





































































































Poisson structures from cornets offield theories

based on joint work with

PMair NReshetikhin

N Moshayedi MSchiavina K Wernli

G Canepa focus on 3 1 gravity in coframe formulation








































































































Field theory on manifolds with boundariesand corners

bulk BVquantization

f no partition fu state y

boundary symplectic manifoldM
its quantization I

corners Poisson manifold and its quantization A

Ʃ Me i te
boundary

4 no ME.ve M XpMr lte.ve He He

Mi Mc








































































































Part I Some background results

Affine Lie algebras
let g g be a fd quadratic lie algebra ie invariant

inner produit

9g Map S g with pointwise Lie bracket

Gg e Girl plenty

C b g f f dg is a cocycle

8,9 8s

If J IR with boa gob g c bg

is a Lie algebra








































































































is called an attire Lie algebra

Its representation theory is widely studied

It is related to Chern Simons theory

and the Wess Zumino Witten model

The Poisson algebra in the title is

viz Fdd I 5 g with affine Poisson structure

defined on certain fractionals e g local ones

Associated to the loners of CS theory








































































































2D generalization Let g be a fd Lie algebra

M a closed oriented surface

9 Map P g with pointwise Lie bracket

9 R f g with pointwise coadjoint action
r

of y on 9

Jp 9 9 with Lie bracket

box g pJ big ad B adja








































































































Cocycle 802,909 dg Rdf

canonical pairing of 9 with

Jp Jp IR with

80209
g β

b 802,10h Goa f p

is a Lie algebra








































































































Generalizations

g bundle over P n
g g sections

clean f ffkd.gg Rdf

dto covariantderivative w.at some connection

If 19,40 quadratic

4802 g p 802 f Af α β

IT








































































































is related to GD BF theory

with cosmological term for A 0

It is worth being studied

For GD Bf them one has to consider the Poisson manifold

f 14H09 2 Dog

and the Poisson sub o

AB Fat AB 0








































































































4D Gravity is related to the above

y so 13,1 AIR or 1014 for Euclideangravity

A further constraints

Pf B 0 and B 0

which defines a Poisson submanifold of P








































































































Part I Pos structures from graded manifolds

A Poisson structure on a manifold M

is the same a function S of degree 2 onTHIM

COME M PATM
s t 5 0

fartingdoghis PIMM

In fact TEAM P ATM
h ISN








































































































Generalization allow M to be a graded manifold itself

S T To tittat TREMATM

depMr 2 k

b br j Mrldk dfr

La structure by multidesirations Po

Notation We call such MS a BF V manifold








































































































Further generalization

1 Replace Tam by any graded manifold all

with symplectic form of degree 1

2 Write all as TIM choice of polarisation








































































































Example g finite
dimensional Lie algebra

g Poisson manifold w KKS Poisson structure

M T I g g g I

IT Tz TIKKS NS

We can also write M TERJE

S N T T die chevalley Eilenberg

81gal Ng








































































































A further generalization

A graded Poisson algebra e.g Cd Team
with SEA 15,53 0

Splitting A h g
419

Poison subalgebra

he cant

9 7 ATM
h abelian

Define desired brackets
on h E Voronor

G be P 195 a if
bith

P Ath








































































































Claim BVI field theories yield
a BFV structure on their
codimension 2 corners

Polarization
Poissons structure

F F n dE
Boundary to lower

Packreture

emplectic straitate Erelatedbyrestrictionofthefields to the corner

E Fr Poisson map

I will explain








































































































This is pretty obvious in AKSZ theories

Target Y Wy day Sy BFV
sspectic

ofdepreen
defreen 53 0

Source TYTE
T
R manifold

Spanof fields Map THE Y
with induced structure w 5 4553 0 BFF

d.ee hhlJeg h k
Take k n 2








































































































The two examples I
gave at

the beginning

are of this type

Chern Simons

BE
Interesting non AKf2 example

GD Palatini Cartan gravity








































































































Example 1 BE

y TEDGE TTI g g f d Lie algebra

n 2

dine o Ʃ Gpt

Map TIDE Y Y

This is the example we have considered before








































































































Example CS 4 3 k l

y 91 19,40 quadratic lie algebra

wy f da doo d caida

Sy Ca a a

Ʃ S Map TIME g 1 E Dog 08 E g
C A

W L eds SA

S f cadao CA gd








































































































Choose the polarization

Map TIME 9 D8 dog

A coordinate C d

so th f f E
d a

On linear functionals Jee if AS fertilog

gto In Jah liths
Lie nudet THor 9s

affine Poisson structure on








































































































Example BE n h k 3

dim Ʃ 2

Fields
g valued C A Bt go valued q M B

Four 0 I 2 0 1 2
degree I 0 I 2 1 0

W LOBIC dedA dpdBt pairing ie understood

S fgiB in dactolfstf.BY A fer Bd these terms

require an

in ariant inner
product




















































Polarization T I M Ms A B Bt
nonpositivedegree

5 TT Tittz

The FathB F

Tz BEE E E d AGE A IFA
BYE.EE

T2 forgettingBt yields the affine Poisson or

Bt and I corresponds to selecting the Poisson submanifold Fat 113 0



Polarization 2 T JM MD 0,7B expand around a

ref locnection Ao
f M T.tt Tz possibly trivial or flat

To f Fa A 22 80

Ti da Is dad

BE E ELE 1K f 0



On linear functionals

To B Mp fee Kreft
we set

4,3 1 Ofa th BO

Ja Mda α MBI Hdap Hrh 0

IT Ja Jana Kamala Man
45 Hr Hair

Mp Milk HER otherwise zero



Changing polarizations

We may realize all ToG M TIM
Q What is the relations between the Pcs structures

associated to M and Ma

Conjecture They are Morita equivalent

Idea BF V on FI n consider If



GR in hd Palatini Cartan produces something related

In the PC version the metric is replaced by a

coframe e

M 4 manifold that admits a
Lorentzian structure

Yu a rector bundle isomorphic to TM
endowed with a fiberwise Minkowski

metric y

coframe e TM V metric g
e
y yle e



The theory is governed by
the action functional

Sylew f eek eeee

M A cosmological
constant

formally B fee 5h BE f BB



On a 2d corner Ʃ one may define

I α leet erle y

Mp f P see pe PIE teottle

Ky ft Belge reple ATE Avi

with the ghost for diffeomorphisms

and the dots involve other fields



This produces the same brackets as for BF in polarization 2

with g 5013,1

Remy The fiber of AV is isomorphic to so 3,1

But one has to remember that e is nondegenerate

Setting B fee this can be imposed by

considering the Poisson submanifold

BE ME ATE AVE B O and PfB 0

A

PIE RTEK



GR is not an AKSZ theory

Q How do we get this result

A there is a general procedure

BFV on the boundary

BEV on the corner



1 Classically a field theory produces

a symplectic space of boundary fields

a coisotropic submanifold thereof
Electromagnetism Boundary fields Electric field E

Vectorpotential A
cod JOE SAM
E dive 0

Gause law



General proledure Kijowski Talezijen

Local actin functional S
i EL equations

85 yields ii Noether 1 form
e a pdy A.SE Rtp

boundary terms



Next a define w̅ 82

b if needed reduce by kerwd
ie vector field Y it 2yw̅d o

w get cod on reduction

c find the constraints i e EL equations
w 1 transversal ionponents

Assume for simplicity constraints are first class

pi it 49 y 619 some functions



Then BFV

i Add ghosts Ci and antighoots bi

gh 1 1

ii www wd dbidc

iii Ʃ Cif fiorrection inb
st 4 5 80 0 CME



The CBFV stackets 1 It is possible to find

at CME satisfied

21 unique
solution

up to

31 in good inses HQ E as
Poissonalgebra

0 457 E 0 0



2 Boundary to corner

Given BFV on Ʃ 02 0

one can
extend it to de

By a procedure similar to KT one gets

BFV data on Fd fields or dƩ

word god
had
ph 50 2



St Judd 0 sometimes
one can reduce byits kernel

70 2 0 add Odd

and Qd is the projection ofQd

some other conditions

Then Sdd polarization Poisson structure

possibly up
to homotopy



In AKR theories this produces the

same result as with the procedure

discussed above

For general relativity this produces

the result announced above



Thanks



Bonus material
Coframe gravity in 3 1 dimensions

Bulk data M 4 manifold that admits a
Lorentzian structure

V

y
a rector bundle isomorphic to TM
endowed with a fiberwise Minkowski

metric y



Fields 1 coframe e TM TV

In particular ec.pl M V

2 connection W on the orthonormal frame bundle of

The adjoint bundle may be
identified with AV skew symmetric

matrices

Locally W is a 1 form with
values in AV



Classical description of the boundary

Fields e W

pre sympleitic
form

R of feed
kernel was wtv with ero

constraints EF 0 due o



low refine the space of balk fields

Fm e w He space like metric

20 DM M
gd tie age tensor on dM

Condition go is positive definite



In this case on dM we can choose ene PIV st Gen basisoft

Moreover due to edwe 0 on the boundary
bulk endae er

for some 0

kewlondmst.edu
d4eiwloadMendae

er µ
1 www.td

f mpleetom.ph ev o

M W federw
on



Now on we still have to impose the constraints

Cfw 0

hedue
0

They are 1 class so the BFV construction ispossible

from the BFV construction on Ʃ JM

we then drive the BF V construction on P dE



Einstein Hilbert version

S frgR Arg
M

ADM decomposition near 2M with assumption

9dm nondepecente

yields Fe Wey Een
11 momentemandHamiltonia

frostrained field constraint

Ecg Epc
thlatini ca.tn

E.CH may be
described in termsofBEV



But BFV BF V is a mess in this

case

because the constraints contain secondderivatives


