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Tight-binding model (sec. quant.):

Bloch picture:
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N degrees of freedom per unit cell: 

Wyckoff positions, sub-lattice sites, 

electronic orbitals, spins 

Quantum modeling of materials
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gauge invariance of the flattened Hamiltonian:

Grassmannian modeling of gapped band structures
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�<latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit> �<latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit><latexit sha1_base64="Yu8DD74UVjC68paA6FuItxCUvZ8=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYkWWmIioIELmVv2YMPu3WV3z4Rc+BU2Fhpj68+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGL1EKBmgkesZbgR7CFRDGUgWCcYX8/8zhNTmsfRvZkkzJc4jHjIKRorPVZ7NyglVkm/XHFr7hxklXg5qUCOZr/81RvENJUsMlSg1l3PTYyfoTKcCjYt9VLNEqRjHLKupRFKpv1sfvCUnFllQMJY2YoMmau/JzKUWk9kYDslmpFe9mbif143NeGln/EoSQ2L6GJRmApiYjL7ngy4YtSIiSVIFbe3EjpChdTYjEo2BG/55VXSrtc8t+bd1SuNqzyOIpzAKZyDBxfQgFtoQgsoSHiGV3hzlPPivDsfi9aCk88cwx84nz9njI95</latexit>

E<latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit><latexit sha1_base64="Mg5N92/1dniMLpHhclZQc6eyAuw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpv5vSeqNIvko5nH1Bd4IlnICDaZVL+ro1G15jbcHGideAWpQYH2qPo1HEckEVQawrHWA8+NjZ9iZRjhdFEZJprGmMzwhA4slVhQ7af5rQt0YZUxCiNlSxqUq78nUiy0novAdgpspnrVy8T/vEFiwms/ZTJODJVkuShMODIRyh5HY6YoMXxuCSaK2VsRmWKFibHxVGwI3urL66TbbHhuw3to1lo3RRxlOINzuAQPrqAF99CGDhCYwjO8wpsjnBfn3flYtpacYuYU/sD5/AGlyI1N</latexit>

E4(k)
<latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit><latexit sha1_base64="r2kJlgw8JZNmrNRHV0Q2DN4aXWc=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2Ar1EvZLYIeiyJ4rGAf0C5LNpu2odlkSbJCWXvwr3jxoIhX/4Y3/43Zdg/aOhAyzHwfmUwQM6q043xbhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoRRTlqaaka6sSQoChjpBOPrzO88EKmo4Pd6EhMvQkNOBxQjbSTfPqrc+OfVfiBYqCaRudLx9KwCfbvs1JwZ4DJxc1IGOZq+/dUPBU4iwjVmSKme68TaS5HUFDMyLfUTRWKEx2hIeoZyFBHlpbP8U3hqlBAOhDSHazhTf2+kKFJZOjMZIT1Si14m/uf1Ej249FLK40QTjucPDRIGtYBZGTCkkmDNJoYgLKnJCvEISYS1qaxkSnAXv7xM2vWa69Tcu3q5cZXXUQTH4ARUgQsuQAPcgiZoAQwewTN4BW/Wk/VivVsf89GCle8cgj+wPn8AZ66VDA==</latexit>

O

U0
<latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit><latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit><latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit><latexit sha1_base64="C0bX2XwJ2WjOqgShcLtCjSZ8vc0=">AAAB/HicbVA9T8MwEL2Ur1K+Ah1ZIlokpirpAmMFC2ORSIvURpHjOq1Vx4lsBymKwl9hYQAhVn4IG/8GN80ALU866em9O5/vBQmjUtn2t1Hb2Nza3qnvNvb2Dw6PzOOTgYxTgYmLYxaLhwBJwignrqKKkYdEEBQFjAyD+c3CHz4SIWnM71WWEC9CU05DipHSkm822/m4fCUPWEoK17eLtm+27I5dwlonTkVaUKHvm1/jSYzTiHCFGZJy5NiJ8nIkFMWMFI1xKkmC8BxNyUhTjiIivbxcW1jnWplYYSx0cWWV6u+JHEVSZlGgOyOkZnLVW4j/eaNUhVdeTnmSKsLxclGYMkvF1iIJa0IFwYplmiAsqP6rhWdIIKx0Xg0dgrN68joZdDuO3XHuuq3edRVHHU7hDC7AgUvowS30wQUMGTzDK7wZT8aL8W58LFtrRjXThD8wPn8AgEqUpg==</latexit>

U1
<latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit><latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit><latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit><latexit sha1_base64="kGeTzIVZsaxoe9e9Xec01PVvcGo=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFi0SU5V0gbGChbFIpEVqo8hxnNaq85DtIKoov8LCAEKs/Agbf4ObZoCWI13p6Jx7fX2Pn3ImlWV9G7WNza3tnfpuY2//4PDIPG4OZJIJQh2S8EQ8+FhSzmLqKKY4fUgFxZHP6dCf3Sz84SMVkiXxvZqn1I3wJGYhI1hpyTOb7XxcvpILGhSOZxdtz2xZHasEWid2RVpQoe+ZX+MgIVlEY0U4lnJkW6lycywUI5wWjXEmaYrJDE/oSNMYR1S6ebm1QOdaCVCYCF2xQqX6eyLHkZTzyNedEVZTueotxP+8UabCKzdncZopGpPlojDjSCVoEQQKmKBE8bkmmAim/4rIFAtMlI6roUOwV09eJ4Nux7Y69l231buu4qjDKZzBBdhwCT24hT44QOAJnuEV3ozCeDHejY9la82oZk7gD4zPH7AblDA=</latexit>

H(k) = U(k)E(k)U †(k)
<latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit><latexit sha1_base64="6Iuc0H4nHjKpZKGEYG1XyzklOqw=">AAACSXicbVA9T8MwFHRaPkr5KjCyWLRIZamSLrAgVSCkjkUibaWmFMdxUqtOHNkOUhX177GwsfEfWBhAiAmn7QANJ1k+3b2n9965MaNSmearUSiurW9slrbK2zu7e/uVg8Ou5InAxMaccdF3kSSMRsRWVDHSjwVBoctIz51cZ37vkQhJeXSnpjEZhiiIqE8xUloaVR5q7brjcubJaai/dDI7g5fQzmlOiNQYI5bezHKefZ86HgoCIvJebVSpmg1zDpgn1pJUwRKdUeXF8ThOQhIpzJCUA8uM1TBFQlHMyKzsJJLECE9QQAaaRigkcpjOk5jBU6140OdCv0jBufq7I0WhzLbTldlBctXLxP+8QaL8i2FKozhRJMKLQX7CoOIwixV6VBCs2FQThAXVu0I8RgJhpcMv6xCs1ZPzpNtsWGbDum1WW1fLOErgGJyAOrDAOWiBNugAG2DwBN7AB/g0no1348v4XpQWjGXPEfiDQvEHSE2zLA==</latexit>

Bloch Hamiltonian:

Classifying space  
(gauge structure)

<latexit sha1_base64="ZVgtfUjPygQWU3o+n+s79MN+7UU=">AAAB9XicbVC7TsMwFL0pr1JeAUYWixaJqUo6AGMFC2OR+pLatHJcp7XqOJHtgKqo/8HCAEKs/Asbf4PTZoCWI1k6Oude3ePjx5wp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKkokoS0S8Uh2fawoZ4K2NNOcdmNJcehz2vGnd5nfeaRSsUg09SymXojHggWMYG2kQaUfYj3x/bQ5H9QqQ7vsVJ0F0Dpxc1KGHI2h/dUfRSQJqdCEY6V6rhNrL8VSM8LpvNRPFI0xmeIx7RkqcEiVly5Sz9GFUUYoiKR5QqOF+nsjxaFSs9A3k1lItepl4n9eL9HBjZcyESeaCrI8FCQc6QhlFaARk5RoPjMEE8lMVkQmWGKiTVElU4K7+uV10q5V3auq+1Ar12/zOopwBudwCS5cQx3uoQEtICDhGV7hzXqyXqx362M5WrDynVP4A+vzB6wnkfg=</latexit>

T2



C2T symmetry and reality condition

A = UK
<latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit>

A2 = +1
<latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit>

D = diag{ei'j}Nj=1
<latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit>

C2T symmetry (spinful or spinless), spinless PT symmetry

�!
<latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit>

no Kramers degeneracies:

A = DK
<latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit>

W =
p
D⇤

<latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit>

WAW † = K
<latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit>

we rotate the orbitals basis by and get

real and symmetric �hk = k
<latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit>

within the C2T plane:

1 · eH⇤(k) · 1 = eH(k)
<latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit>

�h(k1, k2, k3) = (k1, k2,�k3)
<latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit>

C2(k1, k2, k3) = (�k1,�k2, k3)
<latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit>

C2I
<latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit>

=



C2T symmetry and reality condition

A = UK
<latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit><latexit sha1_base64="ur3ALU5eID1emJyr7Zz2iEgoHSg=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCq5J0oxuh6kZwU8G0hTaUyXTSDp08mJkIJXTlxl9x40IRt36DO//GSRtEWw8MnDnnXu69x4s5k8qyvozC0vLK6lpxvbSxubW9Y+7uNWWUCEIdEvFItD0sKWchdRRTnLZjQXHgcdryRleZ37qnQrIovFPjmLoBHoTMZwQrLfXMw0o3wGpIME8vJugcOejnfzOp9MyyVbWmQIvEzkkZcjR65me3H5EkoKEiHEvZsa1YuSkWihFOJ6VuImmMyQgPaEfTEAdUuun0jAk61kof+ZHQL1Roqv7uSHEg5TjwdGW2o5z3MvE/r5Mo/8xNWRgnioZkNshPOFIRyjJBfSYoUXysCSaC6V0RGWKBidLJlXQI9vzJi6RZq9pW1b6tleuXeRxFOIAjOAEbTqEO19AABwg8wBO8wKvxaDwbb8b7rLRg5D378AfGxzeerJft</latexit>

A2 = +1
<latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit><latexit sha1_base64="pb98EcvyH4x/eTDM0va7ynMSOsE=">AAACBnicbVDLSsNAFL2pr1pfUZciDLaCIJSkG90IVTcuK9gHtLFMppN26OTBzEQoISs3/oobF4q49Rvc+TdO0i609cCFwzn3cu89bsSZVJb1bRSWlldW14rrpY3Nre0dc3evJcNYENokIQ9Fx8WSchbQpmKK004kKPZdTtvu+Drz2w9USBYGd2oSUcfHw4B5jGClpb55WOn5WI0I5sllel9DF+g0F1wvsdNK3yxbVSsHWiT2jJRhhkbf/OoNQhL7NFCEYym7thUpJ8FCMcJpWurFkkaYjPGQdjUNsE+lk+RvpOhYKwPkhUJXoFCu/p5IsC/lxHd1Z3ainPcy8T+vGyvv3ElYEMWKBmS6yIs5UiHKMkEDJihRfKIJJoLpWxEZYYGJ0smVdAj2/MuLpFWr2lbVvq2V61ezOIpwAEdwAjacQR1uoAFNIPAIz/AKb8aT8WK8Gx/T1oIxm9mHPzA+fwBC+Zex</latexit>

D = diag{ei'j}Nj=1
<latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit><latexit sha1_base64="ic3/YHZBaFD+fiiIRBKKVf6lvIA="></latexit>

C2T symmetry (spinful or spinless), spinless PT symmetry

�!
<latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit><latexit sha1_base64="Z2/Y5SFZvE5o6MOLY2BHM5k9qXI=">AAAB+nicbVA9TwJBEN3zE/Hr0NJmI5hYkTsaLYk2lpjIRwIXsrfswYa93cvunISc/BQbC42x9ZfY+W9c4AoFXzLJy3szmZkXJoIb8LxvZ2Nza3tnt7BX3D84PDp2Sycto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzfzv32I9OGK/kA04QFMRlKHnFKwEp9t1TpCSWHmg9HQLRWk0rfLXtVbwG8TvyclFGORt/96g0UTWMmgQpiTNf3EggyooFTwWbFXmpYQuiYDFnXUkliZoJscfoMX1hlgCOlbUnAC/X3REZiY6ZxaDtjAiOz6s3F/7xuCtF1kHGZpMAkXS6KUoFB4XkOeMA1oyCmlhCqub0V0xHRhIJNq2hD8FdfXietWtX3qv59rVy/yeMooDN0ji6Rj65QHd2hBmoiiiboGb2iN+fJeXHenY9l64aTz5yiP3A+fwAxnJPw</latexit>

no Kramers degeneracies:

A = DK
<latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit><latexit sha1_base64="4dZpoz4AWU9vNnTRoXWhy7JO4jQ=">AAACBnicbVDLSsNAFL3xWesr6lKEwVZwVZJudCPUx0JwU8E+oA1lMp20QycPZiZCCVm58VfcuFDErd/gzr9x0gbR1gMDZ865l3vvcSPOpLKsL2NhcWl5ZbWwVlzf2NzaNnd2mzKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTlji4zv3VPhWRhcKfGEXV8PAiYxwhWWuqZB+Wuj9WQYJ6cp+gMXaGf/01a7pklq2JNgOaJnZMS5Kj3zM9uPySxTwNFOJayY1uRchIsFCOcpsVuLGmEyQgPaEfTAPtUOsnkjBQdaaWPvFDoFyg0UX93JNiXcuy7ujLbUc56mfif14mVd+okLIhiRQMyHeTFHKkQZZmgPhOUKD7WBBPB9K6IDLHAROnkijoEe/bkedKsVmyrYt9WS7WLPI4C7MMhHIMNJ1CDa6hDAwg8wBO8wKvxaDwbb8b7tHTByHv24A+Mj2+EC5fc</latexit>

W =
p
D⇤

<latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit><latexit sha1_base64="N30PFZ86a7L/D1o40M4kGMFJAeU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWwF8VCSXvQiFPXgsYL9gDaWzXbbLt1s4u5ELCF/xYsHRbz6R7z5b9y2OWjrg4HHezPMzPMjwTU4zreVW1ldW9/Ibxa2tnd29+z9YlOHsaKsQUMRqrZPNBNcsgZwEKwdKUYCX7CWP76a+q1HpjQP5R1MIuYFZCj5gFMCRurZxTJu4Qvc1Q8Kkuv70xSXe3bJqTgz4GXiZqSEMtR79le3H9I4YBKoIFp3XCcCLyEKOBUsLXRjzSJCx2TIOoZKEjDtJbPbU3xslD4ehMqUBDxTf08kJNB6EvimMyAw0oveVPzP68QwOPcSLqMYmKTzRYNYYAjxNAjc54pREBNDCFXc3IrpiChCwcRVMCG4iy8vk2a14joV97Zaql1mceTRITpCJ8hFZ6iGblAdNRBFT+gZvaI3K7VerHfrY96as7KZA/QH1ucPRP+Sow==</latexit>

WAW † = K
<latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit><latexit sha1_base64="eQfrKBy76OXnGbW3tmXG/ihAeOY=">AAACE3icbVDLSsNAFJ34rPUVdelmsBXERUm60Y1QdSO4qWCbQhPLZDJJh04ezEyEEvIPbvwVNy4UcevGnX/jpA2orQcuHM65l3vvcRNGhTSML21hcWl5ZbWyVl3f2Nza1nd2uyJOOSYdHLOY91wkCKMR6UgqGeklnKDQZcRyR5eFb90TLmgc3cpxQpwQBRH1KUZSSQP9uA4taIdIDjFi2XkOrbvM9lAQEJ7Dsx/nOq8P9JrRMCaA88QsSQ2UaA/0T9uLcRqSSGKGhOibRiKdDHFJMSN51U4FSRAeoYD0FY1QSISTTX7K4aFSPOjHXFUk4UT9PZGhUIhx6KrO4kYx6xXif14/lf6pk9EoSSWJ8HSRnzIoY1gEBD3KCZZsrAjCnKpbIR4ijrBUMVZVCObsy/Ok22yYRsO8adZaF2UcFbAPDsARMMEJaIEr0AYdgMEDeAIv4FV71J61N+192rqglTN74A+0j28/6J0k</latexit>

we rotate the orbitals basis by and get

real and symmetric �hk = k
<latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit>

within the C2T plane:

1 · eH⇤(k) · 1 = eH(k)
<latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit><latexit sha1_base64="kxDhNKd95CehE643NOUgpmqbroo=">AAACTnicbVE9T8MwEHXKVylfAUaWiIIEDFXCAgsSgqVjkSit1JTKca5g1Ykj+wKqovxCFsTGz2BhACFw2g60cJLlp3fv6c7PQSK4Rtd9tUpz8wuLS+Xlysrq2vqGvbl1o2WqGDSZFFK1A6pB8BiayFFAO1FAo0BAKxhcFv3WAyjNZXyNwwS6Eb2LeZ8ziobq2bDnB1KEehiZK/Nyn4US/UceAnIRQlbPb48OfksG+eFYM2U7m7LMGvZ6dtWtuaNy/gJvAqpkUo2e/eKHkqURxMgE1brjuQl2M6qQMwF5xU81JJQN6B10DIxpBLqbjeLInX3DhE5fKnNidEbsb0dGI10sZ5QRxXs92yvI/3qdFPun3YzHSYoQs/GgfioclE6RrRNyBQzF0ADKFDe7OuyeKsrQ/EDFhODNPvkvuDmueW7Nuzqunl9M4iiTHbJLDohHTsg5qZMGaRJGnsgb+SCf1rP1bn1Z32NpyZp4tslUlco/Ymu3aQ==</latexit>

k3
<latexit sha1_base64="FpvsuYMXIbvUd4zUvAqdVsOjQdc=">AAAB73icbVA9SwNBEJ3zM55fUUubxUSwCnex0DJoYxnBfEByhL3NXLJkb+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvTAXXxvO+nbX1jc2t7cKOu7u3f3BYPDpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVZql10y6l265V6x5FW8Ocgq8XNSghz1XvGr209YFqM0TFCtO76XmmBCleFM4NTtZhpTykZ0gB1LJY1RB5P5vVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+Tmeg6mHCZZgYlWyyKMkFMQmbPkz5XyIwYW0KZ4vZWwoZUUWZsRK4NwV9+eZU0qxXfq/j31VLtJo+jAKdwBhfgwxXU4A7q0AAGAp7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AcsGOQQ==</latexit><latexit sha1_base64="FpvsuYMXIbvUd4zUvAqdVsOjQdc=">AAAB73icbVA9SwNBEJ3zM55fUUubxUSwCnex0DJoYxnBfEByhL3NXLJkb+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvTAXXxvO+nbX1jc2t7cKOu7u3f3BYPDpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVZql10y6l265V6x5FW8Ocgq8XNSghz1XvGr209YFqM0TFCtO76XmmBCleFM4NTtZhpTykZ0gB1LJY1RB5P5vVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+Tmeg6mHCZZgYlWyyKMkFMQmbPkz5XyIwYW0KZ4vZWwoZUUWZsRK4NwV9+eZU0qxXfq/j31VLtJo+jAKdwBhfgwxXU4A7q0AAGAp7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AcsGOQQ==</latexit><latexit sha1_base64="FpvsuYMXIbvUd4zUvAqdVsOjQdc=">AAAB73icbVA9SwNBEJ3zM55fUUubxUSwCnex0DJoYxnBfEByhL3NXLJkb+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvTAXXxvO+nbX1jc2t7cKOu7u3f3BYPDpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVZql10y6l265V6x5FW8Ocgq8XNSghz1XvGr209YFqM0TFCtO76XmmBCleFM4NTtZhpTykZ0gB1LJY1RB5P5vVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+Tmeg6mHCZZgYlWyyKMkFMQmbPkz5XyIwYW0KZ4vZWwoZUUWZsRK4NwV9+eZU0qxXfq/j31VLtJo+jAKdwBhfgwxXU4A7q0AAGAp7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AcsGOQQ==</latexit><latexit sha1_base64="FpvsuYMXIbvUd4zUvAqdVsOjQdc=">AAAB73icbVA9SwNBEJ3zM55fUUubxUSwCnex0DJoYxnBfEByhL3NXLJkb+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvTAXXxvO+nbX1jc2t7cKOu7u3f3BYPDpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVZql10y6l265V6x5FW8Ocgq8XNSghz1XvGr209YFqM0TFCtO76XmmBCleFM4NTtZhpTykZ0gB1LJY1RB5P5vVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+Tmeg6mHCZZgYlWyyKMkFMQmbPkz5XyIwYW0KZ4vZWwoZUUWZsRK4NwV9+eZU0qxXfq/j31VLtJo+jAKdwBhfgwxXU4A7q0AAGAp7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AcsGOQQ==</latexit>

C2T
<latexit sha1_base64="JhKKZiO6zOqKriUk36pMJyqSNl4=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6wFjRhbFIfUltFDmu01p1nMh2KlVR/4SFAYRY+RM2/ganzQAtR7J0dM69uscnSDhT2nG+rdLO7t7+QfmwcnR8cnpmn1/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MWrnfn1OpWCw6epFQL8ITwUJGsDaSb9u1lt8YRVhPCeZZZ1nz7apTd1ZA28QtSBUKtH37azSOSRpRoQnHSg1dJ9FehqVmhNNlZZQqmmAywxM6NFTgiCovWyVfohujjFEYS/OERiv190aGI6UWUWAm84xq08vF/7xhqsN7L2MiSTUVZH0oTDnSMcprQGMmKdF8YQgmkpmsiEyxxESbsiqmBHfzy9uk16i7Tt19alSbD0UdZbiCa7gFF+6gCY/Qhi4QmMMzvMKblVkv1rv1sR4tWcXOJfyB9fkDfV2S5w==</latexit><latexit sha1_base64="JhKKZiO6zOqKriUk36pMJyqSNl4=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6wFjRhbFIfUltFDmu01p1nMh2KlVR/4SFAYRY+RM2/ganzQAtR7J0dM69uscnSDhT2nG+rdLO7t7+QfmwcnR8cnpmn1/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MWrnfn1OpWCw6epFQL8ITwUJGsDaSb9u1lt8YRVhPCeZZZ1nz7apTd1ZA28QtSBUKtH37azSOSRpRoQnHSg1dJ9FehqVmhNNlZZQqmmAywxM6NFTgiCovWyVfohujjFEYS/OERiv190aGI6UWUWAm84xq08vF/7xhqsN7L2MiSTUVZH0oTDnSMcprQGMmKdF8YQgmkpmsiEyxxESbsiqmBHfzy9uk16i7Tt19alSbD0UdZbiCa7gFF+6gCY/Qhi4QmMMzvMKblVkv1rv1sR4tWcXOJfyB9fkDfV2S5w==</latexit><latexit sha1_base64="JhKKZiO6zOqKriUk36pMJyqSNl4=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6wFjRhbFIfUltFDmu01p1nMh2KlVR/4SFAYRY+RM2/ganzQAtR7J0dM69uscnSDhT2nG+rdLO7t7+QfmwcnR8cnpmn1/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MWrnfn1OpWCw6epFQL8ITwUJGsDaSb9u1lt8YRVhPCeZZZ1nz7apTd1ZA28QtSBUKtH37azSOSRpRoQnHSg1dJ9FehqVmhNNlZZQqmmAywxM6NFTgiCovWyVfohujjFEYS/OERiv190aGI6UWUWAm84xq08vF/7xhqsN7L2MiSTUVZH0oTDnSMcprQGMmKdF8YQgmkpmsiEyxxESbsiqmBHfzy9uk16i7Tt19alSbD0UdZbiCa7gFF+6gCY/Qhi4QmMMzvMKblVkv1rv1sR4tWcXOJfyB9fkDfV2S5w==</latexit><latexit sha1_base64="JhKKZiO6zOqKriUk36pMJyqSNl4=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6wFjRhbFIfUltFDmu01p1nMh2KlVR/4SFAYRY+RM2/ganzQAtR7J0dM69uscnSDhT2nG+rdLO7t7+QfmwcnR8cnpmn1/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MWrnfn1OpWCw6epFQL8ITwUJGsDaSb9u1lt8YRVhPCeZZZ1nz7apTd1ZA28QtSBUKtH37azSOSRpRoQnHSg1dJ9FehqVmhNNlZZQqmmAywxM6NFTgiCovWyVfohujjFEYS/OERiv190aGI6UWUWAm84xq08vF/7xhqsN7L2MiSTUVZH0oTDnSMcprQGMmKdF8YQgmkpmsiEyxxESbsiqmBHfzy9uk16i7Tt19alSbD0UdZbiCa7gFF+6gCY/Qhi4QmMMzvMKblVkv1rv1sR4tWcXOJfyB9fkDfV2S5w==</latexit>

�hk = k
<latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit><latexit sha1_base64="IVoVc+4v20NHN4bew8vHSuLXunc=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSTd6EYounFZwT6gCWEymbRDZyZhZiKU0I9w46+4caGIWxfu/BsnbRbaemCYwzn3cu89Ycqo0o7zba2srq1vbFa2qts7u3v79sFhVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wfFP4vQciFU3EvZ6kxOdoKGhMMdJGCuzzOvQUHXIUjKAXJixSE26+fDyFVwtCPbBrTsOZAS4TtyQ1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRadXLFEkRHqMhGRgqECfKz2dHTeGpUSIYJ9I8oeFM/d2RI66K3UwlR3qkFr1C/M8bZDq+9HMq0kwTgeeD4oxBncAiIRhRSbBmE0MQltTsCvEISYS1ybFqQnAXT14m3WbDdRruXbPWui7jqIBjcALOgAsuQAvcgjboAAwewTN4BW/Wk/VivVsf89IVq+w5An9gff4AgQeefA==</latexit>

× +1

+1
�h(k1, k2, k3) = (k1, k2,�k3)

<latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit><latexit sha1_base64="JX76L1MkuEPRYC95nPktX1325sY=">AAACFnicbVDLSsNAFJ3UV42vqEs3g61QwZakLnQjFN24rGAf0IYwmU7bITNJmJkIJfQr3Pgrblwo4lbc+TdO04BaPXDhzDn3cuceP2ZUKtv+NApLyyura8V1c2Nza3vH2t1ryygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcPrmZ+544ISaPwVk1i4nI0CumQYqS05FnVsgn7ko448sawEnjOSeDVdZ0ew4vvdzUTzLJnleyanQH+JU5OSiBH07M++oMIJ5yECjMkZc+xY+WmSCiKGZma/USSGOEAjUhP0xBxIt00O2sKj7QygMNI6AoVzNSfEyniUk64rzs5UmO56M3E/7xeoobnbkrDOFEkxPNFw4RBFcFZRnBABcGKTTRBWFD9V4jHSCCsdJKmDsFZPPkvaddrjl1zbuqlxmUeRxEcgENQAQ44Aw1wDZqgBTC4B4/gGbwYD8aT8Wq8zVsLRj6zD37BeP8CDl6aPw==</latexit>

C2(k1, k2, k3) = (�k1,�k2, k3)
<latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit><latexit sha1_base64="hPCQwOpNINc3JgSIoO2rzm0jPW0=">AAACEnicbZDLSsNAFIYnXmu8RV26GWyFFmxJ4kI3QrEblxXsBdoQJtNJO3RyYWYilNBncOOruHGhiFtX7nwbJ20Qbf3hwM93zmHm/F7MqJCm+aWtrK6tb2wWtvTtnd29fePgsC2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63riR9Tv3hAsahXdyEhMnQMOQ+hQjqZBrVEo6bLg2LI9d62zs2qrOK/AKlqsZqP4QveQaRbNmzgSXjZWbIsjVdI3P/iDCSUBCiRkSomeZsXRSxCXFjEz1fiJIjPAYDUlP2RAFRDjp7KQpPFVkAP2IqwolnNHfGykKhJgEnpoMkByJxV4G/+v1EulfOikN40SSEM8f8hMGZQSzfOCAcoIlmyiDMKfqrxCPEEdYqhR1FYK1ePKyads1y6xZt3axfp3HUQDH4ASUgQUuQB3cgCZoAQwewBN4Aa/ao/asvWnv89EVLd85An+kfXwDzqeX5A==</latexit>

C2I
<latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit><latexit sha1_base64="OP96pVGVgoAiZd2M/L1UlG2xA9o=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk02mEiHwlcyN6yByt7u5fdPRNy4T/YWGiMrf/Hzn/jclyh4EsmeXlvJjPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wbS787hNVmknxYGYx9SM8FixkBBsrdarNYf2uOixX3JqbAa0TLycVyNEalr8GI0mSiApDONa677mx8VOsDCOczkuDRNMYkyke076lAkdU+2l27RxdWGWEQqlsCYMy9fdEiiOtZ1FgOyNsJnrVW4j/ef3EhNd+ykScGCrIclGYcGQkWryORkxRYvjMEkwUs7ciMsEKE2MDKtkQvNWX10mnXvPcmndfrzRu8jiKcAbncAkeXEEDbqEFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcJDI4Z</latexit>

=



“Real” topologies

<latexit sha1_base64="CQgyZMAAhV4IEhJxYsvsqPX9tqM="></latexit>

Gr
R
p,N =

O(N)

O(p)⇥ O(N � p)
=

SO(N)

S[O(p)⇥ O(N � p)]



“Real” topologies

<latexit sha1_base64="CQgyZMAAhV4IEhJxYsvsqPX9tqM="></latexit>

Gr
R
p,N =

O(N)

O(p)⇥ O(N � p)
=

SO(N)

S[O(p)⇥ O(N � p)]

<latexit sha1_base64="rWzRMFrv8dHd1AU+1lc3sU26uSY="></latexit>

⇡1(Gr
R
p,N )

���
N�3

= Z2

<latexit sha1_base64="Jr6dWROeq4W7B7m/aYhQbz6/KqE="></latexit>

⇡2(Gr
R
2,N )

���
N 6=4

= Z
<latexit sha1_base64="XGjJd9X5BAHP2Wh6dpdQBWKQ6wo="></latexit>

⇡4(Gr
R
4,N )

���
N 6=7,8

= Z



“Real” topologies

1D    spinful or spinless mT symmetry, C2T, PT


2D    spinful or spinless C2T symmetry, PT 


3D    spinless PT symmetry


4D    spinless PT symmetry

Graphene, SSH insulators


Euler insulators


Linked nodal rings


Second Euler insulators

<latexit sha1_base64="CQgyZMAAhV4IEhJxYsvsqPX9tqM="></latexit>

Gr
R
p,N =

O(N)

O(p)⇥ O(N � p)
=

SO(N)

S[O(p)⇥ O(N � p)]

<latexit sha1_base64="rWzRMFrv8dHd1AU+1lc3sU26uSY="></latexit>

⇡1(Gr
R
p,N )

���
N�3

= Z2

<latexit sha1_base64="Jr6dWROeq4W7B7m/aYhQbz6/KqE="></latexit>

⇡2(Gr
R
2,N )

���
N 6=4

= Z
<latexit sha1_base64="XGjJd9X5BAHP2Wh6dpdQBWKQ6wo="></latexit>

⇡4(Gr
R
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���
N 6=7,8

= Z



1.5D topology: 

Non-Abelian braiding of Weyl nodes



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="uoH4AZskJsBLrmucXdSHdyEjgvM=">AAACDnicbVA9SwNBEN3z2/gVtbRZjAGrcGehNoJoYxnBaCAXwtxmkizZ+2B3LhCO/AIb/4qNhSK21nb+GzfJCWp8MPB4b4aZeUGipCHX/XTm5hcWl5ZXVgtr6xubW8XtnVsTp1pgTcQq1vUADCoZYY0kKawnGiEMFN4F/cuxfzdAbWQc3dAwwWYI3Uh2pACyUqtYPvAHKDI/DrELI37GfeohAfd7QN/qAW8VS27FnYDPEi8nJZaj2ip++O1YpCFGJBQY0/DchJoZaJJC4ajgpwYTEH3oYsPSCEI0zWzyzoiXrdLmnVjbiohP1J8TGYTGDMPAdoZAPfPXG4v/eY2UOqfNTEZJShiJ6aJOqjjFfJwNb0uNgtTQEhBa2lu56IEGQTbBgg3B+/vyLLk9qnjHFe/6qHR+kcexwvbYPjtkHjth5+yKVVmNCXbPHtkze3EenCfn1Xmbts45+cwu+wXn/QshfZuF</latexit>

~! = ✓!̂

<latexit sha1_base64="yNVdC9Oeb+e0ALYCJQSx9EsBdGI="></latexit>

R(k) = e~!·~L 2 SO(3)

1.5D topology of three-level system

E

B1

B2

B3

principal gap

adjacent gap

Lie algebra representation:<latexit sha1_base64="EY5GgXU21+C/Qhl4dQfwOUDihww="></latexit>

E(k) =

0

@
E1(k) 0 0

0 E2(k) 0
0 0 E3(k)

1

A



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="exxMY81E4yw6ceme1bMFVEA9lRo=">AAACG3icbVDJSgNBEO2JW4zbqEcvjYmQXMJMBPUiBL14M6JZMBOGnk5P0qRnobtGCEP+w4u/4sWDIp4ED/6NneWgiQ8KHu9VUVXPiwVXYFnfRmZpeWV1Lbue29jc2t4xd/caKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDy7HffGBS8Si8g2HMOgHphdznlICWXLNScGLu2o5gPhSxExDoKz+9vR4Vj0uO5L0+lPD5VPe89H7kVgqumbfK1gR4kdgzkkcz1Fzz0+lGNAlYCFQQpdq2FUMnJRI4FWyUcxLFYkIHpMfamoYkYKqTTn4b4SOtdLEfSV0h4In6eyIlgVLDwNOdk+PnvbH4n9dOwD/rpDyME2AhnS7yE4EhwuOgcJdLRkEMNSFUcn0rpn0iCQUdZ06HYM+/vEgalbJ9UrZvKvnqxSyOLDpAh6iIbHSKqugK1VAdUfSIntErejOejBfj3fiYtmaM2cw++gPj6wdsG5/J</latexit>

⇡1 (SO(3)) = Z2 accumulated {0, 2𝜋}-frame rotation,

stability of Nodal-Points pair

1.5D topology of three-level system

Topology over a loop in the BZ:



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="exxMY81E4yw6ceme1bMFVEA9lRo=">AAACG3icbVDJSgNBEO2JW4zbqEcvjYmQXMJMBPUiBL14M6JZMBOGnk5P0qRnobtGCEP+w4u/4sWDIp4ED/6NneWgiQ8KHu9VUVXPiwVXYFnfRmZpeWV1Lbue29jc2t4xd/caKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDy7HffGBS8Si8g2HMOgHphdznlICWXLNScGLu2o5gPhSxExDoKz+9vR4Vj0uO5L0+lPD5VPe89H7kVgqumbfK1gR4kdgzkkcz1Fzz0+lGNAlYCFQQpdq2FUMnJRI4FWyUcxLFYkIHpMfamoYkYKqTTn4b4SOtdLEfSV0h4In6eyIlgVLDwNOdk+PnvbH4n9dOwD/rpDyME2AhnS7yE4EhwuOgcJdLRkEMNSFUcn0rpn0iCQUdZ06HYM+/vEgalbJ9UrZvKvnqxSyOLDpAh6iIbHSKqugK1VAdUfSIntErejOejBfj3fiYtmaM2cw++gPj6wdsG5/J</latexit>

⇡1 (SO(3)) = Z2

E

B1

B2

B3

principal gap

adjacent gap
k0

<latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit>

e1

e2

e1

e2

e1e2

e1

e2

0-frame rotation around e3

accumulated {0, 2𝜋}-frame rotation,

stability of Nodal-Points pair

1.5D topology of three-level system

Topology over a loop of the BZ:

Nodal-Point charge has two signs! 

COMPLEMENTARY TO CHIRALITY 

of Weyl points



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="exxMY81E4yw6ceme1bMFVEA9lRo=">AAACG3icbVDJSgNBEO2JW4zbqEcvjYmQXMJMBPUiBL14M6JZMBOGnk5P0qRnobtGCEP+w4u/4sWDIp4ED/6NneWgiQ8KHu9VUVXPiwVXYFnfRmZpeWV1Lbue29jc2t4xd/caKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3qDy7HffGBS8Si8g2HMOgHphdznlICWXLNScGLu2o5gPhSxExDoKz+9vR4Vj0uO5L0+lPD5VPe89H7kVgqumbfK1gR4kdgzkkcz1Fzz0+lGNAlYCFQQpdq2FUMnJRI4FWyUcxLFYkIHpMfamoYkYKqTTn4b4SOtdLEfSV0h4In6eyIlgVLDwNOdk+PnvbH4n9dOwD/rpDyME2AhnS7yE4EhwuOgcJdLRkEMNSFUcn0rpn0iCQUdZ06HYM+/vEgalbJ9UrZvKvnqxSyOLDpAh6iIbHSKqugK1VAdUfSIntErejOejBfj3fiYtmaM2cw++gPj6wdsG5/J</latexit>

⇡1 (SO(3)) = Z2

2𝜋-frame rotation around e3

E

B1

B2

B3

principal gap

adjacent gap
k0

<latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit>

e1

e2

e1

e2

e1

e2

e1

e2

accumulated {0, 2𝜋}-frame rotation,

stability of Nodal-Points pair

1.5D topology of three-level system

Topology over a loop of the BZ:

Nodal-Point charge has two signs! 

COMPLEMENTARY TO CHIRALITY 

of Weyl points



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

e1 e2

e3

↺

↺

↺

𝜋-frame rotation around e1, e2, e3 

1.5D topology of three-level system

<latexit sha1_base64="zijS0K1DQdVduHSuCZpbI5/Hyvw="></latexit>

R(k) = (e1 e2 e3) ⇠ (±e1 ± e2 ± e3)

Group of gauge freedom:
<latexit sha1_base64="pic+1D2GgABzVeiwOvd4I3GdIE0="></latexit>

O(1)3 = Ci ⇥ D2

= {E, I}⇥ {E,C2z, C2y, C2x}
<latexit sha1_base64="rhXDrsonc5xnNKDm6cH8qJQjSUI=">AAAB+HicdVDLSsNAFJ3UV62PRl26GWwFVyGJ1DauirpwWcE+oA1hMp20QycPZiZCDf0SNy4UceunuPNvnLQVVPTAwOGce7lnjp8wKqRpfmiFldW19Y3iZmlre2e3rO/td0ScckzaOGYx7/lIEEYj0pZUMtJLOEGhz0jXn1zmfveOcEHj6FZOE+KGaBTRgGIkleTp5eogRHIsguxq5tnnVU+vmIbTqNVOG9A0TNOxnboijuNYdQtaSslRAUu0PP19MIxxGpJIYoaE6FtmIt0McUkxI7PSIBUkQXiCRqSvaIRCItxsHnwGj5UyhEHM1YsknKvfNzIUCjENfTU5T/nby8W/vH4qg4ab0ShJJYnw4lCQMihjmLcAh5QTLNlUEYQ5VVkhHiOOsFRdlVQJXz+F/5OObVhnhnVjV5oXyzqK4BAcgRNggTpogmvQAm2AQQoewBN41u61R+1Fe12MFrTlzgH4Ae3tE0Gbktg=</latexit>

D2 : dihedral point group,

Bdzusek et al, Science (2019)



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

e1 e2

e3

↺

↺

↺

𝜋-frame rotation around e1, e2, e3 

<latexit sha1_base64="g+8ZeWcHcnG2Lr8V5/iZTur2VhM="></latexit>

Fl
R
1,1,1 =

O(3)

O(1)3
=

SO(3)

D2

1.5D topology of three-level system

Flag manifold

<latexit sha1_base64="zijS0K1DQdVduHSuCZpbI5/Hyvw="></latexit>

R(k) = (e1 e2 e3) ⇠ (±e1 ± e2 ± e3)

Group of gauge freedom:
<latexit sha1_base64="pic+1D2GgABzVeiwOvd4I3GdIE0="></latexit>

O(1)3 = Ci ⇥ D2

= {E, I}⇥ {E,C2z, C2y, C2x}
<latexit sha1_base64="rhXDrsonc5xnNKDm6cH8qJQjSUI=">AAAB+HicdVDLSsNAFJ3UV62PRl26GWwFVyGJ1DauirpwWcE+oA1hMp20QycPZiZCDf0SNy4UceunuPNvnLQVVPTAwOGce7lnjp8wKqRpfmiFldW19Y3iZmlre2e3rO/td0ScckzaOGYx7/lIEEYj0pZUMtJLOEGhz0jXn1zmfveOcEHj6FZOE+KGaBTRgGIkleTp5eogRHIsguxq5tnnVU+vmIbTqNVOG9A0TNOxnboijuNYdQtaSslRAUu0PP19MIxxGpJIYoaE6FtmIt0McUkxI7PSIBUkQXiCRqSvaIRCItxsHnwGj5UyhEHM1YsknKvfNzIUCjENfTU5T/nby8W/vH4qg4ab0ShJJYnw4lCQMihjmLcAh5QTLNlUEYQ5VVkhHiOOsFRdlVQJXz+F/5OObVhnhnVjV5oXyzqK4BAcgRNggTpogmvQAm2AQQoewBN41u61R+1Fe12MFrTlzgH4Ae3tE0Gbktg=</latexit>

D2 : dihedral point group,

Bdzusek et al, Science (2019)



eH(k) = R(k)E(k)RT (k) , R(k) 2 SO(3)
<latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit><latexit sha1_base64="VHTjsv7VuQ6R9n37hRY7WQdJYpM="></latexit>

<latexit sha1_base64="omwjWUt1LMT2k7yQvwAOdMBl2hY="></latexit>

R(k) = (e1 e2 e3) 2 SO(3)

<latexit sha1_base64="g+8ZeWcHcnG2Lr8V5/iZTur2VhM="></latexit>

Fl
R
1,1,1 =

O(3)

O(1)3
=

SO(3)

D2
<latexit sha1_base64="cgFWcGVUE4HMk/hoixBP4SfG+4s="></latexit>

⇡1 (SO(3)/D2) = Q

accumulated rotation of parallel transp. frame


1.5D topology of three-level system

<latexit sha1_base64="OWzC/4pFv040QlquwPsrfqY5VT0=">AAACEHicbVC7TsMwFHV4lvIKMLJYtAiGUsUdgAWpgoWxlehDaqLKcZ3W1HnIdpCqqJ/Awq+wMIAQKyMbf4OTZoCWI/nq6Jx75XuPG3EmlWV9G0vLK6tr64WN4ubW9s6uubfflmEsCG2RkIei62JJOQtoSzHFaTcSFPsupx13fJP6nQcqJAuDOzWJqOPjYcA8RrDSUt88Kds+ViPXTZrTKztBFTvyIcvqfVbHlTNkT8t9s2RVrQxwkaCclECORt/8sgchiX0aKMKxlD1kRcpJsFCMcDot2rGkESZjPKQ9TQPsU+kk2UFTeKyVAfRCoV+gYKb+nkiwL+XEd3Vnur2c91LxP68XK+/SSVgQxYoGZPaRF3OoQpimAwdMUKL4RBNMBNO7QjLCAhOlMyzqEND8yYukXaui8ypq1kr16zyOAjgER+AUIHAB6uAWNEALEPAInsEreDOejBfj3fiYtS4Z+cwB+APj8weY4psF</latexit>

Q = {1,±i,±j,±k,�1}

Lie algebra representation

<latexit sha1_base64="E3rtvg2zhrdkHyRbGRSsVNpAZv8=">AAACBXicbVC7TsMwFHV4lvIKMMJg0SIxVUkHYEGqgIGxSPQhNVHkuE5r1XEi20Gqoiws/AoLAwix8g9s/A1OmgFajmTp6Nxzr+89fsyoVJb1bSwtr6yurVc2qptb2zu75t5+V0aJwKSDIxaJvo8kYZSTjqKKkX4sCAp9Rnr+5Dqv9x6IkDTi92oaEzdEI04DipHSkmce1eEldCJtySekTojUWAbpTZZ5zbpn1qyGVQAuErskNVCi7ZlfzjDCSUi4wgxJObCtWLkpEopiRrKqk0gSIzxBIzLQlKOQSDctrsjgiVaGMIiEflzBQv3dkaJQymnoa2ex5XwtF/+rDRIVXLgp5XGiCMezj4KEQRXBPBI4pIJgxaaaICyo3hXiMRIIKx1cVYdgz5+8SLrNhn3WsO+atdZVGUcFHIJjcApscA5a4Ba0QQdg8AiewSt4M56MF+Pd+JhZl4yy5wD8gfH5A3wWl/A=</latexit>

= D2

Flag manifold



Monodromy representation


<latexit sha1_base64="zs2oAamwPe3f8Ma7ZMOte7ZNfUg=">AAACPXicdVC7TsMwFHXKq5RXgZHFokUqS0mKBIwVMLBRRF9SE1WO67RWnTiyHVAV9cdY+Ac2NhYGEGJlxU2LVFo4kqWjc+69vve4IaNSmeazkVpYXFpeSa9m1tY3Nrey2zt1ySOBSQ1zxkXTRZIwGpCaooqRZigI8l1GGm7/YuQ37oiQlAdVNQiJ46NuQD2KkdJSO1vN2z5SPenFl8N2ye5x3he021NICH4Pf7zb62Hh+BDa/1pH01Py7WzOLJoJ4DyxJiQHJqi0s092h+PIJ4HCDEnZssxQOTESimJGhhk7kiREuI+6pKVpgHwinTi5fggPtNKBHhf6BQom6nRHjHwpB76rK5MlZ72R+JfXipR35sQ0CCNFAjz+yIsYVByOooQdKghWbKAJwoLqXSHuIYGw0oFndAjW7MnzpF4qWidF66aUK59P4kiDPbAPCsACp6AMrkAF1AAGD+AFvIF349F4NT6Mz3Fpypj07IJfML6+ASJ8rxs=</latexit>

D2 ,! SO(3) ! SO(3)/D2

SO(3)-monodromy representation of 
<latexit sha1_base64="Nnu9gWDwiCYLs/EkLzG8osaxqFA=">AAACGXicbVDLSgMxFM34rPU16tJNsBXaTZ2poC6LunBnRfuAThkyaaYNzTxI7ghl6G+48VfcuFDEpa78G9OHoK0HAifn3Mu993ix4Aos68tYWFxaXlnNrGXXNza3ts2d3bqKEklZjUYikk2PKCZ4yGrAQbBmLBkJPMEaXv9i5DfumVQ8Cu9gELN2QLoh9zkloCXXtPLYiblrO4L5UHACAj3lp7fXw8Jx8ejnezl0y47k3R4U866Zs0rWGHie2FOSQ1NUXfPD6UQ0CVgIVBClWrYVQzslEjgVbJh1EsViQvuky1qahiRgqp2OLxviQ610sB9J/ULAY/V3R0oCpQaBpyvHu856I/E/r5WAf9ZOeRgnwEI6GeQnAkOERzHhDpeMghhoQqjkeldMe0QSCjrMrA7Bnj15ntTLJfukZN+Uc5XzaRwZtI8OUAHZ6BRV0BWqohqi6AE9oRf0ajwaz8ab8T4pXTCmPXvoD4zPb4rCn2Y=</latexit>

⇡1 (SO(3)/D2)

loop in the flag

principal fiver bundle 

with discrete structure group



<latexit sha1_base64="zs2oAamwPe3f8Ma7ZMOte7ZNfUg=">AAACPXicdVC7TsMwFHXKq5RXgZHFokUqS0mKBIwVMLBRRF9SE1WO67RWnTiyHVAV9cdY+Ac2NhYGEGJlxU2LVFo4kqWjc+69vve4IaNSmeazkVpYXFpeSa9m1tY3Nrey2zt1ySOBSQ1zxkXTRZIwGpCaooqRZigI8l1GGm7/YuQ37oiQlAdVNQiJ46NuQD2KkdJSO1vN2z5SPenFl8N2ye5x3he021NICH4Pf7zb62Hh+BDa/1pH01Py7WzOLJoJ4DyxJiQHJqi0s092h+PIJ4HCDEnZssxQOTESimJGhhk7kiREuI+6pKVpgHwinTi5fggPtNKBHhf6BQom6nRHjHwpB76rK5MlZ72R+JfXipR35sQ0CCNFAjz+yIsYVByOooQdKghWbKAJwoLqXSHuIYGw0oFndAjW7MnzpF4qWidF66aUK59P4kiDPbAPCsACp6AMrkAF1AAGD+AFvIF349F4NT6Mz3Fpypj07IJfML6+ASJ8rxs=</latexit>

D2 ,! SO(3) ! SO(3)/D2

SO(3)-monodromy representation of 
<latexit sha1_base64="Nnu9gWDwiCYLs/EkLzG8osaxqFA=">AAACGXicbVDLSgMxFM34rPU16tJNsBXaTZ2poC6LunBnRfuAThkyaaYNzTxI7ghl6G+48VfcuFDEpa78G9OHoK0HAifn3Mu993ix4Aos68tYWFxaXlnNrGXXNza3ts2d3bqKEklZjUYikk2PKCZ4yGrAQbBmLBkJPMEaXv9i5DfumVQ8Cu9gELN2QLoh9zkloCXXtPLYiblrO4L5UHACAj3lp7fXw8Jx8ejnezl0y47k3R4U866Zs0rWGHie2FOSQ1NUXfPD6UQ0CVgIVBClWrYVQzslEjgVbJh1EsViQvuky1qahiRgqp2OLxviQ610sB9J/ULAY/V3R0oCpQaBpyvHu856I/E/r5WAf9ZOeRgnwEI6GeQnAkOERzHhDpeMghhoQqjkeldMe0QSCjrMrA7Bnj15ntTLJfukZN+Uc5XzaRwZtI8OUAHZ6BRV0BWqohqi6AE9oRf0ajwaz8ab8T4pXTCmPXvoD4zPb4rCn2Y=</latexit>

⇡1 (SO(3)/D2)

It does not distinguishes a 


𝜋-rotation 

from a 


(-𝜋)-rotation around e3


loop in the flag

principal fiver bundle 

with discrete structure group

<latexit sha1_base64="PKiM2uWvaozy2MFmKfk/wJOoetw="></latexit>

SO(3)

D2
=

Spin(3)

D2

Monodromy representation




<latexit sha1_base64="WZ4DC1/Fw1qPj4Rt/H++Zinn6QQ=">AAACV3icfVHLTgIxFO0MqIgv0KWbRjDBDc5goi6JunCJUR4JQ0indKCh007ajoZM5ieNG37FjZaHiYJ6kiYn59x7e3vqR4wq7ThTy85kNza3ctv5nd29/YNC8bClRCwxaWLBhOz4SBFGOWlqqhnpRJKg0Gek7Y9vZ377mUhFBX/Sk4j0QjTkNKAYaSP1C7zsCePP2hMvRHqkguQuTfs1byTEWNLhSCMpxQv8Mh8jytPKxRn0/jHP/xha7hdKTtWZA64Td0lKYIlGv/DqDQSOQ8I1ZkiprutEupcgqSlmJM17sSIRwmM0JF1DOQqJ6iXzXFJ4apQBDIQ0h2s4V793JChUahL6pnK+5ao3E3/zurEOrnsJ5VGsCceLi4KYQS3gLGQ4oJJgzSaGICyp2RXiEZIIa/MVeROCu/rkddKqVd3LqvtQK9VvlnHkwDE4ARXggitQB/egAZoAgzfwbmWsrDW1PuxNO7cota1lzxH4Abv4CaBctoQ=</latexit>

D2 ,! Spin(3) ! Spin(3)/D2

Monodromy representation,

Lift to spin double cover

Spin(3)-monodromy representation of 
<latexit sha1_base64="Nnu9gWDwiCYLs/EkLzG8osaxqFA=">AAACGXicbVDLSgMxFM34rPU16tJNsBXaTZ2poC6LunBnRfuAThkyaaYNzTxI7ghl6G+48VfcuFDEpa78G9OHoK0HAifn3Mu993ix4Aos68tYWFxaXlnNrGXXNza3ts2d3bqKEklZjUYikk2PKCZ4yGrAQbBmLBkJPMEaXv9i5DfumVQ8Cu9gELN2QLoh9zkloCXXtPLYiblrO4L5UHACAj3lp7fXw8Jx8ejnezl0y47k3R4U866Zs0rWGHie2FOSQ1NUXfPD6UQ0CVgIVBClWrYVQzslEjgVbJh1EsViQvuky1qahiRgqp2OLxviQ610sB9J/ULAY/V3R0oCpQaBpyvHu856I/E/r5WAf9ZOeRgnwEI6GeQnAkOERzHhDpeMghhoQqjkeldMe0QSCjrMrA7Bnj15ntTLJfukZN+Uc5XzaRwZtI8OUAHZ6BRV0BWqohqi6AE9oRf0ajwaz8ab8T4pXTCmPXvoD4zPb4rCn2Y=</latexit>

⇡1 (SO(3)/D2)

𝜋-rotation around e3 = i 

and


(-𝜋)-rotation around e3  = -i 


loop in the flag

principal fiver bundle 

with discrete structure group

<latexit sha1_base64="PKiM2uWvaozy2MFmKfk/wJOoetw="></latexit>

SO(3)

D2
=

Spin(3)

D2

<latexit sha1_base64="8udUxaBDXxzv97LLGjoCgj+fkbk=">AAACA3icbVC7TsMwFHXKq5RXgA0WixaJqUo6AGMFDIxFog+piSLHdVqrThzZDlIVRWLhV1gYQIiVn2Djb3DSDNByJEtH59wj33v8mFGpLOvbqKysrq1vVDdrW9s7u3vm/kFP8kRg0sWccTHwkSSMRqSrqGJkEAuCQp+Rvj+9zv3+AxGS8uhezWLihmgc0YBipLTkmUcNh2s/j6dOiNREBulNlnkt2PDMutW0CsBlYpekDkp0PPPLGXGchCRSmCEph7YVKzdFQlHMSFZzEklihKdoTIaaRigk0k2LGzJ4qpURDLjQL1KwUH8nUhRKOQt9PVmsuejl4n/eMFHBpZvSKE4UifD8oyBhUHGYFwJHVBCs2EwThAXVu0I8QQJhpWur6RLsxZOXSa/VtM+b9l2r3r4q66iCY3ACzoANLkAb3IIO6AIMHsEzeAVvxpPxYrwbH/PRilFmDsEfGJ8/oa6Xfw==</latexit>

D2=
<latexit sha1_base64="8udUxaBDXxzv97LLGjoCgj+fkbk=">AAACA3icbVC7TsMwFHXKq5RXgA0WixaJqUo6AGMFDIxFog+piSLHdVqrThzZDlIVRWLhV1gYQIiVn2Djb3DSDNByJEtH59wj33v8mFGpLOvbqKysrq1vVDdrW9s7u3vm/kFP8kRg0sWccTHwkSSMRqSrqGJkEAuCQp+Rvj+9zv3+AxGS8uhezWLihmgc0YBipLTkmUcNh2s/j6dOiNREBulNlnkt2PDMutW0CsBlYpekDkp0PPPLGXGchCRSmCEph7YVKzdFQlHMSFZzEklihKdoTIaaRigk0k2LGzJ4qpURDLjQL1KwUH8nUhRKOQt9PVmsuejl4n/eMFHBpZvSKE4UifD8oyBhUHGYFwJHVBCs2EwThAXVu0I8QQJhpWur6RLsxZOXSa/VtM+b9l2r3r4q66iCY3ACzoANLkAb3IIO6AIMHsEzeAVvxpPxYrwbH/PRilFmDsEfGJ8/oa6Xfw==</latexit>

D2



<latexit sha1_base64="G6hMop5WffIoLi0k7FnLELodbT4="></latexit>

gK =

0

B@
gK,11 0 0

0
. . . 0

0 0 gK,NN

1

CA 2 PN
<latexit sha1_base64="jbt8mSjCJ2bPmLGEDv6R4iLUWvc=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAixCbsplDLoI2VRjQPyIYwO7mbDJl9MDMrhCU2/oqNhSK2/oWdf+Nks4UmHrhwOOde7r3HjTiTyrK+jdzS8srqWn69sLG5tb1j7u41ZRgLCg0a8lC0XSKBswAaiikO7UgA8V0OLXd0OfVbDyAkC4N7NY6g65NBwDxGidJSzzwoOTJ2JSjs+EQNpZfc3UzK1yelnlm0KlYKvEjsjBRRhnrP/HL6IY19CBTlRMqObUWqmxChGOUwKTixhIjQERlAR9OA+CC7SfrBBB9rpY+9UOgKFE7V3xMJ8aUc+67uTM+c96bif14nVt55N2FBFCsI6GyRF3OsQjyNA/eZAKr4WBNCBdO3YjokglClQyvoEOz5lxdJs1qxTyv2bbVYu8jiyKNDdITKyEZnqIauUB01EEWP6Bm9ojfjyXgx3o2PWWvOyGb20R8Ynz8xEZYR</latexit>

⇢ SO(N)

N-band generalization

Discrete group of all principal C2 rotations of a rank-N frame: 

Bdzusek et al, Science (2019)

<latexit sha1_base64="J93Zg3BQhMIxV1djOR3m09tK2Ww="></latexit>

O(N)

PN
=

Spin(N)

PN
Classifying space:

Non-Abelian Salingaros group

<latexit sha1_base64="5qQLht/p0BLXWoIODh0O0cbAvCs="></latexit>

⇡1

✓
Spin(N)

PN

◆
= PN



Computation of non-Abelian charges: holonomy rep.

monodromy representation = holonomy representation

<latexit sha1_base64="USKysw+pFNefwKyYywKZS1COFaM=">AAACKnicbVC7TsMwFHV4lvIqMLJYtEhlqRIGYEGisDCWij6kplSO4xarThzZN0hVlO9h4VdYOoAqVj4Ep+0ALUeyfHTOvbr3Hi8SXINtT6yV1bX1jc3cVn57Z3dvv3Bw2NQyVpQ1qBRStT2imeAhawAHwdqRYiTwBGt5w7vMb70wpbkMH2EUsW5ABiHvc0rASL1CteQGBJ4pEUk1xde4/pS4IKO07HpS+HoUmC8ZpmfYpb4E7NcXjVKvULQr9hR4mThzUkRz1HqFsetLGgcsBCqI1h3HjqCbEAWcCpbm3ViziNAhGbCOoSEJmO4m01NTfGoUH/elMi8EPFV/dyQk0NlypjK7Sy96mfif14mhf9VNeBjFwEI6G9SPBQaJs9ywzxWjIEaGEKq42RXTZ6IIBZNu3oTgLJ68TJrnFeei4jycF29u53Hk0DE6QWXkoEt0g+5RDTUQRa/oHX2gT+vNGlsT62tWumLNe47QH1jfP3hmp04=</latexit>

A = R>(k) · dR(k)

<latexit sha1_base64="eEW3AG0k4MCPFzJJYBMkdLnUkU8="></latexit>

F (k) = exp

(Z k

0
A
)

= eA(k)

<latexit sha1_base64="SUbGi3cPKDfpcqAaViKGHMjhh5E="></latexit>

F (`) = exp

⇢Z

`
A
�

= eA(`) 2 PN

<latexit sha1_base64="fPkjgQX+8JyWq4eSw6pUzw8Wv0A="></latexit>

F (`) = exp

⇢Z

`
A
�

= eA(`) 2 PN

Frame connection:

Parallel transport:

SO(N)-holonomy element:

Spin(N)-holonomy element:



ARTICLES NATURE PHYSICS

created) towards M along ð1!1Þ
I

. At t = −4, there are additional two 
principal nodes moving from M (where they were created) towards 
Γ along (11). At t = −2, the principal nodes meet at Γ. Remarkably, 
instead of annihilating, we find that the principal nodes ‘bounce’ in 
the ð1!1Þ

I
 direction, where they follow their adjacent counterparts, 

as visible at t = 0. Figure 2b shows the full 2D band structure at this 
very time. At t = 2, the two adjacent nodes meet at M and also fail to 
annihilate, as can be seen at time t = 4 where they progress towards 
Γ. At t = 8, the adjacent nodes have been annihilated at Γ. Finally, 
at t = 10, the principal nodes have been annihilated at M, and the 
bands have become fully separated again. Figure 2d displays the 
configuration of the nodal points at a few times, keeping track of 
their past trajectory.

Non-Abelian topology
The path-dependent capability of band nodes to annihilate is a con-
sequence of the underlying non-Abelian band topology30–33. Before 
delving into its formal mathematical description, we will attempt to 
visualize the non-Abelian obstruction in simple terms. Note that, 
for 2D systems, C2T

I
 symmetry implies the existence of a basis in 

which the Bloch Hamiltonian H(k) is a real symmetric matrix (for 
proof, see Supplementary Section C).

For momenta where the energy bands are non-degenerate, 
we form an energetically ordered set of N real Bloch states, 

f ujðkÞj igNj¼1 ¼: FðkÞ
I

, which constitutes an orthonormal frame30. 
The frame is well-defined only up to the ± sign of each eigen-
state, implying a gauge degree of freedom. This coincides with the 
gauge description of the order-parameter space of biaxial nemat-
ics29, which are known to exhibit disclination defects described by a 
non-Abelian group25–28.

The constructed frames allow us to assign a frame-rotation 
charge to each closed path that avoids band nodes. If one varies 
the momentum along a closed path based at k0, the Hamiltonian 
returns to its original form. Nonetheless, the initial and final frame 
at k0 may differ by a gauge transformation, altering the vielbein 
spanning the frame. Notably, such a transformation occurs if one 
encircles a band node. As one moves along a tight loop around the 
node formed by a pair of bands, then the two Bloch states describ-
ing those bands perform a π rotation, while the other states are 
essentially constant.

Given two nodes inside the same bandgap, one may wonder 
how their associated frame rotations compose. One possibility is 
that the second rotation undoes the first, for example if we rotate 
by π in the reverse direction. In that case, the two nodes annihilate 
when brought together. Alternatively, the rotations could revolve 
in the same direction. Although the total 2π rotation looks like a 
do-nothing transformation, the Dirac’s belt trick38 reveals that a 
2π rotation cannot be trivially undone (while a 4π rotation can). 
Mathematically, this corresponds to the non-trivial fundamental 
group π1½SOðNÞ$ ¼ Z2

I
 for N > 2. Physically, this implies that a pair 

of nodes associated with a 2π frame rotation cannot annihilate39.
For the elementary braiding Hamiltonian (equation (4)), we 

study in Fig. 3 the accumulated frame-rotation angle on two paths 
that enclose a pair of principal nodes. We decompose the 3D rota-
tion matrix along the path using the rotation generators Lx,y,z as 
FðkÞ> # Fðk0Þ ¼ exp½αLx þ βLy þ γLz'
I

, and define the rotation 
angle φ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2 þ γ2

p

I
. As expected, we find that the total rota-

tion angle equals 0 (2π) if the nodes can (cannot) annihilate. The dif-
ference for the two paths originates from the non-commutativity of 
rotations; namely, the rotation angle α acquired as one circumnavi-
gates a principal node is reversed after conjugation with the overall 
±π rotation associated with the adjacent node (eπLjeαLieπLj ¼ e"αLi

I
 

for i ≠ j). As a result, the topological charge of principal nodes 
anticommutes with the topological charge of adjacent nodes. This 
property has also been modelled by the non-Abelian quaternion 
group Q = {±1,±i,±j,±k} (ref. 30; indicated in Fig. 1b) and using 
Dirac strings32. We show the equivalence of the two approaches in 
Supplementary Section G.

Euler class
Although the frame rotations computed in Fig. 3 faithfully pre-
dict the ability of band nodes to annihilate, the method is compu-
tationally too costly for many-band models. Instead, to study real 
materials, we utilize a tool introduced by ref. 32 to describe a frag-
ile topological phase of twisted bilayer graphene near the magic 
angle34–37. If u1ðkÞj i

I
 and u2ðkÞj i

I
 are real Bloch states of a pair of 

bands, their Euler form is40

EuðkÞ ¼ ∇u1ðkÞ
! "" ´ ∇u2ðkÞ

"" #
ð1Þ

and the integral of the Euler form over a closed surface defines the 
integer topological invariant called the Euler class33. In the follow-
ing, we recast this notion to describe stable topology of band nodes 
in many-band models, while also assuming an unconventional par-
titioning of energy bands. We first examine the geometric meaning 
of this mathematical object, not clarified by earlier works32,33, and 
apply it to band node analysis in two dimensions. In the next section 
we generalize to 3D systems and discuss the interplay of Euler class 
with point-group symmetry.

Energy
a

b

Adjacent
energy gap

Principal
energy gap

Time

Adjacent
band

Principal
bands

Principal nodesk2

k1

t3

+i
χ = 1

χ = 0

+i

–i +i

–k

+k

t2

t1

k2

k1
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Fig. 1 | Reciprocal braiding of band nodes. a, Terminology as used in the 
text. We inspect the ability of the principal nodes, assumed to be near 
the Fermi level, to pairwise annihilate. We consider two principal bands 
that form nodes (blue) and a third adjacent band that enables additional 
species of band nodes (red) formed by the unoccupied bands. b, By 
adjusting the Hamiltonian parameters as a function of time (orange planes, 
t1,2,3), the node trajectories form braids in momentum (k1,k2) space. A braid 
converts the topological charges of the nodes (indicated by quaternion 
numbers, ±i and ±k (ref. 30), here dubbed ‘frame-rotation charges’) and 
affects their ability to pairwise annihilate. Equivalently, the same property is 
encoded using Euler class χ (ref. 32). which changes value on the dark region 
during the braiding process. Note that the band structure in a corresponds 
to the situation in b at time t2.
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Flag manifold
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created) towards M along ð1!1Þ
I

. At t = −4, there are additional two 
principal nodes moving from M (where they were created) towards 
Γ along (11). At t = −2, the principal nodes meet at Γ. Remarkably, 
instead of annihilating, we find that the principal nodes ‘bounce’ in 
the ð1!1Þ

I
 direction, where they follow their adjacent counterparts, 

as visible at t = 0. Figure 2b shows the full 2D band structure at this 
very time. At t = 2, the two adjacent nodes meet at M and also fail to 
annihilate, as can be seen at time t = 4 where they progress towards 
Γ. At t = 8, the adjacent nodes have been annihilated at Γ. Finally, 
at t = 10, the principal nodes have been annihilated at M, and the 
bands have become fully separated again. Figure 2d displays the 
configuration of the nodal points at a few times, keeping track of 
their past trajectory.

Non-Abelian topology
The path-dependent capability of band nodes to annihilate is a con-
sequence of the underlying non-Abelian band topology30–33. Before 
delving into its formal mathematical description, we will attempt to 
visualize the non-Abelian obstruction in simple terms. Note that, 
for 2D systems, C2T

I
 symmetry implies the existence of a basis in 

which the Bloch Hamiltonian H(k) is a real symmetric matrix (for 
proof, see Supplementary Section C).

For momenta where the energy bands are non-degenerate, 
we form an energetically ordered set of N real Bloch states, 

f ujðkÞj igNj¼1 ¼: FðkÞ
I

, which constitutes an orthonormal frame30. 
The frame is well-defined only up to the ± sign of each eigen-
state, implying a gauge degree of freedom. This coincides with the 
gauge description of the order-parameter space of biaxial nemat-
ics29, which are known to exhibit disclination defects described by a 
non-Abelian group25–28.

The constructed frames allow us to assign a frame-rotation 
charge to each closed path that avoids band nodes. If one varies 
the momentum along a closed path based at k0, the Hamiltonian 
returns to its original form. Nonetheless, the initial and final frame 
at k0 may differ by a gauge transformation, altering the vielbein 
spanning the frame. Notably, such a transformation occurs if one 
encircles a band node. As one moves along a tight loop around the 
node formed by a pair of bands, then the two Bloch states describ-
ing those bands perform a π rotation, while the other states are 
essentially constant.

Given two nodes inside the same bandgap, one may wonder 
how their associated frame rotations compose. One possibility is 
that the second rotation undoes the first, for example if we rotate 
by π in the reverse direction. In that case, the two nodes annihilate 
when brought together. Alternatively, the rotations could revolve 
in the same direction. Although the total 2π rotation looks like a 
do-nothing transformation, the Dirac’s belt trick38 reveals that a 
2π rotation cannot be trivially undone (while a 4π rotation can). 
Mathematically, this corresponds to the non-trivial fundamental 
group π1½SOðNÞ$ ¼ Z2

I
 for N > 2. Physically, this implies that a pair 

of nodes associated with a 2π frame rotation cannot annihilate39.
For the elementary braiding Hamiltonian (equation (4)), we 

study in Fig. 3 the accumulated frame-rotation angle on two paths 
that enclose a pair of principal nodes. We decompose the 3D rota-
tion matrix along the path using the rotation generators Lx,y,z as 
FðkÞ> # Fðk0Þ ¼ exp½αLx þ βLy þ γLz'
I

, and define the rotation 
angle φ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2 þ γ2

p

I
. As expected, we find that the total rota-

tion angle equals 0 (2π) if the nodes can (cannot) annihilate. The dif-
ference for the two paths originates from the non-commutativity of 
rotations; namely, the rotation angle α acquired as one circumnavi-
gates a principal node is reversed after conjugation with the overall 
±π rotation associated with the adjacent node (eπLjeαLieπLj ¼ e"αLi

I
 

for i ≠ j). As a result, the topological charge of principal nodes 
anticommutes with the topological charge of adjacent nodes. This 
property has also been modelled by the non-Abelian quaternion 
group Q = {±1,±i,±j,±k} (ref. 30; indicated in Fig. 1b) and using 
Dirac strings32. We show the equivalence of the two approaches in 
Supplementary Section G.

Euler class
Although the frame rotations computed in Fig. 3 faithfully pre-
dict the ability of band nodes to annihilate, the method is compu-
tationally too costly for many-band models. Instead, to study real 
materials, we utilize a tool introduced by ref. 32 to describe a frag-
ile topological phase of twisted bilayer graphene near the magic 
angle34–37. If u1ðkÞj i

I
 and u2ðkÞj i

I
 are real Bloch states of a pair of 

bands, their Euler form is40

EuðkÞ ¼ ∇u1ðkÞ
! "" ´ ∇u2ðkÞ

"" #
ð1Þ

and the integral of the Euler form over a closed surface defines the 
integer topological invariant called the Euler class33. In the follow-
ing, we recast this notion to describe stable topology of band nodes 
in many-band models, while also assuming an unconventional par-
titioning of energy bands. We first examine the geometric meaning 
of this mathematical object, not clarified by earlier works32,33, and 
apply it to band node analysis in two dimensions. In the next section 
we generalize to 3D systems and discuss the interplay of Euler class 
with point-group symmetry.

Energy
a

b
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energy gap
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energy gap
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bands
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+i
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Fig. 1 | Reciprocal braiding of band nodes. a, Terminology as used in the 
text. We inspect the ability of the principal nodes, assumed to be near 
the Fermi level, to pairwise annihilate. We consider two principal bands 
that form nodes (blue) and a third adjacent band that enables additional 
species of band nodes (red) formed by the unoccupied bands. b, By 
adjusting the Hamiltonian parameters as a function of time (orange planes, 
t1,2,3), the node trajectories form braids in momentum (k1,k2) space. A braid 
converts the topological charges of the nodes (indicated by quaternion 
numbers, ±i and ±k (ref. 30), here dubbed ‘frame-rotation charges’) and 
affects their ability to pairwise annihilate. Equivalently, the same property is 
encoded using Euler class χ (ref. 32). which changes value on the dark region 
during the braiding process. Note that the band structure in a corresponds 
to the situation in b at time t2.
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created) towards M along ð1!1Þ
I

. At t = −4, there are additional two 
principal nodes moving from M (where they were created) towards 
Γ along (11). At t = −2, the principal nodes meet at Γ. Remarkably, 
instead of annihilating, we find that the principal nodes ‘bounce’ in 
the ð1!1Þ

I
 direction, where they follow their adjacent counterparts, 

as visible at t = 0. Figure 2b shows the full 2D band structure at this 
very time. At t = 2, the two adjacent nodes meet at M and also fail to 
annihilate, as can be seen at time t = 4 where they progress towards 
Γ. At t = 8, the adjacent nodes have been annihilated at Γ. Finally, 
at t = 10, the principal nodes have been annihilated at M, and the 
bands have become fully separated again. Figure 2d displays the 
configuration of the nodal points at a few times, keeping track of 
their past trajectory.

Non-Abelian topology
The path-dependent capability of band nodes to annihilate is a con-
sequence of the underlying non-Abelian band topology30–33. Before 
delving into its formal mathematical description, we will attempt to 
visualize the non-Abelian obstruction in simple terms. Note that, 
for 2D systems, C2T

I
 symmetry implies the existence of a basis in 

which the Bloch Hamiltonian H(k) is a real symmetric matrix (for 
proof, see Supplementary Section C).

For momenta where the energy bands are non-degenerate, 
we form an energetically ordered set of N real Bloch states, 

f ujðkÞj igNj¼1 ¼: FðkÞ
I

, which constitutes an orthonormal frame30. 
The frame is well-defined only up to the ± sign of each eigen-
state, implying a gauge degree of freedom. This coincides with the 
gauge description of the order-parameter space of biaxial nemat-
ics29, which are known to exhibit disclination defects described by a 
non-Abelian group25–28.

The constructed frames allow us to assign a frame-rotation 
charge to each closed path that avoids band nodes. If one varies 
the momentum along a closed path based at k0, the Hamiltonian 
returns to its original form. Nonetheless, the initial and final frame 
at k0 may differ by a gauge transformation, altering the vielbein 
spanning the frame. Notably, such a transformation occurs if one 
encircles a band node. As one moves along a tight loop around the 
node formed by a pair of bands, then the two Bloch states describ-
ing those bands perform a π rotation, while the other states are 
essentially constant.

Given two nodes inside the same bandgap, one may wonder 
how their associated frame rotations compose. One possibility is 
that the second rotation undoes the first, for example if we rotate 
by π in the reverse direction. In that case, the two nodes annihilate 
when brought together. Alternatively, the rotations could revolve 
in the same direction. Although the total 2π rotation looks like a 
do-nothing transformation, the Dirac’s belt trick38 reveals that a 
2π rotation cannot be trivially undone (while a 4π rotation can). 
Mathematically, this corresponds to the non-trivial fundamental 
group π1½SOðNÞ$ ¼ Z2

I
 for N > 2. Physically, this implies that a pair 

of nodes associated with a 2π frame rotation cannot annihilate39.
For the elementary braiding Hamiltonian (equation (4)), we 

study in Fig. 3 the accumulated frame-rotation angle on two paths 
that enclose a pair of principal nodes. We decompose the 3D rota-
tion matrix along the path using the rotation generators Lx,y,z as 
FðkÞ> # Fðk0Þ ¼ exp½αLx þ βLy þ γLz'
I

, and define the rotation 
angle φ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2 þ γ2

p

I
. As expected, we find that the total rota-

tion angle equals 0 (2π) if the nodes can (cannot) annihilate. The dif-
ference for the two paths originates from the non-commutativity of 
rotations; namely, the rotation angle α acquired as one circumnavi-
gates a principal node is reversed after conjugation with the overall 
±π rotation associated with the adjacent node (eπLjeαLieπLj ¼ e"αLi

I
 

for i ≠ j). As a result, the topological charge of principal nodes 
anticommutes with the topological charge of adjacent nodes. This 
property has also been modelled by the non-Abelian quaternion 
group Q = {±1,±i,±j,±k} (ref. 30; indicated in Fig. 1b) and using 
Dirac strings32. We show the equivalence of the two approaches in 
Supplementary Section G.

Euler class
Although the frame rotations computed in Fig. 3 faithfully pre-
dict the ability of band nodes to annihilate, the method is compu-
tationally too costly for many-band models. Instead, to study real 
materials, we utilize a tool introduced by ref. 32 to describe a frag-
ile topological phase of twisted bilayer graphene near the magic 
angle34–37. If u1ðkÞj i

I
 and u2ðkÞj i

I
 are real Bloch states of a pair of 

bands, their Euler form is40

EuðkÞ ¼ ∇u1ðkÞ
! "" ´ ∇u2ðkÞ

"" #
ð1Þ

and the integral of the Euler form over a closed surface defines the 
integer topological invariant called the Euler class33. In the follow-
ing, we recast this notion to describe stable topology of band nodes 
in many-band models, while also assuming an unconventional par-
titioning of energy bands. We first examine the geometric meaning 
of this mathematical object, not clarified by earlier works32,33, and 
apply it to band node analysis in two dimensions. In the next section 
we generalize to 3D systems and discuss the interplay of Euler class 
with point-group symmetry.
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Fig. 1 | Reciprocal braiding of band nodes. a, Terminology as used in the 
text. We inspect the ability of the principal nodes, assumed to be near 
the Fermi level, to pairwise annihilate. We consider two principal bands 
that form nodes (blue) and a third adjacent band that enables additional 
species of band nodes (red) formed by the unoccupied bands. b, By 
adjusting the Hamiltonian parameters as a function of time (orange planes, 
t1,2,3), the node trajectories form braids in momentum (k1,k2) space. A braid 
converts the topological charges of the nodes (indicated by quaternion 
numbers, ±i and ±k (ref. 30), here dubbed ‘frame-rotation charges’) and 
affects their ability to pairwise annihilate. Equivalently, the same property is 
encoded using Euler class χ (ref. 32). which changes value on the dark region 
during the braiding process. Note that the band structure in a corresponds 
to the situation in b at time t2.
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Euler connection:

Euler form: Eu = da
<latexit sha1_base64="5dMlqWIqoApdX5hg5lR/1ON+nno=">AAACB3icbVDLSgMxFM34rONr1KUgwVZwVWa60Y1QFMFlBfuAdiiZTKYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7QjaeiBwcs693HtPkDCqtOt+WUvLK6tr66UNe3Nre2fX2dtvqTiVmDRxzGLZCZAijArS1FQz0kkkQTxgpB2MrnK/fU+korG40+OE+BwNBI0oRtpIfeeoYvc40kPJs+t0Ai9gCH/+aGJX+k7ZrbpTwEXiFaQMCjT6zmcvjHHKidCYIaW6nptoP0NSU8zIxO6liiQIj9CAdA0ViBPlZ9M7JvDEKCGMYmme0HCq/u7IEFdqzANTme+o5r1c/M/rpjo69zMqklQTgWeDopRBHcM8FBhSSbBmY0MQltTsCvEQSYS1ic42IXjzJy+SVq3quVXvtlauXxZxlMAhOAanwANnoA5uQAM0AQYP4Am8gFfr0Xq23qz3WemSVfQcgD+wPr4B4bOYBw==</latexit><latexit sha1_base64="5dMlqWIqoApdX5hg5lR/1ON+nno=">AAACB3icbVDLSgMxFM34rONr1KUgwVZwVWa60Y1QFMFlBfuAdiiZTKYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7QjaeiBwcs693HtPkDCqtOt+WUvLK6tr66UNe3Nre2fX2dtvqTiVmDRxzGLZCZAijArS1FQz0kkkQTxgpB2MrnK/fU+korG40+OE+BwNBI0oRtpIfeeoYvc40kPJs+t0Ai9gCH/+aGJX+k7ZrbpTwEXiFaQMCjT6zmcvjHHKidCYIaW6nptoP0NSU8zIxO6liiQIj9CAdA0ViBPlZ9M7JvDEKCGMYmme0HCq/u7IEFdqzANTme+o5r1c/M/rpjo69zMqklQTgWeDopRBHcM8FBhSSbBmY0MQltTsCvEQSYS1ic42IXjzJy+SVq3quVXvtlauXxZxlMAhOAanwANnoA5uQAM0AQYP4Am8gFfr0Xq23qz3WemSVfQcgD+wPr4B4bOYBw==</latexit><latexit sha1_base64="5dMlqWIqoApdX5hg5lR/1ON+nno=">AAACB3icbVDLSgMxFM34rONr1KUgwVZwVWa60Y1QFMFlBfuAdiiZTKYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7QjaeiBwcs693HtPkDCqtOt+WUvLK6tr66UNe3Nre2fX2dtvqTiVmDRxzGLZCZAijArS1FQz0kkkQTxgpB2MrnK/fU+korG40+OE+BwNBI0oRtpIfeeoYvc40kPJs+t0Ai9gCH/+aGJX+k7ZrbpTwEXiFaQMCjT6zmcvjHHKidCYIaW6nptoP0NSU8zIxO6liiQIj9CAdA0ViBPlZ9M7JvDEKCGMYmme0HCq/u7IEFdqzANTme+o5r1c/M/rpjo69zMqklQTgWeDopRBHcM8FBhSSbBmY0MQltTsCvEQSYS1ic42IXjzJy+SVq3quVXvtlauXxZxlMAhOAanwANnoA5uQAM0AQYP4Am8gFfr0Xq23qz3WemSVfQcgD+wPr4B4bOYBw==</latexit><latexit sha1_base64="5dMlqWIqoApdX5hg5lR/1ON+nno=">AAACB3icbVDLSgMxFM34rONr1KUgwVZwVWa60Y1QFMFlBfuAdiiZTKYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7QjaeiBwcs693HtPkDCqtOt+WUvLK6tr66UNe3Nre2fX2dtvqTiVmDRxzGLZCZAijArS1FQz0kkkQTxgpB2MrnK/fU+korG40+OE+BwNBI0oRtpIfeeoYvc40kPJs+t0Ai9gCH/+aGJX+k7ZrbpTwEXiFaQMCjT6zmcvjHHKidCYIaW6nptoP0NSU8zIxO6liiQIj9CAdA0ViBPlZ9M7JvDEKCGMYmme0HCq/u7IEFdqzANTme+o5r1c/M/rpjo69zMqklQTgWeDopRBHcM8FBhSSbBmY0MQltTsCvEQSYS1ic42IXjzJy+SVq3quVXvtlauXxZxlMAhOAanwANnoA5uQAM0AQYP4Am8gFfr0Xq23qz3WemSVfQcgD+wPr4B4bOYBw==</latexit>

(for a two-band subspace)

Euler class: (if B and Ev are orientable)�(Ev) =
1
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<latexit sha1_base64="Hr73lF8EeVfV764AJty0K2lgNC0="></latexit><latexit sha1_base64="Hr73lF8EeVfV764AJty0K2lgNC0="></latexit><latexit sha1_base64="Hr73lF8EeVfV764AJty0K2lgNC0="></latexit><latexit sha1_base64="Hr73lF8EeVfV764AJty0K2lgNC0="></latexit>
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<latexit sha1_base64="1aKA6F6QfEZuvX0W4IychKIp/BY="></latexit><latexit sha1_base64="1aKA6F6QfEZuvX0W4IychKIp/BY="></latexit><latexit sha1_base64="1aKA6F6QfEZuvX0W4IychKIp/BY="></latexit><latexit sha1_base64="1aKA6F6QfEZuvX0W4IychKIp/BY="></latexit>

k0
<latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit><latexit sha1_base64="wUIA9YsG7SwpRHXTplWLrpaQt0U=">AAAB/XicbVA7T8MwGHTKq4RXeGwsFi0SU5V0gbGChbFI9CG1UeQ4TmvVsSPbQSpRxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+MGVUadf9tipr6xubW9Vte2d3b//AOTzqKpFJTDpYMCH7IVKEUU46mmpG+qkkKAkZ6YWTm8LvPRCpqOD3epoSP0EjTmOKkTZS4JzU7WEoWKSmibnyySxw7Xrg1NyGOwdcJV5JaqBEO3C+hpHAWUK4xgwpNfDcVPs5kppiRmb2MFMkRXiCRmRgKEcJUX4+Tz+D50aJYCykOVzDufp7I0eJKuKZyQTpsVr2CvE/b5Dp+MrPKU8zTThePBRnDGoBiypgRCXBmk0NQVhSkxXiMZIIa1OYbUrwlr+8SrrNhuc2vLtmrXVd1lEFp+AMXAAPXIIWuAVt0AEYPIJn8ArerCfrxXq3PhajFavcOQZ/YH3+ABZllFI=</latexit>
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e1

e2

e1

e2

e1
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�(D) = 1
<latexit sha1_base64="m09TvJEKrpbb6VKMS4zQmVm8qUQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HuPF3MmlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpP73UcqJIvCBzWNqRvgUch8RrDS0sA8rjpkzGpOgNWYYJ7eZufoCtnVgVmx6tYMaJnYBalAgdbA/HKGEUkCGirCsZR924qVm2KhGOE0KzuJpDEmEzyifU1DHFDpprMHMnSmlSHyI6ErVGim/p5IcSDlNPB0Z36oXPRy8T+vnyj/0k1ZGCeKhmS+yE84UhHK00BDJihRfKoJJoLpWxEZY4GJ0pmVdQj24svLpNOo21bdvm9UmtdFHCU4gVOogQ0X0IQ7aEEbCGTwDK/wZjwZL8a78TFvXTGKmSP4A+PzBziWlNg=</latexit><latexit sha1_base64="m09TvJEKrpbb6VKMS4zQmVm8qUQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HuPF3MmlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpP73UcqJIvCBzWNqRvgUch8RrDS0sA8rjpkzGpOgNWYYJ7eZufoCtnVgVmx6tYMaJnYBalAgdbA/HKGEUkCGirCsZR924qVm2KhGOE0KzuJpDEmEzyifU1DHFDpprMHMnSmlSHyI6ErVGim/p5IcSDlNPB0Z36oXPRy8T+vnyj/0k1ZGCeKhmS+yE84UhHK00BDJihRfKoJJoLpWxEZY4GJ0pmVdQj24svLpNOo21bdvm9UmtdFHCU4gVOogQ0X0IQ7aEEbCGTwDK/wZjwZL8a78TFvXTGKmSP4A+PzBziWlNg=</latexit><latexit sha1_base64="m09TvJEKrpbb6VKMS4zQmVm8qUQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HuPF3MmlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpP73UcqJIvCBzWNqRvgUch8RrDS0sA8rjpkzGpOgNWYYJ7eZufoCtnVgVmx6tYMaJnYBalAgdbA/HKGEUkCGirCsZR924qVm2KhGOE0KzuJpDEmEzyifU1DHFDpprMHMnSmlSHyI6ErVGim/p5IcSDlNPB0Z36oXPRy8T+vnyj/0k1ZGCeKhmS+yE84UhHK00BDJihRfKoJJoLpWxEZY4GJ0pmVdQj24svLpNOo21bdvm9UmtdFHCU4gVOogQ0X0IQ7aEEbCGTwDK/wZjwZL8a78TFvXTGKmSP4A+PzBziWlNg=</latexit><latexit sha1_base64="m09TvJEKrpbb6VKMS4zQmVm8qUQ=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TNgttPXDhcM693HuPF3MmlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiCG2TiEei52FJOQtpWzHFaS8WFAcep11vcpP73UcqJIvCBzWNqRvgUch8RrDS0sA8rjpkzGpOgNWYYJ7eZufoCtnVgVmx6tYMaJnYBalAgdbA/HKGEUkCGirCsZR924qVm2KhGOE0KzuJpDEmEzyifU1DHFDpprMHMnSmlSHyI6ErVGim/p5IcSDlNPB0Z36oXPRy8T+vnyj/0k1ZGCeKhmS+yE84UhHK00BDJihRfKoJJoLpWxEZY4GJ0pmVdQj24svLpNOo21bdvm9UmtdFHCU4gVOogQ0X0IQ7aEEbCGTwDK/wZjwZL8a78TFvXTGKmSP4A+PzBziWlNg=</latexit>

D<latexit sha1_base64="KPJKHL7LSmONR9U6kSqUgnyjCLs=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjNsdEnUhUtM5JHAhHRKBxrazth2SMiE73DjQmPc+jHu/Bs7MAsFT9Lk5Jx7c09PEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GZ+Z0qVZpF8NLOY+gKPJAsZwcZKfrUvsBkTzNO7eXVQrrg1dwG0TrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDov9RNNY0wmeER7lkosqPbTReg5urDKEIWRsk8atFB/b6RYaD0TgZ3MMupVLxP/83qJCa/9lMk4MVSS5aEw4chEKGsADZmixPCZJZgoZrMiMsYKE2N7KtkSvNUvr5N2vea5Ne+hXmnc5HUU4QzO4RI8uIIG3EMTWkDgCZ7hFd6cqfPivDsfy9GCk++cwh84nz8xgJG0</latexit><latexit sha1_base64="KPJKHL7LSmONR9U6kSqUgnyjCLs=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjNsdEnUhUtM5JHAhHRKBxrazth2SMiE73DjQmPc+jHu/Bs7MAsFT9Lk5Jx7c09PEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GZ+Z0qVZpF8NLOY+gKPJAsZwcZKfrUvsBkTzNO7eXVQrrg1dwG0TrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDov9RNNY0wmeER7lkosqPbTReg5urDKEIWRsk8atFB/b6RYaD0TgZ3MMupVLxP/83qJCa/9lMk4MVSS5aEw4chEKGsADZmixPCZJZgoZrMiMsYKE2N7KtkSvNUvr5N2vea5Ne+hXmnc5HUU4QzO4RI8uIIG3EMTWkDgCZ7hFd6cqfPivDsfy9GCk++cwh84nz8xgJG0</latexit><latexit sha1_base64="KPJKHL7LSmONR9U6kSqUgnyjCLs=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjNsdEnUhUtM5JHAhHRKBxrazth2SMiE73DjQmPc+jHu/Bs7MAsFT9Lk5Jx7c09PEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GZ+Z0qVZpF8NLOY+gKPJAsZwcZKfrUvsBkTzNO7eXVQrrg1dwG0TrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDov9RNNY0wmeER7lkosqPbTReg5urDKEIWRsk8atFB/b6RYaD0TgZ3MMupVLxP/83qJCa/9lMk4MVSS5aEw4chEKGsADZmixPCZJZgoZrMiMsYKE2N7KtkSvNUvr5N2vea5Ne+hXmnc5HUU4QzO4RI8uIIG3EMTWkDgCZ7hFd6cqfPivDsfy9GCk++cwh84nz8xgJG0</latexit><latexit sha1_base64="KPJKHL7LSmONR9U6kSqUgnyjCLs=">AAAB9HicbVDLTgIxFL2DL8QX6tJNI5i4IjNsdEnUhUtM5JHAhHRKBxrazth2SMiE73DjQmPc+jHu/Bs7MAsFT9Lk5Jx7c09PEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GZ+Z0qVZpF8NLOY+gKPJAsZwcZKfrUvsBkTzNO7eXVQrrg1dwG0TrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDov9RNNY0wmeER7lkosqPbTReg5urDKEIWRsk8atFB/b6RYaD0TgZ3MMupVLxP/83qJCa/9lMk4MVSS5aEw4chEKGsADZmixPCZJZgoZrMiMsYKE2N7KtkSvNUvr5N2vea5Ne+hXmnc5HUU4QzO4RI8uIIG3EMTWkDgCZ7hFd6cqfPivDsfy9GCk++cwh84nz8xgJG0</latexit>

@D
<latexit sha1_base64="PFK15LlcZVKZKG3ARZXQFWtn/uY=">AAAB/nicbVC7TsMwFHXKq5RXADGxWLRITFXSBcYKGBiLRB9SE1U3rtNadZzIdpCqqBK/wsIAQqx8Bxt/g9NmgJYjWTo65177+AQJZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo46KU0lom8Q8lr0AFOVM0LZmmtNeIilEAafdYHKT+91HKhWLxYOeJtSPYCRYyAhoIw3sk5qXgNQMuBeBHhPg2e2sNrCrTt2ZA68StyBVVKA1sL+8YUzSiApNOCjVd51E+1l+M+F0VvFSRRMgExjRvqECIqr8bB5/hs+NMsRhLM0RGs/V3xsZREpNo8BM5hnVspeL/3n9VIdXfsZEkmoqyOKhMOVYxzjvAg+ZpETzqSFAJDNZMRmDBKJNYxVTgrv85VXSadRdp+7eN6rN66KOMjpFZ+gCuegSNdEdaqE2IihDz+gVvVlP1ov1bn0sRktWsXOM/sD6/AEBAJV+</latexit><latexit sha1_base64="PFK15LlcZVKZKG3ARZXQFWtn/uY=">AAAB/nicbVC7TsMwFHXKq5RXADGxWLRITFXSBcYKGBiLRB9SE1U3rtNadZzIdpCqqBK/wsIAQqx8Bxt/g9NmgJYjWTo65177+AQJZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo46KU0lom8Q8lr0AFOVM0LZmmtNeIilEAafdYHKT+91HKhWLxYOeJtSPYCRYyAhoIw3sk5qXgNQMuBeBHhPg2e2sNrCrTt2ZA68StyBVVKA1sL+8YUzSiApNOCjVd51E+1l+M+F0VvFSRRMgExjRvqECIqr8bB5/hs+NMsRhLM0RGs/V3xsZREpNo8BM5hnVspeL/3n9VIdXfsZEkmoqyOKhMOVYxzjvAg+ZpETzqSFAJDNZMRmDBKJNYxVTgrv85VXSadRdp+7eN6rN66KOMjpFZ+gCuegSNdEdaqE2IihDz+gVvVlP1ov1bn0sRktWsXOM/sD6/AEBAJV+</latexit><latexit sha1_base64="PFK15LlcZVKZKG3ARZXQFWtn/uY=">AAAB/nicbVC7TsMwFHXKq5RXADGxWLRITFXSBcYKGBiLRB9SE1U3rtNadZzIdpCqqBK/wsIAQqx8Bxt/g9NmgJYjWTo65177+AQJZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo46KU0lom8Q8lr0AFOVM0LZmmtNeIilEAafdYHKT+91HKhWLxYOeJtSPYCRYyAhoIw3sk5qXgNQMuBeBHhPg2e2sNrCrTt2ZA68StyBVVKA1sL+8YUzSiApNOCjVd51E+1l+M+F0VvFSRRMgExjRvqECIqr8bB5/hs+NMsRhLM0RGs/V3xsZREpNo8BM5hnVspeL/3n9VIdXfsZEkmoqyOKhMOVYxzjvAg+ZpETzqSFAJDNZMRmDBKJNYxVTgrv85VXSadRdp+7eN6rN66KOMjpFZ+gCuegSNdEdaqE2IihDz+gVvVlP1ov1bn0sRktWsXOM/sD6/AEBAJV+</latexit><latexit sha1_base64="PFK15LlcZVKZKG3ARZXQFWtn/uY=">AAAB/nicbVC7TsMwFHXKq5RXADGxWLRITFXSBcYKGBiLRB9SE1U3rtNadZzIdpCqqBK/wsIAQqx8Bxt/g9NmgJYjWTo65177+AQJZ0o7zrdVWlvf2Nwqb1d2dvf2D+zDo46KU0lom8Q8lr0AFOVM0LZmmtNeIilEAafdYHKT+91HKhWLxYOeJtSPYCRYyAhoIw3sk5qXgNQMuBeBHhPg2e2sNrCrTt2ZA68StyBVVKA1sL+8YUzSiApNOCjVd51E+1l+M+F0VvFSRRMgExjRvqECIqr8bB5/hs+NMsRhLM0RGs/V3xsZREpNo8BM5hnVspeL/3n9VIdXfsZEkmoqyOKhMOVYxzjvAg+ZpETzqSFAJDNZMRmDBKJNYxVTgrv85VXSadRdp+7eN6rN66KOMjpFZ+gCuegSNdEdaqE2IihDz+gVvVlP1ov1bn0sRktWsXOM/sD6/AEBAJV+</latexit>

Euler number:

Patch Euler number (gauge invariance of nodal points)
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crossing the adjacent DS (blue dashed), it must flip its charge to ●, and the final patch Euler class 

is now |2[●,●]| = 1, indicating that the two nodes are now stable, i.e. they cannot be annihilated 

in the grey patch. We emphasize that the patch Euler class has been changed through the braiding 

from Extended Data Fig. 3a A to Extended Data Fig. 3a D. 

 

Extended Data Fig. 3 | Obstructions to nodes annihilation through the braiding of nodes on the 

(Brillouin zone) torus. In a the moving node does not cross the whole Brillouin zone, in b (AB) and b (CD) 

the moving node crosses the Brillouin zone along one of the cyclic direction of the torus leaving a non-

contractible DS behind. The patch Euler class (2(ã)) and the topological configuration after braiding are 

fully determined by the nodes charges and the Dirac strings of the initial configuration. 

 

Extended Data Fig. 3b shows similar processes but now after that one of the nodes travels through 

one cyclic direction of the torus, creating a full Dirac string in the process. In Extended Data Fig. 

3b (AB) there is no braiding and the node � annihilates with ● in the end. In Extended Data Fig. 

3b (CD) instead, the node � braids with the adjacent nodes leading to a change of the final patch 

Euler class Extended Data Fig. 3b D as compared to Extended Data Fig. 3a A. In the following 

we refer to “braiding” whenever the nodes of one gap must cross the DS of an adjacent gap leading 

to a conversion of charges. 

 

Braiding rules in terms of Dirac string and patch Euler class
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crossing the adjacent DS (blue dashed), it must flip its charge to ●, and the final patch Euler class 

is now |2[●,●]| = 1, indicating that the two nodes are now stable, i.e. they cannot be annihilated 

in the grey patch. We emphasize that the patch Euler class has been changed through the braiding 

from Extended Data Fig. 3a A to Extended Data Fig. 3a D. 

 

Extended Data Fig. 3 | Obstructions to nodes annihilation through the braiding of nodes on the 

(Brillouin zone) torus. In a the moving node does not cross the whole Brillouin zone, in b (AB) and b (CD) 

the moving node crosses the Brillouin zone along one of the cyclic direction of the torus leaving a non-

contractible DS behind. The patch Euler class (2(ã)) and the topological configuration after braiding are 

fully determined by the nodes charges and the Dirac strings of the initial configuration. 

 

Extended Data Fig. 3b shows similar processes but now after that one of the nodes travels through 

one cyclic direction of the torus, creating a full Dirac string in the process. In Extended Data Fig. 

3b (AB) there is no braiding and the node � annihilates with ● in the end. In Extended Data Fig. 

3b (CD) instead, the node � braids with the adjacent nodes leading to a change of the final patch 

Euler class Extended Data Fig. 3b D as compared to Extended Data Fig. 3a A. In the following 

we refer to “braiding” whenever the nodes of one gap must cross the DS of an adjacent gap leading 

to a conversion of charges. 

 

Braiding rules in terms of Dirac string and patch Euler class
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crossing the adjacent DS (blue dashed), it must flip its charge to ●, and the final patch Euler class 

is now |2[●,●]| = 1, indicating that the two nodes are now stable, i.e. they cannot be annihilated 

in the grey patch. We emphasize that the patch Euler class has been changed through the braiding 

from Extended Data Fig. 3a A to Extended Data Fig. 3a D. 

 

Extended Data Fig. 3 | Obstructions to nodes annihilation through the braiding of nodes on the 

(Brillouin zone) torus. In a the moving node does not cross the whole Brillouin zone, in b (AB) and b (CD) 

the moving node crosses the Brillouin zone along one of the cyclic direction of the torus leaving a non-

contractible DS behind. The patch Euler class (2(ã)) and the topological configuration after braiding are 

fully determined by the nodes charges and the Dirac strings of the initial configuration. 

 

Extended Data Fig. 3b shows similar processes but now after that one of the nodes travels through 

one cyclic direction of the torus, creating a full Dirac string in the process. In Extended Data Fig. 

3b (AB) there is no braiding and the node � annihilates with ● in the end. In Extended Data Fig. 

3b (CD) instead, the node � braids with the adjacent nodes leading to a change of the final patch 

Euler class Extended Data Fig. 3b D as compared to Extended Data Fig. 3a A. In the following 

we refer to “braiding” whenever the nodes of one gap must cross the DS of an adjacent gap leading 

to a conversion of charges. 

 

Braiding rules in terms of Dirac string and patch Euler class
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crossing the adjacent DS (blue dashed), it must flip its charge to ●, and the final patch Euler class 

is now |2[●,●]| = 1, indicating that the two nodes are now stable, i.e. they cannot be annihilated 

in the grey patch. We emphasize that the patch Euler class has been changed through the braiding 

from Extended Data Fig. 3a A to Extended Data Fig. 3a D. 

 

Extended Data Fig. 3 | Obstructions to nodes annihilation through the braiding of nodes on the 

(Brillouin zone) torus. In a the moving node does not cross the whole Brillouin zone, in b (AB) and b (CD) 

the moving node crosses the Brillouin zone along one of the cyclic direction of the torus leaving a non-

contractible DS behind. The patch Euler class (2(ã)) and the topological configuration after braiding are 

fully determined by the nodes charges and the Dirac strings of the initial configuration. 

 

Extended Data Fig. 3b shows similar processes but now after that one of the nodes travels through 

one cyclic direction of the torus, creating a full Dirac string in the process. In Extended Data Fig. 

3b (AB) there is no braiding and the node � annihilates with ● in the end. In Extended Data Fig. 

3b (CD) instead, the node � braids with the adjacent nodes leading to a change of the final patch 

Euler class Extended Data Fig. 3b D as compared to Extended Data Fig. 3a A. In the following 

we refer to “braiding” whenever the nodes of one gap must cross the DS of an adjacent gap leading 

to a conversion of charges. 

 

Braiding rules in terms of Dirac string and patch Euler class

�(D) = 0
<latexit sha1_base64="n3R7MhZB+xjlrNR+GUqaKQQKdoM=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdImsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+PpJUB</latexit><latexit sha1_base64="n3R7MhZB+xjlrNR+GUqaKQQKdoM=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdImsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+PpJUB</latexit><latexit sha1_base64="n3R7MhZB+xjlrNR+GUqaKQQKdoM=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdImsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+PpJUB</latexit><latexit sha1_base64="n3R7MhZB+xjlrNR+GUqaKQQKdoM=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdImsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+PpJUB</latexit>

�(D) = 1
<latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit>

�(D) = 1
<latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit>

�(D) = 1
<latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit><latexit sha1_base64="OUI74ORa3IIx60RIrTGVtxr0UM0=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8FWqJuSdKMboagLlxXsA5pQJtNJO3TyYGYilFA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89XsyZVJb1bRRWVtfWN4qbpa3tnd09c/+gLaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+DrzOw9USBaF92oSUzfAw5D5jGClpb55VEEOGbGqE2A1IpinN9MzdInsSt8sWzVrBrRM7JyUIUezb345g4gkAQ0V4VjKnm3Fyk2xUIxwOi05iaQxJmM8pD1NQxxQ6aazD6boVCsD5EdCV6jQTP09keJAykng6c7sULnoZeJ/Xi9R/oWbsjBOFA3JfJGfcKQilMWBBkxQovhEE0wE07ciMsICE6VDK+kQ7MWXl0m7XrOtmn1XLzeu8jiKcAwnUAUbzqEBt9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+RKZUC</latexit>



(�I ,�II) = (1, 1)
<latexit sha1_base64="dlSPZZzu0TG2ws51ESeWo2HNdII=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgrtFBK0o1uhKIbu6tgL9CGMJlO2qGTSZiZCCVk7cZXceNCEbc+gTvfxmmbhbb+MPDxn3M4c34vYlQqy/o2cmvrG5tb+e3Czu7e/oF5eNSRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5mdW7D0RIGvJ7NY2IE6ARpz7FSGnLNU9L5QEeUzdpprAKM2ymFXgFy3bVrpSgaxatmjUXXAU7gyLI1HLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSwiCWJEJ4gkakr5GjgEgnmZ+SwnPtDKEfCv24gnP390SCAimngac7A6TGcrk2M/+r9WPlXzoJ5VGsCMeLRX7MoArhLBc4pIJgxaYaEBZU/xXiMRIIK51eQYdgL5+8Cp16zbZq9l292LjO4siDE3AGysAGF6ABbkELtAEGj+AZvII348l4Md6Nj0VrzshmjsEfGZ8/0lCXHQ==</latexit><latexit sha1_base64="dlSPZZzu0TG2ws51ESeWo2HNdII=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgrtFBK0o1uhKIbu6tgL9CGMJlO2qGTSZiZCCVk7cZXceNCEbc+gTvfxmmbhbb+MPDxn3M4c34vYlQqy/o2cmvrG5tb+e3Czu7e/oF5eNSRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5mdW7D0RIGvJ7NY2IE6ARpz7FSGnLNU9L5QEeUzdpprAKM2ymFXgFy3bVrpSgaxatmjUXXAU7gyLI1HLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSwiCWJEJ4gkakr5GjgEgnmZ+SwnPtDKEfCv24gnP390SCAimngac7A6TGcrk2M/+r9WPlXzoJ5VGsCMeLRX7MoArhLBc4pIJgxaYaEBZU/xXiMRIIK51eQYdgL5+8Cp16zbZq9l292LjO4siDE3AGysAGF6ABbkELtAEGj+AZvII348l4Md6Nj0VrzshmjsEfGZ8/0lCXHQ==</latexit><latexit sha1_base64="dlSPZZzu0TG2ws51ESeWo2HNdII=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgrtFBK0o1uhKIbu6tgL9CGMJlO2qGTSZiZCCVk7cZXceNCEbc+gTvfxmmbhbb+MPDxn3M4c34vYlQqy/o2cmvrG5tb+e3Czu7e/oF5eNSRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5mdW7D0RIGvJ7NY2IE6ARpz7FSGnLNU9L5QEeUzdpprAKM2ymFXgFy3bVrpSgaxatmjUXXAU7gyLI1HLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSwiCWJEJ4gkakr5GjgEgnmZ+SwnPtDKEfCv24gnP390SCAimngac7A6TGcrk2M/+r9WPlXzoJ5VGsCMeLRX7MoArhLBc4pIJgxaYaEBZU/xXiMRIIK51eQYdgL5+8Cp16zbZq9l292LjO4siDE3AGysAGF6ABbkELtAEGj+AZvII348l4Md6Nj0VrzshmjsEfGZ8/0lCXHQ==</latexit><latexit sha1_base64="dlSPZZzu0TG2ws51ESeWo2HNdII=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgrtFBK0o1uhKIbu6tgL9CGMJlO2qGTSZiZCCVk7cZXceNCEbc+gTvfxmmbhbb+MPDxn3M4c34vYlQqy/o2cmvrG5tb+e3Czu7e/oF5eNSRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5mdW7D0RIGvJ7NY2IE6ARpz7FSGnLNU9L5QEeUzdpprAKM2ymFXgFy3bVrpSgaxatmjUXXAU7gyLI1HLNr8EwxHFAuMIMSdm3rUg5CRKKYkbSwiCWJEJ4gkakr5GjgEgnmZ+SwnPtDKEfCv24gnP390SCAimngac7A6TGcrk2M/+r9WPlXzoJ5VGsCMeLRX7MoArhLBc4pIJgxaYaEBZU/xXiMRIIK51eQYdgL5+8Cp16zbZq9l292LjO4siDE3AGysAGF6ABbkELtAEGj+AZvII348l4Md6Nj0VrzshmjsEfGZ8/0lCXHQ==</latexit>

<latexit sha1_base64="+7/QCmdBtg/pA6Sg1yb7Txyb4Xo=">AAACBnicbVDLSgMxFM3UV62vUZciBFuhhVomXagboejG7irYB7TDkEnTNjTzIMkIZejKjb/ixoUibv0Gd/6N6XQW2nrgcg/n3EtyjxtyJpVlfRuZldW19Y3sZm5re2d3z9w/aMkgEoQ2ScAD0XGxpJz5tKmY4rQTCoo9l9O2O76Z+e0HKiQL/Hs1Cant4aHPBoxgpSXHPC4Ue2TEnHo5aXG9Pi3BK1hE5TNUKjhm3qpYCeAyQSnJgxQNx/zq9QMSedRXhGMpu8gKlR1joRjhdJrrRZKGmIzxkHY19bFHpR0nZ0zhqVb6cBAIXb6Cifp7I8aelBPP1ZMeViO56M3E/7xupAaXdsz8MFLUJ/OHBhGHKoCzTGCfCUoUn2iCiWD6r5CMsMBE6eRyOgS0ePIyaVUr6LyC7qr52nUaRxYcgRNQBAhcgBq4BQ3QBAQ8gmfwCt6MJ+PFeDc+5qMZI905BH9gfP4AU56V0A==</latexit>

(�I , �II) = (1,�1)

AB, RJ Slager, arxiv:2203.16741


Linked nodal rings = braiding trajectories of NP

Euler number conversion via braiding of Weyl points



Braiding of nodal rings in 3D PT phases



Braiding of nodal rings in 3D PT phases
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�[S2] = 2



4D topology: second Euler class characterizes 

                     stable linked nodal surfaces between four bands !

Higher dimensional Euler insulators

2D topology: first Euler class characterizes 

                      stable nodal points between two bands 

Hyperspherical realization of the tangent bundle 

of the four-sphere:

arxiv:2301.08827

From gapped Euler phases to stable nodal structures:



Non-Ablian topological gapped phases: 

intrinsic 1D systems and sub-dimensional contexts



Intrinsic or projected 1D topology

In C2T (mT, PT) only 

the unitary part acts on 

the position operator!

s1 px

x

tsp = 1tsp = -1

tpp = -1tpp = -1

tss = 1tss = 1

s2

intrinsic:    atomic-like orbitals

projected: hybrid Wannier functions



Intrinsic or projected 1D topology

s1 px

x

tsp = 1tsp = -1

tpp = -1tpp = -1

tss = 1tss = 1

s2

In C2T (mT, PT) only 

the unitary part acts on 

the position operator!

intrinsic:    atomic-like orbitals

projected: hybrid Wannier functions

There is a {0,1/2}-quantization of the sub-lattice sites 

due to C2T (mT, PT) symmetry

even though C2 (m,P) is not a symmetry of the Bloch Hamiltonian 

This matches the {0,𝜋}-quantization of Zak phase

Only two Wyckoff positons: 1a  = center of the 1D unit cell

                            1b = boundary of the 1D u.c.



Intrinsic or projected 1D topology

Cyclic path in the Brillouin zone 
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V (K) = diag
�
eir1·K , eir2·K , · · ·

�

= diag (±1,±1, · · · )
(1)
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V (R)H(k +K)V (K)> = H(k)
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|�↵,ki =
1p
N

P
n
eik·(Rn+r↵)|w↵,Rn + r↵i



Intrinsic or projected 1D topology

Cyclic path in the Brillouin zone 
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<latexit sha1_base64="lSZQY8M5kUQb3hub7P7ty+ZvV4c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLZCRShJF+qy6ELBTRX7gCaUyWTSDp1JwsxEKKHgxl9x40IRt/6EO//GSZuFVg8MczjnXu69x4sZlcqyvozCwuLS8kpxtbS2vrG5ZW7vtGWUCExaOGKR6HpIEkZD0lJUMdKNBUHcY6TjjS4yv3NPhKRReKfGMXE5GoQ0oBgpLfXNvcpt1blEnKNjx4uYL8dcf+n15KjSN8tWzZoC/iV2TsogR7Nvfjp+hBNOQoUZkrJnW7FyUyQUxYxMSk4iSYzwCA1IT9MQcSLddHrDBB5qxYdBJPQLFZyqPztSxGW2nK7kSA3lvJeJ/3m9RAVnbkrDOFEkxLNBQcKgimAWCPSpIFixsSYIC6p3hXiIBMJKx1bSIdjzJ/8l7XrNPqnZN/Vy4zyPowj2wQGoAhucgga4Ak3QAhg8gCfwAl6NR+PZeDPeZ6UFI+/ZBb9gfHwDm8iW3g==</latexit>

R(�+K)
<latexit sha1_base64="4uXLH1Ph/v8NvauCBTORc94MCLY=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+4o1JJooSUa+UiOC9lb9mDD7t5ld8+EEH6GjYXG2Ppr7Pw3LnCFgi+Z5OW9mczMCxPOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho5uZ336iSrNYPppxQgOBB5JFjGBjJb/8UOneYiHweblXLLlVdw60SryMlCBDo1f86vZjkgoqDeFYa99zExNMsDKMcDotdFNNE0xGeEB9SyUWVAeT+clTdGaVPopiZUsaNFd/T0yw0HosQtspsBnqZW8m/uf5qYmuggmTSWqoJItFUcqRidHsf9RnihLDx5Zgopi9FZEhVpgYm1LBhuAtv7xKWrWqd1H17mul+nUWRx5O4BQq4MEl1OEOGtAEAjE8wyu8OcZ5cd6dj0VrzslmjuEPnM8ffniQFg==</latexit>

R(�)

general boundary condition 

parallel-transported frame:

parallel-transported 

sign flip of the n-th band:

<latexit sha1_base64="90To8IYs9/u6E/yAyAaBscQpefo="></latexit>

V (K) = diag
�
eir1·K , eir2·K , · · ·

�

= diag (±1,±1, · · · )
(1)

<latexit sha1_base64="aS4PO2FKgSjiepmYGkFZMrr0dWw="></latexit>

gK,nn 2 O(1) = {+1,�1}
<latexit sha1_base64="WJ6BOEdV/j99cLFqWZ+ZmgHpVe0="></latexit>

Rn(k +K) = V (K)>Rn(k)gK,nn

<latexit sha1_base64="qWtWB2gDyarzYsx4La5qWNauE2Y="></latexit>

V (R)H(k +K)V (K)> = H(k)

translation sym:



Intrinsic or projected 1D topology

Discrete group of all principal C2 rotations of a rank-N frame: 

<latexit sha1_base64="7bu3JJHE64hIxWb2PGv+s4XVEaU="></latexit>

⇡1

⇣
FlRN

⌘
= PN Non-Abelian Salingaros group

<latexit sha1_base64="G6hMop5WffIoLi0k7FnLELodbT4="></latexit>

gK =

0

B@
gK,11 0 0

0
. . . 0

0 0 gK,NN

1

CA 2 PN

<latexit sha1_base64="PvUanbeC9BvnaXtvaSv70dg5Lhs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0oB6LXjxWsB+QhLLZbtqlu5uwOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJ1ySZpqxDE5HofkQME1yxDnAQrJ9qRmQkWC+a3M393hPThifqEaYpCyUZKR5zSsBKfj3gCgepxF59UK25DXcBvE68gtRQgfag+hUME5pJpoAKYozvuSmEOdHAqWCzSpAZlhI6ISPmW6qIZCbMFyfP8IVVhjhOtC0FeKH+nsiJNGYqI9spCYzNqjcX//P8DOKbMOcqzYApulwUZwJDguf/4yHXjIKYWkKo5vZWTMdEEwo2pYoNwVt9eZ10mw3vquE9NGut2yKOMjpD5+gSeegatdA9aqMOoihBz+gVvTngvDjvzseyteQUM6foD5zPH3hTkBE=</latexit>2 ±1

<latexit sha1_base64="PvUanbeC9BvnaXtvaSv70dg5Lhs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LLaCp5L0oB6LXjxWsB+QhLLZbtqlu5uwOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJ1ySZpqxDE5HofkQME1yxDnAQrJ9qRmQkWC+a3M393hPThifqEaYpCyUZKR5zSsBKfj3gCgepxF59UK25DXcBvE68gtRQgfag+hUME5pJpoAKYozvuSmEOdHAqWCzSpAZlhI6ISPmW6qIZCbMFyfP8IVVhjhOtC0FeKH+nsiJNGYqI9spCYzNqjcX//P8DOKbMOcqzYApulwUZwJDguf/4yHXjIKYWkKo5vZWTMdEEwo2pYoNwVt9eZ10mw3vquE9NGut2yKOMjpD5+gSeegatdA9aqMOoihBz+gVvTngvDjvzseyteQUM6foD5zPH3hTkBE=</latexit> 2 ±1

<latexit sha1_base64="jbt8mSjCJ2bPmLGEDv6R4iLUWvc=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAixCbsplDLoI2VRjQPyIYwO7mbDJl9MDMrhCU2/oqNhSK2/oWdf+Nks4UmHrhwOOde7r3HjTiTyrK+jdzS8srqWn69sLG5tb1j7u41ZRgLCg0a8lC0XSKBswAaiikO7UgA8V0OLXd0OfVbDyAkC4N7NY6g65NBwDxGidJSzzwoOTJ2JSjs+EQNpZfc3UzK1yelnlm0KlYKvEjsjBRRhnrP/HL6IY19CBTlRMqObUWqmxChGOUwKTixhIjQERlAR9OA+CC7SfrBBB9rpY+9UOgKFE7V3xMJ8aUc+67uTM+c96bif14nVt55N2FBFCsI6GyRF3OsQjyNA/eZAKr4WBNCBdO3YjokglClQyvoEOz5lxdJs1qxTyv2bbVYu8jiyKNDdITKyEZnqIauUB01EEWP6Bm9ojfjyXgx3o2PWWvOyGb20R8Ynz8xEZYR</latexit>

⇢ SO(N)

<latexit sha1_base64="/U9DeF74Kja8lBdmGtG0KNkWQzs=">AAACA3icbVA9SwNBEN3zM8avUzttFhMhNuEuhVoGbawkovmAJIS9zVyyZG/v2N0TwhGw8a/YWChi65+w89+4uVyhiQ8GHu/NMDPPizhT2nG+raXlldW19dxGfnNre2fX3ttvqDCWFOo05KFseUQBZwLqmmkOrUgCCTwOTW90NfWbDyAVC8W9HkfQDchAMJ9Roo3Usw+LHRV7CjTuBEQPlZ/cRUxMSjenxZ5dcMpOCrxI3IwUUIZaz/7q9EMaByA05USptutEupsQqRnlMMl3YgURoSMygLahggSgukn6wwSfGKWP/VCaEhqn6u+JhARKjQPPdKaHzntT8T+vHWv/opswEcUaBJ0t8mOOdYingeA+k0A1HxtCqGTmVkyHRBKqTWx5E4I7//IiaVTK7lnZva0UqpdZHDl0hI5RCbnoHFXRNaqhOqLoET2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPB1qXHQ==</latexit>

⇢ Spin(N)

<latexit sha1_base64="J93Zg3BQhMIxV1djOR3m09tK2Ww="></latexit>

O(N)

PN
=

Spin(N)

PN
Classifying space: spin double cover



Intrinsic 1D topology: class of periodic Bloch Hamiltonian

Condition for the quantization of non-Abelian charges: 
 

Existence of a gauge with periodic Bloch Hamiltonian

<latexit sha1_base64="DdoPCa7jO6/9oFE0S4Ilg7wP4Vw=">AAACH3icbVDLSgMxFM34rPU16tJNsBVahDLTRXUjFN0U3FSwD2iHksmkbWgmMyQZoQzzJ278FTcuFBF3/Rsz7Sxq64GQk3PPJfceN2RUKsuaGRubW9s7u7m9/P7B4dGxeXLalkEkMGnhgAWi6yJJGOWkpahipBsKgnyXkY47uU/rnWciJA34k5qGxPHRiNMhxUhpaWDWio1S3w2YJ6e+vuJJcrX8fEjK8BauWsrFgVmwKtYccJ3YGSmADM2B+dP3Ahz5hCvMkJQ92wqVEyOhKGYkyfcjSUKEJ2hEeppy5BPpxPP9EnipFQ8OA6EPV3CuLnfEyJfpcNrpIzWWq7VU/K/Wi9TwxokpDyNFOF58NIwYVAFMw4IeFQQrNtUEYUH1rBCPkUBY6UjzOgR7deV10q5W7FrFfqwW6ndZHDlwDi5ACdjgGtRBAzRBC2DwAt7AB/g0Xo1348v4Xlg3jKznDPyBMfsFlXmirw==</latexit>

H(k +K) = H(k)
<latexit sha1_base64="b5/u0JtAR7Fj+4tLbMvBmKgjtug=">AAACEXicbVDLSsNAFJ3UV62vqEs3g61QNyXpQl0W3QiCVLAPaEKYTCbt0EkmzEyEEvoLbvwVNy4UcevOnX/jpM1CWy8Mczj3Xu45x08Ylcqyvo3Syura+kZ5s7K1vbO7Z+4fdCVPBSYdzBkXfR9JwmhMOooqRvqJICjyGen546u833sgQlIe36tJQtwIDWMaUoyUpjyzXuvWHZ+zQE4i/WU301PoJIInikMnQmrkh5k99W5rnlm1Gtas4DKwC1AFRbU988sJOE4jEivMkJQD20qUmyGhKGZkWnFSSRKEx2hIBhrGKCLSzWaOpvBEMwEMudAvVnDG/t7IUCRzxXoyFykXezn5X2+QqvDCzWicpIrEeH4oTBnUdvN4YEAFwYpNNEBYUK0V4hESCCsdYkWHYC9aXgbdZsM+a9h3zWrrsoijDI7AMagDG5yDFrgGbdABGDyCZ/AK3own48V4Nz7moyWj2DkEf8r4/AGn1Zzo</latexit>

V (K) / 1N

For any pair of orbitals located away from the Brillouin zone center and 

that are mapped onto-each other under C2, we do change of gauge: 

<latexit sha1_base64="eeBQ9SGgbOKzJ/UvW7yIdyCTF5M="></latexit>

|�a,ki ! e�ik·ra |�,ki
<latexit sha1_base64="99ATKFmhF9fqKRuNyeyoADNTjxw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYSLhLoTZC0MYygvmA5Ah7m02yZG/v3J0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXhBLYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjG6nfvOJayMi9YDjmPshHSjRF4yilVolQq+980qpWyi6ZXcGsky8jBQhQ61b+Or0IpaEXCGT1Ji258bop1SjYJJP8p3E8JiyER3wtqWKhtz46ezeCTm1So/0I21LIZmpvydSGhozDgPbGVIcmkVvKv7ntRPsX/mpUHGCXLH5on4iCUZk+jzpCc0ZyrEllGlhbyVsSDVlaCPK2xC8xZeXSaNS9i7K3n2lWL3J4sjBMZzAGXhwCVW4gxrUgYGEZ3iFN+fReXHenY9564qTzRzBHzifP5/KjmM=</latexit>

a = 1, 2<latexit sha1_base64="vJPl57hlnk7/O5C/2UArbMolTJc=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtSTaWGIUJIELmVv2YMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVlLVoLGLVCVAzwSVrGW4E6ySKYRQI9hiMb2b+4xNTmsfywUwS5kc4lDzkFI2V7qtY7Zcrbs2dg6wSLycVyNHsl796g5imEZOGCtS667mJ8TNUhlPBpqVeqlmCdIxD1rVUYsS0n81PnZIzqwxIGCtb0pC5+nsiw0jrSRTYzgjNSC97M/E/r5ua8MrPuExSwyRdLApTQUxMZn+TAVeMGjGxBKni9lZCR6iQGptOyYbgLb+8Str1mndR8+7qlcZ1HkcRTuAUzsGDS2jALTShBRSG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwB8V41F</latexit>a

<latexit sha1_base64="Xi/Oz+FmQnCLEBOTG++pXlfxsaY=">AAAB/HicbVA7T8MwGHTKq5RXoCNLRIvEVCUdgLGChbFI9CE1UeU4TmvVj8h2kKKo/BUWBhBi5Yew8W9w2gzQcpLl0933yecLE0qUdt1vq7KxubW9U92t7e0fHB7Zxyd9JVKJcA8JKuQwhApTwnFPE03xMJEYspDiQTi7LfzBI5aKCP6gswQHDE44iQmC2khju970Q0EjlTFz5b4ibN4c2w235S7grBOvJA1Qoju2v/xIoJRhrhGFSo08N9FBDqUmiOJ5zU8VTiCawQkeGcohwyrIF+HnzrlRIicW0hyunYX6eyOHTBXxzCSDeqpWvUL8zxulOr4OcsKTVGOOlg/FKXW0cIomnIhIjDTNDIFIEpPVQVMoIdKmr5opwVv98jrpt1veZcu7bzc6N2UdVXAKzsAF8MAV6IA70AU9gEAGnsEreLOerBfr3fpYjlascqcO/sD6/AHX0pTl</latexit>⇠ <latexit sha1_base64="Xi/Oz+FmQnCLEBOTG++pXlfxsaY=">AAAB/HicbVA7T8MwGHTKq5RXoCNLRIvEVCUdgLGChbFI9CE1UeU4TmvVj8h2kKKo/BUWBhBi5Yew8W9w2gzQcpLl0933yecLE0qUdt1vq7KxubW9U92t7e0fHB7Zxyd9JVKJcA8JKuQwhApTwnFPE03xMJEYspDiQTi7LfzBI5aKCP6gswQHDE44iQmC2khju970Q0EjlTFz5b4ibN4c2w235S7grBOvJA1Qoju2v/xIoJRhrhGFSo08N9FBDqUmiOJ5zU8VTiCawQkeGcohwyrIF+HnzrlRIicW0hyunYX6eyOHTBXxzCSDeqpWvUL8zxulOr4OcsKTVGOOlg/FKXW0cIomnIhIjDTNDIFIEpPVQVMoIdKmr5opwVv98jrpt1veZcu7bzc6N2UdVXAKzsAF8MAV6IA70AU9gEAGnsEreLOerBfr3fpYjlascqcO/sD6/AHX0pTl</latexit>⇠<latexit sha1_base64="Xi/Oz+FmQnCLEBOTG++pXlfxsaY=">AAAB/HicbVA7T8MwGHTKq5RXoCNLRIvEVCUdgLGChbFI9CE1UeU4TmvVj8h2kKKo/BUWBhBi5Yew8W9w2gzQcpLl0933yecLE0qUdt1vq7KxubW9U92t7e0fHB7Zxyd9JVKJcA8JKuQwhApTwnFPE03xMJEYspDiQTi7LfzBI5aKCP6gswQHDE44iQmC2khju970Q0EjlTFz5b4ibN4c2w235S7grBOvJA1Qoju2v/xIoJRhrhGFSo08N9FBDqUmiOJ5zU8VTiCawQkeGcohwyrIF+HnzrlRIicW0hyunYX6eyOHTBXxzCSDeqpWvUL8zxulOr4OcsKTVGOOlg/FKXW0cIomnIhIjDTNDIFIEpPVQVMoIdKmr5opwVv98jrpt1veZcu7bzc6N2UdVXAKzsAF8MAV6IA70AU9gEAGnsEreLOerBfr3fpYjlascqcO/sD6/AHX0pTl</latexit>⇠

One can readily catalogue all the elementary band representations 

corresponding to the periodic class 



Embedded 1D non-Abelian topology

Honeycom + triangular lattice

honeycomb sites (A,B):  Wyckoff’s position 2b

triangular sites (C):         Wyckoff’s position 1a

trino” billiards !Berry and Modragon, 1987; Miao et al.,
2007". It has also been suggested that Coulomb interac-
tions are considerably enhanced in smaller geometries,
such as graphene quantum dots !Milton Pereira et al.,
2007", leading to unusual Coulomb blockade effects
!Geim and Novoselov, 2007" and perhaps to magnetic
phenomena such as the Kondo effect. The transport
properties of graphene allow for their use in a plethora
of applications ranging from single molecule detection
!Schedin et al., 2007; Wehling et al., 2008" to spin injec-
tion !Cho et al., 2007; Hill et al., 2007; Ohishi et al., 2007;
Tombros et al., 2007".

Because of its unusual structural and electronic flex-
ibility, graphene can be tailored chemically and/or struc-
turally in many different ways: deposition of metal at-
oms !Calandra and Mauri, 2007; Uchoa et al., 2008" or
molecules !Schedin et al., 2007; Leenaerts et al., 2008;
Wehling et al., 2008" on top; intercalation #as done in
graphite intercalated compounds !Dresselhaus et al.,
1983; Tanuma and Kamimura, 1985; Dresselhaus and
Dresselhaus, 2002"$; incorporation of nitrogen and/or
boron in its structure !Martins et al., 2007; Peres,
Klironomos, Tsai, et al., 2007" #in analogy with what has
been done in nanotubes !Stephan et al., 1994"$; and using
different substrates that modify the electronic structure
!Calizo et al., 2007; Giovannetti et al., 2007; Varchon et
al., 2007; Zhou et al., 2007; Das et al., 2008; Faugeras et
al., 2008". The control of graphene properties can be
extended in new directions allowing for the creation of
graphene-based systems with magnetic and supercon-
ducting properties !Uchoa and Castro Neto, 2007" that
are unique in their 2D properties. Although the
graphene field is still in its infancy, the scientific and
technological possibilities of this new material seem to
be unlimited. The understanding and control of this ma-
terial’s properties can open doors for a new frontier in
electronics. As the current status of the experiment and
potential applications have recently been reviewed
!Geim and Novoselov, 2007", in this paper we concen-
trate on the theory and more technical aspects of elec-
tronic properties with this exciting new material.

II. ELEMENTARY ELECTRONIC PROPERTIES OF
GRAPHENE

A. Single layer: Tight-binding approach

Graphene is made out of carbon atoms arranged in
hexagonal structure, as shown in Fig. 2. The structure
can be seen as a triangular lattice with a basis of two
atoms per unit cell. The lattice vectors can be written as

a1 =
a
2

!3,%3", a2 =
a
2

!3,− %3" , !1"

where a&1.42 Å is the carbon-carbon distance. The
reciprocal-lattice vectors are given by

b1 =
2!

3a
!1,%3", b2 =

2!

3a
!1,− %3" . !2"

Of particular importance for the physics of graphene are
the two points K and K! at the corners of the graphene
Brillouin zone !BZ". These are named Dirac points for
reasons that will become clear later. Their positions in
momentum space are given by

K = '2!

3a
,

2!

3%3a
(, K! = '2!

3a
,−

2!

3%3a
( . !3"

The three nearest-neighbor vectors in real space are
given by

!1 =
a
2

!1,%3" !2 =
a
2

!1,− %3" "3 = − a!1,0" !4"

while the six second-nearest neighbors are located at
"1!= ±a1, "2!= ±a2, "3!= ± !a2−a1".

The tight-binding Hamiltonian for electrons in
graphene considering that electrons can hop to both
nearest- and next-nearest-neighbor atoms has the form
!we use units such that #=1"

H = − t )
*i,j+,$

!a$,i
† b$,j + H.c."

− t! )
**i,j++,$

!a$,i
† a$,j + b$,i

† b$,j + H.c." , !5"

where ai,$ !ai,$
† " annihilates !creates" an electron with

spin $ !$= ↑ , ↓ " on site Ri on sublattice A !an equiva-
lent definition is used for sublattice B", t!&2.8 eV" is the
nearest-neighbor hopping energy !hopping between dif-
ferent sublattices", and t! is the next nearest-neighbor
hopping energy1 !hopping in the same sublattice". The
energy bands derived from this Hamiltonian have the
form !Wallace, 1947"

E±!k" = ± t%3 + f!k" − t!f!k" ,

1The value of t! is not well known but ab initio calculations
!Reich et al., 2002" find 0.02t% t!%0.2t depending on the tight-
binding parametrization. These calculations also include the
effect of a third-nearest-neighbors hopping, which has a value
of around 0.07 eV. A tight-binding fit to cyclotron resonance
experiments !Deacon et al., 2007" finds t!&0.1 eV.

a

a

1

2

b

b

1

2

K
Γ

k

k

x

y

1

2

3

M

δ δ

δ

A B

K’

FIG. 2. !Color online" Honeycomb lattice and its Brillouin
zone. Left: lattice structure of graphene, made out of two in-
terpenetrating triangular lattices !a1 and a2 are the lattice unit
vectors, and "i, i=1,2 ,3 are the nearest-neighbor vectors".
Right: corresponding Brillouin zone. The Dirac cones are lo-
cated at the K and K! points.
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Honeycom + triangular lattice

trino” billiards !Berry and Modragon, 1987; Miao et al.,
2007". It has also been suggested that Coulomb interac-
tions are considerably enhanced in smaller geometries,
such as graphene quantum dots !Milton Pereira et al.,
2007", leading to unusual Coulomb blockade effects
!Geim and Novoselov, 2007" and perhaps to magnetic
phenomena such as the Kondo effect. The transport
properties of graphene allow for their use in a plethora
of applications ranging from single molecule detection
!Schedin et al., 2007; Wehling et al., 2008" to spin injec-
tion !Cho et al., 2007; Hill et al., 2007; Ohishi et al., 2007;
Tombros et al., 2007".

Because of its unusual structural and electronic flex-
ibility, graphene can be tailored chemically and/or struc-
turally in many different ways: deposition of metal at-
oms !Calandra and Mauri, 2007; Uchoa et al., 2008" or
molecules !Schedin et al., 2007; Leenaerts et al., 2008;
Wehling et al., 2008" on top; intercalation #as done in
graphite intercalated compounds !Dresselhaus et al.,
1983; Tanuma and Kamimura, 1985; Dresselhaus and
Dresselhaus, 2002"$; incorporation of nitrogen and/or
boron in its structure !Martins et al., 2007; Peres,
Klironomos, Tsai, et al., 2007" #in analogy with what has
been done in nanotubes !Stephan et al., 1994"$; and using
different substrates that modify the electronic structure
!Calizo et al., 2007; Giovannetti et al., 2007; Varchon et
al., 2007; Zhou et al., 2007; Das et al., 2008; Faugeras et
al., 2008". The control of graphene properties can be
extended in new directions allowing for the creation of
graphene-based systems with magnetic and supercon-
ducting properties !Uchoa and Castro Neto, 2007" that
are unique in their 2D properties. Although the
graphene field is still in its infancy, the scientific and
technological possibilities of this new material seem to
be unlimited. The understanding and control of this ma-
terial’s properties can open doors for a new frontier in
electronics. As the current status of the experiment and
potential applications have recently been reviewed
!Geim and Novoselov, 2007", in this paper we concen-
trate on the theory and more technical aspects of elec-
tronic properties with this exciting new material.

II. ELEMENTARY ELECTRONIC PROPERTIES OF
GRAPHENE

A. Single layer: Tight-binding approach

Graphene is made out of carbon atoms arranged in
hexagonal structure, as shown in Fig. 2. The structure
can be seen as a triangular lattice with a basis of two
atoms per unit cell. The lattice vectors can be written as

a1 =
a
2

!3,%3", a2 =
a
2

!3,− %3" , !1"

where a&1.42 Å is the carbon-carbon distance. The
reciprocal-lattice vectors are given by

b1 =
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!1,%3", b2 =
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!1,− %3" . !2"

Of particular importance for the physics of graphene are
the two points K and K! at the corners of the graphene
Brillouin zone !BZ". These are named Dirac points for
reasons that will become clear later. Their positions in
momentum space are given by
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given by
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while the six second-nearest neighbors are located at
"1!= ±a1, "2!= ±a2, "3!= ± !a2−a1".

The tight-binding Hamiltonian for electrons in
graphene considering that electrons can hop to both
nearest- and next-nearest-neighbor atoms has the form
!we use units such that #=1"
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where ai,$ !ai,$
† " annihilates !creates" an electron with

spin $ !$= ↑ , ↓ " on site Ri on sublattice A !an equiva-
lent definition is used for sublattice B", t!&2.8 eV" is the
nearest-neighbor hopping energy !hopping between dif-
ferent sublattices", and t! is the next nearest-neighbor
hopping energy1 !hopping in the same sublattice". The
energy bands derived from this Hamiltonian have the
form !Wallace, 1947"

E±!k" = ± t%3 + f!k" − t!f!k" ,

1The value of t! is not well known but ab initio calculations
!Reich et al., 2002" find 0.02t% t!%0.2t depending on the tight-
binding parametrization. These calculations also include the
effect of a third-nearest-neighbors hopping, which has a value
of around 0.07 eV. A tight-binding fit to cyclotron resonance
experiments !Deacon et al., 2007" finds t!&0.1 eV.
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FIG. 2. !Color online" Honeycomb lattice and its Brillouin
zone. Left: lattice structure of graphene, made out of two in-
terpenetrating triangular lattices !a1 and a2 are the lattice unit
vectors, and "i, i=1,2 ,3 are the nearest-neighbor vectors".
Right: corresponding Brillouin zone. The Dirac cones are lo-
cated at the K and K! points.
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FIG. 2. !Color online" Honeycomb lattice and its Brillouin
zone. Left: lattice structure of graphene, made out of two in-
terpenetrating triangular lattices !a1 and a2 are the lattice unit
vectors, and "i, i=1,2 ,3 are the nearest-neighbor vectors".
Right: corresponding Brillouin zone. The Dirac cones are lo-
cated at the K and K! points.
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