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Quantum modeling of materials
Tight-binding model (sec. quant.):

-~ . . translational
H= ). |wa,i)tap(R; — R;)(wg, j|

symmetry

Hap(k) = 32 €™ tag(R; = 0)

J

Bloch picture:

A

H = Z |¢aak>Ha6(k)<¢ﬁak|

keBZ,a0

Wannier functions

wp_ (T — R;)

Wey,y 1)

‘¢om k> — \/]1\77 }%: €ik°Ri

R,
N degrees of freedom per unit cell:
Wyckoff positions, sub-lattice sites, p Z
electronic orbitals, spins

H(k) e CN xCV



Grassmannian modeling of gapped band structures

Bloch Hamiltonian: U
H(k) = U(k)E(k)UT (k) 1 !
(k) = diag[F1 (k), ..., Ex(k)] ) |
U(k) € U(N)
Ug
flattened Hamiltonian: T I T

QW) = WUslk) 1 (k) | 1 | (Wolk) U ))'

gauge invariance of the flattened Hamiltonian:

(Uok) U (k) — Walk) Ui (5 %)

2 N GTNO ((CN) ~ U(N)/[U(NO) % U(Nu)] Classifying space

(gauge structure)




C2T symmetry and reality condition

Co(k1, ko, ks) = (—k1, —ka, k3)
Col =op(k1, ko, ks) = (k1, ko, —k3)

C2oT symmetry (spinful or spinless), spinless PT symmetry

A=UK A= DK

A? = +1 > no Kramers degeneracies: | DD = diag{eigpj é'vzl

we rotate the orbitals basisby |}/ — +/ [)* and get WAWWL — IC

within the C2T plane:

ok = k 1- ﬁ*(k) .1 = H(I{?) real and symmetric



C2T symmetry and reality condition

CZ(kla k27 k3) — (_klv _k27 kB)

Col =on(k1, ke, ks) = (k1, k2, —ks) / @ /
O'hk:k +1

4 CoT
C2oT symmetry (spinful or spinless), spinless PT symmetry
A=UK A = DK
A2 — —|-1 } no Kramers degeneracies: D = diag{ei%’ é\le

we rotate the orbitals basisby |}/ — +/ [)* and get WAWWL — IC

within the C2T plane:

ok = k 1- ﬁ*(k) .1 = H(I{?) real and symmetric



“Real” topologies

O(N) SO(N)

R -
GrpyN — —

O(p) x O(N —p)  S[O(p) x O(N —p)]



“Real” topologies

cR O(N) _ SO(N)

p,N O(p) x O(N — p) 5[0(p) x O(N — p)]
7T1(Gr§,N) NS L2
WQ(GFI;N) N4 = / 7T4(GFEEN) N£7.8




“Real” topologies

1D
2D
3D
4D

cR O(N) _ SO(N)

P 0O(p) x O(N —p)  S[O(p) x O(N — p)]
Wl(GrﬁjN) A>3 — ZQ
7T2(GrI§,N) N4 = L 7T4(Gr55N) N7 8 = £

spinful or spinless mT symmetry, C2T, PT
spinful or spinless C2T symmetry, PT
spinless PT symmetry

spinless PT symmetry

Graphene, SSH insulators
Euler insulators
Linked nodal rings

Second Euler insulators



1.5D topology:
Non-Abelian braiding of Weyl nodes



1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 es e3)

Lie algebra representation:

E(k El(gk) Eok 8 5.0
" ( 0 zé ) E3(k) ) R(k) = e € SO(3)

= Ow




1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 es e3)

Topology over a loop In the BZ:
71 (SO (3)) — ZQ accumulated {0, 2}-frame rotation,




1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 es e3)

Topology over a loop of the BZ:

T1 (SO (3)) — Z2 accumulated {0, 27}-frame rotation,
\ stability of Nodal-Points pair

-Poi ians!
O-frame rotation around €s Nodal-Point charge has two signs!

, E
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adjacent gap
B2

principal gap . I:I o1




1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 es e3)

Topology over a loop of the BZ:

T1 (SO (3)) — Z2 accumulated {0, 277}-frame rotation,
\ stability of Nodal-Points pair

2 7T-frame rotation around €3 Nodal-Point charge has two signs!

()

P | . E

e2 - —n
| el .
5 adjacent gap
| ko B2
2o

%

principal gap :
| ' B1
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1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 ez e3) ~ (fe; ez *e3)

Group of gauge freedom: 0(1)3 — (C,;, X Do
— {Evl} X {E7622702y702a}}

DQZ

A 93

Bdzusek et al, Science (2019)



1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 ez e3) ~ (fe; ez *e3)

Group of gauge freedom: 0(1)3 — (C,;, X Do
— {Evl} X {E7622702y702a}}

DQZ

Flag manifold

0(3) SO(3) I

R _ _
I:|1,1,1 — —

Bdzusek et al, Science (2019)



1.5D topology of three-level system

H(k) = R(k)E(k)RT (k) R(k) = (e1 es e3)

Lie algebra representation

accumulated rotation of parallel transp. frame
Flag manifold

0(3)  SO(3)
O(1)3 Do

R _
I:|1,1,1 —




Monodromy representation

principal fiver bundle

with discrete structure group Dy —> 50(3) — SO(3)/D2

SO(3)-monodromy representation of  77q (SO (3)/D2)

e,

loop in the flag




Monodromy representation

principal fiver bundle

with discrete structure group Dy —> 50(3) — SO(S)/DQ

SO(3)-monodromy representation of  77q (SO (3)/D2)

It does not distinguishes a

-rotation

from a

(-77)-rotation around es

L // SO(3)  Spin(3)

loop in the flag D2 52




Monodromy representation,
Lift to spin double cover

principal fiver bundle __ _ _ __
with discrete structure group Dy —> Spln(3) — Spln(S)/DQ

Spin(3)-monodromy representation of 777 (SO(S)/DQ) = 52

C]S_] ([12]) :52: {‘«,‘, v}

-rotation around e3z = |

and

(-77)-rotation around e3 = -i

SO(3)  Spin(3)
D2 B 52




N-band generalization

Discrete group of all principal Cz rotations of a rank-N frame:

Py C SO(N)

O(NN) _ Spin(V)

Classifying space:

PN PN
Spin(N —
1 ( Pg( )> = Pxn  Non-Abelian Salingaros group
N

Bdzusek et al, Science (2019)



Computation of non-Abelian charges: holonomy rep.

monodromy representation = holonomy representation

Frame connection: A = RT(k) - dR(k)

k
Parallel transport: F(k) =exp {/ A} — A(k)
0

SO(N)-holonomy element:
F(l) =exp {/A} — 40 ¢ Py
/

Spin(N)-holonomy element:




Non-Abelian topological invariant of nodal points

H(k) = R(k)E(K)RT (k)

Flag manifold

0(3) _ SO(3)

R _
I:|1,1,1 —

O(1)°

D

m (SO(3)/D2) = Q

quaternion group:

Q= {1,-

-

=1, =

1)

accumulated frame rotations
around multi-gap nodes

Bdzusek et al, Science (2019)

R(k) = (e1 e e3) ~ (=

— Principal nodes —» @
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Non-Abelian topological invariant of nodal points

H(k) = R(k)E(k)RT (k) R(k) = (e1 ez e3) ~ (fe; ez *e3)

'4_— Adjacent node .
— Principal nodes —— l ‘

Flag manifold
0(3)  SO(3)
O(1)3 ~ D

R _
I:|1,1,1 —

™1 (SO(3)/D2) = Q :
quaternion group: r _|_j
Q={1,=+i,+y, £k, —1} % a
generator

accumulated frame rotations Fb of
around multi-gap nodes 71(SO(3)) = 22
—1

Bdzusek et al, Science (2019)



Reciprocal braiding of Weyl points in a C2T-plane

a Energy
A ~ Adjacent
Adjacent «— Adjacent node band
energy gap N
Y
A ¢ . .
Principal K, Principal nodes — > Principal
energy gap / hands
Y
R y,
k1
obstruction

to cancellation

b K
Time 4

L3

patch Euler class

cancellation
allowed

S M.
/|
m t1
N <>

AB, et al Nature Physics 16, 1137 (2020)



Euler number of “real” 2D insulating phases

H(k) = R(k)E(k)RT(k), R(k) € SO(3)

~

j — UTd = A};dki Is a 1-form in EO(NO) ,i.e. A, are skew-symmetric matrices

Euler connection: & = Pf(Ai)dk'i (for a two-band subspace)

Euler form: Fu = da

1
Euler class: X(EU) = % 7{ Fu e Z (if B and E, are orientable)
b



Patch Euler number (gauge invariance of nodal points)

Euler number: - X(D) =1
1 _ - (q]
X(D)—;_/DFU—]Q)DHJ_ ®, | oD ,
1
= — Fu — Le1
TT Z _/D% u jiﬂ?g a_ |© | k()
79

n
m
| N
D
'y

= > W, €Z



Braiding rules in terms of Dirac string and patch Euler class




Braiding rules in terms of Dirac string and patch Euler class




Braiding rules in terms of Dirac string and patch Euler class




Braiding rules in terms of Dirac string and patch Euler class




Euler number conversion via braiding of Weyl points

(X1, XIT) = (1 1)

Linked nodal rings = braiding trajectories of NP

AB, RJ Slager, arxiv:2203.16741



Braiding of nodal rings in 3D PT phases




Braiding of nodal rings in 3D PT phases




Higher dimensional Euler insulators

From gapped Euler phases to stable nodal structures:

o 2D topology: first Euler class characterizes
stable nodal points between two bands

® 4D topology: second Euler class characterizes
stable linked nodal surfaces between four bands !

Hyperspherical realization of the tangent bundle

— -

of the four-sphere: | .
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Non-Ablian topological gapped phases:
intrinsic 1D systems and sub-dimensional contexts



Intrinsic or projected 1D topology

Intrinsic: atomic-like orbitals
projected: hybrid Wannier functions

- » o ~InC2T (mT, PT) only

x  the unitary part acts on

®__” N the position operator!




Intrinsic or projected 1D topology

Intrinsic: atomic-like orbitals
projected: hybrid Wannier functions

- » o ~InC2T (mT, PT) only
x  the unitary part acts on
®__” N the position operator!

¥

There is a {0,1/2}-quantization of the sub-lattice sites
due to CoT (mT, PT) symmetry

even though C2 (m,P) is not a symmetry of the Bloch Hamiltonian

This matches the {0,7}-quantization of Zak phase

Only two Wyckoff positons: 1a = center of the 1D unit cell
1b = boundary of the 1D u.c.



Intrinsic or projected 1D topology

Cyclic path in the Brillouin zone

3 [+ K
T—
RT) R +K)

translation sym:

V(IR)H(k+ K)V(K)' = H(k)

O, k)

1
VN %

otk (Rn+7a) |wa7 R

n




Intrinsic or projected 1D topology

Cyclic path in the Brillouin zone

I '+ K - 11 K 1o K
‘ ‘ V(K) = d?ag (e e , )
R(I‘) R(F + K) — dlag (::1, ::1, S )

translation sym:

V(IR)H(k+ K)V(K)' = H(k)

general boundary condition parallel-transported
parallel-transported frame: sign flip of the n-th band:



Intrinsic or projected 1D topology

Discrete group of all principal Cz rotations of a rank-N frame:

X
9K,116 0 0
IK = 0 0 c Py CSO(N)
0 0 9gr NN
6\%\]
" O(N) _ Spin(N) ]
Classifying space: — — spin double cover
PN PN

T (Fl%%) — Py C Spin(/N)  Non-Abelian Salingaros group



Intrinsic 1D topology: class of periodic Bloch Hamiltonian

Condition for the quantization of non-Abelian charges:

Existence of a gauge with periodic Bloch Hamiltonian

N\

V(K)x1y wep H(k+K)= H(k)

For any pair of orbitals located away from the Brillouin zone center and
that are mapped onto-each other under C2, we do change of gauge:

ba k) — e PTG k) a=1,2

One can readily catalogue all the elementary band representations
corresponding to the periodic class



Embedded 1D non-Abelian topology

Honeycom + triangular lattice

honeycomb sites (A,B). Wyckoff's position 2b
triangular sites (C): Wyckoff's position 7a




Embedded 1D non-Abelian topology )

-2

: . -4
Honeycom + triangular lattice _6
2

A
e

. \g .

A, B and C all collapse to WI? 1a )

2
) 2

. 0 1

2




Embedded 1D non-Abelian topology .

Honeycom + triangular lattice -4/ | \

A image of B under C>




-Abelian topology

Embedded 1D non
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To come

Homotopy theory for generalized flag variety +  crystalline symmetries

E

non-Abelian frame charges

through unfolding bands

Complete catalogue of elementary band
representations supporting subdimensional
non-Abelian topologies




