i
al isomorphisms N t ; = N , N

1

t N

2

= N

2

t N

1

, (N

1

t N

2

) t N

3

=

N

1

t (N

2

tN

3

).

Normalization: We have an isomorphism �(S

d

) = k, where S

d

is the d-

dimensional sphere.

Detailed statement of the fun
toriality and 
ompatibility axioms 
an be found

in Remark 4.2.2, where the same 
onditions appear in the de�nition of TQFT.

Remark 5.1.2. Any (d+1)D TQFT (see De�nition 4.2.1) gives a d-dimensional

MF, be
ause the axioms of a MF, ex
ept for the requirement that f

�

depends only

on the isotopy 
lass of f , are 
ontained in the axioms of a TQFT, and this last


ondition is satis�ed by Theorem 4.2.3.

This modular fun
tor is unitary: in addition to the data above, there are fun
-

torial isomorphisms �(�)

�

�! �(�)

�

, where � is the manifold � with opposite

orientation, whi
h are 
ompatible with the isomorphisms of part (iii).

Definition 5.1.3. (i) We de�ne a 
ategory � with:

Obje
ts: d-manifolds.

93
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Morphisms: Mor

�

(N

1

; N

2

) = isotopy 
lasses of orientation-preserving home-

omorphisms N

1

�

�! N

2

.

This is a symmetri
 tensor 
ategory with the \tensor produ
t" given by disjoint

union, and the unit given by ;. (Note that this 
ategory is not additive: one 
an

not add homeomorphisms!)

(ii) For a manifold N , its mapping 
lass group �(N) is the group of isotopy


lasses of homeomorphisms N

�

�! N . In other words, �(N) := Mor

�

(N;N).

The 
ategory � is a groupoid, i.e., a 
ategory in whi
h every morphism is in-

vertible. One easily sees that d-dimensional modular fun
tor is the same as a

representation of the groupoid �, i.e., a tensor fun
tor �! Ve


f

(k). This explains

the origin of the term \modular fun
tor".

In parti
ular, by 5.1.1(ii), every MF de�nes a representation of the mapping


lass group �(N) of any d-manifold N on the ve
tor spa
e �(N).

From now on, let us assume that d = 2. Then every 
onne
ted 
ompa
t oriented

surfa
e is determined up to homeomorphism by its genus g, and de�ning a modular

fun
tor is equivalent to de�ning for every g � 0 a representation of the mapping


lass group �

g

. We quote here some 
lassi
al results regarding the mapping 
lass

groups.

Theorem 5.1.4 (Dehn). Let � be a 
ompa
t oriented surfa
e, and let 
 be a

simple 
losed 
urve on �. De�ne the Dehn twist t




2 �(�) by Figure 5.1.

1

Then

the elements t




generate the mapping 
lass group �(�).

c c

Figure 5.1. Dehn twist.

This theorem was later re�ned by Li
korish [Li℄, who suggested a �nite set

of Dehn twists generating �(�). Finally, an approa
h allowing one to des
ribe

the generators and relations in �(�) was given in [HT℄. For surfa
es of genus g

with 0 or 1 boundary 
omponents (or marked points), the ideas of [HT℄ were fully

developed in [Waj℄, where a 
omplete set of generators and relations for �

g

� �

g;0

and �

g;1

is written.

Example 5.1.5. Let g = 1, i.e., let � be a two-dimensional torus. Then, by

Theorem 4.1.3, �

1

' SL

2

(Z), whi
h 
an be des
ribed as the group with generators

1

Here we put some auxiliary lines on the surfa
e to demonstrate the a
tion of the home-

omorphisms. These lines are for illustration purposes only. Note that 
 is not required to be

oriented.
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s; t and relations (st)

3

= s

2

; s

4

= 1 (whi
h implies s

2

t = ts

2

). It 
an also be

generated by the elements

t

a

= t =

�

1 1

0 1

�

; t

b

=

�

1 0

1 1

�

;

whi
h 
orrespond to Dehn twists around the meridian and the parallel of the torus.

It turns out that for d = 2 the notion of modular fun
tor 
an be generalized by

allowing surfa
es with \holes", i.e., with boundary.

Definition 5.1.6. An extended surfa
e is a 
ompa
t oriented surfa
e �, possi-

bly with boundary, together with an orientation-preserving parameterization �

i

: (��)

i

�

�!

S

1

of every boundary 
ir
le. Here (��)

i

is 
onsidered with the orientation indu
ed

from �, and S

1

= fz 2 C j jzj = 1g with the 
ounter
lo
kwise orientation.

By a genus of an extended surfa
e, we will mean the genus of the 
losed surfa
e


l(�) obtained by \pat
hing the holes of �", i.e., gluing a disk to every boundary


ir
le.

A homeomorphism of extended surfa
es f : �

�

�! �

0

is an orientation-preserving

homeomorphism whi
h also preserves parameterizations.

Finally, for an extended surfa
e (�; �

i

: (��)

i

�

�! S

1

) we de�ne the operation

of orientation reversal by (�;��

i

) (note the minus sign!).

The notion of isotopy of homeomorphisms is trivially generalized to this 
ase,

as well as the notion of disjoint union. Thus, we 
an de�ne the extended groupoid

Tei
h similarly to De�nition 5.1.3(i).

Definition 5.1.7. (i) The (extended) Tei
hm�uller groupoid Tei
h is the 
ate-

gory with obje
ts extended surfa
es, and morphisms isotopy 
lasses of homeomor-

phisms of extended surfa
es (see De�nition 5.1.6).

(ii) For any extended surfa
e �, its mapping 
lass group �(�) is the group of all

isotopy 
lasses of homeomorphisms �

�

�! �. (Sometimes the name \mapping 
lass

group" is used for the smaller group �

0

(�) of all isotopy 
lasses of homeomorphisms

�

�

�! � whi
h a
t trivially on the set of 
onne
ted 
omponents of the boundary.) If

� is a surfa
e of genus g with n boundary 
omponents, we will denote �(�) � �

g;n

.

Again, it 
an be shown that �

0

(�) is generated by Dehn twists (a 
omplete set

of relations for �

0

g;n

is given in [Ge1℄, [Luo℄, [Ge2℄), and �

g;n

is generated by Dehn

twists and the \braiding operation" shown in Figure 5.2.

2

1221

Figure 5.2. Braiding.

It will be useful in the future to give an alternative de�nition of an extended

surfa
e. We give below two su
h de�nitions. Both of them are equivalent to De�-

nition 5.1.6 in the following sense:

2

See the footnote on page 94.
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Proposition 5.1.8. The extended groupoids Tei
h, de�ned by De�nitions 5.1.6,

5.1.9 and 5.1.10, are equivalent as 
ategories, and this equivalen
e preserves the op-

eration of orientation reversal.

Definition 5.1.9. An extended surfa
e is an oriented 
ompa
t surfa
e with

boundary and with a spe
i�ed point p

i

on every 
omponent of the boundary.

A homeomorphism of extended surfa
es is an orientation-preserving homeo-

morphism �! �

0

whi
h maps marked points to marked points.

Orientation reversal is de�ned in the obvious way, by reversing the orientation

of � while leaving the points p

i

un
hanged.

Definition 5.1.10. An extended surfa
e is an oriented 
ompa
t surfa
e � with-

out boundary, with marked points z

i

, and with non-zero tangent ve
tors v

i

atta
hed

to ea
h marked point.

A homeomorphism of extended surfa
es is an orientation-preserving homeomor-

phism � ! �

0

whi
h maps marked points to marked points, and marked tangent

ve
tors to marked tangent ve
tors.

Orientation reversal is de�ned by (�; z

i

; v

i

) = (�; z

i

;�v

i

).

This de�nition is analogous to De�nition 4.4.1.

Proof of Proposition 5.1.8. To establish the equivalen
e of De�nitions 5.1.6

and 5.1.9, note that a parameterization of a boundary 
ir
le gives a distinguished

point p

i

= �

�1

i

(i). Sin
e the set of all homeomorphisms S

1

�

�! S

1

preserving ori-

entation and the distinguished point i 2 S

1

is 
ontra
tible, this is an equivalen
e

of 
ategories. Similarly, to establish the equivalen
e of De�nitions 5.1.6 and 5.1.10,

note that given � as in De�nition 5.1.6, we 
an glue to � n 
opies of the standard

disk D = fz 2 C j jzj � 1g (with reversed orientation), using the identi�
ations of

the boundary 
ir
les of � with S

1

. This gives a new surfa
e 
l(�) without bound-

ary, with marked points images of 0 2 D, and tangent ve
tors images of the unit

ve
tor going along the real axis in D. As before, it is easy to 
he
k that this gives

an equivalen
e of 
ategories.

Examples 5.1.11. (i) Let � be a two-dimensional torus \with one pun
ture":

�� ' S

1

and � has genus 1. Then the mapping 
lass group �

1;1

= �(�) is

generated by the elements s; t with the relations (st)

3

= s

2

; s

2

is 
entral (
ompare

with Example 5.1.5). Moreover, s

4

is the inverse of the Dehn twist around the

pun
ture. The easiest way to 
he
k this is to use the realization of the torus with

one pun
ture as the quotient R

2

=Z

2

with a non-zero tangent ve
tor at the origin.

(ii) Let �

n

= R

2

, with n marked points on the x-axis and with the tangent

ve
tor v

i

going along this axis in positive dire
tion (all su
h surfa
es are 
anoni-


ally isomorphi
). This surfa
e is not 
ompa
t, so it does not formally satisfy our

de�nition, but let us ignore this. Then the group �(�) is isomorphi
 to the group

FB

n

of all framed braids with n strands. This group is a semidire
t produ
t of the

usual braid group B

n

and Z

n

(see De�nition 1.2.1). In general, there is indeed a

relationship between the group �(�), where � is an extended surfa
e with n holes,

and the framed braid group FB

n

(
l(�)), where 
l(�) is the 
losed surfa
e obtained

by pat
hing the holes of �. This relationship is studied in detail in [B2℄.

The most important di�eren
e between extended surfa
es and usual surfa
es is

that extended surfa
es 
an be glued (or sewed) together along the boundary 
ir
les.

Therefore, if we additionally require a modular fun
tor to behave ni
ely under this
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operation, we 
ould de�ne �(�) by gluing � from simpler pie
es. This motivates

the following de�nition.

Definition 5.1.12. Let C be an abelian 
ategory over a �eld k, and let R be a

symmetri
 obje
t in ind�C

�2

(see Se
tion 2.4). Then a C-extended modular fun
tor

is the following 
olle
tion of data:

(i) To every extended surfa
e � is assigned a polylinear fun
tor �(�): C

��

0

(��)

!

Ve


f

, where �

0

(��) is the set of boundary 
omponents (or pun
tures, depending

on the point of view) of �. In other words, for every 
hoi
e of obje
ts W

a

2 C at-

ta
hed to every boundary 
omponent of � (so, a runs through the set of 
onne
ted


omponents of ��) is assigned a �nite-dimensional ve
tor spa
e �(�; fW

a

g), and

this assignment is fun
torial in W

a

.

(ii) To every homeomorphism f : �

�

�! �

0

is assigned a fun
torial isomorphism

f

�

: �(�)

�

�! �(�

0

).

(iii) Fun
torial isomorphisms �(;)

�

�! k, �(N

1

tN

2

)

�

�! �(N

1

)
 �(N

2

).

(iv)Gluing isomorphism: Let 
 � � be a 
losed 
urve without self-interse
tions

and p be a marked point on 
. Cutting � along 
, we obtain a new surfa
e �

0

(whi
h

may be 
onne
ted or not). �

0

has a natural stru
ture of an extended surfa
e in the

sense of De�nition 5.1.9 whi
h has the same boundary 
omponents as � plus two

more 
omponents 


1

, 


2

, whi
h 
ome from the 
ir
le 
 (with marked points p

1

, p

2


oming from p).

2

ΣcutΣ p

c

p

c c

p1 2

1

Figure 5.3. Cutting of a surfa
e.

Then we are given a fun
torial isomorphism

�(�

0

; fW

a

g; R

(1)

; R

(2)

)

�

�! �(�; fW

a

g);(5.1.1)

where we use the notation of Se
tion 2.4.

The above data have to satisfy the following axioms:

Multipli
ativity: (fg)

�

= f

�

g

�

, id

�

= id.

Fun
toriality: all isomorphisms in parts (iii), (iv) above are fun
torial in �.

Compatibility: all isomorphisms in parts (iii), (iv) above are 
ompatible with

ea
h other.

Normalization: �(S

2

) = k.

As before, we leave it to the reader to write the expli
it statements of the

fun
toriality and 
ompatibility axioms, taking as an example the de�nitions in

Se
tion 4.2. From now on, we will always work with extended modular fun
tors

(unless otherwise spe
i�ed).

Definition 5.1.13. A C-extended MF is 
alled non-degenerate if for every ob-

je
t V 2 ObC there exists an extended surfa
e � and fW

a

g � Ob C su
h that

�(�;V; fW

a

g) 6= 0.
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The main goal of this 
hapter is to show that for a given semisimple abelian


ategory C de�ning a non-degenerate C-extended MF is essentially equivalent to

de�ning a stru
ture of a modular tensor 
ategory on C, with the obje
t R =

L

V

i

�

V

�

i

, where fV

i

g are representatives of the equivalen
e 
lasses of simple obje
ts in

C. The pre
ise statements are given in Theorems 5.4.1 and 5.5.1.

Finally, let us introdu
e the notion of a unitary MF.

Definition 5.1.14. An extended modular fun
tor is 
alled unitary , if in addi-

tion to the data above, we are also given fun
torial isomorphisms �(�)

�

�! �(�)

�

,

where � is the manifold � with opposite orientation. These isomorphisms must be


ompatible with the isomorphisms f

�

and the isomorphisms of part (iii) of De�ni-

tion 5.1.12 in the natural way. Also, we require the following 
ompatibility of the

unitary stru
ture with the gluing isomorphism. Let h; i

�

: �(�) 
 �(�)! k be the

pairing indu
ed by the isomorphism �(�) ' �(�)

�

. Let �;�

0

be as in part (iv)

of De�nition 5.1.12, and for f 2 �(�); g 2 �(�), write f =

P

f

i

, g =

P

g

i

with

f

i

2 �(�

0

;A

i

; B

i

), g

i

2 �(�

0

;B

i

; A

i

), using (5.1.1). Then:

hf; gi

�

=

X

a

i

hf

i

; g

i

i

�

0

(5.1.2)

for some non-zero 
onstants a

i

whi
h do not depend on �.?!

5.2. The Lego game

Let us denote by S

0;n

\the standard sphere with n holes":

S

0;n

= C P

1

n fD

1

; : : : ; D

n

g; D

j

= fz j jz � z

j

j < "g; z

1

< � � � < z

n

;(5.2.1)

where " > 0 is small enough so that the disks D

j

do not interse
t, and let us mark

on ea
h boundary 
ir
le a point p

j

= z

j

� "i. This endows S

0;n

with the stru
ture

of an extended surfa
e whi
h is independent of the 
hoi
e of z

j

; " (i.e., surfa
es

obtained for di�erent 
hoi
es of z

j

; " are 
anoni
ally homeomorphi
). Note that the

set of boundary 
omponents of the standard sphere is naturally indexed by num-

bers 1; : : : ; n; we will use bold numbers for denoting these boundary 
omponents:

�

0

(�S

0;n

) = f1; : : : ;ng.

Obviously, every extended surfa
e � 
an be obtained by gluing together stan-

dard spheres. Therefore, using the gluing axiom we 
an de�ne the ve
tor spa
e �(�)

on
e we know �(S

0;n

). However, the same surfa
e � 
an be obtained by gluing the

standard spheres in many ways, and in order for �(�) to be 
orre
tly de�ned we

need to 
onstru
t 
anoni
al isomorphisms between the resulting ve
tor spa
es. This

leads to the following problem.

Definition 5.2.1. Let � be an extended surfa
e. A parameterization of � is

the following 
olle
tion of data, 
onsidered up to isotopy:

(i) A �nite set C = f


1

; : : : g of simple non-interse
ting 
losed 
urves (
uts) on

�, with one point marked on every 
ut (the 
uts do not have to be ordered).

(ii) A 
olle
tion of homeomorphisms  

a

: �

a

�

�! S

0;n

a

, where �

a

are the 
on-

ne
ted 
omponents of � n C.

We denote the set of all parameterizations of � by M(�).

Our goal is to 
onstru
t some number of edges (\moves") and 2-
ells (\relations

among moves") whi
h would turn M(�) into a 
onne
ted and simply-
onne
ted

2-
omplex. This problem was �rst 
onsidered by Moore and Seiberg [MS1℄, who


onje
tured a set of moves and relations. However, their paper 
ontains 
ertain gaps
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making it not rigorous even by the physi
ists standards. An a

urate proof was

re
ently found independently by the authors [BK℄, and by [FG℄. Our exposition

follows the paper [BK℄ with minor 
hanges.

De�ne the homeomorphisms

z : S

0;n

�

�! S

0;n

;

b : S

0;3

�

�! S

0;3

(5.2.2)

as follows: z is rotation of the sphere whi
h preserves the real axis and indu
es a


y
li
 permutation of the holes 1 7! 2 7! � � � 7! n 7! 1, and b is the braiding of the

2nd and 3rd pun
tures, as shown in Figure 5.2.

Also, for k; l � 0, denote by S

0;k+1

t

k+1;1

S

0;l+1

the surfa
e obtained by iden-

tifying the (k + 1)-st hole of S

0;k+1

with the �rst hole of S

0;l+1

, and de�ne the

map

�

k;l

: S

0;k+1

t

k+1;1

S

0;l+1

! S

0;k+l

(5.2.3)

by the 
ondition that it maps the �rst hole of S

0;k+1

to the �rst hole of S

0;k+l

and

preserves the real axis (these properties de�ne �

k;l

uniquely up to isotopy).

Now, let us de�ne the following edges (\simple moves") in M(�). To avoid


onfusion, we will write E : M

1

 M

2

if the edge E 
onne
ts parameterizations

M

1

;M

2

.

Z-move (rotation): IfM = (C; f 

a

g) 2M(�) and �

i

is one of the 
onne
ted


omponents of � n C, then we de�ne an edge

Z � Z

i

: M  (C; f 

a

; z Æ  

i

g

a6=i

):

B-move (braiding): If M = (C; f 

a

g) 2 M(�) and �

i

is a 
onne
ted 
om-

ponent of � n C whi
h has three holes, then we de�ne an edge

B � B

i

: M  (C; f 

a

; b Æ  

i

g

a6=i

):

F-move (fusion): If M = (C; f 

a

g) 2 M(�) and 
 2 C separates two

di�erent 
omponents �

i

;�

j

, with k + 1 and l + 1 holes respe
tively, and

 

i

(
) = k+ 1;  

j

(
) = 1, then we de�ne an edge

F � F




: M  (C n f
g; f 

a

; �

kl

Æ ( 

i

t  

j

)g

a6=i;j

):

Before des
ribing the relations, it is 
onvenient to introdu
e some notation.

First of all, let us pla
e on ea
h of the standard spheres S

0;n

the graph m

0

as

shown in Figure 5.4 (for n = 4). This graph has one internal vertex, marked by

a star; all other verti
es are 1-valent and 
oin
ide with the marked points on the

boundary 
omponents of S

0;n

. The graph has a distinguished edge|the one whi
h


onne
ts the vertex � with the boundary 
omponent 1; in the �gure, this edge is

marked by an arrow. Also, this graph has a natural 
y
li
 order on the set of all

edges, given by 1 < � � � < n < 1. Whenever we draw su
h a graph in the plane, we

will always do it in su
h a way that this order 
oin
ides with the 
lo
kwise order.

Every parameterization M of a given surfa
e � gives rise to a graph m =

S

 

�1

a

(m

0

) on �, whi
h we 
all the marking graph of M . It is easy to show that a

parameterization is uniquely determined by C and m; therefore, these graphs give

a way to visualize the parameterizations. In some 
ases, we will draw su
h graphs

on � to illustrate a 
ertain sequen
e of moves. However, in many 
ases it suÆ
es

just to draw the 
orresponding graphs on the plane, and then the moves 
an be

re
onstru
ted uniquely.
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4

*

1 2 3

Figure 5.4. A standard sphere (with 4 holes).

Exer
ise 5.2.2. Show that the moves Z;B; F 
onne
t the parameterizations


orresponding to the marking graphs shown in Figures 5.5, 5.6 and 5.7 below.

*

α
Z

�� 

*

α

Figure 5.5. Z-move (\rotation").

*

α β

γ

B

�;�

�� 

α β

γ

*

Figure 5.6. B-move (\braiding").

* *
c F




�� *

Figure 5.7. F-move (\fusion" or \
ut removal").

Next, one often needs 
ompositions of the form Z

a

F




(Z

m

i

t Z

n

j

), where 
 is

a 
ut separating 
omponents �

i

and �

j

(
ompare with the de�nition of the F-

move). We will 
all any su
h 
omposition a generalized F-move; for brevity, we will

frequently denote it just by F




. The Rotation axiom formulated below implies that
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su
h a 
omposition is uniquely determined by the original parameterizationM and

by the 
hoi
e of the distinguished edge for the resulting parameterization F




(M).

Moreover, the Symmetry of F axiom along with the 
ommutativity of disjoint union,

also formulated below, imply that if we swit
h the roles of �

1

and �

2

, then we

get the same generalized F-move. Thus, the generalized F-move is 
ompletely

determined by the marking graph of M and by the 
hoi
e of the distinguished edge

for the resulting marking graph of F




(M).

Finally, let M 2M(�) and let �

i

be one of the 
omponents of �. As dis
ussed

before, the parameterization  

i

de�nes an order on the set of boundary 
omponents

of �

i

. Let us assume that we have a presentation of �

0

(��

i

) as a disjoint union,

�

0

(��

i

) = I

1

t I

2

t I

3

t I

4

, where the order is given by I

1

< I

2

< I

3

< I

4

(some

of the I

k

may be empty). Then we de�ne the generalized braiding move B

I

2

;I

3

to

be the produ
t of simple moves shown in Figure 5.8 below (note that we are using

generalized F-moves, see above). It is easy to show that this �gure uniquely de�nes

the 
uts 


1

; 


2

; 


3

and thus, the generalized braiding move B.

I1 I4I2 I3

*

F

�1




1

F

�1




2

F

�1




3

�� 

I1 I4I2 I3

*

* *

*

B




1

;


2

�� 

B




1

;


2

�� 

I1 I4I3 I2

*

* *

*

F




1

F




2

F




3

�� 

I1 I4I2I3

*

Figure 5.8. Generalized braiding move.

Now let us impose some relations among these moves:

MF1: Rotation axiom: If �

i

is a 
omponent with n holes, then Z

n

i

= id.

MF2: Symmetry of F : If 
;�

i

;�

j

are as in the de�nition of the F-move,

then Z

k�1

F




= F




(Z

�1

i

t Z

j

).

MF3: Asso
iativity of F : If � is a 
onne
ted surfa
e of genus zero, and

M = (C;m) 2 M(�) is a parameterization with two 
uts, C = f


1

; 


2

g,

then

F




1

F




2

(M) = F




2

F




1

(M)(5.2.4)

(here F denotes generalized F-moves).

MF4: Commutativity of disjoint union: If E

1

; E

2

are simple moves that

involve non-interse
ting sets of 
omponents, then E

1

E

2

= E

2

E

1

.

MF5: Cylinder axiom: Let S

0;2

be a 
ylinder with boundary 
omponents

�

0

; �

1

and with the standard parameterization M

0

= (;; id). Let � be an

extended surfa
e, M 2 M(�) be a parameterization, and � be a boundary


omponent of �. Then, for every move E : M  M

0

we require that the
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following square be 
ommutative:

M t

�;�

1

M

0

Et

�;�

1

id

������! M

0

t

�;�

1

M

0

F

�

?

?

y

?

?

y

F

�

M ������!

E

M

0

;(5.2.5)

see Figure 5.9 below.

α,α S0,2Σ
1

α

α 0

= α1

*

*
F

�

��!

α,α S0,2Σ
1

0

*

α

'

Σ

α

*

Figure 5.9. Cylinder Axiom.

MF6: Braiding axiom: Let �

i

be a 
onne
ted 
omponent of � n C whi
h

has 4 holes. Denote the boundary 
omponents  

�1

i

(1); : : : ;  

�1

i

(4) of �

i

by

�; : : : ; Æ, respe
tively. Then:

B

�;�


= B

�;


B

�;�

;(5.2.6)

B

��;


= B

�;


B

�;


:(5.2.7)

For an illustration of Eq. (5.2.6), see Figure 5.10. Note that all braidings

involved are generalized braidings as de�ned above.

MF7: Dehn twist axiom: Let �

i

be a 
onne
ted 
omponent of �nC whi
h

has 2 holes: � =  

�1

i

(1); � =  

�1

i

(2). Then

Z

i

B

�;�

= B

�;�

Z

i

(5.2.8)

(as before, B denotes the generalized braidings). This axiom is equivalent to

the identity T

�

= T

�

, where T

�

is the Dehn twist de�ned in Example 5.2.4

below (see Figure 5.11).

Theorem 5.2.3. Let � be an extended surfa
e of genus zero. Denote by M(�)

the 2-
omplex with a set of verti
es M(�), edges given by the B-, Z-, and F-moves

*

γα

δ

β

B

�;�

�� 

*

γ

δ

β α

B

�;


�� 

*

δ

β γ α

Figure 5.10. Braiding axiom (5.2.6).
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de�ned above, and 2-
ells given by relations MF1{MF7. Then M(�) is 
onne
ted

and simply-
onne
ted.

As mentioned above, this theorem was �rst proved (in a di�erent form) in

[MS1℄; our exposition follows [BK℄.

Example 5.2.4. Let � be an extended surfa
e,  : �

�

�! S

0;n

be a homeomor-

phism, and let � be one of the boundary 
omponents. Then one 
an 
onne
t the

parameterization (;;  ) with (;; t

�

Æ ), where t

�

2 �(S

0;n

) is the Dehn twist around

� (see Figure 5.1), by the following sequen
e of moves:

T

�

= F




B

�;


F

�1




;

where 
 is a small 
losed 
urve around the hole � (see Figure 5.11).

β

*

α

T

�

�� 

β

*

α

=

β

*

α

Figure 5.11. Dehn twist (T

�

= T

�

).

Exer
ise 5.2.5. Let S

0;3

be the standard sphere with 3 holes, with the marking

as shown in the left hand side of Figure 5.6. Dedu
e from the axioms MF1{MF7

the following relation in M(S

0;3

):

T




= B

�;�

B

�;�

T

�

T

�

:(5.2.9)

Hint : this is analogous to Step 7 in the proof of Theorem 5.3.8.

Now, let us 
onsider extended surfa
es of positive genus. In this 
ase, we need

to add to the 
omplex M(�) one more simple move and several more relations.

S-move: Let S

1;1

be a \standard" torus with one boundary 
omponent and

one 
ut, and with the parameterization M 
orresponding to the graph in

the left hand side of Figure 5.12. Then we add the edge S : M  M

0

where

the parameterization M

0


orresponds to the graph shown in the right hand

side of Figure 5.12.

More generally, let �

a

be a 
omponent of an extended surfa
e and  be

a homeomorphism  : �

a

�

�! S

1;1

. Then we add the move S :  

�1

(M)  

 

�1

(M

0

).

Remark 5.2.6. If � is a surfa
e of genus one with one hole, we 
an identify the

set of all parameterizations with one 
ut on � with the set of all homeomorphisms

 : �

�

�! S

1;1

. Then the S-move 
onne
ts the marking  with s Æ  , where s 2

�(S

1;1

) is as in Example 5.1.11(i).

Now, let us formulate the new relations. In addition to relations MF1{MF7,

let us also impose the following ones:

MF8: Relations for g = 1; n = 1: Let � be a marked torus with one hole �,

isomorphi
 to the one shown in the left hand side of Figure 5.13. For any

parameterizationM = (f
g;  ) with one 
ut, we let T a
t on M as the edge
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c1

α

*

S

�� 

c2

α

*

Figure 5.12. S-move.

Dehn twist T




around 
 (see Example 5.2.4). Then we impose the following

relations:

S

2

= Z

�1

B

�;


1

;(5.2.10)

(ST )

3

= S

2

:(5.2.11)

The left hand side of relation (5.2.10) is shown in Figure 5.13. An illustration

of (5.2.11) 
an be found in [BK, Appendix A℄.

c1

α

*

S

�� 

c2

α

*

S

�� 

c1

α

*

Figure 5.13. The relation S

2

= Z

�1

B

�;


1

.

MF9: Relation for g = 1; n = 2: Let � be a marked torus with two holes

�; �, isomorphi
 to the one shown in Figure 5.14. Then we require

Z

�1

B

�;�

F

�1




6

F




1

= S

�1

F

�1




6

F




4

T




3

T

�1




4

F

�1




4

F




5

SF

�1




5

F




2

(5.2.12)

| see Figure 5.15, where all unmarked arrows are 
ompositions of the form

FF

�1

(see also [BK, Appendix B℄).

Note that, by their 
onstru
tion, the above relations are invariant under the

a
tion of the mapping 
lass group.

Remark 5.2.7. It is not trivial that relations (5.2.11, 5.2.12) make sense, i.e.,

that they are indeed 
losed paths inM(�). This is equivalent to 
he
king that the


orresponding identities hold in the mapping 
lass group �(�). This is indeed so

(see, e.g., [B1, MS2℄). Of 
ourse, these relations 
an also be 
he
ked by expli
itly

drawing the 
orresponding sequen
e of 
uts and graphs and 
he
king that the �nal

one 
oin
ides with the original one, as done in [BK℄.
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**

1c

c2

βα

Figure 5.14. A marked torus with two holes.

c

c

**
α β

1

2

c

βα *

*

2

*

*

βα

c3

c4

c3 c4

c

c

**
α β

3

4

T

Z

T

**
α β

3c -1

c1

6c

6c6c

c

αβ

c

*

*

2

S -1

S

*

*

βα *

*

βα

3c

c5

c5

-1 B

Figure 5.15. The relation for g = 1; n = 2.

Example 5.2.8. Let � be a marked torus with one 
ut 


1

and one hole � (see

the left hand side of Figure 5.12). Then we have:

(ST )

3

= S

2

;(5.2.13)

S

2

T = TS

2

;(5.2.14)

S

4

= T

�1

�

:(5.2.15)

Indeed, (5.2.13) is exa
tly (5.2.11). Equation (5.2.14) follows from (5.2.10), the

Cylinder axiom, and the 
ommutativity of disjoint union, and (5.2.15) easily follows

from (5.2.10) and the braiding axiom.

In parti
ular, this implies that the elements t; s 2 �

1;1

(
f. Example 5.1.11)

satisfy relations (5.2.13{5.2.15). In fa
t, it is known that these are the de�ning

relations of the group �

1;1

(see [B1℄).
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Now we 
an formulate our main result for arbitrary genus.

Theorem 5.2.9. Let � be an extended surfa
e. Let M(�) be the 2-
omplex

with a set of verti
es M(�), edges given by the the Z-, F-, B-, and S-moves, and 2-


ells given by relations MF1{MF9. ThenM(�) is 
onne
ted and simply-
onne
ted.

Again, this theorem was stated (with minor ina

ura
ies) in [MS1℄, but the

proof given there was seriously 
awed. An a

urate proof was found independently

in [BK℄ and, in a di�erent form, [FG℄. The formulation above is taken from [BK℄.

5.3. Ribbon 
ategories via the Hom spa
es

In this se
tion C will be a semisimple abelian 
ategory with representatives

of the equivalen
e 
lasses of simple obje
ts V

i

, i 2 I . We use the notations and


onventions of Se
tion 2.4.

In a semisimple abelian 
ategory, any obje
t A 2 C is determined by the 
olle
-

tion of ve
tor spa
es Hom(A; �). More formally, we have the following well-known

lemma.

Lemma 5.3.1. (i) Every fun
tor F : C ! Ve


f

is exa
t (re
all that we are 
on-

sidering only additive fun
tors).

(ii) Let F : C ! Ve


f

be a fun
tor satisfying the following �niteness 
ondition:

F (V

i

) = 0 for all but a �nite number of i:(5.3.1)

Then F is representable, i.e., there exists an obje
t X

F

, unique up to a unique

isomorphism, su
h that F (A) = Hom

C

(X

F

; A). Similarly, for a fun
tor G : C

op

!

Ve


f

there exists a unique Y

G

2 C su
h that G(A) = Hom

C

(A; Y

G

).

(iii) For two fun
tors F; F

0

: C ! Ve


f

satisfying the �niteness 
ondition above,

there is a bije
tion between the spa
e of fun
tor morphisms F ! F

0

and Hom

C

(X

F

0

; X

F

).

A similar statement holds for G;G

0

: C

op

! Ve


f

.

Therefore, to 
onstru
t, say, a fun
tor F : C ! C, it suÆ
es to de�ne a bifun
-

tor A : C

op

� C ! Ve


f

satisfying suitable �niteness 
onditions, and then de�ne

F (X) by the identity Hom(�; F (X)) = A(�; X); more formally, one would say \let

F (X) be the obje
t representing the fun
tor A(�; X)". Similarly, all the fun
torial

isomorphisms 
an be de�ned in terms of ve
tor spa
es.

Our goal in this se
tion is to rewrite the axioms of a ribbon 
ategory in terms

of the ve
tor spa
es

hW

1

; : : : ;W

n

i := Hom

C

(1;W

1


 � � � 
W

n

):(5.3.2)

This was �rst done in [MS1℄. The following de�nition is essentially taken from

[MS1℄; for this reason, we think it is proper to 
ommemorate their names.

Definition 5.3.2. Moore{Seiberg data (MS data for short) for a semisimple

abelian 
ategory C is the following 
olle
tion of data:

Conformal blo
ks: A 
olle
tion of fun
tors h i : C

�n

! Ve


f

(n � 0), whi
h

are lo
ally �nite in the �rst 
omponent: for every A

1

; : : : ; A

n�1

2 C, we have

hV

i

; A

1

; : : : ; A

n�1

i = 0 for all but a �nite number of i. (Here C

�n

denotes

the tensor produ
t C � � � �� C de�ned in 1.1.15.)

Rotation isomorphisms: Fun
torial isomorphisms

Z : hA

1

; : : : ; A

n

i

�

�! hA

n

; A

1

; : : : ; A

n�1

i:

R: A symmetri
 obje
t R 2 ind�C

�2

(see Se
tion 2.4).
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Gluing isomorphisms: For every k; l 2 Z

+

fun
torial isomorphisms

G : hA

1

; : : : ; A

k

; R

(1)

i 
 hR

(2)

; B

1

; : : : ; B

l

i

�

�! hA

1

; : : : ; A

k

; B

1

; : : : ; B

l

i:

Commutativity isomorphism: A fun
torial isomorphism

� : hX;A;Bi

�

�! hX;B;Ai:

These data have to satisfy the axioms MS1{MS7 listed below.

MS1: Non-degenera
y: For every i, there exists an obje
t X su
h that

hX;V

i

i 6= 0.

MS2: Normalization: The fun
tor h i : C

0

� Ve


f

! Ve


f

is the identity

fun
tor.

MS3: Asso
iativity of G: Let us 
onsider two fun
torial isomorphisms

G

0

G

00

; G

00

G

0

: hA

1

; : : : ; R

0(1)

i 
 hR

0(2)

; B

1

; : : : ; R

00(1)

i 
 hR

00(2)

; C

1

; : : : ; C

n

i

�

�! hA

1

; : : : ; B

1

; : : : ; C

1

; : : : ; C

n

i;

where R

0

; R

00

are two 
opies of R, and G

0

; G

00

are the 
orresponding gluing

isomorphisms. Then G

0

G

00

= G

00

G

0

.

MS4: Rotation axiom: Z

n

= id: hA

1

; : : : ; A

n

i

�

�! hA

1

; : : : ; A

n

i.

MS5: Symmetry of G: For any m;n � 0 the following diagram is 
ommu-

tative:

hA

1

; : : : ; A

n

; R

(1)

i 
 hR

(2)

; B

1

; : : : ; B

m

i

G

����! hA

1

; : : : ; A

n

; B

1

; : : : ; B

m

i

P (Z
Z

�1

)

?

?

y

Z

m

?

?

y

hB

1

; : : : ; B

m

; R

(2)

i 
 hR

(1)

; A

1

; : : : ; A

n

i

GÆs

����! hB

1

; : : : ; B

m

; A

1

; : : : ; A

n

i

:

(Here P is the permutation of the two fa
tors in the tensor produ
t and

s : R

op

�

�! R is as in Se
tion 2.4.)

MS6: Hexagon axioms: (i) The following diagram is 
ommutative:

hX;A;B;Ci

�

A;B $$IIIIIIIII

�

A;BC //
hX;B;C;Ai

hX;B;A;Ci

�

A;C

::uuuuuuuuu

where �

A;BC

is de�ned as the 
omposition

hX;A;B;Ci

G

�1

���! hX;A;R

(1)

i 
 hR

(2)

; B; Ci

�
id

���! hX;R

(1)

; Ai 
 hR

(2)

; B; Ci

Z

�1

G(Z
id)

��������! hX;B;C;Ai;

and �

A;B

is de�ned as the 
omposition

hX;A;B;Ci

G

�1

Z

����! hC;X;R

(1)

i 
 hR

(2)

; A;Bi

id
�

���! hC;X;R

(1)

i 
 hR

(2)

; B;Ai

Z

�1

G

����! hX;B;A;Ci:

(ii) The same, but with � repla
ed by �

�1

.

MS7: Dehn twist axiom: Z�

A;B

= �

B;A

Z : hA;Bi

�

�! hA;Bi, where �

A;B

=

G(� 
 id)G

�1

is de�ned similarly to MS6.
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Now we des
ribe how the MS data are related with the tensor stru
ture on the


ategory. Let C be a semisimple ribbon 
ategory. De�ne:

hA

1

; : : : ; A

n

i = Hom

C

(1; A

1


 � � � 
A

n

);(5.3.3)

R =

M

V

�

i


 V

i

; 
f. (2.4.7);(5.3.4)

Z : Hom(1; A

1


 � � � 
A

n

)

�

�! Hom(

�

A

n

; A

1


 � � � 
A

n�1

)(5.3.5)

�

�! Hom(1;

��

A

n


A

1


 � � � 
A

n�1

)

�

�! Hom(1; A

n


A

1


 � � � 
A

n�1

);

G :

M

Hom(1; A

1


 � � � 
A

n


 V

�

i

)
Hom(1; V

i


B

1


 � � � 
B

k

)(5.3.6)

�

�! Hom(1; A

1


 � � � 
A

n


 V

�

i

)
Hom(V

�

i

; B

1


 � � � 
B

k

)

�

�! Hom(1; A

1


 � � � 
A

n


B

1


 � � � 
B

k

);

� : Hom(1; X 
A
B)

�

�! Hom(1; X 
B 
A):(5.3.7)

Here we used the rigidity isomorphisms (2.1.13, 2.1.14), the isomorphisms Æ : V

�

�!

V

��

, and the fa
t that in a semisimple 
ategory, Hom(X;Y ) '

L

Hom(X;V

i

) 


Hom(V

i

; Y ).

Proposition 5.3.3. If C is a semisimple ribbon 
ategory, formulas (5.3.3){

(5.3.7) de�ne MS data.

The proof of this proposition is straightforward: if we use the te
hnique of

ribbon graphs developed in Chapter 1, then all the axioms are obvious.

A natural question is whether this proposition 
an be reversed, i.e., is it true

that every 
olle
tion of MS data on a semisimple abelian 
ategory 
omes from a

stru
ture of a ribbon 
ategory. It turns out that it is almost true; to get a pre
ise

statement, we must somewhat weaken the rigidity axiom.

Let C be a monoidal 
ategory. We say that an obje
t V 2 ObC has a weak

dual if the fun
tor Hom(1; V 
 �) is representable. In this 
ase, we denote the 
or-

responding representing obje
t by V

�

: Hom(1; V 
X) = Hom(V

�

; X). Obviously,

� is fun
torial: every morphism f : V ! W de�nes a morphism f

�

: W

�

! V

�

,

provided that V

�

;W

�

exist.

Definition 5.3.4. A monoidal 
ategory C is 
alled weakly rigid if every obje
t

has a weak dual and � : C ! C

op

is an equivalen
e of 
ategories.

Of 
ourse, every rigid 
ategory is weakly rigid; the 
onverse, however, is not

true. It is also useful to note that in every weakly rigid 
ategory we have a 
anoni
al

morphism i

V

: 1! V 
V

�

, 
orresponding to id 2 Hom(V

�

; V

�

) = Hom(1; V 
V

�

).

If the 
ategory is rigid, then i

V

de�ned in this way 
oin
ides with the one de�ned

by the rigidity axioms.

Definition 5.3.5. A weakly ribbon 
ategory is a weakly rigid braided tensor


ategory C endowed with a family of fun
torial isomorphisms � : V

�

�! V satisfying

(2.2.8){(2.2.10).

As dis
ussed in Se
tion 2.2, for a rigid 
ategory de�ning � satisfying (2.2.8){

(2.2.10) is equivalent to de�ning Æ : V

�

�! V

��

, so every ribbon 
ategory is also

weakly ribbon.
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Exer
ise 5.3.6. (i) Show that in every semisimple weakly ribbon 
ategory,

the map � : Hom(V

�

; X) ! Hom(1; X 
 V

��

) given by  7! ( 
 id)i

V

�

is an

isomorphism.

(ii) Show that in every semisimple weakly ribbon 
ategory one 
an de�ne a

family of fun
torial isomorphisms Æ : V

�

�! V

��

by the 
ondition that the following

diagram be 
ommutative:

hV;Xi

'

����! Hom(V

�

; X)

�

?

?

y

?

?

y

�

hX;V i

id
Æ

����! hX;V

��

i

:

(iii) Show that in every semisimple weakly ribbon 
ategory, one has (�

A


id)f =

(id
�

B

)f for every f : 1! A
B. (Hint: use �

�

V

= �

V

�

.)

Note, however, that in general, (V 
W )

�

6' W

�


 V

�

, so the axiom Æ

V
W

=

Æ

V


 Æ

W

does not make sense.

Remark 5.3.7. The authors do not know any example of a semisimple abelian


ategory whi
h is weakly rigid but not rigid.

Now we 
an formulate the main theorem of this se
tion.

Theorem 5.3.8. Let C be a semisimple weakly ribbon 
ategory with simple ob-

je
ts V

i

; i 2 I. Then formulas (5.3.3){(5.3.7), with Æ de�ned as in Exer
ise 5.3.6,

de�ne MS data for C. Conversely, every 
olle
tion of MS data for a semisimple

abelian 
ategory C is obtained in this way.

Proof. The �rst statement of the theorem is parallel to Proposition 5.3.3.

The proof is also quite parallel; we just have to 
he
k that all the arguments work

in a weakly rigid 
ategory as well as in a rigid one. This is left to the reader as an

exer
ise; part of it is 
ontained in Exer
ise 5.3.6. In parti
ular, the identity (2.2.8)

�

V
W

= �

WV

�

VW

(�

V


�

W

) will give the Rotation axiom, and the identity (2.2.10)

�

V

�

= �

�

V

will give the Dehn twist axiom.

The proof of the 
onverse statement is more 
ompli
ated. For 
onvenien
e, we

split it into several steps. To simplify the notation, we will write just h: : : ; Ri 


hR; : : :i, omitting the supers
ripts. Sin
e R is symmetri
, this 
auses no problems.

The symmetry of G axiomMS5 implies that the order of the fa
tors is not important

for de�ning G. We will impli
itly use this.

Let us start by 
onstru
ting the duality and tensor produ
t on C from the MS

data.

Lemma 5.3.9. Given MS data for C, there exists an involution � : I ! I su
h

that dimhV

i

; V

j

i = Æ

i;j

�

. Also, R is isomorphi
 (non-
anoni
ally) to

L

V

i

� V

i

�

.

Proof. De�ne A

ij

= dimhV

i

; V

j

i, and de�ne B

ij

by R '

L

B

ij

V

i

� V

j

. It

follows from the non-degenera
y axiom and the existen
e of Z that A is a symmetri


matrix with no zero rows or 
olumns. From the symmetry of R, we get that B is

a symmetri
 matrix.

Writing the identity hV

i

; V

j

i = hV

i

; R

(1)

i 
 hR

(2)

; V

j

i we get the identity A =

ABA. We leave it to the reader to show that if A;B are symmetri
 matri
es with

non-negative integer entries and A has no zero 
olumns, then su
h an identity is

possible only if A = B is a permutation of order 2. (Hint: use AB = (AB)

2

to

prove that AB either has a zero row or 
olumn, or it is the identity matrix.)



110 5. MODULAR FUNCTOR

1. De�ning the duality fun
tor. De�ne the fun
tor � by

Hom(V

�

; X) = hV;Xi(5.3.8)

(see Lemma 5.3.1). Then the previous lemma immediately implies V

�

i

' V

i

�

(not


anoni
ally!). It is easy to see from this that � is an anti-equivalen
e of 
ategories.

In parti
ular, this implies that every obje
t V 2 C is 
ompletely determined by the

fun
tor hV; �i = Hom(V

�

; �).

Note that if the MS data 
ome from the stru
ture of a weakly ribbon 
ategory

on C (see Proposition 5.3.3), then the � fun
tor de�ned above 
oin
ides with the

one given by the rigidity axioms.

2. R =

L

V

�

i

� V

i

. To prove this, let us write R '

P

X

i

� V

i

for some

X

i

2 ind�C. The isomorphism G gives, in parti
ular, an isomorphism

hA; V

�

i

i '

M

hA;X

i

i 
 hV

i

; V

�

i

i:

Sin
e hV

i

; V

�

i

i = Hom(V

�

i

; V

�

i

) = k, we get 
anoni
al isomorphisms hA; V

�

i

i =

hA;X

i

i. Thus, we have 
onstru
ted an isomorphism R '

L

V

�

i

� V

i

su
h that the

isomorphism G : hX;Y i ' hX;Ri 
 hR; Y i is given by (5.3.6).

3. Tensor produ
t. De�ne the fun
tor 
 : C

�2

! C by

hX;A
Bi = hX;A;Bi;(5.3.9)

(it is well de�ned by the results of Step 1). More generally, de�ne the tensor produ
t

of n obje
ts by the following formula:

hX;A

1


 � � � 
A

n

i = hX;A

1

; : : : ; A

n

i:

Next, de�ne isomorphisms

(5.3.10) A

1


 � � � 
A

i


 (B

1


 � � � 
B

k

)
A

i+1


 � � � 
A

n

' A

1


 � � � 
A

i


B

1


 � � � 
B

k


A

i+1


 � � � 
A

n

as the following 
omposition:

hX;A

1

; : : : ; A

i

; B

1


 � � � 
B

k

; A

i+1

; : : : ; A

n

i

' hX;A

1

; : : : ; A

i

; R;A

i+1

; : : : ; A

n

i 
 hR;B

1


 � � � 
B

k

i

' hX;A

1

; : : : ; A

i

; R;A

i+1

; : : : ; A

n

i 
 hR;B

1

; : : : ; B

k

i

' hX;A

1

; : : : ; A

i

; B

1

; : : : ; B

k

; A

i+1

; : : : ; A

n

i;

where the isomorphisms are, respe
tively, G

�1

, the de�nition of tensor produ
t,

and G.

Lemma 5.3.10. Let X be an expression of the form

X = (A

1


 (A

2


 � � � ))
A

n

with any grammati
ally 
orre
t parentheses arrangement (parentheses may en
lose

any number of fa
tors). Then any two isomorphisms

' : X ' A

1


 � � � 
A

n

;

obtained as a 
omposition of the morphisms of the form (5.3.10), are equal.

Proof. Easy indu
tion arguments show that it suÆ
es to prove this statement

in the 
ase when we have just two pairs of parentheses. Thus, we need to 
onsider

the arrangements of the form � � � (� � � (� � � ) � � � ) � � � and � � � (� � � ) � � � (� � � ) � � � . For
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both of them the statement easily follows from the de�nitions and the asso
iativity

of G.

This shows that 
 is indeed asso
iative; in parti
ular, we 
an de�ne asso
ia-

tivity 
onstraint A
 (B 
 C) ' (A
B)
 C whi
h satis�es the pentagon axiom.

4. Unit. De�ne the obje
t 1 2 C by

h1; Xi = hXi(5.3.11)

(as before, it is well de�ned due to the results of Step 1).

De�ne morphisms hA

1

; : : : ; A

i

;1; A

i+1

; : : : ; A

n

i ' hA

1

; : : : ; A

i

; A

i+1

; : : : ; A

n

i as

the following 
omposition

hA

1

; : : : ; A

i

;1; A

i+1

; : : : ; A

n

i ' hA

1

; : : : ; A

i

; R;A

i+1

; : : : ; A

n

i 
 h1; Ri

' hA

1

; : : : ; A

i

; R;A

i+1

; : : : ; A

n

i 
 hRi ' hA

1

; : : : ; A

i

; A

i+1

; : : : ; A

n

i:

Note that this 
onstru
tion remains valid for n = 0, in whi
h 
ase, using the

normalization axiom, we get

h1i = k:(5.3.12)

Using the de�nition of tensor produ
t, we see that the isomorphism

hX;A

1

; : : : ; A

i

;1; A

i+1

; : : : ; A

n

i ' hX;A

1

; : : : ; A

i

; A

i+1

; : : : ; A

n

i

gives rise to an isomorphism

A

1


 � � � 
A

i


 1
A

i+1


 � � � 
A

n

' A

1


 � � � 
A

i


A

i+1


 � � � 
A

n

:(5.3.13)

Lemma 5.3.11. The following diagram, with the horizontal map given by the

asso
iativity isomorphism and the two others by the unit isomorphisms (5.3.13), is


ommutative:

A
 (1
B)

""DD
DD

DD
DD

//
A
 1
B

~~||
||

||
||

A
B

:

Proof. Looking at the de�nitions, we see that the statement is equivalent to

the 
ommutativity of the following diagram:

hX;A;R

0

i 
 hR

0

;1
Bi ����! hX;A;R

0

i 
 hR

0

; Bi ����! hX;A;Bi

?

?

y

x

?

?

hX;A;1; Bi ����! hX;A;R

00

; Bi 
 h1; R

00

i ����! hX;A;R

00

; Bi 
 hR

00

i

where, as before, R

0

and R

00

are two 
opies of R. But this easily follows from the

asso
iativity of G applied to the spa
e hX;A;R

00

; R

0

i 
 h1; R

00

i 
 hR

0

; Bi. We leave

the details to the reader.

Corollary 5.3.12. The isomorphisms 1 
X

�

�! X and X 
 1

�

�! X, given

by (5.3.13), satisfy the triangle axiom.

Combining this fa
t with the Ma
Lane 
oheren
e theorem (Theorem 1.1.9), we

see that the MS data indeed de�nes a stru
ture of a monoidal 
ategory on C.

5. De�nition of h i. Using the unit isomorphisms (5.3.13), we 
an identify
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hA

1

; : : : ; A

n

i

�

�! h1; A

1

; : : : ; A

n

i

�

�! Hom(1

�

; A

1


 � � � 
A

n

):

Next, let us 
onstru
t an isomorphism 1

�

�! 1

�

. Using (5.3.12), we 
an write

Hom(1

�

;1) = h1i = k. Thus, 1 2 k gives an isomorphism 1

�

�! 1

�

; 
ombining this

isomorphism with the previous identity, we 
an identify

hA

1

; : : : ; A

n

i ' Hom(1; A

1


 � � � 
A

n

):(5.3.14)

6. Commutativity isomorphism. De�ne the 
ommutativity isomorphism

� : A
B ! B 
A using the following 
omposition:

hX;A
Bi = hX;A;Bi

�

�! hX;B;Ai = hX;B 
Ai:

Then one easily sees that the Hexagon axioms given in Theorem 1.2.5(iii) are im-

mediate 
orollaries of the Hexagon axioms for MS data. Thus, the MS data de�nes

a stru
ture of a BTC on C.

7. Balan
ing. Consider the fun
torial isomorphism

hV;Xi

�

�1

��! hX;V i

Z

�! hV;Xi:(5.3.15)

By Lemma 5.3.1, there exists a fun
torial isomorphism �

V

: V

�

�! V su
h that the

above 
omposition is given by �

V


 id

X

. One easily 
he
ks that �

1

= id and that

�

�1

W

1

= Z�

W

1

;W

2


���
W

n

= �

W

2


���
W

n

;W

1

Z

�1

: hW

1

; : : : ;W

n

i

�

�! hW

1

; : : : ;W

n

i

(this is where we need the Dehn twist axiom MS7).

To prove the identity �

A
B

= �

B;A

�

A;B

(�

A


 �

B

), note that it is equivalent to

�

B;A

�

A;B

�

A

�

�1

C

�

B

= id: hA;B;Ci

�

�! hA;B;Ci;(5.3.16)

whi
h follows from the identities?!

�

�1

A

= Z�

A;BC

= Z�

A;C

�

A;B

;

�

�1

B

= �

B;A

Z�

B;C

;

�

�1

C

= Z�

A;C

Z�

B;C

:

Finally, we leave it to the reader to show that the Dehn twist axiom MF7 is

essentially equivalent to the identity �

V

�

= �

�

V

. Thus, the so de�ned � satis�es the

balan
ing axioms (2.2.8){(2.2.10).

This 
ompletes the proof of Theorem 5.3.8.

It would be ni
e if we had some axiom for MS data whi
h would automati
ally

ensure that the 
orresponding BTC is rigid. However, the only way of doing it that

we know of is expli
itly imposing the rigidity 
ondition. (It is 
laimed in [MS2℄

that rigidity follows from the other axioms; however, at some point, they say \we


an 
he
k the universality property" without doing it expli
itly|we were unable

to re
onstru
t their arguments.)

In the semisimple 
ase the rigidity 
ondition is equivalent to the non-vanishing

of 
ertain 
oeÆ
ients, whi
h shows that \almost all" weakly rigid semisimple 
ate-

gories are rigid.

Let C be a semisimple weakly rigid monoidal 
ategory su
h that V

��

' V (as

dis
ussed above, this holds for any 
ategory obtained from MS data). Let '

i

: V

�

i

!
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V

�

i


 V

i


 V

�

i

be given by '

i

= id
i

V

i

. Using the asso
iativity isomorphism, we


an write

'

i

= a

i


 id+

X

j 6=0

 

j

;

where a

i

are 
ertain morphisms 1 ! V

�

i


 V

i

, and  

j

are some morphisms whi
h

are obtained as the 
omposition

V

�

i

! V

j


 V

�

i

 

0

j


id

����! (V

�

i


 V

i

)
 V

�

i

:

Note that sin
e V

�

i


 V

i


ontains 1 with multipli
ity one, the morphisms a

i

lie in a

one-dimensional spa
e.

Proposition 5.3.13. Let C be a semisimple weakly rigid monoidal 
ategory

su
h that V

��

' V , and let a

i

: 1 ! V

�

i


 V

i

be de�ned as above. Then C is rigid

i� a

i

6= 0 for all i 2 I.

Proof. If C is rigid, then e

V

i

a

i

= 1, whi
h immediately follows from taking


omposition of '

i

with e

V

i


 id. Thus, a

i

6= 0. Conversely, assume that a

i

6= 0.

Then de�ne e

V

i

: V

�

i


 V

i

! 1 by the 
ondition e

V

i

a

i

= 1; sin
e V

�

i


 V

i


ontains

1 with multipli
ity one, this is possible. From this 
ondition, we immediately see

that the 
omposition

V

�

i

id
i

V

i

����! V

�

i


 V

i


 V

�

i

e

V

i


id

����! V

�

i

is equal to identity; thus, the se
ond rigidity axiom (2.1.6) is satis�ed.

To 
he
k the �rst rigidity axiom, denote the 
omposition

V

i

i

V

i


id

����! V

i


 V

�

i


 V

i

id
e

V

i

����! V

i

by 


i

; sin
e End(V

i

) = k, 


i

is a number. We need to show that 


i

= 1.

Consider the 
omposition

�: 1

i
i

��! V

i


 V

�

i


 V

i


 V

�

i

id
e
id

�����! V

i


 V

�

i

:

From the se
ond rigidity axiom (already proved), � = i

V

i

. On the other hand,

form the de�nition of 


i

, we have � = 


i

i

V

i

. This proves 


i

= 1 and thus, the �rst

rigidity axiom for V

i

.

Therefore, if a

i

6= 0, then V

i

is rigid. But sin
e a dire
t sum of rigid obje
ts is

again rigid, every obje
t in C is rigid.

5.4. Modular fun
tor in genus zero and tensor 
ategories

In this se
tion we prove the �rst main theorem of this 
hapter, establishing that

the axioms of a (weakly) ribbon 
ategory are essentially equivalent to the axioms

of a modular fun
tor in genus zero.

Let C be a semisimple abelian 
ategory with representatives of the equivalen
e


lasses of simple obje
ts V

i

, i 2 I . Let us 
all a C-extended modular fun
tor in genus

zero the same data as in De�nition 5.1.12 but with the spa
es �(�) de�ned only

for � of genus zero; therefore, the only gluing allowed is the gluing of two di�erent


onne
ted 
omponents.

Theorem 5.4.1 (Moore{Seiberg [MS1℄). Let C be a semisimple weakly ribbon


ategory. Then there is a unique C-extended genus zero modular fun
tor satisfying

the properties (i){(iii) below.
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(i) For the standard sphere S

0;n

(see (5.2.1)):

�(S

0;n

;W

1

; : : : ;W

n

) = Hom

C

(1;W

1


 � � � 
W

n

) =: hW

1

; : : : ;W

n

i:(5.4.1)

(ii) R =

L

V

�

i


 V

i

, and the isomorphism s : R

�

�! R

op

is given by (2.4.8).

(iii) We have:

z

�

= Z; b

�

= �;(5.4.2)

where the homeomorphisms z; b are de�ned by (5.2.2), and the isomorphisms Z; �

are de�ned by (5.3.5), (5.3.7). Also, for every k; l � 0, the 
omposition

�(S

0;k+1

; : : : ; R

(1)

)
 �(S

0;l+1

;R

(2)

; : : : )! �(S

0;k+1

t

k+1;1

S

0;l+1

)

(�

kl

)

�

����! �(S

0;k+l

);

where the �rst arrow is the sewing isomorphism (5.1.1) and �

kl

is as in (5.2.3),


oin
ides with the isomorphism G de�ned by (5.3.6).

This modular fun
tor is non-degenerate and has the following properties :

(iv) Let t

i

: S

0;n

! S

0;n

be the Dehn twist around i

th

pun
ture. Then, under

the isomorphism (5.4.1), (t

i

)

�

is given by the twist

�

W

i

: Hom

C

(1;W

1


 � � � 
W

n

)! Hom

C

(1;W

1


 � � � 
W

n

):

(v) If C is rigid, then this modular fun
tor is unitary, with the pairing (5.1.2)

h; i

S

0;n

: Hom

C

(1;W

1


 � � � 
W

n

)
Hom

C

(1;W

�

n


 � � � 
W

�

1

)! k

given by

h';  i : 1! 1
 1!W

1


 � � � 
W

n


W

�

n


 � � � 
W

�

1

! 1:

Here we identify k = End(1) and use the fa
t that for a standard sphere S

0;n

, there

is a 
anoni
al isomorphism S

0;n

�

�! S

0;n

, whi
h reverses the order of the pun
tures.

This isomorphism is given by the re
e
tion around the imaginary axis.

Conversely, let � be a non-degenerate genus zero C-extended MF. Then there is

a unique stru
ture of a weakly ribbon 
ategory on C su
h that the above properties

(i){(iii) hold.

Proof. The proof is based on the 
omparison of the results of Se
tions 5.2

and 5.3. Sin
e by Theorem 5.3.8 the stru
ture of a weakly ribbon 
ategory on C

is equivalent to what we 
alled MS data, it suÆ
es to show that a non-degenerate

genus zero MF de�nes MS data and vi
e versa.

Let us assume we are given a 
olle
tion of MS data. To 
onstru
t a genus zero

MF, let us �rst 
onsider the pairs (�;M), where M = (C; f 

a

g) is a parameteriza-

tion of � (see De�nition 5.2.1). For ea
h su
h pair, de�ne the ve
tor spa
e �(�;M)

as follows. For every 
ut 
, take a 
opy R




of the obje
t R, and de�ne

�(�;M) =

O

a

�(S

0;n

a

);(5.4.3)

where the index a runs through the set of 
onne
ted 
omponents of � nC, and for

ea
h 
onne
ted 
omponent �

a

, we assign R

(")




to every boundary 
omponent of �

a

whi
h is a 
ut, where " 2 f1; 2g is 
hosen so that for one of the o

urren
es of R




we

take " = 1 and for the other we take " = 2 (note that ea
h R




appears exa
tly twi
e

in (5.4.3)). Sin
e R is symmetri
, it does not matter whi
h o

urren
e is whi
h.
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More expli
itly, the same formula 
an be written as follows. For ea
h 
ut 
 2 C,


hoose one of its sides as \positive" and the other as \negative". Then we 
an de�ne

�(�;M) =

M

i




2I; 
2C

O

a

�(S

0;n

a

);(5.4.4)

where the sum is taken over all ways to assign an index i




2 I to every 
ut 
 2 C,

and for ea
h 
onne
ted 
omponent �

a

of � n C we assign V

i




to its boundary


omponent if it is the positive side of the 
ut 
, and V

�

i




if it is the negative side of

the 
ut 
. This formula depends on the 
hoi
e of \positive" side for ea
h 
ut; to

identify the formulas 
orresponding to di�erent 
hoi
es, one has to use the 
anoni
al

isomorphism V

�

i

� V

i

�

�! V

i

�

� V

�

i

�

de�ned in (2.4.8).

For example, if � is a sphere with 4 holes whi
h we index by �; �; 
; Æ, and ' is

a parameterization with one 
ut 
 as in Figure 5.16, then the above formula gives

�(�; ';W

�

;W

�

;W




;W

Æ

) = hW

�

;W

�

; R

(1)

i 
 hR

(2)

;W




;W

Æ

i

=

M

i2I

hW

�

;W

�

; V

i

i 
 hV

�

i

;W




;W

Æ

i:

δ

c

βα

γ

Figure 5.16

Of 
ourse, every extended surfa
e � 
an be parametrized in many ways. How-

ever, if we 
onstru
t a system of isomorphisms f

M;M

0

: �(�;M

0

)

�

�! �(�;M), 
om-

patible in the following sense: f

M;M

0

f

M

0

;M

00

= f

M;M

00

, then we 
an identify all of

these spa
es with ea
h other and de�ne the spa
e �(�), whi
h is 
anoni
ally iso-

morphi
 to ea
h of �(�;M) (see a formal de�nition in the proof of Theorem 4.4.3).

Moreover, su
h a system of isomorphisms would automati
ally give a represen-

tation of the extended mapping 
lass groupoid Tei
h, as follows. Let f : �

1

�

�! �

2

be a homeomorphism of extended surfa
es, and letM

2

be a parameterization of �

2

.

Then f gives rise to a parameterization M

1

of �

1

in the obvious way. Moreover,

f establishes a one-to-one 
orresponden
e between the 
uts C

1

on �

1

and C

2

on

�

2

, and between the 
omponents (�

1

)

a

and (�

2

)

a

. Thus, f gives rise to an iden-

ti�
ation �(�

1

;M

1

) =

L

i




2I; 
2C

1

N

a

�(S

0;n

a

) = �(�

2

;M

2

). Combining this with

the isomorphisms �(�

1

) = �(�

1

;M

1

), �(�

2

) = �(�

2

;M

2

), we get an isomorphism

f

�

: �(�

1

)

�

�! �(�

2

). We leave it to the reader to 
he
k that this isomorphism

does not depend on the 
hoi
e of M

2

and satis�es (fg)

�

= f

�

g

�

; id

�

= id. Also, it

is immediately obvious from (5.4.3) that the so 
onstru
ted modular fun
tor will

satisfy the gluing axiom.

Therefore, our goal is to 
onstru
t a 
ompatible system of isomorphisms �(�;M

0

)

�

�!

�(�;M). By Theorem 5.2.3, every two parameterizations 
an be 
onne
ted by a

sequen
e of simple moves Z;B; F ; let us assign to these moves the isomorphisms



116 5. MODULAR FUNCTOR

Z; �;G given by the MS data. A 
omparison of the axioms MF1{MF7 and MS1{

MS7 shows that all the relations among the moves Z;B; F also hold for their ana-

logues Z; �;G; the only relation whi
h is not immediately obvious is the 
ylinder

axiom MF5, but it follows from the fun
toriality of the morphisms Z; �;G. Thus,

every MS data de�nes a genus zero MF.

The 
onstru
tion in the opposite dire
tion is quite similar. Assume that we

have a genus zero MF. De�ne the fun
tors h i and the isomorphisms Z; �;G as in

the statement of the theorem. Again, a 
omparison of the axioms MF1{MF7 and

MS1{MS7 shows that these data satisfy the axioms of MS data. This 
ompletes

the proof of Theorem 5.4.1.

?!

Example 5.4.2. Consider the surfa
e � and the \asso
iativity move" M

F




 

M

0

F

�1




0

 M

0

shown in Figure 5.17. Assign to the boundary 
omponents �; : : : ; Æ

obje
ts A; : : : ; D. Then:

�(�;M) =

M

i2I

hA;B; V

i

i 
 hV

�

i

; C;Di;

�(�;M

0

) = hA;B;C;Di;

�(�;M

0

) =

M

j2I

hD;A; V

j

i 
 hV

�

j

; B; Ci:

Then the 
orresponding isomorphisms �(�;M) ! �(�;M

0

) ! �(�;M

0

) are given

by Figure 5.18 below.

δ

c

βα

γ

F




�!

γδ

α β

F

�1




0

���!

γ
c

δ

α β

:

Figure 5.17. Asso
iativity move.

Ψ

D

Φ

A B i i C

!

ΨΦ

D

i

A B C

!

X

j2I

1

jI jd

j ΨΦ

D

i

CBjjA

:

Figure 5.18. Asso
iativity isomorphism.
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5.5. Modular 
ategories and modular fun
tor for zero 
entral 
harge

In this se
tion, we will show, developing the ideas of the previous se
tion, that

the notion of a modular fun
tor (for arbitrary genus) is equivalent to the notion of

a modular tensor 
ategory. Re
all that for every modular 
ategory we have de�ned

the numbers p

�

by (3.1.7). In this se
tion we 
onsider the spe
ial 
ase of modular


ategories with p

+

=p

�

= 1. (For the modular 
ategories 
oming from 
onformal

�eld theory this identity holds if the Virasoro 
entral 
harge of the theory is equal

to 0 (
f. Remark 3.1.20), hen
e the title of this se
tion.)

Theorem 5.5.1. Let C be a modular tensor 
ategory with p

+

=p

�

= 1. Then

there exists a unique C-extended modular fun
tor � whi
h satis�es 
onditions (i){

(iii) of Theorem 5.4.1. This MF is non-degenerate and satis�es 
onditions (iv), (v)

of Theorem 5.4.1 and 
ondition (vi) below.

(vi) Let S

1;1

be the torus with one hole. Identify

�(S

1;1

;A) =

M

hA; V

i

; V

�

i

i =

M

Hom(A

�

; V

i


 V

�

i

)

using the parameterization of S

1;1

shown in Figure 5.12. Let s : S

1;1

! S

1;1

be as

de�ned in (5.1.5). Then the 
orresponding

s

�

= S :

M

Hom(A

�

; V

i


 V

�

i

)!

M

Hom(A

�

; V

i


 V

�

i

)(5.5.1)

is given by Theorem 3.1.17.

Conversely, let C be a semisimple abelian 
ategory, and let � be a non-degenerate

C-extended MF. Assume for simpli
ity that the 
orresponding stru
ture of a monoidal


ategory on C (see Theorem 5.4.1) is rigid. Then C is a modular tensor 
ategory

with p

+

= p

�

; in parti
ular, it has only a �nite number of simple obje
ts.

Proof. Assume that C is a modular 
ategory. By Theorem 5.4.1, the stru
ture

of a modular 
ategory on C de�nes a genus zero MF. Therefore, we only need to

show that this MF 
an be extended to positive genus. In order to do this, by

Theorem 5.2.9, we need to de�ne an isomorphism S : �(S

1;1

;M)

�

�! �(S

1;1

;M

0

),

where S

1;1

is the standard torus and M;M

0

are the parameterizations shown in

Figure 5.12, and then 
he
k that relations MF8, MF9 are satis�ed.

Note that by de�nition

�(S

1;1

;M ;A) = �(S

1;1

;M

0

;A) =

M

i

hA; V

i

; V

�

i

i = Hom(A

�

; H);

where, as before, H =

L

V

i


V

�

i

. Thus, de�ning an isomorphism S : �(S

1;1

;M)

�

�!

�(S

1;1

;M

0

) is the same as de�ning a fun
torial system of isomorphisms Hom(A

�

; H)

�

�!

Hom(A

�

; H) for every obje
t A. By Lemma 5.3.1, this is the same as de�ning an

isomorphism S : H ! H .

Let us �rst show that if we de�ne S as in the statement of the theorem, then

relations MF8, MF9 are satis�ed. Relations MF8 immediately follow from Theo-

rem 3.1.17 and the assumption p

+

= p

�

.

To 
he
k relation MF9 for a torus with two holes, let us rewrite it in terms of

tensor 
ategories. ?!

Lemma 5.5.2. Let C be a semisimple ribbon 
ategory with �nite number of sim-

ple obje
ts, and let S be an isomorphism

S =

M

S

ji

:

M

V

i


 V

�

i

!

M

V

j


 V

�

j

:(5.5.2)
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Then relation MF9 for S is equivalent to the following 
ondition:

kjS

i

k k i

j j

= Ski

i

kk i

jj

i

(5.5.3)

for every i; j; k 2 I.

The proof of this lemma will be given after the proof of the theorem.

It is easy to 
he
k that the operator S de�ned by (3.1.32) satis�es (5.5.3).

Now, let us prove uniqueness. Assume that we have de�ned an operator S

of the form (5.5.2) su
h that relations MF8, MF9 are satis�ed. Rewrite relation

MF9 in the form (5.5.3), put j = 0 and note that S

k0

: 1 ! V

k


 V

�

k

is a non-

zero multiple of i

V

k

. This immediately implies that S

ki

= a

k

S

st

ki

for some non-

zero 
onstant a

k

, where we temporarily denoted by S

st

the operator de�ned by

(3.1.32). Equivalently, we 
an write S = AS

st

, where the operator A : H ! H is

\diagonal": Aj

V

i


V

�

i

= a

i

id. Now, let us use the axiomMF8. In parti
ular, we have

TSTST = S. Sin
e S = AS

st

, and A 
ommutes with T , we get TS

st

TAS

st

T = S

st

.

On the other hand, the operator S

st

itself satis�es the axiom MF8, and thus,

TS

st

TS

st

T = S

st

. This implies A = id; S = S

st

.

The proof of the 
onverse statement|that a MF de�nes a stru
ture of a mod-

ular 
ategory|is trivial. Indeed, the identity �(�) =

L

EndV

i

for � being a torus

without pun
tures implies that C has only �nitely many simple obje
ts (sin
e �(�)

is �nite dimensional). Thus, we only have to 
he
k that the matrix ~s, de�ned in

(3.1.1), is non-degenerate. But the identity S = AS

st

and the invertibility of S

imply that S

st

is invertible.

Proof of Lemma 5.5.2. Consider the diagram in Figure 5.15. Let m

1

be the

graph in the upper left 
orner; for 
onvenien
e, repla
e the graph m in the lower

right 
orner by m

2

= F




4

(m). Then the ve
tor spa
es �(�;m

1

) and �(�;m

2

) are

given by

�(�;m

1

) =

M

i;j

hV

�

j

; A; V

i

i 
 hV

�

i

; B; V

j

i;

�(�;m

2

) =

M

k

hA; V

k

; V

�

k

; Bi;

(5.5.4)

where A;B are the obje
ts assigned to the boundary 
omponents �; � respe
tively

(see (5.4.4)).

Then relation MF9 
an be written as follows: for every �
	 2 hV

�

j

; A; V

i

i 


hV

�

i

; B; V

j

i, we have f(� 
 	) = g(� 
 	), where f is the isomorphism given by

the 
omposition of moves forming the left side and the bottom of the 
ommutative

diagram, and g|by the moves on the top and the right side. We represent this

identity pi
torially, using Example 5.4.2, Eq. (5.2.9), and the graphi
al 
al
ulus of

Se
tion 2.3.

A simple manipulation with �gures shows that:
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f(�
	) =

Ψ

Ski

Φ

θ-1

B

j

k
k

ii

A
; g(�
	) =

ΨΦ

θ-1 Skj

j

BA
k

k

j
i

:

The identity f(�
	) = g(�
	) 8� is equivalent to:

Ψ

Ski

i

k
k

i

B

j

:

=

Ψ

Skj

i

k

j j

kB
:

We manipulate this as follows:

Ψ S

i

ki

i

k kB

j

:

=

Ψ

Skj

B

j ji

k k

;

and then 
an
el 	, to get:

ki

j

S

i

k k

ji

i

:

=

S

i

kj

j j

k k

i

j

:

From this it is easy to get the statement of the lemma.

Corollary 5.5.3. Let C be an MTC with p

+

= p

�

. Denote

�(g;W

1

; : : : ;W

n

) = Hom

C

(1; H


g


W

1


 � � � 
W

m

)

where H =

L

V

i


 V

�

i

. Then we have an a
tion of the pure mapping 
lass group

�

0

g;n

on this spa
e. In parti
ular, for g = 1; n = 1 this a
tion 
oin
ides with the

one de�ned in Theorem 3.1.17.
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Indeed, let �(�) be the modular fun
tor 
orresponding to C; then it is easy to

see, using the gluing axiom, that if � is a surfa
e of genus g then �(�;W

1

; : : : ;W

n

)

is (not 
anoni
ally) isomorphi
 to the spa
e �(g;W

1

; : : : ;W

n

) de�ned above.

Remark 5.5.4. In fa
t, Corollary 5.5.3 also holds for modular 
ategories with

p

+

=p

�

6= 1 if we repla
e the word \a
tion" by \proje
tive a
tion". This will be

dis
ussed in Se
tion 5.7.

Exer
ise 5.5.5. Prove the following formula for the dimension of the spa
e

�(g) for g � 1 (n = 0):

dim �(g) =

X

i2I

�

1

s

2

0i

�

g�1

:(5.5.5)

Hint: Prove that dim �(g) = tr(a

g�1

), where a

ij

= dim �(g = 1;V

i

; V

�

j

); i; j 2 I .

Then prove that a =

P

k

N

k

N

k

�

, where N

k

is de�ned as in Proposition 3.1.12, and

use the Verlinde formula to diagonalize a.

5.6. Towers of groupoids

Looking at the previous two se
tions, one is tempted to say that there is some

\universal" set of relations whi
h must hold in any weakly ribbon 
ategory, and

these relations happen to 
oin
ide with the relations for the mapping 
lass group.

In this se
tion we sket
h the appropriate language in whi
h one 
an formulate this

and other related results. Therefore, we do not really prove any new results here,

and we allow ourselves to be somewhat informal.

Let us start by 
onsidering our main example: the Tei
hm�uller tower Tei
h.

By de�nition, Tei
h is a 
ategory with obje
ts all extended surfa
es, and morphisms

isotopy 
lasses of homeomorphisms of extended surfa
es (see De�nition 5.1.7(i)).

This 
ategory is a groupoid, i.e., any morphism in Tei
h is invertible. It also has

some additional stru
tures whi
h played an important role in the previous se
tions:

the disjoint union and gluing of surfa
es. The general de�nition of a tower of

groupoids will be modeled on this example, so let us study it in more detail.

Temporarily, let us denote Tei
h by T . Below we list its properties.

(a) T is a groupoid.

(b) The disjoint union of surfa
es t : T � T ! T and the empty surfa
e ; 2

ObT provide T with the stru
ture of a symmetri
 tensor 
ategory.

(
) There is a fun
tor A : T ! Sets: for a surfa
e �, A(�) = �

0

(��) is the

set of its boundary 
omponents. Here Sets is the groupoid with obje
ts �nite sets,

and morphisms bije
tions. Note that A(�

1

t �

2

) = A(�

1

) t A(�

2

) and A(;) = ;

(
anoni
al isomorphisms). In other words, A is a tensor fun
tor.

(d) There is a gluing operation: for every surfa
e � 2 ObT and an unordered

pair �; � 2 A(�), we have the surfa
e G

�;�

(�) = t

�;�

(�) obtained by identi�
ation

of the boundary 
omponents �; � (
f. De�nition 5.1.12(iv)). The gluing satis�es the

following properties:

Compatibility with A: A(G

�;�

(�)) = A(�) n f�; �g.

Compatibility with t: if �; � 2 A(�

1

), there is a 
anoni
al fun
torial iso-

morphism G

�;�

(�

1

t �

2

) = (G

�;�

�

1

) t �

2

.

Asso
iativity: if �; �; 
; Æ 2 A(�) are distin
t, then there exists a 
anoni
al

fun
torial isomorphism G

�;�

G


;Æ

(�) = G


;Æ

G

�;�

(�).
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Fun
toriality: for ea
h morphism f : �! �

0

, we have an isomorphismG

f

: G

�;�

(�)!

G

�

0

;�

0

(�

0

), where �

0

= A(f)(�), �

0

2 A(f)(�) are the 
orresponding ele-

ments in A(�

0

). These isomorphisms satisfy G

f

1

f

2

= G

f

1

G

f

2

and G

id

= id.

Definition 5.6.1. A tower of groupoids (or just a tower) is the following 
ol-

le
tion of data:

(i) A groupoid T ;

(ii) A \disjoint union" bifun
tor t : T � T ! T and an obje
t ; 2 ObT

satisfying the axioms of a symmetri
 tensor 
ategory;

(iii) A \boundary fun
tor": a tensor fun
tor A : T ! Sets;

(iv) A \gluing operation": for every � 2 Ob T and an unordered pair �; � 2

A(�), we have an obje
t G

�;�

(�) 2 T . The gluing should be asso
iative, fun
torial

and 
ompatible with t and A (see (d) above).

Example 5.6.2. Sets and Tei
h are towers of groupoids.

Remark 5.6.3. Sometimes it is useful to weaken the above de�nition by 
on-

sidering towers in whi
h the gluing operation G

�;�

is de�ned not for all but only

for some pairs �; �. In this 
ase, the identities G

�;�

t = t(G

�;�

� Id), G

�;�

G


;Æ

=

G


;Æ

G

�;�

in the de�nition above should be understood in the following way: if one

side is de�ned, then the other one is also de�ned and they are equal.

An example of su
h a \partial" tower is given by the the Tei
hm�uller tower in

genus zero, Tei
h

0

, in whi
h obje
ts are extended surfa
es of genus zero and the

fun
tor G

�;�

is de�ned only if �; � belong to di�erent 
onne
ted 
omponents of �.

Remark 5.6.4. One 
an give a de�nition of what it means for a tower of

groupoids to be presented by generators and relations (but sin
e this is a little

boring, we don't do it here). Then the results of Se
tion 5.2 (and [BK℄) 
an be

reformulated as giving the generators and relations presentation of the Tei
hm�uller

tower Tei
h. One notes that this presentation is mu
h simpler than the presenta-

tions for individual mapping 
lass groups �(�). The idea of using the Tei
hm�uller

tower with the gluing operation for the study of mapping 
lass groups belongs to

Grothendie
k [G℄. More results in this dire
tion 
an be found in [HLS℄.

Before giving more examples of towers, let us reformulate De�nition 5.6.1 in

a more fun
torial way. This will be useful later when we de�ne fun
tors between

towers.

Let T be a tower of groupoids. Then T is a �bered 
ategory over Sets. For

any �nite set S, the �ber T

S

over S is the 
ategory with obje
ts all pairs (�; ')

where � 2 Ob T and ' : A(�)

�

�! S is a bije
tion. A morphism between two

obje
ts (�

1

; '

1

); (�

2

; '

2

) 2 Ob T

S

is a morphism f 2 Mor

T

(�

1

;�

2

) su
h that

'

1

= '

2

ÆA(f). Sin
e both T and Sets are groupoids, every �ber T

S

is a groupoid.

A bije
tion of sets  : S

�

�! S

0

gives rise to a fun
tor  

�

: T

S

! T

S

0

: on obje
ts

 

�

(�; ') = (�;  Æ '), and on morphisms  

�

(f) = f . It is obvious that

(� Æ  )

�

= �

�

Æ  

�

; id

�

= id;

in parti
ular, all fun
tors  

�

are isomorphisms of 
ategories.

Conversely, given a 
olle
tion of groupoids fT

S

g

S2ObSets

together with equiv-

arian
e fun
tors  

�

as above, one 
an re
onstru
t the groupoid T and the fun
tor

A : T ! Sets.
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In terms of these data, t be
omes a 
olle
tion of fun
tors

t

S;S

0

: T

S

� T

S

0

! T

StS

0

;

while ; 2 Ob T

;

. They satisfy obvious 
ommutativity, asso
iativity and equivari-

an
e 
onditions.

Similarly, the gluing gives a 
olle
tion of fun
tors

G

S

�;�

: T

S

! T

Snf�;�g

; S 2 ObSets; �; � 2 S

(the pair �; � is unordered). Indeed, for (�; ') 2 ObT

S

, we de�ne

G

S

�;�

(�; ') = (�

0

; 'j

A(�

0

)

) where �

0

= G

'

�1

�;'

�1

�

(�)

(re
all that A(�

0

) = A(�)nf'

�1

�; '

�1

�g). For a morphism f : (�

1

; '

1

)! (�

2

; '

2

)

in T

S

, we de�ne G

S

�;�

(f) = G

f

(re
all the fun
toriality of gluing). Now the proper-

ties of gluing 
an be restated as follows.

Compatibility with A: already in
orporated in the de�nition.

Compatibility with t: for any two sets S; S

0

and �; � 2 S, there exists a


anoni
al isomorphism of fun
tors G

StS

0

�;�

Æt

S;S

0

= t

Snf�;�g;S

0

Æ (G

S

�;�

� Id).

Asso
iativity: if �; �; 
; Æ 2 S are distin
t then there exists a 
anoni
al iso-

morphism of fun
tors G

Snf
;Æg

�;�

ÆG

S


;Æ

= G

Snf�;�g


;Æ

ÆG

S

�;�

.

Fun
toriality: already in
orporated in the requirement that G

S

�;�

are fun
-

tors.

Finally, there is one more property whi
h follows just from the de�nition of G

S

�;�

.

Equivarian
e: for any bije
tion of sets  : S

�

�! S

0

, we have G

S

0

 �; �

Æ  

�

=

( j

Snf�;�g

)

�

ÆG

S

�;�

.

Definition 5.6.5. A tower of groupoids is a 
olle
tion of groupoids fT

S

g

S2ObSets

equipped with the following stru
ture:

(i) Equivarian
e fun
tors  

�

: T

S

! T

S

0

for any  2 Mor

Sets

(S; S

0

), satisfying

(� Æ  )

�

= �

�

Æ  

�

and id

�

= id.

(ii) An obje
t ; 2 Ob T

;

and a 
olle
tion of fun
tors t

S;S

0

: T

S

� T

S

0

! T

StS

0

,

satisfying obvious 
ommutativity, asso
iativity and equivarian
e 
onditions.

(iii) A 
olle
tion of fun
tors G

S

�;�

: T

S

! T

Snf�;�g

, satisfying the above asso
ia-

tivity, equivarian
e and 
ompatibility with t.

Proposition 5.6.6. De�nitions 5.6.1 and 5.6.5 are equivalent.

Proof. It was already sket
hed above. The details are left to the reader as an

exer
ise.

Definition 5.6.7. A tower fun
tor F between two towers of groupoids (T ;t; A;G)

and (T

0

;t

0

; A

0

; G

0

) is a fun
tor F : T ! T

0

whi
h preserves all the stru
ture. More

pre
isely:

(i) There is an isomorphism of fun
tors A ' A

0

Æ F . Thus F gives rise to an

equivariant 
olle
tion of fun
tors F

S

: T

S

! T

0

S

, S 2 ObSets.

(ii) F is a tensor fun
tor, i.e., the fun
tors F Æt and t

0

Æ (F �F) : T �T ! T

0

are isomorphi
.

(iii) For any �nite set S, there is an isomorphism of fun
tors F

Snf�;�g

ÆG

S

�;�

'

G

0

S

�;�

Æ F

S

: T

S

! T

0

Snf�;�g

. These isomorphisms are equivariant with respe
t to

bije
tions of S.
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Exer
ise 5.6.8. Spell out property (iii) of De�nition 5.6.7 in terms of the

gluing operations G

�;�

from De�nition 5.6.1.

Example 5.6.9. A : T ! Sets is a tower fun
tor for any tower T .

There is an even more e
onomi
al way to reformulate the de�nition of a tower.

Looking at the equivarian
e properties of the 
olle
tions fT

S

g and fG

S

�;�

g, one


an noti
e that they 
an be 
ombined if we allow more maps between sets. We

introdu
e a 
ategory Sets

℄

with the same obje
ts as in Sets (i.e., �nite sets), but

with more morphisms: all maps between sets that are 
omposed of bije
tions and

the elementary inje
tions i

S

�;�

: S n f�; �g ,! S. (This de�nition was inspired by

[BFM℄.) Let Sets

℄

be the dual 
ategory of Sets

℄

, i.e., the 
ategory with the same

obje
ts but with all arrows inverted. All morphisms in Sets

℄

are 
omposed of

bije
tions and the elementary morphisms

Æ

S

�;�

: S ! S n f�; �g; S 2 ObSets

℄

; �; � 2 S (unordered):

Now if we de�ne

(Æ

S

�;�

)

�

= G

S

�;�

: T

S

! T

Snf�;�g

;

we will have (� Æ  )

�

= �

�

Æ  

�

for �;  2 Mor

Sets

℄ . Note that Sets

℄

is again a

symmetri
 tensor 
ategory with respe
t to t.

Proposition 5.6.10. A tower of groupoids is the same as a symmetri
 tensor


ategory T �bered over Sets

℄

su
h that all �bers T

S

(S 2 ObSets

℄

) are groupoids.

In other words, we have parts (i) and (ii) of De�nition 5.6.5 with Sets repla
ed with

Sets

℄

.

In this language a tower fun
tor F between two towers is just a 
olle
tion of

fun
tors F

S

: T

S

! T

0

S

, equivariant with respe
t to Mor

Sets

℄ , and su
h that the


orresponding fun
tor F : T ! T

0

is a tensor fun
tor. A natural transformation �

between two tower fun
tors F ;G : T ! T

0

is a Mor

Sets

℄ -equivariant 
olle
tion of

natural transformations �

S

between the fun
tors F

S

;G

S

. Then, as usual, F : T !

T

0

is 
alled an equivalen
e of towers if there exists a tower fun
tor F

0

: T

0

! T

su
h that the tower fun
tors FF

0

and F

0

F are isomorphi
 to Id.

After introdu
ing all this abstra
t nonsense let us now give some examples and

appli
ations.

Example 5.6.11. Let C be an abelian 
ategory and R 2 ind�C

�2

be a sym-

metri
 obje
t.

3

We de�ne the tower of groupoids Fun(C) as follows.

Obje
ts: all pairs (S; F ) where S is a �nite set and F is a fun
tor C

�S

! Ve


f

.

Morphisms: Mor((S

1

; F

1

); (S

2

; F

2

)) 
onsists of all pairs (f; ') where ' : S

1

�

�!

S

2

is a bije
tion, f : F

1

�

�! '

�

F

2

is an isomorphism of fun
tors, and '

�

F

2

is

the 
omposition C

�S

1

'

�

�! C

�S

2

F

2

�! Ve


f

.

Boundary fun
tor: A(S; F ) = S.

Disjoint union: (S

1

tS

2

; F

1


F

2

: C

�(S

1

tS

2

)

! Ve


f

), and similarly for mor-

phisms. The obje
t ; is the obvious one.

Gluing: given byG

�;�

(S) = Snf�; �g andG

�;�

(F ) = F (: : : ; R

(1)

; : : : ; R

(2)

; : : : ),

where R

(1)

; R

(2)

are put in the pla
es 
orresponding to the indi
es �; �.

3

Here and below we use the same notation as in Se
tion 2.4.
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Definition 5.6.12. Let C be an abelian 
ategory and R 2 ind�C

�2

be a sym-

metri
 obje
t. A representation of a tower T in C is a tower fun
tor � : T ! Fun(C).

The following theorem, whi
h follows immediately from the de�nitions, elu
i-

dates the notion of a modular fun
tor.

Theorem 5.6.13. A C-extended modular fun
tor is the same as a represen-

tation � of the Tei
hm�uller tower Tei
h in C with the additional normalization


ondition �(S

2

) = id : C

0

= Ve


f

! Ve


f

.

In a similar way one 
an rewrite the notion of MS data (see Se
tion 5.3). In

order to introdu
e the 
orresponding tower of groupoidsMS, we will �rst need the

following de�nition.

Definition 5.6.14. A marking graph is a graph m without 
y
les (a \forest")

with the following additional data:

(i) The verti
es of m are split into two subsets, \internal" and \external"

Verti
es(m) = Int(m) t Ext(m);

so that every external vertex is 1-valent, and there are no edges 
onne
ting two

external verti
es.

(ii) For every internal vertex v 2 Int(m), an order on the set of all edges ending

at v is given.

Remark 5.6.15. The marking graphs with 3-valent internal verti
es are essen-

tially the same as \Bratelli diagrams" used in physi
s literature.

Graphs of this type appeared in our dis
ussion of parameterizations of extended

surfa
es (see Se
tion 5.2). In the �gures, we use � for internal verti
es and � for

external verti
es. To show the order, we draw the edges in a 
lo
kwise order and

mark the �rst edge by an arrow.

We de�ne a CW 
omplex M

0

in a way parallel to the de�nition of M(�) for

genus 0 (see Se
tion 5.2). The verti
es of M

0

are all marking graphs. We de�ne

the simple moves Z;B; F by Figures 5.5, 5.6 and 5.7, respe
tively. The relations in

M

0

are obtained from MF1{MF7 by forgetting the surfa
es.

Example 5.6.16. The Moore{Seiberg tower MS is the tower of groupoids de-

�ned as follows.

Obje
ts: all marking graphs.

Morphisms: Mor(m

1

;m

2

) 
onsists of all paths in the CW 
omplex M

0


on-

ne
ting m

1

with m

2

, modulo homotopy. (In other words, as a groupoidMS

is the fundamental groupoid of M

0

.)

Boundary fun
tor: A(m) = Ext(m).

Disjoint union and ;: obvious.

Gluing: if �; � 2 Ext(m) are in di�erent 
onne
ted 
omponents, then we

de�ne G

�;�

(m) to be the graph obtained by identifying the verti
es � and

�. The order at the new internal vertex � = � is given by e

�

< e

�

where e

�

is the edge of m ending at �.

Note that MS is a \partial" tower in the sense of Remark 5.6.3.

Theorem 5.6.17. Let C be a semisimple abelian 
ategory. Then MS data for C

is the same as a non-degenerate representation � of the Moore{Seiberg tower MS

in C with the additional normalization 
ondition �(�) = id: Ve


f

! Ve


f

, where �

is the marking graph with one vertex and no edges.



5.6. TOWERS OF GROUPOIDS 125

Proof. Given a 
olle
tion of MS data, let us 
onstru
t a representation � of

the towerMS. For a marking graph m, de�ne the fun
tor �(m) : C

�Ext(m)

! Ve


f

similarly to (5.4.3). In other words, if W

v

are the obje
ts assigned to the external

verti
es v 2 Ext(m), then we let

�(m)(fW

v

g) =

O

u2Int(m)

hX

e

1

u

; : : : ; X

e

k

u

u

i;

where e

1

u

; : : : ; e

k

u

u

are the edges adja
ent to u, in the order de�ned by u, and X

e

=

W

v

if e 
onne
ts u with an external vertex v, or X

e

= R if e 
onne
ts two internal

verti
es.

The de�nition of the fun
torial isomorphisms whi
h we assign to the morphisms

of graphs is obvious. We also have obvious isomorphisms �(m

1

tm

2

) ' �(m

1

) 


�(m

2

) and �(G

�;�

(m)) ' G

�;�

(�(m)); in the latter isomorphism both sides 
oin
ide

with �(m)(: : : ; R

(1)

; : : : ; R

(2)

; : : : ).

Now, a 
omparison of the relations MS1{MS7 and the relations MF1{MF7,

used in the de�nition ofM

0

, shows that the so de�ned � is indeed a representation

of MS.

Conversely, given a representation � of the tower MS, de�ne the MS data as

follows:

hW

1

; : : : ;W

n

i = �(m

n

)(W

1

; : : : ;W

n

)

wherem

n

is the \standard" marking graph, with one internal vertex and n external

verti
es. Again, it is 
lear how to de�ne the isomorphisms Z; �;G and 
he
k that

all the relations are satis�ed.

It is 
lear by its de�nition that the towerMS is just the proje
tion on the level

of marking graphs of another tower PTei
h

0

: the parametrized Tei
hm�uller tower

in genus zero. On its hand, PTei
h

0

is the genus zero part of a tower PTei
h whi
h

appeared impli
itly in Se
tion 5.2 and whi
h we now pro
eed to de�ne.

Example 5.6.18. The parameterized Tei
hm�uller tower PTei
h is the tower of

groupoids de�ned as follows.

Obje
ts: all pairs (�;M), where � is an extended surfa
e andM = (C; f 

a

g)

is a parameterization of � (see De�nition 5.2.1).

Morphisms: Mor((�

1

;M

1

); (�

2

;M

2

)) 
onsists of all pairs (f; ') where f : �

1

�

�!

�

2

is a homeomorphism of extended surfa
es and ' is a path in M(�

2

)


onne
ting f(M

1

) with M

2

. The 
omposition of morphisms is given by

(f; ') Æ (g;  ) = (f Æ g; ' Æ f( )).

Boundary fun
tor: A(�;M) = A(�) = �

0

(��) | the set of boundary 
om-

ponents of �.

Disjoint union and ;: the usual ones.

Gluing: G

�;�

(�;M) = (t

�;�

(�);t

�;�

M), where t

�;�

(�) is obtained from �

by gluing the boundary 
omponents �; �, and the parameterization t

�;�

M

is obtained from M by adding � = � as a new 
ut and keeping the homeo-

morphisms  

a

un
hanged.

Note that by Theorem 5.2.9 the path ' is uniquely de�ned by f , so we 
ould

as well omit ' from the above de�nition of morphisms. However, it will be useful

for us to have the de�nition in this form.
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Now we 
an reformulate the main results of the previous se
tions in a mu
h

more transparent way.

Theorem 5.6.19. (i) The towers of groupoids Tei
h and PTei
h are equivalent.

Similarly, their genus zero parts Tei
h

0

and PTei
h

0

are equivalent.

(ii) The towers PTei
h

0

and MS are equivalent.

Proof. (i) To prove the �rst statement, 
onsider the obvious forgetting fun
tor

PTei
h ! Tei
h. It suÆ
es to 
he
k that this fun
tor is bije
tive on morphisms.

By Theorem 5.2.9, for every two parameterizations M;M

0

of an extended surfa
e

� there exists a unique path in M(�) 
onne
ting them. Thus, in a pair (f; ') 2

Mor

PTei
h

, the path ' is uniquely determined by f , whi
h is equivalent to saying

that the forgetting fun
tor gives a bije
tion Mor

PTei
h

�

�! Mor

Tei
h

. The proof for

genus zero is 
ompletely parallel.

(ii) To prove the se
ond statement, 
onsider the fun
tor PTei
h

0

!MS whi
h

assigns to the pair (�;M) the marking graph ofM . Obviously, every marking graph


an be obtained in this way. Thus, it suÆ
es to prove that this fun
tor gives a

bije
tion of the spa
es of morphisms. This is immediate from 
omparing the moves

and relations and the following rigidity lemma.

Lemma 5.6.20. Let � be an extended surfa
e, M 2 M(�) be a parameteriza-

tion, and m the 
orresponding marking graph. Let f : �

�

�! � be a homeomorphism

whi
h preserves the graph m pointwise.

4

Then f is homotopi
 to identity.

This 
ompletes the proof of Theorem 5.6.19.

A 
omparison of the theorems above makes the relation between genus zero

modular fun
tors and weakly ribbon stru
tures on a semisimple 
ategory obvious.

5.7. Central extension of modular fun
tor

In Se
tion 5.5 we have 
onstru
ted a C-extended modular fun
tor (MF) starting

from any modular tensor 
ategory C satisfying p

+

=p

�

= 1. As with TQFT 
on-

stru
ted from C, the gluing axiom fails when p

+

=p

�

6= 1. There are two approa
hes

to deal with the general 
ase.

First, we 
an 
ontent ourselves with a modi�
ation of the gluing axiom, whi
h

says that it holds only up to a multipli
ative fa
tor. This is similar to the notion

of a proje
tive representation of a group.

The se
ond approa
h is to try to 
onstru
t a kind of a \
entral extension" of the

modular fun
tor. This was done independently by several authors; our exposition

follows an unpublished manus
ript [BFM℄ by Beilinson, Feigin, and Masur.

We begin with some preliminaries. Let V be a symple
ti
 real ve
tor spa
e

of dimension 2g, g 2 N. Let �

V

be the set of all Lagrangian subspa
es of V ,

i.e., maximal isotropi
 subspa
es of V . This is a 
ompa
t manifold. Let T

V

be

the Poin
ar�e groupoid of �

V

; by de�nition, obje
ts of this groupoid are points of

�

V

and morphisms are homotopy 
lasses of paths 
onne
ting two points. It is


onvenient to de�ne T

V

for V = 0 as the 
ategory with only one obje
t 0 and

Hom

T

0

(0; 0) = Z.

The proof of the following lemma is straightforward and will be omitted.

4

It is not suÆ
ient to require that f(m) = m, as f 
ould inter
hange 
omponents of m.
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Lemma 5.7.1. (i) For any two symple
ti
 ve
tor spa
es V

1

, V

2

, there exists a


anoni
al map �

V

1

� �

V

2

! �

V

1

�V

2

.

(ii) Let N � V be an isotropi
 subspa
e, i.e., su
h that the restri
tion of the

symple
ti
 form on N is 0. Then the spa
e N

?

=N is symple
ti
, and there exists a


anoni
al map �

N

?

=N

! �

V

whi
h assigns to a Lagrangian subspa
e L � N

?

=N

the subspa
e �

�1

(L) � N

?

� V , where � : N

?

! N

?

=N is the natural proje
tion.

The indu
ed map of fundamental groupoids T

N

?

=N

! T

V

is an equivalen
e.

Corollary 5.7.2. For any point a 2 �

V

, the fundamental group �

1

(�

V

; a) is

isomorphi
 to Z.

Corollary 5.7.2 implies that the group Z a
ts freely on Mor

T

V

(L

1

; L

2

) for any

L

1

; L

2

2 �

V

. (In other words, Mor

T

V

(L

1

; L

2

) is a Z-torsor .) Hen
e we have a

non-
anoni
al identi�
ation

Mor

T

V

(L

1

; L

2

)

�

�! Z:(5.7.1)

Let us 
hoose su
h identi�
ations for all L

1

; L

2

2 �

V

. If ' : L

1

! L

2

and  : L

2

!

L

3

are two morphisms in T

V

, 
orresponding to numbers m;n 2 Z, then in general

 ' : L

1

! L

3


orresponds to some p 6= m+ n. The di�eren
e

�(L

1

; L

2

; L

3

) := p�m� n(5.7.2)

is 
alled the Maslov index of the subspa
es L

1

; L

2

; L

3

.

Let � be an extended surfa
e, as in Se
tion 5.1. We denote by 
l(�) the surfa
e

without boundary obtained from � by gluing disks to all boundary 
ir
les, and let

H(�) := H

1

(
l(�);R):(5.7.3)

The interse
tion form makes H(�) a symple
ti
 spa
e of dimension 2g where g is

the genus of � (i.e., of 
l(�)). Introdu
e the notations

�

�

:= �

H(�)

; T

�

:= T

�

�

:(5.7.4)

When � is of genus zero, we have H(�) = 0 and �

�

is a point. In this 
ase, it is


onvenient to de�ne T

�

as the 
ategory with only one obje
t 0 and Hom

T

�

(0; 0) = Z.

The next lemma is left as an exer
ise.

Lemma 5.7.3. (i) There exists a 
anoni
al map a : �

�

1

��

�

2

! �

�

1

t�

2

. (How-

ever, it is not a homeomorphism.)

(ii) Let the surfa
e � be obtained by sewing two surfa
es along one boundary


omponent : � = �

1

t

�;�

�

2

. Then H(�

1

t �

2

) ' H(�). Therefore, there exists a


anoni
al homeomorphism g

�;�

: �

�

1

t�

2

�

�! �

�

.

(iii) Let � be obtained from �

0

by gluing two boundary 
ir
les �

1

; �

2

in the

same 
onne
ted 
omponent : � = t

�

1

;�

2

�

0

. These two 
ir
les give a 
y
le � 2

H(�). Then we 
laim that H(�

0

) ' �

?

=R�. Therefore, we have a 
anoni
al map

g

�

1

;�

2

: �

�

0

! �

�

whi
h indu
es an equivalen
e T

�

0

�

�! T

�

.

Exer
ise 5.7.4. Let � be an extended surfa
e, and let C be a 
ut system on �,

i.e., a �nite set of 
losed simple non-interse
ting 
urves on � su
h that the 
onne
ted


omponents �

a

of � n C have genus zero (
f. De�nition 5.2.1). By Lemma 5.7.3,

this de�nes a map

Q

�

�

a

! �

�

. Sin
e, by de�nition, ea
h �

�

a

is a point, this map

gives an element y

C

2 �

�

. Show that y

C

is the subspa
e in H

1

(
l(�);R) spanned

by the 
lasses [
℄; 
 2 C.
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Now we 
an de�ne the \
entral extension" of the Tei
hm�uller tower whi
h was

de�ned in Se
tion 5.6.

Definition 5.7.5. The 
entral extension

^

Tei
h of the Tei
hm�uller tower Tei
h

is the tower of groupoids de�ned as follows.

Obje
ts: all pairs (�; y), where � is an extended surfa
e and and y 2 �

�

.

Morphisms: Mor((�

1

; y

1

); (�

2

; y

2

)) 
onsists of all pairs (f; �), where f : �

1

�

�!

�

2

is an orientation preserving homeomorphism and � 2 Mor

T

�

2

(f

�

y

1

; y

2

).

Here f

�

: �

�

1

! �

�

2

is the map indu
ed from f .

Boundary fun
tor: A(�; y) = �

0

(��) is the set of boundary 
omponents of

�.

Disjoint union: (�

1

; y

1

) t (�

2

; y

2

) = (�

1

t �

2

; a(y

1

� y

2

)), where a : �

�

1

�

�

�

2

! �

�

1

t�

2

is as in Lemma 5.7.3(i). The obje
t ; is the obvious one.

Gluing: G

�;�

(�; y) = (t

�;�

(�); g

�;�

(y)), where g

�;�

: �

�

! �

t

�;�

(�)

is as in

Lemma 5.7.3(ii), (iii).

This groupoid is a 
entral extension of the usual Tei
hm�uller groupoid in the

following sense: we have an obvious fun
tor

^

Tei
h! Tei
h 
ompatible with all the

operations, and for ea
h (�; y) 2 Ob

^

Tei
h, the kernel of the map Aut

^

Tei
h

(�; y)!

Aut

Tei
h

(�) is Aut

T

�

(y) = Z (see (5.7.1)). In other words, denoting for an extended

surfa
e � and y 2 �

�

the extended mapping 
lass group by

^

�(�; y) := Aut

^

Tei
h

(�; y);(5.7.5)

(up to an isomorphism, this does not depend on the 
hoi
e of y), we 
an write the

following exa
t sequen
e:

0! Z!

^

�(�; y)! �(�)! 0:(5.7.6)

Note that for � of genus zero, �

�

is a point, and we have a 
anoni
al isomorphism

^

�(�) = Z� �(�), i.e., the above exa
t sequen
e splits. For positive genus, this is

not so.

Example 5.7.6. Let � = S

1;1

be the torus with one pun
ture, and let �; �

be the meridian and the parallel of the torus, so that H(�) = R[�℄ � R[�℄ (see

Figure 5.19). Then �

�

= RP

1

= S

1

. Let s; t 2 �

1;1

be the elements of the mapping


lass group de�ned in Example 5.1.11.

β
α

Figure 5.19

For y = [�℄ we will des
ribe the 
entral extension

^

�(�; y). Note that t

�

([�℄) =

[�℄, s

�

[�℄ = [�℄. Let us 
hoose a path � in �

�


onne
ting the points [�℄ and [�℄.
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Now, de�ne elements

^

t; ŝ; 
̂ 2

^

�(�; y) by

^

t = (t; id), ŝ = (s; �), 
̂ = (
; id), where


 = s

2

a
ts on H(�) by v 7! �v, and thus, a
ts trivially on �

�

. Then we 
laim

that the group

^

�(�; y) is generated by the elements

^

t; ŝ; 
̂; 
 with the relations

ŝ

2

= 

̂; (ŝ

^

t)

3

= ŝ

2

; 
; 
̂ are 
entral,(5.7.7)

where 
 = (id; 
) is the generator of the fundamental group �

1

(�

�

; y) = Z.

Similarly, if we 
onsider a torus without pun
tures, then the mapping 
lass

group �(S

1;0

; y) is generated by the same elements with the additional relation


̂

2

= 1. The proof of both of these statements is left to the reader as an exer
ise.

Remark 5.7.7. One sees that for � = S

1;1

, the exa
t sequen
e (5.7.6) trivially

splits. For � = S

1;0

, we have �(�) = SL

2

(Z), and one 
an 
he
k that the above

exa
t sequen
e does not split, but it \splits over Q": if we denote by

^

�(�; y)

Q

=

^

�(�; y)�

Z

Q the group obtained by adding to

^

�(�) fra
tional powers of 
, then the

exa
t sequen
e

0! Q !

^

�(�; y)

Q

! �(�)! 0

does split. However, it 
an be shown that for g > 1 the exa
t sequen
e (5.7.6) for

�

g;0

does not split even over Q.

Now we 
an formulate the notion of a modular fun
tor with a 
entral 
harge.

Re
all that we have de�ned the notion of a representation of a tower of groupoids

in an abelian 
ategory C (see De�nition 5.6.12), and the modular fun
tor 
an be

de�ned as a representation of the Tei
hm�uller tower (see Theorem 5.6.13).

Definition 5.7.8. Let C be an abelian 
ategory. A C-extended modular fun
tor

with (multipli
ative) 
entral 
harge K 2 k

�

is a representation of the tower

^

Tei
h,

with the additional normalization 
ondition �(S

2

) = k, and su
h that for every

extended surfa
e � and y 2 �

�

the generator 
 of Aut

T

�

(y) = Z� Aut

^

Tei
h

(�; y)

a
ts as multipli
ation by K.

For those readers who do not like the language of towers of groupoids, this

de�nition 
an be spelled out expli
itly as follows.

Definition 5.7.9. A modular fun
tor with (multipli
ative) 
entral 
harge K 2

k

�

is the following 
olle
tion of data:

(i) Let � be a 
ompa
t oriented surfa
e with boundary, with a point and an

obje
t of C atta
hed to any boundary 
ir
le, and let y 2 �

�

. To any su
h (�; y)

the modular fun
tor assigns a �nite dimensional ve
tor spa
e �(�; y).

(ii) To any morphism

~

f : (�; y) ! (�

0

; y

0

) the modular fun
tor assigns an iso-

morphism of the 
orresponding ve
tor spa
es

~

f

�

: �(�; y)

�

�! �(�

0

; y

0

).

(iii) Fun
torial isomorphisms �(;)

�

�! k, �(�

1

t �

2

; y

1

� y

2

)

�

�! �(�

1

; y

1

) 


�(�

2

; y

2

).

(iv) A symmetri
 obje
t R 2 ind�C

�2

(see Se
tion 2.4).

(v) Gluing isomorphism: Let �

0

be the surfa
e obtained from � by 
utting

� along a 
ir
le. Then we require that there is an isomorphism

�(�

0

; y;R

(1)

; R

(2)

)! �(�; g(y))(5.7.8)

where g is as in Lemma 5.7.3(ii), (iii).

These data have to satisfy the same axioms as in De�nition 5.1.12 and the

following additional relation. Note that for every (�; y) the group �

1

(�

�

; y) is
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anoni
ally isomorphi
 to Z. (The orientation of � gives a 
hoi
e for the sign of

the generator 
.) Then we require that 


�

: �(�; y) ! �(�; y) be a multipli
ation

by K.

Theorem 5.7.10. Any modular tensor 
ategory gives rise to a modular fun
tor

with 
entral 
harge K = p

+

=p

�

. Conversely, if � is a C-extended modular fun
tor

with 
entral 
harge K, then it de�nes on C a stru
ture of a weakly ribbon 
ategory.

If this 
ategory is rigid, then C is a modular 
ategory with p

+

=p

�

= K.

Proof. The proof is similar to the proof in the 
ase of zero 
entral 
harge

(p

+

= p

�

). It is based on an analogue of Theorem 5.2.9, giving the set of moves

and relations among the parameterizations. However, now we have to extend the

notion of parameterization as follows.

Let � be an extended surfa
e and y 2 �

�

. An extended parameterization

^

M

is a pair (M;'), where M is a parameterization of � (see De�nition 5.2.1), and

' 2 Mor

T

�

(y; y

M

), where y

M

2 �

�

is the Lagrangian subspa
e de�ned by the 
ut

system C of M (see Example 5.7.4).

Sin
e the moves B;F; Z do not 
hange y

M

, we 
an lift ea
h of them to a move

between extended parameterizations by letting

^

B = (B; id), et
. We also have a

new move 
 : (M;')  (M;
 Æ '), where 
 is the generator of Aut

T

�

(y

M

; y

M

) =

Z. Finally, the move S 
an be lifted to a move

^

S as in Example 5.7.6. Then

ea
h of relations MF1{MF7 makes sense as a relation among the moves

^

Z; : : : ;

^

F .

As for relations MF8, MF9, they 
an be uniquely lifted to relations among the

moves between the extended parameterizations by repla
ing Z; : : : S by

^

Z; : : : ;

^

S

and inserting an appropriate power of 
 to make it into a 
losed loop in

^

M(�).

We will denote the 
orresponding axioms by MF

^

8, MF

^

9. Let us also add an axiom

MF

^

10 requiring that 
 be 
entral. Then it is easy to dedu
e from Theorem 5.2.9

that the 
orresponding 2-
omplex

^

M(�) is 
onne
ted and simply-
onne
ted.

Now to show that every MTC de�nes a modular fun
tor, we 
an follow the

same approa
h as before, i.e., �rst de�ne �(�; y;

^

M), and then assign to every move

^

E :

^

M  

^

M

0

an isomorphism �(�; y;

^

M) ! �(�; y;

^

M

0

) so that all the relations

MF1{MF

^

10 are satis�ed.

Let us de�ne �(�; y;

^

M) = �(�;M) (thus, it does not depend on the 
hoi
e of

y and ') and assign to the moves

^

Z;

^

B;

^

F the same isomorphisms as before (i.e.,

Z; �;G). Assign to 
 the isomorphism given by multipli
ation by p

+

=p

�

. Finally,

assign to

^

S the operator S=

p

p

+

=p

�

, where S is de�ned in Theorem 3.1.17. Expli
it


al
ulation shows that for so de�ned

^

S, relations MF

^

8, MF

^

9 are satis�ed. For MF

^

8,

this 
al
ulation essentially 
oin
ides with the one done in Example 5.7.6.

The proof in the opposite dire
tion is absolutely parallel to the one for the

genus zero 
ase; thus, we omit it.

5.8. From 2D MF to 3D TQFT

Starting from a modular tensor 
ategory C with p

+

=p

�

= 1, we have 
on-

stru
ted a C-extended 3-dimensional Topologi
al Quantum Field Theory (Se
tion 4.4)

and a C-extended 2-dimensional modular fun
tor (Se
tion 5.1). We have also

showed that 
onversely, if C is a semisimple abelian 
ategory then any C-extended

2-dimensional modular fun
tor gives rise to a stru
ture of a modular 
ategory on C

(provided that the rigidity 
ondition is satis�ed).
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S
hemati
ally, we have:

C-extended 3D TQFT

MTC C

44jjjjjjjjjjjj
fn

&.UUUUUUUUUUU

UUUUUUUUUUU

C-extended 2D MF

:

This indi
ates that there must be also a dire
t 
onstru
tion relating (C-extended)

3D TQFT with (C-extended) 2D MF.

3D TQFT ! 2D MF. This impli
ation has already been dis
ussed before:

in fa
t, the axioms of 2D MF (ex
ept the gluing axiom) are part of the axioms

of 3D TQFT, 
f. Remark 5.1.2. To prove that the gluing axiom also follows from

the axioms of 3D TQFT, we again use the version of extended surfa
e from De�ni-

tion 5.1.10.

Let �

0

V

be the surfa
e obtained from a surfa
e � by 
utting a 
ir
le from it

and labeling the two new boundary 
omponents with obje
ts V and V

�

, as in

De�nition 5.1.12 (see Figure 5.20).

2

ΣcutΣ p

c

p

c c

p1 2

1

Figure 5.20

In a

ordan
e with the proof of Proposition 5.1.8, instead of �

0

V

we 
onsider the

surfa
e �

00

= �

00

V

obtained from �

0

V

by repla
ing the boundary 
ir
les with marked

points with tangent ve
tors at them. We 
an shrink �

00

, so that it is \inside" �, as

in Figure 5.21 below.

p cut V *V

Σ Σ
Σ

p p
1 2

Figure 5.21

Then we \�ll in the spa
e between � and �

00

", i.e., we 
onsider a 3-manifoldM

with boundary �M = �t�

00

(see Figure 5.22). This M is a C-marked 3-manifold,

hen
e it gives a ve
tor

�(M) 2 �(�M) ' Hom

k

(�(�

00

); �(�)):

Considered as a map �(�

0

V

) ! �(�), this gives the required gluing map (5.1.1).

One 
an easily 
he
k that this de�nition is 
orre
t and satis�es all the properties

of De�nition 5.1.12.
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Figure 5.22

2D MF ! 3D TQFT. This impli
ation is mu
h more diÆ
ult and, to the

best of our knowledge, no 
omplete 
onstru
tion of it is known. There are two ap-

proa
hes: the �rst one, due to L. Crane [C℄ (see also [Ko℄), is based on the Heegaard

splitting; the se
ond one, due to M. Kontsevi
h and to I. Frenkel (unpublished), is

based on Morse theory.

Following Crane [C℄, we will 
onstru
t (non-extended) 3D TQFT starting from

a C-extended 2D MF. We do not know how to extend this 
onstru
tion to a C-

extended 3D TQFT.

We will use the following well-known theorem in topology (for referen
es, see

[Cr℄).

Theorem 5.8.1 (Reidemeister{Singer). Let M be a 
onne
ted 
losed oriented

3-manifold. Then:

(i) M 
an be presented as a result of gluing of two solid handlebodies :

M =M

'

= H

1

t

'

H

2

;

where ' : �H

1

�

�! �H

2

. Su
h a presentation is 
alled a Heegaard splitting.

(ii) Two su
h M

'

and M

'

0

are homeomorphi
 i� ' : �H

1

�

�! �H

2


an be

obtained from '

0

: �H

0

1

�

�! �H

0

2

by a sequen
e of the following moves :

(a) H

1

= H

0

1

, H

2

= H

0

2

, '

0

is isotopi
 to '.

(b) H

1

= H

0

1

, H

2

= H

0

2

, '

0

= y Æ ' Æ x, where x 2 N

H

1

, y 2 N

H

2

and

N

H

:= fhomeomorphisms of �H whi
h extend to Hg:

(
) Stabilization. Let H

0

1

= H

1

#T , H

0

2

= H

2

#T , where T is a solid torus and

# denotes a 
onne
ted sum of topologi
al spa
es (see Figure 5.23 below). Let '

0

=

'#s, where s : �T

�

�! �T is the homeomorphism of the 2-torus whi
h has a matrix

�

0 �1

1 0

�

in the standard basis f�; �g of H

1

(�T;R). Then M

'

0

'M

'

#S

3

'M

'

.

# =

Figure 5.23. Conne
ted sum of 3-manifolds.

Now suppose that we have a C-extended modular fun
tor. Let H be a solid

handlebody whose boundary �H is a surfa
e of genus g. We will 
onstru
t a ve
tor

v

0

(H) 2 �(�H) as follows.
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Choose some non-interse
ting \
uts", i.e., disks embedded in H , whi
h 
ut

H into 
ontra
tible pie
es. This also gives a system of 
uts on �H and thus, a

de
omposition of �H into spheres with holes: �H =

S

�

a

. Consider all possible

labelings i : f
utsg ! I of the 
utting 
ir
les by simple obje
ts of C (see Figure 5.24).

3iV2iV1

iV6i

V

V4

iV5

i

Figure 5.24

Then, by the gluing axiom,

�(�H) '

M

i

O

a

�(�

a

; fV

"

i




g


���

a

):

Here �

a

are the 
omponents of �H , the notation 
 � ��

a

means that the 
ut 
 is

one of the boundary 
omponents of �

a

, and V

"

is either V or V

�


hosen so that

every V

i




appears in the tensor produ
t on
e as V

i




and on
e as V

�

i




.

Let us 
hoose all i




= 0, i.e., all V

i




= 1. Then �(�

a

;1; : : : ;1) = k. Therefore,

this gives a ve
tor

v

0

(H) =

O

a

(1 2 �(�

a

;1; : : : ;1)) 2 �(�H):

(
ompare with Remark 4.5.4).

Theorem 5.8.2 (Crane [C℄). The ve
tor v

0

(H) does not depend on the 
hoi
e

of the 
uts. Moreover, v

0

(H) is N

H

-invariant.

Proof. Obviously, any two systems of 
uts of H into a union of solid balls 
an

be related to one another by a sequen
e of the following moves:

(a) the a
tion of N

H

, and (b) the F-move.

It is easy to see that v

0

(H) does not 
hange under the move (b). As for (a),

one needs a des
ription of the generators of N

H

. Su
h a des
ription is known

[Su℄. Then one 
he
ks that v

0

(H) is invariant under these generators|this is not

diÆ
ult|we refer to [C℄, [Ko℄ for the details.

The fa
t that v

0

(H) is N

H

-invariant follows from (a).

Now we will use Theorems 5.8.1 and 5.8.2 to 
onstru
t invariants of 
losed

3-manifolds.

Let M = M

'

= H

1

t

'

H

2

be as in 5.8.1. The map ' : �H

1

�

�! �H

2

gives an

isomorphism of ve
tor spa
es '

�

: �(�H

1

)

�

�! �(�H

2

) = �(�H

2

)

�

. We de�ne

�(M) := D

g�1

('

�

(v

0

(H

1

)); v

0

(H

2

));(5.8.1)

where D = s

�1

00

is de�ned by (3.1.15).

The prefa
tor D

g�1

is 
hosen in order that �(M) be invariant under the stabi-

lization move 5.8.1(
). Indeed, let H

0

= H#T . Then �H

0

= �H#�T , where �T is
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the 2-torus. By the 
onstru
tion of v

0

(H

0

) it is 
lear that

v

0

(H

0

) = v

0

(H)
 v

0

(T ):

Then

�(M

0

) = D

g

(('#s)

�

(v

0

(H

1

)
 v

0

(T )); v

0

(H

0

2

))

= �(M)D (s

�

v

0

(T ); v

0

(T )) = �(M)Ds

00

= �(M):

Therefore, we have 
onstru
ted an invariant � of 
losed 3-manifolds. To 
on-

stru
t 3D TQFT, we have to de�ne �(M) for any 3-manifold M with boundary.

To do so, we need a variant of Heegaard splitting for 3-manifolds with boundary.

There is su
h a theorem, due to Motto [Mo℄. His result is similar to what we had

before, only one has to 
onsider not only handlebodies but also \hollow handle-

bodies". A hollow handlebody is a handlebody with some parts of its interior 
ut

out. Hen
e, it has both \inner" and \outer" boundary. We glue two su
h hollow

handlebodies by identifying their outer boundaries, the remaining inner boundaries

give the boundary of the resulting 3-manifold.

Then we 
an repeat the above 
onstru
tion of �(M) for manifolds M with

boundary. This gives the impli
ation

C-extended 2D MF! (non-extended) 3D TQFT:

In order to go one step further, i.e., to 
onstru
t a C-extended 3D TQFT, one needs

an analog of Heegaard splitting and Reidemeister{Singer theorem for manifolds with

boundary and marked points. To the best of our knowledge, su
h a result is not

available at the moment. Hopefully, this is only a temporary diÆ
ulty. Finally, let

us note that if we start with a non-extended 2D MF, without gluing axiom, the


onstru
tion of 3D TQFT would fail.



CHAPTER 6

Moduli Spa
es and Complex Modular Fun
tor

In this 
hapter, we will rewrite the de�nition of modular fun
tor in algebro-

geometri
 terms, i.e., in terms of 
at 
onne
tions with regular singularities on the

moduli spa
es, instead of the topologi
al surfa
es and mapping 
lass groups in

Chapter 5. In fa
t, this is how the modular fun
tor originally appeared in 
onformal

�eld theory, see, e.g, [MS1℄, [S℄. The exposition in this 
hapter is based on the

unpublished manus
ript [BFM℄; similar ideas were also introdu
ed in Deligne's

letter to Drinfeld.

The 
omplex version of modular fun
tor is best formulated using the language

of 
onne
tions with regular singularities on the Deligne{Mumford 
ompa
ti�
ation

of the moduli spa
e of 
omplex 
urves. For readers' 
onvenien
e, we give a short

introdu
tion to the theory of moduli spa
es and 
onne
tions with regular singular-

ities.

In this 
hapter, \
omplex 
urve" means \
omplex proje
tive 
urve" (thus, it

is 
ompa
t); unless stated otherwise, the 
urves are assumed to be 
onne
ted and

non-singular. We remind that by Riemann's theorem, every (non-singular) 
om-

pa
t Riemann surfa
e is proje
tive. However, unless otherwise spe
i�ed, we will


onsider all manifolds with analyti
 topology. We assume that the reader is fa-

miliar with some basi
 notions of algebrai
 geometry, su
h as 
oherent O-modules,

ve
tor bundles, et
.; all the ne
essary prerequisites 
an be found, for example, in

[GH℄.

6.1. Moduli spa
es and 
omplex Tei
hm�uller tower

In this se
tion, we give a de�nition of the Tei
hm�uller tower of groupoids in

terms of moduli spa
es of 
omplex 
urves. Let us �rst re
all the relation between

the moduli spa
e and the mapping 
lass group.

Let � be a 
ompa
t oriented topologi
al surfa
e without boundary. A 
omplex

stru
ture on � is an isomorphism 
lass of pairs (C;') where C is a smooth 
ompa
t


omplex 
urve and ' : C

�

�! � is a homeomorphism preserving orientation. Equiv-

alently, a 
omplex stru
ture on a smooth surfa
e 
an be de�ned as a polarization of

the 
omplexi�ed tangent spa
e, i.e., a one-dimensional 
omplex ve
tor sub-bundle

T

C

� � (T

R

�)


R

C su
h that (T

R

�)


R

C = T

C

� T

C

.

We identify two 
omplex stru
tures on � if they 
an be obtained one from

another by an isotopy of �; in other words, we let (C;') ' (C

0

; '

0

) if there exists

a 
ommutative square

C

'

����! �

f

?

?

y

g

?

?

y

C

0

'

0

����! �

135
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where f is an isomorphism of 
omplex varieties, and g is an automorphism of �

whi
h is homotopi
 to identity. The set of all 
omplex stru
tures on � up to isotopy

is 
alled the Tei
hm�uller spa
e and will be denoted by T (�). For a 
onne
ted surfa
e

of genus g, we will also use the notation T

g

.

Denote by M

g

the set of isomorphism 
lasses of 
omplex 
urves of genus g. It

is well known that this set has a natural stru
ture of an analyti
 variety. We will


all M

g

the moduli spa
e of 
urves of genus g (to be more pre
ise, it is a 
oarse

moduli spa
e in the terminology of Mumford|see Theorem 6.1.8). The following

result immediately follows from the de�nitions.

Proposition 6.1.1. The moduli spa
e M

g

is isomorphi
 to T

g

=�

g

, where �

g

is the mapping 
lass group of a surfa
e of genus g.

The next result is 
lassi
al, see, e.g., [Ab℄.

Theorem 6.1.2 (Tei
hm�uller). The set T

g

of all 
omplex stru
tures (up to iso-

topy) on a 
onne
ted surfa
e � of genus g has a natural stru
ture of a 
omplex an-

alyti
 manifold su
h that the a
tion of �

g

is holomorphi
. In parti
ular, this gives

a stru
ture of an analyti
 variety on M

g

.

As a real analyti
 manifold, T

g

is isomorphi
 to R

6g�g

for g > 1.

Note that T

g

6' C

3g�3

as a 
omplex analyti
 manifold.

Example 6.1.3. For � of genus 1, i.e., a torus

T

1

' H := fz 2 C j Im z > 0g ' R

2

:

Then M

1

= H=SL

2

(Z)' C .

The above results 
an be generalized to surfa
es with marked points.

Definition 6.1.4. A pointed 
urve is a 
omplex 
urve C with an ordered set

of marked points y

1

; : : : ; y

n

2 C and with a non-zero tangent ve
tor v

i

given at

ea
h point.

Note that 
hoosing a non-zero tangent ve
tor is equivalent to 
hoosing a non-

zero 
otangent ve
tor: it 
an be de�ned by hv

i

; v

�

i

i = 1; v

i

2 T

y

i

C; v

�

i

2 T

�

y

i

C.

One de�nes isomorphism of pointed 
urves in an obvious way. Let us denote

M

g;n

=the set of isomorphism 
lasses of pointed 
urves

of genus g with n marked points.

(6.1.1)

As before, we will 
all M

g;n

the moduli spa
e of pointed 
urves.

Remark 6.1.5. This moduli spa
e is di�erent from the moduli spa
e 
onsidered

in [Kn℄. The latter spa
e, whi
h we will denote M

n

g

, is de�ned as the set of

isomorphism 
lasses of 
urves of genus g with n marked points, but without tangent

ve
tors. However, they are 
losely related: for example, if g; n are su
h that there

are no non-trivial automorphisms of a n-pointed genus g 
urve, then M

g;n

is a

(C

�

)

n

bundle over M

n

g

, so all the results of [Kn℄ 
an be easily reformulated for

M

g;n

. One 
an also de�ne more general moduli spa
es M

n

g;r

in an obvious way;

they will not be used in our work.

Let us de�ne the Tei
hm�uller spa
e T

g;n

to be the set of all 
omplex stru
tures

on a surfa
e � of genus g with n marked points and tangent ve
tors up to an isotopy

whi
h �xes the marked points and ve
tors. This spa
e has a natural stru
ture of

an analyti
 manifold. Then the previous results 
an be generalized as follows:



6.1. MODULI SPACES AND COMPLEX TEICHM

�

ULLER TOWER 137

Theorem 6.1.6. (i) The Tei
hm�uller spa
e T

g;n

is 
ontra
tible.

(ii) Let �

0

g;n

� �

g;n

be the group of automorphisms of an extended topologi-


al surfa
e of genus g with n boundary 
omponents whi
h a
t trivially on the set

of boundary 
omponents. Then this group a
ts holomorphi
ally on T

g;n

, and the

stabilizer of every point is �nite.

(iii) As a 
omplex variety,M

g;n

' T

g;n

=�

0

g;n

. In parti
ular, M

g;n

is 
onne
ted.

Remark 6.1.7. In fa
t, it is shown in [DM℄, [Kn℄, thatM

g;n

is an irredu
ible

quasiproje
tive algebrai
 variety over C|this is a diÆ
ult theorem.

If the a
tion of �

0

g;n

on the Tei
hm�uller spa
e T

g;n

were free, then �

1

(M

g;n

)

would be equal to �

0

g;n

. Unfortunately, the a
tion of �

0

g;n

is not free: the stabilizer

of a point 
oin
ides with the group of automorphisms of the 
orresponding 
omplex


urve. Therefore, in general �

1

(M

g;n

) 6= �

0

g;n

, as 
an be seen already for g = 1: in

this 
ase, �

1

(M

1;0

) = f1g, while �

0;1

' SL

2

(Z).

Now, let us dis
uss in what sense M

g;n

is the moduli spa
e of 
urves. Let us

re
all (see, e.g., [Ha℄) that a family of 
urves C over a smooth variety U by de�nition

is a variety C

U

with a proper 
at morphism � : C

U

! U , su
h that �

�1

(t) = C

t

is a 
ompa
t 
omplex 
urve (unless spe
i�ed otherwise, we will assume that the

�bers are 
onne
ted). Note that �

�1

(t) 
an be singular even if C

U

is smooth, as

shown by the example of the surfa
e xy = tu in P

4

. Similarly, a family of pointed


urves is a family C

U

together with n non-interse
ting se
tions p

i

: U ! C

U

and a

non-vanishing verti
al ve
tor �eld v

i

on p

i

(U) (verti
al means that �

�

(v

i

) = 0).

Theorem 6.1.8. M

g;n

is the 
oarse moduli spa
e of 
urves in the sense of

[MFK℄: for every family of pointed 
urves C

U

over U , the indu
ed map U !M

g;n

,

t 7! [C

t

℄, is analyti
. (Here [C℄ denotes the isomorphism 
lass of a 
urve C.)

Unfortunately, it is not true that the 
onstru
tion above gives a bije
tion

ffamilies of 
urves over Ug

�

�! fmaps U !M

g;n

g;

in other words, M

g;n

is not the �ne moduli spa
e. The reason for the failure is

that M

g;n


arries no information about the automorphisms of a 
urve.

Exer
ise 6.1.9. Let C be a pointed 
urve, and �|a non-trivial automorphism

of C. Constru
t a family of 
urves C

t

over C

�

su
h that C

t

' C for any t, but this

family is not isomorphi
 to the dire
t produ
t C � C

�

.

It turns out that this was the only problem: if we assume that the 
urves have

no non-trivial automorphisms, then M

g;n

is the �ne moduli spa
e.

Theorem 6.1.10. Assume that g > 0; n > 0 or G = 0; n > 1. Then:

1. For every 
omplex 
urve C of genus g with n marked point, the group of

automorphisms is trivial.

2. The a
tion of the group �

0

g;n

on the 
orresponding Tei
hm�uller spa
e is free,

so M

g;n

= T

g;n

=�

0

g;n

is smooth.

3. M

g;n

is the �ne moduli spa
e: for every variety S, the fun
tors

S 7! families of 
urves of genus g with n marked points over S

and

S 7! Mor(S;M

g;n

)
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are 
anoni
ally isomorphi
. In other words, every family of 
urves on S 
an

be obtained as a pull-ba
k of a universal family over M

g;n

for a unique map

 : S !M

g;n

.

It turns out that one 
an also de�ne a suitable \�ne moduli spa
e"M

g;n

under

less restri
tive assumptions that (g; n) is stable, i.e.

(g; n) 6= (0; 0); (0; 1); (1; 0):(6.1.2)

In this 
ase, the group of automorphisms of every 
urve C 2M

g;n

is �nite. It turns

out that under this assumption, it is possible to a

ount for these automorphisms

and de�ne a \�ne" moduli spa
e, if we allow the moduli spa
e to be not a variety,

but a sta
k, as de�ned in [DM℄, [Ar℄. Intuitively, this means that every point of

M

g;n

has some additional stru
ture, whi
h en
odes the group of automorphisms

of the 
orresponding 
urve. Unfortunately, an a

urate exposition of the theory

of algebrai
 sta
ks goes far beyond the s
ope of this book; we 
an only refer the

reader to the Appendix to [Vi℄ for an introdu
tion to this language. Another

approa
h, whi
h applies if g; n are su
h that the generi
 
urve C 2 M

g;n

has

no automorphisms, is to 
onsider M

g;n

as an orbifold, or V -variety (see [Sat℄).

Finally, the third possibility, used in [TUY℄, is to 
onsider \lo
al universal families

of 
urves", whi
h 
an be viewed as lo
al 
harts of the algebrai
 sta
k. For our

purposes, we 
an use any of these approa
hes: all of them will yield the same

results, and ea
h has its own advantages and disadvantages. We 
hose to use the

language of algebrai
 sta
ks.

We will denote by M

g;n

the moduli sta
k of pointed 
urves of genus g with n

marked points; as we said, we will not explain what it is, referring the reader to

[DM℄ instead. Nevertheless, we 
an say what are points, ve
tor bundles, et
., on

M

g;n

. Namely: for a 
omplex manifold S, a morphism S ! M

g;n

is by de�nition

the same as a family of pointed 
omplex 
urves of genus g with n marked points

over S. In parti
ular, this implies that the set of (
losed) points of M

g;n

is M

g;n

.

Similarly, a ve
tor bundle E on M

g;n

is the same as a 
olle
tion of ve
tor bundles

�

�

E for every morphism � : S ! M

g;n

, su
h that this 
olle
tion is fun
torial in

S. Lo
al systems, 
at 
onne
tions, et
., 
an be de�ned in a similar way. We 
an

also de�ne a divisor D � M

g;n

as a 
ompatible 
olle
tion of divisors �

�

D � S for

every �etale (i.e., �nite unrami�ed 
overing) � : S ! M

g;n

. Finally, we de�ne the

fundamental group of M

g;n

by

�

1

(M

g;n

; C) = f(C

t

)

0�t�1

; '

0

: C

0

�

�! C;'

1

: C

1

�

�! Cg=homotopy:

Here C

t

is a C

1

family of 
omplex 
urves, i.e., a C

1

real manifold � with a map

� : � ! [0; 1℄ su
h that d� 6= 0, and for every t 2 R, C

t

= �

�1

(t) is a smooth


ompa
t oriented surfa
e, and with a family of 
omplex stru
tures �

t

in C

t

su
h

that �

t

is a C

1

fun
tion of t (this should be modi�ed in an obvious way for pointed


urves). Later we will show that in fa
t, �

1

(M

g;n

) = �

0

g;n

.

Of 
ourse, we are just hiding the real problem: why so de�ned M

g;n

is a

reasonable geometri
 obje
t, i.e., why the standard results about, say, sheaves on

varieties apply to M

g;n

? This is indeed a diÆ
ult question, and the best we 
an do

here is to refer to [DM℄. Their results show that as far as we are 
on
erned, M

g;n


an be treated in the same way as a non-singular variety: all the standard results

from algebrai
 geometry we will be using apply to M

g;n

.
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As was mentioned above, for g > 0; n > 0 or g = 0; n > 1; M

g;n

itself is the

�ne moduli spa
e, so in this 
ase we have M

g;n

= M

g;n

. In general, this is not

true.

From now on, we will useM

g;n

as the moduli spa
e, and all geometri
 
onstru
-

tions will be understood in the sta
k sense. A reader who is not too experien
ed in

this language 
an just think of M

g;n

as a smooth manifold.

Sometimes, it is 
onvenient to de�ne a slightly di�erent spa
e. Let A be a

�nite set. Denote M

g;A

= f(C; f)g, where C is a genus g 
omplex 
urve with

n unordered marked points and non-zero tangent ve
tors, and f is a bije
tion ?!

A(C)

�

�! A, where n = jAj, and A(C) is the set of marked points of C. In other

words,M

g;A

is the moduli spa
e of 
urves of genus g with n marked points labeled

by elements of A, and with non-zero tangent ve
tors at these points. Obviously, for

A = f1; : : : ; ng, this 
oin
ides with the de�nition of M

g;n

. One de�nes the sta
k

M

g;A

in a similar way.

We will also 
onsider the moduli spa
e M

�;n

of not ne
essarily 
onne
ted n-

pointed 
urves, and the spa
e M = t

n�0

M

�;n

. One easily sees that M

�;n

is an

unrami�ed �nite 
over over the spa
e

t(M

g

1

;n

1

� � � � �M

g

k

;n

k

);

where the disjoint union is taken over all �nite sequen
es (g

1

; n

1

); : : : ; (g

k

; n

k

)

su
h that

P

n

i

= n, up to permutation. Thus, we 
an easily de�ne the sta
ks

M

�;n

;M

�;A

. The last sta
k will be frequently used later, so we state its de�nition

expli
itly:

M

�;A

=moduli sta
k of stable smooth possibly dis
onne
ted 
urves

with unordered marked points and non-zero tangent ve
tors

and a bije
tion (marked points)

�

�! A

(6.1.3)

Re
all that we have de�ned the notion of a tower of groupoids, whi
h is just a

groupoid � with a fun
tor A : �! Sets and with the fun
tors of disjoint union and

gluing (see De�nition 5.6.1). In parti
ular, we have de�ned the Tei
hm�uller tower

Tei
h, in whi
h the obje
ts are (topologi
al) surfa
es with boundary, morphisms are

homeomorphisms of surfa
es, and gluing is the gluing of two boundary 
omponents

(see De�nition 5.1.7, Se
tion 5.6). The formula �

1

(M

g;n

) = �

0

g;n

, whi
h is an

obvious 
orollary of Theorem 6.1.6 if the a
tion of �

0

g;n

is free, suggests that the

same tower 
an be de�ned in terms of the moduli spa
es M

g;n

.

Re
all that for a topologi
al spa
e M , its Poin
ar�e groupoid (also 
alled the

fundamental groupoid) is de�ned as the groupoid with obje
ts: points of M , and

morphisms: homotopy 
lasses of paths in M 
onne
ting two points.

Definition 6.1.11. The 
omplex Tei
hm�uller tower of groupoids Tei
h

C

is the

fundamental groupoid of the sta
k M , i.e.,

ObTei
h

C

= pointed 
omplex 
urves

and

Mor(C

0

; C

00

) = f(C

t

)

0�t�1

; '

0

: C

0

�

�! C

0

; '

1

: C

1

�

�! C

00

g=homotopy;

where, as before, C

t

is a C

1

family of pointed 
urves. We also de�ne the fun
tor

A : Tei
h

C

! Sets by A(C; y

i

; v

i

) = fy

i

g, and the disjoint union and empty set in

an obvious way.
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In a similar way, for a �nite set A we de�ne the groupoid Tei
h

C

A

as the funda-

mental groupoid of the sta
k M

�;A

.

Note that in parti
ular, for every 
urve C we have a 
anoni
al map AutC !

Mor(C;C), whi
h assigns to � 2 AutC the data C

t

= C � [0; 1℄; '

0

= id; '

1

= �,

whi
h explains why we introdu
ed '

0

; '

1

in the de�nition.

To 
omplete the de�nition, we also have to de�ne the gluing fun
tor. This will

be done in the next se
tion.

Now we 
an 
ompare this 
omplex Tei
hm�uller groupoid with the groupoid

Tei
h de�ned in the previous 
hapter in terms of topologi
al surfa
es with bound-

ary. Note, however, that sin
e we have imposed the stability 
ondition (6.1.2),

it only makes sense to 
ompare Tei
h

C

with the subgroupoid Tei
h

stab

� Tei
h,

formed by topologi
al surfa
es all 
onne
ted 
omponents of whi
h satisfy the sta-

bility 
ondition (6.1.2).

Theorem 6.1.12. The towers of groupoids Tei
h

stab

and Tei
h

C

are equivalent.

In parti
ular, �

1

(M

g;n

) = �

0

g;n

.

Proof. The proof essentially repeats the proof of the fa
t that for a simply-


onne
ted T , one has �

1

(T=�) = �.

First we 
onstru
t a fun
tor Tei
h

stab

! Tei
h

C

as follows. Let � be an obje
t

of Tei
h

stab

, i.e., an extended surfa
e. We will use De�nition 5.1.10 of extended

surfa
e; thus, � is a topologi
al surfa
e with marked points and non-zero tangent

ve
tors at these points. Fix a 
omplex stru
ture � on the surfa
e �. Let C

�

be

the 
omplex 
urve obtained from � with the 
omplex stru
ture �. It is a pointed


urve, with the same marked points and tangent ve
tors as � (re
all that a 
omplex

stru
ture de�nes an R-linear isomorphism of the real tangent spa
e T

R

p

� and the


omplex tangent spa
e T

C

p

C; for example, for � = R

2

and the standard 
omplex

stru
ture, we get �

x

7! �

z

; �

y

7! i�

z

). This 
onstru
tion depends on the 
hoi
e of

�. By Theorem 6.1.6, the set T (�) of all 
omplex stru
tures on � is 
ontra
tible.

Therefore, every two 
omplex stru
tures �

0

; �

1


an be 
onne
ted by a unique path

�

t

in T (�). This gives a 
anoni
al family of 
urves C

�

t


onne
ting C

�

0

with C

�

1

,

or a 
anoni
al morphism C

�

0

! C

�

1

in Tei
h

C

. Thus, we have assigned to a

topologi
al surfa
e C a 
olle
tion of obje
ts C

�

2 Tei
h

C

, 
anoni
ally isomorphi


to ea
h other. As was dis
ussed before (see De�nition 1.1.11, Lemma 1.1.12), su
h

a 
olle
tion 
an be viewed as an obje
t of Tei
h

C

.

This de�nes the fun
tor Tei
h

stab

! Tei
h

C

on the obje
ts of Tei
h

stab

. To

de�ne it on morphisms, we note that any homeomorphism of extended surfa
es

f : �

�

�! �

0

gives an identi�
ation of the Tei
hm�uller spa
es f

�

: T (�)

�

�! T (�

0

).

Thus, for any � 2 T (�); �

0

2 T (�

0

) there is a unique path 
onne
ting f

�

� with �

0

in T (�

0

), and thus, a unique path 
onne
ting C

�

with C

�

0

in the moduli sta
k M .

The inverse fun
tor Tei
h

C

! Tei
h

stab

is 
onstru
ted as follows. On obje
ts,

it is just the forgetful fun
tor, whi
h assigns to a 
omplex 
urve C the underlying

topologi
al surfa
e. To de�ne it on morphisms, let C

t

; t 2 [0; 1℄ be a family of


urves. As before, let us forget the 
omplex stru
ture and view it as a family of

extended surfa
es. Then ea
h of the surfa
es �

t

is homeomorphi
 to �

0

, and the

homeomorphism is unique if we additionally require that it depends 
ontinuously

on t (this follows from the dis
reteness of the mapping 
lass group). This gives a

family of homeomorphisms '

t

: �

0

�

�! �

t

. In parti
ular, this de�nes '

1

: �

0

! �

1

.

It is easy to 
he
k that the above two fun
tors are inverse to ea
h other and

are 
ompatible with gluing (see the next se
tion).
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Remark 6.1.13. Sometimes we will use an alternative de�nition of pointed


urve. Re
all that extended surfa
e 
an be de�ned in any of the following three

ways: 1) as a surfa
e with boundary and a point on ea
h boundary 
omponent; 2) as

a surfa
e with boundary and a parametrization of every boundary 
omponent; 3) as

a surfa
e without boundary but with marked points and non-zero tangent ve
tors.

All these de�nitions give rise to equivalent groupoids (see Proposition 5.1.8).

Similarly, in the 
omplex situation we 
an use the following de�nition of pointed


urve: a pointed 
urve is a 
omplex 
urve with marked points y

i

and a lo
al pa-

rameter z

i

near ea
h of these points. The 
orresponding moduli spa
e (whi
h

is in�nite-dimensional) will be denoted M

(1)

g;n

; similarly, one de�nes M

(1)

, and

the groupoid Tei
h

C(1)

. One has an obvious forgetting fun
tor Tei
h

C(1)

!

Tei
h

C

: (C; y

i

; z

i

) 7! (C; y

i

; v

i

), where the ve
tor v

i

is de�ned by hv

i

; dz

i

i = 1.

Sin
e the set ff = z +

P

n>1

a

n

z

n

j f 
onverges in a neighborhood of 0g is 
on-

tra
tible, this fun
tor is an equivalen
e. Therefore, we 
an use either de�nition of

the Tei
hm�uller groupoid.

Finally, there exists yet one more de�nition: a pointed 
urve is a topologi
al

surfa
e � with a boundary, with a 
omplex stru
ture � and with parametrizations

�

i

: (��)

i

! S

1

of the boundary 
omponents whi
h are analyti
 with respe
t to

the 
omplex stru
ture �. We leave it to the reader to 
he
k that this de�nition is

equivalent to the two previous ones.

6.2. Compa
ti�
ation of the moduli spa
e and gluing

In this se
tion, we will de�ne the gluing fun
tor for the 
omplex Tei
hm�uller

groupoid. A straightforward approa
h would be to 
ut from a 
urve small disks

around the marked points, and glue the boundary 
ir
les together (this was �rst

suggested by Vafa, see [V1℄). However, there is a mu
h better way of de�ning the

gluing, whi
h uses the so-
alled Deligne{Mumford 
ompa
ti�
ation of the moduli

spa
e.

Following [DM℄, let us 
all a possibly singular 
omplex 
urve C stable if its only

singularities are ordinary double points, and its group of automorphisms is �nite.

(We re
all that p 2 C is 
alled an ordinary double point if lo
ally C is isomorphi
 to

the 
oordinate 
ross xy = 0 in C

2

with p = (0; 0). Su
h a singularity is also 
alled

a node, or a quadrati
 singularity.) For su
h a 
urve C, one 
an de�ne its genus

g as the genus of the smooth 
urve obtained by deforming away all double points;

in lo
al 
oordinates, this 
an be des
ribed by repla
ing the equation xy = 0 by

xy = " (for readers familiar with algebrai
 geometry, we note that so de�ned genus


oin
ides with the \arithmeti
 genus" of C). Thus, we 
an 
onsider the set M

g

of

all isomorphism 
lasses of 
onne
ted stable 
urves of genus g. Similarly, one 
an

de�ne stable pointed 
urves (the marked points must be non-singular, i.e., they 
an

not 
oin
ide with the double points), and de�ne the spa
e M

g;n

of isomorphism


lasses of su
h 
urves. This moduli spa
e (or, rather, the analogous spa
eM

n

g

|see

Remark 6.1.5) was 
onsidered by Deligne and Mumford [DM℄ and Knudsen [Kn℄.

Note that for non-singular 
urves, the stability 
ondition automati
ally follows from

the 
ondition (6.1.2) whi
h we imposed in the previous se
tion.

As before, we 
an also de�ne the 
orresponding sta
kM

g;n

by Mor(S;M

g;n

) =

ffamilies of (possibly singular) stable pointed 
urves over Sg.

Theorem 6.2.1 ([DM℄, [Kn℄). (i) M

g;n

is a sta
k in the sense of [DM℄.

(ii) M

g;n

is 
onne
ted.
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(iii) The 
omplement D = M

g;n

nM

g;n

is a divisor with normal 
rossings in

M

g;n

in the sta
k sense. (Often D is also 
alled the boundary, or points at in�nity,

of the moduli sta
k M

g;n

.)

Let us re
all that a divisor with normal 
rossings D � M , where M is an

analyti
 manifold, is a union of a �nite number of smooth 
odimension 1 subvarieties

D

i

, su
h that if p lies in the interse
tion of k 
omponents, then one 
an introdu
e

lo
al 
oordinates z

1

; : : : ; z

n

(n = dimM) near p su
h thatD is given by the equation

z

1

� � � z

k

= 0. This de�nition should be properly modi�ed for sta
ks.

As far as we are 
on
erned, part (i) of the theorem 
ould read as follows: \most

standard results about smooth manifolds apply to M

g;n

".

Remark 6.2.2. As in Remark 6.1.5, we note that in [DM℄, [Kn℄, a di�erent

spa
e is 
onsidered|they 
onsider the spa
e M

n

g

, whi
h is a 
ompa
ti�
ation of

the moduli spa
e M

n

g

. It is shown in [Kn℄ that M

n

g

is a proje
tive variety; in

parti
ular, it is 
ompa
t. Our spa
e M

g;n

is not 
ompa
t for obvious reasons: the

tangent ve
tors lie in a pun
tured aÆne spa
e, whi
h is not 
ompa
t. However,

other results from [DM℄, [Kn℄,|most importantly, the fa
t that D =M

g;n

nM

g;n

is a divisor with normal 
rossings|
an be easily generalized to our situation. One


ould further extend M

g;n

, repla
ing T

�

p

(C) by a proje
tive spa
e. However, this

is not ne
essary for our purposes.

The sta
k M

g;n

is 
alled the Deligne{Mumford 
ompa
ti�
ation of the moduli

spa
e (warning: it is not 
ompa
t unless n = 0|see the remark above).

Example 6.2.3. Let g = 0; n = 2. Then one easily sees that M

0;2

= M

0;2

=

C

�

, andM

0;2

=M

0;2

= C . The \in�nite point" is the singular 
urve shown below.

Note that every divisor with normal 
rossings is naturally strati�ed: its 
odi-

mension k (in D) stratum D

k


onsists of points whi
h lie in the interse
tion of k+1


omponents. In parti
ular, the set of non-singular points of D is given by

D

0

= t

i

D

0

i

;(6.2.1)

where D

0

i

= D

i

n ([

j 6=i

D

j

), D

i

being the 
omponents of D.

For sta
ks, this de�nition should be suitably modi�ed. It 
an be shown that

for M

g;n

the strati�
ation of D is given by

D

k

= f
urves with exa
tly k + 1 double pointsg:(6.2.2)

In parti
ular, the open stratum D

0

� D 
onsists of the 
urves with exa
tly one

double point. Every su
h 
urve is obtained by identifying two distin
t points of a

stable non-singular 
urve C

_

(normalization of C). In other words, if we denote by

M

2

�;A

the set of stable possibly not 
onne
ted 
urves with jAj + 2 marked points,

out of whi
h all but two are labeled by elements of A and have non-zero tangent

ve
tor, and the remaining two are not labeled or ordered and have no tangent ve
tor

assigned, then we have a natural isomorphism S : M

2

�;A

�

�! D

0

. This shows that

the 
omponents of D are in bije
tion with the 
omponents of M

2

�;A

, whi
h are easy
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to des
ribe. For example, for g = 0, we get the following result: the irredu
ible


omponents of D �M

0;A

are given by

Irr D $ f(A

0

; A

00

) j A

0

; A

00

� A;A = A

0

t A

00

; jA

0

j; jA

00

j � 1g(6.2.3)

(here (A

0

; A

00

) is an unordered pair). The 
orresponding 
omponent of D is de�ned

by

D

0

A

0

;A

00

= S(M

1

0;A

0

�M

1

0;A

00

);

in other words, these are 
urves whi
h 
an be obtained by identifying a point on

C

(1)

2M

0;A

0

with a point on C

(2)

2M

0;A

00

, as in Example 6.2.3.

Let us show how su
h a 
urve 
an be obtained as a limit of a family of non-

singular 
urves.

Example 6.2.4. Let z

1

; : : : ; z

n

2 C , v

1

; : : : ; v

n

2 C

�

be su
h that z

i

6= z

j

.

Denote

(P

1

; z

1

; : : : ; z

n

;v

1

; : : : ; v

n

) = the proje
tive line P

1

with the standard 
oordinate z 2 C [1,

with marked points z = z

i

and tangent ve
tors v

i

�

z

.

(6.2.4)

Obviously, any 
urve C 2M

0;n


an be written in su
h form.

Now, 
hoose z

0

1

: : : ; z

0

k

; a; z

00

1

; : : : ; z

00

m

su
h that z

0

i

6= z

0

j

; z

0

i

6= a; z

00

i

6= z

00

j

. Choose

q 2 C

�

small enough and de�ne the 
urve C

q

by

C

t

= (P

1

; z

0

1

; : : : ; z

0

k

; a+ qz

00

1

; : : : ; a+ qz

00

m

; v

0

1

; : : : ; v

0

k

; qv

00

1

; : : : ; qv

00

m

):

Then we 
laim that the limit C

0

= lim

q!0

C

q

exists in M

0;k+m

, and is given

by the singular 
urve obtained by identifying the point a 2 C

(1)

with 1 2 C

(2)

,

where

C

(1)

=(P

1

; z

0

1

; : : : ; z

0

k

; v

0

1

; : : : ; v

0

k

);

C

(2)

=(P

1

; z

00

1

; : : : ; z

00

m

; v

00

1

; : : : ; v

00

m

):

Speaking informally, one 
an say that as q ! 0, the 
urve C

q

looks to a bare eye

as C

(1)

and m points a + qz

00

i

all 
ollapsed at a; looking at the point a with a

mi
ros
ope, one 
an separate these m points and see that their relative position is

des
ribed by C

(2)

.

Sket
h of proof. For simpli
ity, we will disregard the tangent ve
tors and

will take a = 0. First of all, re
all that the topology in M

g;n

is de�ned so that

every map S ! M is 
ontinuous. In parti
ular, if one 
an 
onstru
t an analyti


family C

q

; q 2 U; of 
urves over a disk U in the q-plane, then lim

q!0

C

q

= C

0

.

Let us 
onstru
t su
h a family with C

0

de�ned above. Let � be the surfa
e in

P

2

� U given by the equation

uv = qw

2

; (u : v : w) 2 P

2

; q 2 U(6.2.5)

and the marked points given by f((z

0

i

)

2

: q : z

0

i

); (q(z

00

i

)

2

: 1 : z

00

i

)g

n

i=1

. Obviously,

this is a smooth family of pointed 
urves over U , with an obvious proje
tion to U ;

de�ne �

�1

(q) =

~

C

q

. We 
laim that for q 6= 0, the 
urve

~

C

q

' C

q

. Expli
itly, the

isomorphism C

q

!

~

C

q

is given by (z : s) 7! (u : v : w) = (z

2

: qs

2

: zs). Similarly,

for q = 0,

~

C

0


an be identi�ed with C

0

by  

1

: C

(1)

!

~

C

0

;  

2

: C

(2)

!

~

C

0

given by

 

1

: (z : s) 7! (z : 0 : s);  

2

: (w : s) 7! (0 : s : w). This 
ompletes the proof. We
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leave it to the reader to 
he
k that the above 
onstru
tion in fa
t also gives 
orre
t

tangent ve
tors.

Let us denote by N(D) the normal bundle to D in M

g;n

: for C 2 D;N

C

(D) =

T

C

M

g;n

=T

C

D; and let N

�

(D) be the 
omplement to the zero se
tion: N

�

C

(D) =

N

C

(D) n fzero se
tiong.

Lemma 6.2.5. If C is a stable singular 
urve with only one double point a, then

N

C

D is one-dimensional, and 
an be 
anoni
ally identi�ed with T

(1)

a

C 
 T

(2)

a

C,

where T

(1)

a

C, T

(2)

a

C are the tangent spa
es to the two 
omponents of C at a.

Sket
h of proof. By de�nition, the spa
e N

C

D is the set of equivalen
e


lasses of one-parameter families of 
urves C

U

, de�ned over a disk U in the 
omplex

plane, su
h that C

0

= C and C

q

is non-singular for q 6= 0. A typi
al example of

su
h a family is given by (6.2.5).

Let a 2 C

0

� C

U

be the double point. Then it 
an be shown that one 
an always

introdu
e lo
al 
oordinates x

1

; x

2

on � near a su
h that x

1

x

2

= q; when restri
ted

to C

0

, these 
oordinates be
ome the lo
al 
oordinates on the two 
omponents of C

0

.

Now, de�ne the map N

C

D ! T

(1)

a

C 
T

(2)

a

C by �

q

7! �

x

1


 �

x

2

. We leave it to the

reader to 
he
k that this map does not depend on the 
hoi
e of lo
al 
oordinates

t

1

; t

2

.

Informally, the family C

q


orresponding to the ve
tor v 2 N

�

C

D 
an be presented

as \thi
kening" of the double point, as shown in the �gure below.?!

THERE WILL BE A FIGURE HERE

Figure 6.1. Family of smooth 
urves 
onverging to a singular 
urve.

More generally, if C 2M

g;n

is a 
urve with k double points a

1

; : : : ; a

k

(equiv-

alently, C lies in the interse
tion of k 
omponents of D: C 2 D

1

\ � � � \D

k

), then

N

C

D = T

C

M

g;n

= \ T

C

D

i

is k-dimensional, and we have a 
anoni
al isomorphism

N

C

D '

k

M

i=1

T

(1)

a

i

C 
 T

(2)

a

i

C:(6.2.6)

Using this lemma, we 
an now de�ne the gluing fun
tor for the 
omplex Te-

i
hm�uller groupoid. This is done in two steps.

First, let A be a �nite set, �; � 2 A|an unordered pair. Then we de�ne the

\
lut
hing" map

S

��

: M

�;A

! N(D

0

); D

0

�M

�;Anf�;�g

;

C

_

7! (C; v);

(6.2.7)

where C 2 D

0

is the singular 
urve obtained by identifying the marked points �; �

of C

_

, and v = v

�


v

�

2 T

�

C

_


T

�

C

_

' N

C

(D). The map S is a C

�

-bundle over

N(D

0

). We will also denote by S

�;�

the 
orresponding fun
tor between fundamental

groupoids:

S

�;�

: Tei
h

C

A

! �

1

(N

�

D);

where �

1

(X) denotes the fundamental groupoid of X .
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The se
ond step is to pass from N

�

D � M to M . Choose some tubular

neighborhood N

"

of D in N(D), and a C

1

embedding

i : N

"

!M(6.2.8)

su
h that i is identity on the normal bundles (note that the normal bundle to

D in N

"

is 
anoni
ally identi�ed with N(D)). Su
h a map exists; moreover, it


an be shown that the set of all su
h maps is 
ontra
tible. Restri
ting this map to

N

�

"

(D) = N

"

nD, we get a well-de�ned fun
tor between the fundamental groupoids:

i : �

1

(N

�

"

(D))! �

1

(M) = Tei
h

C

:

Sin
e the embedding N

�

"

(D) ! N

�

D is a homotopy equivalen
e, �

1

(N

�

"

(D)) '

�

1

(N

�

D). Thus, we 
an view i as a fun
tor

i : �

1

(N

�

D)! Tei
h

C

:(6.2.9)

Now, let us de�ne the gluing fun
tor for the 
omplex Tei
hm�uller groupoid as

the 
omposition

F

�;�

: Tei
h

C

A

S

�;�

���! �

1

(N

�

D)

i

�! Tei
h

C

Anf�;�g

:(6.2.10)

Note that it is de�ned only for those 
urves C 2 M

�;A

for whi
h S

�;�

(C) is

stable.

Example 6.2.6. Let us des
ribe the gluing map for genus zero. Let A

0

=

f1

0

; 1

0

; : : : ; k

0

; ag; A

00

= f1

00

; 1

00

; : : : ;m

00

g. Then the gluing map

F

a;1

00

: M

0;A

0

�M

0;A

00

!M

0;B

where B = (A

0

t A

00

) n fa;1

00

g = f1

0

; 1

0

; : : : ; k

0

; 1

00

; : : : ;m

00

g, 
an be des
ribed

expli
itly as follows. Choose for any C

(1)

2M

0;A

0

a presentation in the form

C

(1)

= (P

1

;1; z

0

1

; : : : ; z

0

k

; a; v

1

; v

0

1

; : : : ; v

0

k

; t)

as in (6.2.4), where the tangent ve
tor at 1 is given by v

1

= ��

1=z

. (More

formally, 
hoose a se
tion of the proje
tion X

k+1

!M

0;A

0

, where X

k+1

= (C

k+1

n

diagonals) � (C

�

)

k+1

.) Do the same for M

0;A

00

. Then a simple generalization of

the arguments of Example 6.2.4 shows that the gluing fun
tor F

a;1

00

is given by

C

(1)

t C

(2)

7! (P

1

;1; z

0

1

; : : : ; z

0

k

; a+ tz

00

1

; a+ tz

00

m

;

v

0

1

; v

0

1

; : : : ; v

0

k

; tv

00

1

; : : : ; tv

00

m

):

(6.2.11)

This map is well de�ned only for small enough t, and depends on the 
hoi
e of pre-

sentation of C

(2)

in the form (6.2.4); however, the indu
ed fun
tor of fundamental

groupoids is well de�ned up to a unique isomorphism.

The gluing operation satis�es the asso
iativity property formulated in De�ni-

tion 5.6.1, i.e., for distin
t �; �; 
; Æ 2 A, the fun
tors F

�;�

F


;Æ

; F


;Æ

F

�;�

: Tei
h

C

A

!

Tei
h

C

A

0

, where A

0

= A n f�; �; 
; Æg, are 
anoni
ally isomorphi
. The proof of this

fa
t 
an be obtained from noting that ea
h of them is isomorphi
 to the 
omposition

�

1

(M

�;A

)! �

1

(N

�

(D

1

))! �

1

(M

�;A

0

) = Tei
h

C

A

0

;

where D

1

is the strata of the boundary D = M

�;A

0

nM

�;A

0


onsisitng of 
urves

with two double points, and the �rst arrow is given by identifying the points �$

�; 
 $ Æ of C, thus produ
ing a 
urve with two double points, and taking the

normal ve
tor to be (v

�


 v

�

)
 (v





 v

Æ

) (see (6.2.6)). The se
ond map is de�ned

as in (6.2.9). The details are left to the reader.
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It is easy to 
he
k that the gluing operation is also 
ompatible with the disjoint

union and empty set. Thus, the groupoid Tei
h

C

is a tower of groupoids in the sense

of De�nition 5.6.1. It is also easy to verify that the equivalen
e Tei
h

stab

! Tei
h

C

,


onstru
ted in Theorem 6.1.12, identi�es this gluing operation with the gluing in

Tei
h. Thus, Tei
h

stab

�

�! Tei
h

C

as towers of groupoids.

The 
onstru
tion of gluing above requires that all the 
urves we use (in
luding

the singular ones) be stable; otherwise, the moduli spa
es of 
urves are not sta
ks in

the sense of [DM℄, whi
h makes life mu
h more diÆ
ult. In parti
ular, we 
an not

de�ne the gluing M

0;1

�M

g;n

! M

g;n�1

be
ause M

0;1

is not a DM-sta
k. Note,

however, that in the topologi
al approa
h the groupoid Tei
h

0;1

is trivial (i.e.,

equivalent to the group with one element), and the operation of gluing Tei
h �

Tei
h

0;1


oin
ides with the operation of erasing a marked point (or pat
hing a hole,

depending on what de�nition of an extended surfa
e was used). This operation

is also well-de�ned as a fun
tor Tei
h

C

A

! Tei
h

C

An�

in the 
omplex Tei
hm�uller

groupoid.

6.3. Conne
tions with regular singularities

In this se
tion, we brie
y give the main de�nitions and results regarding 
at


onne
tions with regular singularities. This will be used in the next se
tion to de�ne

the modular fun
tor in terms of 
onne
tions on the moduli spa
es of 
urves. Most

of these results are due to Deligne and 
an be found in [De1℄ or in the review [Ma℄.

We assume that the reader is familiar with basi
 geometri
 notions su
h as ve
tor

bundles, sheaves, and O-modules (as usual, we denote by O the stru
ture sheaf,

i.e., the sheaf of germs of analyti
 fun
tions onM). As before, the word \manifold"

stands for 
omplex analyti
 manifold, and ve
tor bundles are holomorphi
 ve
tor

bundles, et
. The notation s 2 F means that s is a lo
al se
tion of the sheaf F .

Let M be a manifold. By de�nition, a lo
al system on M is a representation

of the Poin
ar�e groupoid of M . It is well-known that this is the same as a lo
ally


onstant sheaf of ve
tor spa
es on M .

A 
onvenient way of 
onstru
ting lo
al systems on a manifold is given by ve
tor

bundles with 
at 
onne
tions. Re
all that a 
onne
tion in a ve
tor bundle E over

M is a morphism of sheaves

r : E ! E 
 


1

;(6.3.1)

su
h that

r(sf) = (rs)f + s
 df; s 2 E ; f 2 O

M

;

where E is the sheaf of se
tions of E, and 


n

is the sheaf of di�erential forms of

degree n,

We 
an extend r to a map from E 
 


n

to E 
 


n+1

, n = 0; 1; : : : . The


onne
tion r is 
alled 
at if the resulting E 
 


�

is a 
omplex, i.e., if r

2

= 0.

For any ve
tor �eld X on M , (6.3.1) gives a linear morphism

r

X

: E ! E(6.3.2)

su
h that

r

X

(sf) = (r

X

s)f + sX(f):

Then r is 
at i� X 7! r

X

is a Lie algebra homomorphism, i.e., [r

X

;r

Y

℄ = r

X;Y

.

In lo
al 
oordinates x

i

, X

i

= �=�x

i

, r

i

= r

X

i

, this means [r

i

;r

j

℄ = 0. In other
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words, a 
at 
onne
tion is the same as an a
tion of the sheaf �

M

of ve
tor �elds

on se
tions of E, 
ompatible with a
tion of O.

We 
an say that a 
at 
onne
tion is a 
onsistent system of partial di�erential

equations. Any 
at 
onne
tion gives rise to a lo
ally 
onstant sheaf|the sheaf of

solutions to this system of di�erential equations; its se
tions are fs 2 E j r

X

s =

0 for all Xg; usually they are referred to as \
at se
tions".

IfM is a C

1

real manifold, then it is known that the 
onverse is also true: any

lo
al system 
an be obtained from a ve
tor bundle with a 
at 
onne
tion. More

formally, one 
an say that in this 
ase the 
ategories of lo
al systems and of ve
tor

bundles with 
at 
onne
tions are equivalent. The same holds if M is an analyti



omplex manifold, and we 
onsider holomorphi
 ve
tor bundles with holomorphi



at 
onne
tions.

Re
alling the de�nition (6.2.10) of gluing for the 
omplex Tei
hm�uller groupoid,

we see that in order to des
ribe it in terms of 
at 
onne
tions we need somehow

to extend our 
at 
onne
tions on M

g;n

to the boundary D = M n M . In the

simplest example when M is one-dimensional and D is a point, it is well known

that though one 
an not de�ne a value of a 
at se
tion at D, one has a well-de�ned

notion of asymptoti
s provided that our system of di�erential equations has regular

singularities (see, e.g., [CL℄). Thus, it is natural to expe
t that in order to de�ne

the gluing axiom, one has to introdu
e lo
al systems with regular singularities.

Definition 6.3.1. LetM be a 
omplex analyti
 manifold, D �M be a divisor

with normal 
rossings, and M = M n D. Let E be a holomorphi
 ve
tor bundle

on M with a holomorphi
 
at 
onne
tion de�ned over M . This 
at 
onne
tion

is said to have logarithmi
 singularities at D (log D 
onne
tion for short) if in a

neighborhood of every p 2 D the bundle E admits a trivialization su
h that the


onne
tion has the form

r

i

=

�

�z

i

+

A

i

(z)

z

i

; 1 � i � k;

r

i

=

�

�z

i

+A

i

(z); k + 1 � i � n;

(6.3.3)

where z

i

are lo
al 
oordinates near p 
hosen so that the divisor D is given by the

equation z

1

� � � z

k

= 0, and A

i

(z) are regular matrix-valued fun
tions in a neighbor-

hood of p.

The following lemma des
ribes (lo
ally) the lo
al system of 
at se
tions of a

log D 
onne
tion.

Lemma 6.3.2. In the notation of De�nition 6.3.1, let U be a small ball around

p, and U

0

= U n (U \D). Then:

(i) �

1

(U

0

) = Z

k

, with the generators 


i

: z

i

7! e

i'

z

i

, 0 � ' � 2�, 1 � i � k.

(ii) Let i � k. Then the 
onjuga
y 
lass of the matrix A

i

(z

1

; : : : ; z

i�1

; 0; z

i+1

; : : : ; z

n

)

does not depend on z

1

; : : : ; z

n

. In parti
ular, the eigenvalues �

a

i

; a = 1; : : : ; dimE

of A

i

j

z

i

=0

do not depend on z

j

.

(iii) Let us assume that the 
onne
tion r satis�es the following non-integrality


ondition:

�

a

i

� �

a

0

i

0

=2 (Zn f0g) for any i; i

0

= 1; : : : ; k; a; a

0

= 1; : : : ; dimE:(6.3.4)

(Note that multiple eigenvalues are allowed.) Then the 
orresponding representation

of �

1

(U

0

) is given by 


i

7! e

�2�iA

i

(z

i

=0)

.
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The proof of this lemma is not too diÆ
ult and essentially follows from the

one-dimensional 
ase. We refer the reader to [Ma℄, [De1℄ for details.

Note that part (iii) of the lemma may fail if we do not impose the non-integrality


ondition.

Example 6.3.3. Let M = C ; D = f0g. Let E be the trivial 2-dimensional

ve
tor bundle over C with the 
onne
tion given by r = d�

A(z)

z

dz, with

A(z) =

�

0 0

z 1

�

:

Show that this 
onne
tion has nontrivial monodromy even though e

2�iA(0)

= 1.

One de�nes morphisms between bundles with 
onne
tions in an obvious way.

However, it is 
onvenient also to introdu
e a more general notion of a morphism as

follows. Let E;F be two holomorphi
 ve
tor bundles overM with 
at 
onne
tions

de�ned over M . Let E [D℄ be the sheaf of meromorphi
 se
tions of E whi
h are

holomorphi
 outside of D. Assume that the 
onne
tions preserve E [D℄;F [D℄ (this

holds automati
ally for log D 
onne
tions). We de�ne meromorphi
 morphisms be-

tween E and F to be the morphisms of sheaves E [D℄! F [D℄ whi
h 
ommute with

the 
onne
tion (note that this is more general than the usual de�nition of a mor-

phism between two ve
tor bundles). We will say that (E;r

E

) is meromorphi
ally

equivalent to (F;r

F

) if there exists an invertible meromorphi
 morphism E ! F .

Exer
ise 6.3.4. LetM = C ; D = f0g, and let r

s

= d+s

dz

z

be the 
onne
tion

in the trivial one-dimensional ve
tor bundle. Show that r

s

is meromorphi
ally

equivalent to r

t

i� s� t 2 Z.

Let E be a ve
tor bundle on M with a 
at 
onne
tion r de�ned on M .

Definition 6.3.5. The 
onne
tion r has regular singularities at D if (E;r)

is meromorphi
ally equivalent to a bundle with a log D 
onne
tion (see De�ni-

tion 6.3.1).

Exer
ise 6.3.6. Show that if dimM = 1, then r has regular singularities i�

r is a log D 
onne
tion. (For dimM > 1, this is not true.)

For brevity, we will refer to the pair (E;r) in the de�nition as a \
onne
-

tion on M with regular singularities at D". The 
ategory of su
h 
onne
tions

with respe
t to meromorphi
 morphisms will be denoted by RS(M;M) (or just

RS(M) when there is no ambiguity). Note that meromorphi
 morphisms do

not 
hange monodromy, and thus we have a well-de�ned fun
tor RS(M;M) !

flo
al systems on Mg:

Remark 6.3.7. If we 
onsidered algebrai
 theory rather than analyti
 one,

then any ve
tor bundle on M admits a unique meromorphi
 
ontinuation to M , so

the 
ategory of sheaves on M up to meromorphi
 equivalen
e is the same as the


ategory of sheaves on M . Moreover, in this 
ase it was proved by Deligne that

the notion of 
onne
tion with regular singularities on M 
an be de�ned purely in

terms of M , without using M at all. In analyti
 situation, it is not true.

We quote here without proofs several important results of Deligne about 
on-

ne
tions with regular singularities. Proofs and details 
an be found in [De1℄ or in

[Ma℄.
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Theorem 6.3.8. Let (E;r) 2 RS(M;M). For every z 2 C =Z, 
hoose a rep-

resentative �(z) 2 C (� needs not to be 
ontinuous). Then there is a unique ve
tor

bundle

~

E with a 
at log D 
onne
tion

~

r su
h that (

~

E;

~

r) is meromorphi
ally equiv-

alent to (E;r), and all eigenvalues

~

�

a

i

(see Lemma 6.3.2) lie in the image of � .

Corollary 6.3.9. Every 
at 
onne
tion with regular singularities is meromor-

phi
ally equivalent to a log D 
onne
tion whi
h satis�es the non-integrality property

(6.3.4).

Theorem 6.3.10. In the notation of De�nition 6.3.1, let D

0

be the smooth

part of the divisor D (
f. (6.2.1)). Let E be a ve
tor bundle on M , and r be a 
at


onne
tion with regular singularities at D

0

. Then r has regular singularities at D.

In other words, it suÆ
es to 
he
k the regularity 
ondition only for the open

part of D. (Note: the proof of this theorem in [De1℄ 
ontains a mistake, whi
h

Deligne later 
orre
ted.)

Theorem 6.3.11. In the notation of De�nition 6.3.1, any holomorphi
 ve
tor

bundle on M with a 
at 
onne
tion 
an be extended to a ve
tor bundle on M with

a 
onne
tion whi
h has regular singularities at D. This extension is unique up to

a meromorphi
 isomorphism.

Corollary 6.3.12 (The Riemann{Hilbert 
orresponden
e). The natural fun
-

tor

RS(M;M)! lo
al systems on M

is an equivalen
e.

In pra
ti
al appli
ations, it is 
onvenient to use the following 
riterion of regu-

larity, whi
h is easy to prove.

Lemma 6.3.13. Let E;r be as in De�nition 6.3.5. Then r has regular sin-

gularities i� for every holomorphi
 map u : U ! M , where U is a disk, and

u

�1

(D) = f0g, the indu
ed 
onne
tion u

�

r on U has regular singularities at 0.

In fa
t, due to Theorem 6.3.10, it suÆ
es to 
he
k this 
ondition for u(0) 2 D

0

.

It will be 
onvenient to rewrite the notion of 
at 
onne
tion with regular sin-

gularities in terms of D-modules. As was noted before, a 
onne
tion r in a ve
tor

bundle E is 
at if it de�nes for every open U � M an a
tion of the Lie algebra

�(U) of ve
tor �elds on U on the spa
e of se
tions E(U), whi
h is 
ompatible with

multipli
ation by fun
tions. Su
h an a
tion is the same as an a
tion on E of the

sheaf of asso
iative algebras D of di�erential operators onM . Thus, if E is a ve
tor

bundle with a 
at 
onne
tion, then the sheaf E of its se
tions is naturally a module

over the sheaf D of di�erential operators, or a D-module for short. Conversely, it is

easy to see that if E is a D-module whi
h is lo
ally free of �nite rank as O-module,

then E is a the sheaf of se
tions of some ve
tor bundle with a 
at 
onne
tion. It

is known (but not easy) that it suÆ
es to require that E be 
oherent, i.e., lo
ally

�nitely generated over O|for D-modules, this automati
ally implies that E is lo-


ally free of �nite rank. we refer the reader to [Ber℄, [Bor℄, [Bjo℄ for the proof of

this and other fa
ts about D-modules.

In a similar way, it is easy to show that a 
onne
tion with logarithmi
 singu-

larities at D is the same as a sheaf of modules over the sheaf

D

0

M

= f� 2 D

M

j �I � Ig(6.3.5)
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where I is the sheaf of fun
tions on M vanishing at D. The sheaf D

0

M

is generated

as a sheaf of algebras by O and ve
tor �elds tangent to D. For example, for

M = C ; D = f0g, the sheaf D

0

M

is generated by O

C

and the ve
tor �eld q�

q

.

Now, let us show how 
onne
tions with regular singularities allow us to pass to

the boundary of the moduli spa
e. Before doing so, we need to introdu
e one more

notion.

Definition 6.3.14. Let X be a C

�

bundle over M . A monodromi
 
at 
on-

ne
tion on X is a pair (E;r), where E is a C

�

-equivariant ve
tor bundle on X ,

and r a 
onne
tion whi
h 
ommutes with the a
tion of C

�

.

In lo
al 
oordinates, su
h a 
onne
tion 
an always be written as r = d +

P

A

i

(x)dx

i

+ A(x)

du

u

, where x

i

are 
oordinates in M , and u is 
oordinate along

the �bers of X .

Lemma 6.3.15. (i) Let D �M be a smooth divisor. Then there exists a natural

spe
ialization fun
tor

Sp

D

: RS(M;M)! RS(ND;N

�

D)

su
h that Sp

D

(r) is monodromi
 along the �bers of the proje
tion ND ! D and

has the same monodromy around D as r.

(ii) Let D be a divisor with normal 
rossings: D = [D

i

. Fix one of the


omponents D

i

and let D

0

i

= D

i

n ([

j 6=i

D

j

). Then we have a natural spe
ialization

fun
tor

Sp

D

i

: RS(M;M)! RS(ND

i

; N

�

D

0

i

)

with the same properties as above.

Proof. (i) The easiest way to de�ne this fun
tor is to use the terminology of

D-modules. By Corollary 6.3.9, we 
an assume that r has logarithmi
 singularities

and satis�es the non-integrality property (6.3.4). First of all, note that one 
an

des
ribe the stru
ture sheaf of O

ND

in terms of the restri
tion of the stru
ture

sheaf O

M

to D. Namely, the latter sheaf is naturally �ltered by the powers of the

ideal I : O

M

= I

0

� I � I

2

� : : : . We 
laim that O

ND

=




L

n�0

I

n

=I

n+1

is the


ompletion of the asso
iated graded algebra (we need 
ompletion to get all analyti


fun
tions, not just polynomial). Similarly, the sheaf of di�erential operators on ND

whi
h preserve I is nothing but the (
ompletion of) asso
iated graded sheaf for M :

D

0

ND

=




L

n�0

I

n

D

0

M

=I

n+1

D

0

M

As was mentioned above, a 
at 
onne
tion with �rst order poles at D is the

same as a O

M

-
oherent D

0

M

-module E . Su
h a module is also naturally �ltered,

and a
tion of D

0

M

preserves this �ltration. Now de�ne

Sp

D

(E) =

d

M

n�0

I

n

E=(I

n+1

E):

This is naturally a D

0

ND

module, and thus a sheaf of se
tions of a ve
tor bundle on

ND with a 
at 
onne
tion whi
h has �rst order poles at D.

Here is a more expli
it 
onstru
tion. Choose 
oordinates z

1

; : : : ; z

n

in a neigh-

borhood of the point p 2 D su
h that D is given by the equation z

1

= 0. This

also gives 
oordinates t; z

2

; : : : ; z

n

in ND, where t(a; v) = hv; dz

1

i; a 2 D; v 2 T

a

M .



6.3. CONNECTIONS WITH REGULAR SINGULARITIES 151

Choose a trivialization of E near p; then r is given by (6.3.3), with k = 1. De�ne

the 
onne
tion Spr = Sp

D

(r) in N

�

D by

(Spr)

t

= �

t

+A

1

(0; z

2

; : : : )=t;

(Spr)

z

i

= �

z

i

+A

i

(0; z

2

; : : : ); i = 2; : : : ; n:

One easily sees that this 
onne
tion is 
at, invariant with respe
t to the a
tion of

C

�

by dilations on ND, and does not depend on the 
hoi
e of 
oordinates up to a

unique isomorphism. By Lemma 6.3.2, Spr has the same monodromy as r. This

de�nition uses a 
hoi
e of a lo
al 
oordinate system and an extension of the ve
tor

bundle to D. However, it 
an be shown that this 
onstru
tion 
oin
ides with the

previous one (des
ribed by passing from �ltered modules to asso
iated graded ones)

and thus Spr does not depend on these 
hoi
es.

In terms of the 
orresponding lo
al systems, the spe
ialization fun
tor is de�ned

as Sp

D

= i

�

, where i is is an identi�
ation of ND with a neighborhood of D in M ,

as in (6.2.8).

Equivalently, the same 
at 
onne
tion 
an be de�ned by spe
ifying its 
at

se
tions. Let f be a 
at se
tion of the original lo
al system on M , i.e., f(z)

is a solution of the system r

i

f = 0. Let us restri
t this solution to the 
urve

z(t) = p+tv; t 2 R

>0

; (p; v) 2 N

�

(D). By the 
lassi
al theory of ODE's with regular

singularities (see, e.g., [CL℄), there exists a ve
tor g(p; v) su
h that f(p + tv) =

F (t)g(p; v), where F (t) is the fundamental (matrix) solution; usually, g is 
alled

asymptoti
s of f along this 
urve. Then g(p; v) is a 
at se
tion of the 
onne
tion

Sp

D

(r).

To prove (ii), we need to 
he
k that Sp

D

i

(r) has regular singularities atD

i

\D

j

,

whi
h 
an be done expli
itly.

Remarks 6.3.16. (i) The spe
ialization fun
tor 
an be easily des
ribed in terms

of the fun
tor of nearby 
y
les for D-modules (see [KasS℄.

(ii) Note that the spe
ialization fun
tor is de�ned even if the eigenvalues of

A

i

(z

i

= 0) di�er by a non-zero integer. However, in this 
ase this fun
tor is not so

easy to des
ribe: one �rst needs to repla
e the 
at 
onne
tion by a meromorphi
ally

equivalent one whi
h satis�es the non-integrality 
ondition. Su
h a 
onne
tion

exists by Corollary 6.3.9, but expli
itly 
onstru
ting it 
an be diÆ
ult.

Finally, it is natural to 
onsider the following question. Suppose we have a

divisor with normal 
rossings, and D

1

, D

2

are two of the 
omponents. Is it true

that Sp

D

1

and Sp

D

2


ommute?

In order for this question to make sense, one must �rst de�ne the 
omposition

Sp

D

1

Sp

D

2

. For simpli
ity, let us assume that dimM = 2, D

1

\ D

2

= fpg. Let

N

1

= N(D

1

); it 
ontains the divisor D

12

= N

p

(D

1

). Let N

12

be the normal bundle

to D

12

inside N

1

.

Lemma 6.3.17. (i) There exists a 
anoni
al homeomorphism N

12

' T

p

, where

for brevity we denoted T

p

= T

p

M . Thus, one 
an de�ne the spe
ialization fun
-

tor Sp

12

: RS(M;M) ! RS(T

p

; T

�

p

), where T

�

p

= T

p

n (T

p

D

1

[ T

p

D

2

), as the


omposition

RS(M;M)! RS(N

1

; N

�

1

)! RS(N

12

; N

�

12

) ' RS(T

p

; T

�

p

):

(ii) The fun
tors Sp

12

; Sp

21

, de�ned as in part (i), are 
anoni
ally isomorphi
.

The proof of this lemma is not diÆ
ult and is left as an exer
ise.
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6.4. Complex analyti
 modular fun
tor

In this se
tion, we give a de�nition of modular fun
tor in terms of 
at 
onne
-

tions on the moduli spa
es.

Let C be a semisimple abelian 
ategory over C , and R 2 ind�C

�2

be a sym-

metri
 obje
t, as in Se
tion 2.4. Re
alling the de�nition of a C-extended modular

fun
tor (De�nition 5.1.12) and the results of the previous se
tion, we 
an rewrite

the de�nition of modular fun
tor as follows.

Definition 6.4.1. A 
omplex C-extended modular fun
tor is the following 
ol-

le
tion of data:

(i) For every �nite set A and W 2 C

�A

, a �nite-dimensional ve
tor bundle over

M

�;A

with a 
at 
onne
tion with regular singularities. This bundle is 
alled the

bundle of 
onformal blo
ks; its �ber at a point C 2M

�;A

will be denoted by hW i

C

.

(ii) Isomorphisms hXi

C

0


 hY i

C

00

' hX � Y i

C

0

tC

00

.

(iii) Gluing isomorphisms. Let A be a �nite set, �; � 2 A|an unordered

pair, A

0

= A n f�; �g;W 2 C

�A

0

. For every su
h 
olle
tion, we require an isomor-

phism of ve
tor bundles with 
onne
tions on M

�;A

:

G

�;�

: hW �Ri

�

�! S

�

�;�

Sp

D

hW i;(6.4.1)

where S

�;�

: M

�;A

! N(D

0

); D

0

� M

�;A

0

, is the \
lut
hing" (6.2.7), and R is

pla
ed at positions with indi
es �; �. (Sin
e S

�;�

is a C

�

-bundle, the de�nition of

S

�

�;�


auses no problems.)

(iv) Va
uum propagation. We have a distinguished element 1 2 Ob C, and

for every � 2 A, we require an isomorphism of ve
tor bundles with 
onne
tions on

M

�;A

:

G

�

: hW � 1i

�

�! S

�

�

hW i;(6.4.2)

where S

�

: M

�;A

!M

�;An�

is the operator of erasing the point �.

These data have to satisfy the following properties:

Fun
toriality: W 7! hW i

C

is fun
torial in W , and the isomorphisms (ii)-(iv)

are fun
torial isomorphisms.

Equivarian
e: W 7! hW i

C

is equivariant with respe
t to the a
tion of the

symmetri
 group S

A

.

Compatibility: the isomorphisms (ii)-(iv) are 
ompatible with ea
h other and

with the 
ommutativity, asso
iativity, and unit morphisms in Ve


f

(
f. Def-

inition 4.2.1).

Normalization: h1;1i

P

1

= C .

We 
an now formulate the main result of this se
tion.

Theorem 6.4.2. The notions of a (topologi
al) C-extended modular fun
tor

and a 
omplex C-extended modular fun
tor are equivalent.

Proof. By Lemma 5.6.13, a modular fun
tor is the same as a fun
tor Tei
h!

Fun(C). We leave it to the reader to 
he
k that the same de�nition 
an be rewritten

in terms of the groupoid Tei
h

stab

(that is, without using surfa
es of type (g; n) =

(0; 0); (0; 1); (1; 0)) if, in addition to the gluing of su
h surfa
es, we also add an

operation of erasing a marked point. This operation makes up for the operation of

gluing a sphere with one hole, i.e., a disk, in Tei
h.



6.4. COMPLEX ANALYTIC MODULAR FUNCTOR 153

Using the equivalen
e Tei
h

stab

' Tei
h

C

, we see that modular fun
tor is the

same as a fun
tor Tei
h

C

! Fun(C). Thus, for every �xed W 2 C

�A

, we get a

lo
al system on M

�;A

. By the results of the previous se
tion, every lo
al system


an be presented by a unique up to meromorphi
 equivalen
e holomorphi
 ve
tor

bundle on M

�;A

with a 
at 
onne
tion on M

�;A

whi
h has regular singularities at

D =M

�;A

nM

�;A

. Then all the properties, ex
ept for the gluing axiom, are obvious

reformulations of the axioms of modular fun
tor.

To show that the de�nition of gluing given above 
oin
ides with the one given for

topologi
al modular fun
tor, re
all that the gluing fun
tor F

�;�

: Tei
h

C

A

! Tei
h

C

A

0

was de�ned using the 
omposition

M

�;A

S

�;�

���! N

�

(D)!M

�;A

0

;

see (6.2.10). In the language of lo
al systems, the gluing isomorphism should iden-

tify the ve
tor spa
es hW � Ri

C

' hW i

C

0

in su
h a way that it agrees with mor-

phisms in Tei
h

A

. This is equivalent to saying that it must be an isomorphism of

lo
al system onM

�;A

, hW�Ri ' F

�

�;�

hW i. Repla
ing lo
al systems by 
onne
tions

with regular singularities, we note that the identi�
ation i : N

�

(D) ! M

�;A

0

was

de�ned so that i

�

is exa
tly the spe
ialization fun
tor. This leads to the de�nition

of the gluing isomorphism given above.

We leave ti to the reader to 
he
k the equivalen
e of normalization axioms in

topologi
al and 
omplex-analyti
 settings.

Remark 6.4.3. Let us restri
t the gluing fun
tor to

S

�;�

: M

g

1

;A

�M

g

2

;B

! N

�

(D

0

); D �M

g

1

+g

2

;C

;

where � 2 A; � 2 B, and C = (A t B) n f�; �g. Then the gluing axiom says

that the bundle of 
onformal blo
ks hW

A

�W

B

i on M

g

1

+g

2

;C

fa
tors into tensor

produ
t of bundles hW

A

; R

(1)

i on M

g

1

;A

and hR

(2)

;W

B

i on M

g

2

;B

as we approa
h

the 
orresponding 
omponent of the boundary in M

g

1

+g

2

;C

.

1

This is known as the

fa
torization property of the bundle of 
onformal blo
ks and was �rst introdu
ed in

[FS℄.

Corollary 6.4.4. Every modular tensor 
ategory C over C with p

+

=p

�

= 1

gives rise to a 
omplex C-extended modular fun
tor su
h that

Hom

C

(1;W

1


 � � � 
W

n

) = hW

1

; : : : ;W

n

i

C

where C is the standard n-pun
tured sphere

C = (P

1

; z

1

; : : : ; z

n

; v

1

; : : : ; v

n

)(6.4.3)

with z

1

< � � � < z

n

2 R; v

i

> 0. The Dehn twist �

W

i


orresponds to the monodromy

around the loop v

i

7! e

i'

v

i

; 0 � ' � 2�, and the braiding �

W

i

;W

i+1


orresponds to

the holonomy around the path b

i

shown in Figure 6.2

i i+1

Figure 6.2. Braiding for the 
omplex modular fun
tor.

1

We are using the same notation as in De�nition 5.1.12.
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Conversely, if C is a semisimple abelian 
ategory over C , then every 
omplex

C-extended modular fun
tor gives rise to a stru
ture of weakly ribbon 
ategory on C

su
h that the above properties hold; if this 
ategory is rigid, then it is also modular

with p

+

=p

�

= 1.

This 
orollary is nothing but the reformulation of Theorem 5.5.1 in the language

of 
omplex modular fun
tor.

Remark 6.4.5. Equivalently, one 
an des
ribe the relation between 
onformal

blo
ks and the spa
es of homomorphisms in C as follows:

Hom

C

(W

�

1

;W

1


 � � � 
W

n

) = hW

1

;W

1

; : : : ;W

n

i

C

where C = (P

1

;1; z

1

; : : : ; z

n

; v

1

; v

1

; : : : ; v

n

), with z

1

< � � � < z

n

; v

1

> 0; : : : ; v

n

> 0

and the tangent ve
tor at 1 given by v

1

= ��

1=z

. Indeed, this 
urve 
an be

redu
ed to the (n+1)-pun
tured standard sphere (6.4.3) by the 
hange of variables

z 7! �1=z.

6.5. Example: Drinfeld's 
ategory

In this se
tion, we study one example of modular fun
tor in genus zero, asso-


iated with a simple Lie algebra g. This modular fun
tor is de�ned in terms of

the Knizhnik{Zamolod
hikov equations; the 
orresponding tensor 
ategory is the

Drinfeld's 
ategory D de�ned in Chapter 1.

Let g be a �nite dimensional simple Lie algebra, and let C = Rep

f

g be the


ategory of �nite dimensional g-modules. Let R =

L

�2P

+

V

�

�V

�

�

, where V

�

is the

irredu
ible �nite-dimensional g-module with highest weight �, and � is the usual

duality for Rep

f

g. Fix { 2 C n Q. We will 
onstru
t a (
omplex) modular fun
tor

in genus 0 for C.

First, note that the moduli spa
e M

0;n

of pointed 
urves of genus zero is given

by M

0;n

= X

n

=PSL

2

(C ), where

X

n

= fz

1

; : : : ; z

n

2 P

1

; v

i

2 T

�

z

i

P

1

j z

i

6= z

j

g:(6.5.1)

This, in parti
ular, implies that M

0;n

is smooth for n > 0; for n = 0, M

0;0

= fptg

and this 
ase will not be 
onsidered. We will start by 
onstru
ting the bundle of


onformal blo
ks on the open part

X

0

n

= f(z;v) 2 X

n

j z

i

6=1g = fz

1

; : : : ; z

n

2 C j z

i

6= z

j

g � (C

�

)

n

:(6.5.2)

For (z;v) 2 X

0

n

, the 
orresponding 
urve is P

1

with marked points z

1

; : : : ; z

n

and

tangent ve
tors v

i

(sin
e T

z

C = C ).

Let W

1

; : : : ;W

n

be the representations of g assigned to these points. De�ne

the bundle of 
onformal blo
ks to be the trivial ve
tor bundle over X

0

n

with �ber

(W

1


 � � � 
W

n

)

g

and with the Knizhnik{Zamolod
hikov 
onne
tion (
f. (KZ

n

)):

r

z

j

=

�

�z

j

�

1

{

X

1�k�n

k 6=j




jk

z

j

� z

k

; 1 � j � n;

r

v

j

=

�

�v

j

�

1

2{

D

j

v

j

:

(6.5.3)

Here D is the Casimir element of g de�ned by (1.4.4); all other notation is as

in (KZ

n

). This 
onne
tion, whi
h is originally de�ned in the bundle with �ber
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W

1


 � � � 
W

n

, 
ommutes with the a
tion of g and therefore 
an be restri
ted to

the sub-bundle of invariants (W

1


 � � � 
W

n

)

g

�W

1


 � � � 
W

n

.

Lemma 6.5.1. (i) The KZ 
onne
tion (6.5.3) on X

0

n

is 
at and S

n

-equivariant.

(ii) This 
onne
tion 
an be uniquely extended to a PSL

2

(C )-invariant 
onne
-

tion on X

n

.

Proof. The �rst statement easily follows from the 
atness of the usual KZ


onne
tion|see Lemma 1.4.7. The se
ond 
an be 
he
ked expli
itly; it suÆ
es to


he
k that under a 
hange of variables w = (az + b)=(
z + d), the KZ equations in

terms of w have the same form as in terms of z. Details 
an be found, for example,

in [EFK℄. Note that the se
ond statement fails for the KZ 
onne
tion in the form

of Chapter 1: to ensure proje
tive invarian
e, one needs to add the equation in v

i

and restri
t to g-invariants.

Thus, the 
onne
tion (6.5.3) de�nes a 
at 
onne
tion on the moduli spa
eM

0;n

,

whi
h will also be 
alled the KZ 
onne
tion.

Remark 6.5.2. It is more 
onvenient to des
ribe the same 
onne
tion in a

slightly di�erent way. Namely, the map

(z

1

; : : : ; z

n

; v

1

; : : : ; v

n

) 7! (P

1

;1; z

1

; : : : ; z

n

; v

1

; v

1

; : : : ; v

n

);

where, as before, v

1

= ��

1=z

, gives an identi�
ationM

0;n+1

= X

0

n

=C , where C a
ts

onX

0

n

by z

i

7! z

i

+a. Let us �xW

1

;W

1

; : : : ;W

n

and 
onsider the 
onne
tion (6.5.3)

in W

1


� � �
W

n

. This 
onne
tion indu
es a 
onne
tion in (W

1


W

1


� � �
W

n

)

g

,

whi
h is obviously translation invariant and thus de�nes a 
onne
tion on M

0;n+1

.

One easily 
he
ks that this 
onne
tion 
oin
ides with the KZ 
onne
tion de�ned

above.

Theorem 6.5.3. The KZ 
onne
tion, 
onsidered as a 
onne
tion on the trivial

ve
tor bundle with �ber (W

1


 � � � 
W

n

)

g

over the 
ompa
ti�
ation M

0;n

, has �rst

order poles and satis�es the gluing axiom, with R =

L

V

�

� V

�

�

and the gluing

isomorphism given by

M

�

(W

1


 : : :
W

k


 V

�

)

g


 (V

�

�


W

k+1


 : : :
W

n

)

g

�

�! (W

1


 : : :
W

n

)

g

(w

1


 : : :
 w

k


 v)
 (v

�


 w

k+1


 : : :
 w

n

) 7! (v; v

�

)w

1


 : : :
 w

n

:

(6.5.4)

Proof. By Theorem 6.3.10, it suÆ
es to 
he
k the regularity 
ondition for

the open strata of D = M

0;n

nM

0;n

, i.e., for the 
urves with one double point.

Thus, it suÆ
es to 
he
k the regularity and the gluing axiom for the gluing fun
tor

F

a;1

00

: M

0;k+2

�M

0;m+1

! M

0;k+m+1


onsidered in Example 6.2.6. Using the

notation from that example, we represent M

0;k+2

= X

0

k+1

=C , M

0;m+1

= X

0

m

=C as

in Remark 6.5.2. Under this identi�
ation, the gluing fun
tor is given by

F

a;1

00

: X

0

k+1

�X

0

m

! X

0

k+m

;

(z

0

; a; v

0

; t)� (z

00

; v

00

) 7! (z

0

1

; : : : ; z

0

k

; a+ tz

00

1

; : : : ; a+ tz

00

m

;

v

0

1

; : : : ; v

0

k

; tv

00

1

; tv

00

1

; : : : ; tv

00

m

):

(6.5.5)

By de�nition, the KZ 
onne
tion onM

0;A

0

,M

0;A

00

is given by (6.5.3) in the variables

z

0

1

; : : : ; z

0

k

, a = z

0

k+1

and z

00

1

; : : : ; z

00

m

, respe
tively, while onM

0;B

it is given by (6.5.3)

in the variables z

1

; : : : ; z

k+m

.
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Then to prove the theorem it suÆ
es to 
he
k that

Sp

t=0

F

�

a;1

00

hW

0

1

;W

0

1

; : : : ;W

0

k

;W

00

1

; : : : ;W

00

m

i

=

M

i

hW

0

1

;W

0

1

; : : : ;W

0

k

; V

i

i 
 hV

�

i

;W

00

1

; : : : ;W

00

m

i

as ve
tor bundles with 
onne
tions. To obtain the left hand side, we need to

substitute in (6.5.3)

z

i

= z

0

i

; v

i

= v

0

i

; i � k;

z

k+i

= a+ tz

00

i

; v

k+i

= tv

0

i

; i � m;

and then spe
ialize to t = 0.

Expli
it 
al
ulation shows that this substitution gives the following 
onne
tion

in terms of the variables z

0

; z

00

; a; v

0

; v

00

; t:

r

z

0

i

=

�

�z

0

i

�

1

{

0

�

X

j 6=i




ij

z

0

i

� z

0

j

+

X

q




ik+q

z

0

i

� (a+ tz

00

q

)

1

A

;

r

v

0

i

=

�

�v

0

i

�

1

2{

D

i

v

0

i

;

r

z

00

p

=

�

�z

00

p

�

t

{

0

�

X

j




jk+p

(a+ tz

00

p

)� z

0

j

+

X

q 6=p




k+pk+q

t(z

00

p

� z

00

q

)

1

A

;

r

v

00

p

=

�

�v

00

p

�

1

2{

D

k+p

v

00

p

;

r

a

=

�

�a

�

1

{

X

j

X

q




jk+q

(a+ tz

00

q

)� z

0

j

;

r

t

=

�

�t

�

1

{

X

p

0

�

X

i

z

00

p




ik+p

(a+ tz

00

p

)� z

0

i

+

X

q 6=p

z

00

p




k+pk+q

t(z

00

p

� z

00

q

)

+

D

k+p

2t

1

A

;

where the indi
es i; j = 1; : : : ; k and p; q = 1; : : : ;m.

It is obvious that this is a 
onne
tion with regular singularities at t = 0. Let us

spe
ialize it to t = 0 as des
ribed in Lemma 6.3.15; we will 
he
k the non-integrality
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ondition later. This gives:

r

z

0

i

=

�

�z

0

i

�

1

{

0

�

X

j 6=i




ij

z

0

i

� z

0

j

+




i;(2)

z

0

i

� a

1

A

;

r

v

0

i

=

�

�v

0

i

�

1

2{

D

i

v

0

i

;

r

z

00

p

=

�

�z

00

p

�

1

{

0

�

X

q 6=p




k+pk+q

z

00

p

� z

00

q

1

A

;

r

v

00

p

=

�

�v

00

p

�

1

2{

D

k+p

v

00

p

;

r

a

=

�

�a

�

1

{

X

j




j;(2)

a� z

0

j

;

r

t

=

�

�t

�

1

2{t

X

p;q




k+p;k+q

;

where we denoted 


i;(2)

=

P

p




i;k+p

= 


W

0

i

;W

00

1


���
W

00

m

.

Let us identify

(W

0

1


W

0

1


 � � � 
W

0

k


W

00

1


 � � � 
W

00

m

)

g

=

M

�

(W

0

1


W

0

1


 � � � 
W

0

k


 V

�

)

g


 (V

�

�


W

00

1


 � � � 
W

00

m

)

g

:

Under this identi�
ation, one has:




j;(2)

= 


W

0

j

;V

�

;

X

p;q




k+p;k+q

= D

V

�

�

= D

V

�

:

Thus, we see that the spe
ialization exa
tly 
oin
ides with the produ
t of KZ 
on-

ne
tions on X

0

k+1

�X

0

m

.

Finally, in order to justify that our 
al
ulation of the spe
ialization fun
tor is

valid, we have to 
he
k that our 
onne
tion satis�es the non-integrality property

(6.3.4). This follows from the fa
t that in our 
ase, the operator A(t = 0) is given by

1

2{

D

V

i

. Thus, its eigenvalues are of the form h�; �+2�i=2{. Sin
e h�; �+2�i 2 Q,

and { =2 Q, these eigenvalues 
an not di�er by a non-zero integer (this is the only

pla
e where we use the 
ondition { =2 Q!).

This 
ompletes the proof of the gluing axiom.

Therefore, we see that the KZ 
onne
tion given above does de�ne a genus zero


omplex modular fun
tor. Thus, it de�nes a stru
ture of a weakly rigid tensor


ategory on Rep

f

g.

Proposition 6.5.4. The weakly rigid tensor stru
ture on Rep

f

(g) de�ned as

above 
oin
ides with the Drinfeld 
ategory stru
ture de�ned in Se
tion 1.4.

The proof of this proposition immediately follows from the de�nition of Drin-

feld's 
ategory. This, in parti
ular, shows that this 
ategory is rigid.

The reader might noti
e that the proof of the gluing axiom given above is

essentially the same proof we used in Chapter 1 to prove the asso
iativity axiom
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for the Drinfeld's 
ategory|only now we have the language of 
onne
tions with

regular singularities and spe
ialization fun
tors in our disposition, whi
h allows us

to make all the arguments absolutely rigorous.

6.6. Twisted D-modules

So far, we have only dis
ussed modular fun
tors in whi
h the bundle of 
onfor-

mqal blo
ks 
arries a natural 
at 
onne
tion (\modular fun
tors with zero 
entral


harge"). Comparing this with the dis
ussion of Se
tion 5.7, we see that these

modular fun
tors 
orrespond to 
ategories with p

+

=p

�

= 1. However, most inter-

esting examples | for example, the 
ategory of representations of quantum groups

at roots of unity | do not satisfy this property. As was dis
ussed in Se
tion 5.7,

the way to in
orporate modular 
ategories with p

+

=p

�

6= 1 is to de�ne modular

fun
tor with 
entral 
harge. In topologi
al language, it was de�ned as a proje
tive

representation of the tower of mapping 
lass groups, or, more pre
isely, as a rep-

resentation of a suitable 
entral extension of this tower with the 
entral element

a
ting by the �xed 
onstant K (multipli
ative 
entral 
harge).

In order to give an analogous des
ription of the modular fun
tor with 
entral


harge, we need to introdu
e the appropriate formalizm | namely, the notion of

twisted D-modules. This is done in this se
tion; in the next se
tion, we will use

this formalizm to de�ne modular fun
tor with 
entral 
harge.

As before, the simplest way to des
ribe su
h modular fun
tors is to repla
e the

requirement that the bundle 
arry a 
at 
onne
tion by a proje
tively 
at 
onne
tion,

i.e., a 
onne
tion su
h that [r

X

;r

Y

℄�r

[X;Y ℄

is an operator of multipli
ation by a

fun
tion (depending on X;Y ). Equivalently, we 
an say that the sheaf of se
tions


arries a proje
tive a
tion of the algebra of ve
tor �elds, or that the sheaf of se
tions

is a proje
tive D-module.

However, we want to des
ribe the failure of the 
onne
tion to be 
at more

pre
isely, by des
ribing the 
orresponding 
entral extension of the Lie algebra of

ve
tor �elds. It 
an be done as follows.

First, let us say that an O

S

-module is a sheaf of Lie algebras if we have a Lie

algebra stru
ture on lo
al se
tions; the Lie bra
ket does not have to be O

S

-linear.

For example, the sheaf �

S

of ve
tor �elds on S is a sheaf of Lie algebras. A map of

Lie algebra sheaves is just a sheaf morphism whi
h preserves both the Lie bra
ket

and O

S

-module stru
ture.

Definition 6.6.1. A 
entral extension of �

S

is a sheaf of Lie algebras A on S

along with given maps of sheaves of Lie algebras giving a short exa
t sequen
e

0! O

S

 

�! A

"

�! �

S

! 0(6.6.1)

(here O

S

is 
onsidered as sheaf of Lie algebras with zero bra
ket) su
h that:

1.  (1) is 
entral in A.

2. For a; b 2 A; f 2 O

S

, we have [a; fb℄ = f [a; b℄ + ("(a)f)b.

A module F over A is a quasi
oherent O-module with the a
tion of A (as a Lie

algebra) on F whi
h agrees with the O-module stru
ture:  (f)s = fs; f 2 O; s 2

F .

Remark 6.6.2. This is a spe
ial 
ase of a more general notion of Atiyah algebra,

in whi
h O

S

is repla
ed by an arbitrary sheaf of asso
iative algebras over O, see

[BS℄ for details.
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One 
an easily see that lo
ally in S, we 
an 
hoose a lifting, i.e. a morphism

of O

S

-modules a : � ! A; then the bra
ket 
an be written as [a(X); a(Y )℄ =

a([X;Y ℄) + 
(X;Y ), where 
(X;Y ) 2 O is a 2-
o
y
le on �

S

.

Examples 6.6.3. 1. Let A

O

= O

S

��

S

(dire
t sum as O

S

-modules), with

the bra
ket given by [X + f; Y + g℄ = [X;Y ℄ +X(g)� Y (f), where X;Y 2

�; f; g 2 O, and [X;Y ℄ is the usual bra
ket of ve
tor �elds. This plays the

role of a trivial 
entral extension.

2. Let L be a line bundle on S, L| sheaf of se
tions of L. De�ne A

L

as the

algebra of �rst order di�erential operators in L. If we 
hoose a lo
al trivial-

ization of L, then se
tions of A have the form � = X + f;X 2 �

S

; f 2 O

S

.

In other words, 
hoi
e of trivialization Lj

U

�

�! Oj

U

de�nes an isomorphism

A

L

j

U

�

�! A

O

j

U

.

3. Let A be a 
entral extension of �, k 2 C

�

. Then we 
an de�ne the 
entral

extension A

k

; as a sheaf of Lie algebras, it 
oin
ides with A, but the embed-

ding O ! A

k

given by  =k, where  is the embedding O ! A. Equivalently,

if we lo
ally 
hoose a lifting � ! A so that the extension A is given by a

2-
o
y
le 
(X;Y ), then A

k

is given by the 2-
o
y
le k
(X;Y ), whi
h also

shows that it is well-de�ned for k = 0. One 
an easily 
he
k that for integer

k, one has A

L

k = (A

L

)

k

. Using this, we will de�ne for any k 2 C the \sheaf

of �rst order di�erential operators in L

k

" by

A

L

k
= (A

L

)

k

:

Now one 
an easily see that every proje
tively 
at 
onne
tion r in a ve
tor

bundle E de�nes a 
entral extension A of � su
h that r de�nes a true a
tion of A

by �rst order di�erential operators in E. In other words, failure of a proje
tively


at 
onne
tion to be 
at 
an be des
ribed by a 
entral extension A of the Lie

algebra of ve
tor �elds.

Exer
ise 6.6.4. Let L be a line bundle on S. Show that A

L

is isomorphi


to the Lie algebra of ve
tor �elds on the total spa
e of L whi
h 
ommute with

the a
tion of C

�

on L by dilations; lo
ally, su
h ve
tor �elds have the form � =

X + f(s)u�

u

; X 2 �

S

; f 2 O

S

, where u is 
oordinate along the �bers of L. Using

this, show that an a
tion of A

L

k on a ve
tor bundle E on S is the same as a

monodromi
 
at 
onne
tion on the pullba
k �

�

E of E to L

�

= L n fzero se
tiong

su
h that the monodromy of this 
onne
tion around the zero se
tion is equal to

e

�2�ik

.

As with the usual 
at 
onne
tions, we 
an also use the language of D-modules.

The appropriate generalization of the notion of D-module is the notion of twisted

D-module.

Definition 6.6.5. A twisted sheaf of di�erential operators on S is a sheaf of

asso
iative algebras U on S and an embedding O

S

,! U su
h that lo
ally, the pair

(U ;O ,! U) is isomorphi
 to (D;O ,! D). A twisted D-module is a sheaf of modules

over a twisted sheaf of di�erential operators.

It turns out that the notions of twisted sheaves of di�erential operators and of


entral extensions of � are equivalent. Namely, for a twisted sheaf U of d.o., we 
an

de�ne the subsheaf U

1

of di�erential operators of �rst order. A reader 
an easily


he
k that U

1

is 
losed under the Lie bra
ket [a; b℄ = ab� ba and the a
tion of U

1
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on O by �(f) = [�; f ℄ de�nes an isomorphism U

1

=O

�

�! �, and thus U

1

is a 
entral

extension of �. Conversely, if A is a 
entral extension of �, then de�ne

U(A) = U(A)=(f �  (f)); f 2 O;

where U(A) is the universal enveloping algebra of A (as an O-module, it is isomor-

phi
 to O �A� S

2

(A)� : : : ).

Lemma 6.6.6. The fun
tors U 7! U

1

, A 7! U(A) are inverse to ea
h other and

thus give an equivalen
e of 
ategories of twisted algebras of di�erential operators and


entral extensions of �. In parti
ular, twisted D-modules are the same as modules

over 
entral extensions of �.

We refer the reader to [BS℄ for the proof (easy) and more details.

Example 6.6.7. For a line bundle L, let D

L

be the sheaf of di�erential opera-

tors in L. This is a twisted sheaf of d.o., whi
h 
orresponds to the 
entral extension

A

L

.

In a similar way, we 
an de�ne the \sheaf D

L

k of di�erential operators in

L

k

" as the twisted sheaf of d.o. 
orresponding to the 
entral extension A

L

k
(see

Example 6.6.3):

D

L

k = U(A

L

k ):(6.6.2)

Exer
ise 6.6.8. Let us 
hoose lo
al trivializations of L: '

�

: Lj

U

�

�

�! Oj

U

�

(where fU

�

g is an open 
over of S), and let f

��

= '

�

'

�1

�

2 O(U

�

\U

�

) be the 
orre-

sponding transition fun
tions. Show that this de�nes isomorphisms '

�

: D

L

k
j

U

�

�

�!

Dj

U

�

, and the transition fun
tions '

�

'

�1

�

: D(U

�

\ U

�

) ! D(U

�

\ U

�

), when re-

stri
ted to ve
tor �elds, are given by

'

�

'

�1

�

: v 7! v + k

v(f

��

)

f

��

:

Note that the right-hand side is not a ve
tor �eld but a �rst order di�erential

operator.

Exer
ise 6.6.9. Show that if L admits a 
at 
onne
tion, then D

L

' D, A

L

'

A

O

.

As for usual D-modules, we 
an de�ne the 
ategory RS

L




(M;M) (where L is a

ve
tor bundle overM) as the 
ategory of ve
tor bundles overM (up to meromorphi


equivalen
e) with an a
tion of D

L




on the sheaf of se
tions su
h that E admits a

trivialization su
h that the a
tion of ve
tor �elds has �rst order poles. Indeed, the

regularity 
ondition is lo
al, and lo
ally a twisted sheaf of di�erential operators is

isomorphi
 to the usual sheaf D of di�erential operators.

Similarly, we 
an de�ne the spe
ialization fun
tor

Sp

D

: RS

L




(M;M)! RS

L




(ND;N

�

D):

Note that restri
tion of L to the �ber N

d

D ' C

�

is ne
essarily trivial, so that there

is no need to 
hange the de�nition of monodromi
 
onne
tion.
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6.7. Modular fun
tor with 
entral 
harge

In order to apply the te
hnique of twisted D-modules to modular fun
tors, we

must 
hoose a line bundle L on ea
h of the moduli spa
esM

g;n

in a 
onsistent way.

We will use the so-
alled determinant line bundle introdu
ed by Grothendie
k (see

[KM℄ for details). As before, in order to de�ne a line bundle on M

g;n

we need to

de�ne a line bundle on S for every family of 
urves C

S

over S.

Before doing so, let us introdu
e some notation. Let L be a �nite-dimensional

ve
tor spa
e; we de�ne one dimensional ve
tor spa
e detL as the highest exterior

power of L:

detL = �

dimL

L:

More generally, for a �nite 
omplex of �nite-dimensional ve
tor spa
es L

�

= : : :!

L

i�1

! L

i

! L

i+1

! : : : , we denote detL

�

=

N

(detL

i

)

(�1)

i

, where, for a one-

dimensional ve
tor spa
e X , we let X

1

= X , X

�1

= X

�

.

Exer
ise 6.7.1. Show that there is a 
anoni
al isomorphism

detL

�

=

O

(detH

i

(L

�

))

(�1)

i

:

This de�nition 
an be generalized to ve
tor bundles over a smooth base S:

if E is a ve
tor bundle of dimension n over S, then we de�ne line bundle detL

by detL = �

n

E. Again, this 
an be trivially generalized to 
omplexes of ve
tor

bundles, and we have the following proposition.

Lemma 6.7.2. Let E

�

; F

�

be �nite 
omplexes of ve
tor bundles over S, and

let f : E

�

! F

�

be a morphism of 
omplexes of ve
tor bundles whi
h is a quasi-

isomorphism, i.e., it indu
es isomorphism of the 
ohomology sheaves H

i

f : H

i

(E

�

)

�

�!

H

i

(F

�

). Then f de�nes an isomorphism of the line bundles detE

�

' detF

�

.

This lemma allows one to de�ne det E for arbitrary 
oherent O-module E , gen-

eralizing the 
ase when E is the sheaf of se
tions of a ve
tor bundle E. Indeed, every


oherent O-module admits a resolution by ve
tor bundles: we 
an �nd a 
omplex of

ve
tor bundles F

�

su
h that H

0

(F

�

) = E ;H

i

(F

�

) = 0 for i 6= 0. By de�nition, let

det E = detF

�

. Lemma 6.7.2 shows that this is independent of the 
hoi
e of resolu-

tion. The same argument shows that we 
an de�ne det E

�

for a 
omplex of 
oherent

O-modules E

�

, and that it only depends on the quasi-isomorphism 
lass of E

�

; in

other words, det is well de�ned on the derived 
ategory of 
oherent O-modules (see

[KM℄ for details).

Remark 6.7.3. In [KM℄, the determinant line bundle is de�ned as a pair,


onsisting of a line bundle a and \parity", i.e. an element of Z=2Z. Parity is

important for tra
king 
orre
t signs in isomorphisms like det(F�G) ' detF
detG.

However, for us these signs are not important, and therefore we omit parity.

Definition 6.7.4. Let C

S

be a family of pointed 
urves over S. We de�ne the


orresponding determinant line bundle Q

S

by

Q = (detR�

�

O

C

S

)

�1

=

O

(detR

i

�

�

O

C

S

)

(�1)

i+1

;(6.7.1)

where � is the proje
tion C

S

! S.

Note that this de�nition does not use the marked points. Also, this de�nition

is valid even if the family C

S

is singular: in this 
ase, R

i

�

�

O

C

S

needs not be a
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ve
tor bundle, but is always a 
oherent O

S

-module, and thus detR

i

�

�

O

C

S

is a line

bundle.

For readers who prefer to avoid using the notion of higher dire
t images, it

suÆ
es to say that the �ber of this line bundle at point s 2 S is

Q

s

=

O

(detH

i

(C

s

;O

C

s

))

(�1)

i+1

:

For a smooth family, this de�nition 
an be simpli�ed. Let us assume that C

S

is a

non-singular family with 
onne
ted �ber. Then H

0

(C

s

;O) = C , and H

i

(C

s

;O) = 0

for i > 1 (sin
e O is 
oherent). Thus, in this 
ase Q = detR

1

�

�

(O

C

S

), so its �ber

at point s is given by

Q

s

= det(H

1

(C

s

;O

C

s

)):(6.7.2)

These spa
es are well known (see, e.g., [GH℄): for a 
ompa
t 
omplex 
urve of

genus g, H

1

(C;O

C

) is a ve
tor spa
e of 
omplex dimension g. In parti
ular, for

g = 0; H

1

(C;O

C

) = 0 and thus, the determinant line bundle is trivial.

One easily sees that de�nition of the determinant bundle Q

S

is fun
torial in S,

and thus, we have a well-de�ned line bundle Q

M

over the moduli sta
k M

g;n

. The

same de�nition also works for singular 
urves, and thus Q

M

is well de�ned over the


ompletion M

g;n

.

Finally, let us dis
uss the behavior of the determinant bundle with respe
t

to gluing. Let A be a �nite set, �; � 2 A|an unordered pair, A

0

= A n f�; �g.

Su
h a pair de�nes a \
lut
hing" map S

�;�

: M

�;A

! N(D

0

), where D

0

is the


orresponding 
omponent of the boundary in M

�;A

0

(see (6.2.7)).

Proposition 6.7.5. Let S

�;�

be as above, Q{the determinant line bundle on

M

�;A

0

. Let us also denote by Q the 
orresponding line bundle on N(D

0

). Then

S

�

�;�

(Q) is 
anoni
ally isomorphi
 to the determinant line bundle over M

�;A

.

We omit the proof of this proposition, referring the reader to [BFM℄.

Now, we are ready to formulate the de�nition of the modular fun
tor with


entral 
harge, whi
h is parallel to De�nition 6.4.1, but with repla
ement of ve
tor

bundles with 
at 
onne
tion by ve
tor bundles with the a
tion of the 
entral ex-

tension A

Q




of the Lie algebra of ve
tor �elds, or, equivalently, with the a
tion of

D

Q




. As before, let C be an abelian 
ategory over the �eld C , and R { a symmetri


obje
t in ind�C

�2

.

Definition 6.7.6. A 
omplex C-extended modular fun
tor with (additive) 
en-

tral 
harge a 2 C is the following 
olle
tion of data:

(i) For every �nite set A and W 2 C

�A

, a �nite-dimensional ve
tor bundle over

M

�;A

with an a
tion of D

Q

a

. This bundle is 
alled the bundle of 
onformal blo
ks;

its �ber at a point C 2M

�;A

will be denoted by hW i

C

.

(ii) Isomorphisms hXi

C

0


 hY i

C

00

' hX � Y i

C

0

tC

00

.

(iii) Gluing isomorphisms. Let A be a �nite set, �; � 2 A|an unordered

pair, A

0

= A n f�; �g;W 2 C

�A

0

. For every su
h 
olle
tion, we require an isomor-

phism of D

Q

a

-modules on M

�;A

:

G

�;�

: hW �Ri

�

�! S

�

�;�

Sp

D

hW i;(6.7.3)

where S

�;�

: M

�;A

! N(D

0

); D

0

� M

�;A

0

, is the \
lut
hing" (6.2.7), and R is

pla
ed at positions with indi
es �; �. (Sin
e S

�;�

is a C

�

-bundle, the de�nition of

S

�

�;�


auses no problems.)
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(iv) Va
uum propagation. We have a distinguished element 1 2 Ob C, and

for every � 2 A, we require an isomorphism of D

Q

a

-modules on M

�;A

:

G

�

: hW � 1i

�

�! S

�

�

hW i;(6.7.4)

where S

�

: M

�;A

!M

�;An�

is the operator of erasing the point �.

These data have to satisfy the following properties:

Fun
toriality: W 7! hW i

C

is fun
torial in W , and the isomorphisms (ii)-(iv)

are fun
torial isomorphisms.

Compatibility: the isomorphisms (ii)-(iv) are 
ompatible with ea
h other and

with the 
ommutativity, asso
iativity, and unit morphisms in Ve


f

(
f. Def-

inition 4.2.1).

Normalization: h1;1i

P

1

= C .

Note that the requirement that hW i be a D

Q

a

is equivalent to saying that the

pull-ba
k of hW i to the total spa
e of the line bundle Q has a monodromi
 
at


onne
tion with the monodromy e

�2�a

around the zero se
tion (see Exer
ise 6.6.4).

Let us now relate it to the topologi
al formulation of the modular fun
tor with


entral 
harge. To do it, let us re
all the de�nition of the 
entral 
harge for the

modular fun
tor in the topologi
al setup (see Se
tion 5.7).

It was de�ned using the 
entral extension of the usual tower of mapping 
lass

groups by the groupoid T

�

= T

H

1

(�;R)

, where � is a 
losed oriented topologi
al

surfa
e of genus g, and for a symple
ti
 real ve
tor spa
e V , T

V

is the Poin
are

(fundamental) groupoid T

V

= �

1

(�

V

) of the set �

V

of all Lagrangian subspa
es in

V . Re
all also that for every L 2 T

V

;Hom

T

V

(L;L) ' Z.

It is well known (see, e.g., [GH℄) that for a 
onne
ted 
ompa
t 
omplex 
urve

the natural map of sheaves R ! O indu
es an isomorphism of the 
ohomology

spa
es H

1

(C;R) ' H

1

(C;O), where both sides are 
onsidered as ve
tor spa
es over

R. In other words, a 
hoi
e of a 
omplex stru
ture on a topologi
al surfa
e � de�nes

a 
omplex stru
ture on the 2g-dimensional real ve
tor spa
e V = H

1

(�;R).

Theorem 6.7.7. Let C be a 
omplex 
urve. Then one has a 
anoni
al equiva-

len
e of groupoids

T

�

= �

1

(Q


2

C

n f0g)

where, as before, Q

C

= detH

1

(C;O

C

).

Proof. Let us note that the 
omplex stru
ture on V = H

1

(C;R) de�ned by

the identi�
ation V ' H

1

(C;O), agrees with the symple
ti
 stru
ture in V as

follows:

h�; i

C

�i is symmetri
 positive de�nite(6.7.5)

where h�; �i is the symple
ti
 form, and i

C

2 End

R

(V ) is the operator of multipli-


ation by i =

p

�1 in the 
omplex stru
ture de�ned by C.

Let V be an arbitrary symple
ti
 real ve
tor spa
e. Denote by H

V

the set of all


omplex stru
tures on V satisfying the 
ondition above. It is usually 
alled Siegel

upper half plane of V . We quote without proof the following standard result, whi
h


an be found, for example, in [GH℄.

Theorem 6.7.8. H

V

is a 
ontra
tible spa
e.

Exer
ise 6.7.9. Show that for V = R

2

with the standard symple
ti
 form,

H

V


an be identi�ed with the upper half-plane of C .
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Let us 
onsider the line bundle � over H

V

, whose �ber at point h 2 H

V

is

�

h

= det

C

V ; here V is 
onsidered as g-dimensional ve
tor spa
e over C with the


omplex stru
ture given by h. Consider the total spa
e of �


2

n fzero se
tiong.

Proposition 6.7.10. For every h 2 H

V

, one has 
anoni
al equivalen
e of

groupoids

�

1

(�


2

n fzero se
tiong) ' �

1

(�


2

h

n f0g) ' T

V

:(6.7.6)

Obviously, this proposition immediately implies the statement of the theorem.

Let us �rst 
onstru
t equivalen
e �

1

(�


2

nfzero se
tiong) ' �

1

(�


2

h

nf0g). This

equivalen
e follows from the fa
t that H

V

is 
ontra
tible, and therefore, embedding

�


2

h

n f0g ,! �


2

n fzero se
tiong is a homotopy equivalen
e.

Next, let us 
onstru
t equivalen
e �

1

(�


2

h

n f0g) ' T

V

. To do so, let us rewrite

the de�nition of T

V

as follows. Let L be the tautologi
al ve
tor bundle of dimension

g over �

V

: it is a sub-bundle of the trivial bundle V � �

V

su
h that its �ber at

point L 2 T (V ) is the subspa
e L � V . Consider the one-dimensional ve
tor

bundle �

R

= det

R

L = �

g

R

L (to avoid 
onfusion, we use subs
ript R for determinant

of ve
tor spa
es over R). Then �

�

R

= � 1 is a bundle with �ber R

+

over �

V

; thus,

�

�

R

=� 1! �

V

is a homotopy equivalen
e, and T

V

= �

1

(�

�

R

=� 1).

Now let h 2 H

V

be a 
omplex stru
ture on V , �

h

= detV = �

g

V , where V is


onsidered as a ve
tor spa
e over C using the 
omplex stru
ture h. Thus, we have

a well-de�ned map �

R

= �

g

R

L ! �

h

= �

g

V ; the left-hand side is one dimensional

real ve
tor spa
e, the right hand side is one-dimensional 
omplex ve
tor spa
e. This

gives rise to a map �

�

R

=� 1! �


2

n f0g.

This 
ompletes the proof of the proposition. On the other hand, the proposition

immediately implies the statement of the theorem.

Example 6.7.11. Let g = 1, so � is a torus (or, equivalently, C is an ellipti



urve). Then V = R

2

with the 
anoni
al symple
ti
 form, so �

V

is the set of all

real one-dimensional subspa
es in R

2

, thus �

V

' S

1

. On the other hand, in this


ase �

h

= detV = V (as a 
omplex ve
tor spa
e). Thus, in this 
ase the 
anoni
al

map �

1

(�

V

)! �

1

(�


2

h

n f0g) is obvious.

As an immediate 
orollary of Theorem 6.7.7, we see get the following result.

As before, let C be an abelian 
ategory over C.

Theorem 6.7.12. The notions of C-extended topologi
al MF with multipli
ative


entral 
harge K and of C-extended 
omplex MF with additive 
entral 
harge a are

equivalent if K = e

�ia

.

Corollary 6.7.13. Any MTC 
ategory over C gives rise to a C-extended 
om-

plex MF with additive 
entral 
harge a su
h that

e

�ia

= p

+

=p

�

:(6.7.7)

Conversely, every C-extended 
omplex MF with additive 
entral 
harge a de�nes

a weakly ribbon stru
ture on C; if this 
ategory is rigid, then it is modular, and

p

+

=p

�

is given by the formula above.

Note that for modular fun
tors 
oming from rational 
onformal �eld theory,

the additive 
entral 
harge is given by

a = 
=2;
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where 
 is the Virasoro 
entral 
harge of the theory (we will illustrate it in the next


hapter, where the Wess-Zumino-Witten model is 
onsidered). Combining this with

the 
orollary above, we see that in this 
ase one has

K =

p

+

p

�

= e

�i
=2

(
f. Remark 3.1.20).
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CHAPTER 7

Wess{Zumino{Witten Model

In this 
hapter, we give a 
onstru
tion of what is probably the best known

example of a modular fun
tor. This modular fun
tor is based on the 
ategory

of integrable representations of an aÆne Lie algebra and appears naturally in the

Wess{Zumino{Witten model of 
onformal �eld theory; abusing the language, we

will 
all it the WZW modular fun
tor. The literature devoted to this measures in

hundreds of papers; the most prominent among them are [KZ℄, [MS1℄, [TUY℄,

[BFM℄. For more detailed exposition of 
onformal �eld theory in general and

WZW model in parti
ular, we refer the reader to [FMS℄ and referen
es therein.

The main goal of this 
hapter is to prove the following result. Fix a simple


omplex Lie algebra g, and let O

int

k

be the 
ategory of integrable modules of level

k 2 Z

+

over the 
orresponding aÆne Lie algebra

b

g.

Theorem 7.0.1. The 
ategory O

int

k

has a stru
ture of a modular tensor 
ate-

gory.

Of 
ourse, in this form the theorem is not very pre
ise sin
e we have not de�ned

the tensor produ
t (whi
h is usually 
alled the fusion produ
t, and denoted

:


, to

distinguish it from the usual tensor produ
t of ve
tor spa
es). We will give a pre
ise

de�nition later (see Corollary 7.9.11).

Another important result, whi
h, unfortunately, we will not prove, is the follow-

ing. Re
all that in Se
tion 3.3 we de�ned a stru
ture of a modular tensor 
ategory

on a 
ertain subquotient C

int

(g;{) of the 
ategory of representations of the quantum

group U

q

g, q = e

�i=m{

.

Theorem 7.0.2 ([F℄). The 
ategory O

int

k

is equivalent to the 
ategory C

int

(g;{)

as a modular tensor 
ategory for { = k+h

_

, where h

_

is the dual Coxeter number

for g.

Be
ause of the importan
e of these two theorems, we will 
omment here on

their history. They have appeared in somewhat vague form in physi
s literature in

the 1980s. The a

urate 
onstru
tion of the tensor stru
ture on O

int

k

�rst appeared

in [MS1℄; however, Moore and Seiberg did not give a 
omplete proof.

To the best of our knowledge, there are three known proofs of Theorem 7.0.1.

The �rst one, whi
h we present in this 
hapter, is based on the use of the notion

of modular fun
tor. The 
orresponding modular fun
tor (whi
h, as we mentioned

above, naturally appears in the Wess{Zumino{Witten model of 
onformal �eld

theory) is de�ned in terms of the spa
es of 
oinvariants. The 
ru
ial step in proving

that these spa
es satisfy the axioms of a modular fun
tor is 
he
king the gluing

axiom, whi
h was done by Tsu
hiya, Ueno, and Yamada [TUY℄. Another proof of

the gluing axiom 
an be obtained by suitably modifying the proof for the minimal

models given in [BFM℄.

167
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The se
ond proof of Theorem 7.0.1 was given by Finkelberg [F℄, who based

his approa
h on the series of papers of Kazhdan and Lusztig [KL℄. They proved

that for negative integer level k, the 
ategory O

k

is a ribbon 
ategory, whi
h is

equivalent to the 
ategory C(g;{) of representations of the quantum group U

q

g.

Therefore, this 
ategory 
ontains a subquotient 
ategory whi
h is equivalent to the

MTC C

int

(g;{). Combining this result with a 
ertain duality between the 
ategories

O

k

and O

�2h

_

�k

, Finkelberg showed that this subquotient is dual to the 
ategory

O

int

k

, thus establishing simultaneously Theorems 7.0.1 and 7.0.2.

Finally, the third proof of Theorem 7.0.1, based on the theory of vertex operator

algebras, was re
ently given by Huang and Lepowsky [HL℄.

Unfortunately, none of these proofs is easy. Finkelberg's proof is based on a 250

pages long series of papers [KL℄, whi
h is very tersely written; few people (if any

at all) have expertise and patien
e to follow all the details of this proof. Similarly,

the proof of Huang and Lepowsky is heavily based on a number of their previous

papers on vertex operator algebras, whi
h 
an sometimes get rather te
hni
al. The

modular fun
tor approa
h seems to be the easiest of all three, but it still requires all

the formalism of modular fun
tors and their relation with tensor 
ategories (whi
h

took the previous 140 pages of this book) and some non-trivial algebrai
 geometry

used in [TUY℄, also not an easy reading.

The proof given in this 
hapter is based on the modular fun
tor approa
h; how-

ever, our proof of the gluing axiom follows the ideas of [BFM℄ rather than [TUY℄.

This proof was never published before; however, for the most part it 
losely follows

the arguments in [BFM℄, so all the 
redit belongs to Beilinson, Feigin, and Mazur.

Modifying their arguments for WZW model was rather straightforward; a

ording

to private 
ommuni
ations from Beilinson and Feigin, they intended to in
lude the

proof for WZW model in the �nal version of the manus
ript. Unfortunately, it is

not 
lear when (and if) su
h a �nal version appears, so we in
lude this proof here.

7.1. Preliminaries on aÆne Lie algebras

The aim of this subse
tion is just to �x the notation, we refer to the book of

Ka
 [K1℄ for a 
omprehensive treatment.

Let g be a �nite dimensional simple Lie algebra over C . We �x a Cartan

subalgebra h � g and let h�; �i be an invariant bilinear form on g normalized so that

h�; �i = 2 for long roots of g. We will use the same notations (and notions) as in

Se
tion 1.3.

Let g((t)) � g 


C

C ((t)) be the loop algebra of g. Then the aÆne Lie algebra

of g is

b

g = g((t))� CK(7.1.1)

with 
ommutation relations

[a
 f; b
 g℄ = [a; b℄
 fg + ha; biRes

0

(df g)K; [K;

b

g℄ = 0:

For brevity, we often use the notation x[n℄ = x
 t

n

; x 2 g.

We let

b

g

+

= tg[[t℄℄,

b

g

�

= t

�1

g[t

�1

℄. We have a de
omposition of

b

g into subal-

gebras

b

g =

b

g

+

� g� CK �

b

g

�

:

We will be interested in

b

g-modules of level k 2 C , i.e., modules V su
h that

Kj

V

= k id

V

; this is equivalent to 
onsidering modules over U(

b

g)

k

= U

b

g=U

b

g(K�k).
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We will denote by O

k

the 
ategory of

b

g-modules of level k whi
h have weight

de
omposition with �nite-dimensional weight subspa
es, su
h that the a
tion of

b

g

+

is lo
ally nilpotent and the a
tion of g is integrable.

Of spe
ial interest for us are two 
lasses of modules from O

k

: Weyl modules

and integrable modules. Weyl module V

k

�

; � 2 P

+

, is de�ned by

V

k

�

= Ind

b

g

g�

b

g

+

�CK

V

�

;(7.1.2)

where V

�

is the irredu
ible �nite-dimensional g-module with highest weight �, whi
h

we 
onsider as a module over g�

b

g

+

� CK by letting

b

g

+

a
t as 0 and K a
t as k id.

The Weyl module is free over

b

g

�

.

If k =2 Q, then Weyl modules are irredu
ible and the 
ategory O

k

is semisimple.

We will be mostly interested in the other extreme 
ase k 2 Z

+

. In this 
ase, we 
an

also 
onsider integrable highest-weight modules. We will denote by O

int

k

� O

k

the

sub
ategory of integrable modules, i.e., su
h modules that for every root �, n 2 Z,

the a
tion of e

�

[n℄ is lo
ally nilpotent. It is known that O

int

k

is semisimple with

simple obje
ts L

k

�

; � 2 P

k

+

, where P

k

+

is the positive Weyl al
ove

P

k

+

= f� 2 P

+

j (�; �

_

) � kg;(7.1.3)

see [K1℄. (Note that P

k

+

is the same set whi
h we denoted by C in Se
tion 3.3.)

The modules L

k

�

are irredu
ible and 
an be des
ribed as the quotient L

k

�

= V

k

�

=Z

�

,

where Z

�

is the unique maximal proper submodule of V

k

�

. It is known that Z

�

is

generated by one ve
tor: Z

�

= U

b

g(e

�

[�1℄)

a+1

v

�;k

, where a = k � (�; �

_

).

It is useful to note that both V

k

�

and L

k

�

have a natural Z

�

-grading (sometimes


alled the homogeneous grading), de�ned by deg v

�;k

= 0; deg a[n℄ = n; a 2 g; n 2 Z.

It is easy to see that homogeneous 
omponents of V

k

�

(and, in fa
t, any module in

the 
ategory O

k

) are �nite-dimensional.

Finally, we will de�ne the duality in the 
ategory O

k

by DV = (V

�

)

\

, where V

�

is the restri
ted dual to V , i.e. the dire
t sum of the dual spa
es to homogeneous


omponents of V , and \ is de�ned as follows: for a

b

g module W , the module

W

\


oin
ides with W as a ve
tor spa
e, and the a
tion of

b

g is twisted by the

automorphism

\ : x[n℄ 7! (�1)

n

x[�n℄; K 7! �K:(7.1.4)

It is easy to see that D is an anti-automorphism of the 
ategory O

k

whi
h preserves

O

int

k

. In parti
ular, for an integrable module L

k

�

, DL

k

�

is also an irredu
ible inte-

grable module, whose top homogeneous 
omponent is V

�

�

. It is (non-
anoni
ally)

isomorphi
 to L

k

�w

0

(�)

.

7.2. Reminders from algebrai
 geometry

In this se
tion we brie
y list some fa
ts from algebrai
 geometry whi
h will

be used below. All of them are quite standard, so a reader who has even basi


knowledge of algebrai
 geometry over C 
an safely skip this se
tion.

All varieties 
onsidered in this se
tion are 
onsidered with analyti
 topology;

as before, we use the words \manifold" and \non-singular variety" as synonyms.

For a variety S, we denote by O

S

the stru
ture sheaf of S (i.e., the sheaf of analyti


fun
tions on S). We assume that the reader is familiar with the notion of a O-

module and a 
oherent O-module. As usual, for a point s 2 S we de�ne by O

S;s

the lo
al ring at s, i.e. the ring of germs of analyti
 fun
tions at s, and by m

s

the maximal ideal of this ring, whi
h 
onsists of fun
tions vanishing at s. We also
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denote by

b

O

S;s

the 
ompletion of the lo
al ring with respe
t to topology given by

the powers of the maximal ideal. In parti
ular, if dimS = 1, s 2 S is a regular

point, and t is a lo
al parameter at s, i.e., an analyti
 fun
tion in a neighborhood

of s su
h that t(s) = 0; (dt)

s

6= 0, then

b

O

S;s

' C [[t℄℄.

For an O

S

-module F we de�ne its �ber at point s 2 S to be F

s

=m

s

F

s

. In

parti
ular, if F is the sheaf of se
tions of a ve
tor bundle F , then in this way

one re
overs the �bers of F . We will say that an O-module F is lisse if it is the

sheaf of se
tions of a �nite-dimensional ve
tor bundle. Note that every lisse sheaf

is 
oherent, but 
onverse is not true.

In general, for an open subset U � S and a sheaf F on S, we denote by F(U)

the ve
tor spa
e of se
tions of F over U . However, in the 
ase when U = C nD,

where C is 
ompa
t and D is a divisor, and F|an O-module over C, we will

denote by F(C � D) the spa
e of meromorphi
 se
tions of F over C whi
h are

regular outside of D. We hope it won't 
ause 
onfusion.

We will use the following well known fa
ts about 
omplex 
urves. As before, all

the 
urves are assumed to be 
ompa
t and non-singular (unless spe
i�ed otherwise),

but not ne
esarily 
onne
ted.

Theorem 7.2.1 (Riemann-Ro
h). Let C be a 
onne
ted 
omplex 
urve, and

p

1

; : : : ; p

n

; q|distin
t points of C (n � 0). Let us �x the prin
ipal parts of Laurent

expansions (f)

i

2 C ((t

i

))=C [[t℄℄ near p

i

. Then there exists a fun
tion f 2 O(C �

fp

1

; : : : ; p

n

; qg) whi
h has given prin
ipal parts of Laurent expansion at p

i

and has

a pole at q. Moreover, the order of pole at q 
an be bounded by a 
onstant whi
h

only depends on the order of poles at p

i

and the genus of the 
urve C.

This theorem 
an be generalized to 
urve whi
h may have ordinary double

point singularities and may be dis
onne
ted. In this 
ase, we have to allow poles

at a 
olle
tion of points q

1

; : : : ; q

m

su
h that on every 
omponent of C there is at

least one of the points q

i

.

Theorem 7.2.2. Let C be a 
omplex 
urve (possibly dis
onne
ted and singu-

lar). Let q 2 C be a regular point, and t|a lo
al parameter at q. Then the ve
tor

spa
e

C ((t))=C [[t℄℄ +O(C � q);

is �nite dimensional. Moreover, there exists N 2 Z

+

whi
h only depends on the

topology of C su
h that

O(C � q) + C [[t℄℄ � t

�N

C [t

�1

℄ + C [[t℄℄:

7.3. Conformal blo
ks: de�nition

In this se
tion, we will de�ne the ve
tor spa
es of 
oinvariants; later we will

show that these ve
tor spa
es satisfy the axioms of a modular fun
tor. The basi


referen
es for this se
tion are [TUY℄, [Be℄ (with minor 
hanges).

Fix a 
ompa
t nonsingular 
omplex 
urve C (not ne
essarily 
onne
ted), a

�nite dimensional simple Lie algebra g, and a positive integer k.

Let p

1

; : : : ; p

n

be distin
t points on C with lo
al 
oordinates t

1

; : : : ; t

n

(re
all

that a lo
al 
oordinate at a point p is a holomorphi
 fun
tion t in a neighborhood

of p su
h that t(p) = 0; (dt)

p

6= 0). We will always assume that on every 
onne
ted


omponent of C there is at least one point. Let V

1

; : : : ; V

n

2 O

k

be some

b

g-modules

asso
iated to these points.
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We will use the notations

~p = (p

1

; : : : ; p

n

);

V = V

1


 : : :
 V

n

:

In parti
ular, if V

i

= L

k

�

i

are integrable modules, we will use the notation

~

� = (�

1

; : : : ; �

n

); L

k

~

�

= L

k

�

1


 � � � 
 L

k

�

n

:

Consider the Lie algebra

g(C � ~p) = g


C

O(C � ~p)(7.3.1)

of g-valued fun
tions on C whi
h are regular outside the points p

1

; : : : ; p

n

and

meromorphi
 at these points. We have Lie algebra homomorphisms




i

: g(C � ~p)! g((t))

given by Laurent expansion around the point p

i

in the lo
al 
oordinate t

i

. This

does not give a Lie algebra homomorphism g(C � ~p) !

b

g be
ause of the 
entral

term in de�nition of

b

g. However, by the Residue Theorem,

~
 = 


1

� � � � � 


n

: g(C � ~p)! g((t)) � � � � � g((t))


an be lifted to a homomorphism

~
 : g(C � ~p)! U(

b

g)

k


 � � � 
 U(

b

g)

k

; ~
(x) =

n

X

i=1

1
 � � � 
 


i

(x) 
 � � � 
 1:

In parti
ular, g(C � ~p) a
ts on V .

Definition 7.3.1. The spa
e of 
onformal blo
ks is the ve
tor spa
e of 
oin-

variants

�(C; ~p; V ) := V

g(C�~p)

= V=g(C � ~p)V:

We will write �(C; ~p;

~

t; V ) when we need to show the dependen
e on the 
hoi
e

of lo
al parameters

~

t = (t

1

; : : : ; t

n

).

It is easy to see that the 
onstru
tion above also makes perfe
t sense if we allow

t

i

be formal lo
al parameters at p

i

, i.e., t

i

2

b

O

p

i

; (dt

i

)

p

i

6= 0. Note that on
e t

i

is


hosen, one has

b

O

p

i

= C [[t

i

℄℄.

Lemma 7.3.2 (Beauville [Be℄). Let ~p, V be as above, and let q 2 C�~p, � 2 P

k

+

.

As before, let V

�

be the 
orresponding �nite-dimensional g-module, and let V

k

�

be

the Weyl module over

b

g. Then the in
lusion V

�

,! V

k

�

indu
es an isomorphism

(V 
 V

�

)

g(C�~p)

�

�! (V 
 V

k

�

)

g(C�~p�q)

= �(C; ~p [ q; V 
 V

k

�

);(7.3.2)

where g(C�~p) a
ts on V

�

via the evaluation map a
f 7! f(q)a, a 2 g, f 2 O(C�~p).

Proof. Sin
e the natural embedding V 
 V

�

,! V 
 V

k

�

is 
learly g(C � ~p)

equivariant, it indu
es a map from the left hand side of (7.3.2) to the right hand

side.

By the Riemann{Ro
h formula, there exists a fun
tion z on C regular outside

~p [ q and having a simple pole at the point q. Then

O(C � ~p� q) = O(C � ~p)�

1

M

i=1

C z

�i

;
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therefore g(C � ~p� q) ' g(C � ~p)�

b

g

�

.

By de�nition, V

k

�

is a free U(

b

g

�

)-module isomorphi
 to U(

b

g

�

)V

�

; hen
e, V

�

'

(V

k

�

)

b

g

� . Then (7.3.2) follows by tensoring with V and taking 
oinvariants with

respe
t to g(C � ~p).

Lemma 7.3.3. Let C be 
onne
ted, and let V

i

be quotients of Weyl modules:

V

i

= V

k

�

i

=I

i

(the ideals I

i

may be zero, maximal, or anything in between). As-

sume also that at least one of V

i

is integrable, i.e., equal to L

k

�

i

. Then the natural

surje
tion V = V

1


 � � � 
V

n

� L

k

�

1


 � � � 
L

k

�

n

= L

k

~

�

gives rise to an isomorphism

�(C; ~p; V )

�

�! �(C; ~p; L

k

~

�

):(7.3.3)

Proof. It suÆ
es to prove that

(L

k

�

1


 V

2


 � � � 
 V

n�1


 V

k

�

n

)

g(C�~p)

= (L

k

�

1


 V

2


 � � � 
 V

n�1


 L

k

�

n

)

g(C�~p)

:

Let Z = fv 2 V

k

�

n

j L

�

1


 � � � 
 V

n�1


 v � Im g(C � ~p)g. Obviously, this is a

submodule in V

k

�

n

; our goal is to prove that V

k

�

n

=Z is integrable. This is equivalent

to the following statement: for every root � and v 2 V

k

�

n

, one has (e

�

[�1℄)

N

v 2 Z

for N � 0 (in fa
t, it suÆ
es to 
he
k this for � = �). We leave it to the reader

to 
he
k that if we 
hoose f 2 C ((t)) su
h that f has �rst order pole at 0, then

the above 
ondition is equivalent to (e

�

f)

N

v 2 Z for N � 0 (in other words, the

notion of an integrable module does not depend on the 
hoi
e of lo
al parameter).

Now let f 2 O(C�p

1

�p

n

) be a fun
tion whi
h has a �rst order pole at p

n

. By

the Riemann{Ro
h theorem, su
h a fun
tion exists if we allow it to have a pole of

suÆ
iently high order at p

1

. Sin
e L

k

�

1

is integrable, and f is regular at p

2

; : : : ; p

n�1

,

we easily see that a
tion of e

�

f on L

k

�

1


� � � 
V

n�1

is lo
ally nilpotent. Therefore,

for any v

1

2 L

k

�

1

; : : : ; v

n

2 V

k

�

n

, one has v

1


 � � � 
 v

n�1


 (e

�

f)

N

v

n

2 Im g(C � ~p).

But this exa
tly means that (e

�

f)

N

v

n

2 Z for N � 0.

This theorem 
an be rewritten in more invariant terms. For a module V 2 O

k

,

denote by V

int

its maximal integrable quotient (it is easy to see that it is well-

de�ned). Then the previous lemma immediately implies the following 
orollary.

Corollary 7.3.4. Let V

i

2 O

I

k

NT , and at least one of V

i

is integrable. Then

�(C; ~p; V

1


 � � � 
 V

n

) = �(C; ~p; V

int

1


 � � � 
 V

int

n

):

Corollary 7.3.5. Let V = V

1

� � � 
 V

n

; V

i

2 O

int

k

. Then the embedding C =

V

0

,! L

k

0

indu
es an isomorphism

�(C; ~p; V ) ' �(C; ~p [ q; V 
 L

k

0

):(7.3.4)

Proof. This follows from Lemmas 7.3.2 and 7.3.3:

(V 
 L

k

0

)

g(C�~p�q)

' (V 
 V

k

0

)

g(C�~p�q)

' (V 
 C )

g(C�~p)

:

Having proved these results, we 
an prove now the following proposition.

Proposition 7.3.6. If V = V

1

� � �
V

n

; V

i

2 O

int

k

, then the spa
es of 
oinvariants

�(C; ~p; V ) are �nite dimensional.
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Proof. We may assume that C is 
onne
ted. Combining Lemma 7.3.2 and

7.3.3, we see that it suÆ
es to prove the statement for n = 1; V

1

= L

k

�

. It follows

from Theorem 7.2.2 that

b

g

+

+ g(C � p) �

b

g

+

+ t

�N

b

g

�

for N � 0. Therefore, it

suÆ
es to prove that the ve
tor spa
e

W

N

= L

k

�

=t

�N

b

g

�

V

�

is �nite-dimensional.

To prove this, note that one has a well-de�ned a
tion of

b

g

�0

= g[t

�1

℄ on W

N

,

whi
h fa
tors through the �nite-dimensional quotient a =

b

g

�0

=t

�N

b

g

�0

. Obviously,

W

N

= (Ua)v

�;k

. On the other hand, a is generated by e

�

; f

�

, e

�

t

�1

, and all of

these generators a
t nilpotently on W

N

. Thus, all we need is to prove the following

lemma.

Lemma 7.3.7. If a is a �nite-dimensional Lie algebra with generators x

1

; : : : ; x

n

,

and W is a 
y
li
 a-module su
h that the a
tion of x

i

in W is lo
ally nilpotent, then

W is �nite-dimensional.

To prove this lemma, we pass from the module W over Ua to the 
orre-

sponding graded module GrW over Gr(Ua) = S(a). Consider the variety S =

Supp(GrW ) � a

�

. Then it follows from the nilpoten
y 
ondition that x

i

, 
on-

sidered as a fun
tion on a

�

, vanishes on S. By Gabber's integrability theorem

[Gab℄, if x; y vanish on S, then [x; y℄ also vanishes. Therefore, S = f0g. But every

�nitely generated module over the polynomial ring, whi
h has a �nite support, is

�nite-dimensional. This proves the lemma, and thus, the proposition.

As an illustration, 
onsider the simplest 
ase C = P

1

.

Proposition 7.3.8. Let C = P

1

, p

1

; : : : ; p

n

|distin
t points on C.

(i) Let V

k

~

�

= V

k

�

1


: : :
V

k

�

n

, and V

~

�

= V

�

1


: : :
V

�

n

. Then the homomorphism

(V

~

�

)

g

! �(C; ~p; V

k

~

�

)

obtained by restri
ting the natural map V

k

~

�

! V

k

~

�

=g(C � ~p)V

k

~

�

, is an isomorphism.

(ii) Let z be a global 
oordinate on P

1

; assume that z(p

i

) is �nite. De�ne the

endomorphism T : V

~

�

! V

~

�

by

T (v

1


 � � � 
 v

n

) =

n

X

i=1

v

1


 � � � 
 z(p

i

) e

�

v

i


 � � � 
 v

n

Then one has an isomorphism

(V

�

1


 : : :
 V

�

n

)

g�CT

k+1 ' �(P

1

; ~p; L

k

~

�

):

Proof. Part (i) is proved in the same way as Lemma 7.3.2, if we also note

that for one point, g(P

1

� p) = g�

b

g

�

. As for part (ii), it 
an be dedu
ed from the

fa
t that L

k

�

= V

k

�

=U

b

g(e

�

[�1℄)

a+1

v

�;k

.

Let us relate this des
ription with the one usually given in the physi
s literature.

As before, let C = P

1

with global 
oordinate z, and let the marked points be

0; z

1

; : : : ; z

n

;1 with the lo
al parameters z; z� z

i

;�1=z respe
tively. Let us assign

to the points 0 and1 someO

k

-modules V

0

; V

1

respe
tively and assign to the points

z

1

; : : : ; z

n

Weyl modules V

k

�

1

; : : : ; V

k

�

n

. Then, by Lemma 7.3.2, we 
an repla
e in
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the de�nition of 
oinvariants V

k

�

i

by V

�

i

and the algebra g(P

1

� f0; z

i

;1g) by

g(P

1

� f0;1g) = g[z; z

�1

℄. Thus

(7.3.5) �(P

1

; 0; z

1

; : : : ; z

n

;1; V

0

; : : : ; V

1

)

= (V

0


 V

�

1


 : : :
 V

�

n


 V

1

)=

�

(x[n℄)

0

+

X

z

n

i

x

i

+ (�1)

n

(x[�n℄)

1

�

where n 2 Z; x 2 g, and notation x

i

means x a
ting on V

�

i

, et
. We 
an pass to

the dual spa
e �

�

whi
h will be a subspa
e in

Hom

C

(V

0


 V

�

1


 : : :
 V

�

n


 V

1

; C ) = Hom

C

(V

0


 V

�

1


 : : :
 V

�

n

;

[

DV

1

)

where




W is the 
ompletion of a W 2 O

k

with respe
t to the homogeneous grading.

Rewriting the 
oinvarian
e 
ondition, we get

�

�

= f� : V

0


 V

�

1


 : : :
 V

�

n

!

[

DV

1

j �(x[n℄ +

X

z

n

i

x

i

) = x[n℄�g

= Hom

g[t;t

�1

℄

(V

0


 V

�

1

(z

1

)
 : : : V

�

n

(z

n

);

[

DV

1

);

(7.3.6)

where, as before, V (z) is the evaluation representation.

For the 
ase g = sl

2

; n = 1 the dimensions of these spa
es (whi
h, as we will

show below, play the role of multipli
ity 
oeÆ
ients N

k

ij

for the modular 
ategory

O

int

k

) were 
al
ulated in [TK℄; their answer agrees with the formula for U

q

(sl

2

); q =

e

�i=(k+2)

given in (3.3.24)|as expe
ted from Theorem 7.0.2.

Remark 7.3.9. It is a natural question to generalize the de�nition of 
oinvari-

ants, whi
h 
an be viewed as Lie algebra homology in degree zero H

0

(g(C � ~p); V )

and 
onsider all homology spa
esH

�

(g(C�~p); V ). To the best of out knowledge, this

approa
h was �rst suggested by B. Feigin. One of the �rst results in this dire
tion,

proved in [Tel℄, is the vanishing theorem: if V

i

are Weyl modules, then all higher

homology vanish. In parti
ular, this theorem allows one to 
al
ulate dimensions of

the ve
tor spa
es of 
oinvariants �(C; ~p; L

k

~

�

), by writing for ea
h of L

k

�

i

a resolution


onsisting of Weyl modules, and then using the fa
t that for the Weyl modules,

dimension of the spa
e of 
oinvariants is known (see Lemma 7.3.8). This answer


oin
ides with the dimension of the spa
es of homomorphisms in the 
ategory of

representations of quantum group at root of unity (see Proposition 3.3.23).

The meaning of the higher homology spa
es (\higher 
onformal blo
ks")H

i

(g(C�

~p); V ) when V

i

are integrable and the role they play in 
onformal �eld theory is still

un
lear.

7.4. Flat 
onne
tion

In the previous se
tion, we have de�ned and studied some properties of the

ve
tor spa
es of 
oinvariants for a given 
urve C with marked points and 
hosen

lo
al parameters at these points. Now, let us study what happens with these

spa
es when we 
hange the lo
al parameters, or move the points. Let us assume

that we have a smooth family of pointed 
urves C

s

; s 2 S over a smooth base S.

As mentioned above, it means that we have a smooth manifold C

S

with a proper


at smooth morphism � : C

S

! S su
h that ea
h �ber C

s

= �

�1

(s) is a 
omplex


urve; we also have n non-interse
ting se
tions p

i

: S ! C

S

, and lo
al parameters

t

i

, whi
h are fun
tions in a neighborhood of p

i

(S) � C

S

su
h that p

i

(S) is the zero

lo
us of t

i

, and dt

i

6= 0 on p

i

(S). Su
h a data de�nes on ea
h �ber a stru
ture of a
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pointed 
omplex 
urve, with a lo
al parameter at ea
h pun
ture; as before, we will

assume taht on ea
h 
onne
ted 
omponent of C

s

there is at least one marked point.

Similarly to the 
onstru
tion of the previous se
tion, it is 
onvenient to allow t

i

to be

formal parameter, i.e. an element of the 
ompleted lo
al ring

b

O

C

S

;p

i

(S)

' O

S

[[t

i

℄℄.

We will denote by �

S

the sheaf of ve
tor �elds on S. We will also denote

by O(C

S

� ~p(S)) the sheaf on S whose se
tions over U � S are by de�nition

meromorphi
 fun
tions over �

�1

(U) � C

S

whi
h are regular outside of p

i

(S); when

S = fpointg, this 
oin
ides with the de�nition in the previous se
tion. In a similar

way, we de�ne g(C

S

� ~p(S));�(C

S

� ~p(S))|all of them are sheaves on S.

Throughout this se
tion, let us �x a family C

S

as above, 
hoose integrable

b

g-

modules V

1

; : : : ; V

n

2 O

int

k

, and let V = V

1


 V

n

. Then for every point s 2 S we


an de�ne the ve
tor spa
e of 
oinvariants

�

s

= �(C

s

; ~p(s); V ) = V=g(C

s

� ~p(s))V:(7.4.1)

The main goal of this se
tion is to prove the following theorem.

Theorem 7.4.1. Under the above assumptions, the ve
tor spa
es �

s

form a

ve
tor bundle �

S

over S whi
h 
arries a natural proje
tively 
at 
onne
tion. The

assignment S 7! �

S

is fun
torial in S: for every map  : S

0

! S and a family C

S

over S as before, there is a 
anoni
al isomorphism �

S

0

=  

�

(�

S

), where C

S

0

:=

 

�

(C

S

).

We remind that a 
onne
tion is 
alled proje
tively 
at if [r

X

;r

Y

℄ � r

[X;Y ℄

is an operator of multipli
ation by a fun
tion for any two ve
tor �elds X;Y on S.

The failure of the 
onne
tion to be 
at is, of 
ourse, related with the 
entral term

in the de�nition of

b

g: for k = 0, the 
onne
tion is 
at (but of little interest, sin
e

the only integrable module of level 0 is L

k

0

= C ). We will dis
uss this later.

The remaining part of this se
tion is devoted to the 
onstru
tion of the 
at


onne
tion and the proof of the theorem. For simpli
ity, we will assume that n = 1;

the general 
ase 
an be treated similarly. Our exposition follows [BFM℄ (somewhat

simpli�ed).

Lemma 7.4.2. The ve
tor spa
es �

s

form a O

S

-
oherent sheaf over S, i.e., there

exists a 
oherent sheaf �

S

su
h that �

s

= �

S

=I

s

�

S

, I

s

being the ideal of fun
tions

vanishing at s.

Proof. Let V

S

= O

S


V (usual algebrai
 ve
tor produ
t, no 
ompletions); this

is an O

S

-module, whi
h 
arries an O

S

-linear a
tion of the O

S

-module g(C

S

�p(S)).

De�ne the sheaf

�

S

= V

S

=g(C

S

� p(S))V

S

:(7.4.2)

It is obvious that lo
alizing �

S

at s 2 S, we get the ve
tor spa
e of 
oinvariants

�

s

. The 
oheren
y of �

S


an be proved in a way similar to the proof of �nite-

dimensionality of the spa
es �(C) in the previous se
tion, using the following lemma.

Lemma 7.4.3. Let A be a �nite-dimensional ve
tor bundle of Lie algebras over

S whi
h is generated (as a Lie algebra) by se
tions x

1

; : : : ; x

n

. Denote by A the

sheaf of se
tions of A. Let W be an O

S

-module with an O

S

-linear a
tion of A.

Assume that W is lo
ally 
y
li
 (i.e., lo
ally there exists a se
tion w

0

2 W su
h

that W = Aw

0

) and a
tion of x

i

is lo
ally nilpotent: for every se
tion w, one has

x

N

i

w = 0 for N � 0. Then W is O

S

-
oherent.
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To prove this lemma, it suÆ
es to note that by Gabber's theorem, Supp(W)

is the zero se
tion of the bundle A

�

, and that every module over O

S

[x

1

; : : : ; x

m

℄

whose support is given by x

i

= 0, is O

S

-
oherent.

We will show that the sheaf �

S

has a natural stru
ture of a twisted D

S

-module,

i.e., a proje
tive a
tion of the sheaf �

S

of ve
tor �elds on S whi
h is 
ompatible

with the O

S

-module stru
ture: �(��) = (��)� + �(��); � 2 �

S

; � 2 O

S

. Sin
e it is

well known that every O-
oherent twisted D-module is in fa
t a sheaf of se
tions of

a ve
tor bundle with a proje
tively 
at 
onne
tion, this will establish the theorem.

To 
onstru
t an a
tion of �

S

on the sheaf of 
oinvariants, let us �rst 
onsider

the 
ase when we have a �xed 
urve C with a marked point p, and S is the set of all

possible 
hoi
es of a formal lo
al parameter t at p. This set has a natural stru
ture

of a proje
tive limit of the smooth manifolds S

(N)

= fN -jets of lo
al parameters

at pg. We have a tautologi
al family of 
urves C

S

= C � S over S, with the same

marked point p and with the formal lo
al parameter determined by s 2 S.

This S is a torsor over the pro-Lie group (i.e., a proje
tive limit of Lie groups)

K

0

= Aut C [[t℄℄ of 
hanges of lo
al parameter. This group 
an be expli
itly de-

s
ribed as the group of power series of the form a

1

t + a

2

t

2

+ : : : ; a

1

6= 0, with

the group operation being 
omposition; it a
ts on the set of formal lo
al param-

eters in an obvious way. The 
orresponding Lie algebra T

0

= LieK

0

is given by

T

0

= tC [[t℄℄�

t

(see [TUY, Se
tion 1.4℄ for pre
ise statements). Therefore, the tan-

gent spa
e to S at every point 
an be identi�ed with T

0

. or, equivalently, T

0

is the

spa
e of all K

0

left-invariant ve
tor �elds on S. Thus, to de�ne an a
tion of �

S

on

the bundle of 
oinvariants, one needs to de�ne an a
tion of T

0

.

Therefore, we see that the key step in this 
ase would be to de�ne an a
tion of

T

0

= tC [[t℄℄�

t

on V . In the general 
ase, we will in fa
t need an a
tion of a larger

Lie algebra T = C ((t))�

t

, whi
h is usually 
alled the Witt algebra. It has a natural

(topologi
al) basis L

n

= �t

n+1

�

t

, n 2 Z, with the 
ommutation relations

[L

m

; L

n

℄ = (m� n)L

m+n

:(7.4.3)

The subalgebra T

0

is generated by L

n

with n � 0. Similarly, we will also use the

subalgebras T

1

= t

2

C [[t℄℄�

t

, T

�1

= C [[t℄℄�

t

generated (as topologi
al Lie algebras)

by L

n

with n � 1 (respe
tively, n � �1).

It is indeed possible to de�ne a proje
tive a
tion of T on

b

g-modules. This is

known as the Sugawara 
onstru
tion. We formulate this result as a proposition,

referring the reader to [K1℄ for details and the proof.

Proposition 7.4.4. One 
an de�ne elements L

n

; n 2 Z, in a 
ertain 
omple-

tion of U(

b

g)

k

whi
h have the following properties:

(i) In every module V from the 
ategory O

k

, the a
tion of L

n

is well-de�ned,

and

[L

m

; L

n

℄ = (m� n)L

m+n

+ Æ

m+n;0

m

3

�m

12


;(7.4.4)

where


 =

k dim g

k + h

_

:(7.4.5)

(ii) The operator L

n

has degree n with respe
t to the homogeneous grading, and

[L

n

; a[m℄℄ = �ma[m+ n℄; a 2 g:(7.4.6)
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(iii) In the Weyl module V

k

�

(and thus, in L

k

�

), the operator L

0

a
ts by

L

0

v = (�

�

� deg v)v; �

�

=

h�; �+ 2�i

2(k + h

_

)

:(7.4.7)

Part (i) of this proposition 
an be reformulated as follows. Let

V ir = C ((t))�

t

� C 
(7.4.8)

as before, this ve
tor spa
e has topologi
al basis 
; L

n

= �t

n+1

�

t

; n 2 Z. We

de�ne the stru
ture of Lie algebra on V ir by (7.4.4) (it 
an also be de�ned in a


oordinate-free way, with the 
entral term given as a residue of the f

000

g). This

algebra is 
alled the Virasoro algebra and plays a 
entral role in 
onformal �eld

theory; by de�nition, it is a 
entral extension of the Witt algebra C ((t))�

t

. Thus,

part (i) 
laims that every module V 2 O

k

is naturally a module over V ir with the


entral 
harge equal to k dim g=(k + h

_

).

Note that when restri
ted to T

�1

= C [[t℄℄�

t

, the 
entral term in (7.4.4) van-

ishes; thus, T

�1

is a subalgebra in V ir and therefore a
ts on V . Hen
e, the same


onstru
tion also de�nes an a
tion T

0

on V . Considering T

0

as the Lie algebra of

left-invariant ve
tor �elds on the set S of all 
hoi
es of lo
al parameter at p, one

easily sees that this a
tion 
an be uniquely extended to the a
tion of the sheaf �

S

of all ve
tor �elds on S on the sheaf V

S

= O

S


 V .

Let us now 
onsider the general 
ase, when not only the lo
al parameter but

also the the 
urve itself is allowed to vary.

First of all, let C be a 
omplex 
urve, and t|a formal parameter at the point

p 2 C. Denote by �(C � p) the spa
e of meromorphi
 ve
tor �elds on C whi
h are

holomorphi
 outside of p. Then we have a Lie algebra homomorphism 


p

: �(C �

p)! T obtained by expanding a ve
tor �eld in a neighborhood of p in power series

in t. Similarly, if we have several marked points p

1

; : : : ; p

n

, we 
an de�ne a map




~p

=

M




p

i

: �(C � ~p)! T � � � � � T :(7.4.9)

On the other hand, Sugawara 
onstru
tion gives a proje
tive a
tion of the dire
t

sum T � � � �� T on V = V

1


 : : :
V

n

; thus, we get a proje
tive a
tion of �(C � ~p)

on V , whi
h we will also denote by 


~p

.

Lemma 7.4.5. (i) The a
tion of �(C � ~p) on V , given by 


~p

, is a true a
tion,

not a proje
tive one.

(ii) The a
tions of �(C � p) and g(C � p) on V agree as follows:

[


~p

(�); a
 f ℄ = a
 �(f); � 2 �(C � p); a
 f 2 g
O

S

:

(iii) The indu
ed a
tion of �(C � ~p) on the spa
e of 
oinvariants V

g(C�~p)

is

zero.

Proof. Part (i) follows from the fa
t that the 
entral term in (7.4.4) 
an be

written as a residue, and from the fa
t that the sum of residues of a meromorphi


1-form is equal to zero. The proof of part (ii) is immediate from (7.4.6). As for part

(iii), the simplest way to prove it is to note that �(C � ~p) is a simple Lie algebra

(see [BFM℄), and therefore has no non-trivial �nite-dimensional representations.

Of 
ourse, this is a very arti�
ial proof. A more natural proof 
an be obtained from

the theory of 
hiral algebras. For readers familiar with this theory, we point out

that the Sugawara 
onstru
tion in fa
t shows that the generating fun
tion L(z) =

P

n2Z

L

n

z

�n�2

is a �eld in the vertex operator algebra (=
hiral algebra on a formal
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pun
tured disk) generated by the Ka
{Moody 
urrents a(z) =

P

n2Z

(at

n

)z

�n�1

,

a 2 g (see, e.g., [K2℄); similarly, the Lie algebra �(C�p) is a subalgebra in the 
hiral

algebra asso
iated with the 
urve C � p. But sin
e this 
hiral algebra is generated

(in an appropriate sense) by the Ka
{Moody 
urrents, and these 
urrents a
t on

the spa
e of 
oinvariants by zero, this whole 
hiral algebra a
ts by zero. Details


an be found in [Gai℄.

Part (iii) of the lemma may seem dis
ouraging. Note, however, that what we

are looking for is an a
tion of �

S

on the bundle of 
oinvariants, not an a
tion of

�

C

, so we do not have a problem with the fa
t that �(C � p) a
ts by zero. In fa
t,

it will be useful to us.

In order to de�ne an a
tion of �

S

, we will �rst lift a ve
tor �eld on S to a

ve
tor �eld on C

S

, and then restri
t to a formal neighborhood of p.

Let � be a ve
tor �eld on S. Let us lift it to a ve
tor �eld

~

� on C

S

�p(S). Su
h

a lifting is always possible, whi
h follows from the fa
t that � : C

S

� p(S) ! S is

aÆne, and therefore de�nes an exa
t fun
tor on O-
oherent sheaves (this is where

we need to allow poles at p(S)!).

Let us 
onsider the ve
tor �eld

~

� in a neighborhood of one of the se
tions p

i

(S)

(\marked point"). Then the 
hoi
e of lo
al 
oordinate t

i

allows us to de�ne the

notion of horizontal ve
tor �eld: a ve
tor �eld v in a pun
tured neighborhood of

p

i

(S) is horizontal if v(t) = 0. Then we 
an de�ne \verti
al" 
omponent 


p

(

~

�) by

~

� = 


p

i

(

~

�) +

~

�

horiz

;

~

�

horiz

(t) = 0:

Note that while one 
an easily de�ne the notion of a verti
al ve
tor �led on C

S

(v

is verti
al if its proje
tion to S is zero), the notion of horizontal ve
tor �eld, nad

thus, of \verti
al 
omponent" 


p

i

(

~

�) depends on the 
hoi
e of lo
al parameter t

i

.

If we 
hoose lo
al 
oordinates x

i

on S, so that � =

P

f

i

(x)�

x

i

, then (x

i

; t) give

a 
oordinate system in a neighborhood of p

i

(S), and we 
an write

~

� = g(x; t)�

t

+

P

f

i

(x)�

x

i

. Then 


p

i

(

~

�) = g(x; t)�

t

. The fun
tion g(x; t) 
an have poles at t

i

= 0,

so it 
an be viewed as a lo
al se
tion of O

S

((t

i

)), and thus 


p

i

(

~

�) 2 O

S


 T .

Repeating this for all points p

i

, we de�ne




~p

(

~

�) =

X




p

i

(

~

�) 2 O

S


 (T � � � � � T )(7.4.10)

(for S = fptg, this 
oin
ides with the de�nition (7.4.9)).

Now, let us de�ne the a
tion of

~

� on V

S

= V 
O

S

by

~

�(fv) = (�(f))v + f

X

i




p

i

(

~

�)v;

where 


p

i

(

~

�) a
ts on V

i

by the Sugawara 
onstru
tion.

Lemma 7.4.6. The above de�ned a
tion of

~

� on V

S

has teh following properties:

1. It is 
ompatible with the stru
ture of O

S

-module: for f 2 O

S

; v 2 V

S

, one

has

~

�(fv) = (�(f))v + f

~

�(v).

2. It is 
ompatible with the a
tion of g(C

S

�~p

S

) on V

S

: if f 2 O

C

S

�~p(S)

; x 2 g,

then [

~

�; fx℄ = (

~

�(f))x.

Proof. The �rst part immediately follows from the de�nition; the se
ond one

follows from Theorem 7.4.5(ii).
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It immediately follows from part (ii) of this lemma that we have a well-de�ned

a
tion of

~

� on the bundle of 
oinvariants �

S

= V

S

=g(C

S

� ~p

S

)V

S

.

Proposition 7.4.7. The indu
ed a
tion of

~

� on the bundle of 
oinvariants de-

pends only on � and not on the 
hoi
e of lifting

~

�. It de�nes a proje
tive a
tion of

the Lie algebra �

S

on the bundle of 
oinvariants, whi
h agrees with the stru
ture

of O

S

-module.

Proof. The only non-trivial statement is the independen
e of the 
hoi
e of

lifting. It follows from the fa
t that any two liftings di�er by a verti
al ve
tor �eld.

On the other hand, it follows from Theorem 7.4.5(iii) that verti
al �elds a
t by

zero.

This 
ompletes the proof of Theorem 7.4.1.

More 
areful analysis also allows one to 
al
ulate expli
itly the failure of the


onne
tion to be 
at. Using the language of twisted D-modules developed in Se
-

tion 6.6 and the notion of determinant line bundle Q

S

de�ned in Se
tion 6.7, the

result 
an be formulated as follows:

Theorem 7.4.8. Under the assumptions of Theorem 7.4.1, the sheaf �

S


arries

a natural stru
ture of a D

Q




-module, where 
 is the Virasoro 
entral 
harge de�ned

by (7.4.5).

We do not give a proof of this theorem, referring the reader to [BS℄. The

proof is based on the fa
t that the 
entral extension de�ning the Virasoro algebra


an be de�ned using the a
tion of the Lie algebra of ve
tor �elds on the spa
e

C ((

~

t)) = �

i

C ((t

i

)) and the \universal" 
o
y
le de�ned by the the subspa
e C [[

~

t℄℄ =

�

i

C [[t

i

℄℄ � C ((

~

t)). This 
o
y
le was �rst dis
overed by Tate [Ta℄ and redis
overed

under di�erent names by many authors (see [BS℄, [ACK℄). On the other hand, it is

well known that for a 
onne
ted smooth 
urve C one has C ((

~

t))=(C [[

~

t℄℄+O(C�~p)) =

H

1

(C;O). This gives a relation between this 
o
y
le and the determinant line

bundle (re
all that Q

s

= det(H

1

(C

s

;O))). Details 
an be found in [BS℄ or [BFM℄.

Example 7.4.9. Let us 
al
ulate this 
at 
onne
tion expli
itly in the 
ase when

the 
urve C is �xed but the point p is allowed to move. Let u be a lo
al 
oordinate

on C, i.e. a biholomorphi
 map u : C

0

! U , where C

0

is some open subset of C,

and U an open subset of C . We will denote by z a global 
oordinate on C and thus,

on U . Let us de�ne the following family of pun
tured 
urves over U : C

U

= C �U ,

p(z) = u

�1

(z), and the lo
al parameter at p given by t = u � z (
onsidered as a

fun
tion on C � U). Note that both (z; u) and (z; t) 
an be 
onsidered as lo
al


oordinates on C � U .

In this 
ase, every ve
tor �eld f(z)�

z

on U admits a 
anoni
al horizontal lifting

to C �U ; in terms of the 
oordinate system (z; u) this lifting is given by f(z)�

z

7!

f(z)�

z

+ 0 � �

u

. When we rewrite this in terms of (z; t), we get f(z)(�

z

� �

t

).

Therefore, the a
tion of su
h a ve
tor �eld on the bundle of 
oinvariants is given

by (f�

z

)(�v) = f(�

z

�)v + f�L

�1

v (re
all that L

�1

2 V ir 
orresponds to ��

t

). In

other words, the 
orresponding 
at 
onne
tion on U is indu
ed from the 
onne
tion

on V 
O

S

given by

r = d+ L

�1

dz:
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It is easy to see that for several points, we get

r = d+

X

i

(L

�1

)

i

dz

i

;(7.4.11)

where (L

�1

)

i

stands for L

�1

a
ting in V

i

.

Note that in this 
ase every ve
tor �eld on S 
an be lifted to a regular ve
tor

�eld on C

S

. Therefore, we only need to use the Sugawara 
onstru
tion for the �elds

from C [[t℄℄�

t

= T

�1

. Sin
e the 
entral term in (7.4.4) vanishes when restri
ted to

T

�1

, we get a true a
tion, not a proje
tive one.

Let us 
onsider even more spe
ial 
ase than in the previous example, namely

when C = P

1

, with marked points z

1

; : : : ; z

n

6= 1 and lo
al parameters given by

t

i

= z�z

i

. This de�nes a family of 
urves overX

n

= C

n

ndiagonals. Assign to these

points Weyl modules V

k

�

1

; : : : ; V

k

�

n

. Then, by Proposition 7.3.8, the ve
tor bundle of


oinvariants �(P

1

; z

1

; : : : ; z

n

; V

k

�

1

; : : : ; V

k

�

n

) is a quotient of the trivial ve
tor bundle

with the �ber (V

�

1


 : : :
V

�

n

)

g

over X

n

. Therefore, the 
onstru
tion above de�nes

a 
at 
onne
tion in this quotient bundle. Passing to the dual ve
tor bundle, we see

get a 
at 
onne
tion in the ve
tor subbundle

�

�(P

1

; z

1

; : : : ; z

n

;V

k

�

1

; : : : ; V

k

�

n

)

�

�

�

�

V

�

1


 : : :
 V

�

n

�

�

g

= (V

�

�

1


 : : :
 V

�

�

n

)

g

Theorem 7.4.10 ([KZ℄). The 
at 
onne
tion des
ribed above 
oin
ides with

the restri
tion of the KZ 
onne
tion in V

�

�

1


 : : :
 V

�

�

n

, de�ned by (KZ

n

).

A proof of this theorem 
an be found in the original paper [KZ℄ (only re
om-

mended for those familiar with the basi
s of 
onformal �eld theory). This proof is

also repeated in a number of sour
es, for example, in [EFK℄, in a language more

familiar to mathemati
ians. This theorem and 
omparison of the gluing isomor-

phisms, whi
h we will do later, will be used to show that for k =2 Q the fun
tor of


oinvariants de�ned above for genus zero 
urves 
oin
ides with the modular fun
-

tor de�ning Drinfeld's 
ategory|see Theorem 7.9.12. In parti
ular, this modular

fun
tor 
an be de�ned in a way whi
h doesn't refer to the aÆne Lie algebras at all.

Note, however, that for k =2 Q this modular fun
tor 
an not be extended to positive

genus.

Example 7.4.11. Let C; ~p;

~

t be as before. Choose one of the points p

j

and


onsider the family of 
urves C�C

�

over C

�

, with the the marked points p

i

(z) = p

i

and lo
al parameters t

i

(x; z) = t

i

(x); x 2 C; z 2 C , ex
ept for i = j when we set

t

i

(x; z) = t

i

(x)=z. By the 
onstru
tion of this se
tion, the 
orresponding ve
tor

bundle of 
oinvariants � has a 
anoni
al 
at 
onne
tion. An easy 
al
ulation,

similar to the one in Example 7.4.9, shows that this 
onne
tion is indu
ed from the


onne
tion

r = d+ (L

0

)

j

dz

z

in the trivial ve
tor bundle with �ber V

1


 : : :
 V

n

. In parti
ular, the monodromy

of this 
onne
tion around z = 0 is given by e

2�iL

0

, so if V

j

is an irredu
ible module

with highest weight �, the monodromy operator is 
onstant and equals e

2�i�

�

.

Note that if we pass from 1-jet of lo
al parameter to tangent ve
tor, we see

that the tangent ve
tor is given by z�

t

j

, and thus, as z goes around the origin


ounter
lo
wise, so does the tangent ve
tor. Re
alling the relation between modular
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fun
tor and tensor 
ategories, we see that in the tensor 
ategory 
orresponding to

the WZW modular fun
tor, the universal twist is given by

�

L

k

�

= e

2�i�

�

id

L

k

�

(7.4.12)

(
ompare with Remark 3.1.20), whi
h agrees with the formulas for universal twist

in Drinfeld's 
ategory (Theorem 2.2.7) and in the 
ategory of representations of a

quantum group Exer
ise 2.2.6|whi
h is another argument 
on�rming equivalen
e

of these 
ategories.

In fa
t, this ve
tor bundle on C

�

admits a 
anoni
al extension to a ve
tor

bundle on P

1

, and the 
onne
tion has logarithmi
 singularities at 0;1. Indeed, we


an assume that V

j

= L

k

�

. Denote V = 


i 6=j

V

i

. The �ber of � at point z 2 C

�

is

given by �

z

= W

z

=g(C � ~p)W

z

, where W

z

= V 
 L

k

�

does not depend on z. Note

that the subspa
e g(C � ~p)W

z

depends on z, sin
e the 
hoi
e of lo
al 
oordinate

at p

j

depends on z. Let us 
hoose a di�erent trivialization of the ve
tor bundle

V 
 L

k

�

, namely, let us identify

V 
 L

k

�

! (V 
 L

k

�

)

z

;

v 
 v

j

7! z

deg v

j

v 
 v

j

:

In other words, in this trivialization 
onstant se
tions are given by z

deg v

j

v 
 v

j

.

Then one easily sees that in this trivialization, the subspa
e g(C � ~p)W

z

does not

depend on z; thus, it also gives a trivialization of the ve
tor bundle of 
oinvariants

on C

�

, and in this trivialization the 
at 
onne
tion is given by r = d +�

�

dz=z.

Therefore, this gives an extension of our ve
tor bundle with a 
at 
onne
tion to P

1

,

and the 
onne
tion has logarithmi
 singularities at 0;1.

Note that for this de�nition of extension to z = 0, a fun
tion of the form

f(z)(v

1


 : : :
 v

j


 : : :
 v

n

) de�nes a se
tion holomorphi
 at 0 i� z

�deg v

j

f(z) is

regular at z = 0 (we assume that v

j

is homogeneous).

7.5. From lo
al parameters to tangent ve
tors

In the previous se
tion, we have studied properties of the ve
tor spa
es of


oinvariants for a 
urve C with marked points and 
hosen lo
al parameters at these

points, or a family of su
h 
urves. In this se
tion we will show that the ve
tor spa
e

of 
oinvariants only depends on the 1-jet of lo
al parameter: if t

i

; t

0

i

are di�erent


hoi
es of lo
al parameter at p

i

su
h that d

p

i

t

i

= d

p

i

t

0

i

, then the ve
tor spa
es

�(C; ~p;

~

t;L) and �(C; ~p;

~

t

0

;L) are 
anoni
ally isomorphi
, and similarly for families

of 
urves.

Let us start with the 
ase when we only have one 
urve C; as before, for

simpli
ity we assume that it has only one marked point p. Let us �x a non-zero

tangent ve
tor v 2 T

p

C and 
onsider only su
h formal lo
al parameters t at p that

�

v

t = 1; the set of formal lo
al parameter form a pro-varietyM . We want to show

that for su
h lo
al parameters t, the ve
tor spa
es �(C; p; t;L) 
an be 
anoni
ally

identi�ed. In order to do that, 
onsider the family of 
urves C

M

= C �M over

M , with a marked point p (whi
h does not depend on m) and the lo
al parameter

at p 2 C

m

de�ned by m 2 M . As dis
ussed in the previous se
tion, this de�nes a


anoni
al 
at 
onne
tion on the bundle of 
oinvariants �(C; p; t;L). We will show

that this ve
tor bundle with a 
at 
onne
tion is trivial. Indeed, it is easy to see
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that M is a torsor over the group

K

1

= fk 2 Aut C [[t℄℄ j (k(t))

0

(0) = 1g:

This group 
an be expli
itly des
ribed as the group of all formal power series of the

form 1 +

P

1

2

a

i

t

i

, with the group operation being substitution of one series into

another. The 
orresponding Lie algebra is LieK = T

1

= t

2

C [[t℄℄�

t

.

Now the triviality of the 
at 
onne
tion follows from the following two easy

lemmas whose proofs are omitted.

Lemma 7.5.1. Let a manifold M be a torsor over a Lie group K, and E be a

ve
tor bundle with a 
at 
onne
tion over M . Then this 
at 
onne
tion is trivial i�

the a
tion of LieK by ve
tor �elds on E 
an be lifted to an a
tion of K on E.

Lemma 7.5.2. The a
tion of LieK

1

= T

1

on an integrable module L, de�ned

by the Sugawara 
onstru
tion, 
an be integrated to an a
tion of K

1

on L.

Combining these two lemmas, we get that in our 
ase, the 
at 
onne
tion

on the bundle of 
onformal blo
ks is trivial, and thus all the spa
es �(C; p; t;L)

are 
anoni
ally isomorphi
. Therefore, we 
an de�ne the spa
e of 
oinvariants

�(C; p; v;L) as the spa
e of global 
at se
tions of the bundle �(C; p; t;L) on M .

Remark 7.5.3. Note that the a
tion of T

0

usually 
an not be integrated to the

a
tion of Aut C [[t℄℄. Indeed, in Aut C [[t℄℄ one has e

2�iL

0

= 1, but in a highest weight

b

g module with highest weight �, one has

e

2�iL

0

=: �

�

= e

2�i�

�

whi
h is not equal to 1 unless �

�

2 Z. Therefore, we do need to spe
ify a 1-jet of

lo
al parameter.

Now let us 
onsider families of 
urves. Let C

S

; p(S) be a family of 
urves with

a �xed 1-jet of lo
al parameter t at p(S). If we �x a formal lo
al parameter t at

p(S) with given 1-jet, then, by the 
onstru
tion of the previous se
tion, we get a

ve
tor bundle of 
oinvariants with a 
at 
onne
tion over S. Let us show that these

ve
tor bundles for di�erent 
hoi
es of t 
an be 
anoni
ally identi�ed.

Using the same idea as in the 
ase S = fpointg, 
onsider the pro-variety M =

f(s; t) j s 2 Sg; obviously, M is a prin
ipal K

1

-bundle over S. The family C

S

over

S de�nes a family C

M

over M and therefore de�nes a bundle of 
oinvariants �

M

with a 
at 
onne
tion over M . Our goal is to show that this 
at 
onne
tion is

trivial along the �bers of the proje
tion M ! S. A 
onvenient framework for su
h

proofs is provided by the formalism of Harish{Chandra pairs.

Definition 7.5.4. A Harish{Chandra pair is a pair (g;K), where g is a Lie

algebra, and K is a Lie group with the Lie algebra LieK = k � g. We also assume

that we are given an a
tion Ad of K on g whi
h agrees with both the standard Ad

a
tion of K on k and ad a
tion of k on g.

As usual, we de�ne a module V over a Harish{Chandra pair (g;K) to be a

ve
tor spa
e whi
h has an a
tion of both g and K, and these a
tions agree on k.

These de�nitions 
an be suitably reformulated if we want to repla
e a Lie

algebra g by the sheaf of ve
tor �elds on a manifoldM (or, more generally, by a Lie

algebroid over M|see [BFM℄). Let us assume that we have a manifold M with a

free a
tion of a Lie group K su
h that M is a prin
ipal K-bundle over a manifold

S. We denote by p : M ! S the proje
tion. Denote by �

M

the sheaf of ve
tor
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�elds on M . Then for every U � M , we have a natural embedding k � �

M

(U),

whi
h is a Lie algebra homomorphism. We also have an adjoint a
tion of K on �

X

.

Therefore, the pair (�

M

;K) is a natural sheaf analogue of a Harish-Chandra pair.

Definition 7.5.5. Let M;K;�

M

be as above. A �nite-dimensional (�

M

;K)-

module is a �nite-dimensional ve
tor bundle V with a 
at 
onne
tion over M with

an a
tion of K on V , whi
h agrees an obvious sense with both the a
tion of K on

M and with the a
tion of k � �

M

by ve
tor �elds on V .

(A not ne
essarily �nite-dimensional (�

M

;K)-module 
an be de�ned in a sim-

ilar way, repla
ing \ve
tor bundle with a 
at 
onne
tion" by \D-module.)

Our main reason in developing this te
hnique is the following lemma.

Lemma 7.5.6. Any �nite-dimensional (�

M

;K)-module V de�nes a ve
tor bun-

dle with a 
at 
onne
tion V

K

on S =M=K.

Proof. For every s 2 S, de�ne the ve
tor spa
e V

K

s

= (�(M

s

; V ))

K

, where

M

s

= p

�1

(s) is the �ber of the proje
tion p : M ! S. It is easy to see that these

ve
tor spa
es form a ve
tor bundle over S of the same dimension as the original

bundle V (it suÆ
es to 
hoose lo
ally a se
tion of the proje
tion to show this).

Note that any se
tion � of this bundle is killed by the verti
al ve
tor �elds; thus,

the quotient �

M

=�

v

M

= �

S

a
ts on V

K

.

Now we have all the prerequisites to prove the following theorem.

Theorem 7.5.7. Let C

S

be a family of pointed 
urves over a smooth base S,

and let L

k

1

; : : : ; L

k

n

be some integrable modules assigned to these points. Then we

have a bundle of 
oinvariants �

S

over S whi
h 
arries a natural proje
tively 
at


onne
tion, and this bundle is fun
torial in S in the same sense as in Theorem 7.4.1.

Proof. Take M = f(s; t)g; s 2 S; t{a lo
al parameter at p 2 C

s

with given

di�erential. Obviously, M is a K

n

{torsor over S, where K = Aut

1

C [[t℄℄ and we

have a tautologi
al family C

M

of 
urves over M with marked points and a lo
al

parameters at these points. By the 
onstru
tion of the previous se
tion, this de�nes

a ve
tor bundle with a proje
tively 
at 
onne
tion over M . By Lemma 7.5.2, this


onne
tion is integrates to an a
tion of K. Therefore, by Lemma 7.5.6, we have a


at 
onne
tion on S =M=K.

Corollary 7.5.8. For a �xed �nite set A and a 
olle
tion of modules L

k

a

2

O

int

k

, we have a ve
tor bundle of 
oinvariants �(fL

k

a

g) over the moduli sta
k M

�;A

,

whi
h 
arries a natural proje
tively 
at 
onne
tion.

As in Theorem 7.4.8, we 
an also expli
itly des
ribe the failure of the 
onne
tion

to be 
at by saying that the sheaf of se
tions of the ve
tor bundle �(fL

k

a

g) is a D

Q




-

module.

7.6. Families of 
urves over formal base

This se
tion introdu
es some te
hni
al notions whi
h will be used later for

proving the gluing axiom for the WZW modular fun
tor. Namely, we will generalize

most of the results regarding the bundle of 
oinvariants to the 
ase where the base

is an in�nitesimal neighborhood of a divisor D.

Throughout this se
tion, we �x a non-singular variety S and a smooth divisor

D � S. We also 
hoose (lo
ally) a fun
tion q on S su
h that the equation of D is

q = 0, and dq 6= 0 on D. All our de�ntions and theorems will be lo
al in S.
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The main subje
t of this se
tion is the study of the n-th in�nitesimal neighbor-

hood D

(n)

of D in S, where n is a �xed non-negative integer. As before, we will not

really de�ne D

(n)

; instead, we will de�ne the stru
ture sheaf of D

(n)

, O-modules

on D

(n)

, family of 
urves over D

(n)

, et
.

Definition 7.6.1. The stru
ture sheaf of D

(n)

is the sheaf of algebras O

(n)

D

on

D de�ned by O

(n)

D

= O

S

=q

n+1

O

S

.

One also de�nes in an obvious way a notion of O

(n)

D

-module; it is 
alled lisse

if it is lo
ally free module of �nite rank. Every sheaf F over S de�nes a sheaf

F

(n)

over D

(n)

in an obvious way: F

(n)

= F

D

=q

n+1

F

D

. It is easy to see that if

F is O

S

-
oherent, then F

(n)

is �nitely generated, and if F is lisse then so is F

(n)

.

Unfortunately, the fun
tor F 7! F

(n)

is not exa
t on O

S

-modules. However, we

have the following result.

Lemma 7.6.2. (i)Let F be an O

S

-
oherent sheaf su
h that its restri
tion to

S nD is lisse and for every n � 0, F

(n)

is lisse. Then F is lisse.

(ii) For every short exa
t sequen
e of quasi
oherent O

S

-modules 0! E ! F !

G ! 0 su
h that G is O

S

-
oherent, the sequen
e 0 ! E

(n)

! F

(n)

! G

(n)

! 0 is

also exa
t.

The proof of this lemma is left as an exer
ise to the reader.

Example 7.6.3. Assume that dimS = 1. ThenD = point, O

(n)

D

= C [q℄=(q

n+1

),

and O

(n)

D

is just a module over this algebra.

We 
an also de�ne ve
tor �elds and D-modules for D

(n)

. Note, however, that

the only ve
tor �elds on S that 
an be restri
ted to D

(n)

are those tangent to D:

the ve
tor �eld �

q


an not be restri
ted to D

(n)

as it does not preserve the relation

q

n+1

= 0. Thus, we 
an de�ne an analogue of D

0

S

-module, but not of a D

S

-module

(re
all that D

0

S

is generated by O

S

and ve
tor �elds tangent to D, see (6.3.5)).

Thus, we give the following de�nition:

D

0

D

(n)

= D

0

S

=q

n+1

D

0

S

(7.6.1)

For example, for dimS = 1, D

0

D

(n)

is generated by O

(n)

D

= C [q℄=(q

n+1

) and q�

q

.

Sin
e a 
at 
onne
tion on S with logarithmi
 singularities at D is the same as

a lisse sheaf on S with an a
tion of D

0

S

, it is natural to give the following de�nition.

Definition 7.6.4. A 
at 
onne
tion on D

(n)

with logarithmi
 singularities at

D (log D-
onnne
tion for short) is a lisse sheaf on D

(n)

with a stru
ture of D

0

D

(n)

-

module.

We have the following obvious lemma.

Lemma 7.6.5. (i) Every log D 
at 
onne
tion on S de�nes a log D 
at 
onne
-

tion D

(n)

by F 7! F

(n)

(ii) If the 
onne
tion F is regular|i.e., has no poles at all|then q�

q

a
ts by

zero in F

(0)

= F=qF .

Now let us de�ne families of 
urves over D

(n)

and the bundles of 
oinvariants.

Definition 7.6.6. A family of 
urves over D

(n)

is the following 
olle
tion of

data:
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{ a family C

D

of stable 
omplex 
urves over D

{ a sheaf of algebras O

(n)

C

D

on C

D

with a stru
ture of a 
at O

(n)

D

-module su
h

that O

(n)

C

D

=qO

(n)

C

D

= O

C

D

.

The family is 
alled non-singular if the family C

D

is non-singular.

In a similar way, one 
an de�ne a notion of families with marked points and

lo
al parameters at these points by adding to the data above a 
olle
tion of points

p

i

2 C

0

and lo
al parameters t

i

2 O

(n)

p

i

su
h that t

i

(p

i

) = 0 mod q; (dt

i

)

p

i

6= 0

mod q. We 
an also de�ne an analogue of the O

S

-sheaf O(C

S

� ~p(S)). Namely,

we de�ne O

(n)

D

-module O

(n)

(C � ~p) to be the spa
e of global se
tions on C

D

of the

sheaf O

(n)

C

[t

�1

i

℄.

Obviously, every family of 
urves over S de�nes a family of 
urves over D

(n)

:

it suÆ
es to take O

(n)

C

= O

C

S

=q

n+1

O

C

S

; we will 
all this restri
tion of the family

C

S

to D

(n)

). It turns out that if C

D

is non-singular, then this statement 
an be

reversed.

Lemma 7.6.7. Lo
ally in S, every non-singular family of 
urves over D

(n)


an

be obtained as a restri
tion of an analyti
 family of 
urves over a neighborhood of

D in S.

?!

Let us give an example of a singular family over D

(n)

.

Example 7.6.8. Let dimS = 1, and let C

S

be a family of 
urves over S su
h

that C

s

is smooth for s 6= D, and C

D

is the 
urve with one double point a, so that

in a neighbohood of a, C

S

has lo
al 
oordinates t

1

; t

2

and the proje
tion is given

by q = t

1

t

2

; thus, C

0

is given by equation t

1

t

2

= 0.

Let us des
ribe the 
orresponding family of 
urves over D

(n)

. In this 
ase, the


urve C

D

is singular|it has double point a. To des
ribe the sheaf O

(n)

C

, note that

its stalk at a point b 6= a is given by O

(n)

C;b

' O

C;b


O

(n)

D

(note: this doesn't de�ne

the sheaf yet, as we haven't de�ned the gluing maps|they depend on the map

� : C

S

! S). However, the stalk at the double point is di�erent:

O

(n)

C;a

= O(t

1

; t

2

)=(t

1

t

2

)

n+1

;(7.6.2)

where O(t

1

; t

2

) is the ring of germs of analyti
 fun
tions in t

1

; t

2

near the origin

t

1

= t

2

= 0.

To relate the stalk at the double point with the stalks at nearby points, let

us des
ribe O

(n)

(U), where U is a pun
tured neighborhood of a in C

D

. Sin
e in

a neighborhood of a, the 
urve C

D


onsists of two 
omponents given by equations

t

2

= 0 and t

1

= 0, every small enough U 
an be presented as U = U

1

t U

2

, where

U

1

= U \ ft

2

= 0g; U

2

= U \ ft

1

= 0g. Thus, t

1

is a 
oordinate on U

1

and t

2

is a


oordinate on U

2

. From this it is easy to show that

O

(n)

(U

1

) = O(U

1

)
O

(n)

D

' O(U

1

)
 (C [t

2

℄=(t

2

)

n+1

)

where the isomorphism is given by f(t

1

)q

k

7! f(t

1

)t

k

1

t

k

2

, and similarly for U

2

. Thus:

O

(n)

(U) =

�

O(U

1

)
 (C [t

2

℄=(t

2

)

n+1

)

�

�

�

O(U

2

)
 (C [t

1

℄=(t

1

)

n+1

)

�
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Now it is easy to see that for f(t

1

; t

2

) 2 O

(n)

C;a

, its restri
tion to the pun
tured

neighborhood of a is given by

t

k

1

t

l

2

7! (t

k

1

t

l

2

)� (t

k

1

t

l

2

) = (t

1

)

k�l

q

l

� (t

2

)

l�k

q

k

(7.6.3)

In parti
ular, if l > n, then restri
tion of t

k

1

t

l

2

to U

1

is zero, and if k > n, then

restri
tion of t

k

1

t

l

2

to U

2

is zero.

For every family C

S

over S with marked points and modules V

i

2 O

int

k

assigned

to these points we have a sheaf of 
oinvariants �(C

S

) over S whi
h gives rise to the

sheaf �

(n)

over D

(n)

; if C

S

is a smooth family, then �

(n)

is lisse. It follows from

Lemma 7.6.2(ii) that this module 
an be de�ned in terms of the n-th in�nitesimal

neighborhood of D, namely

�

(n)

= V

(n)

=g

(n)

(C � ~p)V

(n)

;(7.6.4)

where g

(n)

(C � ~p) = g
O

(n)

(C � ~p), and V

(n)

= V 
O

(n)

D

.

Therefore, it is natural to take this formula as the de�nition of the sheaf of


oinvariants for families over D

(n)

.

Proposition 7.6.9. Let C

D

(n)

be a family of 
urves with marked points over

D

(n)

, with lo
al parameters at these points, and integrable

b

g-modules assigned to

these points. Let �

(n)

be the O

(n)

D

-module de�ned by (7.6.4). Assume that C

D

is

nonsingular. Then �

(n)

is lisse and has a natural stru
ture of a proje
tive D

0

D

(n)

-

module su
h that the a
tion of q�

q

on �

(0)

= �

(n)

=q�

(n)

is zero.

Proof. By Lemma 7.6.7, su
h a family 
an be obtained as a restri
tion of

some analyti
 family. Now existen
e of the 
at 
onne
tion and the fa
t that �

(n)

is

lisse immediately follow from Theorem 7.4.1 and Lemma 7.6.7. To prove that q�

q

a
ts by zero on �

(0)

, just note that for the analyti
 family, we have a well-de�ned

a
tion of �

q

, and thus q�

q

= 0 mod q.

It is also important to note that the stru
ture of D

0

D

(n)

-module 
an be de�ned


ompletely in terms of D

(n)

, without extending this to a family on S. Let �

(n)

(C�

~p) be the spa
e of global se
tions (on C

D

) of the sheaf of derivations of O

(n)

(C�~p)|

this is the in�nitesimal analogue of the algebra of ve
tor �elds. Then we 
an lift any

ve
tor �eld � on S whi
h is tangent to D|in parti
ular, the ve
tor �eld q�

q

|to a

\ve
tor �eld"

~

� 2 �

(n)

(C�~p). The easiest way to prove this is to use Lemma 7.6.7.

As in the analyti
 
ase (see proof of Theorem 7.4.1), de�ne the a
tion of � on

the bundle of 
oinvariants by

�(fv) = (�(f))v + f

X

i




p

i

(

~

�)(v):

The same arguments as in Theorem 7.4.1 show that this is indeed de�nes the

stru
ture of a proje
tive D

0

D

(n)

-module on the sheaf of 
oinvariants.

7.7. Coinvariants for singular 
urves

In this se
tion, we give a des
ription of the ve
tor spa
e �(C; ~p; V ) for a singular


urve C. This des
ription will be used in the next se
tion to prove that the bundle of


onformal blo
ks satis�es the gluing axiom and in parti
ular has regular singularities

on the boundary of the moduli spa
e.
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Let C; ~p;

~

t be stable singular 
urve with marked points and lo
al parameters at

these points. Choose modules V

1

; : : : ; V

n

2 O

int

k

assigned to these points. We de�ne

the spa
e of 
oinvariants �(C; ~p; V ) (or, for brevity, �(C; V )) by the same formula

as for non-singular 
urves (see De�nition 7.3.1). For simpli
ity, let us only 
onsider

the 
ase when C has only one double point; general 
ase is 
ompletely parallel.

Denote by C

_

the normalization of C, i.e. the non-singular 
urve su
h that C

is obtained by identifying points a

0

; a

00

2 C. Let us 
hoose the lo
al 
oordinates

t

0

; t

00

near a

0

; a

00

.

Theorem 7.7.1. The map

V !

M

�

V 
 (L

k

�


DL

k

�

)

v

1


 : : :
 v

n

7!

M

v

1


 : : :
 v

n


 1

�

;

where DL

k

�

is de�ned as in Se
tion 7.1, and 1

�

2 V

�


 V

�

�

� L

k

�


 DL

k

�

is the


anoni
al g-invariant ve
tor, indu
es an isomorphism of the spa
es of 
oinvariants

�(C; V ) '

M

�2P

k

+

�(C

_

; V 
 L

k

�


DL

k

�

)

with the modules L

k

�

; DL

k

�

assigned to the points a

0

; a

00

respe
tively.

Proof. The basi
 observation is that O(C � ~p) = ff 2 O(C

_

� ~p) j f(a

0

) =

f(a

00

)g. Therefore,

g(C � ~p) = ff 2

~

� j (


a

0

� 


a

00

)f 2

�

b

g

+

�

b

g

+

��(g)

�

�

b

g�

b

gg(7.7.1)

where �(g) = fx� xg; x 2 g,

~

� = g(C

_

� ~p� a

0

� a

00

).

Next, let us de�ne the U

b

g

k


 U

b

g

k

-module U as follows:

U = Ind

U

b

g

k


U

b

g

k

~

U

C 1

where

~

U � U

k

b

g
U

k

b

g is the subalgebra generated by

b

g

+


1; 1


b

g

+

; x
1+1
x; x 2 g,

whi
h a
ts trivially on C :

(

b

g

+


 1)1 = (1


b

g

+

)1 = (a
 1 + 1
 a)1 = 0:(7.7.2)

(By Poin
are-Birkho�-Witt theorem, U is isomorphi
 to Ug 
 (U

b

g

�

)


2

as a

graded ve
tor spa
e.)

Sin
e U is a (U(

b

g)

k

)


2

-module, we 
an de�ne the spa
e of 
oinvariants �(C

_

; ~p[

a

0

[ a

00

; V 
 U).

Lemma 7.7.2. The map v 7! v
1 is an isomorphism �(C; V )

�

�! �(C

_

; V 
U).

The proof of this lemma is more or less standard: one has to 
he
k that this

map is well-de�ned, whi
h follows from (7.7.2); inje
tivity follows from the fa
t that

U is free over U

b

g

�


 U

b

g

�

. Proof of surje
tivity is is only slightly more diÆ
ult:

it suÆ
es to prove that for every v 2 V; u 2 u one 
an �nd v

0

2 V su
h that

v
u � v

0


1 mod Im

~

�. It follows from the fa
t that for every a� b 2

b

g�

b

g; u 2

u there exists a fun
tion f 2 � su
h that (


q

0

� 


q

00

)(f)u = au, and therefore

v 
 (a� b)u � �(


~p

f)v 
 u.

Lemma 7.7.3. Maximal integrable quotient of U is equal to

L

�2P

k

+

L

k

�


DL

k

�

.
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Indeed, let us de�ne the homomorphism of (U(

b

g)

k

)


2

modules � : U !

L

L

k

�




DL

k

�

by 1 7!

L

1

�

(sin
e U is the indu
ed module, this uniquely de�nes �). It is an

easy exer
ise to show that

L

1

�

is a 
y
li
 ve
tor in

L

L

k

�


DL

k

�

(with respe
t to

the a
tion of

b

g�

b

g), and therefore, the above map is surje
tive; thus,

L

L

k

�


DL

k

�

is

indeed an integrable quotient of U . On the other hand, every integrable (U(

b

g)

k

)


2

-

module is of the form

L

�;�2P

k

+

N

��

L

k

�

� L

k

�

. Sin
e U is generated by a ve
tor 1

whi
h is �(g) invariant, it easily follows that any integrable quotient of U must

have N

�;�

� Æ

�;�

�

. Details are left to the reader.

These two lemmas, 
ombined with Lemma 7.3.3, give the proof of the theorem.

7.8. Bundle of 
oinvariants for a singular family

In this se
tion, we 
ontinue the study of 
oinvariants for singular 
urves. This

time, we will 
onsider a family of pointed 
urves C

S

over a smooth base S su
h

that C

s

is stable and non-singular for S nD, and C

s

is a stable singular 
urve with

one double point for s 2 D, where D is a smooth divisor in S (without loss of

generality we may assume that D is 
onne
ted). As before, we assume that we

have some integrable modules V

1

; : : : ; V

n

assigned to the marked points p

1

; : : : ; p

n

.

Then, by the 
onstru
tion of the previous se
tions, this data de�nes a ve
tor bundle

of 
oinvariants � = �(C

S

; ~p; V ) over S nD.

Let us extend � to the whole of S as an O-module. De�ne the sheaf � on S in

the obvious way, as in Lemma 7.4.2. The restri
tion of this sheaf to S nD is lisse,

and its �ber at a point s 2 D is the ve
tor spa
e �(C

s

; ~p; V ) whi
h was dis
ussed in

the previous se
tion. The same arguments as before show that �

S

is O

S

-
oherent

sheaf. The goal of this se
tion is to prove the following theorem, whi
h is the key

step in proving the gluing axiom.

Theorem 7.8.1. Under the assumptions above, the sheaf �

S

is lisse.

The remaining part of this se
tion is devoted to the proof of this theorem. Note

that by Theorem 7.4.1, the restri
tion of � to S nD is lisse, so the only problem is

analyzing the behavior of � at D.

Proof. The proof 
onsists of several steps. The main idea is to use the results

of the previous se
tion, relating 
oinvariants for the singular �bers C

s

; s 2 D with

the 
oinvariants for nonsingular 
urve C

_

s

obtained by normalization of C

s

, and

extend it to an isomorphism of sheaves of 
oinvariants in some neighborhood of

D. Unfortunately, it is impossible to do this dire
tly: we 
an not extend C

_

to a

family of nonsingular 
urves C

_

S

over S with a natural map C

_

S

! C

S

. However,

this be
omes possible if instead of 
onstru
ting a family over S we restri
t ourselves

to an in�nitesimal neighborhood of D, as de�ned in Se
tion 7.6, whi
h is suÆ
ient

for our purposes. For simpli
ity, we will assume that S is a disk in the 
omplex

plane with 
oordinate q and D = f0g. The general 
ase 
an be treated quite

similarly; however, it is not even ne
essary to do that due to Lemma 6.3.13. We

will 
hoose 
oordinates t

1

; t

2

in the neighborhood of the double point a 2 C

S

su
h

that t

1

t

2

= q (this is always possible).

By Lemma 7.6.2, it suÆ
es to prove that for every n � 0, the module �

(n)

over

O

(n)

D

de�ned by (7.6.4) for our family of 
urves is free of �nite rank.

In order to prove that �

(n)

is free over O

(n)

D

, let us 
onstru
t another family

C

_

of 
urves over D

(n)

. Namely, take C

_

0

to be the normalization of C

0

; this is



7.8. BUNDLE OF COINVARIANTS FOR A SINGULAR FAMILY 189

a nonsingular 
urve with the same marked points as C

0

, plus two more marked

points whi
h we denote a

0

; a

00

. The 
hoi
e of lo
al 
oordinates t

1

; t

2

on C

S

de�nes

lo
al 
oordinates t

1

; t

2

in the neighborhood of a

0

2 C

_

(respe
tively, a

00

).

Now, let us de�ne the sheafO

(n)

C

_

as follows. Let U = C

_

0

nfa

0

; a

00

g = C

0

nfag. By

de�nition, let O

(n)

C

_

j

U

= O

(n)

C

j

U

. To extend it to the points a

0

; a

00

, de�ne the stalks

O

(n)

a

0

= O(t

1

)
O

(n)

D

, where O(t

1

) is the ring of germs of analyti
 fun
tions in t

1

in a

neighborhood of t

1

= 0, and similarly for a

00

. Obviously, ea
h f 2 O

(n)

a

0

also de�nes

a se
tion of O

(n)

C

_

j

U

on some pun
tured neighborhood of a

0

by t

1

7! t

1

; q 7! t

1

t

2

, and

thus we 
an glue the sheaf O

(n)

C

_

from its restri
tion to U and stalks at a

0

; a

00

. This

de�nes on C

_

a stru
ture of a family of 
urves overD

(n)

; this family is non-singular.

Now let us assign the modules L

k

�

; DL

k

�

to the points a

0

; a

00

and take dire
t sum

over all � 2 P

k

+

. By Proposition 7.6.9, this de�nes a lisse module �

_(n)

over O

(n)

D

.

Proposition 7.8.2. The map

� : V

(n)

! V

(n)

v 7!

X

�;i

q

�deg e

�;i

v 
 e

�;i


 e

�

�;i

;

(7.8.1)

where e

�;i

is a homogeneous basis in L

k

�

, and e

�

�;i

is the dual basis in DL

k

�

, indu
es

an isomorphism of O

(n)

D

-modules �

(n)

! �

_(n)

.

Proof. First of all, we have to 
he
k that this map des
ends to the bundle of


oinvariants. To do this, note that it is immediate from the de�nition that we have

an embedding A : O

(n)

(C � p) ,! O

(n)

(C

_

� p� a

0

� a

00

). Near the double point

this map is given by

O

(n)

(C � p)!

�

C ((t

1

))[[q℄℄� C ((t

2

))[[q℄℄

�

=(q

n+1

)

t

k

1

t

l

2

7! t

k�l

1

q

l

� t

l�k

2

q

k

(
ompare with (7.6.3)). We leave it to the reader to 
he
k that in fa
t the image

of this embedding is analyti
 fun
tions.

It is also easy to show by expli
it 
al
ulation that the ve
tor

w

�

=

X

i

q

� deg e

�;i

e

�;i


 e

�

�;i

2 (L

k

�


DL

k

�

)

(n)

(7.8.2)

is invariant under the image of the embedding

g[[t

1

; t

2

℄℄=(t

1

t

2

)

n+1

!

�

g((t

1

))[q℄� g((t

2

))[q℄

�

=q

n+1

:
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Indeed, it suÆ
es to show this for xt

n

1

t

m

2

; x 2 g. In this 
ase, it follows from the

following sequen
e of identities:

(x[n�m℄q

m


 1+1
 x[m� n℄q

n

)w

�

= (x[n�m℄q

m


 1 + 1
 x[m� n℄q

n

)(q

�d


 1)

X

i

e

�;i


 e

�

�;i

= (q

�d


 1)(x[n�m℄q

n


 1 + 1
 x[m� n℄q

n

)

X

i

e

�;i


 e

�

�;i

= (q

�d+n


 1)(x[n�m℄
 1 + 1
 x[n�m℄)1

= 0;

where 1 =

P

i

e

�;i


 e

�

�;i

is 
onsidered as a ve
tor in a 
ertain 
ompletion of L

k

�




(L

k

�

)

�

. Note that in the last line we repla
ed DL

k

�

by (L

k

�

)

�

, whi
h resulted in

repla
ing x[m�n℄ by x[n�m℄|see (7.1.4). We leave it to the reader to 
he
k that?!

the fa
t that 1 does not lie in L

k

�


 (L

k

�

)

�

but only in some 
ompletion does not


ause any problems.

Therefore, if f 2 g

(n)

(C

S

� ~p); v 2 V , then �(f(v)) = A(f)�(v) and thus the

map � des
ends to the spa
e of 
oinvariants; we will denote the 
orresponding map

also by �.

Now the proof of proposition is easy. Indeed, we have a morphism of O

(n)

D

-

modules � : �

(n)

! �

_(n)

. By Theorem 7.7.1, � indu
es an isomorphism on the

�bers at zero �

(n)

=q�

(n)

�

�! �

_(n)

=q�

_(n)

. Sin
e �

_(n)

is free over O

(n)

D

, this im-

mediately implies that � is surje
tive. To prove that � is inje
tive, 
hoose a basis

v

1

; : : : ; v

k

in �

(n)

=q�

(n)

. Sin
e �

_(n)

is free, this implies that v

1

; : : : ; v

k

are linearly

independent over O

(n)

D

. On the other hand, it follows from the de�nition that the

module K = �

(n)

=hv

1

; : : : ; v

k

i satis�es qK = K; sin
e q

n+1

= 0, this implies K = 0.

Thus, �

(n)

is freely generated by v

1

; : : : ; v

k

. Therefore, � is an isomorphism, whi
h


ompletes the proof of the proposition.

Sin
e by Proposition 7.6.9 the sheaf �

_(n)

is lisse, this proposition implies that

the same holds for �

(n)

and thus 
ompletes the proof of Theorem 7.8.1.

7.9. Proof of the gluing axiom

In this se
tion we give a proof of the gluing axiom for the WZW modular

fun
tor. Re
all that this axiom des
ribes the behaviour of the bundle of 
oinvariants

in a neighborhood of the boundary of the moduli spa
e; in parti
ular, it 
laims

that the 
onne
tion has �rst regular singularities at the boundary, and des
ribes

the spe
ialization of this 
onne
tion.

Re
all that the boundary of the moduli spa
e 
onsists of the stable 
urves with

ordinary double points (see Se
tion 6.2) and that it suÆ
es to 
he
k the regularity


ondition for an open part of the boundary. Thus, we need to prove regularity and


al
ulate spe
ialization of the 
onne
tion in �

S

, where S;C

S

; D; : : : are same as in

the beginning of the previous se
tion. By the 
onstru
tion of the previous se
tions,

�

S


arries a natural proje
tively 
at 
onne
tion over S nD. Also, we have shown

in the previous se
tion that �

S

is lisse, i.e., is a sheaf of se
tions of a ve
tor bundle

on S.

Theorem 7.9.1. Under the assumptions above, the 
onne
tion in �

S

has loga-

rithmi
 singularities at D.
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Proof. As before, 
hoose a lo
al 
oordinate q in a neighborhood of D su
h

that q = 0 is the equation of D. Re
all (see (6.3.5)) that D

0

S

� D

S

be the subsheaf

generated (as sheaf of algebras) by O

S

and ve
tor �elds whi
h are tangent to D.

Proposition 7.9.2. The sheaf � has a natural stru
ture of a D

0

S

-module.

This proposition is a generalization of Theorem 7.4.1, and is proved in the same

way. The only 
hange is that instead of 
laiming that any ve
tor �eld on S 
an be

lifted to a ve
tor �eld on C

S

� ~p(S), we use the following lemma.

Lemma 7.9.3. Let � be ve
tor �eld on S whi
h is tangent to D. Then lo
ally

in S, su
h a �eld 
an be lifted to a ve
tor �eld on C

S

whi
h has poles at the marked

points.

Example 7.9.4. Let S be a neighborhood of zero in C , with 
oordinate q,

D = f0g. As before, introdu
e 
oordinates t

1

; t

2

near the double point in C

S

su
h

that q = t

1

t

2

. Then in the neighborhood of the double point, the lifting of the ve
tor

�eld q�

q

must be of the form �t

1

�

t

1

+ �t

2

�

t

2

for some �; � satisfying �+ � = 1.

This proposition, along with the fa
t that �

S

is lisse, immediately implies the

statement of the theorem.

Example 7.9.5. Let S be a neighborhood of zero in C , with 
oordinate q.

De�ne the family C

S

� CP

2

� S by the equation

uv = qw

2

; (u : v : w) 2 CP

2

; q 2 S

with the marked points p

1

(q) = (1 : 0 : 0); p

2

(q) = (0 : 1 : 0), and lo
al parameters

at these points t

1

= w=u; t

2

= w=v. The same argument as in Example 6.2.4

shows that for q 6= 0, the 
urve C

q

is isomorphi
 to a sphere P

1

, with marked

points p

1

= 0; p

2

= 1 and lo
al parameters z; 1=z respe
tively. For q = 0, the

�ber C

0


onsists of two 
omponents, ea
h of them isomorphi
 to a sphere P

1

, with


oordinates z

0

= u=w; z

00

= v=w respe
tively, whi
h have one 
ommon point z

0

=

z

00

= 0. The marked points p

1

and p

2

are the points1

0

;1

00

|in�nite points of the

�rst and the se
ond spheres respe
tively, with lo
al 
oordinates t

1

= 1=z

0

; t

2

= 1=z

00

respe
tively.

It is easy to see that any ve
tor �eld of the form

~v = �u�

u

+ �v�

v

+ q�

q

; �+ � = 1

de�nes a ve
tor �eld on C

S

whi
h is a lifting of the ve
tor �eld q�

q

on S. Rewriting

~v in terms of 
oordinates t

1

; q, we get ~v = ��t

1

�

t

1

+ q�

q

, and thus 


p

1

(~v) = �L

0

.

Similarly, expansion near p

2

gives 


p

2

(~v) = �L

0

. Therefore, the a
tion of q�

q

on


oinvariants is given by �(L

0

)

p

1

+ �(L

0

)

p

2

.

This statement also has an in�nitesimal analogue. Re
all the notation �

(n)

=

�

S

=q

n+1

�

S

(see the previous se
tion). This is a lisse O

(n)

D

-module. It immediately

follows from Proposition 7.9.2 that �

(n)

has a natural a
tion of the sheaf of algebras

D

0

D

(n)

= D

0

S

=q

n+1

D

0

S

.

Similar result also holds for the sheaf �

_(n)

des
ribed in the previous se
tion:

it follows from Proposition 7.6.9 that �

_(n)

has a natural stru
ture of a proje
tive

D

0

D

(n)

-module. Let us twist this a
tion, de�ning a new a
tion of q�

q

by adding to

the old a
tion the 
onstant �

�

, de�ned by (7.4.7) (
f. Example 7.4.11). We will

denote this new a
tion by r

_

.
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Note that a lifting of the ve
tor �eld q�

q

to C

_

D

(n)


an be expli
ilty des
ribed as

follows: lift q�

q

to a derivation ~v of O

(n)

(C�~p); as was dis
ussed in Example 7.9.4,

this lifting in a neighborhood of the double point has the form �t

1

�

t

1

+�t

2

�

t

2

; �+

� = 1. De�ne v

_

by v

_

= ~v on C

_

n fa

0

; a

00

g = C

0

n fag, and v

_

= �t

1

�

t

1

+ q�

q

at a

0

; similarly, let ~v = �t

2

�

t

2

+ q�

q

at a

00

. It is easy to 
he
k that this de�nes an

element of �

(n)

(C

_

� ~p).

Example 7.9.6. Under the assumptions of Example 7.9.5, the lifting of the

ve
tor �eld q�

q

is given by v

_

= �z

0

�

z

0

+ q�

q

on the �rst 
omponent, and by

v

_

= �z

00

�

z

00

+ q�

q

on the se
ond one. Therefore, its a
tion on the bundle of


oinvariants is given by

r

_

q�

q

= q�

q

+ �

�

(L

0

)

p

1

� (L

0

)

a

0

�

+ �

�

(L

0

)

p

2

� (L

0

)

a

00

�

+�

�

:(7.9.1)

Proposition 7.9.7. The isomorphism � : �

(n)

! �

_(n)

, de�ned by (7.8.1), is

an isomorphism of D

0

D

(n)

-modules.

Proof. It suÆ
es to 
he
k that � 
ommutes with the a
tion of the ve
tor �eld

q�

q

. To prove this, it suÆ
es to 
he
k that

r

_

q�

q

(v 
 w

�

) = (r

q�

q

v)
 w

�

where w

�

was de�ned in (7.8.2). But this is immediate from the de�nition of r

_

:

r

_

q�

q

(v 
 w

�

)� (r

q�

q

v)
 w

�

= v 
 (q�

q

� �(L

0

)

a

0

� �(L

0

)

a

00

+�

�

)w

�

= v 
 (�d+�

�

� �(L

0

)

a

0

� �(L

0

)

a

00

)w

�

= 0:

Now let us 
al
ulate the spe
ialization of the 
onne
tion in �

S

. Let us re
all

the de�nition of the spe
ialization fun
tor, slightly modifying it for our needs. As

in Chapter 6, assume that (F;r) is 
at 
onne
tion with �rst order poles at D. As

before, we denote by F the sheaf of se
tions of F , and F

(0)

= F=qF . F

(0)

is a

sheaf on D whi
h has a natural a
tion of the sheaf of algebras D

(0)

D

= D

0

S

=qD

0

S

. It

turns out that the spe
ialization Sp

D

F 
an be de�ned using only F

(0)

as follows.

Lemma 7.9.8. Let (G;

~

r) be a ve
tor bundle on the normal bundle ND with

a monodromi
 log D 
at 
onne
tion, and let i be a homeomorphism identifying a

neighborhood of D in S with a neighborhood of D in ND, as in (6.2.8). Then

an isomorphism of ve
tor bundles with 
onne
tions Sp

D

F ! G is the same as an

isomorphism of D

(0)

S

-modules

F

(0)

! i

�

G

(0)

:(7.9.2)

As before, we leave the proof of this lemma to the reader.

Now we need to 
al
ulate the spe
ialization of the ve
tor bundle of 
oinvariants

�

S

. To do so, re
all �rst that by Lemma 6.2.5, the normal bundle to D is ND =

f(d; v)g; d 2 D; v 2 T

(1)

a

C

d


 T

(2)

a

C

d

, where C

d

is the 
urve with one double point

a, and T

(1)

; T

(2)

are the tangent spa
es to the two 
omponents of C

d

at a. Choi
e

of 
oordinate q on S and 
oordinates t

1

; t

2

on C

S

su
h that t

1

t

2

= q gives an

identi�
ation of a neighborhood of D in S with a neighborhood of D in ND by

i : (d; q) 7! (d; q�

t

1


 �

t

2

);
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or, passing from ve
tors to 
ove
tors,

i : (d; q) 7! (d;

dt

1


 dt

2

q

):(7.9.3)

Now, let us de�ne a family of pointed 
urves over ND by C

d;q

= C

_

d

with the

parameters at a

0

; a

00

given by t

1

=q; t

2

. This de�nes a bundle of 
oinvariants ~� on a

neighborhood of D in S.

Theorem 7.9.9. The map

O

S


 V ! O

ND




X

�

V 
 L

k

�


DL

k

�

f(s)v 7!

X

�

f(i(s))v 
 w

�

(7.9.4)

where 1

�

2 V

�


 V

�

�

� L

k

�


DL

k

�

is the 
anoni
al g-invariant ve
tor, gives rise to

an isomorphism of D

(0)

S

-modules �

(0)

S

! ~�

(0)

.

Proof. We will use as an intermediate step the sheaf �

_(0)

introdu
ed in the

previous se
tion. By Proposition 7.9.7, the isomorphism � : �

(0)

! �

_(0)

, de�ned

by (7.8.1) is an isomorphism of D

(0)

D

-modules. On the other hand, let us show that

the map V 
 L

k

�


DL

k

�

! V 
 L

k

�


DL

k

�

, given by

v 
 v

0


 v

00

7! q

deg v

0

v 
 v

0


 v

00

gives rise to an isomorphism of �

_(0)

and ~�

(0)

as D

0

D

-modules. Indeed, let us


ompare the a
tion of the ve
tor �eld q�

q

on both spa
es. For ~�

(0)

it is given by

�(L

0

)

a

0

, and for �

_(0)

, it is given by




a

0

(v

_

) + 


a

0

(v

_

) +

X




p

i

(v

_

) + �

�

:

It follows from Proposition 7.6.9 that the only non-zero term in this sum is �

�

,

and therefore, (7.9.4) is indeed an isomorphism of modules.

Combining the isomorphisms �

(0)

! �

_(0)

! ~�

(0)

, we get the statement of the

theorem.

Now we 
an prove the main result of this 
hapter.

Theorem 7.9.10. The sheaves of 
oinvariants �(C; ~p; V

i

), V

i

2 O

int

k

, form a

modular fun
tor with additive 
entral 
harge 
.

Proof. A

ording to De�nition 6.4.1, we need to de�ne the gluing isomor-

phism and the va
uum propagation isomorphism for the spa
es of 
oinvariants.

Va
uum propagation isomorphism is given by Corollary 7.3.5; the gluing isomor-

phism is obtained by 
ombining Lemma 7.9.8 and Theorem 7.9.9. Che
king all the


ompatibility 
onditions for these isomorphisms is trivial.

For te
hni
al reasons, it is more 
onvenient to pass to the dual sheaf

�

�

(C; ~p; V

i

) =

�

�(C; ~p;DV

i

)

�

�

:

Obviously, the previous theorem immediately implies that the sheaves �

�

(C; ~p; V

i

)

also form a modular fun
tor with the additive 
entral 
harge 
. This fun
tor will

be 
alled Wess-Zumino-Witten modular fun
tor.

As a 
orollary, we have proved the theorem formulated in the introdu
tion to

this 
hapter.
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Corollary 7.9.11. The 
ategory O

int

k

has a stru
ture of a modular tensor


ategory, with 1 = L

k

0

; �

V

= e

2�iL

0

, and the tensor produ
t

:


 de�ned by

Hom

O

int

k

(1; V

1

:


 : : :

:


 V

n

) =

�

�(C;DV

1


 : : :
DV

n

)

�

�

where C is the \standard" n-pun
tured sphere, as in (6.4.3).

As a matter of fa
t, we have not yet proved the rigidity (re
all that modular

fun
tor only de�nes weak rigidity); however, it 
an be shown that this 
ategory is

indeed rigid.?!

A weaker version of this result is the following:

Theorem 7.9.12. Let k =2 Q. Then the ve
tor spa
es of 
oinvariants �(C; ~p; V

k

~

�

)

de�ne a genus zero modular fun
tor. The 
orresponding ribbon 
ategory is the Drin-

feld's 
ategory.

Proof. The proof is obtained by noti
ing that we have used integrability of

L

k

�

only in two pla
es: when 
he
king �nite-dimensionality of the spa
es of 
oinvari-

ants, and in the proof of Theorem 7.7.1, identifying the 
oinvariants for a singular


urve C and its normalization C

_

. On the other hand, if we restri
t ourselves to

genus zero 
urves, then the ve
tor spa
es of 
oinvariants are �nite-dimensional by

Proposition 7.3.8. It is also easy to show that the proof of Theorem 7.7.1 remains

valid for k =2 Q if we repla
e

L

L

k

�


DL

k

�

by (in�nite) sum

L

�2P

+

V

k

�


DV

k

�

.

The fa
t that the 
orresponding 
ategory is exa
tly the Drinfeld's 
ategory

follows from 
omparison of this modular fun
tor with the modular fun
tor de�ning

Drinfeld 
ategory (see Proposition 6.5.4). Indeed, Proposition 7.3.8 shows that the


orresponding ve
tor spa
es of 
onformal blo
ks 
an be identi�ed, Theorem 7.4.10

shows that this identi�
ation preserves the 
at 
onne
tions, and Theorem 7.9.9

shows that the gluing map for these two modular fun
tors also 
oin
ides.

Remark 7.9.13. One 
an note that we have most of the arguments above were

quite general and didn't use mu
h information about the 
oinvarints. Most of the

time we were only using the a
tion of the Virasoro algebra on integrable modules,

given by the Sugawara 
onstru
tion. The only pla
es were we a
tually used the

de�nition of 
oinvariants and properties of integrable modules were the proof of

�nite-dimensionality of the ve
tor spa
es of 
oinvariants and the proof of Theo-

rem 7.7.1, identifying the 
oinvariants for a singular 
urve C and its normalization

C

_

. Thus, if we 
ould repeat these two steps in other setups|for example, re-

pla
ing the 
ategory O

int

k

by a suitable 
ategory of Virasoro modules|we would

again get a modular fun
tor. Indeed, it is rather easy to modify these arguments

to de�ne the modular fun
tor related to the so-
alled minimal models of Conformal

Field Theory, in whi
h the modules L

k

�

are repla
ed by irredu
ible unitary modules

over V ir with a suitable 
entral 
harge. If we try to pursue this idea as far as we


an and see what is the most general situation in whi
h we 
an apply the same

proof, we will arrive at the notion of Rational Conformal Field Theory (or, to be

more pre
ise, the holomorphi
 (
hiral) half of RCFT). The number of referen
es on

this subje
t is tremendous; some of the more suitable for mathemati
al audien
e

are [Hua℄, in
uential but unpublished manus
ript [BFM℄, and [Gai℄. For more

physi
al exposition and extra referen
es, see [FMS℄.
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