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1. INTRODUCTION

These notes, an introduction to the subject, develop basic, classical properties of configu-
ration spaces as well as pointing out several natural connections between these spaces and
other subjects. The main topics here arise from classical fibrations, homogeneous spaces, con-
figuration spaces of surfaces, mapping class groups and loop spaces of configuration spaces,
together with the relationships of these objects to simplicial groups and homotopy groups.
Properties of the simplicial setting of homotopy groups are analogous to features of the
Borromean rings or ‘Brunnian’ links and braids.

The confluence of structures encountered here is within low dimensional topology, as well
as homotopy theory. These structures appear in a variety of contexts given by knots, links,
homotopy groups and simplicial groups. Thus some homological consequences are developed,
together with a description of how these results fit with linking phenomena in Section [20]

The structure of a simplicial group and A-group, which arise in the context of configura-
tion spaces, are also described below. Connections to homotopy groups show how classical
congruence subgroups arise in this context and coincide with certain natural subgroups of
braid groups occurring in geometric group theory. These structures date back to the 1800’s
[48].

These notes are intended as a short introduction to a few basic properties and applications
of configuration spaces. Much excellent as well as beautiful work of many people on this
subject has been deliberately omitted because of space and time restrictions. The author
apologizes to many friends and colleagues for these omissions.

The author would like to thank several friends for help in the preparation of these notes,
notably Liz Hanbury who did a wonderful job of proof-reading, Benson Farb, Jon Berrick,
Sam Gitler, Larry Taylor, Yan Loi Wong and Jie Wu.

Date: January 26, 2013.
*Partially supported by the National Science Foundation under Grant No. 9704410, DARPA grant number
2006-06918-01, and the National University of Singapore.
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A more thorough development of configuration spaces is a book in preparation with Sam
Gitler and Larry Taylor. One final remark: Sections [16| through [21] give a revised version of

notes in [21].
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2. BASIC DEFINITIONS

The first definition is that of the configuration space.
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Definition 2.1. Let M denote a topological space. Define the configuration space of ordered
k-tuples of distinct points in M as the subspace of M* given by

Conf(M, k) = {(m1,ma,...,my) | m; # m; for all i # j}.
The symmetric group on k-letters, ¥, acts on Conf(M, k) from the left by
o(my,...,mx) = (M), -, Ma@))-
One basic example is given next.

Example 2.2. This example gives classical properties of the configuration space of points
in the plane R? which is also regarded as the complex numbers C. In this case, Artin’s braid
group with & strands, By, as well as Artin’s pure braid group with k strands, P, defined in
Section [§ below, arise naturally.

If M = R?, then Conf(R? k) is a K(P, 1) and Conf(R? k)/3; is a K(By, 1) with proof
first given in [32, [37] as well as sketched as Theorem below. This example arises in the
context of classical polynomials in one complex variable. Consider the space of unordered k-
tuples of points in the complex numbers C*/;, a space well-known as the k-fold symmetric
product. A point in C*/%; may be regarded as the set of roots {ry, ..., r}, possibly repeated,
of any monic, complex polynomial of degree k in one indeterminate z over C.

There is a homeomorphism

Root : C*/%;, — CF
for which

Root({ry,...,m%}) = p(2)

where

pe) =[] G-r).

1<i<k

Thus the space of complex polynomials p(z) = 2% + ap_125"1 + -+ + a1z + q is identified
by this homeomorphism which sends the roots of p(2), {r1,..., 7}, to the point in C* with
coordinates (ax_1,...,ap), the coeflicients of p(z), where the a; are given, up to sign, by the
elementary symmetric functions in the ;.

The subspace Conf(C, k)/%; of C*/3; is homeomorphic to the space of monic, complex
polynomials p(z) = z¥ +ap_12571 + -+ - 4+ a;2 + ag for which p(z) has exactly k distinct roots.
The classical homeomorphism sends an equivalence class [rq, ..., ] € Conf(C, k)/%y to the
polynomial

p(z)= ] z=r).

1<i<k
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Features of the inverse of this homeomorphism are one of the main topics in classical Galois
theory. Further features of Conf(C, k)/3 concerning the homotopy groups of the 2-sphere
will be addressed in Section 20

Example 2.3. The configuration space Conf(R", k) is homeomorphic to
R™ x Conf(R" — Q1,k — 1)

where () is the set with a single point given by the origin in R”. An extension of this fact
is given in Example below.
Notice that Conf(R",2) has S"! as a strong deformation retract with one choice of
equivalence given by
A: 85" — Conf(R™, 2),
the map defined on points by the formula A(z) = (z,—2z) for z in S"! where S"7! is
regarded as the points of unit norm in R™. A map

B : Conf(R",2) — S™!
is defined by the formula

(z —y)
B((z,y)) = :
|z —y|
Observe that B o A is the identity, and A o B is homotopic to the identity via a homotopy
leaving S™ ! point-wise fixed.

Example 2.4. Some features of configuration spaces for a sphere are listed next.

(1) The configuration space Conf(S™,2) is homotopy equivalent to S™ with one choice of
equivalence given by the map

g:S™— Conf(S",2)
for which g(z) = (2, —2).
(2) Let 7(S™) denote the unit sphere bundle in the tangent bundle for S™. There is a
homotopy equivalence E : 7(S™) — Conf(S™, 3) defined on points (z,v) by

E(z,v) = (z,exp(v), exp(—v)).
Furthermore, this map is a fibre homotopy equivalance as implied by Theorem [3.2
below [32], 31].

(3) Properties of the tangent bundle and normal bundle for a smooth manifold M arise
repeatedly in [20] where cofibre sequences are developed for configuration spaces
given in terms of Thom spaces of associated normal bundles. Similar features arise
in Totaro’s spectral sequence [77].
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Example 2.5. A classical fact is that the configuration space Conf(S?,3) is homeomorphic
to PGL(2,C), as for example, stated as Lemma below. It follows that the configuration
space Conf(S?% k + 3) is homeomorphic to the product PGL(2,C) x Conf(S? — Q3, k) for
all k> 0, for which Q3 denotes a set of three distinct points in S?. The group PGL(2,C)
has SO(3) as a maximal compact subgroup and is thus homotopy equivalent to the real
projective space RP3. This case was basic in [5, [11].

Example 2.6. If G is a topological group, then there is a homeomorphism
h: Conf(G, k) — G x Conf(G — {1g},k — 1)
where h(gy,...,g1) = (91, (917 92, ..., 91 *gr)). Thus if k > 2, there are homeomorphisms
Conf(R? k) — R? x (R? — {0}) x Conf(R? — Qy,k — 2)
where Qo = {0,1} C R? [32] 31, [15].

Natural variations are listed next. The first, a fibre-wise analogue of Conf(M, k) has been
used to give certain natural K (m,1)’s and to provide an application of a classical ‘incidence
bundle’ [I1] to produce computations of the cohomology of certain discrete groups.

Definition 2.7. Let a: M — B be any continuous map. The fibre-wise configuration space
Conf, (M, k)
is the subspace of Conf(M, k) given by
Conf, (M, k) = {(mq,...,my) | m; # m; for all i # j and a(m;) = a(m,) for all i, j}.

Given the projection map for a fibre bundle §: £ — B with fibre X, define the incidence
bundle of k points in E to be

Confs(E, k).
There is a natural projection
7 : Confg(E, k) — B
which, with mild restrictions given in the next example, is fibration with fibre Conf(X, k).

One example is listed next.

Example 2.8. Let G be a topological group which acts on the left of a space M and thus
diagonally on Conf(M, k). Consider the Borel construction for Conf(M, k) given by

EG x¢ Conf(M, k)
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together with the natural projection maps
v: EG xqg M — BG
and
Y : EG x¢ Conf(M, k) — BG.
Then the natural map
EG x¢g Conf(M, k) — Conf(EG x¢ M, k)
is a homeomorphism. If G is a compact Lie group, then the natural projection map
EG x¢g Conf(M, k) — BG
is a fibration with fibre Conf(M, k), as implied by [64]. A more general setting arises with
the proof of Theorem [3.2]in Section [6]

In Sections [§ through [T1], we will use this example in the special case of
n: BSO(2) = ESO(3) xs0@3) S* — BSO(3)
to obtain K (m, 1)’s closely connected to mapping class groups. In this case, the group
7 = m(Conf, (BSO(2),k) /%)

is isomorphic to the group of path-components of the orientation preserving group of diffeo-
morphisms of $? which preserve a given set of k points [11], i.e., the mapping class group
for a punctured 2-sphere.

A small modification to principal U(2)-bundles gives a K (m, 1) for which 7 is the mapping
class for genus two surfaces, see Example below.

Example 2.9. Consider the natural action of O(n) on S"'. Regard O(k) as the subgroup
of O(n + k) given by O(k) x 1", and O(n) as the subgroup of O(n + k) given by 1* x O(n).
Let V(n + k, k) denote the Stiefel manifold O(n + k)/O(k) and Gr(n + k,k) denote the
Grassmann manifold O(n + k)/O(k) x O(n).
Consider
V(n + k, /{Z) X O(n) gt

as the total space of a fibre bundle with projection
v:V(n+k k) xom S*H — Gr(n+k, k)
and with fibre S"!. The associated incidence bundle is

Vg : V(n+E k) Xom Conf(S™ !, q) — Gr(n + k, k)
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with fibre Conf(S™"™!, ¢q).
One result from [I1] is that the ‘incidence bundle’

Uk%oov(g + ka k) X0(3) COHf(,SQ, Q>/Eq

is a K(m,1) where 7 is a Z/2Z extension of the mapping class group for a 2-sphere which
has been punctured ¢ times, for ¢ > 3. The mapping class group for the punctured 2-
sphere is the fundamental group of an analogous bundle where Gr(3 + k, k) is replaced by
O3+ k)/(O(k) x SO(3)), the subject of Section [J] here.

A third construction is given next.

Definition 2.10. Let I' be a group which acts freely and properly discontinuously on the
space M so that the projection map

M — M/T
is the projection map in a principal I'-bundle. Define the orbit configuration space
Conf" (M, k) = {(m1,...,my) | mL Nm;T = for all i # j}.
The group I'* acts on Conf" (M, k) (from the left) by the formula
(Vs ye) (M, oo ymg) = (Y1 - M, Yk ).
Example 2.11. If S is a surface homeomorphic to S' x S!, then
S =R?*T

where I' = Z & Z or any parameterized lattice in C. If S is an orientable surface of genus g
with g > 1, then S is the quotient of the upper half-plane H? by the fundamental group of
the surface. The spaces Conf”®*(R?, k) and Conf" (H?, k) were studied in [85, 63, 14] where
I is a Fuchsian group. In addition, further useful properties of Conf" (M, k) were developed
in [85].

3. FIBRATIONS

Throughout this section M denotes a topological manifold with Top(M) the group of
homeomorphisms of M, topologized with the compact-open topology. The purpose of this
section is to introduce two theorems first proven in [32] with a small modification below in
terms of homogeneous spaces as well as classifying spaces of certain homeomorphism groups.

In the special case for which M is a closed orientable surface, the theorems in this section
are used in sections [§ through [11| below to construct certain natural K (7, 1)’s associated to
the mapping class group of a surface.
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Definition 3.1. The group Top(M) acts diagonally on the configuration space Conf(M, k).
Thus if f: M — M is an element in Top(M), then the action

0 : Top(M) x Conf(M, k) — Conf(M, k)
is defined by the formula
O((f, (ma,...,mp))) = (f(ma), f(ma), ..., f(me)).

Let Qr = {q1,.-.,qx} denote the underlying set of points obtained from a fixed point
7= (q1,-..,q) in Conf(M, k). The subgroup of elements in Top(M) which point-wise fixes
the set @y is denoted Top(M, k) here. There is an induced map

pg: Top(M)/Top(M, k) — Conf(M, k)

defined by
ptf(f) = (f((h)a SRR f(Qk))

The action specified by 6 gives rise to natural fibre bundles as given in the next two
Theorems which are proven in Sections [7] and [6] with original sources [32, 31].

Theorem 3.2. Assume that M is a topological manifold without boundary.
(1) The group Top(M, k) acts on Top(M) by composition (from the left). The natural
quotient map
Top(M) — Top(M)/Top(M, k)
is the projection map for the principal Top(M, k)-bundle
Top(M, k) — Top(M) — Top(M)/Top(M, k).

(2) The induced map pg : Top(M)/Top(M, k) — Conf(M, k) is a homeomorphism.
(3) The homotopy theoretic fibre of the natural map

BTop(M, k) — BTop(M)

is Conf(M, k), and, if G = Top(M), then EG xg Conf(M, k) is homeomorphic to
BTop(M, k).

Observe that the natural projection maps
pi s MF — M*1
which delete the i-th coordinate restrict to maps on the level of configuration spaces
pi : Conf(M, k) — Conf(M, k —1).

The second theorem is as follows [32] [31].
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Theorem 3.3. If M is a manifold without boundary, the natural projection map

pi - Conf(M, k) — Conf(M,k —1)

s a fibration with fibre

M — Qr-1.

Corollary 3.4. Assume that M is a manifold without boundary, and I = (iy,...,i,) is

a sequence of integers with 1 < i; < iy < --- < 1, < k. Then the natural composite of

projection maps pr = p;, © -+ - o p;,. 1S a fibration

pr : Conf(M, k) — Conf(M, k —r)

with fibre

Conf(M — Qg 7).

Remark 3.5. Several related remarks concerning features of Theorems[3.3]and [3.2] and their
proofs are given next.

(1)

(2)
(3)

Theorem was stated and proven in a classical paper by Fadell-Neuwirth [32].
The result also follows from earlier work of R. Palais who was addressing a different
question analogous to Theorem [62]. Elegant further developments are in the
book [31].

The proofs below are those of [32], B1] with a small addition concerning principal
fibrations.

Additional hypothesis on M, such as M = R"™ x N, imply that the collection of groups
m(Conf(R™ x N, k)), k > 1, form a simplicial group (see Section [16|for the concept
of simplicial group). The group m;(Conf(R™ x N, k)) is regarded as the (k — 1)-st
group in the simplicial group, see [5] and Section (16| below.

One basic example is given by the collection 7(Conf(R% k)) = B, k > 1, a
simplicial group denoted AP, in section This simplicial group is closely tied to
the homotopy groups of the 2-sphere [21].

For general M, the collection of fundamental groups m; (Conf(M, k)), k > 1, admit
the structure of a A-group, with the A-structure induced by the projection maps
pi : Conf(M, k) — Conf(M,k — 1). This idea is developed in [5]; in the special case
of M = 5? there is a connection with the homotopy groups of the 2-sphere. These
structures are also described in section [16| below, as well as [83].

In the case of the simplicial group {m(Conf(R" x N, k))} for M = R™ x N, consider
the kernel of the induced map on fundamental groups

m(px) : m(Conf(M, k)) — m(Conf (M, k —1)).
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These kernels inherit the structure of a simplicial group isomorphic to Moore’s sim-
plicial loop space construction [61I] applied to the simplicial group {m;(Conf(R™ x
N,k))}. Thus, the natural projection maps in Theorem also naturally give
Moore’s simplicial loop space for these simplicial groups, a point described in Sections

20| and 21] below.

The main feature here is that the fibres of the projection maps
pi : Conf(M, k) — Conf(M,k — 1)

give a precise topological analogue for the group-theoretic process of forming a simpli-
cial loop space from a simplicial group. Thus these projection maps are informative
for other subjects.

4. ON CROSS-SECTIONS FOR CONFIGURATION SPACES

The purpose of this section is to describe certain cross-sections for the projections maps
pi : Conf(M, k) — Conf(M, k —1) when they exist for direct reasons. These maps are useful
in what follows below.

Example 4.1. The first natural case is given by cross-sections for the projection maps
pi : Conf(M x R", k) — Conf(M x R", k —1).
A section is specified by
oy : Conf(M x R" k — 1) — Conf(M x R", k)
with
or((my,r1), ..., (me—1,7%-1)) = ((m1,71), ..., (Mik_1,76-1), (M1, Lé}))
where
L =1+ max;||r|
and € = (1,0,...,0).
Notice that a direct variation of this map applies to give sections for the projection maps

pi : Conf((, k) — Conf((,k — 1)

where ( is an n-plane bundle over M which supports a nowhere vanishing cross-section
0 : M — ( for the bundle projection p: ( — M. See the next example.
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Example 4.2. Define
oy : Conf(¢, k — 1) — Conf((, k)
by the formula -
or((z1, .y 2zk-1)) = (21, - -+ 2km1, Ao (21))
where -
o(z1) = o(z1)/|o(z)]
and A = 1 4 max;|o(z;)|.
Next consider a manifold without boundary M, together with a fixed subset Q € M
consisting of a single point.

Example 4.3. The projection maps
pr : Conf(M — Q, k) — Conf(M — Q,k —1)
admit cross-sections up to homotopy [32].

Example 4.4. An example for which the projection map
ps : Conf(M,3) — Conf(M,2)

does not admit a cross-section is given by M = S?. Observe that Conf(S5?,3) is homeomor-
phic to PGL(2,C), a classical fact stated as Lemma below. Since PGL(2,C), SO(3),
and RP? are homotopy equivalent, there does not exist a section for ps : Conf(S5?% 3) —
Conf(S?,2) as Hy(S?) = Ho(Conf(S?,2)) = Z, but Hy(Conf(S?,3)) = Hy(RP?) = {0}.

Similarly, the projection maps p3 : Conf(S**,3) — Conf(S?*",2) do not admit sections for
all n > 0 as Conf(S?",3) is homotopy equivalent to the unit sphere bundle in the tangent
bundle of $?" with Hy,(Conf(S5?",3)) = {0}, and H,,(Conf(5*",2)) = Z.

5. PREPARATION FOR THEOREMS AND 3.3

Lemma 5.1. Assume that M is a non-empty manifold without boundary, of dimension at
least 1. Then Top(M, k) is a closed subgroup of Top(M).

Proof. Given any point f in the complement of Top(M, k) in Top(M), there is at least one
point ¢; in @), that is not fixed by f. Since M is Hausdorff, there is a non-empty open set
U in M that does not contain ¢;. An open set in the complement of Top(M, k) in Top(M)
containing f is given by the set of continuous functions that carry the point ¢; into U. The
lemma follows. 0

The next definition is given in [76] on page 30.
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Definition 5.2. Let H be a closed subgroup of a topological group G with natural quotient
map p: G — G/H. A local cross-section of G in H is a continuous function

f:U—G
for U an open set in G/H such that
pf(x) =

for every x € U. To be more precise, such a continuous function f is also called a local
cross-section of G in H over the open set U. A local cross-section over a point x € G/H is
a local cross-section of G in H over some open set U with x € U C G/H.

The next theorem is given in Steenrod’s book ‘The topology of fibre bundles’ [76], page
30.

Theorem 5.3. Let H be a closed subgroup of G and assume that the map p : G — G/H
admits local cross-sections over every point x € G/H. Then the projection map

BH — BG

is the projection map in a fibre bundle with fibre given by the space of left cosets G/H .

Remark 5.4. Steenrod’s proof gives a homeomorphism
EG x¢G/H — BH

under the conditions of the theorem. A statement and proof of this fact is recorded next for
completeness.

Theorem 5.5. Let H be a closed subgroup of G and assume that the map p : G — G/H
admits local cross-sections over every point x € G/H. Then the natural map

m: EG x¢G/H — BH
s a homeomorphism.

Proof. Let G/H denote the space of left cosets UseqgH. Let X be any space that has a
right G-action that is free and properly discontinuous, thus the projection p : X — X /G is
a principal G-bundle. Notice that G acts on the product X x G/H via the formula

v (w,9) = (-9 7).
Furthermore there is a natural map

q: X xG/H— X/H
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defined by
q(z,gH) = [xg],
the class of g in X/H which is independent of the choice of g € gH. Since
g(z -y~ 9) = ala, 9),
there is an induced map
7: X x¢G/H — X/H
defined by the equation 7 ([x,gH]) = q(z, gH).
A second map a: X — X Xg G/H, defined by the equation
a(r) = [z, 1H],
passes to quotients
ﬁ : X/H — X XgG/H.
The composites o # and (o 7 are both the identity. Thus the map
q: (X x¢G/H)— X/H
is a homeomorphism. Steenrod’s theorem follows by setting X = EG with the identification

BH = EG/H. 0

Remark 5.6. Steenrod showed that the natural quotient map 7 : G — G/H is the projec-
tion in a principal fibre bundle in case H is a closed subgroup of G and the map has local
sections [74]. Similarly, if the map 7 is the projection in a bundle, then it has local sections.
Thus local sections are necessary as well as sufficient in order that 7 : G — G/H be the
projection in a principal fibre bundle, in case H is a closed subgroup of G.

The proofs of Theorems [3.2) and [3.3] depend on the next lemma. Here, let D™ denote the

n-disk, the points in R™ of Euclidean norm at most 1, with interior denoted D™ and with
the origin in D™ denoted (0,0,...,0). The map 6 in the next lemma was useful in [32], the
article by Fadell and Neuwirth, while the formula here is given explicitly in [85].

Lemma 5.7. (1) There is a continuous map
0 : 13" x D" — D"
such that 0(x,—) fizes the boundary of D" point-wise and
O(x,z) = (0,0,...,0)

o
for every x in D™.
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(2) If M is a topological manifold without boundary, then there exists a basis of open
sets U for the topology of Conf(M, k) together with local sections ¢ : U — Top(M)
such that the composite U — Top(M) — Top(M)/Top(M,k) — Conf(M, k) is a
homeomorphism onto U.

(3) The natural map pg : Top(M)/Top(M, k) — Conf(M, k) given by evaluation at a
point ¢ = (qu,...,qr) € Conf(M, k) is a homeomorphism.

Proof. Define

a: 13” — R"
by the formula a(r) = z/(1 — |z|), and so a™'(2) = 2/(1 + |z|). Let 9(D") denote the
boundary of D".

For a fixed element ¢ in DO”, define
Vg : D" — D"

by the formula

Define 6 : 13” x D™ — D" by the formula

0(q,y) = 74(y)-

Notice that # is continuous, and (g, q) = (0,0, ...,0). Thus part (1) of the lemma follows.
To prove part (2), consider a point (¢, g2, - - ., g ) in Conf (M, k) together with disjoint open

o

discs D™(q1), D"(q2), - - ., D™(qx) where D™(g;) is a disc with center g;. (There is a choice of
homeomorphism in the identification of each such open disc with an open coordinate patch
of M; this choice is suppressed here.) Let

U=D"(q1) x D"(q2) x -+ x D"(qx)

Observe that U is an open set in Conf(M, k) and that the sets U give a basis for the topology
of Conf(M, k) as the (¢1,qa, ..., qx) range over the points in Conf(M, k).
Define
¢:U — Top(M)
by the formula
o((y1, 2, u)) = H

for H in Top(M) where (y1,y2,...,yx) isin U = 13”(q1) X 13”(q2) X e X 5”(%), and H is
the homeomorphism of M given as follows.
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o

(1) H(z) = x if z is in the complement in the disjoint union [[, ..., D™(¢;), and
(2) H(z) = 0(q;, z) if z is in D™(q;). o
Clearly H is in Top(M) as the two parts of the definition for H agree on the boundary
of D"(g;). To finish part (2) of the lemma, it suffices to check that ¢ is continuous. Notice
that all spaces here are locally compact, and Hausdorff. Thus it follows that ¢ is continuous
if and only if the adjoint

adj(¢) : U x M — M
defined by the formula
adj(¢)(u,m) = H(u,m)

is continuous. Then continuity of ¢ follows at once from the continuity of H. The second
part of the lemma follows.
To finish the third part of the lemma, it must be checked that the natural map

p : Top(M)/Top(M, k) — Conf(M, k)
is a homeomorphism. Notice that part 2 of the lemma gives local sections
¢:U — Top(M).

Thus consider the composite A : U — Top(M)/Top(M, k) given by the composite p o ¢
where p : G — G/H is the natural quotient map. Notice that A : U — A(U) is a continuous
bijection, and A(U) = ¢~1(U). Thus A(U) is open, and the map ¢ is open. Thus p is open,
and hence a homeomorphism. The lemma follows. 0

6. PROOF OF THEOREM [3.2]

By Lemma .1} Top(M, k) is a closed subgroup of Top(M). Furthermore, local sections
exist for Top(M) — Top(M)/Top(M, k) by Lemma [5.7} Thus there is a principal fibration

Top(M, k) — Top(M) — Top(M)/Top(M, k).

The first part of the theorem follows.
In addition, the natural evaluation map Top(M) — Conf(M, k) factors through the
quotient map Top(M) — Top(M)/Top(M, k). Thus, the induced map

pg : Top(M)/Top(M, k) — Conf(M, k)

is a homeomorphism by Lemma [5.7, Part 2 of the theorem follows.
The third statement in the theorem follows at once from Theorems [5.3] and [5.5]
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7. PROOF OF THEOREM [3.3

The statement to be proven is that if M is a manifold without boundary, then the natural
projection map

pi : Conf(M, k) — Conf(M,k — 1)

is a fibration with fibre homeomorphic to

M — Q-

where p; denotes the projection map which deletes the i-th coordinate. To prove that p; is a

fibration, it suffices to check that the map is locally trivial, by a theorem of A. Dold [73]. It

suffices to check the result in case ¢ = k£ by applying the permutation which swaps ¢ and k.
Consider the projection which deletes the last coordinate

pi : Conf(M, k) — Conf(M, k —1).

The inverse image of the point (qi, ..., q._1) € Conf(M,k —1), p,* ((q1, - - ., qx_1)), is home-

omorphic to M — Qr_1 with Qx_1 = {q1,...,qx_1} because the natural inclusion
et M — Qr —>p,;1((q1, o Qi)
defined by the equation tx(m) = (q1, ..., qx_1,m), is a homeomorphism.

Consider the point (qi,...,qx—1) in Conf(M,k — 1) together with disjoint open discs

D™(q1),...,D"(qx—1) with centers g;. Then consider the open set

V = Dn(Ch) X e X Dn(qk_l).

To show that p; is locally trivial, we need to show that the following holds. Given any
point ¢ = (qi1,...,qk—1) in Conf(M,k — 1), there is an open set V, containing ¢, together
with a homeomorphism

V% (M= Qp1) = p;, (V)

for which there is a commutative diagram

(]

VX (M= Q1) —— p (V)

pl pkl
\% — V
where p is the natural projection map.
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We will now define ®. The definition given is exactly that of [32] or [3I] and is given by
the formula
(ma,. .., mg—1,mk) if my & Ur<i<k—1D"(qi), and
@((ml,...,mk_l),mk) = . "
(my,...,mg_1,0(m;,my)) if my € D™(q;)
where the map 6 is that of Lemma [5.7] That ® is a homeomorphism and the theorem then
follow.

8. SURFACES, BRAID GROUPS AND CONNECTIONS TO MAPPING CLASS GROUPS

The subject of this section is basic properties of braid groups of surfaces as well as their
connections to mapping class groups. Throughout this section S denotes a surface, possibly
open or possibly non-orientable. The definition of the braid group of a surface is given next.

Definition 8.1. Let S denote a surface.

(1) The k-stranded braid group for S is
Bi(S) = m(Conf (S, k)/Xk).
(2) The k-stranded pure braid group for S is
Pi(S) = m(Conf(S, k)).

(3) In case S = R?, let By, respectively Py, denote By (R?), respectively Py (R?).
Remark 8.2. Useful consequences of the definition of the (pure) braid groups rely heavily
on the fact that S is a surface. In this case, the natural inclusion

i : Conf(S, k) — S*

does not induce an isomorphism on the level of fundamental groups, a feature which has
been proven to be quite useful. Vershinin has written an informative survey of braid groups
of surfaces in [78].

However, in case N is a manifold of dimension at least 3, the natural inclusion

i : Conf(N, k) — N*

does induce an isomorphism on fundamental groups. Thus to obtain interesting structures
which are analogous to braid groups of surfaces in the case of manifolds of dimension at least
3, new constructions are required.

Constructions which provide non-trivial analogues of braid groups for any space M are
defined in [19]. The definition arises by considering the structure of the space of ‘suitably
compatible maps’ (S')" — Conf(M, k) which provides an alternative definition of the braid
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group of a surface, and which extends in a natural way to give analogues of braid groups
for any manifold M. These analogues of braid groups have their own version of Vassiliev
invariants as well as other natural properties, and are reminiscent of Fox’s torus homotopy
groups [30], but with further global structure. One version is the group of pointed homotopy
classes of pointed maps [©2(S5?), (Conf(M, k))], a group with tractable structure in case all
spaces have been localized at the rational numbers. In the case of [Q(S5?), Q(Conf(R*™ k))]
for m > 1, the ‘rationalization’ of this group is isomorphic to the Malcev completion of P
[19].

Theorem 8.3. If S is a surface not equal to either S* or RP?, and Q; = {q1,...,q} is
a sub-set of S having cardinality i, possibly zero, then Conf(S — Q;, k) and consequently
Conf(S — Qi, k)/Xy are K(m,1)’s.

Proof. Notice that S as well as S — @; are both K(7,1)’s. An induction on k using the
fibrations in Theorem [3.3| implies that Conf(S — Q;, k) is a K(m, 1), as follows.

Since S — @Q; is a surface not equal to either S? or RP?, it follows that S — Q; is a K(7,1).
The inductive step is to observe that there is a fibration

Conf(S — Q;, k) — 5 — Q;

with fibre given by Conf(S — Q;4+1,k — 1), by Theorem [3.3] Since Conf(S — Q;41,k — 1) and

S — @; may be assumed to be K (m,1)’s, it follows that Conf(S — Q;, k) is also a K(m,1).
Furthermore, the natural quotient maps Conf(S, k) — Conf(S, k)/X) are projections in a

covering space. Thus, Conf(S, k)/%y is also a K (m, 1) and the theorem follows. O

Remark 8.4. In case S is the surface S? or RP?, then constructions of K (By(S?),1) and
K (B, (RP?),1) are derived in Section [9) These spaces are given by total spaces of various

natural choices of fibre bundles obtained from the natural SO(3)-actions on either S? or
RP2.

One (classical) definition of the mapping class group for a closed, orientable Riemann
surface S with fundamental group m(S) is the group of outer-automorphisms Out(m(.5))
[55], page 175. An alternative definition is given by the group of path-components of the
orientation preserving homeomorphisms of the surface. Useful variations are given next
which are obtained by restricting to homeomorphisms which leave certain subspaces of S
fixed.

Definition 8.5. Let S be a closed orientable surface of genus g with a given point * in S.

(1) The mapping class group I'; is the group of path-components of the orientation
preserving homeomorphisms of S, Top™(.9).
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(2) The mapping class group F’; is the group of path-components of the orientation
preserving homeomorphisms of S which leave a set of k distinct points @y in S
invariant, and is equal to mo(Top™ (S, k)). The pure mapping class group PI'} is the
kernel of the natural homomorphism F’; — Y.

(3) The pointed mapping class group F’;’* is the group of path components of the orien-
tation preserving homeomorphisms which (i) preserve the point %, and (ii) leave a set
of k distinct points in S — *, invariant, Top* (S, {*}, k). The pure pointed mapping
class group PF’;’* is the kernel of the natural homomorphism F’;’* — Y. We use
Top™ (S, {*}) to denote the group of orientation preserving homeomorphisms which
leaves the point * fixed.

(4) If, in addition, m disjoint disks are given in S together with k distinct points in

k
g7m

the complement of the union of these disks, then define I'¥ ~ as the group of path-
components of the orientation preserving homeomorphisms of S which leave the set

of k distinct points invariant, as well as the boundaries of all m disks fixed point-wise.

Remark 8.6. Definition provides a definition of the ‘pure pointed mapping class group’
PF’;’* and the ‘pointed mapping class group’ F’;’*. The remarks here give some motivation
for this variation as there are several natural applications as illustrated next.

First, consider the function spaces of all continuous maps Map(.S, X) together with the
subspace of pointed continuous maps Map, (.S, X) for a pointed space X. The homology of
the space Map, (S, X) is sometimes much more accessible than that of the ‘free mapping
space’ Map(S, X). One case in point is where S is S, a closed, orientable surface of genus g,
and X is S*/' an even dimensional sphere. The homology of the function space Map, (.S,, S*¢)
is easily accessible while that of Map(S,, S?¥) is complicated.

In these cases, the group Top™*(S,) acts naturally on the function space Map(S,, S*%).
Consider the homotopy orbit space ETop™(Sy) Xyt (s,) Map(Sy, S**). There is a ‘pointed-
version’ given by

ETop* (Sg, {#}) Xop (s, £+) Map, (Sg, S°F).

One application is that the homology of all of the groups F’; are given at once by the
homology of the space ETop™ (Sg) Xmypt(s,) Map(Sy, S*") with a degree shift depending on
the choices of L and k [12]. The actual computations do not appear to be accessible even in
the cases g =0, 1.

An analogous result is satisfied for the homology of the ‘pointed version’ given by the
space ETop™ (Sy, {*}) Xropt(s,,{x}) Map.(Sg, S**). In this case, the homology of all of the
groups F’;* are given at once by the homology of this space with a degree shift depending
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on the choices of L and k [12]. However, these homology groups are much more accessible
in the ‘pointed’ case, as given in [12].

In the case of g = 1, the cohomology of this space was worked out and gives the cohomology
of T%* in terms of classical modular forms. This case is also addressed in Section [10]

A classical theorem concerning the homeomorphism group and diffeomorphism group of a
closed orientable Riemann surface S, of genus g is stated next [27, 28]. Let Diff *(S,) denote
the group of orientation preserving diffeomorphisms. The next theorem follows from results
proven in [27, 28]. That is, the group of path-components for Diff*(S,) and Top™(S,) are
isomorphic, and the components of the identity have the same homotopy type. The author
would like to thank Benson Farb for a late Saturday night e-mail conversation regarding this
point.

Theorem 8.7. The natural inclusion
Diff"(S,) — Top™(S,)
1s a homotopy equivalence.

In what follows, the groups Diff*(S,) and Top™(S,) will be used in different ways in
which these differences are stated explicitly. The groups Top(S,) and Top™(S,) act on the
configuration space of points in S;, Conf(Sy, k), diagonally. A useful ‘folk theorem’ gives (1)
there are natural K (7, 1)’s obtained from the associated Borel construction (homotopy orbit
spaces) for groups Top(M) acting on configuration spaces, and (2) these configuration spaces
are analogous to homogeneous spaces in the sense that they are frequently homeomorphic
to a quotient of a topological group by a closed subgroup.

Namely, let G be a subgroup of Top(M), and consider the diagonal action of G on
Conf(M, k) together with the homotopy orbit spaces

EG x¢ Conf(M, k)
and
EG Xa COHf(M, k:)/Ek

In case M is a surface, these constructions frequently give K(m,1)’s where the group 7 is
given by certain mapping class groups. Three different cases which depend on the genus of
the surface are given in the next three sections.

A remark concerning orientations is listed next. Observe that S, has an orientation re-
versing involution which leaves k points invariant. Consider the natural map

h : Top(S,) — Aut(Hz(S,))
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defined by
h(f) = f«: Ha(Sg) — Ha(S,).

This map satisfies the following properties.

(1) The map h surjects to Aut(Hy(S,)) = Z/27Z.

(2) The map h restricts to a surjection h|rop(s, k) : Top(Sy, k) — Aut(H(Sy)).
(3) The kernel of k is Top™(S,) while the kernel of | rop(s, k) is Top™ (S, k).
(4) Thus the natural map

Top™(S,)/Top™ (S, k) — Top(S,)/Top(S,, k)

is a homeomorphism.

This point is recorded in the following lemma (which of course is a special case).

Lemma 8.8. Assume that S, is an orientable surface of genus g. The natural map
Top™(Sy)/Top™ (Sy, k) — Top(Sy)/Top(Sy, k)

18 a homeomorphism.

9. ON CONFIGURATIONS IN S2

The natural actions of SO(3) on S? by rotations, as well as on RP? by rotation of a line
through the origin in R3, are applied in this section to give K(m,1)’s where the groups =
are certain mapping class groups. We will also make use of the group S*, the connected
double cover of SO(3), and its action on Conf(S?, ¢) through the diagonal action of SO(3)
on products of S2.

The purpose of this section is to derive properties of the configuration spaces Conf(S?, k)
as well as the spaces

ESO(3) X50(3) COHf(SQ, k)/Ek

The first theorem in this direction is due to Smale who proved the following result [72].
Theorem 9.1. The natural inclusions
SO(3) C Diff*(S?) c Top™t(S?)
are homotopy equivalances.
Smale’s theorem has the following consequences as pointed out in [11] [6].

Theorem 9.2. If ¢ > 3, then
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(1) the space
ESO(3) xs0(3) Conf(S? q)/%,
is a K(I'¢, 1), and
(2) the space
ESO(?)) X50(3) COHf(SZ, q)
is a K(PT{,1).
A slightly stronger version of Theorem is obtained from the next classical lemma,

proven by considering cross-ratios, for which S? is regarded as the space of complex lines
though the origin in C2, namely CP*. Consider the evaluation map

e : PGL(2,C) x Conf(CP',3) — Conf(CP*, 3)
defined by the equation
6(0{, <L17 L27 L3)) - (a(Ll)a a(L2)7 (X(Lg))

where L; are 3 fixed, distinct lines through the origin in C? with (Ly, Lo, L) a point in
Conf(CP!, 3) and « is an element in PGL(2,C).

Lemma 9.3. The restriction of the map
e : PGL(2,C) x Conf(CP',3) — Conf(CP', 3),
to the subspace
PGL(Q, (C) X {(Ll, LQ, Lg)},
for any point (Ly, Ly, L3) in Conf(CP', 3), is a homeomorphism. Thus PGL(2,C) is home-
omorphic to Conf(CP!, 3).

A cruder version of Lemma [9.3] which exhibits a homotopy equivalence rather than a
homeomorphism follows directly from Theorem [3.3| as follows.

Lemma 9.4. Restrict the map
e : SO(3) x Conf(CP*',3) — Conf(CP*,3)
defined by the equation
e(a, (L1, Ly, Ls)) = (a(L1), a(L2), a(Ls))
to the subspace
SO(3) x {(Ly, Lo, L3)}
for any point (Ly, Ly, L3) in Conf(CP', 3). This restriction is a homotopy equivalence.
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Proof. Since SO(3) is path-connected, it suffices to check the lemma for the points in S?
given by

(1) L1 = (1,0,0),

(2) Ly =(0,1,0), and

(3) L3 =(0,0,1).

The map
E : SO(3) — Conf(S?,3)
defined by the equation
Bla) = (a(L1), a(La), a(Ls)

gives a morphism of fibrations

so(2) 290, g,

! l

SO(3) —Z— Conf(S2,3)
sz 2 Conf(S?,2)
where Qo = {L;, Lo} with 3 : S? — Conf(S5?,2) defined by

Bla(Ly)) = (a(L1), aLy)).

The induced maps on the fibre E|SO(2) : SO(2) — S? — Qs, as well as on the base,
B : 5% — Conf(S?,2), are homotopy equivalences by inspection. Since the right-hand side is
a fibration by Theorem [3.3], the lemma follows.

O

Lemma 9.5. The spaces
ESO(3) xXs0(3) Conf(S?,3),
and
EPGL(2,C) X pgr2,c) Conf(S?,3)
are contractible.

Remark 9.6. The preceding lemma gives a special case of Theorem for ¢ = 3 in which
the group 7 is the trivial group.



INTRODUCTION TO CONFIGURATION SPACES 24

Proof. Tt suffices to check that the space ESO(3) x so(3) Conf(S5?, 3) is contractible as SO(3)
is the maximal compact subgroup of PGL(2,C) and the inclusion SO(3) C PGL(2,C) is a
homotopy equivalance.
Since the natural map
E : SO(3) — Conf(S5?,3)
is a homotopy equivalence by the proof of Lemma and is also SO(3)-equivariant by
construction, the result follows as ESO(3) xsos) SO(3) is contractible. O

The proof of Theorem is given next with an application to the cohomology of the
associated mapping class groups [I1].

Proof of Theorem[9.3. There are two steps to the proof of this theorem. The first is that if
g > 3, then the resulting space ESO(3) xs0(3) Conf(S?,q) is a K(m,1). The second step is
to work out the fundamental group m of the space in question.

Assume that ¢ > 3 and observe that the natural projection map to the first three coordi-
nates

p(1,2,3) : Conf(S?, q) — Conf(S?,3)

is SO(3)-equivariant by inspection of the definitions. In addition, the map p(1,2,3) is a
fibration with fibre Conf(S? — Q3,q — 3), by Theorem [3.3] Thus the induced projection map

ESO(3) xs0(3) Conf(S?, q) — ESO(3) xs0(3) Conf(5?,3)

is a fibration with fibre Conf (5% — Q3,q — 3).

On the other-hand, the space ESO(3) X go(3) Conf(S?,3) is contractible by Lemma .
Thus the inclusion Conf(S? — Q3,9 — 3) C ESO(3) X go(3) Conf(S5?, ¢) is a homotopy equiv-
alence. Furthermore, the space Conf(S? — @Q3,q¢ — 3) is a K(m,1) by Theorem as
S% — Q3 is a surface which is not S? or RP2. Thus Conf(S? — Q3,¢ — 3) and consequently
ESO(3) xs0(3) Conf(S?,q) are K(m,1)’s.

The final step is to show that if ¢ > 3, the spaces

ESO(?)) Xgo(g) CODf(S2, q),
and
ESO(3) xso) Conf(5%,q)/%,
are respectively K(PT'¢, 1), and K(I'{,1). Thus it suffices to work out their fundamental

groups.
To carry out this step, it is useful to note that by Theorem [9.1] the natural inclusions

SO(3) c Diff(S?) c Top*(S?)
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are homotopy equivalances. Furthermore, by Theorem [3.2] there is a fibration sequence
Top(S?, q) — Top(S?) — Conf(S?, q) — BTop(S?, q) — BTop(S?).
Since the induced map
Top™(5?)/Top* (52, q) — Top(S*)/Top(S?, q)
is a homeomorphism by Lemma [8.8] it follows that there is a homotopy equivalence
ESO(3) xs0(3) Conf(S?,q) — BTop* (5%, q).
O

Remark 9.7. A similar argument, given in the thesis of J. Wong [80], gives the contruction
of K(rm,1)’s where 7 is the braid group of either S? or RPP?. Furthermore, Wong used these
spaces to work out the cohomology of the associated braid groups.

Theorem 9.8. Assume that ¢ > 3.

(1) The space ES3x g:Conf(S?,q)/%, is a K(B,(S?),1). Furthermore, the space ES®X g3
Conf(S?%,q) is a K(P,(S%),1).

(2) The space ES® xgs Conf(RP?, q)/%, is a K(B,(RP?),1). Furthermore, the space
ES? x g3 Conf(RP?, q) is a K(FP,(RP?),1).

In addition, an attractive presentation of the braid group By(S?), the fundamental group
of Conf(S?, k)/¥}, is given in an elegant paper by Fadell and van Buskirk [33] 3].

Remark 9.9. The spaces ES® x g Conf(S?,¢)/%, and their fundamental groups are inti-
mately connected with mapping class groups. One connection is to a group Aggys C Fg
called the hyper-elliptic mapping class group, which is the centralizer of a certain choice of
involution of Fg. There is a central extension

1 — Z/2Z — A2g+2 — ng+2<52) — 1

The group Aggio is the fundamental group of a bundle arising from complex 2-plane
bundles and associated configuration space bundles, a point described in the next example.

Geometrically, a K ('Y, 1) can be obtained by ‘twisting together’” actions of S3 x S! to give
an action of U(2) on Conf(S? k) xx, S'. This is addressed in the next example.

Example 9.10. The variation of the above construction for Ayyyo is described in this ex-
ample as developed in [I1]. This construction gives models for certain mapping class groups.
There are three ingredients here:
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(1) The group m = Z/27Z is the center of SU(2) while SO(3) is the quotient SU(2) /7.
Furthermore U(2) is a quotient of SU(2) x S! obtained from this action as follows.
Regard Z/27 as the central subgroup of S® x S generated by (—1,—1). Then form
the central quotient SU(2) X797 S*. There is an isomorphism of groups

SU(2> XZ/QZ Sl — U(2),

a construction given in work of Atiyah, Bott, and Shapiro known as Spin®(3).

(2) Define an action of the product S? x S on S? x S by requiring that (i) S® act on
S? through the natural action of rotations by SO(3), and (ii) the group S' acts on
itself as follows:

(O{, 6) = 052 : ﬁ
(3) The diagonal action of S* x S on Conf(S? k) x5, S* descends to an action of U(2).
Consider the Borel construction of this action. One result of is that
EU(Q) Xy (2) CODf(Sg, k‘) X3y Sl

is a K(m,1). If k = 6, then this space is a K(I'y,1) [11]. Furthermore, if & = 2g + 2 for ¢
even, then the fundamental group of EU(2) X 2) Conf(S?, k) xx, S' is the centralizer of the
class of a hyper-elliptic involution in Iy which is denoted A,.

Consider the fibration
ESO(3) xs0(3) Conf(5?,q)/%, — BSO(3)

with fibre Conf(S5?, q)/%,. Then consider the long exact homotopy sequence for this fibration
together with the fact that m (BSO(3)) is isomorphic to Z/2Z to prove the following theorem

[31.
Theorem 9.11. If ¢ > 3, then there is a central extension
1 — Z)27 — B,(S?) — T§ — 1.
A similar result applies to the spaces
EU(2) Xy Conf(S%, k) x5, S.

Theorem 9.12. If g is even with g > 2, there are central extensions
(1)1 —>Z/2Z —-Ty —-T§ — 1, and
(2) 1 =227 — Ay — TP — 1.
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Remark 9.13. Any such central extension is determined by a characteristic class. The
characteristic class in the case of Theorem naturally arises from a Spin®(3)-structure
implicit in the underlying topology of the diffeomorphism group [11].

10. ON CONFIGURATIONS IN S! x St

A second special case arises with configuration spaces for surfaces of genus 1, the subject
of this section. Since the upper half-plane is closely connected to the structure of this
configuration space, as well as to the applications below, such as the structure of certain
‘Brunnian braid groups’ as given in the Appendix, Section 23] some introductory information
on it is listed next.

Let H denote the upper half-plane, the complex numbers with strictly positive pure imag-
inary part. The group SL(2,7Z) acts on H by fractional linear transformations where

()

az+b
M(Z):cz—l—d

is in SL(2,Z), and

for z € H.
The orbit space H/SL(2,7Z), important in classical number theory and the theory of
automorphic forms [71], has the feature that the projection map

q:H— H/SL(2,7Z)

has singular points and is not a covering projection. In this case, the action of SL(2,Z) is
not free.

The action by the kernel I'(2, r) of the mod-r reduction map p, : SL(2,Z) — SL(2,Z/r7Z)
is free in case r > 2. Furthermore, the group I'(2,r) is isomorphic to a finitely generated
free group in case r > 2 [48| [71]. For example, if p is an odd prime, I'(2,p) is a free group
on 1+ p(p? — 1)/12 letters while T'(2,2) is a free group on 2 letters [38]. Furthermore, the
group I'(2,4) is isomorphic to the 4-stranded Brunnian braid group Bruny(S?), as described
in Section 23]

Observe that there is a map

@ : Top*(S* x S') — SL(2,7Z)
defined by sending an element f € Top™ (S! x S!) to the isomorphism
fo: Hi(S* x SY) — H (S x SY),
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regarded as an element in GL(2,7Z) of determinant +1.

There is an analogous map

®, : Top™(S,) — Sp(29,7Z)
defined by the equation
Dy(f) = fi : Hi(Sy) — Hi(Sy)

where S, is a closed orientable surface of genus g. In this case, the value of ®,(f) is an
element in GL(2g,Z) which preserves the cup-product structure for the cohomology of S,
and is thus an element in Sp(2g,7Z).

For convenience, let 7% denote the torus S' x S'. Recall that the group SL(2,Z) also acts
on T? = St x S with action defined by the equation

M (u,v) = (u”, u‘v?)
for (u,v) € T?. Notice that this action preserves the point (1,1) and thus restricts to an
action on 7% — {(1, 1)}, a space which is denoted T2 here. Furthermore,
M((u,v) - (u',0")) = M((u,v)) - M((u',0))

since S! is abelian. Furthermore, observe that this action, on the level of the first homology
group H,(T?) =Z & Z, is precisely the ‘tautological” action of SL(2,Z) on Z & Z.

Notice that there is an induced homomorphism

E: SL(2,7Z) — Top™ (T?)

defined by the equation E(M)(u,v) = M(u,v). A lemma using this information and conve-
nient for the proof of Theorem below, is stated next.

Lemma 10.1. The function
E:SL(2,7Z) — Top™(T?)
s a continuous homomorphism. Furthermore, this map splits the natural map
® : Top™ (T?) — SL(2,Z)
with ® o E' given by the identity self-map of SL(2,7).
Variations obtained by ‘twisting together’ configuration spaces on the one-hand give
K(m,1)’s for 7 = T'¥. On the other-hand, the resulting K (I'¥, 1)-spaces have real cohomology
groups which are given in terms of classical modular forms. This section is an exposition

of the connection between these analogues of configuration spaces with cohomology given in
terms of modular forms. The first theorem in this direction is developed next [12].
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It is now convenient to focus on the space Diff *(S* x S') in order to appeal directly to
results of Earle and Eells [27], keeping in mind that the natural inclusion

Diff T (S* x S') € Top*(S* x SY)

is a homotopy equivalence by Theorem . Notice that S x S! acts by rotations on each
coordinate in T2, giving elements in Diff " (S* x S') which are isotopic to the identity. These
rotations are in the kernel of

@ : Diff (' x S — SL(2,7Z),

with this kernel denoted S! x S'. Earle and Eells prove that the natural inclusion
S'x S — ST x St
is a homotopy equivalence [27]. Thus there is a fibration
B® : BDiff"(S' x S') — BSL(2,Z)

with fibre B (ST;/Sl) which is homotopy equivalent to (CP>)2. This information will be
used to prove the next result.

Theorem 10.2. Assume that k > 2. The spaces
EDiff*(S' x 5') Xpig+(g1x51) Conf(T?, k) /i,

and
ETop™ (5" x S') Xpop+ 5151y Conf(T%, k) /5y,
are both K(T% 1).

A proof is given by the following sequence of lemmas.

Lemma 10.3. The spaces ETop™ (T?) X 5151 T?, and ETop™ (T?) X a5 T? are contractible.

Thus EDifft(T?) x g1, g1 T?, and EDiff ™ (T?) X GG T? are contractible.

Proof. Observe ET? x 2 T? is contractible and so ETop™ (T?) x 1,51 T? is also.

—_~—

Next, consider the natural inclusion ¢ : S* x S' — S1 x S to obtain a map of orbit spaces
ETop™(T?) x g1, T?> — ETop™(T?) x B T2
which is a homotopy equivalence. Since ETop™ (T?) x g1xg1 T? is contractible, so is
2 2
ETOp+(T ) XS/1->\<_§1 .

The lemma follows. O
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Lemma 10.4. The space
ETop™ (T?) Xpopt 2y T”
is a K(m, 1) where m is isomorphic to SL(2,Z).

Proof. Observe that there is a fibration
ETop™ (T?) Xpopt 2y T° — BSL(2,Z)

with fibre
ETop*(T?) X 7 T*.

Since ETop™(T?) x s T is contractible by [10.3) the lemma follows.

Lemma 10.5. If k > 2 then the space
ETOp+ (TZ) XTop+(T2) COHf(TQ, k)
is a K(m,1).

Proof. Consider the natural first coordinate projection map

ETop™ (T?) Xpopt 2y Conf (T%, k) — ETop™ (T?) Xpopt 2y T°

with fibre Conf (T2, k — 1).

30

The base of this fibration, ETop™ (T?) Xy, +(r2) T% is a K(SL(2,7Z),1) by Lemma [10.4]

and the fibre Conf (7/5, k —1) is also a K(m,1) by Theorem It follows that

ETop™ (T?) Xpop+ 2y Conf (T2, k)
is a K(m, 1) for all £ > 1.

Proof of Theorem[10.2. By Lemma [10.5] the space
ETop™ (T?) Xpop+ 2y Conf (17, k)

is a K(m,1) for all k& > 2. Thus the space ETop™ (T%) X+ 72y Conf(T?, k) /%), is also a
K (m,1) as the action of ¥y on ETop™ (1) Xyt 2y Conf(T?, k) is free.

Furthermore, by Theorem ETop(T?) Xop(r2y Conf(T?, k) /%), has fundamental group
given by mo(Top(T*, k)). In addition, ETop™ (T%) X g+ 72y Conf (T2, k) /5, has fundamental

group given by mo(Top® (72, %)) by Lemma

O
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The next theorem gives information about the pointed mapping class group with £ marked
points, I'*. Let 1 denote the element (1,1) € T? with 72 = 7% — {1}. The above remarks

imply that the natural action of SL(2,Z) on T? restricts to an action on T2. The next theo-
rem gives information about E'SL(2, Z) x g1(2,z) Conf (T2, k) / ¥}, which has had computational
utility [12].

Theorem 10.6. Assume that k > 1. The space

ESL(2,7Z) xs122) Conf (T2, k) /S
is a K(I%* 1),
Proof. By Lemma [10.5] the space

ETop*(T?) Xpop+ 2y Conf (T2, k)

is a K (m,1) for all k > 2. Thus the space ETop™(T?) X+ (r2)y Conf(T? k4 1)/(1 x Xy)
is also a K(m,1) as the action of 1 x Xy on ETop™(T?) X+ g2y Conf(T?, k + 1) is free.
Furthermore, the fundamental group of ETop ™ (T?) X g+ 72y Conf (T2, k+1) /(1 x %) is T'}™*

by Theorem
To finish the proof of the theorem, it suffices to exhibit a homotopy equivalence

(k) : ESL(2,7) X sp(2.2) Conf (T2, k) /Sy, — ETop™ (T?) Xyt 72y Conf (T2, k + 1) /(1 x T).

To define the map T'(k), first consider the action of SL(2,Z) on T? obtained from the
homomorphism

E:SL(2,7Z) — Top™(T?)
of/L\er/nma [10.1] From this, we see that Top™(72) is a semi-direct product of SL(2,Z) and
Stx St
Now define a map
Vi Conf(ﬁ, k) — Conf(T? k4 1)
by the formula
Ye((z15 -y 21) = (21, ., 2k, 1).
Next consider the natural quotient map
p: ESL(2,7) Xspez) Conf(T? k+ 1) — ETop™ (Ts) Xt (r,) Conf (T2, k + 1)

pre-composed with the map 1 x ~;; we let

p: ESL(2,7) Xs100,2) Conf(T2, k) — ETop™ (T5) Xpopt (1) Conf (T2, k + 1)
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be given by
p=po(lxy)

Since the map p is equivariant with respect to the action of ¥; on the source and 1 x ¥
on the target, that p is a homotopy equivalence then implies that the induced quotient map
['(k) is also a homotopy equivalence and the theorem follows.

That p is an equivalence follows from a comparison of fibrations as given next. First
consider the commutative diagram

E Xgp02 Conf(T2, k) —— BSL(2,Z) —— BSL(2,7)

1><7kl 1 l
(

E Xspz Conf(T? k+1) —— BSL(2,Z) —— BSL(2,7Z)

pl BEl 1l
E Xopt (1) Conf (T2, k 4+ 1) —— BTop™(Iy) —*~ BSL(2,Z)
for which 7 : EG xg X — BG denotes the natural projection map.

Thus there is a morphism of fibrations

Conf (T2, k) — . ExXspoz Conf(T% k) —— BSL(2,Z)

lxwl Po(lx’Yk)J( ll

E X gogy Conf(T? k+1) —— E Xagye gy Conf(T2 k +1) =% BSL(2,Z).
for which the induced map
1% : Conf (T2, k) — E x e Conf(T2 ks + 1)
is an equivalence by observing that
(1) the projection
E X g Conf(T? k +1) = E X ooy T?

is a bundle projection with fibre Conf (T2, k),
(2) the space
E X g T

Sl
is contractible (by Lemma [10.3)), and
(3) the induced self-map of Conf (772, k) is the identity, by inspection.
The theorem follows. O]
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Remark 10.7. (1) The bundle projection BDiff*(S* x S') — BSL(2,Z) with fibre
B(S! x S§') = (CP>)? was first exploited in a beautiful paper by Furusawa, Tezuka,
and Yagita who showed that the real cohomology of BDifft(S! x S!) was given
in terms of classical modular forms [40]. They also determined the torsion in the
cohomology of BDiff (St x S1)

(2) The naturally associated orbifold H X gr,2,z) Conf(S* x S*,¢) has cohomology which
is that of ESL(2,Z) X gr,2,2) Conf(S* x S*, ¢), as long as the primes 2 and 3 are units.

(3) The real cohomology of ESL(2,7Z) X s1,(2,z) Conf(ﬁ, k) /%, and thus the cohomology
of Flf’*, was worked out in [I2] where the answer is given in terms of ranks of certain
modular forms. In addition, fixing the dimension of the cohomology group while
letting k increase gives a ‘stable answer’ which is equal to the ranks of certain Jacobi
forms computed by Eichler and Zagier [30], by a direct comparison. This particular
interpretation also gave the cohomology groups (more easily) with coefficients in the
sign representation.

11. ON CONFIGURATIONS IN A SURFACE OF GENUS GREATER THAN 1

The purpose of this section is to focus on the configuration space of surfaces S, of genus g
greater than 1. One distinguishing feature in this case is the result of Earle and Eells which
proves that

BDiff*(S,)
is a K(m, 1), namely, each path-component of Diff"(S,) is contractible [27]. Again, the
spaces

Theorem 11.1. Assume that S, is an orientable surface of genus g > 2. Then
(1) ETop™(S,) X op(s,) COnt(Sy, k) /Xy, is a K(T% 1), and
(2) ETop(Sg)" Xept(s,) Conf(Sy, k+1)/{1 x X;} is a K(I'b*,1).

g

Proof. First consider ETop™(S,) Xopt(s,) Conf(Sy, k), the total space of a bundle over
BTop*(S,) with fibre Conf(S,, k). Since BTop™(S,), and Conf(S,, k) are K(m,1)’s, so
is ETop™ (Sg) Xpopt(s,) Conf(Sy, k) as well as ETop™ (Sy) Xmpt(s,) Conf(Sy, k)/H where H
is any subgroup of the symmetric group on k letters. Thus both

ETOp+(Sg) XT0p+(Sg) COHf(Sg, k:)/Zk,
and

ETop™(S,) Xop+(s,) Conf(Sg, k +1)/{1 x Xy}

are K(m,1)’s.
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To finish, it suffices to identify the fundamental groups of these spaces. Notice that by
Theorem (i) the fundamental group of ETop™(S,) X oyt (s,) Conf(Sy, k)/%y is T}, and

g’

(ii) the fundamental group of ETop(Sg)* Xyt (s,) Conf(Sy, k +1)/{1 x ¥j} is [p*. O

Remark 11.2. Many of these results appeared in a slightly different form in [42] [69] [70],
with the exception of the K (7, 1) properties.

12. LOOP SPACES OF CONFIGURATION SPACES

The subject of this section, as well Sections through [15], is basic properties of loop
spaces of configuration spaces. A subsequent section, Section [2I] lists overlapping features
describing connections of these structures to low dimensional topology, homotopy theory and
number theory.

First recall the definitions of free loop spaces, and pointed loop spaces.

Definition 12.1. Let X denote a topological space.
(1) Define the free loop space of X to be
L(X)={f:S"— X | fis continuous},

topologized with the compact-open topology.
(2) If X has a base-point *, define the pointed loop space of X to be

Q(X)={f:S"— X | fis continuous and f(1) = *}

for 1 € S' C R? with Q(X) topologized as a subspace of L(X).

(3) The topology on both L(X) and Q(X) is the compact-open topology. A more conve-
nient, as well as more general, choice of topology is given by the associated compactly-
generated topology. However, this generalization will not be emphasized here.

One way to view QConf(M, k) is through the graph of a function
f:]0,1] — Conf(M, k)
given by
graph(f) : [0,1] — [0, 1] x Conf(M, k)
with
graph(f)(t) = (¢, f(1)).
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FiGURE 1. Picture of a braid in Pyy1.

Notice that in case M = R?, then graph(f) is an embedding whose image is exactly a braid
which starts at (0, f(0)) and quits at (1, f(1)). These graphs represent the precise physical
meaning of a braid, see Figure [2|

Notice that by definition, the group of path-components satisfies the properties

7o(Q(Conf(R?, k)) = P,

and

To(2(Conf(R? k) /%)) = By.
Furthermore, the spaces Conf(R? k), and Conf(R? k)/%), are K(m,1)’s by Theorem [8.3]
The next classical result follows at once [32], 37].

Theorem 12.2. The unordered configuration space Conf(R? k)/%y is a K(By,1) and the
ordered configuration space Conf(R? k) is a K (P, 1).

One result proven here gives the structure of the homology of the pointed loop space of
Conf(R™, k), a result which reflects elementary properties of linking invariants for pairs of
linked spheres. This setting of linking is developed in two ways below. One way is by looking
at the way in which these constructions extend to invariants of classical links. The second
way is by looking at how the algebras associated to these linking invariants correspond to
certain spectral sequences in homotopy theory, as elucidated in the section on simplicial
groups, Section This section will start with motivating examples and then continue with
the proofs of some basic theorems. A summary of how and where these results fit in is given
in the section ‘Other connections’, Section [21]
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Recall the following facts. The projection maps
pi : Conf(R™, k) — Conf(R™, k — 1)

admit cross-sections o defined by the formula

or(x1, . 1) = (T1, ..., g1, W)
where
where e; is the unit vector (1,0,...,0) and M = 1+max;<;<k_1]|z;||. Furthermore, the fibre

of py, is R™ — Q4_; which is homotopy equivalent to Vj_;S™ 1.
Next recall the following classical lemma with proof given in [66].

Lemma 12.3. Let

p:FE— B
be a fibration with fibre F and v : F — FE the inclusion of the fibre in the total space, for
which E, B, and F' are path-connected spaces. If p admits a cross-section (up to homotopy),
then Q(E) is homotopy equivalent to

Q(B) x Q(F).

One consequence of the existence of the cross-sections o above, and Lemma[12.3] is stated
next.

Proposition 12.4. Assume that M is a manifold without boundary, of dimension m > 2
such that the natural first coordinate projection

p1: Conf(M, k) — M
admits a section. Then there is a homotopy equivalence
[T Q- Qi) — QConf(M, k).
0<i<k—1
If m > 3, then there is a homotopy equivalence
[ awvis™) — QConf(R™, k).
1<i<k-1
Proof. Since the projection p; admits a cross-section by hypotheses, it follows from Lemma

that there is a homotopy equivalence
Q(M) x QConf(M — Qq,k — 1) — QConf (M, k).
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The homology of the loop space of certain configuration spaces is worked out next. One
reason for including this computation is that it appears in several different natural mathe-
matical contexts. A second reason is that the homology of QConf(R™, k)) arises in terms of
Vassiliev invariants of pure braids as developed by Toshitake Kohno [50]. It then turns out
that these structures are intimately tied to the homotopy groups of spheres, as described
below, and then to certain natural structures involving derivations of free Lie algebras, as
described in several sections below. Since the Lie algebras encountered here are free as mod-
ules over the integers, the definitions given next will be restricted to free modules over the
integers.

Certain graded Lie algebras are basic here. The first one is the free Lie algebra generated
by a graded free abelian group V. First recall that any graded, associative algebra A inherits
the structure of a Lie algebra with the bracket

[, -] A®A— A
defined by the formula
[a,b] =a-b+ (=) . q
for elements a and b of degree |a| and |b| respectively.

Definition 12.5. Let V' denote a graded free abelian group with T'[V] the tensor algebra
generated by V. Then

L[V]
is the smallest sub-Lie algebra of T[V] generated by V.

A related Lie algebra arises which is universal for the (graded) ‘infinitesimal braid rela-
tions’, also known as the ‘horizontal 47-relations’, or the ‘Yang-Baxter Lie algebra relations’,
as in [49, 52 13 BI]. That is the largest Lie algebra over a fixed commutative ring R for
which the ‘infinitesimal braid relations’ are satisfied.

Definition 12.6. Fix a strictly positive integer q. Define

Li(q)

to be the free (graded) Lie algebra over the integers Z generated by elements B; ; of degree
q, k > 1> 7 > 1, modulo the graded infinitesimal braid relations:

(i): I:Biyj’ Bs,t] =0 if {Z,]} N {S,t} = @,

(ll)! [Bi,j7 Bi,t + (_]-)th,j] =0if 1 < j <t<t1< kf, and

(lli) [BtJ‘, Bz‘,j + Bz‘,t] =0if1 <j<t<i < k.
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T. Kohno [49] gives a slightly different description of these relations as follows: Introduce
new generators B;; of degree ¢, K > ¢ > j > 1 with the relations B, ; = (—1)?B;,;. Then
Kohno’s description of the above relations simplifies to (i), and (ii) above with distinct 4, j,
and t.

These relations appear as special cases in the Vassiliev invariants of braids [52], [13]. They
also arise in the study of the K'Z (Knishnik-Zamolodchikov) equations as integrability condi-
tions for certain flat bundles [10], as well as in work of Kohno [49] [52], and Drinfel’d [25] 26]
on the Kohno-Drinfel’d monodromy theorem [10]. The next theorem, an algebraic reflection,
was proven in [13, [31] where the notation PrimH,(QConf(R™, k); Z) denotes the module of
primitive elements (in a torsion free Hopf algebra).

Theorem 12.7. If m > 3, the homology of QConf(R™ k) is torsion free and there is an
1somorphism of Lie algebras on the level of the module of primitives:

Li(m —2) — PrimH,(QConf(R™, k); Z).
Furthermore, the universal enveloping algebra of Ly(m — 2),
UlLk(m — 2)]
18 1somorphic to
H,.(QConf(R™, k); Z)
as a Hopf algebra.

There is more topology behind this theorem. The loop space 2Conf(R™, k) is homotopy
equivalent to a product of loop spaces
T Qs
1<i<k—1
thus it is natural to construct representative cycles. It is these cycles, in dimension m —
2, which represent the elements B;;. In addition, this geometric decomposition has the
following algebraic consequence. There are embeddings of Lie algebras

gj : Lj(m —2) — H,(QConf(R™, k))
such that the natural additive extension
@ L;(m—2) — PrimH,(QConf(R™ k))
1<j<k-1

is an isomorphism, but does not preserve the structure as Lie algebras. The failure to
preserve the Lie algebra structure is important in applications.
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13. PLANETARY MOTION IN CONFIGURATION SPACES

The purpose of this section is to give pairs of naively linked spheres in R” which correspond
to ‘planetary motion’ and which reflect properties of the loop space of a configuration space.
To illustrate, start with Conf(R™, 3), and regard S™ ! as the standard locus of points in R™
of norm equal to one. There is a map

v 8™ x ™1 — Conf(R™, 3)

defined by
Ao, w) = (0,0, +w/4).

Observe that one may regard 0 as the coordinates of a sun Sy with v the coordinates of a
planet P, in orbit about the sun Sy, and with v 4+ w/4 the coordinates of a moon in orbit
around the planet P,.

These maps, as well as analogous maps obtained by permuting the coordinates

(0,v,v+w/4),
induce relations in the homology of the loop space of the configuration space by considering
Q(7) : Q8™ x 8™ 1) — Q(Conf(R™, 3)).
These relations give precisely the ‘horizontal 4T relations’ or ‘infinitesimal braid relations’
as stated in Definition 12.6]
14. HOMOLOGICAL CALCULATIONS FOR R™

The purpose of this section is to give the computation stated in Theorem [12.7 Recall
that Conf(R™, k) is (m — 2)-connected and that the algebra

H*(Conf(R™, k); Z)

is generated by classes A;;, k > i > j > 1, of degree m — 1 [15, 20]. Thus the homology
suspension induces an isomorphism

0+ Hyo(QConf(R™, k); Z) — H,,—1(Conf(R™, k); Z)
for m > 2.
Definition 14.1. Define the homology class B; ; to be the unique class specified by
0.(Bij) = Aijx,

the dual basis element dual to A, ; with k > ¢ > j > 1.
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Alternatively, the classes B, ; are represented by maps of spheres, as described in the next
section. Furthermore, commutation relations for the B, ; are obtained by (1) exhibiting
maps

v 8™ x 8™ — Conf(R™, 3),
(2) looping the map v, and (3) using the commutativity of the two fundamental cycles in

H,((QS™ 12 7).

The maps 7 : S™ 1 x S 1 — Conf(R™, 3) correspond to naive planetary motion as given
in the previous section. These relations are analyzed in the next section.

15. ON SPHERES EMBEDDED IN THE CONFIGURATION SPACE

The purpose of this section is to give pairs of spheres in R™ which will reflect homological
properties of the loop space of a configuration space. Fix integers s,t, and ¢ such that
k>s>t>1k>0>1, with ( & {s,t}.

Definition 15.1. Define a map
v(s,t,0) : S™ 1 x St — Conf(R™, k)
by the formula
v(s,t,0)(u,v) = (21, ..., k)
with ||u|| = ||v|| = 1 such that
(1) z; = (44,0,0,...,0) for k > i >1,
(2) z; = z; if i # {s,t}, and
(3) x5 = 2o+ 2v, xy = zp + u.
Notice that (xy,...,xx) is indeed in Conf(R™, k).
Next, recall that the class A;; is defined by the equation
A= ﬂzj(L)

where 7; ; : Conf(R™, k) — Conf(R™, 2) denotes projection on the (i, j) coordinates and ¢ is
a fixed fundamental cycle for H™~1(S™~1) [15, 20]. Furthermore,

Aij = (=1)"A;;
by inspection. The notation of Definition [15.1]is used in the proof of the next lemma.
Lemma 15.2. (1) If {i, 7} n{s,t, €} has cardinality O or 1, then
’}/(87 t, €>*(A’L,j) = 0.
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(2) If {i,5} N{s,t, ¢} has cardinality 2, then
(a) forl <t <s,
t®1 ifj=40andi=t,
Y(s,t,0) (Aij) =41®1t ifj=/{andi=s,
1®e ifj=tandi=s,
(b) fort << s,
(<—1)mb®1 ifj=tandi=1{,
7(37t7£)*(Ai7j) =q1®e if j=1tandi=s,
(1 ® ifj=~Candi=s,
(c) fort <s <,
’(—1)’%@1 ifj=tandi="¢,
Y(s,t,0)"(Aij) =31®1¢ ifj=tandi=s,
(D™ ®e ifj=sandi=".

Proof. Notice that if {7, 7} N {s,t,¢} =0, then m, ; 0 v(s,t,¢) is constant. If {i, 7} N {s,¢,(}
has cardinality 1, then all but one of the x, coordinates are constant. Furthermore,

mijoy(s,t,0)(u,v) = (z;,x;)
where either
(1) x; = z; and x; = 2z, + 2v with i # ¢,
(2) x; =z and x; = 2y +u with i # ¢, or
(3) @ = zp + 2v or z; + u with j # /.
In either of these three cases m; ; o (s, t,¢) is null-homotopic. Thus, part (1) follows.

Part (2) is obtained by considering three cases. One case is listed as the others are similar.
Thus assume that ¢t < s < /.

Case 1: 3=t and 1 = (.
In this case m; joy(s,t,£)(z,w) = (y¢ + 2,y¢). This last map is evidently homotopic to the
map which sends (z,w) to (ys, ye — z) and thus A; ; pulls back to (—1)™: ® 1.

Case 2: j =t and i = s.
In this case m; ; 0 ¥(s,t,0)(2,w) = (ye + 2,y + 2w). By shrinking z to 0, this last map is
homotopic to the map which sends (2, w) to (e, ye + 2w). Hence A;; pulls back to 1 ® .
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Case 3: j=sand 1 =V/.
In this case m; ; 0 ¥(s,t,0)(z,w) = (y¢ + 2w, yp) which is homotopic to the map that sends
(z,w) to (ye, yr — w). Hence A, ; pulls back to (—1)"1 ® ¢. O

Let v denote a fixed choice of fundamental cycle for H,, 1(S™'). Consider the natural
basis for H,,_1(Conf(R™, k)) obtained by taking the linear duals A; ;. to the elements A, ;
in Lemma 5.2
Lemma 15.3. (1) If ¢ <t <s, then

Y(s,t,0) (i ®1) = A, and
Y(8,t,0) (1 ® 1) = Agpe + As s -
(2) Ift <l < s, then
Y(s,t,0),(i®1) = (—1)"Apss, and
V(8,8 0)(1 ®1) = Agpu + As s -
(3) Ift << s, then
v(s,t,0) (=)™ Ay, and
Y(8,t,0) (1 ®1) = Agpe + (—1)" Ap s -

*
—~
.
&
—_
~—
I

Next consider the two ‘axial’ inclusions S™! — S™~1 x §m~1 Passage to adjoints gives
two classes z; in H,, »(Q(S™')? Z) such that H,(Q(S™ )% Z) is isomorphic to the tensor
product of tensor algebras T'[x1] ® T'[zs], as an algebra, where

[1’1, :UQ} = T1T9 — (—1)ml’2$1 = O

Thus Qv(s,t,0), = [x1,22] = 0 by naturality. The infinitesimal braid relations arise by
applying this formula to Lemma [15.3]

Corollary 15.4. If m > 3, then the following relations hold in
H,.(QConf(R™, k);Z) :

(2) [BtJ,BiJ +Bi,t] =0 Zf1 <j<t<i < k.

Proof. By Lemma 15.3, and the definition that B; ; is the unique element such that o.B; ; =
A, j., the following holds:
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(i) If £ <t < s, then
Qy(s,t,0)(r1 ®1) = By, and
Qy(s,t,0).(1 ® x9) = Bsy+ Bsy -
(ii) If t < £ < s, then
Qy(s,t,0)u(r1 ®1) = (=1)" By, and
Qy(s,t,0)(1 ®x9) = Bsy + By -
(ili) If t < s < ¢, then
Qy(s,t,0)(r1 ®1) = (=1)" By, and
Ov(s,t,0).(1®@x9) = Byy + (—1)" By .

Thus part (i) gives [Biy, Bsy + Bst] = 0 for £ <t < s. This is a restatement of equation
(2). In addition, part (iii) gives

[Bet, (—1)"Bsi + Bys) =0if t <s < (.
This is a restatement of equation (1). The corollary follows. O
Proposition 15.5. If m > 3 and {i,j} N {s,t} =0, then
[Bij, Bsg] =0
in H,(QConf(R™, k); Z).
Proof. It {i,j} N {s,t} = 0, then define
0:8™ 1 x ™1 — Conf(R™, k)
by the formula

O(u,v) = (z1,...,xx)

where the x; are defined by the formula (1) =z, = z, for v & {i,j,s,t}, (2) z; = zj,
v, =2j+u, (3) xs=2,and (4) z; =z, +v. Then

9*(L X 1) = Ai,j* and
9*(1 & L) = Asﬂg* .

Furthermore, (Q20).(z1 ® 1) = B;; and (20).(1 ® x2) = B;;. Since [z1,25] = 0, it follows
that [B; ;, Bs:] = 0 by naturality. O
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One way in which these relations arise is through the structure of the projection maps
pi : Conf(M, k) — Conf(M, k—1), and ‘doubling maps’ g; : Conf(R™, k) — Conf(R™, k+1).
These maps correspond to the structure of a simplicial object as developed next. The role
of the Lie algebras which satisfy the ‘horizontal 4T relations’ will be described below in this
framework.

16. SIMPLICIAL OBJECTS, AND A-OBJECTS

This purpose of this section, as well as Sections [I7] through [21], is to give descriptions of
naive properties of configurations spaces and their relationship to simplicial groups. We will
consider specific concrete cases which on the one hand give classical structures for describing
the homotopy groups of the 2-sphere. The natural connection to the homology of the pointed
loop space of the configuration space, given in Theorem [12.7] is also described. One of the
main features here is the interplay between the structure of the braid groups, the homology
of the loop space of certain configuration spaces, and the Bousfield-Kan spectral sequence
associated to the homotopy groups of a simplicial group.

The goal of subsequent sections is to describe the connections between the fundamen-
tal groups of configuration spaces, homotopy groups of spheres, Vassiliev invariants and
T. Kohno’s Lie algebra arising from the infinitesimal braid relations.

Before embarking in this direction, an overview will be given to clarify the connections
here. First, consider the projection maps out of configuration spaces

p; : Conf(M, k) — Conf(M, k — 1)

which are defined in this section by deleting the i-th coordinate. These projection maps
satisfy the compatibility condition

Piopj; =Pj-1°DP;

in case i < 7. With mild conditions concerning base-points for the space M, the analogous
formulas are satisfied on the level of fundamental groups with

Piy ©Dj, = Pj—1, © Dix
in case ¢ < j.
This compatibility property is precisely the condition for a collection of groups to form a
A-group, as first developed in [65] and defined below. In addition, in the case M = R™, the

projection maps, together with certain additional maps, give the collection of fundamental
groups of the configuration spaces the structure of a simplicial group, also defined below.
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The basic combinatorial invariant framework is that of a A-set and simplicial set, which
model the combinatorics of a simplicial complex. Basic properties of simplicial sets appear
in the excellent references [61], 22 4, [57, [83].

Definition 16.1. A A-set is a collection of sets
K, ={Ky, Ki,...}
with functions, face operations,
di - Ky — Ky for 0 <1<t

which satisfy the identities
didj = djfldi ifi < j
A A-group is a A-set for which all d; : K; — K;_; are group homomorphisms.

A natural example of a A-group arises from the pure braid groups P, (S) = m;(Conf(S,n))
for a path-connected surface S, as follows, see [5].

Example 16.2. There are (n + 1) homomorphisms
di: Pn—i-l(S) - Pn(S)7

with 0 <i < n, where d; is obtained by deleting the (i + 1)-st strand of a braid in P,;(.5).
The homomorphisms d; are induced on the level of fundamental groups of configuration
spaces by the projection maps

pit1 : Conf(S,n + 1) — Conf(S,n)

given be deleting the (i + 1)-st coordinate. These satisfy the identities p; o p; = pj_1 o p;
for i < j and induce the structure of A-group on the collection 71 (Conf(S,n)), n > 1, for a
path-connected surface S, as recorded in the next Definition, see [5].

Definition 16.3. Let S be a connected surface. Define
AL(S)

by
An(5> - Pn—i—l(S)a

the (n + 1)-st pure braid group for the surface S. By the previous example (together with
a check of base-points), A4(.S) is a A-group.



INTRODUCTION TO CONFIGURATION SPACES 46

In case S = CP! = 52, the associated A-group gives basic information about the homotopy
groups of the 2-sphere [5]. In case S, is a closed oriented surface, the A-group A.(S,) does
not admit the structure of a simplicial group as given in the next definition. (See Example

1)

Definition 16.4. A simplicial set is
(1) a A-set
Ko ={Ky, Ki,...}
together with
(2) functions, degeneracy operations,

sjt Ky — Kiyq for 0< 5 <t

which satisfy the simplicial identities
didj = dj—ldi ifi < j, 8iSj = Sj+185; ifi < j, and

sj-1d; ifi <y,
d;s; = { identity ifi=jori=j+1,
sidi sy ifi>j+ 1.
A simplicial-group
Ge = {Gy, Gy, ...}

is a simplicial-set for which all of the G; are groups with faces and degeneracies given by
group homomorphisms.

Example 16.5. Two examples of simplicial sets are given next.

(1) The simplicial 1-simplex A[1] has two 0-simplices < 0 > and < 1 >. The n-simplices
of A[1] are sequences < 07, 1"*1=% > for 0 < ¢ < n+ 1. The non-degenerate simplices
are < 0>, <1>, and < 0,1 >.

(2) The simplicial circle S! is a quotient of the simplicial 1-simplex A[1] obtained by
identifying < 0 > and < 1 >. There are exactly two equivalence classes of non-
degenerate simplices given by < 0 >, and < 0,1 >. Furthermore, the simplicial circle
Sl is given in degree k by

(a) a single point < 0 > in case k = 0, and
(b) n+ 1 points < 0°,1""1~% > for 0 <4 < n+ 1 in case k = n for which < 0"*! >
and < 1" > are identified.
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In what follows below, it is useful to label these simplices by
Ynt1—i =< Oi, 1n+17i >

for 0 < i <n+1 with yo = s{(< 0 >).
Classical, elegant constructions for the standard simplicial n-simplex A[n| as well
as the n-sphere are given in [4] 22] 57, [83].
Homotopy groups are defined for simplicial sets which satisfy an additional condition

known as the (Kan) extension condition.

Example 16.6. A simplicial group G, = {Gg, G1, ...} always satisfies the extension condi-
tion, as shown in [61].

An example of a simplicial group obtained naturally from Artin’s pure braid groups is
described next.

Example 16.7. Consider A-groups with A, (S) = P,.1(S) as given in Example for
surfaces S. Specialize to the surface
S =R
In this case, there are also n + 1 homomorphisms

sit Poy1 — Pogo,
with 0 < i < n, where s; is obtained by ‘doubling’ the (i+1)-st strand. The homomorphisms
s; are induced on the level of fundamental groups by the maps for configuration spaces
S; : Conf(R?,n + 1) — Conf(R? n + 2)
defined by the formula

Si(flfl, B R | (.1'1, s Ligt, )\(l’i+1), Lit2y - - - >$n+1)

) =
where A(z;11) = z;11 + (6,0) for (¢,0) a point in R? with

e=(1/2) i |lzitr — 2.
The homomorphisms d; and s; satisfy the simplicial identities [21], [5].

Thus the pure braid groups, in the case S = R2, provide an example of a simplicial group,
denoted

AP,,
with
AP, =P,

forn=0,1,2,3,....
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Consider a pointed topological space (X,*). The pointed loop space of X, Q(X), has
a natural multiplication coming from ‘loop sum’ which is not associative, but homotopy
associative. Milnor proved that the loop space of a connected simplicial complex is homotopy
equivalent to a topological group [60]. James [47] proved that the loop space of the suspension
of a connected CW-complex is naturally homotopy equivalent to a free monoid as explained
in [43], page 282. Milnor [58] realized that the James construction could be translated
directly into the the language of simplicial groups as described next.

Definition 16.8. Let K, denote a pointed simplicial set (with base-point * € K, and
s¢(x) € K, ). Define Milnor’s free simplicial group F[K]s by

FIK], = F[K]/s5(x) =1

for which
FIK]

denotes the free group generated by the set K.

Then F[K], is a simplicial group with face and degeneracy operations given by the natural
multiplicative extension of those for K,. In addition, the face and degeneracy operations
applied to a generator give either another generator or the identity element.

Example 16.9. An example of F[K], is given by K, = S!, the simplicial circle. Notice
that F[S'],, = F[y1,...,yn], the free group on n generators, by Example m

Milnor defined the geometric realization of a simplicial set K, = { Ky, K, ...} for which the
underlying topology of K, is discrete [59]. Recall the inclusion of the i-th face 6;: An—1] —
Aln] together with the projection maps to the j-th face o;: Aln + 1] — Aln] [4, 22] 57].

Definition 16.10. The geometric realization of K, is

K| = (J] Kn x Aln])/ ~
where ~ denotes the equivalence relation generated by requiring

(1) if z € K11 and a € A[n], then (d;(x), a) ~ (x,d;(«)), and
(2) ity € K,, and 8 € Aln+ 1], then (z,0,(8)) ~ (s;(x), 5).

Theorem 16.11. If K, is a reduced simplicial set (that is Ky is equal to a single point {x}),
then the geometric realization |F[K|s| is homotopy equivalent to Q3| K,|. Thus the homotopy
groups of F|K]e (as given in [61] and Definition[16.6]) are isomorphic to the homotopy groups
of the space QX|K,|.
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Example 16.12. Consider the special case of K, = S!. Then the geometric realization
|F[S']s] is homotopy equivalent to €52, and there are isomorphisms

To(F[SYs) — Q5% & 7,152

A partial synthesis of this information is given in Sections [19] 20} and [21]

17. PURE BRAID GROUPS, AND VASSILIEV INVARIANTS

The section addresses a naive construction with the braid groups arising as a ‘cabling’
construction. This construction is interpreted in later sections in terms of the structure of
braid groups, Vassiliev invariants of pure braids as developed by Toshitake Kohno [49] 51,
associated Lie algebras and the homotopy groups of the 2-sphere [21], 5, 81].

Recall from Definition 8.1 By denotes Artin’s k-stranded braid group while P, denotes
the pure k-stranded braid group. Furthermore, the group B is the fundamental group of
the orbit space

Conf(R?, k) /34,
and the pure braid group Pg(S) is the fundamental group
m1(Conf(S, k)).

The pure braid groups Py, and P, (S5?) are closely related to the loop space of the 2-sphere
as elucidated below in Section[I6 Similar properties are satisfied for any sphere, as described
in Section 21 We will now start to address this point.

F1GURE 2. The braid z; in Py.;.
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Consider the free group on N letters Fy = F[y1,...,yn| and elements z; in Py,q for
1 <@ < N, with z; given by the naive ‘cabling’ pictured in Figure [2| above. The braid
x; with N = 1 = ¢ in Figure 2.1 is Artin’s generator A;, of P». The braids z; yield
homomorphisms from Fly to Pyy1,
On: Flyi,...,yn] — Pyvpa
defined on generators y; in Fy by the formula
@N(yi) = Tj-.

The maps ©y are the subject of [21I] where it is shown that Oy: Fy — Py is faithful
for every N. Three natural questions arise: (1) Why would one want to know whether ©,, is
faithful, (2) are there sensible applications and (3) why is ©,, faithful? The answers to these
three questions provide the main content of this expository article.

18. ON O,

This section addresses one reason why the map 0, is faithful [2I]. The method of proof is
to appeal to the structure of the Lie algebras obtained from the descending central series for
both the source and the target of ©,,. The structure of these Lie algebras is reviewed below.

Recall the descending central series of a discrete group =, given by

=T r)>T%7) >
where I'(7) is the subgroup of 7 generated by all commutators
[ - [[w1, wofas] - - - Je]

for ¢ > ¢ with #; € 7. The group I'(7) is a normal subgroup of m with the successive
sub-quotients

gr;(m) = I'(m) /T (),
which are abelian groups, having additional structure as follows [55].
Consider the direct sum of all of the gr,(7) = I'(7)/T""!(7) denoted

gr.(m) = @iz T () /T (7).

The commutator function

given by
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passes to quotients to give a bilinear map

(= =1+ gry(m) @z gry(m) — gry,(7)
which satisfies both the antisymmetry law and Jacobi identity for a Lie algebra.

Remark 18.1. The abelian group gr,(7) is both a graded abelian group and a Lie algebra,
but not a graded Lie algebra as the sign conventions do not work properly in this context.
This situation can be remedied by doubling all degrees of elements in gr, (7).

The associated graded Lie algebra obtained from the descending central series for the
target yields Vassiliev invariants of pure braids, by work of Kohno [49, 51]. This Lie algebra
has been used by both Kohno and Drinfel’d [25] in their work on the KZ equations. The
Lie algebra obtained from the descending central series of the free group Fl is a free Lie
algebra, by a classical result due to P. Hall [41], [67].

The proof described next yields more information than just the fact that ©y is faithful.
The method of proof gives a natural connection of Vassiliev invariants of braids to a classical
spectral sequence abutting to the homotopy groups of the 2-sphere. Sections [19] and
below provide an elucidation of this interconnection.

A discrete group w is said to be residually nilpotent provided

ﬂ I'(7) = {identity}

i>1
where T'(7) denotes the i-th stage of the descending central series for 7. Examples of
residually nilpotent groups are free groups, and P,.

Lemma 18.2. (1) Assume that 7 is a residually nilpotent group. Let
a:m— G

be a homomorphism of discrete groups such that the morphism of associated graded
Lie algebras

gr.(a) : gr,(m) — gr.(G)
18 a monomorphism. Then « is a monomorphism.
(2) If w is a free group, and gr,(«) is a monomorphism, then o is a monomorphism.

Thus one step in the proof of Theorem below is to describe the map

@n:F[y17y27---7yn]_> n+1

on the level of associated graded Lie algebras

er(0,): gr (Flyr, y2, - yn)) — &r(Pot1).
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Recall Artin’s generators A, ; for P, together with the projections of the A; ; to gr,(Py41),
labeled B; ; [21]. The next theorem was proven in [2I] by a direct computation.

Theorem 18.3. The induced morphism of Lie algebras

gr.(0n): gr,(Flyr, v2, ... ynl) = gr.(Frs)
satisfies the formula

21, (00)(Yg) = Yi<icn—gri<j<nt1Bij-
Examples of this theorem are listed next.
Example 18.4. (1) If ¢ =1, then
8r.(05)(y1) = Bint1 + Bapy1 + -+ Bupt
Thus if ¢ =1, and n = 3,
gr,(03)(y1) = B1a + Boy + Bs .
(2) If ¢ =2, then
8r.(0n)(y2) = (Brn+1 + Bopsr + -+ + Buing1) + (Bin + Bo + -+ + Bucin).
Thus if ¢ = 2, and n = 3,
gr,(03)(y2) = (B1a+ Boy) + (B1s + Bajs).

(3) In general,
g (On)(Wg) = Vagrza + Vagra + - + Vs
where
Vi=Bi,+By, + -+ B._1,.
Thus if ¢ = 3, and n = 3,

gr,(03)(y3) = Bi2+ Bis+ Bia.

To determine the map of Lie algebras with a more global view, the structure of the Lie
algebra gr, (P,) is useful, and is given as follows. Let L[S] denote the free Lie algebra over Z
generated by a set S. The next theorem was given in work of Kohno [49, 51] and Falk-Randell
[34].
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Theorem 18.5. The Lie algebra gr, (P,) is the quotient of the free Lie algebra generated by
B;; for1 <1< j<n gen by

er.(P) = LBy, 1 <i < j <n)/I

where I denotes the 2-sided (Lie) ideal generated by the infinitesimal braid relations listed
next:

(1) [Bi,j: Bs,t] = O: Zf {i,j}ﬂ{s,t} = @

(2) [Bi,j7 Bi,s + BSJ] - 0

(3) [B’i,j7 BM + ijt] - 0

Remark 18.6. The Lie algebra in Theorem [I8.5] apart from a natural degree shift, is
precisely the one arising in Theorem and gives the homology of the loop space of the
configuration space. We will see below, in Section [20] that this same Lie algebra gives the
E'-term of the Bousfield-Kan spectral sequence abutting to certain homotopy groups.

A computation with these maps gives the following result of [21]. Further connections
regarding this result are elucidated in Sections [I9) and [21]

Theorem 18.7. The maps ©,: Fly1,vy2,...,yn] — Pni1 on the level of associated graded
Lie algebras

gr.(On): gr.(Fly, 42, - yn]) — gr.(Pia)
are monomorphisms. Thus the maps ©,, are monomorphisms.

Remark 18.8. Two remarks concerning ©,, are given next.

(1) That ©,, is a monomorphism identifies F[y1, ya, ..., ys] as a free subgroup of rank n
in P, 1. However, there are other, natural free groups of rank n in P,,;. These arise
from the fibrations of Fadell and Neuwirth given by the projection maps

piy1 : Conf(R* n + 1) — Conf(R? n)

which delete the (i+ 1)st coordinate and have fibre of the homotopy type of an n-fold
wedge of circles Vv, S* [32].

Recall that d; : P,y; — P, denotes the map induced by p;1; on the level of
fundamental groups. The kernel of d; is a free group of rank n.

The image of ©,, has a contrasting feature: Any composite of the natural projection
maps, dy : P,1 — P», precomposed with ©,,

O, d
F[ylay27"'7yn] — n+1 —I>P27

is a surjection.
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(2) The combinatorial behavior of the map gr,(0,,) is intricate even though the definition
is elementary as well as natural. For example, various powers of 2 arise in the
computation of the map

gr,(©n): gro(Fly1, Y2, - -, Yn]) — &L (Prs1)

for n > 2. One example is listed next.

Example 18.9. O([[[y1, y2]ys]ya]) = —I[[[v1,12]1s]02] + 2([[71, 13]72]72] 4 0 where 6 is inde-
pendent of the other terms with v; = By 4 + Boy + B34, v2 = Bs4 and 73 = By g + B3 4. At
first glance, these elements may appear to be ‘random’. However, this formula represents a
systematic behavior which arises naturally from kernels of certain morphisms of Lie algebras.

The crucial feature which makes the computations effective is the ‘infinitesimal braid
relations’. In addition, the behavior of the map gr,(©,,) is more regular after restricting
to certain sub-Lie algebras arising in the third stage of the descending central series [21].
Finally, the maps ©,, also induce monomorphisms of restricted Lie algebras on passage to
the Lie algebras obtained from the mod-p descending central series [21].

19. PURE BRAID GROUPS OF SURFACES AS SIMPLICIAL GROUPS AND A-GROUPS

The homomorphism ©,,: F[y1,v2,...,Yn] — Pny1 which arises from the cabling operation
described in Figure [2] satisfies the following properties.

(1) The homomorphisms ©,: Fy1,ya,...,ys] — Pny1 give a morphism of simplicial
groups

0: F[SY, — AP,
for which the homomorphism ©,, is the restriction of © to F[S],,.

(2) By Theorem the homomorphisms ©,,: Fly1,¥2,...,Ys] — P,4+1 are monomor-
phisms and so the morphism ©: F[S'] — AP, is a monomorphism of simplicial
groups.

(3) There is exactly one morphism of simplicial groups © with the property that ©;(y;) =
A,

Thus, the picture given in Figure [2|is a description for generators of F[S'], in the simplicial
group F'[S'],. These features are summarized next.

Theorem 19.1. The homomorphisms

G)n:F[ylay%-“ayn]_) n+1
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(‘pictured’ in Figure @ give the unique morphism of simplicial groups
@3 F[Sl]. — AP.

with ©1(y1) = A12. The map © is an embedding. Hence the n-th homotopy group of F[S'],
isomorphic to m,11(S?), is a natural sub-quotient of AP,. Furthermore, the smallest sub-
simplicial group of AP. which contains the element ©1(y;) = Ay 2 is isomorphic to F[S'],.

On the other-hand, the homotopy sets for the A-group A.(S?) also give the homotopy
groups of the 2-sphere, via a different occurrence of F[S'],. The homeomorphism of spaces

Conf(S% k) — PGL(2,C) x Conf(S* — Qs, k — 3),

for k > 3 and where Q3 denotes a set of there distinct points in S2, is basic for the next
theorem [5].

Theorem 19.2. If S = S? and n > 4, then there are isomorphisms
Ta(Aa(52)) = 7 (7).

The descriptions of homotopy groups implied by these theorems admit interpretations in
terms of classical, well-studied features of the braid groups as given in the next section. An
extension to all spheres is given in [2I], as pointed out in Section [21}

20. BRUNNIAN BRAIDS, ‘ALMOST BRUNNIAN’ BRAIDS, AND HOMOTOPY GROUPS

The homotopy groups of a simplicial group, or the homotopy sets of a A-group, admit a
combinatorial description, as discussed in Lemma below. These homotopy sets are the
set of left cosets Z,,/ B, where Z,, is the group of n-cycles and B, is the group of n-boundaries
for the A-group.

Recall Example in which the A-group A,(S) is specified by A, (S) = P,41(5), the
(n + 1)-stranded pure braid group for a connected surface S. The main point of this section
is that the n-cycles Z,, are given by the ‘Brunnian braids’ while the n-boundaries B,, are
given by the ‘almost Brunnian braids’, subgroups considered next which are also important
in other applications [50].

Definition 20.1. Consider the n-stranded pure braid group for any (connected) surface
S, the fundamental group of Conf(S,n). The group of Brunnian braids Brun,(S) is the
subgroup of P,(S) given by those braids which become trivial after deleting any single
strand. That is,

Brun,(5) = ﬂ ker(d;: P,(S) — P,-1(5))

0<i<n-—1
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for which
di = (pi—i—l)* : Pn(S) - n—l(S)-
The ‘almost Brunnian’ (n + 1)-stranded braid group is
QBrun,,,(S) = (] ker(di: i1 (S) — Pu(S)).
1<i<n
The subgroup QBrun,, ., (S) of P,41(5) consists of those braids which are trivial after deleting
any one of the strands 2,3,...,n + 1, but not necessarily the first.
Example 20.2. Consider the simplicial group AP, with
APn = I'n+1

forn=0,1,2,3,... as given in Example [16.7
In this case, notice that that the map dy: QBrun,,, — Brung; is a split epimorphism.
Thus the homotopy groups of the simplicial group AP, are all trivial.

An inspection of definitions gives the next lemma.

Lemma 20.3. Let S denote a connected surface with associated A-group A.(S) (as given
i Example . Then the following hold.

(1) The group Brun,1(S) is equal to the group of n-cycles Z,(S).
(2) The group of boundaries B, (S) is do(QBrun,, 4(S5)).

(3) There is an isomorphism
mr(AP,) — Brungy/do(QBrun,,).

Furthermore, 7, (AP,) is the trivial group.
(4) There is an isomorphism of left cosets which is natural for pointed embeddings of
connected surfaces S

m(A(S)) — Brung(S) /do(QBrung ,(S)).

Properties of the A-group for the 2-sphere S = CP! = S? is the main subject of [5] where
the next result is proven.

Theorem 20.4. If S = S? and k > 4, then
(A (S?)) = Brung1(S?)/do(QBrun,,_»(5?))

is a group which is isomorphic to the classical homotopy group m(S?).
Furthermore, if k > 4, there is an exact sequence of groups

1 — Brung,»(S?) — Brung;(R?*) — Brung,1(S?) — m,(S%) — 1.
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Remark 20.5. Recently, the authors have proven (unpublished) that the Brunnian braid
group Bruny(S?) is isomorphic to the principal congruence subgroup of level 4 in PSL(2,7)
[5]. (This fact is checked in the appendix here.)

This identification may admit an extension by considering the Brunnian braid groups
Bruny, (5?) as natural subgroups of mapping class groups for genus g surfaces. The subgroups
Bruny, (5?) may embed naturally in Sp(2g,Z) via classical surface topology using branched
covers of the 2-sphere (work in progress). It seems reasonable to conjecture that this is
correct.

The next lemma follows by a direct check of the long exact homotopy sequence obtained
from the Fadell-Neuwirth fibrations for configuration spaces [32], 31].

Lemma 20.6. If S is a surface not homeomorphic to either S* or RP?, and k > 3, then
Brung(S) and QBruny(S) are free groups. If S is any surface, and k > 4, then Brun(S)
and QBrun,(S) are free groups.

Example 20.7. One classical example of a Brunnian braid group is Bruny(S?) which is
isomorphic to the principle congruence subgroup of level 4 in PSL(2,7Z), as given in Section
21 below.

Lemma 20.8. If k > 3, then O(F;) N Brung, as well as Oy (Fy) N do(QBrun,,,) are
countably infinitely generated free groups.

The standard Hall collection process or natural variations can be used to give inductive
recipes rather than closed forms for generators. T. Stanford has given a related elegant
exposition of the Hall collection process [74]. The analogous process was applied in joint
work of Ran Levi and the author to give group theoretic models for iterated loop spaces
(available on Levi’s website).

The connection to the homotopy groups of S2%, as well as to the Lie algebra attached to
the descending central series of the pure braid groups, is discussed next.

Theorem 20.9. The group O (F;)Ndy(QBrun,,,) is a normal subgroup of ©(Fj,)NBrung.
There are isomorphisms

Gk(Fk) N Brunkﬂ/@k(Fk) N do(QBrunkH) — 7Tk+152.

The method of proving that the maps ©,,: Flyi,¥s,...,Yn] — Pny1 are monomorphisms
via Lie algebras admits an interpretation in terms of classical homotopy theory. The method
is to filter both simplicial groups F[S'], and AP, via the descending central series, and then
to analyze the natural map on the level of associated graded Lie algebras.
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On the other-hand, the Lie algebra arising from filtering any simplicial group by its de-
scending central series gives the E°-term of the Bousfield-Kan spectral sequence for the
simplicial group in question [4]. Similarly, filtering via the mod-p descending central series
gives the classical unstable Adams spectral sequence [4 22, [8T].

Thus the method of proof of Theorem is precisely an analysis of the behavior of the
natural map © : F[S'], — AP, on the level of the E%term of the Bousfield-Kan spectral
sequence. This method exhibits a close connection between Vassiliev invariants of pure
braids and these natural spectral sequences. The next result is restatement of Theorem
proven in [21].

Corollary 20.10. The maps O, Fly1, Y2, ..., yn] — Pni1 on the level of associated graded
Lie algebras

g, (On): gt (Flyn, ¥2, - - ¥nl) — 8r(Poy1)

are monomorphisms. Thus the maps ©,, induce embeddings on the level of the E°-term of

the Bousfield-Kan spectral sequences for E°(©): E°(F[S'],) — E°(AP,).

21. OTHER CONNECTIONS

Connections to other spheres: The work above has been extended to all spheres, as
well as other connected CW-complexes [21]. One way in which other spheres arise is via the
induced embedding of free products of simplicial groups

©11 0 : F[S', 11 F[S"]. — AP, I AP,.

The geometric realization of F[S'], IT F[S'], is homotopy equivalent to Q(S* V S?) by
Milnor’s theorem stated above as[16.11] Furthermore, (5% V S?) is homotopy equivalent to
a weak infinite product of spaces ©(S") for all n > 1.

Connection to certain Galois groups: Consider automorphism groups Aut(H) where
H is one of F,,, the pro-finite completion F or the pro-¢ completion (Fn) Certain Galois
groups G are identified as natural subgroups of these automorphism groups in [2 23] 25| 26],
45, 46], [68]. One example is Drinfel’d’s Grothendieck-Teichmiiller Galois group G = é?, a
subgroup of Aut (E)

Let Der(Lf[V,]) denote the Lie algebra of derivations of the free Lie algebra L[V, ] where
V,, denotes a free module of rank n over R a commutative ring with identity. Two natural
morphisms of Lie algebras, which take values in Der(L[V,]), occur in this context, as follows.

Properties of the infinitesimal braid relations, as stated in Theorem above, give a
second natural map

Ad : gr,(Poy1) — Der(L%[V,])
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whose kernel is precisely the center of gr, (P, 1) [17]. Combining this last fact with Theorem
18.3| gives properties of the composite morphism of Lie algebras

gr*(Fn>
Proposition 21.1. Ifn > 2, the induced morphism of Lie algebras

Adogr,(0,): gr,(Fly1, Y2, -, yn]) — Der(LZ[V,])

2O g, (Posa) — Der(L¥{V,).

s a monomorphism.

In addition, certain Galois groups G above are filtered with induced morphisms of Lie
algebras
gr,(G) — Der(L%[V,])
where 7 denotes the pro-finite completion of the integers. One example is G = GT with
gr.(GT) — Der(L*[1a)),

as given in [23, 45| [46], 68].
This raises the question of (i) whether the images of

Adogr,(0,),

and
gr.(GT)

in Der(LZ[VQ]) have a non-trivial intersection, or (ii) whether this intersection is meaningful.

22. QUESTIONS

The point of this section is to consider whether the connections between the braid groups
and homotopy groups above are useful. Some natural, as well as speculative, problems are
listed next.

The combinatorial problem of distinguishing elements in the pure braid groups has been
well-studied. For example, the Lie algebra associated to the descending central series of the
pure braid group P, has been connected with Vassiliev theory and has been shown to be a
complete set of invariants which distinguish all elements in P, [51]. Furthermore, these Lie
algebras have been applied to other questions arising from the classical KZ-equations [49] 25]
as well as the structure of certain Galois groups [45] 23], 25] 26].

Question 1: One description of homotopy groups is given in Theorem This relation
is coarser than that given by Vassiliev invariants. Give methods of understanding this coarser
relation.
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Question 2: Consider Brunnian braids Brun,. Fix a braid v with image in the kth
symmetric group X, given by a k-cycle. For any braid « in Bruny, the braid closure of avo~y
is a knot. Describe features of these knots or those obtained from the analogous constructions
for Ok (Fy_1) N Brung. Where do these fit in Budney’s description of the space of long knots
[8]7

Question 3: Give combinatorial properties of the natural map Brung 1 (R?) — Brung,(5?)
which provide information about the cokernel. Two concrete problems are stated next.

(1) Give group theoretic reasons why the order of the 2-torsion in m,(S5?) is bounded
above by 4 and why the p-torsion for an odd prime p is bounded above by p.
(2) If k+1 > 5, the image of Brung;(R?) — Brung,(S?) is a normal subgroup of finite
index.
This fact follows from Serre’s classical theorem that 7, (S?) is finite for & > 3 and
Theorems and proven in [5].
Do natural features of the braid groups imply this result?

Question 4: Let F,, denote the image of ©,(F,). Observe that the groups QBrun,, ., N

F,1, and Brun, ., N F,, are free. Furthermore, there is a short exact sequence of groups

(Extension 1) : 1 — F, Ndy(QBrun,_,) — F, N Brun,; — Tpp18% — 1
as well as isomorphisms

F, N Brun, 1/ (F, N do(QBrun,,,,)) — m,415%,
by Theorem by

Consider the Serre 5-term exact sequence for the group extension given by Extension 1
directly above to obtain information about the induced surjection

H,(F, N Brun, 1) — m,.1(S%).

This 5-term exact sequence specializes to

Hy(141(5%)) —  Hi(F, N do(QBrun,, ;5))r, ., (s2)
- H1<Fn N Brunn+1> - 7Tn+1(S2>

where A, denotes the group of co-invariants of a m-module A. Thus 7,1(S?) is a quotient of
the free abelian group H;(F,NBrun, ;) with relations given by the image of the co-invariants
H1 (Fn) N dO(QBrunn+2)ﬂn+l(52).

Give combinatorial descriptions of the induced map on the level of the first homology
groups

Hy(F, Ndy(QBrun,,,)) — Hy(F, N Brun,).
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A similar problem arises with the epimorphism Brun,;(S?) — 7,5% with kernel in the
image of Bruny.(R?) for n+1 > 5.

Question 5: Let L[V] denote the free Lie algebra over the integers generated by the free
abelian group V. Let Der(L[V]) denote the Lie algebra of derivations of L[V] and consider
the classical adjoint representation

Ad: L[V] — Der(L[V]).
Recall that the map ©: Fp — P,.1 induces a monomorphism of Lie algebras

gr*(@k): gr*(Fk) - gr*(PkJrl)

where gr, (Fj) is isomorphic to the free Lie algebra L[V] with V} a free abelian group of rank
k. In addition, properties of the ‘infinitesimal braid relations’ give a representation

Pk &l (Pry1) — Der(L[V4])

appearing in work on certain Galois groups [45] (with the integers Z replaced by the pro-finite
completion of Z).

Identify Fj, with ©4(F}) in what follows below. Give methods to describe combinatorial
properties of the composite

230 (Zk)

gr,(F, N Brung,,) —— gr,(F}) £5.(On),

gr,(Per1) —*— Der(L[V;])

where 7 : Fj, N Brung,; — F} is the natural inclusion. Let ®4,; denote this composite.
When restricted to gr,(F)) = L[Vk], this map is a monomorphism. Give methods to describe
the sub-quotient

Py 1 (gr. (Fie N Brungi1))/®pep1 (gr, (Fi N do(QBruny,))).

Question 6: Assume that the pure braid groups P, (S) are replaced by either their pro-

finite completions P,(S) or their pro-¢ completions. Describe the associated changes for the

homotopy groups arising in Theorems [19.2] [20.4] or [19.1] For example, is the torsion in these
homotopy groups left unchanged by replacing P, (S) by P, (S)?

23. APPENDIX: BRUNNIAN BRAIDS AND PRINCIPAL CONGRUENCE SUBGROUPS

The Brunnian braid group has features in common with the Borromean rings dating back
at least to Carlo Borromeo in 1560. Related structures for Brunnian links are given in [56].

The purpose of this section is to record an observation concerning Brunnian braid groups
for the 2-sphere and to pose a related question as well as to describe a starting point to
appear in joint work with Berrick, Wong and Wu.
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Recall that there are classical maps

T B4 — Bg

and
©: By — SL(2,Z).
The map r : By — Bs is defined by the formula
; ifi=1lori=2,
r(o;) = 7
01 if i = 3.

The map
©: B3 — SL(2,Z)
is defined by the formula

and

@(@:(é 1)

62

The map O arises from a map of B to the mapping class group for genus 1 surfaces, SL(2,7Z),

obtained via two Dehn twists along two circles which intersect in a single point [3].

Recall that I'(2,7) denotes the kernel of the mod-r reduction map
pr: SL(2,Z) — SL(2,Z]rZ)

(in Section [10]). Similarly, let PT'(2,r) denote the kernel of the mod-r reduction map

pr: PSL(2,Z) — PSL(2,Z/rZ).

The following is the main result of this section in which Dg denotes the dihedral group of

order 8.

Theorem 23.1. The classical maps
r: B4 — Bg

and
©: B3 — SL(2,Z)

induce maps which give
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(1) a homomorphism By(S?) — PSL(2,7) together with a short exact sequence of groups
1 — Dg — By(S?) — PSL(2,Z) — 1,

(2) a homomorphism Py(S?) — PT(2,2) together with a split short exact sequence of
groups
1 — Z/27 — Py(S?) — PT(2,2) — 1
with an isomorphism
Py(S?) — I(2,2),
and

(3) a homomorphism Bruny(S?) — PT'(2,4) = I['(2,4) which is an isomorphism.

The previous theorem may admit an extension to other Brunnian braid groups
Bruny, 5(S5?).

Preparation for this possible extension is given by two digressions, one concerning the ‘hy-
perelliptic mapping class group’ given by the central extension Agg 9, described in Example
9.10L The second digression concerns principle congruence subgroups.

Recall the ‘hyperelliptic mapping class group” Ag,42, a subgroup of I'y the mapping class
group for genus g surfaces. By or [11], there is a central extension

1— Z/2Z — A29+2 — B2g+2(52) — 1.

This extension, as well as information about its characteristic class, is given in [I1]. A con-
struction for the classifying space BAy, o arises from complex 2-plane bundles as described

in Example or [11], given by
EU(2) Xy Conf(S%, 2g +2) X542 S'
for g even.
Definition 23.2. Given n > 3, define
(1) X,, = EU(2) Xy Conf(S?,n) x S, and
(2) Y, = EU(2) Xy Conf(S? n) x5, S* with
(3) ¢n : X, — Y, the standard ¥, -cover.

Then there are n natural projection maps
Di: Xn - anl

which are also bundle projections with fibre S? —Q,,_; for which @,,_; denotes a set of (n—1)
distinct points in S? by Theorem [3.3]
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Define
Brun, (X)

as the intersection of the kernels of the induced maps
Pyt T(Xp) — T (Xpm1)

for1 <i<n.
Further, define PAyg5 as the kernel of the natural map Aggio — Xog40.

Then consider the classical maps
Aggro — Ty — Sp(29,Z).
Notice that mod-2 reduction gives a map
p2: Sp(29,2) — Sp(29,2/2Z)
and that the composite map
Asgro — Sp(29,Z) — Sp(29,Z/2Z)

factors through
Yogi2 C Sp(29, Z/2Z).

The second digression concerns classical principle congruence subgroups of Sp(2g,Z) as
follows where one example is the kernel of the map ps: Sp(2¢9,2Z) — Sp(29,7Z/27).

Definition 23.3. Let
°7(2g,7)
denote the principle congruence subgroup of level r, the kernel of the mod-r reduction map
pr: Sp(29,Z) — Sp(29,Z/rZ).
Regarding SL(2,7Z) = Sp(2,Z), the kernel of p,.: SL(2,Z) — SL(2,Z/rZ), denoted I'(2,r)

above, is equal to I'*P(2, 7).

A sketch of a possible natural extension of Theorem [23.1]is given next. This sketch consists
of 5 steps.

(1) Consider the classical map

A29—4-2 - Fg - Sp<2g7Z>
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and the ‘mod-2 reduction map’ Sp(2g,7Z) — Sp(2g, Z/27) together with the compos-
ite map Aggio — Sp(29,Z) — Sp(29,Z/2Z). Restricting this composite to PAg,yo
gives a factorization of the composite

PAyyi0 — Sp(29,7Z)

through I'*P(2g, 2) as described above.

(2) Inspection of n elements {zy,...,7,} in I'*P(2g,2) gives that their commutator
[[- - [[x1, x2], z3] - - - ,]2,] is in the principal congruence subgroup of level 2™ in Sp(2g, Z),
['°P(2g,2"). This fact is a special case of the statement that the commutator

[z, 9]

of an element x in the principal congruence subgroup of level p, and an element y in
the principal congruence subgroup of level ¢, is in the principal congruence subgroup
level pq [24].

(3) A direct computation gives an isomorphism

Bruny, »(X) — Brung, 2(5?) x Z/2Z.

(4) Observe that Brungy, o(X) is generated by commutators of length at least (g + 1) as
an iterated application of the fibrations p; : X,, — X,,_; together with the analogous
argument in [21] in the case of pure braid groups. Thus the image of Bruny, »(X) in
Sp(2g,7Z) lies in the principle congruence subgroup of level 2912,

(5) It is natural to conjecture that Brun(S? 2g + 2) is isomorphic to a subgroup of
['*P(2g,29%1) in Sp(2g,Z), thus extending Theorem

If this conjecture is, in fact, correct, is there some natural additional geometry associated
to the homotopy groups of 252, arising from this connection to I'*?(2g, 29%1), which informs
on the associated homotopy groups?

A proof of Theorem [23.1]is given via a sequence of lemmas.

Lemma 23.4. The image of the natural map
71(Conf(S?,4)) — 71 (Conf(S?,3)*)

15 exactly
D3 Z /2.

Thus the 4-stranded Brunnian braid group
Bruny(S?),
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which is the kernel of w(Conf(S?,4)) — 71 (Conf(S?,3)1), is equal to the kernel of
Py(S?) — @3Z/2Z.
Proof. Recall that there are homeomorphisms
0, : PSL(2,C) x Conf(S* —{0,1,00},q) — Conf(S? ¢+ 3)
given by
Oq(p, (21, 22, - .. 7)) = (p(0), p(1), p(00), p(21), p(22), - - -, p(2))-
In addition, the group Brun,(S?) is the kernel of the map
m1(Conf(S?,n)) — m(Conf(S?*,n —1)")
induced by the n different choices of projection maps
p;i - Conf(S? n) — Conf(S* n — 1)
where the projection p; deletes the i-th coordinate. Thus the map
71(Conf(S?,4)) — 7, (Conf(S5?,3)%)
is given by
Z]27 x Fy — ©47./27.
The next step is to identify the image.
It suffices to check the behavior of the map
R? — {0,1} — Conf(S?,3)*
where R? — {0, 1} is identified as the subspace of Conf(S?,4)) given by
{(00,0,1,2) | z € R* - {0,1}}

because the free group of rank 2, F3, is given by the image of this map on the level of
fundamental groups.
Notice that the image m(Conf(S5?,4)) — m;(Conf(S?,3)%) is exactly @37 /27 as follows.
(1) The induced map p;, : 71 (Conf(S? 4)) — m(Conf(S5?% 3)) is an isomorphism by
comparing #; and the projection maps. That is, p1((00,0,1,2)) = (0, 1, z) represents
a generator v; of m(Conf(S?,3)) in m;(Conf(S?,3)%).
(2) The induced map py, : m(Conf(S? 4)) — m(Conf(S? 3)) is an epimorphism by
comparing 0, and the projection maps. That is, p1((00,0,1,2)) = (00,1, 2) which
carries a generator x of F[z,y] in 7;(Conf(S?,4)) to an independent generator -, in

71 (Conf(S?%,3)%).
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(3) The induced map ps, : 71 (Conf(S? 4)) — m(Conf(S5?% 3)) is an isomorphism by
comparing 3 and the projection maps. That is, p1((00,0,1,2)) = (00,0, 2) which
carries a generator y of F[z,y] to an independent generator v, in 71(Conf(S?,3)%).

(4) The induced map

pa, : m1(Conf(S?,4)) — 7 (Conf(S?,3))

is trivial as p4((00,0,1, 2)) = (00,0, 1) which is constant.

The lemma follows.

O
Lemma 23.5. The kernels of the natural maps
SL(2,Z) — SL(2,Z/AZ)
and
PSL(2,7Z) — PSL(2,Z/AZ)
are equal.
Proof. Observe that there is a commutative diagram
{1} —— T(2,22) —— PI(2,2%
l
727 —— SL(£,Z) R PSLl(2,Z)
5 l |
7)27 —— SL(2,Z/4Z) —— PSL(2,Z/AZ)
O

Lemma 23.6. The map
©: By — SL(2,7)
mduces a map
® : By(S*) — PSL(2,7)

together with a commutative diagram
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7)27. ——— Py(S?) —— PT'(2,2)

! |

K —— By(S*) —— PSL(2,7)

5 | I
©e2/27 —— ¥4 —— PSL(2,Z/27Z)
where K denotes the kernel of the map

® : B4(S?) — PSL(2,7).

Proof. Observe that the kernel of
By — By(5?)

is generated by the two elements (0y0903)* and (10)3. Furthermore

@((0'10'2)3) = —1Id

—Id:<_1 0 )
0 —1

@((0’10’20'3)4) = @((0’10'20’1)4) = @((0'10'2)6) = Id

where

In addition,

Thus there is an induced epimorphism
® : By(S?) — PSL(2,7Z)
together with the commutative diagram stated in the lemma.

Notice that

(1) the kernel of ¥4 — PSL(2,Z/27) is @3Z/27Z, generated by the images of the two
elements A = 020103_102 and B = 0103_1.

(2) the kernel of P;(S?) — PT'(2,2) is generated by the image of the element C' = (0y09)3.

(3) The elements A, B, and C' generate a subgroup of B,(S?) isomorphic to Dg by a
direct check.

The lemma follows.
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One proof of Theorem [23.1] is as follows. To check the first assertion, the kernel of the
natural epimorphism

B4(S?) — PSL(2,7),

denoted K in Lemma [23.6, is isomorphic to Dg. Thus, the first assertion follows.
By the proof of Lemma there is a central extension

1 — Z/27 — Py(S%) — PI'(2,2) — 1

(as the Z /27 is generated by (0102)%). Since PT'(2,2) is free on two generators, the extension
is split. Notice that this is overkill as Lemma has been re-proven. By inspection, there
is a commutative diagram

{1} —— Bruny(S? —— PT(2,2?)

| | |

7)27 —— Py(S?) —— PI'(2,2)

[ | |
7)27 —— @®37/27 —— Bs7)27

where the rows and columns are all group extensions (using the fact that PT'(2,2) is generated

~(02)
-(50)
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