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1. INTRODUCTION

We consider the following situation: a field &, a commutative k-algebra R
and a left R-module M. Since R is commutative, M may also be considered as
an R-R bimodule with the same operation on each side (such modules are
often termed symmetric). With these assumptions we have the Harrison (co-)
homology groups Harr, (R, M) (Harr*(R, M)), the Hochschild (co-) homology
groups Hoch, (R, M) (Hoch*(R, M)) and the symmetric algebra triple (co-)
homology groups Sym, (R, M) (Sym*(R, M)). (Harrison cohomology is in-
troduced in [8], homology may be defined similarly; Hochschild cohomology
is introduced in [9], a good account of the homology and cohomology is
found in [10]; general triple homology and cohomology are described in [4]
and [5], and the symmetric algebra cotriple is described at the beginning
of Section 3 below.)

There are obvious natural transformations

¢y = $4(R, M) : Hoch, (R, M) — Harr, (R, M)

and ¢* = ¢*(R, M) : Harr*(R, M) — Hoch*(R, M) which will be described
in detail below. It is the purpose of this paper to prove the following two
theorems.

THeoreM 1.1. Suppose k has characteristic zero. Then ¢, is a sphit
epimorphism and ¢* is a split monomorphism. Moreover the splitting maps are
also natural.

* This research has been partially supported by the National Sctence Foundation
under contract GP-5478.

1 These results have been announced to the Am. Math. Soc. Notices 14 (1967),
Abstract 67T-413.
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THEOREM 1.2. Suppose k has characteristic zero. Then there are natural
equivalences
Sym'n(Rw M) = Harrn+1(R’ M)a

Sym™(R, M) ~ Harr"+{(R, M).

Moreover, in the coefficient variable they are natural equivalences of connected
sequences of functors.

Theorem 1.1 is easily seen to be false for finite characteristic and a recent
example of André shows that Theorem 1.2 is false there as well (see Section 4
below). The results of this paper are obtained, essentially, for degrees < 4 by
direct computations in [2].

We use the following notation. 4 ® B, Tor (4, B), Hom(4, B) for
A ®y B, Tor*(A4, B), Homy(A4, B) respectively. A™ denotes 4 ® - ® 4
(n factors).

2. Proor oF THEOREM [.1.

The Hochschild homology of R may be defined by choosing a complex B, R
of R-R-bimodules and, for any R-R-bimodule M, defining Hoch, (R, M) to be
the homology H(B4R @ggr M). Requiring that M is symmetric is equiv-
alent to saying that M ~ R @z M as an R @ R module, with R @ R
operating on R by multiplication. Thus

B4R ®R®R M ~ (B4R Rrer R) ®r M,

and so we may work with the complex of left R-modules which we will denote
by C«R = B4R ®ggr R. Then Hoch (R, M) ~ H(CyR @r M). Similarly,
Hoch*(R, M) ~ H(Homg(C R, M)).

The Harrison homology is defined by forming a subcomplex Sh, R C C R,
the subcomplex of shuffles (defined below), and letting Ch,R denote
C4R/Sh,R. Then Harr, (R, M)~ H(Ch,R ®z M) and Harr*(R, M)~
H(Homg(ChyR, M)). Let f,:CR-—> Ch,R be the projection. Then
d (R, M) = H(f, Qg M) and ¢*(R, M) = H(Homg(f, , M)) are the
natural transformations mentioned above,

Explicitly these complexes are defined as follows. Let C,R = R ® R™
where R operates on the first factor. If we denote the element

ro@r® - @r,e C,R by 7olry seees Tl
then the boundary @ : C,R — C,_;R is the R-linear map such that
01y yeees Tn] = N[y e 7o) + 2 (= 1Y ey 7i¥iss vy 7
S Gt i W L
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In what follows we use the natural equivalence C,R ®p C,,R ~ C,, R
to identify [r) ,..., 7] @ [Friyreer Fram] With [y secy 70 s Zuiqg seesy Fuym]- Then
we define maps s;,_;: C,R— C,R by requiring that they be R-linear,
So.n = Sp.0 = CpR (that is, the identity map; we will consistently identify
the identity map of an object in a category with the object itself), and

Sineilt1 seees Tn) = [11] @ Simg,meil?2 5eee 7]
F (= 1)l @ Sinmima[T1 s0e0s 75 s Tigg soees Tule

These are the so-called shuffle-products (see [7]). Intuitively, s, ,_; is the
alternating sum of all permutations of # cards obtained by shuffling 7 of them
with n — 7 of them, We also observe that if C, R is made into a left module
over the symmetric group S, by letting 7= [ry ..., 7] = [F11 .-y o), then
$; m—i May be thought of as multiplication by a well defined element of the
rational group algebra Q(S,) (recall that R is an algebra over a field of
characteristic zero).

Sh,,R is defined as the 3%} Im s; ,,_; . That the Sh,R form a subcomplex
will follow readily from Proposition 2.2. Theorem 1.1 will easily follow if we
can find, for each » > 2, natural transformations e, : C, R -~ Sh, R which are
the identity on Sh,R and such that e, = e,_,0, for then f, : C,R— Ch,R
has a natural splitting by chain maps. (Only n >> 2 is necessary, for Sh,R = 0,
n = 0,1). In fact the e, will be multiplication by a suitable element of Q(S,,),
from which naturality, at least in the technical sense, is automatic,

The alternating representation sgn: S, — Q, defined as usual by
sgnw = 41 or —1 according as = is or is not in the alternating subgroup,
extends to an algebra homomorphism which we will also denote by
sgn : Q(S,)— Q. We let ¢,eQ(S,) be 1/n!Y (sgn=)m. Then for any
ueQ(S,), ue, = sgnu-e,.

PropoSITION 2.1. For any chain [ry ,..., 7], Ou[ry 5..., 1] = 0. If u € Q(S,)
1s such that éufry ,...,r,] = Ofor all R, thenu = sgnu - ¢, .

Progf. In the computation of nlde,[r,,...,r,] the term 7,[r., ..., 7,,]
appears with coefficient sgn = in the first term of the boundary of »[r, ,..., 7,]]
and with coefficient sgn 7 - sgn 7(—1)” in the last term of the boundary of
(7Y Yry ,..., #;] where 7 is the cycle (12...n). But sgn r = (—1)"*", so they
cancel. Similarly the term [r, ,..., 7, n(s41) s--s 7an] appears with coefficient
(—1)*sgn o in the boundary of #1[r, ,..., r,,] and with coefficient (—1)*+isgn =
in the boundary of (ii 4 1)n[r,,..., r,]. Moreover, it is clear that for
“general” R, say if R is the polynomial algebra &[r, ,..., 7,], this is the only
possible cancellation. Thus if 8 = 0, then for each 7 € S,andeach1 <7 < n
the coefficient of 7 and =({7 4 1) in u must have the same magnitude but
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opposite sign. This suffices to guarantee that % is a multiple of ¢, and clearly
that multiple is sgn .

ProposITION 2.2.

083 4[11 so0ns Tigs] = S0, {O[PL youes 73] @ [Figa seees Tis])
+ (185 5a([r1 500y 7] @ O[Tigy sees Tigg])-

Proof. We may consider C,R as a simplicial module by defining
O[ry yoens Pn) = 71[1g ey 1), 71y ooy 1) = Plry yeens Tng] and 8%[ry .., 7] =
[71 seees PiTiga 5o 1) for 0 <@ <m. Also define s[ry ,...,7,] = [ry,..., 75, 1,
Tit1 seeer 1] Define [ry ..., 1,] X [1 00, 1] = [1171 4o 172]. Then with these
definitions, all the considerations of {7], p. 64 ff. apply and the result follows
from Theorem 5.2 of that paper.

PropPOSITION 2.3. Foranyl <i < n,
o1y seees Tnpa] = 1y yees Tiia] @ [Fing 5oy Trsa]

F (—D)Hry soes 7] @ T4y 5evns T
Proof. Trivial.
Now we define s, = 371 5; »_; - On the basis of the last two propositions,
together with the fact that & : C\R — C,R is zero, it is now easily proved that

PRrOPOSITION 2.4. &5, = 5,40 for n =1, (s, = 5, = 0).

PropoSITION 2.5. For each n > 2 there is an e, € Q(S,) with the following
properties:

(i) e, is a polynomial in s, without constant term;

(ii) sgne, =1;

(iil) Oe, = €,,0;

(V) e =¢e;

(V) enSine = Sauforl <in—1

Remark. (i) and (v) together imply that the principal right ideal ¢,Q(S,) =
> 50 iQ(S,). But them Sh,R = ¢,C,R, and since ¢ =g,, we have

C,R = ¢,C,R 4+ (1 —¢,) C,R, from which Ch,R ~(1 — ¢,) C,R. Then
(iii) implies that these form subcomplexes and Theorem 1.1 is proved.

Proof of Proposition 2.5. Let us denote the binomial coefficient corre-
sponding to # things taken 7 at a time by ¢; ,_; . Then it follows easily from
the inductive definitions of s; ,_; and ¢;,_; that sgns; , ; = ¢; ,_;. Thus
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sgns, =2" —2#0. Let ¢, =¢ = 1/25,. Having found e,,..., 6,
satisfying the above conditions, suppose e, , = p(s,_1) (where p is the
polynomial assumed by (i) to exist). Then define

en = P(sa) + (1 — P(sn)) $n/sgD 8 -
It is easily seen that e, satisfies (i) and (ii). Also we have
den = pl50)  + (1580 5u)(1 — Plsns)) Sna?
= e, 10 + (1/sgn s, }(1 — €,_3) $, 4@
= 6,40 + (1/5gn $,)(Sn—; — €n—152-1) O
= €,_;0.
Then de,2 = ¢2_,0 = €,_,0 = e, , so that, by Proposition 2.1, ¢,2 — e, =
(sgn ¢,® — sgn ¢,)e, = 0. Finally, for any chain [r, ,..., 7,,], we have
08,S; T seees Tu] = €4105; n_i[T1 yores )
= en18i-1,0-KO[T1 yeees 73] @ [Fiy2 5000, 7a])
+ (1) ensSisnoical71 1e0s 73] @ rivy seees 7))
= $i1,02(011 5000s 7] @ [Pi1 1e0s 7))
+ (1) S mega([ry 5oy 7] @ [Fiq 5ees 1))
= 084 p_ilty seers )

Thus by Proposition 2.1, €,8; n_s—$;.n_; = (SgN €, * SENS; ,,_;—SENS; 5, ;)ex =0,
We note that (ii) implies

bn€y = Ep, (1 - en)‘ﬂ =0.

3. Proor ofF THEOREM 1.2.

We begin with a brief exposition of the triple cohomology. Let U denote
the underlying functor from k-algebras to k-modules. It has a left adjoint F
which is most easily described by saying that if V is a k-module, F1” is the
tensor algebra k+ V + V@ .- 4 V' 4 ... modulo its commutator
ideal. Then if a : 1 — UF and e : FU > 1 are the adjointness morphisms,
G == (G, ¢, FaU) s a cotriple on the category of commutative k-algebras known
as the symmetric algebra cotriple,

The (co-) homology groups are described as follows. Given o : S — R
where S is any commutative k-algebra, we define an R-module Diff S as
R ® S (made into an R-module by multiplication on the first factor) modulo
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the submodule generated by {r @ ss" ~ro(s) @ s’ —ro(s') ® s|re R, s, s € S}.
Diff S is characterized by the formula Homg(Diff S, M) ~ Der(S, M) where
the latter stands for the group of k-linear derivations of S to M, where M is
made into an S-module via 0. Then the homology groups Sym,(R, M)
are the homology of -+ — Diff G"R Qg M — - — Diff G2R Qz M —
Diff GR @z M — 0 where G**1R — R is any appropriate composite of ¢’s and
d : Diff G"'R @z M — Diff G"R @ M is ¥ (—1)! Diff G%G**R @z M.
Similarly the cohomology groups are defined as the homology of

0 — Homg(Diff GR, M) — Homg(Diff G*R, M) — -+
— Homg(Diff G*1R, M) — -+

where the coboundary is induced by the analogous alternating sum. We note
that the second complex could also be written as

0 — Der(GR, M) — Der(G*R, M) — -+- — Der(G*H'R, M) — -+

It is shown in [3] that this (co-) homology is the same as that obtained for
the free (polynomial) algebra cotriple when k is a field.

The proof of Theorem 1.2 is based on a method first employed by M. André
(see [1], pp. 6-8), which is reminiscent of acyclic models. The latter method
will not work in this case unless the acyclicity asserted in the next proposition
can be given by a natural contracting homotopy.

ProposITION 3.1. Let R = k[ X] be the algebra of polynomials over a set X.
Then for any R-module M, Harr*(R, M) = 0 = Harr,(R, M) for n > 1,
Harr(R, M) ~ Der(R, M) ~ MZ*, and Harr (R, M)~ Diff X Qz M ~
X - M, the latter denoting a direct sum of X copies of the module M.

Proof. The idea of the proof is to show that H;(Ch, R) ~Diff R~ X - R
and H,(Ch,R) = 0 for n > 1. The first is a simple exercise and is left to
the reader. Each Ch, R is R-projective, being a retract of an R-free module,
and 0 : ChyR — ChyR is zero, so that ignoring ChyR the rest of this complex
will merely be a projective resolution of a projective module and thus be
contractible.

Since (¥ commutes with colimits, ¢, , being idempotent, commutes with
all limits and colimits, and homology commutes with directed colimits, then
the functor H(Ch,R) commutes with directed colimits (i.e., direct limits).
Each A[X] is the colimit of X[X,] where X, varies over all finits subsets
X, C X, which forms a directed system. Thus it suffices to prove this proposi-
tion for X finite.

Let X# be a set isomorphic to and disjoint from X by an isomorphism
which associates to each x € X an element denoted by x#e X#, and let
R# = R[X#). It is clear that R ® R ~ R ® R¥, and we will identify them.
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Now let X = { = 1 @x* —~x®1eR® R#|xe X} and R = k[X').
It is clear that R ® R# = R ® R’. Here we are thinking of an “internal
tensor product” analogous to internal direct sum. But R’ operates trivially
on R, that is via the augmentation R — k. Hence R~ R @ kasan R @ R'-
module, R operating on the first factor, R’ on the second. Then according to
Theorem X.3.1 of [6],

Tor®®®'(R, R) =~ Tor*®X (R ® k, R ® k)
~ Tor¥(R, R) ® Tor¥'(k, k) ~ R Q TorX(k, k).

But
Tor®®%'(k, k) ~ Tor®®&(k, k) ~ Hoch,(R, R) = HC,R.

Thus HC R and hence HCh R consist of R-projective modules.
At this point we need

ProposSITION 3.2. Let P be an R-projective (or, in fact, any submodule of a
free) R-module such that P Qg k = 0. Then P = 0.

Proof. Let M be the ideal of R generated by X. Then0 - M —~R—k—0
is exact and so is PRz M — P ®gr R— P ®p k— 0. If the last term is
zero, then P ®r M — P by right multiplication is onto. But then PM? = P
for all . Now M consists of all polynomials of which every terms has total
degree at least . Clearly () M* = 0, from which it is clear that if F' is free,
NFM? =0. Thenif PCF, P = NPM:C N\ FM: = 0.

From this it follows that it suffices to show H,(CE.R)Rzk =0 for
n > 1. Since Ch,R and H(Ch,R) consist of R-projectives, Theorem V.10.1
of [10] implies that H,(Ch.R) ®g k ~ H,(Ch R Qg k). We call a cycle
y € C,R R k alternating if y = ¢,y.

ProposITION 3.3. If R=Fk[X] as above, every cycle in C,LR®gk is
homologous to an alternating cycle.

Proof. Let X = {x,,..., 5} To compute H,(R, k) we first observe, by
the same argument used in the beginning of the proof of proposition 3.1,
that Hochy(R, k) ~ Tor®®*(R, k) ~ TorX(R, k) & TorR(k, k) ~ Tor¥(k, k).
It is well known (see [10] p. 205, for example) that Tor,*(k, k) is a k-space of
dimension ¢, ;_, . We shall show that there is a subspace of C,,R Qg k consist-
ing entirely of alternating cycles, having dimension ¢, ;_, and independent
modulo boundaries. It will follow that it contributes a subspace of H (R, k)
of exactly that dimension which, since % is a field, must be the whole thing.

For each set of integers 1 <{#; < -+ <7, < d, of which there are exactly
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Cn.a—n > consider the chain ¢,[x; ,..., x; ] These are all cycles, since ¢, = 0,
and they are clearly linearly independent. To show that they are independent
modulo boundaries, we first observe that C, ;R ®g & has a k basis consisting
of chains [p; ,..., pny1] Where p; is a monomial. If any p;, = 1, then it is directly
verified that every term of its boundary has the same property except two
which cancel. If no p; = 1, then every term of the boundary contains an entry
of degree at least two (except the first and last, which, however, are zero
because the coeflicients are in k). Thus no boundary can have only entries of
degree one.

Now suppose y is a cycle in Ck,R Qg k and # > 1. Then we can write
y=208y -+ ey fory €C, 1R @gkand y" €Sh,R Qg k. Theny = (1 - ¢,)y =
(1 —e)oy + (1 —e,) ey =001 — e,,)y, and so y is a boundary. This
completes the proof of Proposition 3.1.

We are now ready to prove Theorem 1.2. We give the proof for cohomology.
The proof for homology is similar. For any R, the Hochschild complex is
Homg(C,R, M) ~ Hom(R™, M) with suitable coboundary. Let us write
Hom(R, M), for the subgroup of commutative cochains (those which vanish
on all shuffles; equivalently those f for which fe, = 0). Let E = {E%%}
denote the double complex such that E%/ = Hom((G/tlR)\+D, M), ,
1 20, j = 0 with coboundaries 8; : E+# — E¢+1.J given by the Harrison
coboundary formula (the restriction of the Hochschild coboundary; recall
that each G'*1R acts on M via the €’s) and 8y : E%7 — E%7*1 given by the
triple coboundary formula. Proposition 3.1 implies that H}E reduces to
Der(G7+1R, M) concentrated in bidegree (0, j), and so HyH £ ~ Sym*(R, M).
To compute in the other order, we first observe that the k-linear map R — GR
(which is actually the front adjunction) induces natural transformations
6,R : Hom{((GR)\**V), M), — Hom(R"+V, M), whose composite with
Hom((eR)\*+1), M), is the identity. Now with 7 fixed, this is enough to imply
the map whose jth component is §;G’R is a contraction of the augmented
cochain complex 0— Hom(R©+V, M), — E*®— .-+ — E%f— -+« Thus
HypE ~ Hom(R“+V, M), concentrated in bidegree (f,0) and HHyE ~
Harr*t}(R, M), which proves theorem 1.2.

4. AN ExampLE IN CHARACTERISTIC p

We give here a slight modification of the example of André mentioned in
the introduction. We show that if & has characteristic p > 0 then for any
integer m > 0 the Harrison cohomology groups of the polynomial algebra
k[x] in dimension # = 2p™ are nonzero.

Let d; ; denote the number of even permutations in s, ; less the number of
odd ones. In fact d;; is the value of s;; under the trivial representation

481/8/3-5
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(the one which takes each = € S, to 1). Upon examination of the inductive
definition of s; ; , d; ; is easily seen to satisfy the following functional equations:

di g+ diia, if 7iseven
diy;—dija, if 1is odd;

di; =dji;

di,a‘ = %

d . — )1 if fiseven
“1 0 if {isodd.

PROPOSITION 4.1, dy; 5 = dyii1,9; = i gse1 = €i,55 @M doiiq 901 = 0.
(Recall that c, ; is the binomial coefficient corresponding to i -I- j things taken ¢
at a time.)

Proof. 'The above functional equations clearly characterize 4 completely.
Hence it is simply a matter of showing that these formulas satisfy these equa-
tions. This is an easy exercise.

PROPOSITION 4.2. If n=p™ for any integer m > 0, then c; ,_; is divisible
by p forany 0 <i<m.
Proof. 'This is easily shown by counting directly the number of times p

divides #!, ¢! and (n — 7)1

CoroLLarY 4.3, If i +j = 2p™ for m > 0, then p divides every d;;,
0<i<2p™

TueoreM 4.4. If kis a field of characteristic p > 0 and n = 2p™, m > 0,
then Harrm(k[x], k) # 0.

Proof. Here k is made into a k[x] module by the map k[x] — &, which
sends x to 0. Define a cochain f : k[x]*) — k by letting

. , 1 if 4, = =1 =1
1 in] — ’ 1 n
Flaen, 27 0, otherwise,
and extending linearly. Then f s, ,_j[%,..., ] = d; ,_; f[x,..., ] = 0, since

any permutation does not affect £, or, in other words, f represents .S, trivially.
Then fe Hom(k[x]™, k), . By using the fact that the coeflicients are in %
it is also readily checked that 8f = 0. On the other hand, for any

g € Hom(k[x] "%, &), ,

Sg[x,..., ] = —g[*?, x,..., x] + glx, 2%, x,..., x] + --- —g[x,..., ¥7]
= —g 5 no[*% %,..., 2] = 0.

This completes the proof.
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Note that this is also a counter-example for Theorem 1.1, as k[x] is also a

free associative algebra and its higher Hochschild cohomology groups are all 0.
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