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Geometry, Topology & Physics (GTP) Seminar

EXPLICIT QUILLEN MODELS
FOR CARTESIAN PRODUCTS

Rational Homotopy Theory
Explicit Quillen model of products
Sectional category a /a Quillen



Rational Homotopy Theory

It #:X — Y is acontinnous map between simply
connected CW-complexes, the following properties are
eduivalent:

. 1,(H)®Q: 1,(X)®Q > m,(Y)®Q , n > 2.

2. H,(H)®Q: H,(X;Q) — Hy(Y;Q) , n>2

Such a map is called a rational homotopy equivalence.




Rational Homotopy Theory

Definition

X is rational it its homotopy groups are Q-vector spaces.

A rationalisation of X s a pair (Xg, e), with Xq a rational
space and and e : X — X a rational homotopy edquivalence.

The study of the rational homotopy type of X is the
study of the homotopy type of its rationalisation Xg.



Rational Homotopy Theory

Thew, if X is a finite simply convected CW-complex
m,(X) = @,Z ®Z, D D Zp, rm

T[n(X(@) = 1,(X)®Q = &,Q

The study of the rational homotopy type of X is the
study of the homotopy type of its rationalisation Xg.



The rational homotopy
type of X s completely
determined n aloebraic
Terms.

.

.




Algebraic models

Definition
A differential graded Lie alaebra is a
araded vector space L = @yeq Ly, with:

A bilinear operation |[.,.]: L XL — L
such that |L,,Lg| € Lyyq satisfying

a) [ab]l=-(-1)Pb,a],a€l,,be€ElL,

b) [a,[b,c]]=]lablc|+ (—=1)?9[b,[a,c]],
aELp,bELq,cEL

DGL



DGL

Algebraic models

Definition
A differential graded Lie alaebra is a
araded vector space L = @yeq Ly, with:

A livear wmap 0 : L — L such that
L, © L,_1 satisfying:

) 000=0

) dla,b]=1[0a,b]+ (—1)P|a,ob],
aELp,b €L



DGL

Algebraic models

A
{ Simply connected } —_— DGL .

CW — complexes
< ¢ >Q

Rational howmoto . ‘
F Quasi-isomorphisms

eduivalences

(L, [ i ], 0) s a PGL-model of X if

~y

v —e— |,

A(X) e



DGL

Minimal
Quillen
model

Algebraic models

A
{ Simply connected } —_— DGL .

CW — complexes
< ¢ >Q

Rational howmoto . ‘
F Quasi-isomorphisms

eduivalences

(L, [ i ], 0) s a PGL-model of X if

(L(W),d) — (L,[+],3)



Rational homotopy groups

Hn(L) = mp11 (X)®Q

Rational homology groups

(L(W),0) =

Minimal Quillen
model

s(W Q) =H.(X; Q)




DGL

Algebraic models

Spheres
(L(v),0), |v[=n-1
Is a model for the n-dimensional sphere S™.

Products

It (L,0) and (L', 0") are DGL-models
for X and Y respectively, then (L X L',0 X 0")
is a PGL-model of X X Y.

Wedge products

If (L(V),d) and (L(W),d") are minimal DPGL
models for X and Y respectively, theu
(L(V @ W),D) is a DGL-model of X VY.



CW-decomposition

A based topological space (X, *) (L(V),0)

‘ = g+l v, €V,
ava € Hn—l(H‘(V<n))

1 fo: S Xy [fa] € (X)) ||z
[, (X,,)®Q

X, n-skeleton (L(V<pn), 0)



Explicit Quillen models of products

Let (L,0) and (L",0") be DAL wodels of X and Y.
Thew (L X L' axa) lSD&lLvmoal@loFXxY

Let (L(V),8y) — (L,d) and (L(W),dy) — (L',d")
be Quillen minimal models of X and Y.
o: (L(V & W s(VQW)), D) - (L(V) x L(W),dy X dyy)
d(v)=v; d(w)=w ; P(s(wQw)) =0 ;
D(w) =0yv ; D(w) = dyw ; Daniel Tanre,

Homotopie Rationelle: Modeles de

D (S (U®W)) — [v : W] + ﬁ (v , W) 1Cs‘ahsts'sn, Quillen, Sullivan



Explicit Quillen models of products

Example

Recall that (L(v),0) and (L(w), 0)
wHth |[vl=n—-1;|w|l=m—-1
are Quillen minimal wodels of S™ and S™.

A Quillen minimal models of  S™ x §™
IS givew by:

(Llv ® w s(v®@w)), D)

D(v)=0; Dw)=0; Ds(v@w))=[v,w]



Explicit Quillen models of products

A Quillen wminimal model of S™x CP? is given by:

(L(v,x,y,s(v®x),s(v®y),) D) \/
D(v)=0; D(x) =0; Ds(v®x)=[v,x
D(y)=1[x,x]; Ds(v®y)=[v,y]+2[x,s(v®x)]

B(v,w) € Ker ®



Explicit Quillen models of products

Example

Let (L(V), 0) be a wodel of a co-H-space X and (L(W), 9)
a wodel of any space Y.

A Quillen minimal wmodel of X X Y is given by:

(Lve we s(v@w)), D) D) =0; D(w)=0ow;

D(S(U ® W)) — [v , W] — (—1)|vlo'v(aw) Greg Lupton, Sam Smith

J. Pure and Applied Algebra
f 2007

g,(W)=s(vQ@w) Derivation



Explicit Quillen models of products
(Lve we s(v®eWw)), D) D) =0; D(w)=0dw;
Do, (W) = ad,(w) — (=D!"lg,0(w)
a,(W'") =s(vQ w')
?

D2s(v @ w) = 0 L=(LVv® we s(Vew))

[D,o,], ad,, 0,, D € Der (L)



Explicit Quillen models of products
(Lve we s(v®eWw)), D) D) =0; D(w)=0dw;
Da,(w) = ad,(w) — (=1)"g,d(w)
a,(W') =s(vQw')

[D,0,] (W) =ad,(w) forany wewWw



Explicit Quillen models of products
(Lve we s(v®eWw)), D) D) =0; D(w)=0dw;
Da,(w) = ad,(w) — (=1)"g,d(w)
a,(W') =s(vQw')

[D,0,] (W) =ad,(w) forany wewWw

[D: O-v] (W) — DO'v(W) o (_1)|v|+10-vD(W)



Explicit Quillen models of products

(Lve we s(v®eWw)), D) D) =0; D(w)=ow;
Do,(w) = ad,(w) — (-D""lg,0(w)
g,(W) =s(v @ w')

[D,0,] (W) =ad,(w) forany wewWw V

[D,0,1 (W) = ad,(w) — (=1&ez0Tw) — (=12 07D (w)




Explicit Quillen models of producits
(Lve we s(v®eWw)), D) D) =0; D(w)=0dw;
Da,(w) = ad,(w) — (=1)""lg,0(w)
o,(W') =s(v Q w')
[D,0,] (W) =ad,(w) forany weW

[D,0,](A) =ad,(A) forawvy AeL(W)CL



Explicit Quillen models of products
(Lve we s(v®eWw)), D) D) =0; D(w)=0dw;

Do,(w) = ad,(w) — (=D"g,0w) -
g,(W)=s(vQ@w)

[D,0,](A) =ad,(A) forawy A€eL(W)CL

Dzs(v Q w)



Explicit Quillen models of products

(Lve we s(v®eWw)), D) D) =0; D(w)=0dw;
Do,(w) = ad,(w) — (_1)|v|0-va(w)
g,(W) =s(v @ w')

[D,0,](A) =ad,(A) forawy A€eL(W)CL

D (ad,(w) — (=D"g,0(w))



Explicit Quillen models of products

(Lve we s(veWw)), D) D) =0; D(w)=ow;
Do,(w) = ad,(w) — (_1)|v|0-va(w)
g,(W) =s(v @ w')

[D,0,](A) =ad,(A) forawy A€eL(W)CL

(—DMad,(@w) — (D" Da,o(w)



Explicit Quillen models of products

(Lve we s(v®eWw)), D) D) =0; D(w)=0dw;
Do,(w) = ad,(w) — (_1)|v|0-va(w)
g,(W) =s(v @ w')

[D,0,](A) =ad,(A) forawy A€eL(W)CL

D" [D,o,1(0w) — (D" Dg,a(w)



Explicit Quillen models of products

Let X and Y be 2-cones (or 2 stage spaces).

Then (L(Vy @ V1), 0y) and (L(W, D W,),0y) are
Quillen minimal models of X and Y respectively, where

dy(Vo) =0 ; 0dy(Vy) € L(Vy)
Oy (Wo) =0 ; dy(Wy) € L(Wy)



Explicit Quillen models of products

(L(Vy © V1), 0y) Oy(Vo) =0 ; dy(Vy) € L(Vy)
(L(Wo D W1),0p) Ow(Wo) =0 ; dy(Wy) € L(Wy)

Then a Quillen model of X X Y is:
(LVDEWDs(Vo®Wy) D s(Vo®W,) D s(V1®Wy) D s(V,®W1)),D )

D(v) = 0yv ; D(s(v@w)) =[v,w]—(-DV"g,(0w)
D(w) = dyw ; s(vQw) € s(V,QW )
Dswew)) =[v.wl  pisw@w) =[v,w]- (DI, v
s(v@w) € s(Vo®W)) s(v@w) € s(V, QW)



Explicit Quillen models of products

(L(Vo @ V1), 0y) dy(Vo) =0 ; 0dy(V1) S L(Vy)
(L(Wo D W1),0yw)  OwWo) =0 ; (W) < L(Wy)
Then a Quillen model of X X Y is:
LV WDs(WV®Wy) D s(Vo®W,) D s(V,®&Wy) D s(V1®W1)),D )

D(S(U ® W)) — [U »W] _ (_1)|v|0-v(aw) _(_1)(|‘U|+1)|W|O-W(av)

_|_(_1)|v| (av) * (aW) U. Buijs, J.G. Carrasquel, L. Vandembroucq
2024



T, Se(L(Ve® W s(VW)), D) T = S

o \Y I =0
s

O-v(W,) — S(v 034 W’)



T, Se(L(Ve® W s(VW)), D) T = S

T
T = \Y I =or (5)
s

or(w') = (=D"Wlg ,(T)

0,/ (¥) = (D5 @ w)



T, Se(L(V & W& s(VW)), D) T %S
a T/ TII
[0 T2 Y
T’ T” TI TII T,* S TII T, T”* S


















Explicit Quillen models of products

t[s(a®u), [s(b@V), c]]
s(a®u), [b, s(c®V)]
a,[s(b@u), s(c®v)]

[s(b®u), c], s(a®v)]
(b, s(c®u) |, s(a®)]
a,[s(c®u), s(b@v)]]

[, [b, c]]*[u, v]

+ [+

+ |+
I+



Sectional category
a la Quillen

Definition

The Lusternik-Schnirelmann category of X , denoted by
cat X, is the least integer m (or o ) such that X is the
union of m + 1 open subsets U; each contractible in X.



Sectional category
a la Quillen

Definition
Consider a based topological space (X, *)

Xm+1=z(>(“'>()£

Y

m + 1 times

The fat wedge, T™"X < X™*! isthe subspace
given by

T™(X) = {(xg, """, X,,) € XMt | x; =+ for atleastonei }



Sectional category
a la Quillen

The diagonal map Ay : X —» X™*1 is the
continuous map given by

Ax(x) = (x, ..., %)
Definition

The Whitehead category of X, denoted Whcat X , is the
least integer m (or oo ) such that Ay is homotopic to a map

Ay : X - TM(X) € XM+,



Sectional category
a la Quillen

Proposition
Consider a path-connected based space (X, *)

(i) If X is normal, then WhcatX < catX.

(ii) If *x is contained in a subspace U that is open an
contractible in X , then cat X < Wh cat X.



Sectional category
a la Quillen

Definition

Let X be a simply connected topological space. The
rational LS category, caty X is the least integer m
such that X =g Y and catY = m.

In fact, if X is a simply connected CW complex, we have

catoX = cat X



Sectional category
a la Quillen

In their celebrated paper ‘Rational LS category
and its applications’ Yves Félix and Steve Halperin
characterized algebraically rational LS-category in
terms of Sullivan models.

X v (AV,d)



Sectional category
a la Quillen

Theorem

Let X be a space and (A V,d) be a model for X. Then the rational
LS category of X is the least m for which the CDGA projection

AV
pmi AV, d) > (55

admits a homotopy retraction.




Sectional category
a la Quillen

Why not using Quillen models to
algebraically describe rational LS category?



Sectional category
a la Quillen

A based topological space (X, *)

The cartesian product X™*!1 = X x ---x X

Y

m + 1 times

The diagonal map Ay : X - X™;  Ayx(x) = (x, ...

The fat wedge, T™(X) € X™*t1,

Ay : X > T™(X) € X™m+1,



Sectional category
a la Quillen

A based topological space (X, *) ( L(V),d )

The cartesian product  X™*1 = X x ---x X

Y

m + 1 times

X" ew (L@OV,BV; D DVig..ms1),D)



A based topological space (X, *) (L(V),0)

The cartesian product  X™*1 = X x ---x X

Y

m + 1 times

X"t oew (LBV;DV,; D DViz..m+1).D)

The diagonal map Ay : X - X™*1;  Ayx(x) = (x, -+, x)

Apy : (L(V),0) (LB V, DV, D DVis..;m+1),D)
-

v — vy + vy + o+ Uy W




The cartesian product X™*!1 = X x ---x X

Y

m + 1 times

X" oww (LBV,OV, D DVig..ms1),D)

The diagonal map Ay : X - X™*1;  Ayx(x) = (x, -+, x)

Apepy ( L(V),0 ) ( IL(:EB V; D Vi,j DD V1,2,---,m+1)»D)

%—I
v — v+ v+t v Y
The fat wedge, T™(X) € X™*t1,
———SN—

(L@ V,®Vyj @+ ® L) D)



The diagonal map Ay : X - X™*1;  Ayx(x) = (x, -+, x)

Ay s (L(V),0) -(LE@BV, DV, D DVis..m+1),D)

1% —> v1+v2+"'+vm+1

The fat wedge, T™(X) € X™*t1,
— N

\————

+¥

(L@®ViDVi; @O Lawr™) . D)

Theorem Let X be a space and (L(V),d) a Quillen model of X.
Then, the rational LS category of X is the least m for which the
morphism Ay ) does not require the vectors of V; 5 ... 1.



Sectional category
a la Quillen

Definition

The sectional category of a
continuous map f: X — Yisthe
least integer m for which there
are m + 1 local homotopy

sections for f whose domains
form an open cover of Y.



Sectional category
a la Quillen

If X is path-connected, then

Example 1
cat (X) = secat (x & X)

Example 2

TC(X) =secat(A: X — X X X)



Sectional category
a la Quillen

There exists also a Whitehead

characterization of sectional category of a
mapf: X —Y.

Takei: A < Y a cofibration replacement
for #.

We define the m-th fat wedge of 1 as

T™(1) = {(yo, ", Ym) €E Y™ |y; € i(A) for atleastonei }



Sectional category
a la Quillen

The sectional category secat(#) = secat(4) is the
least m for which the diagonal map Ay : Y —» Y™+t1
is homotopic to a map

Ay : Y > T™({) € ym+1

Why not using Quillen models to algebraically
describe rational sectional category?



Sectional category
a la Quillen

A Y
We need Quillen models for

® A cofibrationi:4A <Y
® The fat wedge T™(4)

i:(L(A4),0) — (L(A®W)D)
where Da =da if a € A

Ym+1

(LA®W)D) — (L(D (ABW);D (ABW); ;D - D (ABW)12,..m+1)
—_—

% — v+t v W

T (1)
(L(D (ABW);D (ABW); ;D - D (AeXl,Z,---,m+1)
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