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The idea of a 4 + N dimensional space~time is by no means a new
one. In 1921, slready, Kaluza suggestad that gravitation and electromagne-
tism could be unified in & 5 dimensional theory of gravity. This idea has
been revived several times, in particular, in comnecticn with the possible
unification of gravitationm with.gauge fields, or in the context of the
fiber bundle approach to Yang-Mills theories trying to associate the extra
coordinates with the growp space. It has also been put forward in the
context of dual models which are conmsistent only in a precise space-time
dimension (D= 10 ¢r D= 26 for the known models) (Scherk & Schwarz 1975 §
Cremmer & Scherk 1976 a). It is then possible to associate to the extra
coordinates a compact space (product of ¥ torus in this casa) such that the
ordinaty 4-dimengicnal physics is & lou energy approximationof abigger
theory. We c¢all the 4-dimensional theory the dimensionzl reduction of the
4 + N ones. We shall concentrate in these lectures essentially on this

" aspect forgetting sbout the possible interpretstion (or existence)} of the

extre dimensions. This applies to most of the attempts to unify gravity

and Yang-Mills, the concept of low energy ppproximation being most of the

time replaced by the requirement of specific symmetries of the solution of '

field equations.

The simplest dimensional reduction has been particularly fruit-
ful for supersymuetric theories, espacially extended supersymmetric Yang-
Mills or extended supergravities. It has made commection between K = 4
Yang=Mills in 4 dimensicns and ¥ = 1 Yang~Mills in L0 dimensions, and
N = 8 supergravity in 4 dimensions and K = | supergravity in 11 dimensions
Moreover, the dimensional reduction explains part of the hidden symmetries
in extended supergrevities.

In these lectures, we shall discuss first the dimensional

reduction of theories which do not include gravitatiom and then proceed
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in the second part with the dimensional reduction of theories including
gravitation, In particular, we shall describe the il=dimensional supergra~
vity and its reduction to 4 dimensions. The hunt for the hidden symmetries,

globel E, and logal SU{8) of the N = B supergravity in & dimensions will

7

" be described in part TIL. These hidden symmetzies shall provide geometrical

meaning to scalar fields. This will be a property of all excended super~
gravities and will be discussed in part 1V, Finally in part V we shall
spmmarize what we know or would like to know about K = 8 supergravity at
the classical and quantum level. We shall discuss the possible implieations

of these hidden symmetries.

1 DIMENSIOMAL REDUCTION WITHOUT GﬁAVIT&TIGN

The simpleat example of dimensional reduction arises when we
try to interpret a theory in 4 + N dimensions whose Lagrangian is Poincard
invariant. An interesting case is that of Yang-Mills theory in 4 + N dimen—
sions which leads, via dimensiopal teductien, te & ¥Yang-Mills + Higps -
scalars coupled theory with specific couplings. However, cthis will lead to
unified theory only in the case of supersymmettric theories which Tequires
tha study of the supersymmetry algebra in D dimensions. The dimensional
reduction of supersymmetric Yang-Mills in 10 dimensicns leads to the well-
known N = & supersymmetric Yang-Mills in 4 dimensions.

1 Interpretation of extrs dimensions

Let us start with a scalar theoey im 4 + N dimensions whose

Lagrangian Z 1g Foinecaré invariant (Cremmer & Scherk 976 a}

AT a T S 4)]
§ = [d" R[5 930" ¢~ 343 ¢+ V(P)
It is consistent with the metric ¥, (¥=....7) to assume that the extra

dimensions are circles of length L,.,.... LH or, denoting ., -_'(tl'-)...J ﬁ-&)
¢i= 1..,0), to assume that

¢(.'x')-"; %Q*Li) = d)('x*'b'y'i}
This breaks “spontaneously” the Poincaré invariance of the action 8§ P, ..

333 P‘,' x U(I)N. U(I)N will be associated with the conservation of N

“heaviness' numbers. We can now expandd? (%, 0 %i) o Pourier geries
x, x 2.7 T N
Plmid et L fuglis) exe 7 xn)

with Y, integer, If ¢ is real, we heve CPP V= CP‘.3 ©. We cav in-

3

Cremmer ; Symmetries in extended supergravicy

tegrate over ﬂé; and ohrain a 4=dimensional desoription of this theory

S Jd«—"{z [13 Q[n acp{ns_"mﬁnl,q)b S(P{n.
+T V(@) TSE N )]}

with z = w2 My o
"‘ma =po ¥ LT 2 I5
TrS(l L } symbolizes the conservation of the N heaviness numbers.

& describss now an infinjite number of i.nr.eractmg scalar particles.

The ultravielet behaviour is the same as in &4 + N dimensions.
This can be shown by using properties of Jacobi ©.functions. The infrared
behaviour is the seme as in 4 dimensions : if we start with ) massless
particle in 4 + N dimensions, we get | n;assl_ess particle in 4 dimensions:
plus an infilnite number of massive particles.

There are two limiting cases : if all the Lil's —»> o9 : we

recover the eoriginal theory in & + ¥ dimensions. If all the Li's~—=>03:

only one state keeps a finite wass classically. This limit is associated

with the process called "dimensional reduction”, This remaining state,q) .

is described by the Yreduced action”

SR CRIETR 22 §-2md +V(d>)]

where the coupling constants have been rescaled before the limit L. =0
according to their canopical dimensions.
This is equivalent to retaining only the mode independent of
%, or to impose the "gymetry conditions"

:}3? &)

Y
This an:itz, together with the equations of motion in 4 + N dimensions,
leads to equations which are derivable from a reduced Lagrangian L. L is
identical with L unere we have dropped the % dependence and we have
done some canonical rescaling to the sealar fields and the coupling
constants.

Remarks : we could have started with a field thaory in curved
siace, for example, 5 x H, where § is a compact space of dimension N. 1f
G is the symmetry group of §, we can expand & field (t’(*)-u - J in

"¢ harmonies” on 5 Yo, (%)

®lx,4:) = T V00 Du e




:
i
i
3

Cremmer j Symmetries in excended supergravity

d%,will describe a scalar particle of masqjﬁg.? 2{;9 where C(N) is the
eigenvalue of the Laplace-Beltrami operater for § in the representation R,
L being some length which characterizes 8. If some of the C(K)'s are zero
we can make o consistent tiuncation by letting ;= 0. The corresponding

ensatz on 43

c’bk:,l) Y) = }E Vi, O8) &, (=)

is such that the ", dependence factorizes partially From the 4 + N-di-

with CINY = ©

mensional equations of meotion implying several 4-dimensional equations. The
groupe € is then interpreted as an internal symmetry group, § can be the
space of G itself or a coset space G/H (¢im § = dim € - dim H)

? Pimensional reduction of non abelian Yang—MHills theory

Let us considsr the non abelian Yang-Mills thecry in 4 + N di-

mensions described by the Lagrangian
Lt N
5:—-1’151 XT'( N‘)
lr
where vhgh the metriec is {+~...-) ard FHN the field strength

FHN O Q~-3 P *‘ZoLﬂ RJ

AH and FHN are in the Lie algebra of the group G.
iet us now apply the process of dimensional reduction by

implementing the candition
2 9»&/3\*

The & + N camponents of. a“ will split’into two parts t a d~dimensional

vector f\ and ¥ acalars. H . After canon:cal reseal;ugs, we obtain the

correspondlng &—dxmensnonal action i _
. : .2 14 S 2 \ :
= Id,,,.Tr‘{fj;'f,,, + 30 M) ~+9 1a; A, }
where OLP{ = PN A, - ‘_gLH;«,Q;]

Properties of the reduced theory : o
{1} 1t contains. both veetor and scalar partxcles (in the

© adjeint Fepresentation of G}

{?) The global ioternal symmetry is O(N) instead of U(I)

o rm)?
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we had kept all the modes of § + N dimensions. We have now the breaking
fzd“‘—“-e’ sz d§ C>(P4)

{3) There is a specific Wiggs coupling 82 related to the gauge
coupling g as well as a very specific structure of the poteﬁtial

{4) The signature of the extra dimensions of space time (space
tike) is such that we obtain the right sign for the kinetic term of the
scalar fields A]

Important remark : This is not & upified theory of vector and

scalar particles, There 1s no symmetry relating a/~'and & (No gé theorem
of Coleman-Mandula) which implies the relation between the Riggs coupling
constant and the gauge coupling constant. Explicit calculations at the
quantum level show that this relation s not preserved by radiative correc-
tions.

This problem will be vvercome if we start with supersymmerric theories
which can relate scalar; vector and spinor particles.

3 Supersymmecry in D dimensions

Unified theories and less trivisl examples of dimensional
reduction are obtained if we start with a theory iavariant under simple

supersymmetry algebra in D dimensions
- "M

. =2z2(r Joa

{QQJQﬁ} g

where the D matrices r’H have dimensions 2 apd satisfy the Clifford

algebra
ey s 2o

They have the hermiticity properties
d-r [~ I"IT [ -
{2 B g ey = - f for M+ 0
reenet oYM
The possible properties of Q5 : Majorana, Weyl, Dirac or Majorana-Weyl
uill dapend- on the dimension D of spaca-tlme (Gliozzi et al. 1977)
D even :

e T .
(1} Since [ M.and (r"U satisiy the same Clifford algebra,
there exists a wmatrix B such that ’
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M o
U‘ n}l‘ I BP- 2}
we can fix the phases such that BE™ = € I with € =3I . A Majorana spinor
will be defined as being its own antiparticle B4 oW therefore it
exists anly if & = + |,
&
(2) Since [ H apd {[" M) satisfy also the same Cliffard algebra,
there exiscs @ macrix C (charge conjugation) such that
E - -
(r"y z-crme?
Togerher with the hermiticity properties this implies (after a phase choice)
%
gt - ¢ p s BBY -1
L L4
and consequently B-ebd y C=-€C

- n, . \ .
Defining F } a8 the antisymmetrized product of © matrices,
we therefore have

n~A3{n-2) "
\C e )t _ e (-‘\)L""'"_:.'_'_ C T'( )

: ; 24
This allews us to count the nurber of antisymmetrie matrices 2 x2 ?

which should be 1/2 2 e (EI:}i - I, This gives
& = 33 cos L{oa1) {E = +] for D = 2,4 mod 8
& -] for b = 0,6 wod B

Por D = 2,4 mod 8, there exists a pure imaginary representation of I
matrices. We can choose B = 1, C = re , then & Majorana spinor is simply
a real spinor,

For D = 0,6 mod 8, we can however define "Majerana spinors” when there is
an interpal syometry {extended supersymmetry)}. ’

+ 1

The matrix [ v of square | and anticommuting with the D (" matrices

is given by
+2
Dt epa
P - enErer
A eyl spinor A is defined by
or
oA 2
We can have a Majovana-Weyl spinor if T DYy real, i.e. for D = 2
mrd 8 {in particular D = 1D)

Dodd : D »d+ ) with d even
A Clifford algebra for d + 1 is obtained from the one in d
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dimensions by adding to the " ¥ (M = D, ... d - 1) the matrix
ﬂdf‘}

Y- 4 1-4)2%";11“?“.-—?"" (m 4l
such that Q‘ ) = -1,
Therefore, we shall have the possxhlllty of Majorana spinors if ["
pure imaginary when | R 4° 1 are pure imaginary or equwalently
ir T 4+ 1 ;o real : there are Majorana spinors in d + 1 dimensions if
there are Majorana-Weyl spinors in d Jdimengions, namely D = 3 mod &
Note : these propekties of the spinors depend only on the signature of

space-time s—t (the metric being {(¥*..}, =, ..=%}
I3 )
Dimensional reductian : Starting from & Clifford algebra in

4 + N dimensions, we can always defipe it (up to an equivalence) as &

. (YR |
tensar product of ¥ matrices & % 4 by "internal matrices® 2 X 2"gl
such that

Mo ¥t e (Meﬂ)
L N
r - L'Ior“sje ‘5

Therefore, a Dirac spinor in & + K dimensions, through the ordinary
dimensional reduction is equivalent toa QEN 2l Dirac spiner in 4 dimensions
ar 2.2[N}2] Majorana or Weyl spinors in 4 dimensions. There will be a
reduction factor : 1/2 if we start with Majorama or Weyl spinors and 144
if we start with Majorana-Weyl spinor; when they exist. These results are
summarized in Table 1 giving the number of Majerana or Weyl spinors in 4
dimensions corresponding to a given spiner in D dimensions.

We see from Table I, that starting from a2 Hajorana-Weyl apinar
in 10 dimensions and reducing to 9, we should obtain a & cemponent—&pinoet
although there are no Majorana or Weyl spinors. This means that in 9
dimensions there exists another kind of spinors (peeudo-Majorauna) which

have half tlie number of the components of a Dirac gpinet {Van Nieuwenhuizen

TABLE 1
Dl 4 5 6 ? 10 i 12
DIRAC 2 4 4 3 16 16 32
MAL. ) -1 - - - - 8 8 16
WEYL 1 - 2 - 4 - 8 - 16
M-% - - - |- - - 4 - -
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1980)

4  Supersymmetrie Yang~Mills in D = 10, N = } and
Supersymmetric Yang-Mills in b 4, ¥ = &

From the ptevious table, it cen be seen that the maximal
dimension in which we can have a supersymmetTic Yang-Mills theory (with
spin..{l) is D = 10, For D lﬁ. the dimensional reduction would lead to
particles with spin “2-3/2 or equivalently with N34 supersymmetry.

Supersymmetric Yang-Mills in D = 10, X = 1 (Gliozzi et al.

1977 ; Brink et al. 1977). A vector Eield in 10 dimensions HWas 8 degrees
of freedom as a Majorana-Weyl spinor field. Therefore it seems plausible
that there could exist a supersymmetric Yang-Mills theory with only 1

vector field and a Majorana-Weyl spinor field. Lt is in fact possible and

the Lagrangian is given by
MM T nM
S = [d% Trl- 2R, FT L AT D, M)

where

Fr;\;u: DM AN" bNP'M *;gQ[HMJﬂﬂ]
th: VA + & getﬂn))\]

Ay and A belong to the Lie algebra of a group G. The T "'s are 32 %
32 matrices. M is a Majorana-Weyl spinor and satisfies A= LI S
§ is inveriant under the following supersymmetry transformations

s;q,,,- AETRMA 3 Shz 2 Ful™e
with T‘M [
Let us note that the same action is supersymmetric for D = & if A isa
Weyl spinor and B = & if X is a Majerana spinor.

Supersymmetric Yang-Hills inD = 4, N = 4 1 It is obtained

by dimcnsional reduction of the supersymmecric tang-Mills theory in

b o= 10, Let us define b real 4 x 4 independent antisymmetric matrices

(o )a.b )(ﬂ"J,b {i= 1,2,3) which satisEy the algebra of 0{4} ~s30{2)

x SU(2) _ .
{p*,6% =287

i, ")
L6, (1] = 0, [ui)e-2e¥ e 5 1 a1z 2en

1]

k
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abe &

aped 2 N i
® @) = €l 33E @ s =~ Jab

zt

We can then write the " atrices in 10-dimensions snd in the Hajorana

representation as

” L ©
P - Y ® ( ; _I") = 0,1,2,3
) 3.
-l . ] ﬂ c-f"
LI ® : \
£y ('P_,%a{" s I

P p*
. vsel, o

therefore (4] ﬁ; |
FM = I‘,. ® ('{53 O)

A Hajorana-Weyl spinor is then written as

Az Pa, “Ble M) a,b = 1,2,3,4

% being o & dmens:.onsl Majorana spinor.
Ag has been done previously, we splic the 10 components of the vector
fields hu__;p(a s B i B. ) With the previous decompasition of the

gpinor field, this xmed:ately gives the reduced Lagrangian
Sg = fux Te{-1 BF e 2@ - 40 g )

SRR IR IET PR AR TN
3

X ([“;,“3]1'*1?’;,33]1*2 La:, Bg']z) }

T o
&

Ag and B, are respectively scalar and pseudoscalar fields, The reduction
of the transfarmtmn of gupersymmetry €=4ske is consigtent vith D&/>= 0.
Then we get & supersymmetries with parameters €, from

& = (é-.)“ﬁ'sq.l,éh)

SR is then invariant under the N = 4 supersymmetry transformations

5A, = 2i EV.AT
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§P: = w2 &% A° 5§81z 21 &%V B A
SN = 2F., ¥7et ~4i(n, m*iw&“sf’ﬁ; pen) V"
_.5(26»-.,[9 n“}o(bvlé higtg:‘]ﬂfb
C 2% LA B ity €7

It is also invariant as expected under a 0(6)p) SU(4) global syumetry of
parameters Aijz. Mgl ﬁ'.‘j =-h'*-.: and ﬁ.&
A, =

o H;

]

iooa. 9 r
AE*A,& ”“Liai’ ;554':“;3‘35 —rng;gt
< }‘o---[i‘}k L T *E;;bdfhn:,} +;ysw£‘31)nhﬂ;'}]>\|.

The ordinary formulation of N = & Yang-Mills, as it iy descri-
i bed by the representation of N = & supersymmetry, is-made with the séalar
H fields R ob aod & ol respeckively self~ dual gnd antiself~dual, defined by

Aap= b K s Bab= {3.5

Since thisz muleciplet (A ,A . B . Aa) is an irreducible repre-
sentation of N =« & gupersymmetry, we now ‘really have a wnified theory of
vecter, e&calar and spinor particles, All relations between coupling
constants are dictated by the N = 4 supersymmetry.

This conformal invariant theory has remarkable renormalizabili-
ty propetties. It has been shown that the ﬂ fanction is zero up to three-
loop order and that there exizts, at the ome loop order, a pauge in which
the theory is fieite (Grisaru 1981). It has been conjectured that ﬁ = 0
to all orders and that the theory is finite. This could be linked with
the fact that the M « & Yang-Mills supermultipler is CFT self-conjugate
and that the global symmetry {s 5U{4) and mot L(4).

11 PIMENSIONAL REDUCTION WITH GRAVITATION

_ When we consider theories in h:gher dimensions which include
gravity (or equivalently which are invarfant under local transformations

of coordinates) their interpretation in & dimensions leads to the concept

Cremmer ; Symmetries in extended supergravity

of spontaneous compactification of space—time. The 4~dimensional theories
obtained by dimensional reduction have new features. As previously, really
unified theories are obtained if we start now with supergravicy thaories
in higher dimensions (for example D = 1),
1 Spontaneous compactification of space-time

Let us start with @ theory with gravitation in & + N dimensions.
As previously, if we want to interpret it in & dimensions, we need the
background 4 + N space-time to be a product of & compact &pace of dimension
M by an ordimary 4 dimensional space-time. But now this requirement should
follow from the field equatiens (for the metric g and eventually the
other flelds) This is called spontanecus comp_a_xctihcatwn of space-timg
(Cremmer & Scherk 1976 b, 1977a ; Cremmer et al. 1977 b ; Luciani 1978 ;
Palla 1976). '

Then the theory is exranded sround this particuler solution using

“harmonic” functions For the invariance group G of this compact space of

N dimensions. The problem of 8h0w1ng the stability of such a solution is

in general difficult. 1f there are several possible classical so}ut;nns,
the choice between them is not cbvious since the energy is not well defined.
We could even have solutioms for various decompositionsof the 4 + N space~
time : boundary conditions could eventually choose betweeu them, We could
also ask that only quantum corrections provide such a spontansous compacT
rification, but we would need the 4 + K dimensional theory to have 3 mean-
ing at the quantum level (finite theory ?).

It has been shown that such solutions exist. In particular, in
the system Einstein * Yang-Mills, it has been shown that we can require
that the fh-dimensional space-time should be flat and the internzl space
a sphere SN. 1f we can make the limit L€, (L~ size of the compact
space) and keep some fields with a Finite {or zevo) s-dimensional mass,
we can truncate the theory in a consistent way and deduce a theory ind
dimensions with a finite nuwber of fields. This is equivalent to retaining
solutions which bave a specific property of symmetry.

The most simple dimensienal yeduction consists in compactifying
on a product of torus (this is always consistent with the equations ef
motion and is, a¢ previously, dictated only by boundary conditions) and
letting the size of the torus go o zero, This is equivalent to assuming
that the fields do not depend on the extra-coordinates. This is the
ordinary dimensional reduetiom. To 1 degree of freedow in 4 + K diwensions

corresponds | degree of freedom in 4 dimensions. This should uct be the
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case for other compactified spaces like e sphere for example.

.2 Dimensional reduction

Az we have already seen, the solutions of 4 + ¥ dimensional
equations of motion which satisfy 29/O4i= 0 can be derived from the
Lagrangien fouxVguny L { dixa)

soue rescaling of the coupling constants and the fields in order to give

where L is identical with £ up ta

them the canonical dimensions of a theory in & dimensions. These rescaling
factors disappear after Lmtegration over d“‘j . The world indices M
will be split as previously iote 4-dimensional world indices and intermal
indices.

In 4 + N dimensions, the theory has the complete repsrametrriza-

tion invariance under the local coordinates transformations
o™ = - §H (X)
s5¢ = 3 O,
SP‘H. gN 3N Hm*bm gﬂ HN

1\

In 4 dimensions, after dimensional reduction, the remaining invariances

will be those consiztent with the conditiom

S = VA0

« o= $70,. ¢ -r}ia:‘}l’
% Ed=0 =5 u=o0

aSh.z VO, A, A1 A 42T A, i‘-‘-iéfé,.
%G00 = DN -0

» Sh; = 3“399‘; -+ E;;‘l’ﬁy ?3-3.){“:'.“'3.& giﬂj
dA =0 = % -0

The results are summarized in

1° = 17(x,) 3 Sa = a,‘i )(5.4— §"fl’,) s a‘; = Csta

13
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The rescalings we had to make on the Eields restrict to trapsformations
which preserve the volume element dN‘g i.e.a' [ = 0, These transformations

correspond to the following symmetries in 4 dimensions

S = TU00 Reparametrization invariance in 4 di:en‘
) sions

u{l )'N local invariance

SX;' = - $£ (%)

Sn‘: = _Q“'; x3 SL{N,R) global invariance

31 Dipensional reduction of pure gravitation

_ {a) Let us apply the previous discussion to the reduction of
the pure gravitation (Cho & Freund 1975 ; Cho & Jang 1915 § Cremmer &
Julia 1978, 1979 ; Scherk & Schwarz 1979 b). We start with the Eipnstein
Cartan formulation of gravitation deseribed by the action (we have chosen
K=1) :

g = - %jd**'ic e Riw,e)

vhere e,,"‘ is the vielbein field, e = det ehp‘
for the -local Lorenzt group SO(N + 3, 1)

'wHAB is the connection

M NE ' c &
Riweyze ¢ (DHwNnB_anrﬂﬁE+mth~ &= Yac B I)

> is an independent Field which does not propagate. We can solve its
equation of mption and obtain G = W(e}. The fnvariances are the repara=
metrization §n 4 + ¥ dimensions and the local 50(N + 3,1) Lorentz inva-

riance. Let us now perform the dimensional reduction. Writing eu'h as

: « a

o (e,. e, )
mT o Ne ¥ ent

0f course, we require 3; e};‘ = 0. Moreover, We break the local S0(3+N,1)

invarisoce into 80¢(3,1) x SO{N) by imposing the conditiom 3 E;,.,“ « 0. This

condition does not restrict the invariances derived from the reparametriza-

o indices for 50(3,1)
a indices for S0{N)

tion invarisnce discussed in the previous sectien.

Se %2 17 e va ‘e, zo

~ d
50_,,“-: 32, 2. -r-D,,Sve,_"

a v @
e, = 3 S5,e,f +an” €

Se_*-“ R A b\;ﬁ‘& + a“gi C';“ - g\le'a
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. i R 1 “ - } .
Defining B’“ -€, €L (e, e, " = 5,]

€8 m 490,854 20,1785 + 2 14-a"; 83

, we obtain

Therefore :

- Bﬁi are N vectors, gauge fields for U(l} N in the :.-epres&ant:al:itmE
of SL{N,R)

_ema are N2 ccalar fields, in the N represeatacion of SL(H,R} {index
m) and in the N representation of SO(N) (index a}

- e),.‘ is the ordinary vierbein
We can define two tensor metrics invarisnt in the local transformations
50{3,1} x SO(N) '

o
Gav Dot g Ene evﬁ
Gig = Dab € 2 5 Yele

The complete metric tensor g, is then written in the Kaluza-Klein parame-

1]

trization L ¢ 4
G+ By 3‘&; 8, 8“ 4%
?MN =

% .
8, gy 4.5
It has, in parcicular, the property

deb G = detgis oebg (24 5)

N
Because of the U(1) geuge invariance, E)}f must appear in the reduced

" Lagrangian only through G/,.k. The simplest way to obtain gauge invariant

objects in 4 dimensions is to start with flat tensors in 4 + N dimensions
which are scalar under reparametcvization. Defining the anholenomy coeffi-

cients "QMIC

[Dh,ae]aierqﬂa;4)€ DN] z .Slﬁe’c Dc

we cap rewrite §,after integration by part, as

. éne 2¢ .®
S= ijdl”*rL&nac"zgnac - & Ses 51

After dimensional reduction in the SO(3 + N, 1) gauge e: = 3, the anly

non vanishing coefficients are Lany 3
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i

T

_Q-ﬂ’fé = e&ceﬁd c‘dﬁ o

Sybe =- Noge = - ety e™y D.ele
Then, we immediately get the reduced action in 4 dimensions

5'———-18”‘;\’_@@{‘:{“—3‘,* ANG';'% g
1316‘{%tb3}e it 3“‘)3 3,,\;3@5*1}

<IRPAVRC RS ,
We can eliminate A Ssﬂ in front of R by a Weyl rescaling
[ o ‘VJ'.
e” - EM Fa)

We finally obrain

S =1 (4, R
S0 By 8 4 970,85 0u97 |

4 ;«g- NE A
l_,rbﬁ"} gh Gﬂ' G?r

This describes | graviton, ¥ gauge vector fields and N{K-D /2 massiess
scalar fields. The invariancesare the reparametrization in 4 dimensions,
logal U(]}N and global SL{¥,R) as well as local 50(N) and 50{3,1} Lorentz

hidden in the metrics 255 and g . As previously, it is not a vnified

JJV
theory of scalar, vector and tensor particles simnce no symmelry relates
By ?‘ij and BPI. Let us remark that we can axtend the SL{N, R} syeme-
try to GL{N,R) by adding the following scale transformations which preserve
5

_:'_..u .

g‘J —"9)\3.‘} )(&_’:’A b) jB -—b/\ “‘B}:‘

(b} Structure of the scalar fields

Defining E;i.such that det E‘ij= 1 or gu- s & , the part of
the Lagrangian which describes the self intaraction of the scalar Flelds

(together with their couplingsto gravity) is written as

—-jclj,x a2 [(-qm)a logA%log & ~ D Ju; 3G ]

N 3 15 48
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£;;i5 2 symetric watrix of determinant equal to 1. It is an element of

the coset space SL(N,R}/SO{N). This structure is better seen when we ve-

introduce a N-bein é';a such that
- = b
3“’-} = 20 Do eﬂv
é‘-‘is an element of SL(N,R} defined only up to a S0(N) local transform-
ation. If we Forget for a moment about the local SO0(N) transformstions, a
possible Lagrangian for <€, “ invariant under SL(N,R) is

— a4 — -
| S VP Sﬁeb“J £ a : ( @ ,inverse matrix of €, " )

- =
where & U8 {s now an element of

Te[@" e )
~ f‘[( =) ] the Lie algetira of SL(N,R)

Tt is invariant even under SL{N,R) » SL{N,R)}. Since SL(¥,R) is non compact,
Tr(e" .2 }T} has beth positive and negative terws. Therefore, L .
cannot be positive definite. This nop-positivity problem can be solved as
vsually by intreducing a local gauge invariance @ SO(Y¥) im this case. We
now start [rom the gauge invariant Lagrangian
- -t
L ~ Tr(t&'D.a)")]

: - a o = b
with D,-f',«. N - S .

b

b, .
.—9-‘“ . is a pauge field for the loce SafN) invariance, it belongs
to the Lie zlgebra of SO(N}, i.e.- is antisymmetric in & aud b. However,
we do not intredece any kinetic terms for R so0 that the Lagrangian
being quadratic in $L,. , we can solve its cquatiens of motiou
e | -~ 2
LNTTL{G j,uﬂ -h'ﬂ.lni-}]

- A —
We can decompose € J‘,.e. into two parts parallel and perpendicunlar to

S0(N) with respectto the Xilling metric i.e. im antisymmetric and symme=

tric part in & and b

-

= o~ = — i — & -~ el
e, ‘Jﬂe. ;(.eﬁ")»e"' ‘}fl +(E, ‘) €, ).L

The equation for .'S?-ﬁ ig solved ime.diately by o
%

v}

”&

-

T — an .6
= (eﬁ”D, e.-b y (:'—"5(3& J..e, - ae:b))

so that after insertion in the Lagrangian, it becomes
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L~ TelE&™ 3;..73 :_]

Since SO(N) is the maximal compact subgroup of SL(N,R), L is
now positive definite. Although Si,, has disappeared, L is still gauge
{nvariant. It is invariant vnder the following tramsformation on e

= a c 3 . & a
. - 4 e,

S‘- j'being a constant matrix of SL{N,R} and C-L,-,,G{x) s local matrix of SO(N}.
with a little algebra, we cac show that this Lagrangian is in faet only
function of the gauge invariant quantity _g'ij and can be Tewritten as

R YR
Loa - Ted2.89%3™)

1f we write & as exp w whore w is an element of the Lie algebra of SL{N,R).
SL(N,R) and O(N) do mot act linearly onw. The maximal subgroup which acts
linearly on ¥ is a diagonal subgroup isomorph te SO(N)

= ~ g
e = e

This structure is a particular case of what is called G/BE -

model where now the scalar fields are delined on the coset space G/, for
example, the {:'P’"\hi models are SU(NY/U{N-1)&6- models. We can use a non
compact group G provided H is the maximal subgroup. Although the gauge
invariance H could seem artificial, the K-bein Formalism is necessary when
we couple the theory to fermioms. Hoteover, we know from the properties

of the 2-dimensional (‘.I’N-1 model, that it could eventually lead te pon-
trivial quantum effects @ this local symmetry could become dynamical.

4 Dimensional reduction of coupled matter

) Let us now consider some matter in 4 + D dimensions coupled to
gravity : scalar marter and vector matter. This last one will exhibit some
particular prablems which will occur in 2 more complicated way later om in
the dimensional reduction of 11-dimensional supergravity.

(a) Scalar mattey

Let us start with the scalar Lagrangian

o TN
Ls = .{d "“%3’ anq)oﬂq)
Assuming as usual 3; 4) = 0 and with the previous formula for B Ve pet

immediately (taking into account the previous Weyl rescaling)

L‘:)::.- jdq" Vz, 3:\" ‘b» ¢'_‘)¢¢'
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{b) Vector matter
For simpliecity, we shall cons:.der onlyan abehau gauge field
deseribed by the Lagrangian

Ly = ‘(dwl;lc % ‘sﬂnjm M Nq

[‘U is invariant under the Following transformations of AH {together with

corresponding transformations of gl‘IN)
TV, Ay + O, T AL 0N
EH": ™ + I [ =
After dimensional reduction with A = 0, we get

SR,z § A, ¢ 0. S Ave LT A AN
Shi= LA v a By

As already noticed, A/L transfoms not enly under its own
gauge group (A) but also undex the U(i) gauge group associated with the

vector flelds B}., Hawever, we can define a new vector Field a)# which

is invariant under this U(l} gauge group. Tot this, we apply the general
methed which is to start with a flat tenmsor in 4 + K dimensions aA

[
P'R: Bﬂ F\M

and reduce it in 4 dimensioms, We get
A me A ee A T (AL-BIA )z, A
Az e, “A; -r/é%:i'ﬂﬁ e, AL
The reduction of the Lagrangian is obtained by starting by the flat tensor
o= €0 P S € dnfe e dmPy —Ran’ Ae
for which we get
Fap= €€, (3 A, -0 R), = &l h)
Faaz @t €D, A,
Fib= ©

The Lagrengian in & diwensions is then immedfately obtained after the

previously defined Weyl rescaling noting that Vg %“':3“' is a Weyl rescaling

19
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invariant
Y2 (%[ B -;"'3,;"“ &5y 8 ) (Fer + €4 A

As previcusly, the SL{N,R) inpvariance can be extended to CL(N,R) by addimg

to the previous scale transformations, the following cnes

- 4

This example has shown us how to define pure geuge fields in 4 dimensions.

& Supergravity in 11 dimensions {Cremner et al. 1978 b}

As we have seen, the maximal disension in which a supersympetric
theory leads, after reduction in & dimensions, to N£LB supersymmetric
theory is D = 11. Therefore, supergravity in 11 divensions should corres-
pand to maximal N = 8 supergravity in 4 dimensions. The unshell massless
states {n D dimensions are classified by O(D ~ 2). A graviton Sy has
172 (D =23 (B - 1} = ) or 44 degrees of freedom in 11 dimensions. A pravi-
tmo"{/" with & Hajorana condition has 1/2 2“”2-l (D - 3) or 128 degrees of
freedom in 1] dimensions. Therefore, 84 bosonic degrees of freedom are
missing : it corresponds in faet to the tepresentation Aijk antisymmetric
of 0{9). We can associate to it the covariant tensor “'rmr with the gauge
invariance

Sﬁnup = 2 -')[n Sulp-] gNP=' %Pu

1f this guess is correct, only gauge fields appear in this theory and then
its construction should be relatively simple. This is true and we can
constru::: a2 locally supersywnetric Lagrangian function of the 3 fields

ei' N "PH and AMNP' Because of gauge invariance ‘\{NP appears mainly through
its field strength F!{NP = 4 q}( ANPQ] The lLagrangian is given by

L-.:j'd nfl—%i?(m) - "f \{Hr D,,(tg:_‘e)%

IKLMNOPYRS
-2 F Fn..le 2 T P;
at Mg +@-_)z 2 v nm RQRS

‘SM P P? -~
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- . T fy
with Wi = Wege — 2‘?'_ l-I’P T‘Mn% ‘-YQ

3
3
-3
o

i

L] 2 - . —
, = Wi @) rx (Yaleta BSOS FELARLY
Replacing ™ by & +..., W s solution of its ovn equation of motion when

it is considered as an independent variable (lst order formalism)
el

FMNPQ = FMNF‘(? -3 "F[m e u“?]
The term § FFA is gauge invaviant up to a total derivative. L is invariant

under the following supersymmetry transformations
A . = AR
e, ci el Y
5 App = % € “-Erm "’Vr]

W =~ %:Jnkﬂ?“$+‘%q. (f”""“m_ %8: P )I.;“OW ) €

tl

é and F are supercovariant ocbjects {their variations by supersymmelry
do not content V& terms).

The bogonic invariances ave :
"
{1} reparemetrization invariance £ i) 2
(2) leecal Lorentz invariance S0(10,1) f.\ﬁ {x)
(3) lecal abelian invariance for Aﬁll’ Luptx)
We can show that the algebta eloses on-shell as usual. The geometTical
interpretation of A, a8 a gauge field is still unclear : ena“gau_ge"the
cranslations Pl‘i’ q‘ " gauge the supersymenetrles , what do A'HZNP gauge 7
Let us finally note that for the counting of degrees of freedom
we could have vaed a field AIDIOPQR with gauge invariance % A‘liNOPQR -
& D[n 3!00?9«] . However, although we can construct & free supetsymme-
tric theory with this Eield, it is impossible to construct av interactive
theory (Hicolai et al. 1981)

6 Dimensicmal reduction of 1l-dimensional supergravity in &

- dimensions
We shall perform now tue ordinary dimensional reduction of the

)i-dimensional supergravity (Cremmer & Julia 1978, 1979). We shall also
perform duality transformations which change a pseudovector field into

a veetor tield as well as @ two-rank antisymmecrie tensor field into a
scalar field. This will make the physical content of the theory more
similar to the ordinary content of N = & supergravity. However, the hunt
. for the hidden symsetries will be discussed only in the next part.
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fhe field content ia A dimensions is sumawmrized in Table I1
and haé to be compared with the field content of N # & supergravity i

w R %) ha [Aaco) ABLOEFEY—
3 L W,, ﬂff o\ 2 q’ = %,E q’a:tu
1 ] 28 56 70

TABLE LI
11=D Field | 4-D Field Number | 4° of Ereedom Total 4° of
freedon
Qo 1 2 2
. 2 14
%y 28 ! 28
&4
Ay ¢ 1 0 Y
Aus 7 ] 7
P‘rvmp >

R 2) 2 42

o rq
ALk 35 1 35
' 84
yw R 8 2 16
" !

W, ~—>
" q}_.ﬂ 56 2 112
' 128
{Am=1...8)

oy L



22
Cremmer ; Symmetries in extended supergravity

{a) Diagonalizaetion of gaupe transformations

i In 11 dimensions for A?[NP we have the invariance under the
follow:'mg reparametyization and gauge transformations

Sﬂnmp =2 'Doﬂ‘.-q nﬂ"l‘? +$Q3Q9M,¢p -v?.):‘hg,\.;s]

Restricting to 3; Cup = 0 and previous conditionsz on SH, we gat
“*
ALk = <o, ALY -~3a " My
- ~ . Na & o
%ﬂplj = % A +0, Ay, +,1 F'aa'j"j-afb ﬁ“ﬂg-raug\.a

A iy A .
Ay’ Tavi
transformations. We can ag previously define invariant tensors starting

K- N P . .
from hABC u QA EB Ec MP or in 4 dimensions

FAN —- -
t . . .
anis = €.€. G? nda'a = ﬂp£} - %ﬁ ﬂ‘.,“-}

As usual, and a,udf are iwa;iant under the U(l)? gauge

i

R:

AV g

- .E ;
efefe Aupa=h, 2830 *_3.._93 LHI

' <
Undetr the gauge transformaticns g and 3 we have

ij
SALe <O " saj,,;:“ans-

=
Sz 2 By +2 NP LSS

therefore '\:uv { is no longer ipvarisnt under t‘hegg‘} gauge transformations.
There is in fact no way to define a A:;N i which ghould be a gange field
for 3»;_ transformations and invariant under the 3‘ and f"j, gauge transform-
ations. The same problem arises alse for A:"‘"f . We can nevertheless
define completely gauge invariant tensors starting from FABCD

Fubed = @ efe et 20

R
F-q}c..d - G“‘“eﬁ“'g“-edﬂ F“w;"

Fipad = e ee, g Flel
- %
Faﬁfi = €le el e Floee
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This defines in particular :
LT , ' &
F,mh} = B“H{HJ -oDu ﬁ),;." + G“H n%&
L ‘. . ’ % ’

(b} Duality transformations

They allow to transform a maguetic field into an electric field
or an antisymmetric tensor LY into a scalar fielddp. Let us start with
the following Lagrangian

—f-o-'- {-.: tsz;an F,.-m.f(J E.w'etr)

where Fou» F‘yvf and Fpueﬂ‘ are, respectively, the field strengths of
the fields Au s byy and Auve which do not appear explicitly in o Up‘
to topological subtleties or harmonic solutions, thase field strengths

are characterized by the constraints

dFog=o 5 BHpa=°

; |
no constraints for ﬁ;"?“‘

We can therefare use a first order formalism by implementing these cong= -~

traints via Lagrange multiplier B. and ¢ i.e. by edding to o i

as~d
ad = & :" (B, 3y By + &, Fuea)
- E* {!‘('aq%) Fer +o.® F;W)

In .2’ + A& we can now integrate on the fields Frg P),.,g amd F, o0

which appear algebraically and we get a new an order Lagranglan o< 7

'z (6,0 D)

with G., = %.%, N1

In the present case, we shall make the following transformatiom

[:J" &; - B#A‘ 3 Aovi s @L 5 H,..ue eliminateg.

Because of the previous discussion on the varicus gauge invariances,i{ is
: L . iy “ . .

function of F . 0 o+ Tyl s Fover and A;3te - Taking into

account the definition of F? 1, W must add o (after integration by

part)
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o= b P -
%1 D,u."b Fvgq-';. -+ ﬁ;¢ Gvf F)ﬂri‘?

ad=_ gaveer
. et ®
+1 8, (Fees; = Geg Aije) ]

R

Remarks : 1. At the quantum level 3 there is ne exact equivalence between

A, and ¢ . For example, they contribute in 4 different way to topological

counterterms at the one-leap level.
2, .Taking into account the harmonic solutions allows to intro-

duce some extra-parameters in the theory. This is easily seen in the

case -of the elimination of F,eq (Duff 1981 ; Asriila et al. 1981). Tf -

we grart from the Lagrangian o = - %5 F.-Ner

The variations with respect to Foaves and a’u‘.( lead respectively to

51/5 Puver

/s P g

where a lsan arbitrary constant.

© Faves = © )

o 3 Noueg= @ or Fover = G'EJN'W' (1)

It is easy to see that (IL) can be derived from the following Lagtangian
AT

2
f [
£ = - m F_ndcq" -+ o € FM\!(U"
when F is a eurl, the extra term is & total derivative.

T
For th: :olutian Fuvew . € uver ,5( has the value ess , it corres-
ponds to a cosmological constant. This mechanism can be implemented in
the reduction of | 1~dimensional supergravity (Aurilla et al. 1981}
(c) Bosonic Lagrangian
We then ger the c_qmplete bosonic Lagranglan in terms of the
fields 4uv - §ij B;' .-3-‘:.1 ) ¢;f- and Ac;-,? (i = [...7) after the

Weyl rescaling

Loz - ..f; R+bg+ly
e il L -~ L im R
Le=-£ 9 28+ 59 L lgthigh - I LAuA,.T 578

i W k T L)
- 23870 1819 B JOAN 4B A, A )

with

Y, LiR€mna
vhere - "ﬂ"hc = “i‘z £ d »qmw
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LY v x : T e
Lv= f‘;‘mﬁ k] ‘5»* Gy Ge?q-*“:‘s ™ ,,kann“‘sj: ‘e?r

gl Y Ll o e
VA EEh 6L A - & Y Y

3 i3 : g | -
are T 2 G4 2T n g0 60 - (076N G )

'ﬂiié‘&e = ;—(glhsi{, S;tﬂ'}%)-’{. ‘fﬂij&e.]..q

v ¥
For the indices p v , ] atands for 142 (gu?s I'_ﬁu svf]
H A m“NerT
and 3 stands for 3, £
{(d) Reduction of the spinor fields

The 11T macrices 32 x32 of the Clifford algebra can be written

as

B
=" 1 4 ¥ =0,1,2,3
a R
T—.A - xS & Q.q) 2 a ow1,...7
A=1...8

L . .

The (I“) g form a Clifford algebra of 50{7) and are real and antisyumetric
8 x 8 matrices.

As f:;r A} ;_:*

riant under U{))’ gauge transformations. We also make scme Weyl rescaling

we can define ¥, and Y, fields which are inva-

.

on thase spinar fields associated with a rediagemalization of the kinetie
term for ¢, and Ko

q‘A. = ‘Q.‘ a“ﬂ’?(q’ﬂeﬂi{—%xsrﬂ f“uc’Menﬁ—)

i)

7 LS
Then, from the kimetic term in 11 dimensions for q»’M,we get

b . O A H ~ A wnb & 8
R e N L LI P R AL T
: + scalar couplings '

A final diagonalization of .o 's kinetic terms is made by the redefini-

tion. Mae = ;;,: f'[‘fhe' "J“c]
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which leads to

\ o ’ a B3 ] ag - T iju? .ctr

Lk; = 42 Dag. Y% dnee =3 {e vGib r‘[ms(? TR (3"@ " " ;‘P‘a‘")r -Lg
2 A2 A : : 3

Some further chiral transformat:.ons on L.I— and AABC are made. +2: Vg e, f-’"beﬁ 3\; ﬂ.’h r[as co] }

. ] . ¥,
‘{u =Q‘Xs) e new 5 Anae = bk Y 7 Mace vew

{e) Spimor couélings

P°ABCD satisfies the self-duality relation. ( @ designs the complex conju-
In order to obtain a simple form for the spinar couplings, a v

gate) -~ CORE
£ ¢ ABcn ABLOEFEEH
lot of algebraic properties of u“),g matrices are required (Cremmer & Py = L& Py EFaH
Julia 1979), for instance e e 41- 4 o [
t -
F(ﬂb (:] - _ {‘Eﬂ'\: r'd \ ‘gﬁ% r}’ 'l_ fo ‘b +& Wﬂ}ﬂe c r
se¥ e =T3m he co)/'&O e 1 Py
*(G'eq v §f Goc - :‘..\!T:; AT A er)} ;
the use of X is crucial in this tremendous simplification and we . —_ :
ABC i We can note at this stage that the Noether eoupling to'{) A 2 is
get finally eV w ARCD
nothing else than the square root of the scalar "kinetic term” L as it
¢ 4 Jwgtr —_ o B =3 : 8
F = 35 £ f ‘( (3 '3 (?v A Jq" is ususlly in supergravity.
- - {f) Supersymmetry transformation laws .
S 4AE - 3 - o A
..1_5 )i Y ( S %Q#ﬂ ) oRc In the reduction process, we assume that &  does not depend
e v o vy F'° ﬁG‘DA on the extra-coordinates : that is necessary for the compatibility with
3 ~0 hec the no~dependence of the fietds on these coordinates. The 32 components
-— . —_ N : .
- W:;,LV .}:’Q‘fi%a,_ *‘_qfi \J{,‘ 3:%\’“:'\,‘ B¢ then split into 8 6‘ 4-component spinors in & dimensions.
472 . In order to determine the supersymmetry transformation laws
ARCOEFEH . ) )
& ! ¢ ° " pae 3‘° ‘}\p in 4 dimensions, we have to keep in mind all transformations on the fields
- DE (4.}
29302 we have made during the reduction and also redefine in by chiral and Weyl
* quartic ferm:::;s transformations. In order to preserve the gauge condition e, =0, it is
- to add @ com ting S0(10,} transformation 2% 4 . We
vhere ¥ is 2 seif duslity coefficient ( Y= X1 } depending on the necessary o add a «© Spensa ing 80€10,1) gauge tran 30 on S“U
, s al redefine by combining with local $0(3,1) or local SO
explicit representation of the M ' mateix of SO(7) defined by can aways re 5 A & @ (3,9 )
o " « " transformations. This will simplify Ss and allew to keep the canonical
i «
r[:'naz. co] = ‘r faemgnn r[er GH] _ form for Sgﬂ
a —_—a —a : o ol - =h o
th R P ABCD and am 2T given in terms of e‘g, ¢" R H;,‘éb s ge.. = -+ € ¥ ‘t';a
4 4‘.
‘,uu' and &, by _ When we perform duality transformations, the new fields are not
Qvn —.1 [eiﬂ.av €.u r°'°+e;‘ (a\f‘P(_ 4 "n‘i“DJﬂJ-“)[‘“ funcrion of the original fields {except on-shell and in a non local way)
i A J& 3 8 we derive their trangformation laws such that the first order Lagrangiam
L .b -
-i"‘- e .,e""., e!, 3,9;"4 P ¢ ]h is supersyumetric followlpmg Van Hieywephuizen's method. Let us show in a

simple exemple how this works. Let us start from a symmetric theory with
a Lagrangian «( Fove ,w)  uhere Tuve =3 & Ry . It is invariant
under some transformations &f,, and 3Y . Let us now consider the firsi
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order Lagrangian

4 57-’("'»‘1!,'*) -+ &»vcf'D,.F#w

Under S ¢ and 'EFAN‘ =% DE_ Sﬁvn , 5 ‘is zero only if Ew( is & ‘5

curl, therefore it can be written as
5= €77 ¢ Fuse O
Then it is obvious from
54’z £ R, S 4 €T 2R 89 |
(R = ©) o e L

b

that by choosing Ph--5 the Lagrangian & ' is now invarjant under
S‘V 2 i'r:,mlf‘: ?:l Sg\fﬂ
ta the elimination of g Although this methed is simple in principle,

it can be very complicated in practice to determine 5.

, and 54 =-S5 and we can proceed

The next step for this theory will be the hunt for hidden sym—
metries which will be discussed in the next part.

7 Concluding remarks on dimensional reduction

{ay The dimensional reduction suggests hidden symmetries. Ome
exaople which will be developped in length is of caurse the ¥ = & puper-
gravity. But previously elready, the possibility of reducing the 10
dimensional supergravity has suggested that there could exist a formulation
of ¥ = 4 supergravity with an SU(4)nJ S0(6) invariance of the Lagrsngian,
instead of only an invariance of the equation of motion. This theory has

been constructed directly and shown to be equivalent to the other formu-

lation of N = & supergravity as far as the equations of motion are concerned.

This bas allowed, in the ssme time, the discovery of the first hidden sym-
metry im supergravity i sU{1,1) for ¥ = & supergravity (Cremmser et al.
1978 a}, : '

' (b) There exists a mathod called “dimensional reductiom by
Legendre transforn” which can partially enlve the problem of finding the
auxiliary fields (Sohnius er al. 1981 ; West 1981).

{¢) There exists a modified and more general version of
dimensional reduction (Cho & Freund 1975 ; Scherk & Schwarz 1979 b). It
still associates to 1 degree of freedom in 4 + N dimensions, | degree of
freedom in & dimensicvs. The gravitatiousl sector instead of generating
U(i)“ gauge group, geuerites & Dom abelian gauge group with W generaiers.
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1f we require the sbsence of cosmological constant and the positivity of
scalaz potential, we obtain what has been called "flat group”. Btarting
from a mazssless .theory, it allows to introduce mass paremeters and to
generate a potential term for the scalar fields. In the case of a super-
aymmetrie theory (without gravitatiom), it ends up with a theory which has
soft supersymmetry breaking in general. In the case of & supergravity

‘theory (local supersymmetry) (Scherk & Schwarz 1979 ; Cremmer et al, 1973 ve

end upwith a theory invarisnt under some new local transformations like

supersymmetty but the local algebra has changed and in general it is not

possible to exrract a global algebra from'ic.

11! MNIDDEN SYMMETRIES OF N = 8 SUPERGRAVITY IN 4 DIMENSIONS

From dimensionsl reduction of the |l-dimensional supergravity

we have obtained a N = 8 supergravity theory described jn terms of the
Fletds guy » ‘A 82 L 3fE L xge or R0, g7, & which form
representations of 50(7). The natural question arises : is it the same as !
the § = B supetgravity expected and described in terms of irreducidle
representation of S0(8) 7 & first remark is that the M = 7. supergra- '
vity is expected to be the same as the N = 8, the fields being describad
by irreducible representation of 50(7) in particular the scalar fields
which are in the irreducible 35 representaltion of 80(7}, but the scalar
fields coming from the reduction g;i ' @' are in 28 + 7 representation
of S0(7). This problem will be solved by the discovery of the hidden sym~
metries of N = 8 supergravity and by a special property ef 80(8) : the
triality which allows two different embeddings of S0(7) in SC(8}.

1 Ceneral ideas for the hunt for hidden symmetries

The main idea is to try to gemeralize what we have learned
from dimensional reduction. The scalar fields coming from rhe temsor
metric are deseribed by a coset space SL(7,R)/S0(7). Therefore we would
like to describe all scalare and pseudoscalars $y a '
coset space G/H. It describes, as we have seen, an element V6 defined
up te a local transformation of H (Coleman et al. 1969 ; Callan et al.
1965). The theory will be invariant under the change 1)-—? 3 h (=)

3 & &, £ty H together with some transformations on the other

fields. Writing V = €xpw w € dWie (G)
the maximal linear subgroup acting on w will be H 4 defined by

v £V E hEH
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For the N = B supergeavity, the maximal linear group acting on the 70
scalar fieldls ¢ABCD is expected to be SU{A). Therefore, we should have
dim € = dim "SU(B)} + 70 -i&_ This i6 consistent with G = E?. G must
be nopn compact since it contains the non compact group SL(7,R) derived
from dimensional reduction. In fact, there mxists & non campact versiot;
E?(Hr‘) (the normal form) whose waximum compact subgroup is SU(B). This
will ensure the positivity of the Lagrangian for the scalar fields.

From previous Tesults for NS4 (Ferrara et al. 1977 ; Cremmer
et al. 1977 a ; Cremmer & Scherk 1977 b) wa know that HD is rvealized only .
on the equations of motion when vector fields are present. In Eact, for
vector fields Gaudﬁnaxchange the equations of metionm D“H,.v* 0 and the
Bianchi identities J"‘g,,,,r.o(see alse Caillard & Zumino 1981). Therefore,

_if there are H vector fields, 2 N should be an irreducible rep:’eseutationi

of M, and therefore of C. In fact, the fundamental representation af E,
has dimension "S_Q_consistenl: with 28 vector fields..

‘ From dimensional reduction we have learned also that vector
fields are szinglet for the gauge group 50(7) and that the spinor fields
are singlet for the global group 5L(7,R}. We then expect to describe the
suﬁefgravity. by : I graviten singlet for E'7 and SU(8) ; 8 gravitinos
singlet for E'..__, and in r?vpresentatiou 8§ for SU(8) ; 28 vgctor fields whose
field strengths €., andH_,~ /SCN are singlet for SU(B) and in the 56
representation of E,, 56 spin 1/2 fields singlet for B, and in the 56
representation of SU(8), the 70 scalar Eields being described by 8
56 x 56 matvix of E?, which transforms asg 56 for E
for S0(8).

7 and 28 complex

Therefore we shail show that there exists a E?ISU(S} formula~ -
tion of N = 8§ supergravity described by the pattern shown in Table III.

TABLE III
D=1, N=11 D=4 ,HR=8
E./50(8)
+  Supergravity : Supergravity
Dimensional | reduction szié‘zng';;:u(g - B\Sym;s.:rilﬂs
auge fixin
L g
D=4 ,N=8 D=4 ,8=8 D=4 ,N=8
SL(7,R}/50(2) wality SL{T,R)FB0(T) 50{8})
R-supergravity Supergravity Supergravity

31

Creomer ; Symmetries inetended supergravity

The R-supergravity is the one obtained directly from li dimensions where
some of the scalar fields are described by antisymmerric tenmsors. The 30(8)
supergravity is the ordinary formulation of W = 8 supergravity on vhich
partial Tesults were obtained (de Wit & Freedman 1977 ; de Wit 1979}, When
we fix the peuge of SU(8), Chen the group E, acts on all the Eields, im
particular on the spinor fields via.transformacions of SU(8) which are
function of the scalar fields.

2 TRestoration of SL(B,R) symmetry

Before defining E}. and showing that it is a symmetry of the
theory, we shall perform an intermedinte step at the bosanic level and
exhibit the 5L(3,R)ﬂsymmatry and local SO(S)I' symmetry which unify B:
with B, ema g'F wiem §F . _ o

In the absence of pseudoscalax ﬂ;ik the bosonic Lagrangian is -

written :
(*) e u . " - R
- G ey b ygta, w8 WwbID
‘{5 - -fé- W3IE T %G o7 X

. 4. Trid o e ™ [ PR PLAI
« £ 456567 £ gifall 5@l P WL LT

L]
Defining S =

path- & 4t 5 &)
Lo ( Lh
FA
¢ 3 =4 with det § =
4‘."-" o;.-‘:. 4 P 4 4 G;
el={el -scl) , (Ell=-% )
(+
ﬁosj tskes now the very simple form
L L c
€3] d-’a’ ) e S S., G""' G?ﬂ- “g v
- E by vy = L /
'?'b —-4_63“ -)s;aa.‘ by <« §4 i |43 % g )
L
Ag discussed previously, we can reintroduce a B-bein oM
- [ b!
dafined up to local §0(8) transformations S-‘J‘-J :“l{;a‘ 1’3; j.-‘,‘
A specific choice of ‘If;-.’uhich breaks SO(B) local invarience down to 5007}

is % P o ) )
s’ — - “ ) debdt = 1
qr‘. — A (qﬁ ei‘ I3 ( e

Defining a.b; = 'E'i eéb € 8{ A;j ¥ and

* R‘bld - -_-.‘_Enh:-ﬂ", Re"s

=

, we can revrite the vector part
of the Lagrangian as , . s
et b er o’ i ke s T
Ly =-2€00% 2t € bee Mo cd

< o -
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d‘(, is & 28 % 28 matrix Function of Ay, only, that we shall not write
explicitly (see Cremmer & Julis 1979). The complete bosonic Lagrangian
will simplify when we shall take inte account the E, symmekbry.
3 Definition of E7(*_T_’_l
We zhall define E? by the infinitesimel rransformations in the

56 dimensional fundamental representation. This 5S6-szpace i3 spanned by 2

antisymmettic tensors %l and Y3 {4, 4= I...%)
| N . . . Ly Ematp
Sxd o Ayt AR Znnce dut
: Y
A TR LR PR B
. 3 Ai £ o . s :
with A, =~ g8 N L= ’E‘;i“ totally antisymmetric.

S = 0 corvesponds to the subgroup SL{8,R)
There are two invariants for B?, one bilinear invariant which shows that

E, i% 2 subproup of 3p{56) with the symplectic metric I

T g - = by

7

Another one is gquartic and characterizes E},
iy, e A i ey wi€

ﬂ_ :&"‘E"‘"”I" ) -.i He po cp]_
N 35[6 "j‘"lljkcﬂémnqop-r-ééébemnnp'x T

An element X of E, being also an elememt of 8p{56) satisfies

7
xP0 X = JS2 Xz ek
o) ~A
..57_2:—"“ -.rlz.

1 O
The subgroup SU(8) of EJI ig characterized by
[ X, QD1 =0 Xk X =14

or

4 _l_’q formulation For scalargand vecrors

Forgetting for the present time the fermions, the vectora'

g
equations of motion can be written ag —1)# (e H;‘_'i'«s =0
L wdr O
where € ¥ i = 31—/36;3’ (since B:' appears only through
o4 oy
6;3 ) . The Bianchi identity is written as Vu (e 64.’-,):0

ML
We therefore expect that Tz G;,’J Haev ;.f"r) could be 3 vector of the

a3
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56 representation of E?. Sinece H““'“d’ is a function of G;f and of
the secelar fields, there must exist a relation between F  and the matrix
deseribing the scalar fields {or the metrieH.= invariant under
the expected local SU(B)} The simplest covariant relation is »Q-ej‘f— R3
Since we know & , this defines the matrix R in terms of the original
s
scalar fields &Y ama Aupe . We find
R= VIR,

P e’ (Y] [&)

NI I SR T I
where + -

L'_l . Jl
O ) fb@! ],"b;i,

apd O is Function of Aabe 0nly and is i':omputed from Jﬁ*:.',;u‘

] » s
Defining ave'd' = 4 g[a'hf:'fsd']
s oeptap
-..lblbld} w’'be’d e Fs
¥ q = 1 g Acedt
24p

x -, . . P . . .
{ A is zero if one of its indices is equal to 2) and making the convention
that ali contractions are made on antisymmetric pairs of indicas to defline

the product of 28 % 28 marrices, we Eind

€ XJZ
y_.. ‘?-- - z&)y)
where X=XE,‘Y-_-Yt and T are 28 x 28 matrices defined by
z . - 2
X=A4A~+8 -u-;—a.ﬂm:‘in Av 3 ACRIA

Z
Y

3 2
A+B L AR AR+ AR L ATAATR

1

i

2 4 nt Ct A % atw
P+CR)Y 5 R™A~5 AR~ "AATA

We must prove that R s a macrix of E?' Since 1):-‘- and TJ; are in E?,
it {3 sufficient that J. should be in E,
?: 1}-'-‘1)'-— with ) .
O @An'b’t’d)
4)'_. = w€xp 4 = e.scp\l’
Aagerd’ Q.

. - x L) > ‘ L]
In this form it is obvious that Y= £E; . To prove 3 ag'A it is

. Por this we show that

necessary to notice that A and *A as defined previously satisfy *as®a = 0
go that ¥ is nilpotent V& = . Therefore the expression of the
esponential has only a finite numher of terms and is polynomial in A.
Defining v’: QL'L’-}— 3;..; now eatisfies . .
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VI, = VI,

If thig marrix & deseribes the scalar field, we must have
N -
Ly —¥e Tride R 3,&7) g

Computing this explicitly in terms of 1’1 ﬁ{i\z we check that it is
true and find ¥ = 1/152. This can be written in a form which exhibits the

local SU(B) gauge inveriance using the V.iel‘bein'b'—
- .S
Lex e Telfov)
4%
The complete bosonic Lagraagian ia new written in the simple form
- LT
Lg=~¢R-2;% ML R AR )+1 €76 Heg 4y

where Hf“""} is defined in terms offv 5 and R by the relation

n3=8F I= H ]

ey
v P d .
L. - At H — 1 V&e
H ‘YT ae e‘-"'} - € AG;ﬁ
&P being a symeetric wmatrix 56 x 56 of ‘:‘.7.
Let us now prove the complete invariance of the squations of
motion derived from this Lagrangian which has the general form
e i o
Lo = A “ [} (et o )
B = LE-’. +‘\G £ qu Hf‘f*-g(a‘u;%"‘;@
where LE is invariant under E‘.;,r
7 {1} The gquations of motien of B J together with the Bianchi

identizias for &,
e o )
2. (e F }) o , %N =o0

o
which can be wricten :) e ¥° )" Q covariant for E,.
(2) The othet fields belong to precige representation of 27.
Let us call them &

o4 LI “ £*“‘f“'63‘3 Iy

— I e - 4

I YT -
= Sty A E (6T Sy 562 M
scb "1‘4‘ ( 3 £% [42 a)

mr +
The secend term has the form g $2(%% /5 4] and consequently
transforws under By in the i.twe:u vay of & since the invariant of Ey is

as
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written J 52 ﬁ . Therefore .

5 F ) = < is covarient under E,

This completely proves the invariance of this bosonic theory
under E,, the local SU(8) (as the local Lorentz invariance 50(3,1))being
hidden in the metric R (as Guv -

5 50{7), S0(8), SU(8), E,(+7)
Before discussing the ::.oupliné to fermions, it is necassary to

reformilate l-'..! in & basis which features the subgroup SU(8). This basis
linked to the basic space of the CliEford algebra of 50(7) will show also
the two ways of embeddirg 50(7) into $0{8). ST
(a) Clifford algebra of S0{7) and 1.1.e algebra of S0(8)
Let us start with the 7 U“) matrices (a= J..:?, A = Loo.8)
which form the Clifford algebra of $Q(?)
{,‘-u.) !'ib} = 2 94\3 1

The U“)as are real snd antisymmetric, From them we define the antisym-

ala

metrized product of T matrices. re, are antisymmetric matrices
and peve gre symmetric matrices. They form together a complete basis
for the B x § matrices. The other matrices ave related to them via the
“duality" relation
abedef ahedeb ahac d - bedety
¥ P 4 s % £ e Pq

= -3
.The " ana T satisfy the coumutation relations

{ rob ] _ 5;$'r1g£
PEY = =2 (yeerPay=r)
ab
(r, ™1 = 27

3 “a 2% !
Therefare, defining Pl (.7 5—4) and notinge = (a, 8)

we get Ef“'b _’,‘]_’_%jh‘r\adj

This is the Lie algebra of 50(B) : a’ labels the 8 vector reprneatatmn
of SO{B) and A labels the 8 spimr representation of 80(8) To the trans-
formation & J(" "t \.’)‘i’ (I\ 'is antisymmetric) of 50{8) corresponds

in cthe spinor representation

8
& X" = i—kfuh’) ®A N RE ‘\h EXB
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f\h ais again an sntisymmetric 8 x & matrix (but different from A

Houever, the two 8 repreaentatwn of S0(8) are not eguivalent : there is

L .
no transfcrmat{on xP= 2 a R vhich would imply the relation between

A and r\n . But for the 28 antisymmetric tepresentatmu of 50(8)
ﬂ. L

. b
- spanned by x“b x"‘ the $0(§) transformatiom f\ ‘ om generates

"t g‘ 3
the SO(8) 'vector” representation of parameter f\n on x"% ‘%'U'. Jﬂ x‘.
(b) SU(8) basis for E 2
The basis which Eeatures the SU(8) subgroup is defined from
i . Y A (Y B e _
x4 and ‘/_-* by zﬁ% = Z; (r }h (x fl.‘ét‘ )‘6-,-1 =~ ¥an
Using & lot of properties of M matrices we can show that E, is defined

in this basis by the infinitesimal transformaticns

S2pp =

[ 4 =l
Mo 2oy ~ N Bpet Sagep 2
L2 - TN . N % .
where # is the complex conjugate of zcg H A is a traceless
antihermirian 8 x 8 matrix.zucn is totally antisymmeeric and satisfies

the self-duality conditien
’ S EFGH

z = L€ 2 (9= =A)

Arco (*_v. ARCOEFGH

) /
The bilipear invariant is now written in term of the symplectic watrrix-iZ

— A / ( 4,0 )
Zoandy — Zapn s SL= No, -
The subgroup Si_i(B) corresponda to 2 = 0 or to matrices of the group F..,.-
which satisfy EX".RJ]- ¢ or equivalently since

[EL]

s 2
x ——ﬂ.)‘-ﬁ- " for K€E7 tox’-’“ 1

{¢) Reformulation of thé previous results in this basis

We make the corvesponding change ou the matrix describing the
; .
scalar fields ffr A
./l)v" ( uﬁe } VRBHN
= o AR WM = A8
vV Pl W M
J .

g‘ﬂ' 1}’;'“ is an clement of the Lie algebra of I-:.’ and can therefore be
writtep - o)

1<
2 Q-"[ﬁ $)B] p) ¥ ﬂBoD

5.» nRes 2 Q 13

= EFCH
E- aARCD 2L Eageosren

) v

a]
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F [
The splitting between [.]#v- "I'.?H)"nndub‘l’ v ").L with respect to SU{8)

is now obvious {e - 01
Qv )y =2 (%ﬂ b o % (@

(3“1}_1'?}';-4 )J- — _ ) ~ARLD | DMU Ay

Under the transformations
s seo?E SKESUR | G EE,

a8
@A A and g A ABCD

field for che local SU(B) and ; ABCD transforms ae a covariant tensor
for this local SU(8). .

~ P
For the vector fields we tredefine B: = %t(“*’)h Bt&
~

. . 8
are invarient under E?. (p,..ﬂ transforms as a gauge

3

L) g‘
and correspondingly &,  and L . will becowe
3 / 4 6’.‘ H LAt Mg ¢,..u.l i
AV = = MmN = —a. L
i G,« L T ‘Iﬂ
F b d , r :.‘ !
The condition on & 9f .. = Qv Ty
is now written if we define ' F'= (;ﬁs)as
: ¥ AR

-~
Fuving = 4 Tuvn
The Lagrangian for the bosonic fields is then written

S A0 Ly wT . N
- - e » 4
Le> P\ +2 kﬁ%ca v 46 E 6 Hfﬂ'HN

e

& Couplings to the fermions

(a) Let us defme the transformatmns of SU(8) on Majorana
epinors : For '\n « Ny @ - 4 Ny €& Lie (SUU)
. real antisyomerric real syometric

sh, = (Ma®-i¥ A% Ne

This preserves the Hajorana property of )‘A. It is equivalent to using Weyl
spinors ’

ARY. A
A“ = 4-;%‘/\9 3 At‘.l..)"—‘ .J‘;i‘\n
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Ry

Shant= AaBag® 5 Sl = Aoy, | ez

{b) We have seen in the previous part that from dimensional

reduction the fermionic couplings can be written in tetms of the 3 obJects

A“‘B’ iAECD and F° op Vhich are function of the fields g ! , &t ﬁ\‘b,
a
B‘J and B 4 ., Let us now compute Qg T defined in sectian 5,

JABCD
using the scalar matriz ¥ {or o ) defined in section 4. We find (up to

the replacement ;: i by [ 33)

(-]

2 o @
Q\ig = Q\,a 5 Ponsen = L. aseo

Y

This shows the SU(8) lecal ipvariance for the fermionic terms (Note the
. 8
factor 3 between l":u A and )‘ABG for the gauge coupling to Q.,ﬁ ).

The coupling to the vector fields appears only through
@ and o
¥ ne = 3 &-y\f AG

(with always the replacement of A ‘3-35'). Since Y,.v satisfies

¥
vi ‘-" : ‘ \6‘ X)’\f ey
only the part of JF 2 4Y which satisfies &Fne,— T an ia coupled

to fermions. In fact com‘puting G'H%JN defined in section 5 with s (7)')
defined in section 4, we find
=0

Fuv ey = Vv

{c) We have to take into account that now I:he real vector for

E, ie no longer F  but 3 (N » H,..,.. ) , where HE . mey CONEains now

. = . . EF Fr
fermionic terms. E',q a& .po langer satiafiea the constraint an= *mine
but the modified one 7“5‘1 g With

R
L — A Q) < =—(BE 2y

Jovom = 3-‘4 ag "'?-ﬁ’-{%»h ‘P‘;u - “‘l’l.» X,;];\.s,_
. B X Fen

~2€ N N }
792 ABcogren ~ R) A~ Tlely

{(d) We have not worked completely all quartic terms although
they are completely determimed by dimensional reduction. We have conjec-
tured that they can be reabsorbed in the Lagrangian by the minimal

replacement

Baao—> 2 (5 am*P ))ane'_’i( war ""’"3)

3%
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W being given by its equation-of motiom.
We have checked that all the LP ¥ terms are correct, the dependence of
the quartic terms in scalar fields is correct and that the reduction frem
Na$ toN =24 gives the correct guartic terms.
This Lagrangian having the same structure ga the general ome
discussed in section &4, the proof of the 27 invariance of the theory is
exactly the same.

? The E_/SU{8) supergravity

We can now write the complete Lagrangian

4 - “gRuory T, T S o= Qs ®) e

»J LF)
-«r% 6 RS ...m M&x (5.\ D () -G, , )Am
AGeD A — - 1
ot Pusaco &, g £ B VNRMC £4%) *aco
Z
COEFE
*t-q-_- SI‘\’ ‘h %{, -—‘-\” 3”." }“"GC' ?\m‘?nc>“!“ﬂ1
2 !
bl = — &) (9, ——  F&H
- Pa.nﬂ.go: ﬁng.—. ~ 2% LY “5.1*1 Eheccu n‘t'd'] ’\ﬁ-} ]
Wi
Eaa = e 3‘,4 RB
ry —_ [4.5"
[ —{f7 [T % (14 \
Fne™ "rwae.*ﬁ%l'f@g "Vagu - Y $yy A aec
—w Féw
“‘i%_-s € necoeren A u-) N*)
o P
3 v pp (and therefore S ag ) is defined by the constraints
o . =
:;:ﬂaq, T4 ‘fwn%

We note that in ;.{ , one half of the coupling to S’qﬂa has been
F Fl
abgorbed in the term Gq ‘sc that H satisfies as it should

e
et =V E N6

BTN
Let us suemarize the invariances of the theory.

(@) It is invariant under reparametrization in 4 dimensions
and local Loventz 50(3,1) transformations.

¢(b) It is invariant under local SU{B) transformaticms acting
on spinor fields and on scalar fields.
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(c) The equations of motiom are invariant under global E, (+7)
transformations acting on field strengths of the vector fields and on
scalar fields. .

(d) It is invariant under the following supersymmetry trans-

formations 4
w ——
";e» = = b eﬂ -{-_ *}Jﬂ
foyi-n . Q Aagen
SS'U' U e ?ne,co ) ﬂo ) with

-] - e
. Xngen = € ’\ B‘O] "‘ Eﬁam::w (R;’\:.-J
S_‘ B» is derived from

- f.bl (R} N [ {8
8 "vic G Twg- 32 gy Mnec
? ( RS Yt *
- —Lﬂ d i wlr ABT
AR TR

C,.md is the dual pol:enr.:.sl defined onl}r on-shell
s U(“a ={D, Cw}'ﬁ -8 )6 :‘r ETVRA écq
L P 08¢ o =, ®@)
T “ﬂ \w <X ¥, r.r?)“ “a E'f‘-

—
D W A~ id

LAY Q
S Mpoe =ik g 1" eq, *i :FCP'&&".Q)

Wa check directly that ’P;gﬁaw, §m5 and (?,,neare supercovariant.

In fact, having guessed the symmectries of the theory (SU(B)
local x E; globel) we eould have written down the Lagrangian and the super-
symmetry transformations up to a few numerical coefficients which could
have been determined by checking directly the supersymmetry. We shall show
how this works for N = B gupergravity in-5 dimensions in the next part.

8 The symmetrie pauge

The gauge {or equivalently the parametrization) which puts the
Lagrangian in the SO(8) symmetric form wsually used in supergravity is the
ao~called symmerric gauge. Moreover, it- is the only gauge in which there
are S}l(8) linear transformacions acting on the parameters of the vielbein
deseribing the scalar fields (and not only the metric & ). By an
SU{B) gzange transformation we can imposa the condition

. vt
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' ’
In thia gauge, Vs generated by the part of E7(¢?) perpendicular to
80(8) Y = exp X
A= 4 -.uam “Wha o = '!' Engeogren ™

=\ R AR
'U' ( oeb\fww y W .ﬁ_.__

5!;:_&,,-—

(W apdw are considered as 28 x 28 matrices)

[-12-4 ]

)
Vs then written

At this point, it is useful to introduce the so-called inhomogenaous
coordinates of E7/5U(8) 'g, . (This discussion is roughly independent éf the
¢oset gpace considered G/H ; we only need H to be a maxiwmal compact sub-
graui) of 6 or equiva]ent].y GIH te be & symmetric space)

"‘3&3 2 T QN )68 (1]

This variable ’\4 is bounded by\\"éll(l. Then we get

A A
’!rr _ {———1'%3 ) niqql..l.jqi

S 4
I

The action of E.'. on ony is simple and gives the ‘s their names..

O "”) (”“;” E{p] )

constant matrix of E U matrix of SU{B)
with “a = (A+yc) (6730)
The SU(8) local transformation U is determined by the condition that T.rf‘a,)
is symmetric and is reabsorbed by pauge transformations,

Let us mote that apart from its definition, there is no simple
way to characterize “ARCD? in particular it is not antuywetnc in ABCD.
1t is easy to compute LU‘"I."' *? and get . aoco2nd ‘?r . In perticular

YA-33 VA-34 Jag co
80 that the kinetic term of the scalar fields is written in the simple way
Tat ARCD 1 4 -
Cornen P00 Tl =7 9 3’-"”']

In this gauge the constraint 3;036--"- A 37,.43 is solved by

Hovne = v(;g o :f {tha notation is now covgriant only for SO(8)
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and no longer for SU(B))with

A+ - -

K e, 0™ ( ki vhere ’Hﬂg‘,ao'_ %G acdas o %ac)
Tq~4 Ao ’

(we recall that | stands for 2'\3»(‘6%’ -4 'a"'f) and < for

ze Eavee )

Then we g8t

T -5 — 4 o
v pg, 2(\!1-‘31 —_'T'T)ﬁﬁ,(—b by

The supersymmetry transformations have to be mud:.f:.ed beceuse
the specific gauge transformations we have made, which put 17' in the
symmstric gauge, depend on the scalar fielda.

Iv HIDDEN SYMMETRIES FOR SUPERGRAVITIES IN D DIMENSIONS WITH N
SPINORLAL CHARGES

Ve have found that for ¥ = 8 supergravity in 4 dimensions,

there exists a non compact global invariance reallzed non lineariy and 2
nidden loecal invariange of the theory. These properties are true for, all
supergravities. Let us give the general ides to find these symmetries. We
shall assume that the scalars ave always -described by & coset £pace G/H.
B which is isomorph to the. paximal group linearly realized on the physical
states is the group of imvariance of the algebra of supersymmetry for

inastance SU(N) or U{N} in 4 dimensions, USp(2N) _in-S dimensions. The

-dimension of G is just equal to the sum of the dimension of K and the

number of scalar fields. In order for the scalar to have the right signa-
ture, H must be the maximal compact subgroup of G, this fixes the signatute
of G. We expect that except the scalar fields, all bhosonic fields are
singlet for the local group, G being realized eventually on-shell, the
farmionic fields are singlet for the non compact £TOUP G, the scalar fields
transform under both groups and can be considered as "yielbein". All these
countxng srguments £ix quite uniquely the group G. We shall have alac a
guide line by decreasing ¥ or increasing D.

! Extended supergeavities in 4 dimensions

We start from N = 8 and make some consistent truncation which

leads to N8 supergravity theories. We have to take cave of CPT invariance.

In this way we vecovet in parl:icular the global inverispce SU{1,1) of
N e 4 pupergravity. It can be Formulared as SU(),1) x SU(4) global inva-
riance of the equations of motion and U(4) locel invariance of the Lagran~

gian.
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Foxr N $ 3, since there is no scalar fields the locel invariance and the
global invarience are both fsomorphic to U{N) and can be reduced to the
known global U(N} ioveriance by a field redefinition.

TABLE IV
8 ? 6 5 4
$pin 2 1 X ) ] 1
Spin 3/2 8 741 6 5 &
Spin 1 28 2i+7 1541 .10 6
Spin /2 56 35421 2046 1041 4
Spin O 10 35+35 15413 545 14
lobil group E;;n) E3(+7) SO*(12) [SU(%,1) [Sufdd x 5uU{,1)
rank : " 7 [ 5 4
‘Local graup SU{8) su{e) ey | ues) Uik
tank 7 ? ] 5 &

2 Maximal extended supergravities in D dimensions

The maximal supergravities in D dimensions (DL 11) are all
obtained by dimensional reduction of D = i1, N = ! supergravity. In order
to exhibit the maximal symmetries (we have at least SL(}} - D,R)global x '
S0{11 - D) local)we have to perform duality transformations on tensor

fialds, for instance

b7 n""‘f I BJHJ
D=6 Auvt —> =
P=5 g —> © 5 Puv == By
D=4 Apog —mporaws , P —v §

The global transformations G, can eventually be realized on
field strangth of tensor fields and not on the fields themselves. In this
caze Gy is & symmetry of the equations of motion and not of the Lagrangian
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for instance D = 8 for Pc,,.,:f 2 D=6 for Pay , D=4 for Pc,,_ ., If D is
odd, G is always a symmetry of the Lagrangian. The content of the mazimal
supergravities as well as their sym~etrigs are summarized in Table ¥
(Cremmer 1980 ; see also Hovel & Thie'cry—}'lieg 1981 ; Schwarz ]980)

. TABLE V¥
D=9 GL{2, R)slobal & S0(2}1local

r
1eu‘. 2‘!"1;13"\,‘}.291“, .3).“| . 6% 4, 3 scalsrs

p=B 23(*3)-&.(3.33 x 5L{2,R)global & [50{3} x S0(2)] local

tel L2, Moo + M+ Bhy o BX 7 scalars

E“M)-SL(S,P.}global & $0{5)local

'9: ' “?'IJ LU 104, . 16X , 14 scalars

Es(ﬁ)'SO(S, S)glqb'al & . 80(5) x-__socs) local

r
1 eu , 4 ‘l’u . Sﬁ v 16;\,1 , 20X + 25 scalars
D=5 Eﬁ(+£)g10bal @ USp(8)lecal

18 8 ‘i‘u s 2Ty ap X . 42 scalars

E, (”}global 2 5U{8)local

18 L 8%, , 284, , 56X . 70 scalars
A

' ryrt
D=3 EB( +8) global @ 6)local

) el‘; . 16, 128 X , 128 sealazs

The global syrmetriss are realized - field strangths for the underlying
fielda. Let us mote that in 3 dimensions there are no degreesof freedom
for the graviton and the gravitino. ‘

In all dimepsions, we have of course the same number of degrees

of freedom i.e. 128 bosonic states and 128 fermionic states. For D = 3...8,

the gldbal graup isE,, . It has been suggested by Jutia(l98) a)that thers

could exist an inverse process of dimensiomal reduction ; the group desin-
tegraticn., It is based on the observation that in D dimension the lecal
group x little gpin group is alway. » maximal subgroup of 50(16). A similar
statement holds for the global invariancas

Ey DE, . @SL0-2) 50(46DHo® $otp-2)

The scalars are deseribed by the coset E..‘.och, and the on-shell gravi-
ton is described by SL{D ~ 2)/50(D-2}.
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In two dimensionsz, we expect that both GD and “D will have an -
infinite nurber of generators, in particular GD should be the affine group
B;q) (-qu} asssociated to Eg (Julia 1981 b).

3 Supergravities in 5 dimensions

In 5 dimensions, the symmetries ere invariaoces of the Lagran—
gian, 6o that the structure should be simpler. The knowledge of thease
theories in 5 dimensions, not only allows a better understanding of the 4
dimensjonal theories, but also leads to new things such as suprrsymmetry
breaking or off shell formulatiown in 4 dimemsions via various dimensional
reduction procedure.

{a) Notations .

The metric will he (+ = = - -). As has been explained in part
I, we choose as Clifford algebra {Xr,\fs.ﬁ = ?-9“ the one using the
4~dimensional ¥ matrices, ¥o )3"‘_ (4= §,2,3) pure imaginary and“z.:i-“s
rezl with the relation ¥rshuy = Frgtud - There are na Majorana spinors in
S dimensions. Instead of using Dirac spinors, we c¢en double the spiners
and vze new "reality" conditione. We hawve ouly 2N supersymmetry im %
dimensions, They are classified by USp{IN) (as the massive multiplet in
4 dimensions with central chargew 5!!1 dimensions). Defining, .D."b , khe
antisymmetric sympleectic matrix of USp(2N} (a= I...N),and using it to

lower or reise indices, we define the new 'reality" conditions

[ ¥
Begons Pl,.;n = A s albs

. -
Fermions ‘{’: = ¥g U,

The algebra of supersymmetty is then written
—=a Y P -IYTY
[Q@4,Fa} = 2 ‘(,PF’»

(b) Physical content of supergravities

The representation of USp(IN) appearing in supergravity are

v oloc
traceless antisymmetric tepsors for instance H: » TR » with
LA abe
S e ﬂ_“ = Q 3 St X =Q

The representations of supergravity are obtained from the
lowest spin vepresentation of 2N supersymmetry by multiplication by -
appropriate angular momentum (Ferrara & Zumine 1979).(S0(3) classifies the
wassless states in 5 dimensions) and are given in Table VI.
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TABLE VI
s 4 3/2 1 1/2 ] gToup
N=8 1 8 27 4B h2 usp(8)
1 ] 14+1  14'+6
{3=3) el 6 14 14}
1 4 5+ 4 ]
: N4 usp(4)
{J=1) a [ 4 5)
1 2 j .
=2 3 usp(2}
(J‘i) -] [ 1 2]

By caunting arguments we <an conjecture what the global
and the local invariances of the Lagrangian should be. This gives the

following results

N=8 E“+6)gloha1 & USp{8)local
N=6 - SUS(6)global @ USp{6)local
R=4 Usp(4) x R global & Usplé)local

N2 USp(2)global © DSp(2)lecal

{¢) N = B supergravity in 5 dimengions

We shall show how Erom the knowledge of the global and local
symmetries E6(+6} and USp(8) it is possible to comstruct the Lagrangian

for § = § supergravity in 5 dimensions directly {Cremmer el al, 1978 3

Cremmer 193561).

Let us briefly describe 56(+6} by its infinitesimal rransfor-

mations in the fundamental representation of dimensicn 27. They act on

vector gpace spanned by 2""’-:'.. -2 (= B,;) Slwp 2"z o
(%3 1...8) and are given by .

. vs
S48 o aty2¥ AP 2 T4 2T Bes

Thereare /8 gensrators, 36 compact ones generating the maximum compact

the

>
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subgroup Sp(8) of parameters Nt y entihermitisn such that Ngy is symme
tric, and 42 non compact omes with pa:amer_ersid antisymmetric and

traceless.
E6 has no bilinear invariant but has & trilimear invariant

J= .le‘_n_ﬂ! '-2“5}_& 24.\.52)“‘

These properties will be sufficient te write the general structure of the

theory. The field content is ¢ 1 gravjr.on e.; , 8 gravitinos W"“ .
- of [y "
27 vector fields ﬁ#ﬁ (ﬁ:“:—ﬂ,. :(ﬂ}.up]" 3 ..nqﬁﬁ,.ﬁ= o 1.

48 gpin 1/2 fields '*fbc (antisymmerric, peseudoreal and tracelessa) an_d
42 scalar fields described by & matrix 27 »°27 of E, 1&“ i up to a leoecal
transformation of USp(8)-

_ The scalar fields being described by an element U;tp =s of the
coset space EanSp(B), their self interaction is described by the assccia-

tad non-linearfhmodel with Lagrangian
R R T N z
i ~ D)&’J—dvd D (1)' )ﬂb ~ lr‘t‘r D#'U')

beirig the cavariant derivative wirh respect to USp{8) using the

2

. o .
connection Yy, . defined by

ot ab [ o bl )
"'?:;d a.n "":tp = 2 Qupe Sﬁl -+ .r?u od
&  Lie (Ee) & 1Llie (USp(8) & Lie (USp(8)
The Lagrangian is then written

2 o AP scal

as well as @, ° are invariant under Eg. We can also deseribe

ab

=
Ve sbd .
the scalar fields by & metric for this cdset space which is covariant for

F.a and invariant For uSp{8) ‘ﬂ#,ﬂ
ob ed
Dus, 5 = Vp Shec Slod Vys
the Lagrangian can be written as

Lo 2 Gupur 0°(97")

Rowever, 3 cannot be used for describing the couplings to fermions (ana-
r
)

s, ¥ ¥

logy with g,,'and e,
Since there is no quadratic invariant for the vector fields,

in order to constructank, tavariant kinekic term for the vector fields

we must vse the metric Fup, ¥%
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¥
LORVAT I AN AN S

As in || dimensions, there exists a trilipear gauge invariant coupling (up
to a total derivative). Since there exists a trilinear inveriant for E, we

do not need the scalar metric g {nor the temsor metric Zuv )

,;ng)t h¥] wol
dyr o~ € RLI Ew S2ys Fer Sey Ay

Since the fermions are scalar for Egr the coupling of the bosons to fermicns
must appear through E, invariant bosonic expressicnos 3 F:.. wbed CPH,.
{in covariant derivative ‘33;‘,\&",“L and D Y, ) ar ﬁ,:b= 1};% e l'f::ﬁ
The supersymmetry transformation laws Sq) are assumed to be covariant
with respect to USp(8) and E,. At cthis step H and T& are determined up
to uumerical coeEFficients and quartic fermionic terms. In particelar all
the non pelynomial structure of the scalar fields is known, Supersymmetry
of i and closure of the algebra are used to get rid of the remaining
arbitrariness. We then get the Lagrangian
__, - R --_..a g ___ My W dp ~A¥
‘i R ‘6, DV%"' 9 CZ'.:(; ﬁ t‘“_
“ A SR N T Lo ol -yRn
=R PR VI sy D%, 0,0
- *"'"F""‘ f \Y S p e ¥
_€ < bed— ”
b m-l') f.(- t) Ym")d"hﬁr’f t)Vlel Foed

L2

: ob o < » N TRy ~ "
NEAM AT R Y& T Yy Pt T8

-+

+ quartic terms

We shall not write the quartic terms (see Cremmer 1681). It is inveriant
under global E&(+ﬁ) , lecal USp(8) and the following supersymmecry trans-

formations (up to trilinear fermionic terms)

L e
seﬁf _ A [ Y "th

@™ 3 Ty o = <20 (B Fucd v L e Ee ¥ gy )
B 2 v (B g Y )
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S0 = (UM + Bu® ) - ;a‘;“w (TG 2T IER

-y
3Yabe =12 B0 ¥” x“F" A Jaiats €+ Do Yisgd &9} 4

{d} N = 2 syperpgravity in 3 dimensions

By consistent truncation we obtain all supergravities in 5
dimensions and their symmetries, in particular the ¥ = 2 supsrgravity

whose Lagrangian is

6'4 d - ....R(uj I’NQQ(“'*H)% - "— UF(r %»ea"t .

-1 ..uqu : (L g ©
+:"_J:5£ Eq F{rhh ""‘ﬁ (Eu"'.?pc) Y %‘( ‘ﬂ‘vc.
is defined by its owm equation of motion if & W e T, +$?‘§,,.F{

5 #F""'ﬁ‘q:n‘yvc

= e -_

Wers

It is invarlant under the following supersymmetry tranaformations
32 = = & x "V»c
- a5y ¥
5 qax [0,(8)+dp Foc (6°0.-2¥5 ) J &q
sA, = -8 &Y.,
oy
The structure of the theory is completely analogous to the |i=-dimensional

supergravity from which we can derive all supergravities by dimensiouval ,

reduction and consistent truncatiom.

Vv POSSIBLE IMFLICATIONS OF THE SYMMETRIES : CONJECTURES FOR
= B SUPERGRAVITY IN & DIMENSIONS

In this part, we shall summarize what we know and what we would

like to know about N -8 supergravity at the classical or at the quantumn
Jevel. This will be developed in more detail in other contributions ko
the Schaol or to the Workshop. We shall also state the two conjectqfex
for N = B supergravity and their implication about the possible relevance
of N = 8 supergravity to particle physics.
1 Other problems fer W = 8 supargravity
(a) We have seen that the existence of the global E? and the

local SU(8) symmerries has allowed a "gecmetrical™ descriﬁtion of the
scalar fields as describing a coset space I?.)'ISU(B). A natural question
arises 1 im there a possible "geometrical” interpretation of the spin 1/2
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fields ? Although it haa not been yet found, it seems that a natural
answer should be yes. This should likely provide a trvemendous simptifica=
tion of the quartjc fermionic terms and give more light on the supersym-
metric structure and eventually on auxiliary fields.

(b) Dff-shell formslation

There exists superspace formularion of N = 8 supergravity
consistent with the symmacries E? and SU(8) but it is an oreshell formu-
lation in the sense that the Bianchi identities on torsieon, curvature..,
imply the equations of motion. The situatian is the same for the W =]
supergravity in 11 dimensions where all geometcical guantities can be
written in terms of a single superfield Fpgp (%, @) satisfying an equation
{which implies the cquations of motion) (Cremmer & Ferrara 1980 ; Bripk &
Haowe ]1980).

At the linearized level of B = 8 supergravity, sove attompts
have been made to ohtainm auxiliary Clelds using the dimensional reduction
by Legemire trapsferm stareving with N = B linearized supergravicy io b
dimensions (Cremmer e¢ al. 198G). This leads to fields which satisfy
differential copstraints {for pauge fields) which canact be solved exactly
(at least without intreducing ghusts o¥ higher derivative terms in the
resulting Lagrangian). These constraines can be imposed by Lugrange mulei~
piier, but we losethe closure of the slgebra (on the Lagrenge multipliers
particularly). Mareover, this formulaticn even if it can be estended to the
non linearized case, will not be consistent with rhe symmetries E? and
SU{8) (probably enly with Eﬁ ang USp(8)}).

(¢} Supersymmekry breaking

Using a geoeralized dimensional redoction of Scherk aud Schwarz
[979 b, it is possible starting from N = 8 supergeavity in 5 dimensions
to derive a N = § supergravity im 4 dimensions with 4 mass pirameters
{Cremmar et al. 31979). This new theory is still iovariant under gome local
like-supersymetry transformations, These new transformacions are sponta-
neously broken and wo canpot extract a global algebra from them. However,
at one loop, this theory seems still finite {Sesgin & Yan Nieuwenhuizen
1981},

(d) Gauging of 0(8)

The possibility of gauging O(N)} in N-supergravity in 4 diwen-
sions is suggested by the fact that the vector fields of the supersravity
multiplet are in geveral in the adjoint representation of O{N) (true for
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N =1...5 and 8, for N = & there is an extra singlet, ¥ = 7 is identical

to H = 8}, This has been done completely for N = 1,,,% and partially

for N = 8 {de Wit & Hicolai 1981). This allows the introduction of a nevw
coupling constant t the dimensionless gauge coupling. This requires a huge
cosmological constant or a sealar potential which is unbounded from below.
This gauging of O{N) can alsc be viewed as a gauging of the super De Sitter
algebra instead of the super Poincaré algebre, the coupling constant being
related to the De Sitter radius. Both have the sawme local algebra . The
introduction of the gauge coupling breaks the global invariance and even
its subgroup U{N).

The possibility of gauging O(M) bas provided the first attempt
to superunification, umifying in & same multiplet the vector gauge fields
and the graviton {and gravitines). Bur, this attempt has net besn success-
ful to reproduce the present low energy phenomenslogy. Let us sketch the
arguments far such a statement. Fiest of all, if we waut to avoid particles
with spiny? andfor several spin 2 massless particles, since we have no
consistent interacting theories for them, we must have N:; 8. Assuming
\hat we can geuge SO(8) and that we can solve the problems due to unbounded
potential from below, we immediately see that SO(BJjSU(ﬁlc x SU(2) = u{1).
Despite this problem Gell Mann (1977) has tried to go on noting that
50(8)3 56(3), = U(!} and has made an analysis based on the vector-like
deseription 8.3 + T+ 1 + | with respective charge (-1/3,1/3,1, 0). This
has shewn Chat ar least the muon and its neustrine, the T and \fr , v ¥
are missing.

? Quantum corrections

This will be diseusaed in detail by P. Van Nieuwenhuizen,
M. Duff and R. Xallosh in this hook. As gravity, supergravity canmat be
renatmalizable in the ordinary sense because the coupling eonstant K ﬁas
a dimension. This implies that the counterterms have not the same structure
as the original Lagrangian and prevent the absorption of infinities in
renormalization constants. Therefore, such a theory can only be finite
{or meaningless in perturbatioun theory).

(a) l-loop counterterm on shell

For pure gravity with cosmoleogical constant A whose action is

S= - &, fdox T (R-2n)

alter vse of the aguation of motion (or vedefinition of the background
field) the counterterm can be written
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AS = - ‘QT;. (AN ~BS)

with 4 - . x¥n
LN 2 1
N = ﬁ;ﬂjdqx ﬁ(&ﬂr—hﬂw +%) = integor
total divergence
A and B are constants A = 106f45 B =-B7f10

Therefore, pure gravity is l-loop finite it A = 0 (0o cosmological comstant)

and"R = 0 (the topological structure of space-time is trivial), For super-
gravicty, 5, ® and % sre extended to supersymmetric invariacts. It is
found that

. if N2 5, then B = 0 (this implies thatfi(g) = 0 if g is the
O0(R) gauge coupling constant ; this has been checked directly).

. A is an integer for N>;3

. For N = 8 if we use the field description of dimensional
reduction (63 scalars +?ﬂ,q+‘\ﬂ,4() then & = 0.
This applies also to N = 4 if we use | scalar +1 AL, . Although these
theories have not been constructed for M = 5 and 6 we can find such field
descriptions using A,, and A g fields which make 4 = 0.

. There are no boundary contributions to the (-loop counterterms
for N = 8. '
N = 8 supergravity is, up tc now, the only theary including gravity which
is completely finite at 1-locp.

{b) M-lcop counteftems

There exists no supersymmetric extension of the 2-loop counter-
terms of pure gravity. At the linearized level there exist 3-loop counter-
terms (which could eventually violate E? symmetry for N = B supergravity 7).
Finally there exists a B-loop counterterm which respects all the symmetries
of N = 8 supergravicy.

() Conjecture N* 1
N = 8§ supergravicy exists ! (it is finite)

Although there exist counterterms, tbe example of N = 4 super-
symeetric Yang-Mills is encouraging., This could be Jinked to the fact that
the nultiplet of N = 8§ supergravity as well &s N = 4 super Yang-Mills are

CPT self-conjugate. However let us mention that it has been conjectutred that

all N33 supersymmetric theories should be finite. This conjecture implies
that we cannot adjust parameters through the renormalization procedure, K
is pot reslly s parsmeter but only & mass scale.
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Then ﬁuperg:avil:y ¥ = 8 (ungauged) has no parameter. _

3 Implications of the local symmetry SU(8)

The. existence of a locgl symmetry whose gauge fields are
composite flelds as in the ¢ models (D*Adda et al. 1978 ; Witten 1979)
{or SU(P + N)/U(P) x SU{N))in 2 dimensions (where they ara renormalizable)
leads to the [ollowing conjecture

Conjecture N°2

At the guantum level, the lecal symmetry SU(8)} becomes dynami-

cal, In particular the SU(8) gauge fields can propagate {acquire a kimetic

term) and have a Yang-Mills type of coupling with gauge constant g which

should be computable {gonjectuve K”1).

Since SU(8) is big encugh to eccommodate s grand unified group
{like SU{5)} for instance), this eliminates the problem found with the
gavged S0(8) supergravity and leads to a cowpletely different concept of
superunification.

Supergravity is fundamental. It should be viewed as a preon

type of theory whose spectrum we should compute.

By supersymmetry we can.conjecture that not only the $U{B}
gauge fields become dynamical but also other fields and that they caﬁld'
form tegether a supersymmetric multiplet.

Some conjectures on this multiplet have been made by Ellis

et al. 1980 a,b. Hamely théy chopse it as

P 4R & ]
3 A mmm e e -8 : 5
(_i) s (‘1) 8, (7_) el ( z) + CPT conjugate
Making some drastic aimplificatioms {and far from being justified) they

can imagine a scenario leading to a breaking of supersymmetry and of SU(B}
at the Planck mass directly into SU(S5). The masslesz states they kesp are
those of a grand wnified theory SU(5), a maximal prineciple leading to 3
families of fermions (5 + 10), . All particles ate originally in the same
multiplet. Some speculations have also been made concerning the restoration
of symmetries i.e. the E? symmetries of the level of the bound states.
Since 37'13 non compact, the only unitary representation have infinite
dimension. ]

More recently, under more conservative azmumptions especially
‘in the spin 1/2 sector, Derendinger et al.(1981)} have shown that there
exist somg combinations of supermultiplets which have an anomaly free
sector of spin F/2 : [real SU(8) or 5U(B) families (8 + I8 + Sb}L] or
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Treal SU(5) or SU(5) families (5 + 10);]. The first choice (GUTSU(8))
is not compatible with the requirement that thess multiplets should be
composite states of N = 8 supergravity. The second choice {GUTSU(5)) implies
that there should be an even number of SU(5) families and requires a large
number of multiplets (~ 15).

Although these scenarios are far from being justified, this

shows that provided the two eonjectures are true, the physical spectrum of

N = 8 supergravity is probably rich enough to accommodate present low

- energy phenomenology [ I.OI5 GeV). To go further, we should have a better

understanding of the structure of the N = 8 supergravity, especially the
structure of the "multiplet” which containg.the SU(8) gauge fields and the
behaviour of the various members of this multiplet under the global E7

and the local SU(B). We should also have golved at least partially the
problem of auxiliary fields which should provide a "linearization" of the
fermionic terms of the Lagrangian necessary to begin to study the dynamics
in particular the appearance of a kinetic term and Yang-Mills coupling

for the SU(8) gauge fields. We are also facing now a mew problem : what

is & finite theory T In particular, it should be useful to know if there
exist some properties which could replace the concept of asymptotic ~

fraedom for rencrmalizable theories.
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