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Chapter 1 

Categorical description of type dependency 

A type system is described by a setting, which determines the dependencies that 
may arise, and some additional features, like products, constants or axioms [Jae 
91]. A number of categorical descriptions exists for the setting of type dependency 
(where terms may occur in types) . In this chapter we will establish some relations 
between them. The structures we will study are comprehension categories [Jae 90, 
91], categories with attributes [Mog], display categories [Tay] and contextual 
categories [Str]. The relations are summarized in a diagram at the end of the chapter. 

2 



1 Comprehension Categories 

In this paper knowledge of the concepts of fibred category theory is assumed. 
The reader is referred to [Jae 90, 91] for background information. For a fibration 
p:E~B we will denote a cartesian lifting of a morphism u:A~pE in B by 
u-(E):u*(E)~E. For a category B we write B~ for the category of arrows of B. 

1.1 DEFINITION. (Jacobs) (i) A comprehension category is a functor P:E ~ B~ 
such that 

(a) the functor cod o P.E~B is a fibration; 
(b) a morphism f is cartesian in E implies that 'Ff is a pullback in B; 
(c) the base category B has a terminal object t. 
(ii) A category Comp(B) is defined having comprehension categories with base 

Bas objects. Morphisms from P.E~B~ to Q;D~B~ are functors H:E ~ D, 
such that Q, o H = P and f is cartesian in E implies that Hf is cartesian in D. 

(iii) A category Comp, a bit more general, is defined having comprehension 
categories as objects and as arrows <K,H>:(P.E~B~) ~ ( Q;D~ A~ ) pairs of 
functors H:E~D and K:B~A such that Q,o H = K~ o P, f is cartesian in E 
implies that Hf is cartesian in D; and such that K preserves terminal object. 

(iv) A comprehension category P.E~B~ is calledfull when Pis a full and 
faithful functor . 

(v) A comprehension category P.E~B~ is called split when the fibration 
involved is split. 

1.1.1 NOTATION. Let Pbe a comprehension category, we write p for the fibration 
cod o P and Po for the composition dom o P. With this notation Pean be seen as a 
natural transformation from Po to p. 

In the definition of a comprehension category P :E~ B ~ the existence certain 
pullbacks in the base category B, is prescribed (viz. those of the form :Pf, for a 
cartesian arrow f) . Given an object E in E, a pullback functor 1E,#:B/pE~B 11uE can 
be defined by sending an arrow u:A~pE in B (i.e. an object in B/pE) to P0(u-(E)); 
condition (b) in the definition above ensures that one obtains a pullback. The 
following technical result will be heavily used. 

1.1.2 LEMMA. Let P.E~B~ be a comprehension category . For all objects E,D E 

E with pE = pD, there exist a unique isomorphism Po(ID*(E)) = P0(1E*(D)) in B 
making the following diagram commute . 
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'.P
0
(D) ------- pE = pD 

Proof. Easy, because both squares are pullbacks. D 

1.1.3 REMARK. The requirement in (i)(c) in definition 1.1 does not occur in [Jae 
90, Jae 91], but here it's more convenient to add it. 

1.2 SOME CONSTRUCTIONS ON COMPREHENSION CATEGORIES. 

In the rest of this section some subcategories of Comp are described and some 
properties are established which will be useful later . 

1.2.1 DEFINITION. (i) A discrete comprehension category is a comprehension 
category where the fibres are discrete. The (full) subcategory of Comp of discrete 
comprehension categories is denoted by ICompl. 

(ii) A category Compsplit is defined as the subcategory of Comp having split 
comprehension categories as objects and functors which preserve the splitting "on 
the nose" as arrows. 

(iii) Compfuu is defined as the (full) subcategory of Comp of full 
comprehension categories. The obvious restriction of Comprun to the split case will 
be denoted by Comprun,split· 

1.2.2 LEMMA. The (full) inclusion functor ICompl <--+ Compsplit has a right adjoint 
denoted by I _ I. 

Proof. Given a split comprehension category P, a discrete comprehension category 
IPl:Split(E)~B ~ can be defined as follows. The total category Split(E) has all the 
objects of E but only the arrows of the splitting . The functor IPI is the restriction of 
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P to Split(E ). One obtains a co unit I Pl ---t P by inclusion. The unit is the identity 
since IPI = Pfor discrete P. 0 

1.2.3 LEMMA. The inclusion functor Compfu11 <-+ Comp has a left adjoint denoted 
by ( _ ) •. This adjunction restricts to the corresponding split categories . 

Proof. Given a comprehension category PE---tB~ a full comprehension category 
~ :E • ---t B ~ called the heart of P is defined as follows. The category E • has 
objects EE E. Arrows from E to E' in E• are arrows in B~ from 1E to IB'. The 
functor ~ is equal to Pon objects and the identity on arrows. The unit of the 
ad junction is the identity on objects and sends an arrow fin E to the arrow (pf, Pof) 

in E •. The counit on arrows is the inverse of P, i.e. the isomorphism given by the 
fulness of P. D 

1.2.4 PROPOSITION. There is an equivalence of categories between ICompl and 
Compruu,split· This equivalence is determined by ( _ ) • and I _ I. 

Proof. By composing the adjunctions of 1.2.2 and 1.2.3, see e.g. [Mac]. One 
easily verifies that that the resulting unit and counit are isomorphisms. D 

This result is not very surprising because for full comprehension categories 
PE---tB~, morphism in E are superfluous. 

1.2.5 DEFINITION . Let P:E---t B ~ be a comprehension category. The 
comprehension category 11:t]:E[t]---tB[t]~ is defined as follows. The base category 
B[t] has as objects chains <E1, ... ,En> of objects of E with n 2:'.: 0, pE1 = t and for 
i E { l, ... ,n-1}, pEi+l = Po Ei. Arrows from <C1, ... ,Cm> to <E1, ... ,En> in 
B [t] are arrows in B from P0Cm to PoEn; if m (resp. n) is equal to O then the 
terminal object plays the role of PoCm (resp . PoEn). The category E[t] has non­
empty chains of objects in E. Arrows in E[t] from <C1, ... ,Cm> to <E1, ... ,En> are 
arrows in E from Cm to En. Finally the functor P[t] applied to an object 
<E1, ... ,En> is defined as 1En, This construction is a particular case of the one in 
[Jae 90] (Def. 3.4.5). 

1.2.6 LEMMA. The assignment P 1---t 11:t] determines a functor Comp---tComp. 
This endofunctor restricts both to categories of full and split comprehension 
categories. D 

2 Categories With Attributes 
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2.1 DEFINITION . (i) An indexed category is a functor of the form 'l':BOP---?Cat. 
(ii) Let 'I' :BOP---?Cat and <l>:A OP---?Cat be indexed categories . A morphism from 

'¥ to <I> of indexed categories is a pair (K,a), where K:B---?A is a functor and 
a:'l'---?<l>K is a natural transformation. This determines a category ICat. 

The "Grothendieck construction" yields a functor ICat---?Fibsplit (the category of 
split fibrations). From an indexed category 'P:B 0 P---?Cat a split fibration is 
constructed as follows. The total category g'I' has pairs (A,X), with A E B, 
XE 'l'(A) as objects; arrows from (A,X) to (B,Y) are pairs of arrows (u,f), where 
u:A---?B in Band f:X---?'l'(u)(Y) in 'P(A) . The first projection Ilq,:y'P---?B is the 
split fibration required. On arrows this functor is defined by (K,a) H (K,qa) 
where ga(A,X) = (KA,aA (X)) and ga(u,f) = (Ku,aA (f)) .The func tor 
ICat~ Fibsplit is part of an equivalence of categories between I Cat and Fibsplit· 

2.2 DEFINITION. ([Car], [Mog]) (i) A category with attributes is a quadruple 
(B,'P,'Po,'V), such that 

-Bis a category with terminal object t; 

-'Pis a discrete B-indexed category, i.e. for every object A in B, 'PA is 
discrete; 

-'Po: qI1 ~Bis a functor; 
-'!': 'Po---? Ilq, is a natural transformation; 
- for every morphism u:A~ B in B and object E in 'P(B), the following 

diagram is a pullback. 

\!f o(u,id) 
\!f (A \E)) - ---- ---.\!fo(B,E) 

0 ,u _J 

'V (A,u* (E)) 

u 
A----- --- -.5 

The following abbreviations are used. 
u*(E) for 'P(u)(E), 
u-(E) for (u,idE), 
E for (A,E), 

when no confusion arises. 
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(ii) Let B be a category, a category Cwa(B) is defined having categories with 
attributes with base Bas objects. Morphisms from (B,'P,'Po,\Jf) to (B,'P','P'o ,\Jf') 
are morphism of indexed categories (Id, a):'¥-+'¥' such 'Po= 'I''o o c;;a and 
111'( (ju) = \j/, as in the following diagram. 

Goc 
G'f G'f' 

B 

(iii) As for comprehension categories, the previous definition can be made more 
general: we write Cwa for the category of categories with attributes and morphisms 
of indexed categories (K,a): 'i'-+'i'' making the following diagram commute. 

Goc 
G'f G'f' 

K 
B B 

2.3 THEOREM. There exist an equivalence between the categories ICompl and 
Cwa. This equivalence restricts to the fixed base case, i.e. between IComp(B)I and 
Cwa(B). 

Proof. A functor 'U:ICompl -+ Cwa is defined as follows. Given a discrete 
comprehension category P:E -+B ~ , the fibration pis split. An indexed category 
'P:B 0P-+Cat can be obtained as usual, mapping an object A in B to the fibre EA 
and an arrow u:A-+B to the functor u*:EB-+EA. As the fibres are discrete, q., is 
discrete. The functor 'i'o: y'P -+B is constructed easily from Po and the natural 
transformation 'JI from P. The naturality of 'I' follows from the naturality of P and 
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the following diagram, where 8 is the obvious isomorphism given by (A,E) 1~ E 
and (u,f):(A,E)~(B,D) 1~ u-(D) of . It is determined by the equivalence between 
ICat and Fibsplit 

e 
E 

B 

If <K,H> is a morphism in ICompl then 'U( <K,H>) is defined as <K,a> where aB 
is the restriction of the functor H to EB. Obviously, this definition restricts to 
IComp(B)l~Cwa(B), the fixed base case. 

Given a category with attributes (B,'P,'Po,'I') a discrete comprehension category 
can be obtained using the Grothendieck construction. The functor Pis defined by 
the natural transformation 'I' on objects. Given and arrow (u,id) in (j'P, one takes 
1':u,id) to be the pair <u,'Po(u,id)> as in the following diagram. 

'¥o(u,id) 
'¥a (A,E) --i---- .... ~ '¥o(B ,E) 

'V (A,D) 'V(B , E) 

u 
A - - -- -- - - -..B 

This construction can be extended to a functor '}': Cwa~ICompl usmg the 
Grothendieck construction on arrows. 
The components of the unit Id~ 'U'f of the equivalence are the natural 
isomorphisms a defined by aB(B,E) = (B,(B,E)) and aB (u,id) = (u,(u,id)). The 
components of the counit send (A,E) to E and (u,ido) to u-(D); these components 
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are isomorphisms by uniqueness of cartesian arrows in discrete comprehension 
categories. D 

2.4 COROLLARY. There exists an equivalence of categories between Cwa and 
Compfull,split 

Proof. Immediate by the previous result and Lemma 1.2.4. D 

3 Display categories 

3.1 DEFINITION. A display category (B,V) consists of a base category B and a 
class 1) of arrows of B with the following properties. Given arrows g in 1) and u in 
B with cod(g) = cod(u), one can choose an arrow u#(g) in 1) which determines a 
pullback in B as in the diagram below. Further, the class 1) is closed under 
isomorphism, i.e. if f = g in B/ A and g E 1) then f E V. 

g 

u 

3.2 DEFINITION: (i) A category Disp(B) is defined having display categories with 
base B as objects. An arrow from (B,V) to (B,V ') exists iff 1) c V' . 

(ii) A category Disp is defined as having display categories as objects. Arrows 
F:(B,V)~(B',V') in Disp are given by functors F:B~B', sending 1) inside 1)' 

and preserving pullbacks. 

3.3 THEOREM. There is a functor from Comp to Disp with full and faithful right 
adjoint. This reflection restricts to the fixed base case. 

Proof. Given a comprehension category P:E~B~ a display category (B,Vp) can 
be formed, taking the set of display maps Vpto be the set {fl f = 1E in B/pE, for 
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some E e E J. This can be extended to a functor Comp-?Disp sending a morphism 
in Comp to its base functor. 
The functor above has a full and faithful right adjoint, which maps each display 
category to the inclusion B~(".D)L4B~, where B~(!D) is the full subcategory of 
B~ determined by !D. The counit of this adjunction is the identity, and the unit in 
Pis Pitself considered as a functor from E to B--t(".D). D 

4 Contextual categories 

4.1 DEFINITION. A tree is a triple <A, level, father>, where A is a non-empty set, 
level and father are mappings, level:A -?N, father: A -?A, such that 

(a) for every object x in A, level(x) = n+ 1 implies level( father(x) ) = n; 
(b) for all x,y e A, level(x) = level(y) = 0 implies x=y and father(x) = x. 

4.2 DEFINITION. ([Car], [Str]) (i) A contextual category is a 7-tuple 
<C,level,father,l,p,* ,q> where 

- C is a category; 
- <Obj(C),level,father> is a tree; 
- 1 is a terminal object in C such that level(l) = O; 
- p is a mapping which associates to each object A of B different from 1, an 

arrow pA:A-?father(A) in C called the canonical projection; 
- given objects A,B,C in C such that father(B) = A and a morphism f:C -? A, 

there exists an object f*B in C such that father(f*B) = C and level(f*B) = level(C) + 
1; further, there is 

- a morphism q(f,B):f*B -? B in C such that the following diagram is a 
pullback. 

.. 
f (B) 

q(f,B) 
B 

f 
C - - ------- -A 

Additionally the following functoriality conditions are required. 
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- id*B = B and q(idA,B) = idB 
- (f o g)*B = g*(f*B) and q(f o g, B) = q(f,B) o q(g,f"'B). 

(ii) Let <C ,level,father ,l,p,* ,q> and <C ',level' ,father ,'l ',p',*' ,q'> be 
contextual categories. A contextual functor is a functor F:C -4 C' such that 

- father(B) = A ~ fathcr'(F(B)) = F(A) 
- level(B) = n ~ level'(F(B)) = n 
- F(l) = l' 
- F(p(B)) = p'(F(B)) 
- F(f*B) = F(f)*'F(B) 
- F(q(f,B)) = q'(Ff,FB). 
(iii) Cont is the category of contextual categories with contextual functors as 

arrows. 

4.3 THEOREM. The construction from def. 1.2.6 yields a functor from 
Compruu,split to Cont which has a full and faithful left adjoint. 

Proof. The functor 'll: Compruu,split4Cont forgets the objects and arrows which 
are not reachable from the terminal object; i.e . given a comprehension category 
P.E4B~ it talces the largest tree structure in B defined by P. This goal is achieved 
talcing the category B[t] as basis and defining a contextual category on top of it in 
the following way. 

- level <E1, ... ,En> = n; 
- father <E1, ... ,En> = <E1, ... ,En-1>; 
- p<E1, ... ,En> = PEn. 

For each object <E1, ... ,En> and arrow u:<C1, ... ,Cm>4 <E1, ... ,En-1> 
- u*<E1, ... ,En> = <C1, ... ,Cm,u*En>; 
- q (u,<E1, ... ,En>) = Po(u-(En)). 

Given a morphism <K,H> of Compruu,split, 'll<K,H> is defined as H applied 
componentwise to objects and as K on arrows. 

Given a contextual category <B, level,father,1,p, * ,q> a full split comprehension 
category P:E~B~ is obtained as follows. Objects in E are the objects of B with 
the exception of 1; arrows from E to Din E are arrows from pE to pD in B~. Note 
that E is isomorphic to the full subcategory of B ~ defined by the projection s. 
Hence any contextual category can be seen as a display category. The functor Pis 
obviously defined as p on objects and as the identity on arrows. In this way one 
obtains a functor .'f:Cont~Comprun,split· 
The unit 11:Id 4 'll~ is defined as follows. Let Ebe an object of the context ual 
category B with level(E) = n. For ie {l, ... ,n-1} we put Ei= fatheri(E), then 
father(En-I) = 1. The component T\B(E) is defined by <En-1, ... ,E1,E>. The 
components of the counit send a chain <E1, ... ,En> to En in the total category and to 
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Po(En) in the base. These components are isomorphisms, hence the functor J' is full 
and faithful. D 

5 Summary 

The following picture summarizes the relationships established in this chapter. 

f &. f. 
Compfull /'-/ Compd. ~ _L_ Comp _c •Comp ;r~l 3pli1 

l3C split 

1~r; <I 

Cont Cva Disp 

The symbol ti::: ti denotes equivalence of categories and "f & f" means full and 
faithful functor. 

Is interesting to note that if we restrict Disp to the split case, there is a linear order 
relation among the different structures. A category with attributes can be identified 
with a full split comprehension category . A (split) display category is a spl it 
comprehension category P:E~B ~ where Pis a full embedding. Finall y, a 
contextual category can be seen as a full embedding P:E~B ~ where Pdefines a 
tree structure in the base category B. 
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Chapter 2 

Closed categorical type systems 

Some important features of type systems are unit types, products and sums. In 
categorical type systems these features are usually defined via suitable adjunctions. 
We call the structures from the previous chapter closed in case they have these three 
features (additionally, fulness is required for comprehension categories).The aim of 
this chapter is to establish relations, analogous to the ones in the previous chapter, 
for the closed case. A diagram, which summarizes this result, can be found at the 
end of the chapter . 
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1 Closed Comprehension Categories 

1.1 DEFINITION. (i) A comprehension category with unit is given by a fibration p 
provided with a terminal object functor 1:B-----}E, which has a left adjoint P0 • The 
functor P:E -----}B~ defined as 1':E) = p(EE), where Eis the counit of the adjunction 
1 ~ Po, forms a comprehension category (see [Jae 90]) . These categories were 
introduces in [Ehr] under the name D -Categories. 
(ii) A morphism <K,H>:P-----} P' of comprehension category with unit is a 
morphism of fibrations p~p' which preserves the terminal object functor; further, 
the canonical map KPo~ Po'H is the identity (see lemma 1.1.2.(i) below for more 
details) . 
(iii) A split comprehension category with unit is defined by a split fibration with a 
split terminal object functor as in (i). Morphisms of split comprehension categories 
with unit should preserve the terminal object on the nose. 

1.1.1 LEMMA. (i) Let P:E~ B~ be a comprehension category with unit. For every 
object E E E the arrow PIE is an isomorphism. 

(ii) Suppose P:E~B~ is a full comprehension category and 1:B~E a functor 
satisfying pl= id and Pl is an isomorphism. Then Pis a comprehension category 
with unit. 

Proof . (i) The unit 11 :Id~ Pol is an iso, since 1 is full and faithful. But Pl o 11 = 
pEl o pl Tl = id. 

(ii) Let A E B, E E EA. 
E(lA, E) 

== B~(PlA, 1£) using the fulness of P. 
== B~ (idA, 1E) because Pl is an isomorphism. 
== B(A, dom(1E)) because id(-) is left adjoint of <lorn. 

The counit of this adjunction is given by EE= p -1(1£,PlPoE); the unit by llA = 
(PlA)-1 . Notice that pE = P. D 

1.1.2 LEMMA. (i) Definition 1.1 (ii) above indeed yields a map of comprehension 
categories . 

(ii) If Pand P' are full comprehension categories with unit, then a morphism 
<K,H>:P~P' of comprehension categories which preserves the terminal object 
functor, is a morphism of comprehension categories with unit. 

(iii) If Pand P' are split full comprehension categories with unit, then a 
morphism <K,H>:P~P' of split comprehension categories which preserves the 
terminal object functor, induces a map of adjunctions from 1 ~Poto l'~ P0'. 
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Proof. (i) Let <l>:l'K~Hl be the natural isomorphism required (because <K,H> 
preserves the terminal object). The canonical morphism K(PoE)~Po'(HE) is the 
transpose of the arrow HEE o <l>p0E:l'K(PoE)~HE, i.e. Po'(HeE O <DPoE) o 
Tl'K(PoE), where€ is the counit of 1--i P0 and Tl' the unit of l'--i P0'. Then 

P'(HE) = p'(e'ttE) O Po'(HEE O <DPoE) O T\'K(PoE) 

= p'(e'HE O l'Po'(HeE O <D1oE) O l'r\'K(PoE)) 
= p'(HEE O <l>1tE O E1

1'K1t)E O l'r\'K(PoE)) by naturality of£ 
= p'HEE 
= Kp(EE) 
= K1E 

(ii) In the full case, it is easy to check that the canonical arrow is the identity using 
the unit and counit as described in the proof of 1.1.1.(ii). 
(iii) Easy, it is enough to prove that H commutes with the counit. D 

1.2 DEFINITION. Let P:E ~ B~ be a comprehension category, 
(i) P admits products if the following two conditions hold. 
(a) for every EE E, the weakening functor 1E*:EpE~E1bE has a right adjoint 

TIE; 
(b) for every cartesian arrow f:D~E in E, the canonical natural transformation 

(pf)*IlE ~ TID (Pot)* is an isomorphism. 
(ii) Padmits sums if the following two conditions hold. 
(a) for every EE E, the weakening functor 1£*:EpE~E1tE has a left adjoint 

LE; 
(b) for every cartesian arrow f:D~E in E, the canonical natural transformation 

Io (Pof)* ~ (pt)*IE is an isomorphism. 
One says that P admits strong sums if it has sums in such a way that for all 

objects D, EE E with pD = PoE, the canonical morphism PoD~PoLE(D) is an 
isomorphism. 

Condition (b) for products and sums is called in the literature the Beck-Chevalley 
condition. 

1.3 DEFINITION. (i) A closed comprehension category is a full comprehension 
category with unit which has products and strong sums. A category CCompC is 
defined having closed comprehension categories as objects. Arrows from 
(P:E~B ~ ) to (P':E'~B' ~ ) are morphisms <K,H> of comprehension categories 
with unit, which preserve products and sums, i.e . for every object E E E, 

Ho TIE= TI'HE o H and Ho LE= I.'HE o H canonically. 
(ii) A split closed comprehension category is a split full comprehension 

category with unit which, additionally, admits products and strong sums in such a 
way that the isomorphisms given in 1.2.(i).(a) and 1.2.(ii) .(a) are equalities. The 
last requirement is equivalent to say that the functors (pf)* and (P0f)* induce a map 
of adjunctions. A category CCompCsplit is defined having split closed 
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comprehension categories as objects. Arrows are morphisms of split comprehension 
categories with unit, which preserve products and sums on the nose. 

1.4 LEMMA. Let P:E -----ls~ be a comprehension category with unit which has 
products. Products are then preserved by P, i.e. for every u:A-----lpE in B, there is a 
natural isomorphism 

B/pE(u, 1':TIE(D))) _ B/Po(E)(1£#(u), ID) 
where 1£#(u) is the pullback functor defined in the first chapter 1.1.2. 

Proof. 
B/pE(u, 1':TIE(D)) 

_ Eu(lA, TIE(D)) because 1 is left adjoint of Po 
- EA(lA, u*cTIE(D))) 
- EA(lA, Tiu*(E)(1£#(u)*(D)) Beck-Chevalley condition 
- E1u(u*(E))((1b*(E))*(lA), (1£#(u)*(D)) by the adjunction for products 
- E1u(u*(E))(lPo(u*(E)), (1£#(u)*(D)) 1 commutes with reindexing 
- E1tJ(u-(E))(1Po(u*(E)), D) 
_ B/Po(E)(1£#(u), ID) 
This isomorphism sends v to Po(EE(D)) o <I> o PE#(v), where <I> is the 

isomorphism defined in I.1.1.2 in the following diagram. 

1'0 CPE"'(O)) 
~t-

To(Tn"'(E)) _ _ ___ _ 

TEtt (v) V 

1'0 (u"'(E)) A 

u 

T0 D 
'.PD TE 

We have written E for EE(D) and TI for ITECD). D 

1.5 LEMMA. Let P:E -----l B~ be a full comprehension category with the following 
property. For every pair of objects D, E in E with pD = PoE there exist an object 
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LE(D) in EpE such that PIE(D) = PE o PD in B/pE. Then there exist an 
isomorphism between the horn-sets EpE(LE(D),A) and E1oE(D,1E*(A)). 

Proof. 
EpE(LE(D), A) 

_ D/pE(PLE(D), PA) 
_ B/pE(1E o ID, PA) 
_ B/Po(E)(ID, 1£#(PA))) 

- E1oE(D, 1E*(A)). 

because Pis full 

because the composition functor 1Eo _ 
is left adjoint to the pullback functor 1£# 

In case we have that the Beck -Chevalley condition holds for the resulting sums, 
then the comp rehension category Phas strong sums . The isomorphism PI-E(D) = 
1E o 1D given above is then the canonical one. D 

1.6 LEMMA. The endofunctor (-)[t] :Comp~Comp defined in lemma I.1.2.6 
restricts to the closed case. 

Proof. Straightforward, given the fact that for a comprehension category 
11:t]:E[t]~B[t]~, the horn-set E[t](<E1, ... ,En>, <D1, ... ,Dm>) is equal to E(En, 
Dm).D 

2 Closed Categories with Attributes 

In this section the definitions of unit products and sums are given. These features 
can only be defined in the base category because the fibres are discrete. It is for this 
reason that the constructions are quite complicated. 

In the rest of this section, the following notational conventions introduced in [Mog] 
will be used. Given a category with attributes (B,'l','l'o,'1'), we write 

A·E for 'Po(A,E) 
u·E for 'l'o(u-(E)) = 'l'o(u,idu*E) 

2.1 DEFINITION. (i) A category with attributes (B,'l','l'o,'I') has unit if for every 
object A e B there exist an object l(A) e 'I' (A) such that the following two 
conditions hold. 

(a) For every morphism u:A~B in B, u*(l(B)) = l(A) 
(b) For every morphism u:A~B there exist a unique arrow !A:A~B·l B such 

that the following diagram commutes 
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! 
A ---------+ B·lB 

B 

Condition (b) can be formulated equivalently as 
(b') For every object A in B, there exist an isomorphism !A:A = A· lA, from idA 

to 'l'I(A) in B/A. 

(ii) A category with attributes (B,"¥,"¥0,\j/) has products if given objects E E 

"¥(A) and D E "P(A·E), there exist an object ITE(D) E "¥(A) and an arrow EE(D) in 
Bas in the following diagram I; such that conditions (a) and (b) stated below hold. 

'V ('Vr/(E)) 
CED * IT 

A·E·D ~ A·IT·'Vrr E • A· 

A·E A 

(a) Let u :B ~ A be a morphism in B, E' and D' the objects u*(E) and (u·E)* (D) 
respectively. Then IlE·(D') = u*(ITE(D)) and EE•(D') is the unique arrow which 
makes the following diagram commute. 

1 The reader may notice that the counit here has a different (but isomorphic) 
domain from the usual one , when products are defined as right adjoints. As a result 
we have to insert the isomorphism from I. 1.1.2 in some proofs below . 
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'V ('V r/ (E)) 
CED * 

A·E·D --•---A·TI ·'VnE----• A·IT 

U·E·D U·IT 

'V * I 

C •D' ('f n• (E )) 

B·E'·D' +-- - - ~ - - B·IT'·'Vrr'f'E' • B·IT' 

'Vrr' -E' 

u 

B·E' B 

We have written II for IIE(D) and II' for IIE•(D') 

(b) There is a natural isomorphism B/A(u, 'l'ITE(D)) = B/(A·E)(u·E,'lfo) sending v 
to the composition E o v·('l'IlE(D)*(E)). 

(iii) A category with attributes (B,'P,'Po,'I') has sums if given objects EE 
'P(A) and D E 'I'(A·E), there exist an object LE(D) E 'P(A) and an arrow TlE(D) in 
Bas in the following diagram; additionally, they should satisfy requirements (a) and 
(b) stated below. 

A·E·D 
'lED * 

----• A·I·'V~ E- - -- A·I 

A·E A 
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(a) Let u:B --:, A be a morphism in B, E' and D' the objects u*(E) and (u·E)*(D) 
respectively . Then 2.E·(D') = u"'(I.E(D)) and 'TlE'(D') is the unique arrow which 
makes the following diagram commute . 

A·E·D 

* U · E · D u · L'. · 'V ~ (E) u-~ 

Tl •D' 'V ( 'V n•*(E')) 

B. E'. D' E I * I .. -------+B ·I ·'V~·E ,. B· I' 

'V ' 
~ 

u 

B·E' B 

We have written L for LE(D) and I:' for LE·(D') . 

(b) There is a natural isomorphism B/A('l'LE(D),u) = B/(A ·E)('l'o,u·E) which 
sends an arrow v to the composition v·(u*(E)) o 11. 
The following equivalent condition can be used 

(b') The arrow \j/ o Tl from \j/E o \j/D to'JILE(D) in B/A is an isomorphism . 

2.2 DEFINITION. Let (K,a):(B,'¥,'¥0,\j/)--!t(B','¥','¥'0,'1' ') be a morphism of 
Cwa. 

(a) (K,a) preserves unit if for every object B E B, <X.B(lB) = l(KB); 
(b) (K,a) preserves products if for every A E B, EE 'P(A) and DE 'P('Po(E)) 

the following two equations hold. 
ClA(I1E(D)) = I1aA(E)(Cl'l'o(E)(D)) 

and K(EE(D)) = EaA(E)(<X.'I'o(E)(D)); 
(c) (K,a) preserves sums if for every A E B, EE 'P(A) and D E 'P('Po(E)) the 

following two equations hold. 

UA(LE(D)) = LaA(E)(<X.'l'o(E)(D)) 
and K(TlE(D)) = 'TlaA(E)(Clq,o(E)(D)) 

2.3 DEFINITION. A category CCwa is defined having closed categories with 
attributes as objects, i.e. categories with attributes with unit, products and sums. 
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Morphisms in CCwa are morphism of Cwa which preserve unit, products and 
sums. 

Definition 2.1 is taken from [Mogl, whereas definitions 2.2 and 2.3 are our 
addition. 

2.4 LEMMA. There is a functor '.F' :Cwa~Comprull,split obtained by composit ion 
from j:Cwa ~ ICompl (see I.2.3) and ( _ )•:ICompl~Comprun,split (see I.1.2.3). 
This functor restricts to a functor from CCwa to CCompCsplit between the 
categories of corresponding closed structures. 

Proof. Let (B,'1'','Po,'I') be a closed category with attributes and '.F'(B,'P,'Po,'I') = 
P:E~B~ . The category E has the same objects as ql'; arrows from (A,E) to 
(B,D) in E are arrows from 'V(A,E) to 'V(B,D) in B~. The functor Pis given by 'Von 
objects and is the identity on arrows. 
(i) Phas units; for all A E B, IA is terminal in EA, because 

EA((A,E), IA) 
= B/A(1':A,E), 1':IA)), and this horn-set is a singleton. 

By definition of units in Cwa, lB = u*(lA) for all u:B ~ A, hence terminal are 
preserved under reindexing. Since P(lA) is an isomorphism, see condition 
2.1.(i).(b'), lemma 1.1.2 (i) applies. 

(ii) Phas products; for every object (A, E) E EA and (Po(A,E), D) E E'.Eb(A,E) the 
object Il(A,E)(Po(A,E), D) is defined as (A, IlE(D)). 
Then, 1':A,E)* is left adjoint of Il(A,E)· 

EA((A,C), Il(A,E)(B,D)) 
= B/A(1':A,C), 1fl(A,E)(B,D)) 
- B/P 0(E)(P 0(1':A,C)-(A,E)), 1':B,D)) 
_ B/Po(E)(1':1':A,E)*(A,C)), 1\B,D)) 
_ E1t(E)(1':A,E)*(A,C), (B,D)). 

by definition of heart 
by products in Cwa 

the counit of this adjunction in (B,D) is <id, EE(D) o <I>>, where <I> is the mediating 
arrow between relevant pullbacks and EE(D) is the arrow defined in 2.1 (ii). 

For each split arrow <u, Po(u-(A,E))>, the functors u* and P0(u-(A,E))* define a 
mapping of adjunctions (Beck-Chevalley condition) 
(a) 1':u*(A,E))* o u* = Po(u-(A,E))* o 1':A,E)* 
(b) Ilu*(A,E) o Po(u-(A,E))* = u* o Il(A,E) 
(c) Po(u-(A,E))*(<id, EE(D) o <l>>) = <id, Eu*E(Po(u-(A,E))*(D)) o <I>'> 

The equality on (a) always holds; (b) is valid by definition of products in Cwa. The 
last equation can be proved using the uniqueness of the counit in Cwa, the details 
are left to the reader. 
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(iii) Phas strong sums; given an object (A,E) in E, L(A,E)(Po(A,E),D) is defined as 
(A,~E(D)). Then 

Po(Po(A,E), D) 
= Po(A, LE(D)) by definition of sums in Cwa 
= Po(L(A,E)(Po(A,E), D)) 

The Beck-Chevalley condition holds; the proof is analogous to the one for products. 
Then, lemma 1.5 gives the required adj unction. 

Let <K,a> be a morphism from (B ,'I' ,'I' o,'l') to (B ','I' ','P'o,'l'') of closed 
categories with attributes, T' <K,a> is Kin the base; in the total category it sends 
an object (A,E) E E to (KA,a.AE), and an arrow (u,v) E E to (Ku,Kv). 
The morphism .1"<K,a> preserves the unit by lemma 1.1.1.(ii). Products and 
sums are preserved by definition. D 

2.5 LEMMA. There is a forgetful functor 'U:Compfull,split~Cwa given by 
composition from (the restriction of) I_ l:Compfull,split~ICompl (see 1.1.2.2) and 
from the equivalence between Cwa and ICompl stated in theorem 1.2.3. This functor 
restricts to a functor between CCompCsplit and CCwa. 

Proof. Let P:E~B---t be a closed comprehension category and 'U(P:E~B---t) = 
(B ,'I' ,'I' o,'lf). 
(i) (B,'P,'Po,'l') has unit via the isomorphism Pl (see condition 2.1.(i) .(b')). 
Given an arrow u:A~B in B the following diagram commutes, because pl= id 
and terminal objects are preserved under reindexing . 

A -IA 

1' (1 A) 

u -1B 
- -----~ B -1 B 

1' (lB) 

u 
A- -- ------.B 

(ii) (B,'P ,'I' o,'l') has products. Using lemma 1.2 it follows that for every 
morphism u:A-4pE in B there is a natural isomorphism 

B/pE(u , 1':TIE(D))) - B/Po(E)(P 0(u-(E)), 1D) 
This isomorphism is the canonical one which sends an arrow v to 
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Po(EE(D)) o <I> o 1£#(v) = E o 1£#(v), where Eis the arrow defined in 2.1.(ii). 

Beck-Chevalley condition for products in Cwa (2.1.(ii).(a)) follows from the 
commutativity of the following diagram. 

cp 
A·IT-'W"'E •4-- --- A· E·'V*IT A·E·D ------

U·E·D * U ·TI· 'V (E) "' U · E · 'V (Il) 

'.Po £:i:,D' 

B·E'·D' -----
cp' 

B. IT
1

·'V*E' ------ B. E' ·'V*rr' 

The left square commutes because the functors u* and Po(u-(E))* induce a mapping 
of adjunctions. 
The right one commutes by a uniqueness diagram chase. 
It is then easy to check that EE·(D') o <I>' is the unique arrow which make the 
diagram in 2.1.(ii).(a) commute. 

(iii) (B,'¥,'¥0,'1') has sums, given by the isomorphism 
Po(1E -(LE(D)) 0 'llE(D)) : Po(D) ~ Po(LE(D)). 

which fulfils condition 2.1.(iii).(b). 
The proof of the "Beck-Chevalley" condition is analogous to the one for products. 
D 

2.5. THEOREM. There is an equivalence of categories between CCompCsplit and 
CCwa. 

Proo f. Directly, from lemmas 2.3 and 2.4. and theorem I.2.3 D 

3 Closed Display Categories 
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Given a display category (B,'1J) we use the notation B('D)-t for the full subcategory 
of B-t with objects in (jJ (introduced in the proof of lemma 1.3.3). Given an object 
A E B, the fibre B('lJ)-t A, detennined by the codomain fibration B('lJ)-t -? B, is 
identified with the "slice" category (])/A of arrows with codomain A and commuting 
triangles. 

3.1 DEFINITION. Let (B,'lJ) be a display map category 
(i) (B, 'lJ) has unit if for every object A E B there is an iso iA e 'lJ with 

codomain A. 
(ii) (B,'lJ) has products if for every display map f :A-?B in 'lJ, the pullback 

functor f#:'lJ/B---7(])/A has a right adjoint Ilf in such a way that Beck-Chevalley 
condition holds (see theorem 3.3 below). A morphism F:(B,'lJ)-?(B','lJ') of 
display categories preserves products if for all g:C-?A, f:A-?B in 'lJ, the object 
F(Ilt(g)) is isomorphic to flpt(Fg) canonically. 

(iii) (B, 'lJ) has sums iff 'lJ is closed under composition, i.e. given two display 
maps f,g e '1J then f o g e 'D. 

3.2 DEFINITION: A category CDisp is defined having closed display categories as 
objects, i.e. display categories with unit, sums and products . Arrows in CDisp are 
product preserving morphisms of Disp. This is enough, since by functoriality every 
morphism of display categories preserves unit and sums. 

3.3 THEOREM. There is a full and faithful functor CDisp-?CCompC which has a 
left adjoint (see theorem I.3.2). 

Proof. The constructions are the same as in 1.2.3. Given a closed display category 
(B,'lJ), the inclusion B('lJ)-t<--+B-t is a full comprehension category. 

(i) This inclusion has unit. As iA E '1J is an iso, one has that it is terminal in 
'DI A, moreover terminal objects are preserved under reindexing. Hence we can 
define a terminal object functor sending A to iA satisfying the hypothesis of lemma 
1.1.1. 

(ii) It is easy to see that it has products. As the inclusion is full, the Beck­
Chevalley condition for comprehension categories is equivalent to the following . 

For every pullback in B of the form 
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s 

_J 

TD TE 

r 

r*TIE = Ilos* canonically, which is the Beck-Chevalley condition for display 
categories. 

(iii) Given a composable pair of arrows f,g E 'IJ, the object I.t(g) can be 
defined as fog. Then there are adjunctionsI,r-4 f# satisfying the Beck -Chevalley 
condition and the corresponding comprehension category B('IJ)---)<-+B---) admits 
sums. Moreover dom(I,t(g)) = dom(f o g) = dom(g), so these sums are strong. 

The other way round, given a closed comprehension category P:E~B---), one 
obtains a display category (B,'IJp) taking 'IJpto be the set {fl f = pE in B/pE, for 
some E E E} defined in I.3.2. Is easy to see that this display category is closed. 
Using theorem 1.3.2 one obtains the required adjunction. D 

4 Closed Contextual Categories 

The definition for products and sums below is taken from [Str], whereas the 
definition for unit is our addition. 
In the definition of products we use the following notation . Given an object E in a 
contextual category (B,level,father,l,p ,* ,q), the collection of IEI sections is defined 
as the set { f:father(E)~ El pE o f = idrather(E)}. 

4.1 DEFINITION Let C = (B,level,father,l,p ,*,q) be a contextual category. 
(i) Chas unit if there exist an object U E B with level(U) = 1 such that pU is 

an isomorphism. 
(ii) Chas products if for every object BE B with level(B) ~ 2, there is an object 

Il(B); put A= father(B) and Q = father(A), then father(Il(B)) = Q. Further if there 
is an arrow evalB:pA *(II(B))~B over A, i.e. pB o evalB = p(pA *(II(B))), such 
that the following properties hold. Given a section f E IBI there exist a unique g E 
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ITI (B )I such that evalB o pA"' (g) = f. For all m:P-?Q in B the Beck-Chevalley 
condition holds, i.e: 

m*(Il(B)) = Il(m*(B)) 
q(m,AY"(evalB)) = evalq(m,A)\B)· 
(iii) One says that a contextual category Chas sums if for every object Be B 

with level(B) 2:: 2, there is an object 2,(B) such that if A = falher(B) and Q = 
father(A), then father(L(B)) = Q. Further if there is an isomorphism 
pr(B):L(B)-?B such that the following diagram commutes 

pr(B) 
B ~ 

~ 
A 

~ 
Additionally for all m:P-?Q one requires 

m*(L(B)) = I(m*(B)) 
m*(pr(B))) = pr(m*(B)) 

p:E(B) 

Q 

(iv) CCont is defined as the category having closed contextual categories, i.e . 
contextual categories with unit, products and sums, as objects. Arrows are 
contextual functors which preserves unit, products and sums on the nose . 

4.2 LEMMA. A contextual category (B,level,father,1,p,*,q) has unit if and only if 
for every object A in B, there exist an object lA over A with pl A: lA -"?A an 
isomorphism . 

Proof . (if) One takes U = 11. 
(only if) Let !A:A-"71 be the unique morphism in B, then lA is defined as !A*(U). 
D 

The definition given for unit is type theoretical, in the sense that U is a "closed type" 
(level(U)=l) and it contains exactly one element in any "context". The lemma above 
gives a more useful formulation. 
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4.3 LEMMA. The full and faithful functor _'.F:Cont ----) Compru11,split, defined in 
theorem 4.3 in the previous chapter, restricts to the closed case. 

Proof . Let C= (D,level.father,l,p,*,q) be a closed contextual category, and j"(C) = 
P:E----)B~. The category E has objects from B; arrows from E to Din E are arrows 
from pE to pD in B~. 

(i) Phas unit because plA is an iso, and hence terminal in B/A. Pullbacks of 
isomorphisms are isomorphisms, so terminal objects are preserved under reindexing 
on the nose. Then lemma 1.1.2 (i) applies . 

(ii) Phas products : given objects E,D E B with father(D) = E, one takes I1(D) , 
the object defined in 4.1.(ii), as I1E(D). Then 

EpE(A, I1E(D)) 
= BJpE(PA, ~TIE(D))) 
= B/pE(pA, p(ffa(D))) 
= B/A(idA, p(fIE(pA *(D)))) 
= B/pA*(D)(idpA*(D), p(pA*(D))) 
_ BJPoE(pE* (pA), pD) 
= E1b(E)(1E*(A), D) 

Beck-Chevalley holds by definition of products in contextual categories 
(iii) Phas sums: given objects E,D E B with father(D) = E one takes LE(D) to 

be the object I(D) defined in 4.1.(iii) . The arrow pr(D)-1:Po(D) ----)Po(LE(D)) is an 
isomorphism. Hence by lemma 1.3 LE is left adjoint of 1£*. The Beck-Chevalley 
condition for this comprehension category can be proved easily. D 

4.4 LEMMA. The functor 'U:Compfull,split----)Cont defined in 4.3 in the first chapter 
restricts to the closed case. 

Proof. Let P:E----)B~ be a closed comprehension category, an let 'U(P:E----)B~ ) = 
C, i.e. C = (B[t],level,father,<>,p,*,q) . 

(i) It has unit because for every object <E1, ... ,En> in B [t] the morphism 
~lPo(En)):<E1, ... ,En,lPo(En)>----)<E1, ... ,En> is an iso. 

(ii) C also has products taking the particular case of lemma 1.4 when the arrow 
considered (called u in the formulation) is the identity. 

(iii) Finally, Chas sums, because of the isomorphism of strong sums in P. o 

4.5 THEOREM. There is an ad junction :F ~ 'U between CCompCsplit and CCont. 

Proof. From 4.3, 4.4 and 1.4.3. o 
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5 Summary 

The following picture summarizes the relationships established in this chapter. 

f &. f 
CCont _i_• CCompC c •CCompC 

~ split 

1~1; <I 
CCva CDisp 

Conclusions 

In this work some relations between different categorical versions of type 
dependent systems have been established . It shows that contextual categori es, 
categories with attributes and display categories can all be studied inside suitabl e 
categories of comprehension categories 
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