1961] FORMS OF ALGEBRAIC GROUPS 657

BI1BLIOGRAPHY

1. H. Levi, On the structure of differential polynomials and on their theory of ideals,
Trans. Amer. Math. Soc. vol. 51 (1942) pp. 532-568.

2. D. G. Mead, Differential ideals, Proc. Amer. Math. Soc. vol. 6 (1955) pp. 420—
432,

3. J. F. Ritt, Differential algebra, Amer. Math. Soc. Colloquium Publications,
vol. 33, 1950.

UNIVERSITY OF WASHINGTON

FORMS OF ALGEBRAIC GROUPS
DAVID HERTZIG

In [4] A. Weil solves the following problem: if V is a variety de-
fined over an overfield K of a groundfield k, among the varieties bi-
rationally equivalent to V over K find one which is defined over k.
The solution is essentially given by the 1-dimensional Galois co-
homology. It was observed by J.-P. Serre that in the case V itself
is defined over k the 1-cocycles can be regarded as putting a “twist”
into V. In the particular case of simple algebraic groups over finite
fields this gives rise to some new finite simple groups.

Let G be an algebraic group defined over a field 2 and K a Galois
extension of k. An algebraic group G’ defined over & will be called a
k-form of G split by K if there is a rational isomorphism ¢ defined
over K between G’ and G. Denote by g the Galois group of K over k.
For o €g, f,=¢°¢~! is an automorphism of G defined over K and for
all 7, s &g we have f..=f.f-, i.e. f is a 1-cocycle from g to AutxG, the
group of automorphisms of G defined over K.

THEOREM 1. Let G be a connected algebraic group defined over a field
k and K a Galois extension of k with Galois group g. The distinct k-forms
of G (up to k-isomorphism) are in omne-to-one correspondence with the
elements of H'(g, AutgG).

ProOOF. Let f be a 1-cocycle from g to AutxG. By Weil’s theorem
[4, Theorem 1] there exists a variety G’ defined over k together
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with a birational map ¢: G’—G defined over K such that f, =¢%¢!
for all cEgq. Let x and y be independent generic points of G’ over k
anddefine F:G' XG'—G’ by F(x,y) =¢~*(¢(x)¢(y)). Let T be the graph
of F. For ¢&g, T7 is the graph of F°: G’XG'—G’ given by F°(x, y)
=¢~(¢°(x)¢°(y)). We have F(x,y) = ¢~ (fo(d(x))fo(#(¥)))
=¢"fo(¢(x)$(y)) =¢~'(#(x)p(y)) = F(x, y) so that T=T" and F is
defined over k. Clearly F defines a group law on G’ over k such that
¢ is an isomorphism from G’ to G.

Let g be a 1-cocycle from g to Autg G cohomologous to f, g, =a’f,a~L
Let G" be the k-form determined by g as above, say g,=y° 1. Then
0=y 'ap is an isomorphism between G’ and G"’ and for each cEyg,
0° =y—a°¢° =y—a’f,p =y g,ap =y lap=0, so 0 is defined over k.
Therefore cohomologous cocycles give rise to equivalent k-forms.

Conversely as we have seen any k-form G’ of G split by K defines
a 1-cocycle from g to Autg G given by f,=¢°¢~! where ¢ is the iso-
morphism defined over K between G’ and G. Let G" be another k-
form of G split by K and defining the 1-cocycle g with g,=y7~L
Suppose that there is an isomorphism 6 between G’ and G"’ defined
over k. Then a =y~ € AutgG and a’f,a== (Y0¢7) (¢~ ") (¢~ Y1)
=yy~l=g, so that k-isomorphic k-forms define cohomologous co-
cycles. g.e.d.

For an algebraic group G defined over a field £ we denote by Gy the
group of points of G rational over k.

THEOREM 2. Let G be a connected algebraic group defined over o field
k, K a Galois extension of k with Galois group g, G' a k-form of G split
by K and f the 1-cocycle from ¢ to AutkxG defined by G'. Let G*
={xEGk, x*=f,(x) for all c€g}. Then G* is a group isomorphic to
GY.

Proor. Clearly G* is a group. Let ¢ be the isomorphism between
G’ and G so that f,=¢°¢~L. Then for xEGY, (¢(x))*=¢(x°) =¢?(x)
=f,(¢(x)) and so ¢(x) EG*. Conversely, if x&€G* then (¢~1(x))°
=¢7(x) =¢~f,(x) =¢~1(x) and so ¢~ 1(x) EGY. q.e.d.

If G is a simple algebraic group, the group of automorphisms 4 of G
is a semi-direct product 4 =H A4, where A4, is the connected com-
ponent of 4 (inner automorphisms) and H is a finite group rational
over the prime field. In the case G is of type B, C., E1, Es, Fi, G2 we
have H= {e} and if G is of type A, D.(n#4), Es then H is cyclic
of order 2 while G of type D, implies H is the symmetric group on
three letters.

LeMMA. Let A=H-A, and let g be a group of operators on A which
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operates trivially on H. Let f be a 1-cocycle from g to A and define
go=1{0Eg, f.EAo}. Then go is a normal subgroup of g and ¢/go is
isomorphic to a subgroup of H.

Proor. We write for each ¢ &g, f,=h.g, uniquely with g,E 4, and
h,€H. Since f., =fifr =hogohrg- = hoh-h. g h.g. we have h,,=h,h, and
the map p: g—H defined by p: ¢—k,™! is a homomorphism. The
kernel of p is just go and the assertion of the lemma follows immedi-
ately.

THEOREM 3. Let G be a simple algebraic group defined over the finite
field k and G’ a k-form of G. Then if G is of type B,, Cn, E1, Es, Fy, G,
we have G’ is already split over k. If G is of type A, D, (ns%£4), Eq then
G’ is split over a quadratic extension of k while if G is of type Dy then
G’ s split over a quadratic or a cubic extension of k.

ProoF. Let G’ be a k-form of G split by K determined by the
1-cocycle f from g to A=Aut G=H-A, and let go= {a’Eg, f-E4,}.
By the lemma, go is a normal subgroup of g; let K, be the fixed field
of go so that g, is the Galois group of K over K, and g/go is the Galois
group of K, over k. The restriction of f to go is a 1-cocycle from
8o to Ao and by a theorem of S. Lang [1, Proposition 3] since 4, is
connected and k is finite, there exists a €4, such that for all ¢ &gy,
fs=aa"'. Let g,=a"°f,a; then g is a 1-cocycle from ¢ to A coho-
mologous to f and for all e Ego, g, =1. Replacing f by g we see there is
no loss of generality in assuming f, =1 for all ¢ &go. Then if f,=¢%¢~!
where ¢ is the isomorphism from G’ to G defined over K, we have
¢°=¢ for all c &gy, i.e. ¢ is defined over K, and so G’ is split over K,.

Now g/go is the Galois group of K, over k and by the lemma,
8/go is isomorphic to a subgroup of H. If G is of type B., C,, E1, Es,
Fy, Gy then H={e} and Ko=F; if G is of type 4., D, (n5%4), Es then
H is cyclic of order 2 and either Ko=Fk or K, is a quadratic extension
of k; if G is of type D, then H is the symmetric group on three letters
and so either Ko=k, K, is a quadratic extension of &, or K, is a cubic
extension of k. q.e.d.

Applying Theorems 2 and 3 to the usual classical simple groups
we obtain the rational points over finite fields. For example, for type
A, if we take G to be SL(n+1), k the field with ¢ elements, K, the
field with ¢* elements and denote by a bar the automorphism of G
induced by the generator of the Galois group of K, over k, we have
G*={xEGk, x"=f,(x)} = {xESL(n+1, K), =%}, i.e. G* con-
sists of unitary matrices. In this manner we obtain the usual finite
simple groups and in addition, for E¢ with a quadratic extension and
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D, with a cubic extension we obtain new ones (cf. R. Steinberg [2]
and J. Tits [3]).

It is clear that analogous theorems may be proved for algebras. In
this manner one can construct new simple Lie algebras as forms of
Egand D,. Also note the forms depend only on the automorphisms of
the algebra. If we start with an involution on an associative algebra
and consider either the Lie algebra of skew elements or the Jordan
algebra of symmetric elements we consequently get an identical
classification of forms.
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