
Geometry, Topology & Physics (GTP) Seminar

EXPLICIT QUILLEN MODELS
FOR CARTESIAN PRODUCTS

Rational Homotopy Theory
Explicit Quillen model of products
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Rational Homotopy Theory

If  𝒻𝒻:𝑿𝑿⟶ 𝒀𝒀 is a continuous map between simply
connected CW-complexes, the following properties are
equivalent:

1.  𝜋𝜋𝑛𝑛 𝒻𝒻 ⨂ℚ ∶ 𝜋𝜋𝑛𝑛 𝑿𝑿 ⨂ℚ⟶ 𝜋𝜋𝑛𝑛 𝒀𝒀 ⨂ℚ , 𝑛𝑛 ≥ 2.
≅

2.  𝐻𝐻𝑛𝑛 𝒻𝒻 ⨂ℚ ∶ 𝐻𝐻𝑛𝑛 𝑿𝑿 ;ℚ ⟶ 𝐻𝐻𝑛𝑛 𝒀𝒀 ;ℚ , 𝑛𝑛 ≥ 2.
≅

Such a map is called a rational homotopy equivalence.



Rational Homotopy Theory

Definition

𝑿𝑿 is rational if its homotopy groups are ℚ-vector spaces.

A rationalisation of 𝑿𝑿 is a pair (𝑿𝑿ℚ , 𝑒𝑒), with 𝑿𝑿ℚ a rational
space and and 𝑒𝑒 ∶ 𝑿𝑿 ⟶ 𝑿𝑿ℚ a rational homotopy equivalence. 

The study of the rational homotopy type of 𝑿𝑿 is the
study of the homotopy type of its rationalisation 𝑿𝑿ℚ.



Rational Homotopy Theory

Then, if 𝑿𝑿 is a finite simply connected CW-complex

𝜋𝜋𝑛𝑛 𝑿𝑿 = ⨁𝑟𝑟ℤ ⨁ ℤ𝑝𝑝1𝑟𝑟1⨁⋯⨁ ℤ𝑝𝑝𝑚𝑚𝑟𝑟𝑚𝑚

𝜋𝜋𝑛𝑛 𝑿𝑿ℚ ≅ 𝜋𝜋𝑛𝑛 𝑿𝑿 ⨂ℚ = ⨁𝑟𝑟ℚ

The study of the rational homotopy type of 𝑿𝑿 is the
study of the homotopy type of its rationalisation 𝑿𝑿ℚ.



Algebraic models

The rational homotopy
type of 𝑿𝑿 is completely
determined in algebraic
terms.

DGL CDGA



Algebraic models

Definition
A differential graded Lie algebra is a
graded vector space 𝐿𝐿 = ⨁𝑝𝑝𝜖𝜖𝜖 𝐿𝐿𝑝𝑝 with:
A bilinear operation . , . ∶ 𝐿𝐿 × 𝐿𝐿 ⟶ 𝐿𝐿
such that 𝐿𝐿𝑝𝑝 , 𝐿𝐿𝑞𝑞 ⊂ 𝐿𝐿𝑝𝑝+𝑞𝑞 satisfying:

𝑎𝑎, 𝑏𝑏 = − −1 𝑝𝑝𝑝𝑝 𝑏𝑏,𝑎𝑎 ,𝑎𝑎 ∈ 𝐿𝐿𝑝𝑝 , 𝑏𝑏 ∈ 𝐿𝐿𝑞𝑞

𝑎𝑎, [𝑏𝑏, 𝑐𝑐] = 𝑎𝑎, 𝑏𝑏 , 𝑐𝑐 + −1 𝑝𝑝𝑝𝑝 𝑏𝑏, [𝑎𝑎, 𝑐𝑐] ,

𝑎𝑎 ∈ 𝐿𝐿𝑝𝑝 , 𝑏𝑏 ∈ 𝐿𝐿𝑞𝑞 , 𝑐𝑐 ∈ 𝐿𝐿

a)

b)
DGL



Algebraic models

A linear map 𝜕𝜕 ∶ 𝐿𝐿 ⟶ 𝐿𝐿 such that
𝜕𝜕𝐿𝐿𝑝𝑝 ⊂ 𝐿𝐿𝑝𝑝−1 satisfying:

𝜕𝜕 ∘ 𝜕𝜕 = 0

𝜕𝜕 𝑎𝑎, 𝑏𝑏 = 𝜕𝜕𝑎𝑎, 𝑏𝑏 + −1 𝑝𝑝 𝑎𝑎, 𝜕𝜕𝑏𝑏 ,

𝑎𝑎 ∈ 𝐿𝐿𝑝𝑝 , 𝑏𝑏 ∈ 𝐿𝐿

Definition
A differential graded Lie algebra is a
graded vector space 𝐿𝐿 = ⨁𝑝𝑝𝜖𝜖𝜖 𝐿𝐿𝑝𝑝 with:

a)

b)
DGL



Algebraic models

DGL

𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜
𝐂𝐂𝐂𝐂− 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜 DGL +⟶𝜆𝜆 ⟶

< �>𝑄𝑄

< 𝜆𝜆(𝑿𝑿) >𝑄𝑄 ≃ 𝑿𝑿ℚ

Rational homotopy
equivalences Quasi-isomorphisms

(𝐿𝐿, �,� ,𝜕𝜕) is a DGL-model of 𝑿𝑿 if

𝜆𝜆(𝑿𝑿) 𝐿𝐿⋯⟶
≃ ⟶≃

⟶
≃ ⟶≃



Algebraic models

DGL

𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜
𝐂𝐂𝐂𝐂− 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜 DGL +⟶𝜆𝜆 ⟶

< �>𝑄𝑄

< 𝜆𝜆(𝑿𝑿) >𝑄𝑄 ≃ 𝑿𝑿ℚ

Rational homotopy
equivalences Quasi-isomorphisms

(𝐿𝐿, �,� ,𝜕𝜕) is a DGL-model of 𝑿𝑿 if

(𝐿𝐿, �,� ,𝜕𝜕)⟶
≃(𝕃𝕃(𝑊𝑊),𝑑𝑑)

Minimal
Quillen
model



Algebraic models

DGL

Minimal Quillen
model

𝐻𝐻𝑛𝑛( )𝐿𝐿

Rational homotopy groups

≅ 𝜋𝜋𝑛𝑛+1(𝑿𝑿)⨂ℚ

Rational homology groups

𝐿𝐿(𝕃𝕃 𝑊𝑊 ,𝜕𝜕)⟶≃

𝑠𝑠(𝑊𝑊⊕ℚ) ≅ 𝐻𝐻∗(𝑋𝑋; ℚ)



Algebraic models

DGL

Spheres

Products

Wedge products

𝕃𝕃 𝑣𝑣 , 0 , 𝑣𝑣 = 𝑛𝑛 − 1
is a model for the 𝑛𝑛-dimensional sphere 𝑆𝑆𝑛𝑛.

If (𝐿𝐿, 𝜕𝜕) and (𝐿𝐿′,𝜕𝜕′) are DGL-models
for 𝑿𝑿 and 𝒀𝒀 respectively, then 𝐿𝐿 × 𝐿𝐿′,𝜕𝜕 × 𝜕𝜕′
is a DGL-model of 𝑿𝑿 × 𝒀𝒀.

If (𝕃𝕃 𝑉𝑉 ,𝑑𝑑) and (𝕃𝕃 𝑊𝑊 ,𝑑𝑑′) are minimal DGL
models for 𝑿𝑿 and 𝒀𝒀 respectively, then
(𝕃𝕃 𝑉𝑉 ⊕𝑊𝑊 ,𝐷𝐷) is a DGL-model of 𝑿𝑿 ∨ 𝒀𝒀.



A based topological space (𝑿𝑿, ∗) ( 𝕃𝕃 𝑉𝑉 ,𝜕𝜕 )

𝑿𝑿𝑛𝑛 𝑛𝑛-skeleton ( 𝕃𝕃(𝑉𝑉<𝑛𝑛),𝜕𝜕 )

= 𝑒𝑒𝛼𝛼𝑛𝑛+1 𝑣𝑣𝛼𝛼 ∈ 𝑉𝑉𝑛𝑛

𝑓𝑓𝛼𝛼 ∶ 𝑆𝑆𝑛𝑛 → 𝑿𝑿𝑛𝑛 ; [𝑓𝑓𝛼𝛼] ∈ Π𝑛𝑛(𝑿𝑿𝑛𝑛)
𝜕𝜕𝑣𝑣𝛼𝛼 ∈ 𝐻𝐻𝑛𝑛−1(𝕃𝕃 𝑉𝑉<𝑛𝑛 )

≅

Π𝑛𝑛(𝑿𝑿𝑛𝑛)⨂ℚ

Algebraic models

CW-decomposition



Explicit Quillen models of products

Let ( 𝑳𝑳 ,𝜕𝜕 ) and ( 𝑳𝑳′ ,𝜕𝜕′ ) be DGL models of 𝑿𝑿 and 𝒀𝒀.
Then ( 𝑳𝑳 × 𝑳𝑳′ ,𝜕𝜕 × 𝜕𝜕′ ) is DGL model of 𝑿𝑿 × 𝒀𝒀.

Let (𝕃𝕃 𝑽𝑽 ,𝜕𝜕𝑽𝑽) →
≃
( 𝑳𝑳 ,𝜕𝜕 ) and (𝕃𝕃 𝑾𝑾 ,𝜕𝜕𝑾𝑾) →

≃
( 𝑳𝑳′ ,𝜕𝜕′ )

be Quillen minimal models of 𝑿𝑿 and 𝒀𝒀.

Φ: 𝕃𝕃 𝑽𝑽 ⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 × 𝕃𝕃 𝑾𝑾 ,𝜕𝜕𝑽𝑽 × 𝜕𝜕𝑾𝑾)

Φ 𝒗𝒗 = 𝒗𝒗 ; Φ 𝒘𝒘 = 𝒘𝒘 ; Φ 𝑠𝑠(𝒗𝒗⨂𝒘𝒘 ) = 0 ;
𝐷𝐷 𝒗𝒗 = 𝜕𝜕𝑽𝑽𝒗𝒗 ; 𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝑾𝑾𝒘𝒘 ;
𝐷𝐷 𝑠𝑠(𝒗𝒗⨂𝒘𝒘 ) = 𝒗𝒗 ,𝒘𝒘 + 𝛽𝛽(𝒗𝒗 ,𝒘𝒘) 𝛽𝛽 𝒗𝒗 ,𝒘𝒘 ∈ 𝐾𝐾𝐾𝐾𝐾𝐾 Φ

Daniel Tanré, 
Homotopie Rationelle: Modeles de 
Chen, Quillen, Sullivan
1983



Example

Recall that (𝕃𝕃 𝒗𝒗 , 0) and 𝕃𝕃 𝒘𝒘 , 0
with 𝒗𝒗 = 𝑛𝑛 − 1 ; 𝒘𝒘 = 𝑚𝑚 − 1
are Quillen minimal models of 𝑺𝑺𝑛𝑛 and 𝑺𝑺𝑚𝑚.

𝕃𝕃 𝒗𝒗 ⨁ 𝒘𝒘⨁ 𝑠𝑠(𝒗𝒗⨂𝒘𝒘 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×

A Quillen minimal models of   𝑺𝑺𝑛𝑛 × 𝑺𝑺𝑚𝑚
is given by:

𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒘𝒘 = 0 ; 𝐷𝐷 𝑠𝑠(𝒗𝒗⊗𝒘𝒘 ) = [ 𝒗𝒗 ,𝒘𝒘 ]

Explicit Quillen models of products



𝐷𝐷 𝒚𝒚 = 𝒙𝒙 , 𝒙𝒙 ;

  
( 𝕃𝕃 𝒙𝒙 ,𝒚𝒚 , 𝜕𝜕 ) and with 𝒙𝒙 = 1 ; 𝒚𝒚 = 3 and

𝕃𝕃 𝒗𝒗 ,𝒙𝒙 ,𝒚𝒚 , 𝑠𝑠(𝒗𝒗⨂𝒙𝒙 , 𝑠𝑠(𝒗𝒗⨂𝒚𝒚 , ) 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×

A Quillen minimal model of 𝑺𝑺𝑛𝑛× ℂ𝑷𝑷2 is given by:

𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒙𝒙 = 0 ; 𝐷𝐷𝐷𝐷(𝒗𝒗⨂𝒙𝒙) = [ 𝒗𝒗 ,𝒙𝒙 ]

𝜕𝜕𝒙𝒙 = 0 ; 𝜕𝜕𝒚𝒚 = [ 𝒙𝒙 , 𝒙𝒙 ]

𝐷𝐷𝐷𝐷(𝒗𝒗⨂𝒚𝒚) = [ 𝒗𝒗 ,𝒚𝒚 ]

Explicit Quillen models of products

+ 2

𝛽𝛽 𝒗𝒗 ,𝒘𝒘 ∈ 𝐾𝐾𝐾𝐾𝐾𝐾 Φ

[ 𝒙𝒙 , 𝑠𝑠(𝒗𝒗⨂𝒙𝒙)]



Example

Let (𝕃𝕃 𝑽𝑽 , 0) be a model of a co-H-space 𝑿𝑿 and 𝕃𝕃 𝑾𝑾 ,𝜕𝜕
a model of any space 𝒀𝒀. 

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×

A Quillen minimal model of 𝑿𝑿 × 𝒀𝒀 is given by:

𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;

𝐷𝐷 𝑠𝑠(𝒗𝒗⊗𝒘𝒘 ) = 𝒗𝒗 ,𝒘𝒘 − −1 𝒗𝒗 𝜎𝜎𝒗𝒗(𝜕𝜕𝒘𝒘)

Explicit Quillen models of products

Greg Lupton, Sam Smith 
J. Pure and Applied Algebra
2007

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′) Derivation



𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;

Explicit Quillen models of products

𝐷𝐷2𝑠𝑠 𝒗𝒗⊗𝒘𝒘 = 0
?

𝑳𝑳 = 𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾

𝐷𝐷𝐷𝐷𝐷𝐷 (𝑳𝑳)∈𝐷𝐷𝜎𝜎𝒗𝒗 ,𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 , ,



𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;

Explicit Quillen models of products

𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 𝒘𝒘 𝒘𝒘= for any 𝒘𝒘 ∈ 𝑾𝑾



𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;

Explicit Quillen models of products

𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 𝒘𝒘 𝒘𝒘= for any 𝒘𝒘 ∈ 𝑾𝑾

𝐷𝐷,𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 − −1 𝒗𝒗 +1𝜎𝜎𝒗𝒗𝐷𝐷(𝒘𝒘)



− −1 𝒗𝒗 +1𝜎𝜎𝒗𝒗𝐷𝐷(𝒘𝒘)

𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;

Explicit Quillen models of products

𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 𝒘𝒘 𝒘𝒘= for any 𝒘𝒘 ∈ 𝑾𝑾

=𝐷𝐷,𝜎𝜎𝒗𝒗 𝒘𝒘 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)



𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;

Explicit Quillen models of products

𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 𝒘𝒘 𝒘𝒘= for any 𝒘𝒘 ∈ 𝑾𝑾

𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 𝑨𝑨 𝑨𝑨 for any 𝑨𝑨 ∈ 𝕃𝕃 𝑾𝑾 ⊆ 𝑳𝑳=



𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;

Explicit Quillen models of products

𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 𝑨𝑨 𝑨𝑨 for any 𝑨𝑨 ∈ 𝕃𝕃 𝑾𝑾 ⊆ 𝑳𝑳=

𝑠𝑠 𝒗𝒗⊗𝒘𝒘𝐷𝐷
2



𝐷𝐷 − −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)

𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×𝐷𝐷 𝒗𝒗 = 0 ; 𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;

Explicit Quillen models of products

𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 𝑨𝑨 𝑨𝑨 for any 𝑨𝑨 ∈ 𝕃𝕃 𝑾𝑾 ⊆ 𝑳𝑳=

𝐷𝐷 )(



𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×

Explicit Quillen models of products

𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 𝑨𝑨 𝑨𝑨 for any 𝑨𝑨 ∈ 𝕃𝕃 𝑾𝑾 ⊆ 𝑳𝑳=

− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)𝐷𝐷

𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;𝐷𝐷 𝒗𝒗 = 0 ;

𝑎𝑎𝑎𝑎𝒗𝒗 𝜕𝜕𝒘𝒘−1 𝒗𝒗



−1 𝒗𝒗

𝐷𝐷𝜎𝜎𝒗𝒗 𝒘𝒘 = 𝑎𝑎𝑎𝑎𝒗𝒗(𝒘𝒘)− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝕃𝕃 𝑽𝑽⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) →
≃
(𝕃𝕃 𝑽𝑽 ×

Explicit Quillen models of products

𝑎𝑎𝑎𝑎𝒗𝒗𝐷𝐷,𝜎𝜎𝒗𝒗 𝑨𝑨 𝑨𝑨 for any 𝑨𝑨 ∈ 𝕃𝕃 𝑾𝑾 ⊆ 𝑳𝑳=

− −1 𝒗𝒗 𝜎𝜎𝒗𝒗𝜕𝜕(𝒘𝒘)𝐷𝐷

𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝒘𝒘 ;𝐷𝐷 𝒗𝒗 = 0 ;

𝐷𝐷,𝜎𝜎𝒗𝒗 𝜕𝜕𝒘𝒘



; 𝜕𝜕𝑽𝑽(𝑽𝑽1 ⊆ 𝕃𝕃 𝑽𝑽0

Explicit Quillen models of products

Let 𝑿𝑿 and 𝒀𝒀 be 2-cones (or 2 stage spaces).

Then (𝕃𝕃 𝑽𝑽0 ⊕ 𝑽𝑽1 ,𝜕𝜕𝑽𝑽) and 𝕃𝕃 𝑾𝑾0 ⊕𝑾𝑾1 ,𝜕𝜕𝑾𝑾 are
Quillen minimal models of 𝑿𝑿 and 𝒀𝒀 respectively, where

𝜕𝜕𝑽𝑽 𝑽𝑽0) = 0 ;

; 𝜕𝜕𝑾𝑾(𝑾𝑾1 ⊆ 𝕃𝕃 𝑾𝑾0𝜕𝜕𝑾𝑾 𝑾𝑾0) = 0 ;



; 𝜕𝜕𝑽𝑽(𝑽𝑽1 ⊆ 𝕃𝕃 𝑽𝑽0𝜕𝜕𝑽𝑽 𝑽𝑽0) = 0 ;

(𝕃𝕃 𝑽𝑽⊕𝑾𝑾⊕ 𝑠𝑠(𝑽𝑽0⨂𝑾𝑾0)⊕ 𝑠𝑠(𝑽𝑽0⨂𝑾𝑾1)⊕ 𝑠𝑠(𝑽𝑽1⨂𝑾𝑾0)⊕ 𝑠𝑠(𝑽𝑽1⨂𝑾𝑾1) ,𝐷𝐷 )

Explicit Quillen models of products

; 𝜕𝜕𝑾𝑾(𝑾𝑾1 ⊆ 𝕃𝕃 𝑾𝑾0𝜕𝜕𝑾𝑾 𝑾𝑾0) = 0 ;

(𝕃𝕃 𝑽𝑽0 ⊕ 𝑽𝑽1 ,𝜕𝜕𝑽𝑽)

𝕃𝕃 𝑾𝑾0 ⊕𝑾𝑾1 ,𝜕𝜕𝑾𝑾

Then a Quillen model of 𝑿𝑿 × 𝒀𝒀 is:

𝐷𝐷 𝒗𝒗 = 𝜕𝜕𝑽𝑽𝒗𝒗 ;
𝐷𝐷 𝒘𝒘 = 𝜕𝜕𝑾𝑾𝒘𝒘 ;
𝐷𝐷 𝑠𝑠(𝒗𝒗⨂𝒘𝒘 ) = 𝒗𝒗 ,𝒘𝒘

s(𝒗𝒗⨂𝒘𝒘) ∈ 𝑠𝑠(𝑽𝑽0⨂𝑾𝑾0)

𝐷𝐷 𝑠𝑠(𝒗𝒗⊗𝒘𝒘 ) = 𝒗𝒗 ,𝒘𝒘 − −1 𝒗𝒗 𝜎𝜎𝒗𝒗(𝜕𝜕𝒘𝒘)
s(𝒗𝒗⨂𝒘𝒘) ∈ 𝑠𝑠(𝑽𝑽0⨂𝑾𝑾1)

𝐷𝐷 𝑠𝑠(𝒗𝒗⊗𝒘𝒘 ) = 𝒗𝒗 ,𝒘𝒘 − −1 ( 𝒗𝒗 +1) 𝒘𝒘 𝜎𝜎𝒘𝒘(𝜕𝜕𝒗𝒗)
s(𝒗𝒗⨂𝒘𝒘) ∈ 𝑠𝑠(𝑽𝑽0⨂𝑾𝑾1)



(𝕃𝕃 𝑽𝑽⊕𝑾𝑾⊕ 𝑠𝑠(𝑽𝑽0⨂𝑾𝑾0)⊕ 𝑠𝑠(𝑽𝑽0⨂𝑾𝑾1)⊕ 𝑠𝑠(𝑽𝑽1⨂𝑾𝑾0)⊕ 𝑠𝑠(𝑽𝑽1⨂𝑾𝑾1) ,𝐷𝐷 )

Explicit Quillen models of products

; 𝜕𝜕𝑽𝑽(𝑽𝑽1 ⊆ 𝕃𝕃 𝑽𝑽0𝜕𝜕𝑽𝑽 𝑽𝑽0) = 0 ;

; 𝜕𝜕𝑾𝑾(𝑾𝑾1 ⊆ 𝕃𝕃 𝑾𝑾0𝜕𝜕𝑾𝑾 𝑾𝑾0) = 0 ;

(𝕃𝕃 𝑽𝑽0 ⊕ 𝑽𝑽1 ,𝜕𝜕𝑽𝑽)

𝕃𝕃 𝑾𝑾0 ⊕𝑾𝑾1 ,𝜕𝜕𝑾𝑾

Then a Quillen model of 𝑿𝑿 × 𝒀𝒀 is:

𝐷𝐷 𝑠𝑠(𝒗𝒗⊗𝒘𝒘 ) = 𝒗𝒗 ,𝒘𝒘 − −1 𝒗𝒗 𝜎𝜎𝒗𝒗(𝜕𝜕𝒘𝒘)− −1 ( 𝒗𝒗 +1) 𝒘𝒘 𝜎𝜎𝒘𝒘(𝜕𝜕𝒗𝒗)

+ −1 𝒗𝒗 𝜕𝜕𝒗𝒗 ∗ (𝜕𝜕𝒘𝒘) U. Buijs, J.G. Carrasquel, L. Vandembroucq
2024



Explicit Quillen models of products

𝑻𝑻, 𝑺𝑺 ∈ 𝕃𝕃 𝑽𝑽 ⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) 𝑻𝑻 ∗ 𝑺𝑺

𝑻𝑻 =

𝒂𝒂 𝒃𝒃 𝒄𝒄

𝑻𝑻 = [ 𝒂𝒂,𝒃𝒃 , 𝒄𝒄]

𝜎𝜎𝒗𝒗 𝒘𝒘′ = 𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)

𝒗𝒗

𝑺𝑺
= 𝜎𝜎𝒗𝒗 ( 𝑺𝑺 )



𝑻𝑻

Explicit Quillen models of products

𝑻𝑻, 𝑺𝑺 ∈ 𝕃𝕃 𝑽𝑽 ⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) 𝑻𝑻 ∗ 𝑺𝑺

𝑻𝑻 =

𝒂𝒂 𝒃𝒃 𝒄𝒄

𝑻𝑻 = [ 𝒂𝒂,𝒃𝒃 , 𝒄𝒄]
𝜎𝜎𝑻𝑻 𝒘𝒘′ = (−1) 𝑻𝑻 |𝒘𝒘′|𝜎𝜎𝒘𝒘′ 𝑻𝑻𝑺𝑺
= 𝜎𝜎𝑻𝑻 ( 𝑺𝑺 )

𝜎𝜎𝒘𝒘′(𝒗𝒗) = (−1) 𝒗𝒗 |𝒘𝒘′|𝑠𝑠(𝒗𝒗⊗𝒘𝒘′)



Explicit Quillen models of products

𝑻𝑻, 𝑺𝑺 ∈ 𝕃𝕃 𝑽𝑽 ⨁ 𝑾𝑾⨁ 𝑠𝑠(𝑽𝑽⨂𝑾𝑾 , 𝐷𝐷 ) 𝑻𝑻 ∗ 𝑺𝑺

𝒂𝒂
∗ 𝑺𝑺 = 0 𝑻𝑻 =

𝑻𝑻′ 𝑻𝑻′′

∗ 𝑺𝑺 =
𝑺𝑺

𝑻𝑻′ 𝑻𝑻′′𝑻𝑻′ 𝑻𝑻′′
+
𝑻𝑻′ ∗ 𝑺𝑺 𝑻𝑻′′

+
𝑻𝑻′ 𝑻𝑻′′ ∗ 𝑺𝑺



∗ 𝑺𝑺 = 0 𝑻𝑻 =

∗ 𝑺𝑺 =
𝑺𝑺

𝑻𝑻′ 𝑻𝑻′′𝑻𝑻′ 𝑻𝑻′′
+
𝑻𝑻′ ∗ 𝑺𝑺 𝑻𝑻′′

+
𝑻𝑻′ 𝑻𝑻′′ ∗ 𝑺𝑺

Explicit Quillen models of products

𝒂𝒂 𝒃𝒃 𝒄𝒄
𝒖𝒖 𝒗𝒗

∗

𝒂𝒂 𝒃𝒃 𝒄𝒄

𝑻𝑻 =

𝒂𝒂
𝑻𝑻′ =

𝒃𝒃 𝒄𝒄

𝑻𝑻′′ =



∗ 𝑺𝑺 = 0 𝑻𝑻 =

∗ 𝑺𝑺 =
𝑺𝑺

𝑻𝑻′ 𝑻𝑻′′𝑻𝑻′ 𝑻𝑻′′
+
𝑻𝑻′ ∗ 𝑺𝑺 𝑻𝑻′′

+
𝑻𝑻′ 𝑻𝑻′′ ∗ 𝑺𝑺

Explicit Quillen models of products

𝒂𝒂 𝒃𝒃 𝒄𝒄
𝒖𝒖 𝒗𝒗

∗

𝒂𝒂
𝑻𝑻′ =

𝒃𝒃 𝒄𝒄

𝑻𝑻′′ =
𝒖𝒖 𝒗𝒗

𝒂𝒂 𝒃𝒃 𝒄𝒄

=



∗ 𝑺𝑺 = 0 𝑻𝑻 =

∗ 𝑺𝑺 =
𝑺𝑺

𝑻𝑻′ 𝑻𝑻′′𝑻𝑻′ 𝑻𝑻′′
+
𝑻𝑻′ ∗ 𝑺𝑺 𝑻𝑻′′

+
𝑻𝑻′ 𝑻𝑻′′ ∗ 𝑺𝑺

Explicit Quillen models of products

𝒂𝒂 𝒃𝒃 𝒄𝒄
𝒖𝒖 𝒗𝒗

∗

𝒂𝒂
𝑻𝑻′ =

𝒃𝒃 𝒄𝒄

𝑻𝑻′′ =
𝒖𝒖 𝒗𝒗

𝒂𝒂 𝒃𝒃 𝒄𝒄

=
𝒂𝒂

𝒃𝒃 𝒄𝒄
+ ∗

𝒖𝒖 𝒗𝒗



Explicit Quillen models of products

𝒂𝒂 𝒃𝒃 𝒄𝒄
𝒖𝒖 𝒗𝒗

∗ 𝒖𝒖 𝒗𝒗

𝒂𝒂 𝒃𝒃 𝒄𝒄

=
𝒂𝒂

𝒃𝒃 𝒄𝒄
+ ∗

𝒖𝒖 𝒗𝒗

𝒖𝒖 𝒗𝒗

𝒂𝒂 𝒃𝒃 𝒄𝒄

= 𝒖𝒖 𝒗𝒗

𝒂𝒂𝒃𝒃 𝒄𝒄

± 𝒂𝒂
𝒗𝒗

𝒄𝒄

𝒖𝒖

𝒃𝒃

± 𝒂𝒂
𝒗𝒗

𝒃𝒃

𝒖𝒖

𝒄𝒄

±



Explicit Quillen models of products

𝒂𝒂 𝒃𝒃 𝒄𝒄
𝒖𝒖 𝒗𝒗

∗ =

𝒂𝒂
𝒗𝒗

𝒄𝒄

𝒖𝒖

𝒃𝒃

± 𝒂𝒂
𝒗𝒗

𝒃𝒃

𝒖𝒖

𝒄𝒄

±

𝒃𝒃 𝒄𝒄𝒖𝒖

𝒂𝒂
𝒗𝒗 𝒗𝒗

𝒃𝒃 𝒄𝒄𝒖𝒖

𝒂𝒂

±

𝒖𝒖

𝒗𝒗

𝒂𝒂

𝒃𝒃 𝒄𝒄
±

𝒖𝒖

𝒗𝒗

𝒂𝒂

𝒃𝒃 𝒄𝒄
±

=



Explicit Quillen models of products

[𝒂𝒂, 𝒃𝒃, 𝒄𝒄 ]∗ 𝒖𝒖,𝒗𝒗 =
±[𝒔𝒔(𝒂𝒂⨂𝒖𝒖), 𝒔𝒔(𝒃𝒃⨂𝒗𝒗), 𝒄𝒄 ]

±[𝒔𝒔(𝒂𝒂⨂𝒖𝒖), 𝒃𝒃, 𝒔𝒔(𝒄𝒄⨂𝒗𝒗) ]

±[ 𝒔𝒔(𝒃𝒃⨂𝒖𝒖), 𝒄𝒄 , 𝒔𝒔(𝒂𝒂⨂𝒗𝒗)]

±[ 𝒃𝒃, 𝒔𝒔(𝒄𝒄⨂𝒖𝒖) , 𝒔𝒔(𝒂𝒂⨂𝒗𝒗)]

±[𝒂𝒂, 𝒔𝒔(𝒃𝒃⨂𝒖𝒖), 𝒔𝒔(𝒄𝒄⨂𝒗𝒗) ] ±[𝒂𝒂, 𝒔𝒔(𝒄𝒄⨂𝒖𝒖), 𝒔𝒔(𝒃𝒃⨂𝒗𝒗) ]



Sectional category
à la Quillen

Definition

The Lusternik-Schnirelmann category of 𝑿𝑿 , denoted by
cat 𝑿𝑿 , is the least integer 𝑚𝑚 (or ∞ ) such that 𝑿𝑿 is the
unión of 𝑚𝑚 + 1 open subsets 𝑈𝑈𝑖𝑖 each contractible in 𝑿𝑿.



Consider a based topological space (𝑿𝑿, ∗)

𝑿𝑿𝑚𝑚+1 = 𝑿𝑿 ×⋯× 𝑿𝑿
𝑚𝑚 + 1 times

Definition

The fat wedge, 𝑇𝑇𝑚𝑚𝑿𝑿 ⊆ 𝑿𝑿𝑚𝑚+1, is the subspace
given by

𝑇𝑇𝑚𝑚(𝑿𝑿) = 𝒙𝒙𝟎𝟎,⋯ ,𝒙𝒙𝒎𝒎 ∈ 𝑿𝑿𝑚𝑚+1 | 𝒙𝒙𝒊𝒊 =∗ for at least one 𝒊𝒊

Sectional category
à la Quillen



Sectional category
à la Quillen

The diagonal map Δ𝑿𝑿 ∶ 𝑿𝑿 → 𝑿𝑿𝑚𝑚+1 is the
continuous map given by

Δ𝑿𝑿 𝑥𝑥 = (𝑥𝑥, … , 𝑥𝑥)

Definition

The Whitehead category of 𝑿𝑿, denoted Whcat 𝑿𝑿 , is the
least integer 𝑚𝑚 (or ∞ ) such that Δ𝑿𝑿 is homotopic to a map

Δ𝑿𝑿 ∶ 𝑿𝑿 → 𝑇𝑇𝑚𝑚 𝑿𝑿 ⊆ 𝑿𝑿𝑚𝑚+1.



Sectional category
à la Quillen

Proposition

Consider a path-connected based space (𝑿𝑿, ∗)

(i)  If 𝑿𝑿 is normal, then Wh cat 𝑿𝑿 ≤ cat 𝑿𝑿 .

(ii)  If ∗ is contained in a subspace 𝑈𝑈 that is open an
contractible in 𝑿𝑿 , then cat 𝑿𝑿 ≤ Wh cat 𝑿𝑿.



Sectional category
à la Quillen

Definition

Let 𝑿𝑿 be a simply connected topological space. The
rational LS category, cat0 𝑿𝑿 is the least integer 𝑚𝑚
such that 𝑿𝑿 ≃ℚ 𝒀𝒀 and cat 𝒀𝒀 = 𝑚𝑚.

In fact, if 𝑿𝑿 is a simply connected CW complex, we have

cat0𝑿𝑿 = cat 𝑿𝑿ℚ



Sectional category
à la Quillen

In their celebrated paper ‘Rational LS category
and its applications’ Yves Félix and Steve Halperin
characterized algebraically rational LS-category in 
terms of Sullivan models. 

𝑿𝑿 ↭ (Λ 𝑉𝑉,𝑑𝑑)



Sectional category
à la Quillen

Theorem

Let 𝑋𝑋 be a space and (Λ 𝑉𝑉,𝑑𝑑) be a model for 𝑋𝑋. Then the rational
LS category of 𝑋𝑋 is the least 𝑚𝑚 for which the CDGA projection

𝜌𝜌𝑚𝑚: (Λ 𝑉𝑉,𝑑𝑑) →
Λ 𝑉𝑉

Λ>𝑚𝑚 𝑉𝑉
, 𝑑̅𝑑

admits a homotopy retraction.



Sectional category
à la Quillen

Why not using Quillen models to 
algebraically describe rational LS category?



Sectional category
à la Quillen

The diagonal map Δ𝑿𝑿 ∶ 𝑿𝑿 → 𝑿𝑿𝑚𝑚+1 ; Δ𝑿𝑿 𝑥𝑥 = (𝑥𝑥, … , 𝑥𝑥)

Δ𝑿𝑿 ∶ 𝑿𝑿 → 𝑇𝑇𝑚𝑚 𝑿𝑿 ⊆ 𝑿𝑿𝑚𝑚+1.

The fat wedge, 𝑇𝑇𝑚𝑚(𝑿𝑿) ⊆ 𝑿𝑿𝑚𝑚+1.

A based topological space (𝑿𝑿, ∗)

𝑿𝑿𝑚𝑚+1 = 𝑿𝑿 ×⋯× 𝑿𝑿
𝑚𝑚 + 1 times

The cartesian product



Sectional category
à la Quillen

𝑿𝑿𝑚𝑚+1 = 𝑿𝑿 ×⋯× 𝑿𝑿
𝑚𝑚 + 1 times

The cartesian product

A based topological space (𝑿𝑿, ∗) ( 𝕃𝕃 𝑉𝑉 ,𝜕𝜕 )

𝑿𝑿𝑚𝑚+1 ↭ ( 𝕃𝕃(⊕𝑉𝑉𝑖𝑖 ⊕ 𝑉𝑉𝑖𝑖,𝑗𝑗 ⊕⋯⊕𝑉𝑉1,2,⋯,𝑚𝑚+1) ,𝐷𝐷 )



𝑿𝑿𝑚𝑚+1 = 𝑿𝑿 ×⋯× 𝑿𝑿
𝑚𝑚 + 1 times

The cartesian product

A based topological space (𝑿𝑿, ∗) ( 𝕃𝕃 𝑉𝑉 ,𝜕𝜕 )

𝑿𝑿𝑚𝑚+1 ↭ ( 𝕃𝕃(⊕𝑉𝑉𝑖𝑖 ⊕ 𝑉𝑉𝑖𝑖,𝑗𝑗 ⊕⋯⊕𝑉𝑉1,2,⋯,𝑚𝑚+1) ,𝐷𝐷 )

The diagonal map Δ𝑿𝑿 ∶ 𝑿𝑿 → 𝑿𝑿𝑚𝑚+1 ; Δ𝑿𝑿 𝑥𝑥 = (𝑥𝑥,⋯ , 𝑥𝑥)

( 𝕃𝕃 𝑉𝑉 ,𝜕𝜕 )Δ𝕃𝕃(𝑽𝑽) ∶ ( 𝕃𝕃(⊕𝑉𝑉𝑖𝑖 ⊕ 𝑉𝑉𝑖𝑖,𝑗𝑗 ⊕⋯⊕𝑉𝑉1,2,⋯,𝑚𝑚+1),𝐷𝐷 )

𝑣𝑣 ⟼ 𝑣𝑣1 + 𝑣𝑣2 +⋯+ 𝑣𝑣𝑚𝑚+1+Ψ



( 𝕃𝕃(⊕𝑉𝑉𝑖𝑖 ⊕ 𝑉𝑉𝑖𝑖,𝑗𝑗 ⊕⋯⊕𝑉𝑉1,2,⋯,𝑚𝑚+1) ,𝐷𝐷 )

+Ψ

𝑿𝑿𝑚𝑚+1 = 𝑿𝑿 ×⋯× 𝑿𝑿
𝑚𝑚 + 1 times

The cartesian product

𝑿𝑿𝑚𝑚+1 ↭ ( 𝕃𝕃(⊕𝑉𝑉𝑖𝑖 ⊕ 𝑉𝑉𝑖𝑖,𝑗𝑗 ⊕⋯⊕𝑉𝑉1,2,⋯,𝑚𝑚+1) ,𝐷𝐷 )

The diagonal map Δ𝑿𝑿 ∶ 𝑿𝑿 → 𝑿𝑿𝑚𝑚+1 ; Δ𝑿𝑿 𝑥𝑥 = (𝑥𝑥,⋯ , 𝑥𝑥)

( 𝕃𝕃 𝑉𝑉 ,𝜕𝜕 )Δ𝕃𝕃(𝑽𝑽) ∶ ( 𝕃𝕃(⊕𝑉𝑉𝑖𝑖 ⊕ 𝑉𝑉𝑖𝑖,𝑗𝑗 ⊕⋯⊕𝑉𝑉1,2,⋯,𝑚𝑚+1),𝐷𝐷 )

𝑣𝑣 ⟼ 𝑣𝑣1 + 𝑣𝑣2 +⋯+ 𝑣𝑣𝑚𝑚+1

The fat wedge, 𝑇𝑇𝑚𝑚(𝑿𝑿) ⊆ 𝑿𝑿𝑚𝑚+1.



( 𝕃𝕃(⊕𝑉𝑉𝑖𝑖 ⊕ 𝑉𝑉𝑖𝑖,𝑗𝑗 ⊕⋯⊕𝑉𝑉1,2,⋯,𝑚𝑚+1) ,𝐷𝐷 )

+Ψ

The diagonal map Δ𝑿𝑿 ∶ 𝑿𝑿 → 𝑿𝑿𝑚𝑚+1 ; Δ𝑿𝑿 𝑥𝑥 = (𝑥𝑥,⋯ , 𝑥𝑥)

( 𝕃𝕃 𝑉𝑉 ,𝜕𝜕 )Δ𝕃𝕃(𝑽𝑽) ∶ ( 𝕃𝕃(⊕𝑉𝑉𝑖𝑖 ⊕ 𝑉𝑉𝑖𝑖,𝑗𝑗 ⊕⋯⊕𝑉𝑉1,2,⋯,𝑚𝑚+1),𝐷𝐷 )

𝑣𝑣 ⟼ 𝑣𝑣1 + 𝑣𝑣2 +⋯+ 𝑣𝑣𝑚𝑚+1

The fat wedge, 𝑇𝑇𝑚𝑚(𝑿𝑿) ⊆ 𝑿𝑿𝑚𝑚+1.

Theorem Let 𝑿𝑿 be a space and 𝕃𝕃 𝑉𝑉 ,𝜕𝜕 a Quillen model of 𝑿𝑿.
Then, the rational LS category of 𝑿𝑿 is the least 𝑚𝑚 for which the
morphism Δ𝕃𝕃(𝑽𝑽) does not require the vectors of 𝑉𝑉1,2,⋯,𝑚𝑚+1.



Sectional category
à la Quillen

Definition

The sectional category of a 
continuous map 𝑓𝑓:𝑿𝑿 ⟶ 𝒀𝒀 is the
least integer 𝑚𝑚 for which there
are 𝑚𝑚 + 1 local homotopy
sections for 𝑓𝑓 whose domains
form an open cover of 𝒀𝒀.



Sectional category
à la Quillen

cat 𝑿𝑿 = secat (∗ ↪ 𝑿𝑿)

Example 1

Example 2

If 𝑿𝑿 is path-connected, then

TC 𝑿𝑿 = secat (Δ ∶ 𝑿𝑿 ⟶ 𝑿𝑿 × 𝑿𝑿)



Sectional category
à la Quillen

There exists also a Whitehead
characterization of sectional category of a 
map 𝒻𝒻:𝑿𝑿⟶ 𝒀𝒀.

Take 𝒾𝒾:𝑨𝑨 ↪ 𝒀𝒀 a cofibration replacement
for 𝒻𝒻.
We define the 𝑚𝑚-th fat wedge of 𝓲𝓲 as

𝑇𝑇𝑚𝑚(𝒾𝒾) = 𝒚𝒚𝟎𝟎,⋯ ,𝒚𝒚𝒎𝒎 ∈ 𝒀𝒀𝑚𝑚+1 | 𝒚𝒚𝒊𝒊 ∈ 𝒾𝒾 𝑨𝑨 for at least one 𝒊𝒊



Sectional category
à la Quillen

Δ𝒀𝒀 ∶ 𝒀𝒀 → 𝑇𝑇𝑚𝑚(𝒾𝒾) ⊆ 𝒀𝒀𝑚𝑚+1.

The sectional category secat 𝒻𝒻 = secat 𝒾𝒾 is the
least 𝑚𝑚 for which the diagonal map Δ𝒀𝒀 ∶ 𝒀𝒀 → 𝒀𝒀𝑚𝑚+1

is homotopic to a map

Why not using Quillen models to algebraically
describe rational sectional category?



Sectional category
à la Quillen

We need Quillen models for
𝒾𝒾: (𝕃𝕃 𝐴𝐴 , 𝜕𝜕)⟶ (𝕃𝕃 𝐴𝐴⨁𝑊𝑊 𝐷𝐷)

where 𝐷𝐷𝐷𝐷 = 𝜕𝜕𝜕𝜕 if 𝑎𝑎 ∈ 𝐴𝐴

𝑨𝑨 𝒀𝒀

( 𝕃𝕃(⊕ (𝐴𝐴⨁𝑊𝑊)𝑖𝑖⊕ (𝐴𝐴⨁𝑊𝑊)𝑖𝑖,𝑗𝑗⊕⋯⊕ (𝐴𝐴⨁𝑊𝑊)1,2,⋯,𝑚𝑚+1)
𝒀𝒀𝑚𝑚+1

( 𝕃𝕃(⊕ (𝐴𝐴⨁𝑊𝑊)𝑖𝑖⊕ (𝐴𝐴⨁𝑊𝑊)𝑖𝑖,𝑗𝑗⊕⋯⊕ (𝐴𝐴⨁𝑊𝑊)1,2,⋯,𝑚𝑚+1)

𝑇𝑇𝑚𝑚(𝒾𝒾)

(𝕃𝕃 𝐴𝐴⨁𝑊𝑊 𝐷𝐷) ⟶

𝑣𝑣 ↦ 𝑣𝑣1+⋯+ 𝑣𝑣𝑘𝑘 +Ψ

A cofibration 𝒾𝒾:𝑨𝑨 ↪ 𝒀𝒀
The fat wedge 𝑇𝑇𝑚𝑚(𝒾𝒾)
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