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The idea of a 4 + N dimensional space-time is by no means a new 

one. In 1921, already, Kaluza suggested tha~ gravitation and electromagne­

tism could be unified in a 5 dimensional theory of gravity. This idea bas 

been revived several times, in particular, in connection with the possible 

unification of gravitation with gauge fields, or in the context of the 

fiber bundle approach to Yang-Mills theories trying to associate the extra 

coordinates with the group space. It has also been put forward in the 

context of dual models which are consistent only in a precise space-time 

dimension ( D• 10 or D • 26 for the known models) (Sc:herk 6 Schwarz 1975 

Cremmer & Scherk 1976 a). It is then possible to associate to the extra 

coordinates a compact space (product of N torus in this case) such that the 

ordinary 4-dimensional physics is a low energy approximation of a bigger 

theory. We call the 4-dimensional theory the dimensional reduction of the 

4 + N ones. We shall concentrate in these lectures essentially on this 

aspect forgetting about the possible interpretation (or existence) of the 

extra dimensions. This applies to most of the attempts to unify gravity 

and Yang-Mills, the concept of low energy approximation being most of the 

time replaced by the requirement of specific symmetries of the solution of 

field equations. 

The simplest dimensional reduction has been particularly fruit­

ful for supersymmetric theories, especially extended supersymmetric Yang­

Mills or extended supergravities. lt has made connection between N • 4 

Yang-Mills in 4 dimensions and N = ~ang-Mills in 10 dimensions. and 

N • 8 supergravity in 4 dimensions and N ~ 1 supergravity in II dimension~ 

Moreover, the dimensional reduction explains part of the hidden symmetries 

in extended supergravities. 

In these lectures. we shall'discuss first the dimensional 

rpduction of theories which do not include gravitation anrl thl'n pnlC'N·d 
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in th~ second part with the dimensional reduction of theories including 

gravitation. In particular, we shall describe the !!-dimensional supergra­

vity and its reduction to 4 dimensions. The hunt for the hidden symmetries, 

global E7 and local SU(8) of the N = 8 supergravity in 4 dimensions will 

be described in part III. These hidden symmetries shall provide geometrical 

meaning to scalar fields. This will be a property of all extended super­

gravities and will be discussed in part IV. Finally in part V we shall 

SUIII!!Iarizc •.:hat we know or would like to know about N "' 8 supergravity at 

the classical and quantum level. We shall discuss the possible implications 

of these hidden symmetries. 

I DIMENSIONAL REDUCTION WITHOUT GRAVITATION 

The simplest example of dimensional reduction arises when we 

try to interpret a theory in 4 + N dimensions whose Lagrangian is Poincare 

invariant, An interesting case is that of Yang-Mills theory in 4 + N dimen­

sions which leads, via dimensional reduction, to a Yang-Hills+ Higes 

scalars coupled theory with specific couplings, However, this will lead to 

unified theory only in the case of supersymmetric theories which requires 

the study of the supersymmetry algebra in D dimensions. The dimensional 

reduction of supersymmetric Yang-Mills in 10 dimensions leads to the well­

known N = 4 supersymmetric Yang-Mills in 4 dimensions. 

Interpretation of extra dimensions 

Let us start with a scalar theory in 4 + N dimensions whose 

Lagrangian;! is Poincare invariant (Cremmer & Scherk 1976 a) 

5 ::: j d'·~ [pM <jJ :t <\J - ~ ,...; q>'-+ 11' C4lJ 
It is consistent with the metric?~~= (+- .••. ~) to assume that the extra 

dimensions are circles of length l"''''' L,.., or, denoting :X."":::. {:x:.~J ~;,) 

( i = I ••• N), to assume that 

<j> ("',...> i; .. L') ell (-x_.~ 11.:) 
This breaks "spontaneously" the Poincare invariance of the action S P4+N 

to P
4 

x U(l)N, U(I)N will be associated with the conservation of N 

"heaviness" numbers, We can na.' expand <P ( ~_.....1};,) in Fourier series 

<f\>'.~-,'1;) = 1 x L ~,,1\x,) e><p(2<11 t ~'"') 
(!.,.,.L,.)<{n\ L 

• • 
with h.., integer. If 4> is real, we have C\>1,~\= ct'{-•;l . We can in-
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tegrate over ~4 and obtain a 4-dimensional description of this theory 

S = fd,.x { ~} H <\>;,,l J <\>{•:l- k rn"(,,\ <\>~.:•1 cl>t•~l 
+ ,, 11( <.\ll.;l) "1f CO(; ~/J J 1 

with m' 2 
1•<\ = 1'-o 

+ t,..TT2 L ttf 
"- L~ 

"TT'( • " , ~ 2 ~4 } symbolizes the conservation of the N heaviness numbers, 

• • 
S describes now an infinite number of interacting scalar particles. 

The ultraviolet behaviour is the same as in 4 + N dimensions, 

This can be shown by using properties of Jacobi e.functions. The infrared 

behaviour is the same as in 4 dim~nsions : if we start with I massless 

particle in 4 + N dimensions, we get I massless particle in 4 dimensions 

plus an infinite number of massive particles. 

There are two limiting cases : if all the L,.:,• s ~ oO : we 

recover the original theory in 4 + N dimensions. If all the L~ 1 s-:;,. 0 

only one state keeps a finite mass classically, This limit is associated 

with the process called "dim.ensional reduction", This remaining state,q:> 

is described by the "reduced action" 

S,.,, = j d"x L% ;v\> ~~ 4>- ~ ..... : q,' .... v C<t>l} 
where the coupling constants have been rescaled before the limit L~-::,..0 

according to their canonical dimensions. 

This is equivalent to retaining only the mode independent of 

'&~ or to impose the "symmetry conditions" 

::..)> - 0 
~~~ -

This ansatz, together with the equations of motion in 4 + N dimensions, 

leads to equations 

identical with ~ 
which are derivable from a reduced Lagrangian 1. L is 

where we have 

done some canonical rescaling to 

constants. 

dropped the ~.:. dependence and we have 

the scalar fields and the coupling 

Remarks : we could have started with a field theory in curved 

Si·<>cc, for example; S x M
4 

where S is a compact space of dimension N. 1f 

G is the symmetry group of S, we can expand a field q>(':t'.-..,.. "ii;) in 

"C harn~tmics" on S Y,... t "t;) 

<\> ('><., ~·) = 2: Y.., ('a;) tPr.~ (:r~) 
"' 

' ~ 
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¢',...,will describe a scalar particle of mass..f"i + C.~-t) where C(N) is the 

eigenvalue of the Laplace-Beltrami operator for S in the representation N, 

L being some length which characterizes S. If some of the C(N)'s are zero 

we can make a consistent ti'uncation by letting Lc: ~ 0. The corresponding 

ansatz on fJ 

<\J(:<_..,'j;) = L 'IN ('f,) <:lJN (x~) with C(N0 )=o 0 
N ' ' > 

is such that the "cJ.~ dependence factorizes partially from the 4 + N-di-

mensional equations of motion implying several 4-dimensional equations. The 

groupe G is then interpreted as an internal symmetry group, S can be the 

space of G itself or a coset space G/H (dim S = dim G - dim H) 

2 Dimensional reduction of non abelian Yang-Mills theory 

Let us consider the non abelian Yang-Mills theory in 4 + N di­

mensions described by the Lngr.1np,ian 

s J <,m ( 2 ) 
.!_ d ')( Tr FMf'l ,.,. 

where '?N H the metric is (+- .•. -) and FMN the field strength 

F,.N = JM !<N _)N A,., ~ i ~.[A.,, A,) 

~ and FMN are in the Lie algebra of the group G. 

Let us now_ apply the process of dimensional reduction by 

implementing the condition 

"J A,.J~'i; = 0 

The 4- +- N-comPonent~ of ~-will split into two parts :a 4-dimensional 

vect·or· AI"' and N §Calars A i. • After canonical rescalings, we obtain the 

corresponding 4~dimen~~Onal action 

f { 2 2 1- 12
} s.,= d4,._Try~':., .,..t(.D_A,)~-);-':1 LA;,flJ 

where 

adjoint 

D_..f\, = ';),_A;.,.;.~ [1\_,.
1 
A~J 

Properties of the reduced theory : 

(I) It conta-ins both vector and ~calar particles (in the 

representation of G) 
(2) The global internal symmetry is O(N) instead of U(I)N if 
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we had kept all the modes of 4 + N dimensions. We have now the breaking 

f4..,-- P.,. ® O(N) 

(3) There is a specific Higgs coupling g2 related to the gauge 

coupling g as well as a very specific structure of the potential 

(4) The signature of the extra dimensions of space time (space 

like) is such that we obtain the right sign for the kinetic term of the 

scalar fields A~ 

Important remark : This is not a unified theory of vector and 

scalar particles. There is no symmetry relating A~ and A~ (No go theorem 

of Coleman-Mandula) which implies the relat~on between the Higgs coupling 

constant and the gauge coupling constant. Explicit calculations at the 

quantum level show that this relation is not preserved by radiative correc­

tions. 

This problem will be overcome if we start with supersymmetric theories 

which can relate scalar, vector and spinor particles • 

3 Supersymrnetry in D dimensions 

Unified theories and less trivial examples of dimensional 

reduction are obtained if we start with a theory invariant under simple 

supersymmetry algebra in D dimensions 

{QA Q~l =2.lr"'):;-~pM 
"' l'j •p. 

where the D matrices rM have dimensions 2t"7l and satisfy the Clifford 

algebra 

{ r"', r"') = 2. '"M 
They have the hermiticity properties 

O< 

tr •J t " r 0 

' r·r"'r· tr,., lt = 

(r M lt 
"(M 

r"' for H + 0 

The possible properties of Qa : Majorana, Weyl, Dirac or Majorana-Weyl 

will depend- on the dimension D of space-time (Gliozzi et al. 1977) 

D even : 

(i}S"ince r H and (r M)Ji.satisfy the same Clifford algebra, 

there exists a matrix B such that 
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(r~y B r~ B-1 

we can fix the phases such that BB~ = £ I with £ =il . A Majorana spinor 

will be defined as being its own antiparticle B-l \f.,.: •lf' therefore it 

exists only if E. • + 1. 

(2) Since r H and\r M)l: satisfy also the same Clifford algebra, 

there exists • matrix C (charge conjugation) such that 

\r")~ =- cl"'c-' 
Together with the hermiticity properties this implies (after a phase choice) 

B" = c r• ' 6B'~' = 1 

and consequently 6 = E. Be 
' 

C=-<oCt 

Defining r <n.) as the antisymmetrized product of 

we therefore have 

\C r'"' )t c. 
(n.-"1)(1'1-2) ( ) 

(-1) ~ cr· 

n matrices, 

This allows us to count the number of antisymmetric 

which should be 1/2 2 °/2 (2 ~ - I), This gives 

Oh. DA 
matrices 2 x 2 Z 

-1 for D 0,6 mod 8 
(, -.fi (.OS. ~(0~1\) or {! +I for 0 = 2,4 mod 8 

For D • 2,4 mod 8, there exists a pure imaginary representation of r 
matrices. We can choose B • I, C • ro 
a real spinor. 

, then a Majorana spinor is simply 

For D "' 0,6 mod 8, \ole can however define "Hajorana spinors'' when there is 

an internal symmetry (extended supersymmetry), 

The matrix r D + I of square I and anticommuting with the D r matrices 

is given by 

r ().,..., 0•2 
(-1),.- r'r' ... r0·1 

A Weyl spinor )\ is defined by 

ro'')..= ±.)\ 

We can have a Majorana-Weyl spinor if f D + I is real, i.e. for D = 2 

m"d 8 (in particular D • 10) 

0 odd : D ~ d + I with d even 

A Clifford alge?ra for d + I is obtained from the one in d 
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dimensions by adding to the r M (M • O, ,,, d- 1) the matrix 

d do-2. 0 " d-'\ r -= ..< 1 _, l ..- r r ... r t=-'- r"'.., .. ) 

such that t.r" )2 ,. - 1. 

Therefore. we shall 

pure imaginary when 

if r d + l is real 

have the possibility of Majorana spinors if r d is 

ro I ••• r d - I are pure imaginary or equivalently 

: there are Majorana spinors in d + 1 dimensions if 

there are Majorana-V.'eyl spinors in d dimensions, namely D • 3 trod 8 

Note : these properties of the spinors depend only on the signature of 

space-time s-t (the metric being(~+, - •.• -)) 
• t 

Dimensional reduction : Starting from a Clifford algebra in 

4 • N dimensions, we can always define it (up to an equivalence) as a 

. . . - t .... 1 t1j 
tensor product of )/ matn.ces 4 x 4 by "1nternal" matr1ces 't 2 x 2 

such that 

r" = ({,. 69 (~ o• J1.) 
. • "V. 

r' ' ~' = (1\.,r"l } @ 

Therefore, a Dirac spinor in 4 + N dimensions, through the ordinary 

dimE..>nsional reduction is equivalent to a 2~h.) Dirac spinor in 4 dimensions 

or 2.2fN/ 2) Majorana or Weyl spinors in 4 dimensions, There will be a 

reduction factor : 1/2 if we start with Majorana or 1-:eyl spinors and 1/4 

if 'Ne start with Majorana-Weyl spinors when they exist. These results are 

summarized in Table I giving the number of Majorana or ~eyl spinors in 4 

dimensions corresponding to a given spinor in D dimensions. 

We see from Table I, that starting from a Majorana-Weyl spinor 

in 10 dimensions and reducing to 9, we should obtain a 4 component-spinor 

.although there are no Majorana or Weyl spinors. This means that in 9 

dimensions there exists another kind of spinors (pseudo-Hajorana) which 

have half the number of the componl.'nts of a Dirac spinor (\'an Nieu\O'enhuizen 

TABLE I 

--._____n 4 5 6 7 I 8 9 10 II 12 

DIRAC 2 2 4 4 8 8 16 16 32 .. _ 

MAJ. I - - - - - 8 8 16 

WEYL I - 2 - 4 - 8 - 16 

H- W - - - - - - 4 i - - I 

I I 
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Supersxmmetric Yang-Mills in D c 10, N • I and 

Supersymmetric Yang-Mills in D • 4. N • 4 

From the previous table, it can be seen that the maximal 

dimension in which we can have a supersymmetric Yang-Mills theory (with 

spin~ I) is D .. 10. For D> 10, the dimensional reduction would lead to 

particles with spin 43/2 or equivalently with N )4 supersymmetry. 

Supersynunetric Yang-Hills in D "' 10, N "" 1 (Gliozzi et al. 

1977 ; Brink et al. 1977). A vector field in 10 dimensions lfas 8 degrees 

of freedom as a Majorana-Weyl spinor field. Therefore it se~s plausible 

that there could exist a supersymmetric Yang-Mills theory with only I 

vector field and a Hajorana-Weyl spinor field. It is in fact possible and 

the Lagrangian is given by 

5 = j cl'
0 

>< TrL -
where 

1. F I' NN 

+ "" 
+-..!:... 

2. 
,\ f"DMA] 

I"M,.,= ;JM A,.- o, A..,.,. .. ~.[1\..,,f\~1 

D,.,>-= '".>. +" a.(A ... ,~J 

\t and }.. belong to the Lie algebra of a group G. The f' u's are 32 x 

32 matrices. )1. is a Hajorana-Weyl spinor and satisfies A::::. r ....... X 

S is invariant under the 

~A,..: A. f \,..,\ 
with £ :: r .. " 6 

following supersymmetry transformations 

, 'i.\ = 2 F,.,,., r"Ne: 

Let us note that the same action is supersymmetric for D = 6 if A is a 

Weyl spinor and D .. 4 if A is a Majorana spinor. 

Supersymmetric Yang-Hills in D "' 4, N • 4 : It is obtained 

by dimensional reduction of the supersymmetric Yang-Mills theory in 

D • 10. Let us.define 6 real 4 x 4 independent antisymmetric matrices 

\o{:.. }a.b 1 (P., ")o.b ( i"' 1.2,3) which satisfy the algebra of 0(4) N SU(2) 

x SU(2) 

{ o(;. J o(iJ { (3~' ~-~~ =-l'b'J-

[ ot' r;1] ~ 
' 

0, [ol' 1 o<l):-H:~jko(\ '[~·,~i]-,-u.'J~{!>l. 
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1. f • .,,<l<ol~) ·= ~·l .. b 
2 <o 

"" o-""'.::.1 . ' 
'2 E ~· J • .~-= -(j\•).,b 

We can then write the r matrices in JO·dimensions and in the Majorana 

representation as 

r,. : Y" ® ( I~ ~J r- o,1 ,2,3 

fl>'"'<j r h< ·I ® ( 
0 

· . 

: ~ " to'~" : . ) 

r'~' = 't;; <81 (: {!>'(!>~~· 
fl.' ) therefore "11 I ® ( 0 

3 O 
r = 4 -r-

A Uajorana·Weyl spinor is then written as 

)\ "' ( >. ~ .) - ~ ~b .Ab ) a,b • 1,2,3,4 

)\a being a 4 dimensional Majorana spinor. 

As has been done previously, we split the 10 components of the vector 

fields \t---7> (~, A1, Bi). With the previous decomposition of the 

spinor field, this immediately gives the reduced Lagrangian 

SR = S•·x T.-[ -1 F .. F~".,. .!(D p. )
2

.,. 1.~0 B. )
1 

.. l 2 p... 2. ~ " 2. ,.., "' 

.. i A~ 1 .... D_A ... +~A~ I~~b R~ ... ·~ "'s-f!~b e...: JAb] 

A'l 'L - 2 2.) 
.,. L ((A· A;) .,.l~· e

1
·) + 2 [A~ 8•) 

lt ., " "'" ) (I } 

Ai and Bi are respectively scalar and ps~udoscalar fields. The reduction 

of the transformation of super symmetry C.:('5ot'e- is consistent with ')~/}';L• 0. 

Then we get 4 supersymmetries with parameters Eo. from 

G := ( 6, .J -~'·b6b) 
SR is then invariant under theN • 4 supers)~etry transformations 

~A,. : 2 ; g• '6_. ~ ~ 
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.,. A -~ .: ,., 

.... = -'2 6 o<_.,, D 2 • -~_,. ~' \ o 
' S"o~-= -c.. 6 osl"' .. lo-"' 

'SA u.-: 2. ~-f "(...,"" € 
4 

-\- 4 :C. (D..., AL c<:b + i.~5 D..., B; (A!b) '(Ao. G b 

·I -! ~Jo<"' .2 _n, l)""' 
-·~,2E,;•LA 1 1'\ .,..- "''ioL,,S 1•.~o 

_ 2< '~< l.A',~i1 ~"''(l;)~~o )e"' 

It is also invariant as expected under a 0(6)rJ SU(4) global symmetry of 

' ' N 

parameters 1\tj=-"i.: '"~i=-f\-ii; and 1\~l 

'bll,..~ 0 

<:~ •.. ~ -

o ".i =II<; A~ -1\~i ~-} , ·~~ = 11;; P.>~ ..-fie~ Ae 

. .• \ ''b '\ I . C: "' 

'> )\ .. =- ~[ ~·~ r>.b A •i ~ £'' "·" A,i +< '~s \ol r•).~, ":j 1 >-, 

The ordinary formulation of N • 4 Yang-Mills, as it is descri­

bed by the representation of N = 4 supersymmetry, is-made with the sCalar 

fields A"'b and B'*'b respectively self-dual ~nd antiself-dual, defined by 

A ... b:::: ot:b A~ ' 6~b = p.,i._ B..; 

Since this multiplet (~ •\, Bi, )..a) is an irreducible repre­

sentation of N ~ 4 supersymmetry, we now really have a unified theory of 

vector, scalar and spinor particles. All relations between coupling 

constants are dictated by the N = 4 supersymmetry. 

This conformal invariant theory has remarkable renormalizabili­

ty properties. It has been shown that tht. (6 fUnction is zero up to three­

loop order and that there exists, at the one loop order, a gauge in which 

the theory is finite (Crisaru 1981). It has been conjectured that (Z .. 0 

to all orders and that the theory is finite. This could be linked with 

the fact th<!t theN • 4 '.'ang-Hills supermultiplet is CPT self-conjugate 

and that the global symmetry is SU(4) and not U(4), 

II DlHENSIONAL REDUCTION WITH GRAVITATION 

When we consider theories in higher dimensions which include 

gravity (or equivalently which are invariant under local transformations 

uf coordinates) their interpretation in 4 dimensions leads to the concept 

II 
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of spontaneous compactification of space-time. The 4-dimensional theories 

obtained by dimensional reduction have new features. As previously, really 

unified theories are obtained if we start now with supergravity theories 

in higher dimensions (for exampleD g II). 

Spontaneous compactification of space-time 

Let us start with a theory with gravitation in 4 + N dimensions. 

As previously, if we want to interpret it in 4 dimensions, we need the 

background 4 + N space-time to be a product of a compact space of dimension 

N by an ordinary 4 dimension'al space-time. But now this requirement should 

follow from the field equations (for the metric 8r:N and eventually the_ 

other fields) : This is called spontaneous compactification of space-time 

(Cremmer & Scherk 1976 b, l977a ; Cremmer et al. 1977 b ; Luciani 1978 ; 

Palla 1979). 

Tnen the theory is exranded around this r.articul2r solution using 

"harmonic'' functions for the invariance group G of this compact space of 

N dimensions. The problem of showing the stability of such a solution is 

in general difficult. If there are several possible classical solutions, 

the choice between them is not obvious since the energy is not well defined. 

We could even have solutions for various decompositionsof the 4. + N space·· 

time :boundary conditions could eventually choose between them. ~e could 

also ask that only quantum corrections provide such a spontaneous compac­

tification, but we would need the 4 + ~ dimensional theory to have a mean­

ing at the quantum level (finite theory ?). 

It has been shown that such solutions exist. In particular, in 

the system Einstein + Yang-Mills, it has been shown that we can require 

that the 4-dimensional space-time should be flat and the internal space 

a sphere SN. If we can make the limit L'"""7C, (L..v size of the compact 

space) and keep some fields with a finite (or zero) 4-dimensional mass, 

we can truncate the theory in a consistent way and deduce a theory in 4 

dimensions with a finite number of fields. This is equivalent to retaining 

solutions which have a specific property of symmetry. 

The most simple dimensional reduction consists in compactifying 

on a product of torus (this is always consistent with the equations of 

motion and is, as previously, dictated only by boundary conditions) and 

lettint the size of the torus go to zero. This is equivalent to assuming 

that the fields do not depend on the extra-coordinates. This is the 

ordinary dimensional reduction. To degree of freedom in 4 + N dimensions 

corresponds 1 degree of freedom in 4 dimensions. This should not be th~ 
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case for other compactified spaces like a sphere for example. 

2 pjmensional reduction 

As we have already seen, the solutions of 4 + N dimensional 

equations of motion which satisfy J4>f.>!~· 0 can be derived from the 

Lagrangian jd""'~J L ( 4>(~)) where Lis identical with ;i up to 

sowe rescalin~ of the couplin~ constants and the fields in order to give 

them the ca~onical dimensions of a theory in 4 dimensions. These rescaling 

factors disappear after integration over diJ';j • The world indices t-' 

will be split as previously into 4-·dimensional world indices and internal 

indices. 
In 4 + N dimensions, the theory has the complete reparametriza­

tion invariance under the local coordinates transformations 

oJI."' 
&<\> 

5 M (x) 

3'' )M ¢ 

b f1 "· 
N N 

~ )N 11"' .. 0 ... ~ FIN 

In 4 dimensions, after dimensional reduction, the remaining invariances 

will be those consistent with the condition 

-=>.;<I> : ':>.;A..,::. o 
" 'i> <I> := ~ ~ ) ,.. <j> ... t; <l: ;p 

~ 

~. ('&<\>) = 0 = o; ~"' = o 
., ~A,.: 1."' ::>.., R,..v ..-C>,.....1" A.,+ ::>,...1; A;, -r t;}; ~ 

~ 

).; c•A...l= o 9 ~j~ .. ~'=o 
.. bll·- :!".) fl· + ';).~~]\ .. ~·)~fl .... ~ .• ~ •. 

4 - II "" ,...""~ Y "" ~ 4.- .L ~ 1'1J 

~~('SA~)=O ~ ';)1!~~'!1=0 

The results are summarized in 

1" =. 1"(>,) , !;4 =a.' i x1+ J'(>',) , a.'i = Cste 
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The rescalings we had to make on the fields restrict to transformations 

which preserve the volume element dN"J. i.e. a.."·,;., • 0, These transformations 

correspond to t~e following sycmetries in 4 dimensions 

Reparametrization inuariance in 4 dimen~ 
a ions 

{ 

);><" =- .. ~ (><) 

b)C.;. =-!.:(X) U(I)N local invariance 

Sl<~ ==-c.;.; xi 8L(N,R) global invariance 

3 Dic,ensional reduction of pure gravitation 

(a) Let us apply the previous discussion to the reduction of 

the pure gravitation (Cho & Freund 1975 ; Cho & Jang 1975 ; Cremmer & 

Julia 1978, 1979·; Scherk & Schwarz 1979 b). We start with the Einstein·· 

Cartan formulation of gravitation described by the action (we have chosen 

K • 1) 

s 
where eH"' 

_ ::L J l''""x e R Cw, e) 

" is the vielbein field, e A • det eM 

for the -local Lorenzt group SO(N + 3, 1) 

'~MAB is the connection 

Mil N q. ( G W <- ) 
R(VJ1e)::e e ~Mw,.,,.fi!,-JNw~'IAe,+W"'"~w,., e.-WrJIIc:. M e. 

~ is an independent field which does not propagate. We can solve its 

equation of motion and obtain ~ • UU(e). The invariances are the repara­

metrization in 4 + N dimensions and the local 80(N + 3,1) Lorentz inva­

riance, Let us now perform the dimensional reduction. Writing ~A as 

( e,. < e~ 
« ) o( indices for 80(3,1) 

A 
eM = e " 

.. a indices for 80(N) ,. e., 
Of course, we require ~i ~A~ 0. Moreover, we break the local 80(3+N,I) 

invariance into 80(3,1) x 80(N) by imposing the condi'tion: efh 111 
• 0. This 

condition does not restrict the invariances derived from the rerarametriza­

tion invariance discussed in the previous section. 

< ~ .. ~) .. .; ~ oe,... = .s _ e,. ..,. a,. e.; =: o 
~ Q ol ~ .. .) ~ " ~ .- -= .s ., e...,. T ;:,,.. S e., 

l) e " m 
.-:\1 :> 4 ;. 4 
.$ 'I e"' + 4m e., 

be -4 - 1v :> e 4 () t 1 e· • + J ~'~~ e a. 
. .M- ..,_-+_ ...... v 
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Defining B i • e i e.., a 
)'- a ~ 

( e~. "-J • = ~ ~·) 
' 

we obtain 

~ ... ,,., .. ~,.:,~•·..,1 
~B .... = & .J-.~o_ ....,.'JP.~ B.., ;-u,)J..s. -a. 3o"" 

Therefore : 

- B i are N vectors, gauge fields for U(l) N in the representationr 
p. 

of SL(N,R) 

-~ a are N2 scalar fields, in the N representation of SL(N,R) (index 
m 

m) and in the N representation of SO(N) (index a) 

- ~ ~ is the ordinary vierbein 

We can define two tensor metrics invariant in the local transformations 

S0(3,1) x SO(N) 

~;-v 
• I' -= '?ot(l e...,. ev 'Jqp = ( +---) 

~;~ ' • b = a.b e...c:, e.; '·b = 
(-- ... -) 

The complete metric tensor 1irn is then written in the Kaluza-Klein parame-· 

trization 

"' ~ 

( 
~-~.,. e,: :}*• ~'v 

"'· ~to~ 
~MN 

It has, in particular, the property 

del-~""' det~ •• ~~~'i 

Because of the U(J)N gauge invariance, s) 
Lagrangian only through ~vk· The simplest 

6~f. '.!;~ ) 

\l; I 

~=<J.D>) 

must appear in the reduced 

way to obtain gauge invariant 

objects in 4 dimensions is to start with flat tensors in 4 + N dimensions 

which are scalar under reparametrization. Definine the anholonomy coeffi­

cientsJL~BC by 

[ - " . "' 1 ;) ~, ;) e.l = L e "'J,. ) e '> 0,., = 52.~ e." Jc 

we can rewrite S,after integration by part, as 

S A s .... ,..,-L , <O'!. A ~ "1 
:: -'- cl ~ '~ S!ASG -2 .2M;G"SL - 1, Sl<• J2 e, 

'6 

After dimensional reduction in the S0(3 + 

non vanishin£, coefficients are .Jl.df\ 1) 

-< N,l) gauge em • 0, the only 

I 5 
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..n. -e ,..... ...; .t 
(l,.o(c. - ..:ce o<e ~ 6,pv 

.Sl.otbc. =- .SlbolC =- e\.b e""'o1. '"::)...,..._e..:e 

Ihen, we immediately get the reduced action in 4 dimensions 

s_ ::1. jd",..,f.; 1)6 I R-!. a.· G' Gj ~ ... e.va-
4 ..., 0 1. 1-r 4<-J- .»~ E'T q d 

~ j;~'"tf"~}e_~,,~;~pe~••"' .. ~ie} 

1-2 
We can eliminate !:> \ ci·J~;/'2 

e""""-< ~ "Y~ 

in front of R by a Weyl resealing 

e ~ -
""' -

We finally obtain 

) d""~.{ R4 -1"'~'~ ~:~'il~.-G ... ~ G:.,. 1 s =- 4 

-~(~J~~c>.lhc.~i (~:l,.~;;;l"~'i ~ 

This describes graviton, N gauge vector fields and N(N·~/2 massless 

scalar fields. The invariancesare the reparametrization in 4 dimensions, 

N 
lo~al U(J) and global SL(N,R) as well as local SO(N) and 80(3,1) Lore~tz 

hidden in the tr.etrics gij and ~v . As previously, it is not a unified 

theory of scalar, vector and tensor particles since no Sytm:letry relates 

i 
g pV , gij and By . Let us remark that we can extend the SL(N,R) sytmOe·· 

try to GL(N,R) by adding the following scale transformations which pr~serve 

s 

~'I -":>A ~'.i 
N 

'(D.--,.A t:.) 

-~-li. • 

' 
B ~ )., • ,. B~ ,.....,./ .... 

(b) Structure of the scalar fields 

Defining 

the Lagrangian which 

- - ''" [;..,such that det g, .= I or g.,= &. , A , the 
lJ lj lJ lJ~ 

describes the self interaction of the scalar 

(to~ether with their couplings to gravity) is written as 

part of 

fieldf; 

J5 ~ ~ f d.,x v, g:· [cj ~ ~ )~.l•st>o,Lo1 c. - ':>~ ~~i "• ~ ~ i J 

r 

. 

I 
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S-ijis a symmetric matrix of determinant equal to 1. It is an element of 

the coset space SL(N,R)/SO(N). This structure is better seen when we re·· 

introduce a N-bein €~ 8 such that 

'):"i = 
e ...... is an element 

ation. If we forget 

- Q. - b 
e-4. ? ..... ~o e1-

of SL(N,R} defined only up to a SO(N) local transform­

for a moment about the local SQ(N) transformations, a 

possible Lagrangian for e: ..... ,._invariant under SL(N,R) is 

L IV - J e ~ J ,u. c-...: -..... - ..._ 
e ~inverse matrix of e..:. 

,.. ..... - (l. 

N Tc((e • J~e J'1 where e _.,J,.. e is now an element of 

the Lie algebra of SL(N,R) 

It is invariant even under SL{N,R) Y. SL(N,R). Since SL(N,R) is non compact, 

Tr[(e-'J~e l'J has both positive and ne~ative ter:ns. Tllerefore, L 

cannot be positive definite. This non-positivity problem can be solved as 

usually by introdudn~; a local !}1Ugc inv.1riance : 50(1':) in this case. l.'e 

now start from the tnuge invarinnt Lagran1\ian 

L N Tr [ ( e""D~ e:.(l 
with 0,.... ~A.. a. == .... - 0- - b 6 

v ..... e_. - e,._· _Q_r- .._ 

b . ..Q_......,... is a gauge field for the locd SO(N) invarii-lntt·, it belongs 

to the Lie algebra of SO(N), i.e. is antisyv.SJetric in;; <~nd b. H0wever, 

we do not introduce any kinetic terms fo!' _52.1-"- so that the Lagran~;im1 

being quadratic in .52-_..... , we can ~olve its equations of :notion 

_l_,_ l'] l N lr le-J.. .. ..e-.J2_... 

We can decompose .e·" )_.....e into two parts parall£i\ and perpendicular to 

SO(N) with respectto the Killing metric i.e. in <lntisymmetric and symme­

tric part. in a and b 

e ·; . .... b -<.)-'),_;.)-b) 
= ( e-a .... e..~ 

11 
+ ~,.,e~ .... e;. .-L e. 

• 

The equation for SL./4- is solved illDllediately by 

., 
Sl_,..£ ce/J~ e:..: b)11 

( =:t(e ~J e" 
2 '" ... "" -

so that after insertion in the Lagrantian, it becomes 

....... ~bl) 
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Lrv lr(le~~~€.)~1 

Since SO(N) is the maximal compact subgroup of SL(N,R). Lis 

now positive definite. Although ~~ has disappeared, L is still gauge 

invariant. It is invariant under the following transformation on Ea 

e . a. ----?o-
~ 

S. 
< 

~ -e· 
1 

b ty "-(,.) 
b 

5 '1-being a constant rr.atrix of SL(K,R) and ~b 4 (.:<) a local matrix of SO(N). 

• 
With a little algebra, we can show that this Lagrangian is in fact only 

function of the gauge invariant quantity g .. and can be rewritten as 
>J 

L "' Tr ( ~,.i ;>" ~-') 

If we write E! as exp w where w is an element of the Lie al~ebra of SL{N,~. 

SL(N,R) and O(N) do not act linearly on w. The maximal subgroup which acts 

linearly on w ls a diagonal subgroup isomorph to SO(N) 

e ---"" " e tr-1 

This structure is a particular case of what is called G /H6"-

model where now the scalar fields are defined on the coset space G/H, for 

cxample, the CP~··I models are SU(N)/U(N-1)0- models. We can use a non 

compact group G provided H is the maximal subgroup. Although the gauge 

invariance II could seem artificial, the t-;-bein formalism is necessary when 

we couple the theory 

of the 2··dimensional 

to fermions. 
N-1 

CP model, 

Horeover, we know from the properties 

that it could eventually lead to non-· 

trivial quantum effects : this local S)~etry could become dynamical. 

4 Dimensional reduction of coupled matter 

Let us now consider some matter in 4 + D dir.~ensions coupled to 

bravity : scalar matter and vector matter. This last one will exhibit some 

particular problems which will occur in a more complicated way later on in 

the dimensional reduction of 11· dimensi<'nal supergravity. 

(a) Scalar matter 

Let us start with the scalar Lagrangian 

Ls = f d 't1'~ ~ ~~N JM <\l ;)N ¢ 
Assuming as usual ;)A. <\' ~ 0 and with the previous formula for 'itN we p.et 

immediately (taking into account the previous Weyl rescaling) 

<•>_ ld V d~VJ "--;) .<-. 
Ls-Jotx'td.l.r JJ-'+'"l.V 

.. -1'·.· " 
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(b) Vector matter 

For simplicity, we shall consider only an abelian gauge field 

described by th~ Lagrangian 

L [ 't~ ,... "" ""' F F 
'I = c\ X "~ '} :} KP N'/ 

1v is invariant under the following transformations of ~ (together with 

corresponding transformations of g ) 
HN 

liA,.:: '!;N )N f\M + J.., '!,N A.., ..,. JM f\ 

After dimensional reduction with ';)4./\ .. 0, we get 

SA_,..= -!."=>,A,....,.;)_.~"Av..,. J~ !~A; ~'J,.I\ 

l>A;= ~" ::>,/\~ + ".;. 1 Ai 

transforms not only under its own As already noticed, A~ 

gauge group (A) but also under the U(I)N gauge group associated with the 

. ' vector fLeld A~ which 
vector fields B;.i· However, we· can define a new 

is invariant under this U(I)N gauge group. For this, we apply the general 

method which is to start with a flat tensor in 4 + N dimension& AA 

AA = e/' A.., 
and reduce it in 4 dimensions. We get 

A ~A • . "(A ~A·J " I 
J..=eot .Ao'- .... e ~A<= e"" .).1--B ........ ~Q. AP 

. ' 
A -e ·A ~J"A 'A· c;,.- e. ;_-T..,.,..a. =e Q. ..(... ' ,._ 

The reduction of the Lagrangian is obtained by startinr, by the flat tensor 

F - "' •f _ "' ~., A n c 
Ae.- eA e& MN- eA J""A~-e~ ..JM 4 -..JLA~ Ac.. 

for which We get 

Foe~-= e,. .. e~" (J..,.A~-Jo~A~ ""~" G.u: A;.) 

f"'- 4 = e"'.o..e., .... JN-A~ 

F.b= o 

The Laerangian in 4 dimensions is 

previously defined ~eyl ~escaling 

then immediately obtained after the 

noting that\f1-~f"<t"q- is a 'o.'eyl rescaling 

\9 
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invariant 

"l J l- r ,.t "ll" ' < )(-' t ) 
L..., =. ditl( Yl+ ~~ '},. ~Joo ( Fp., -t" G _.....,A..:. t-fG" ~ G""" Aj 

" ' . 
..,.~ '3'l0~A;:l,A~ J 

As previously, the SL(N,R) invariance can be extended to GL(N,R) by adding 

to the previous scale transformations, the following ones 

A1 A_N/"'A 1 A --">)..A-'lA· 
.No --":;> p. ' ... ,A, 

This example has shown us ·how to d.efine pure gauge fields in 4 dimensions. 

5 Supergravity in 11 dimensions (Cremmer et al. 1976 b) 

As we have seen, the maximal dimension in which a supersymmeuic 

theory leads, after reduction in 4 dimensions, to N~S supersymmetric 

theory is 0 • 11. Therefore, supergravity in 11 dimensions should corres­

pond to maximal N • 8 supergravity in 4 dimensions. The onshell massless 

states in D dimensions are classified by O(D- 2). A graviton ~ ha~ 

1/2 (D -2) (D- I)- I or 44 degrees of freedom in II dimensions. A gravi­

tinofu with a Hajorana condition has 1/2 2(D/1),(D- 3) or 128 degrees of 

freedom in II dimensions. Therefore, 84 bosonic degrees of freedom are 

missing : it corresponds in fact to the representation A .. k antisymmetric 
'l 

of 0(9). We can associate to it the covariant tensor ~lliP with the gauge 

invariance 

b A~.,. = ?> ~ .... f)N •1 gNP=- ~PN 

If this guess is correct, only gauge fields appear in this theory and then 

its construction should be relat'ively simple. This is true and we can 

construct a locally supersymmetric Lagrangian function of the 3 fields 

e tt, If' U and ~p· Becau~e of gauge invariance ~p appears mainly through 

its field strength FMNPQ "' 4 ~ ~PQ) . The Lagrangian is given by 

Ls '-~ .-M"P ~ 
-: d ., -'=.R(wJ- •__!; '( r D..,t~)'" 

4 2 "' 2. "'fp 

- £t F F""oJP'f> -t' '2 'l:.'!l'lo:L.MNO"i!-1'\.S f 
Jr'i Mo~p~ "'~)Z. ~~loCI.. "'""01" f\/RS 

e {- •SMNN -Mr"i'.v")(f. ~ )} 
~- , ..... Rr lf~-T"tY" 1 M..,,.q-t-F~.,p-.> 

"" 

~··· "·.,:· -~-~ 

! 
;;. 
-~ 

:.~ 
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with A • - r Py <V 

w"'~e. = w.., 11e.- ~ l.f'p lo'I.AJ& ,. <fl 

iZMAS: W~AP.>(e)-r.d.(~M~Ii!o~A-~'""f'Al}'B'T\:f'~r;.,LVA) . 2 

lleplacing W by (oJ + ••• 1 W is solution of its own equation of motion when 

it is considered as an independent variable (1st order formalism) 

f',.,N.~ = ~'..,Nr"' - '3 ;::vr,., r NP '-~'«1 
The term (FFA is gauge invariant up to a total derivative. Lis invariant 

under the following supersymmetry transformations 

'be A 
"' 

SAMNP 

~ 6 r~'l',. 

- ]_ 6 lcMN '-t'p1 
- 7. 

b '-\'.., -(''A , ...... (,NOPy ooNrof<,>)f- )e 
- V- T- W AO +- I r""- o I"\ l NOPrv 

•. , ,... "' -1t,.!f. 
• 

~ and fare supercovariant objects (their variations by supersymmetry 

do not content i:l6 terms), 

The bosonic invariances are : 

(I) reparametrization invariance !. "'(~) 

(2) local Lorentz invariance SO(IO,J) "• .. (x) 

~..,p(><) 

We can show that the algebra closes on-shell as usual. The geometrical 

interpretation of ~lNP as a gauge field is still unclear : e
1
t"gauge" the 

translations PM' 'f lt gauge the super symmetries , vhat do \rnr gauge ? 

Let us finally note that for the counting of degrees of freedom 

we could have used a field i)rnoPQR with gauge invariance b l)tNOPQR "' 

(3) local abelian invariance for ~p 

6 ~M 3No;:oqR1 . Hovever, although ve can construct a free supersymme­

tric theory with this field, it is impossible to construct an interactive 

theory (Nicolai et aL 1981) 

6 Dimensional reduction of 11-dimensional supergravity in 4 

· dimensions 

\o.'e shall perform now t:1e ordinary dimensional reduction of the 

11-dimensional supergravity (Cremmer & Julia 1978, 1979). We shall also 

perform duality transformations which change a pseudovector field into 

a vector field as well as a two-rank antisymmetric tensor field into a 

scalar field. This will make the physical content of the theory more 

similar to the ordinary content of N • 8 supergravity. However, the hunt 

for the hidden symmetries will be discussed only in the next part. 
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The field content in 4 dimensions is sumamrized in Table II 

and haS to be compared with the field content of N • 8 supergravity : 

~~v <I'R ,. f\[1\ .. 1 
.... 

'"f.ll\llC.1 t'htAq,&01 -1 ASc:OC'f'"IS-

1 .= j'4 f q>GF~ .. 

8 28 56 70 

TABLE li 

11-D Field 4-D Field Number d 0 of freedom Total d0 of 
freedom 

'A..v I 2 2 

~MN---':> ~~..: 
7 2 14 

'! 'l 28 I _2_8_ 

44 

A~-.j~ I 0 0 

A,.....>J~ 7 I 7 

PIM" p......,. 
~}' 'i 21 2 42 

f\ ..• 35 
•j 

I _3_5_ 

84 

'-\' A 8 2 16 

1.\'M~ 
~ 

4';A 56 2 112 

128 

.(A • I., .8) 
-

i • 
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(a) Diagonalization of cauge transformations 

In II dimensions for ~fNP we have the invariance under the 

allowing repar~metrization and gauge transformations 

• AMNP = ~ """~ .. A,l')<;> + 1."-::>qAMNP .. :, "~-~ ~-•1 

Restricting to 0;. SNP = 0 and previous conditions on S M, we get 

'OA:ll. = ~M ~M A:i• .. 3 "1-:L Aa-I.J• 

'i>A_... 'j ~ $" o. A_..;} -\- J# <;." A,<j +JM t ~ ll~'j- '-"!<-~ A~j]t +;)M <;,i 

As usual, A_.u.ij' A.P" i and A,.,u..ve are invariant under the U(J) 7 gauge 

transformations. We can as previously define invariant tensors starting 

from AABC .. € AMe 8Ne. / ~p or in 4 dimensions 

A':;~ : A,:~!. 
' < • . b A A . e. ~A . A,a.4'i:::. e ....... e.._-21 HcJ.,.Io= ,..,J- ,#4 a_..:.~ 

A' . I( r; "'A 1\ • 1_. l ~ 
,pY.t,. ':;; ~ ev e~ .I.{'> a.:::: 1"f""".4 ~z ~ AvJ1~.· ..... s ... 8., A;\;o~ 

Under the gauge transformations ~A and ~ .. we have 
I J lJ 

'i. A"l~: o l 'h A-";i = il,. S;i 

~~'_.,";::;-2 0,..4 +Z %i)v]'fj.~ 

therefore A' , is no longer invariant under the~~~ gauge transformations. 
,...u'V l il 

There is in fact no way to define a A" . which should be a gauge field 
,h\1 l . 

for~,..~ transformations and invariant under the :t"- and S ~~ gauge transform-

ations. The same problem arises also for A~"(' , We can nevertheless 

define completely gauge invariant tensors starting from FABCD 

F..:b,d = -e; eb.t..@~1e}t ::l..., A:;k 

~-<jl c..d - e ,...e "'e ~ecf' 
- o( ~ t 

F' 
..,i'V ~~ 

F,;f'-' Jd = .... >.1 i' e.; e.,.. e,... e1 tJ F' . 
.Pv(.c. 

f. ... v ~ 0" p+ 
o<,4'1''h = e.( e~ e. e~ ,...vr(T 
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This defines in particular 

F' ·'.. - ~ "I . .... "' • . ~ 6 ~ A .. ' 
_.uHJ - u»- H"'J- v 11 n,~~-._J ,.-- .PY "J.,.. 

F• "l. I ~ I 

pvf,i. = " ~ Av~]" .,. 3 Gr.v A(lilo 

(b) Duality transformations 

They allow to transform a magnetic field into an electric field 

or an antisymmetric tensor A~.., into a scalar fieldcp. Let us start with 

the following Lagrangian 

-'- · I ~ >I. ( FP~, l';.o(, S.~~.-) 

Where F.P., , Fr<"f and FP"f'J" are, respectively, the field strengths of 

the fields A ...... , AP"' and AP.Y( which do not appear explicitly in st , Up 

to topological subtleties or harmonic solutions,· these field strengths 

are characterized by the constraint_s 

';){!> fv~= 0 ~ 
"- - 0 
'f'- ':Vp., = ~ no constraints for ~"e"O"' 

We can therefore use a·first order formalism by implementing these cons­

traints via Lagrange multiplier B.P- and <\>i.e. by adding to~ 

' ~"<• ( \ 
A.a. = ~ s ...... Ov F~IO * 4> ')_.. r..,,O" I 

t MV(r ( - ) 
::. - ::>.,..B.., r(t> .,..::J,...W f"vt>¢' 

In ;f + 6 if we can now integrate on the fields 

which appear algebraically and we get a new 2nd 

';{' = .;( ' ( G__.o 1 
<>~ <l> J 

F.,.~o.., , r_...."~ and F_......,ta-

order Lagrangian .! 1 

with G,...v -::;: ';)...., <?." • ~J 'B;.o. 

In the present case, we shall make the following transformation 

A . ' n •• 
,.<I-; -'">c .... ) 

A .... "' "-. ----:)o 4> .... ~ 
A...,..,f 

Because of 

function of 

account the 

part) 

the previous 
.~ . 

.... .,li 
definition 

discussion on the various gause 

•" .... "{'.;. 
of F t 

.. 
F,....>.~for 

, , we ·tnUst add 

and A c:j.R 

torl (after 

eliminated. 

invariances,~ is 

. Taking into 

integration by 
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t:>-J =- ~ ~•'"I .i. ;) <1>'- F 4 . 
1"2. ,.. '• V(<J' ... .. ( .. 

...,.1. 6,.., Ft>a-.l. • 
• > 

~ Ot ..,. 
+ ::L <t> Gv(' F_..O'.c.\:i> . .. 

'"•~ A;;~lj 

Remarks : J, At the quantum level ; there is no exact equivalence het~een 

A P" and c:p . For example, they contribute in a different way to topological 

counterterms at the one-loop level. 

2 .. Taking into account the harmonic solutions allows to intro­

duce some extra-parameters in the theory, This is easily seen in the 

case·of-the elimination of F;-'>~e<r (Duff 1981 ;
2
Aurilla eta!. 1981). ·If-· 

we start from the Lagrangian .< = - Z't ~·ve~ 
The variations with respect to F~~(~ and A,v.J( lead respectively to 

~ J.fs r_,.,« 

&.t /~ ~--·e 

<:> 

0 

F ...... ~eor ::= o 

~ .... f....,...J(f"-=:.0 or F_..,...J('f=o..'E_......J('(l"" 

~here a is an arbitrary constant. 

(I) 

(II) 

It is easy to see that (II) can be derived from the followinG Lagrangian 

I 2. ...... "~II" F 
.f. = - ~ F ...... "('a- + o... € ,J.)"(rr 

when F.....,>J('a- is a curl, 

For the solution F_...,(o-
the extra term is a total derivative. 

.. a. t_.....,(Cr ,c/. has the value € cl: it corres-

ponds to a cosmological constant. This mechanism can be implemented in 

the reduction of 11-dimensional supergravity (Aurilla et al. 1981) 

(c) Bosonic Lagrangian 

~·e then get the complete bosonic Lagrangian in terms of the 

fields ~"'"" , fi~ , 
Weyl rescaling 

B" ;; ""' A . . ,.,. ,8 .... • '+' and t:~\c> (1 • 1 ••• 7) after the 

~e;::.- ~R+L<..-Lv 
" 

with Ls= -,~ {"J.j'~)., 3;j +~ {"J., "70<l,~ -,\ {'J.A,,J,:l,fk~.~'j-i~~ ~. 
""( ( 1 li "f :"If.( ) ~ -1 ~ "\fr.\ ) 

-~3;1 1 ~~~--t>A ~AA~t(~,¢--lt.A )_,Arsl 
'lc. 3 ~· 3 

where • A~ltt : ...1... f t;bt,...n~ 
613 A-.~ 
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L ,..f "'~" G .i. 61- 1 f.""'"t'"-. t).'W(l i" "\ 
v::;!..rb~ CJ ~~-~,....,~If+~ A A~~f'Ak~,G .... ..,,tq-

<c""<<'G~G'i~--1>-e 'I'~Jf.·· yr, 
-+""i·'" .... -.~ (<0'" .. ~ '£~ o.;~p., 

'V •• } /" ~j -1 ,-- ' .:Lb-e ,.., _.. ;. -4 ~ .4, ) 
~here 1 --.. -t -~o fl- A~ .. G ..-:.1(¢1 G -qr-G· 

.M..J - J.I..J 2 'll~"' ""'" 2 .P.V .J1o>l 

For 

as 

,J.(;,'-e = [ i lf"~1!_~,!~i~l--J. 'A'i~~r' 

the indices )-'- v , 1. stands for 

and 1 stands for 

(d) Reduction Of the spinor 

112 (~Mf~"~-'i~<:Jvq 

"" € ...... "-(0" 
2e 

fields 

The II r matrices 32 x32 of the Clifford algebra can be written 

r-~ 
A 

= <(-< @ 1J B o( aQ,I,2,J 

r~ ~5 <3 (\•)" B 0... - 1, ... 7 

A • I ... 8 

'""')" . The \1 e,fonn a Ch.fford algebra of 50(7) and are real and antisymmetric 

8 x 8 matrices. 

As for A.P ..:~ we can define 4-'~ and 4'~ fields ~hich are inva­

riant under U(J) 7 gauge transformations. We also make some Weyl rescaling 

on these spinor fields associated with a rediagonalization of the kinetic 

term for ~.M- and '"'A "l. 
-< -"'s "' -< ,..,, "' ) 

'-~'~="~.,)c. . (<.\'"'e ~- 2 o56'~, """'e c. 

• "~'l li.J '"" '""f.o.. -:::. 6 'Me Q. 

Then, from the kinetic term in II dimenGions for lp~,we get 

L•·• •~ Ui v~'r' '" <-e')" (l.r"rb •"') s~"') "A 
F =--~l..uO "'""f~-2 0.2. ...... ,/A :,0... be, 

+ scalar couplings 

A final diagonalization of "'.o.t:t 's kinetic terms is made by the redefini-

tion >-•&c = ~ r[, .. 'l<,.c) 
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vhich leads to 
"'"\ - AA.-

L :1. :::: ..te. ~ASc y ::>....,..)\ABC. 
2 -12. A 

furthei chiral transformations on Y'.... and ). ABC are made. so ... 
A 1. )-'1• L\' • -~ 

4'"" =~ ~5 ... ne... ' /\ ASC '= ~ ¥5") z A ASC ~ew 

(e) Spinor couplings 

In order to obtain a simple form for the spinor couplings, a 

lot of algebraic properties of (f~)~ & matrices are required (Cremmer & 

Julia 197_9), for instance 

rC·b 'll ~1 __ _L 
"IQ e. - 3.fi 

r [ob 

[AQ. 
r ,] 

c. o} 1\ Bc.o 

the use of AABC is crucial in this tremendous simplification and we 

get finally 

LF =: <!. EM"!"" 'f ~ l '( (J ~ "'- no "') '-Y.B 
2. ......, 'f"!> v A \vA e 

. - ' 0 0 0) ' +~ AA~.:: y~ ( u..._ ';;1'1- ~q.i-'-A /\osc 

12 
g_ If O"~,u. po A13<:o )\ 

3-!"'2. _....D v A'OC 

-fl.l:v o...,~-"S ~ ·e-c 0 
....... \ 

-1- ~ Y' o .Y o 1' - "-- 'Y J' '"''I "A e.c 
4'1'2 ...u. AIO V ~ ~ 

A'3'-oEF~t-t- e 

- ~ ':) f ,\A<O< J DE )\I'~H 
2i1Q 

+ quartic fermionic 
terms 

where y is a self duality coefficient ( v;::. ± 1 ) depending on the 

explicit representation of the r "1 S matrix of 80(7) defined by 

r ~ r"' 
[•e ~ o] = _1_ f r.~ \" 

~~ A~c.oe:F"'H (er- C11] 

o !?> - 0 ABCD .o . 
fJ-.,. 1'1 • ~\:' and 3" ABare given in terms of e-<-<t• 4>(,., A~~p 

~-": and G~o~"'v4 by 

0 s r ' r. b " .p' , 'i'"- ) rQ <:;(y,. :=-.!\.e 4 Jve ... b +e..: .. (_v __ .:f. A JJAi-"t 
~ % 3 

;. ~ .;. • r • b, ] e 
-1• e .._e b-e #" ~ .. ~t'J., 
~ • A 
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f'~ f'I~D= r " •< ,.., .:, · ~ · , • •i>• \P"' r 
~ i e~),t:~6 ~~B ~ • )col~e,,(~i!¥ ~i A 0vAi>•J'e>B( 'l~ 

Pv0

ABCD 
gate) 

1 . v • 1- ~ , r·b p c 1 
-T • os e 4 e be c uv A~;~ (AS\ c.o1 S 

satisfies the self-duality relation. ( P designs the complex conju-

PISC:.O~Ft;H p• 
- o Al3t.O _ ..2_ £ v E"~GH 
Pv - 4). 

0 err ... .... ... -1;..,. ~ 'Y~,.- ,;,. { r·b . . - . 
!"A'?>::. ..:1. 'if. 1-Ger.e...:o..l l:> +6 rfl:~~,r"'eo..e\:) J( 

2f"2 f"'l p 4 '" M.,..._ G.e )1 
J( \ Gt'li .,.. cp G ~,.. 7 ~oro ~ A~t~,.l et" J AS. 

- 0 

We can note at this stage that the Noether coupling to \f ...... A: P"' ABCD is 

nothing else than the square root of the scalar "kinetic term" Lg as it 

is usually in supergravity. 

(f) Supersymmetry transformation laws 

In the reduction process, we assume that 6 does not depend 

on the extra-coordinates : that is necessary for the compatibility with 

the no-dependence of the fields on these coordinates. The 32 components 

then split into 8 ~ 4-component spinors in 4 dimensions. 

In order to determine the supersymmetry transformation laws 

in 4 dimensions, we have to keep in mind all transformations on the fields 

we have made during the reduction and also redefine ~A by chiral and Weyl 

transformations. In order to preserve the gauge condition e,., <I( = 0, it is 

necessary to add a compensating SO(IO,I) gauge transformation ...IL"" ,._. We 

can always redefine bs by combining with local 80(3,1) or local 50(7) 

transformations. This will simplify S5 and allow to keep the canonical 

form for S t!-o(. 

c- • -Av"u.-
~e ..... =- ... E a 1_....A 

When we perform duality transformations. the new fields are not 

function of the original fields (except on-shell and in a non local way) 

we derive their transformation laws such that the first order Lagrangian 

is supersymmetric following Van Nieuwenhuizen 1 s method. Let us show in a 

simple example how this works. Let us start from a symmetric theory with 

a Lagran&ian ./(~"'(' J 4') where F .... .,f -; ~ l\.. A"f) . It is invariant 

under some transformations SA_..., and S tf' . Let us now consider the first 
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order Lagrangian 

J'= ;;((F_.,11 -<t)-+ t"''")rF""' <\> 

Under So/ and bF"""('-:. ~ ~ ~A"O 

curl, therefore it can be written as 

s 1. == 
:;:~•..-) F S 

(f" ~\Jt 

Then it is obvious from 

, bJ. ·is zero only if r-:"(' 

-oJ.'- f""'"(l¥":> f 
- l;j" ... .,( 

S c>'''~) F S"­
-'r ;:; IT ,.....,( 't' 

( 'Cf• l> F"'f] = o ) 

is a 

I 

that by choosing he\>::- S the Lagrangian d. is now jnvariant under 

'6" if } ~F ..... ..,('-= 3 ~ 6 A"f] , and b c\>.:::- S and w-e can proceed 

to the elimination of f'...,."(' • Although this method is simple in principle, 

it can be ve;ry complicated in practice to determine S. 

The next step for this theory will be the hunt for hidden sym­

metries which will be discussed in the next part. 

7 Concluding remarks on dimensional reduction 

(a) The dimensional reduction suggests hidden symmetries. One 

example which will be developped in length is of course the N = 8 super­

gravity, But previously already, the possibility of reducing the 10 

dimensional supergravity has suggested that there could exist a formulation 

of N • 4 supergravity with an SU(4)~S0(6) invariance of the Lagrangian, 

instead of only an invariance of the equation of motion. This theory has 

been constructed directly and shown to be equivalent to the other formu­

lation of N = 4 supergravity as far as the equations of motion are concerned. 

This has allowed, in the same time, the discovery of the first hidden sym­

metry in supergravity : SU(I,l) for N • 4 supergravity (Cremmer et al. 

1978 a). 

(b) There exists a method called 11dimensional reduction by 

Legendre transform" which can partially solve the problem of finding the 

auxiliary fields (Sohnius et al. 1981 i West 1981). 

(c) There exists a modified and more general version of 

dimensional reduction (Cbo & Freund 197S ; Scberk & Schwarz 1979 b), It 

still associates to I decree of freedoa in 4 + B di.ensions, I degree of 

freedom in 4 dimensions. The gravitational sector instead of generating 

U(I)N gauge group, generates a non abelian gauge group with H generators. 
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If we require the absence of cosmological constant and the positivity'of 

Scalar potential, we obtain what has been called "flat group". Starting 

from a massless.theory, it allows to introduce mass parameters and to 

generate a potential term for the scalar fields. In the case of a super­

symmetric theory (without gravitation), it ends up with a theory which has 

soft supersymmetry breaking in.general. In the case of a supergravity 

theory (local supersymmetry) (Scherk & Schwarz 1979 ; Cremmer et al,1979)we 

end up with a theory invariant under some new local transformations like 

supersymmetry but the local algebra has changed and in general it is not 

possible to extract a global algebra from" it. 

we have 

fields 

Ill HIDDEN SYMMETRIES OF N = 8 SUPERGRAVITY IN 4 DIMENSIONS 

From dimensional reduction of the It-dimensional supergravity 

obtained a N = 8 supergravity theory described in terms of the 

\t.~A .4. li NA Lj. J-....4 , 

~ ... .., ' •.,.. • B-'"' B...,.. , ).. ABC (or f\ a ) , 5' , 'I" wh1ch form 

representations of 50(7). The natural question arises : is it the same as ~ 

the N = 8 supergravity expected and described in terms of irreducible 

representation of 50{8) ? A first remark is that the ·N .. 7. supergra­

vity is expected to be the same as the N = 8, the fields being described 

by irreducible representation of S0(7) in particular the scalar fields 

which are iri the irreducible 35 representation of 50{7), but the scalar 

fields coming from the reduction g~i , 4>4 
are in 28 • 7 representation 

of 50{7). Ibis problem will be solved by the discovery of the hidden sym­

metries of N m 8 supergravity and by a special property of SO(B) : the 

triality which allows two different embeddings of 50(7) in SO{S). 

General ideas for the hunt for hidden symmetries 

The main idea is to try to generalize what we have learned 

from di~nsional reduction. The scalar fields coming from the tensor 

metric are described by a coset space SL(7,R)/S0(7). Therefore we would 

like to ciescribe all scalars and pseucloscalars by a 

coset space G/H. It describes, as we have seen, an element ~e.G defined 

up to a local transformation of H (Coleman et al. 1969 ; Callan et al. 

J96S). The theory will be invar"iant under the change V ~ g 1}-i((""J 

g <:. G , ../.. (-ot) ~ H together with some transformations on the other 

fields. Vriting 11 = e><p w >N tO 1fzc (G) 

the .ax~l linear subgroup acting on w vill be Hd defined by 

v __, 1. -~ 7Tf:_ -( 6 H 

·., __ 

·~: 
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For the N • 8 supergravity, the maximal linear group acting on the 70 

scalar fields <PABCD is expected to be SU(8). Therefore, we should have 

dim G .. dim ·su(S) + 70 • 133. This is consistent with G "'E7. G must 

be non compact since it contains the non compact group SL(7,R) derived 

from dimensional reduction. In fact, there exists a non compact version' 

El(+l) (the normal form) whose maximum. compact subgroup is SU(8). This 

will ensure the positivity of the Lagrangian for the scalar fields. 

From previous results for N~4 (Ferrara et at. 1977 ; Cremmer 

et al. 1977 a ; Cremmer 3 Scherk 1977 b) we know that~ is realized only 

on the eguations of motion when vector fields are present. In fact, for 

vector fieldsGandHDexchange the equations of motion t:l""H~v,. 0 and the 
rl 

Bianchi identities ;).J.~. b...,..,::.O(see also Gaillard & Zumino 1981). Therefore, 

if there are N vector fields, 2 N should be an irreducible representation· 

of 11, and therefore of G. In fact, the fundamental representation of E
7 

has dimension 56 consistent with 28 vector fields •. 

From dimensional reduction we have learned also that vector 

fields are sinelet for the gauge group 50(7) and that the spinor fields 

are sin&let for the global group 5L(7,R). We then expect to describe the 

supergravity by : I graviton singlet for E7 
and 5U(8) ; 8 gravitinos 

singlet for E7 and in r~resentation 8 for SU(8) ; 28 vector fields whose 

field strengths~., andH.....,.,.....,iJ"/$G.,,..are singlet for SU(S) and in the 56 

representation of E7
, 56 spin 1/2 fields singlet for E7 and in the 56 

representation of SU(8), the 70 scalar fields being described by a 

56 x 56 matrix of E7, vhich transforms as 56 for E7 and 28 complex 

for SU(8). 

Therefore we shall show that there exists a E
7

/SU(8) formula­

tion of N ~ 8 super~ravity described by the pattern shown in Table Ill. 

TABLE Ill 

D "' II, N .. II D • 4 , 

Supergravity 
E7is 

Superg 

Dimensional reduction 
Triangula{ 

gauge fixing 

D•4,N•8 D•4,N•8 

5L(7 .~}/50(7} 
~ualit 

5L(7 ,R}/50(7} 

R-e.upergravity Supergravity 

L_ -- ·- - ·--

N • 8 
(B) 
avity 

Symmetric 
gati£le fixing 

D•4,N•8 

50(8} 

5upergravity 
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The R-supergravity is the one obtained directly from II dimensions vhere 

some of the scalar fields are described by antisymmetric tensors. The 50(8) 

supergravity is the ordinary formulation of N = 8 supergravity on which 

partial results vere obtained (de Wit & Freedman 1977 ; de Wit 1979). When 

we fix the gauge of 5U(8), then the group E7 
acts on all the fields, in 

particular on the spinor fields via.transformations of 5U(8) vhich are 

function of the scalar fields. 

2 Restoration of SL(8,R) symmetry 

Before defining E
7 

and showing that it is a symmetry of the 

theory, ve shall perform an intermediate step at the bosonic level a~d 

exhibit the 5L(8,R) symmetry and local 50(8) symmetry vhich unify 8 A-

J..' .. ' . ,... 

vith e,..u-1 , and ~q .. vith <\'.A. 
In the absence of pseudo scalar Atik the bosonic Lagrangian is 

written 
(o) .• • . • 

J :: - £_ J. f1 J~ ~;- - ~ J~ 4>' ;)" <\>} '.\( ;- s. ~- f> J t::. 
I> ~ 6 1 u, I 32- D.' 

-t fi -F6 ~'~G .. : 6'""~-~~~r',t,lG~~ -.it~~ G .. ~ -~1G~:l]LG;; +~(~l~=-t\>,~:}b·}"'" 

(6~'}-lf'<l>~ ' ~1) 
I I - \;..,. ' 

I.~ 6 .(.. , - ~ 
Defining S ::. 4> vith det S • I 

1 I •' ' 

~ 1 ( c;;'} 1 G' ) 
G-"'., = ... .J ; - 2 p.J ) 

_,(•) 
i!{ B takes now the very simple form 

;/ <•> ··'i' • s S· 
e, =-~~ ..... s J s.,.,- ,g,.. ~·f' a''f' 

~6 "l -16 

As discussed previously, ve can 

defined up to local 50(8) transformations . ' 
A specific choice of V.i.' which breaks 50(8) 

is ,. •' 
•' ( 

.,. ~ 0 1 
- "~ ,(,. ) 

6 <1>'e-• % 
~ ) 

f . · A " i e 1 A · · '-
De 1n1ng •be. ::. e 41 e b < ""J 1< 

CG"''=o-~G~) 
.}''\f 2 ... -.~ 

G:.!j' Gr/1' 
PV (If' 

'.1"1 ~" .-
~' 

reintroduce a 8-bein "J"..,, 
4'.&. b' 

5.,., -11·, v·, ''L' 
""J - .c. 1 ... 

local invariance dovn to 

(d.~.if = '1 ) 

and 

50(7} 

~ A•"'" "' ~ fA"'"~f1 Ae ~~ , ve can rewrite the vector part 

of the Lagrangian as 
e' l/ ~· .J

1 ~'i' ''t' i e 'II~,~· v4 , v:_, G..,, Gc.-Lv 
AI'~" (.,... 

I)'Y ,.'lo' "','d) 
I 
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· J(' is a 28 x 28 matrix function of Ac.bc. only, that we shall not write 

explicitly (see Cremmer & Julia 1979). The complete bosonic Lagrangian 

will simplify when we shall take into account the E7 
symmetry. 

3 Definition of E7 (~ · 

We shall define E7 
by the infinitesimal transformations in the 

56 dimensional fundamental representation. This 56-space is spanned by 2 

antisymmetric tensors x~~ and Y,..:l ( .i., i = L .. 8) 
. ' ..... 

l)"•\::: A'> X ! 
1 ~ ~ -I •}lrL-~~,"..::;:-

-T (\ w ")::" .... ~ ~ L.,.,,.."'f' ";i~t 

&~·i :: 
" ~ ~ ~e 

A;~-!.~ +/\1 "j;~ ->-<.;oe"' 

with . ~ A;~ !\;.. ":::; "i ;_ ::. 0 .~.:f.'Re totally antisyuunetric. 

'2. • 0 corresponds to the subgroup SL(S,R) 

Th~re are two invariants for E
7

, one bilinear invariant which shows that 

E
7 

is a sub croup of Sp(56) with the symplectic metric _fl 

I-: 'X~;, .. -"''i<l .. "4 .... ~ 2. -4~~:.,. 

J= 

is quartic and characterizes E7 
. . -fl~ . . ~l 

:><'1 "<!}~"' "ati - 'l; ._•1 '\j;·,"" '3~e 
Another one 

.;- :!... c. .. _,.~. ~·; 2 t~"'~x~r • [ c'.l''~"r · · b ] 
96 ~.l'it~e~,.,., ~Jp ~b\?t,..,,of 

An ~lement X of E7 being also an element of Sp(S6) satisfies 

x·' = _SJ. x• ..l2 X t _n_ X :: .52 

Jl., "' - 11) S2 ~ ( ~ -~) 
The subgroup SU(8) of E

7 
is characterized by 

.[ x, ..fl.1 0 

4 ! 7 formulation for 

Forgetting for the 

or 
x•x~'ll 

scalars and vectors 

present time the fermions, the vectors' 

equations of motion can be written 
~ . ., ) 

as ~ ...... (~ 1 H4'1' = 0 

N "" "/ ... , ~here e t14.1
1
·,:::. "._ '::lG ... i 

•• 
(since s:~ appears only through 

4 4'i' ) ,. . The iianchi identity is written as ~""' \e (; ;;1}::.0 

We therefore expect that ~,..=. (~P~}'J H,;o.,A.11 ) could be a vector of the 
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56 representation of E7• Since H~v.._'a' is a function of ~~Yl and of 

the scalar fields, there must exist a relation between ~ 

describing the scalar fields V (or the metric lt"=' 'lT~tT 
and the matrix 

invariant under 

the expected local SU(B)} The simplest covariant relation- is J2. J.; .R (f 

Since we know J , this defines the matrix Jt in terms of the original 

scalar fields s.t.'i' and A ... 'o.::: We find 

:x = v~· :r_ v-.,. 

where 
·' [< 1] I 
·v-r :: c.-.' _,Jl 

o ) ~· v-•• J \

J•'. v•1, o ) 

and [?_is function of Ac:obc=. only and is computed from JV: '~:."c'JJ 
Defining 

~ 
Aa.'~'c.'cJ." = 4 Al"-'b~"'da'J 

Jl I I I,/ 

~ A ... ~~ o = .::!.. "''b'~'d~'f' 'f..' 
~ l Ae'fi'~' 

2<+ 
<*A is zero if one of its indices is equal to 8) and making the convention 

that all contractions are made on antisymmetric pairs of indices to define 

the product of 28 x 28 matrices, ~e find 

;p_ = j'_. ~ ( :.' ~ ) 

' 
where X =- X~ , 'i ":: Yt and Z are 28 x 28 matrices defined by 

Al 'Z ""' ". 1 2. X -: ·u .,. A -.. 2 A A • 2 A A-. -;; A ('A) A 

7 - A•'A .. 1-fi''A _,.:1.2Pl/(A)2 +1.A'AAT.:!.A'~A
1 "Fi 

/... - 2. ' 1'l 

'/- 1]-.~R)
2+.i2 A'A·"-.AA•.:l'AA'"A 

- 2 " 

1/-rl:- and ~ are in E
7

, We must prove that~ is a matrix of E7• Since 

it is sufficient that 3'_ should be in E
7

• Por 

:i':V:.•V"_ with 

this we show that 

( 

0 •A•'b'<'dl) . 
,if_ =: ""'P I : ""P '-J 

Aa'b't"d
1 0 
• I t 

In this form it is obvious that '1-_ t.E7 . To prove .?_::. 'tt tJ:.. it is 

necessary to notice that A and •A as defined previously satisfy -~\-A • 0 

so that V is nilpotent V 4 • 0. Therefore the expression of the 

exponentia.l 

Defining 

has only a finite 

1}-= Ill;_ 11.,. 
number of te~s and is polynomial in A. 

~v now satisfies 
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'll<f~~ =: .52 v- :t" 
If this matrix~ describes the scalar field, we must have 

L~ := _ ~e Tr\~~ a< 0J.:R.-• J ~~" 
•' 

Computing this explicitly in terms of 1f~, , A~~R we check that it is 

true and find (( • 1/192. This can be written in a form which exhibits the 

local SU(8) gauge invariance using the v.ielbein 1/"' 

Ls, e lr(.[o~if .v·•]') 
4'l 

The complete bosonic Lagrangian is now written in the si~ple form 

"1'";)"'"1). ~·"'"G';H 
La= -~R-.!:....'} T'\''•"' J.T\ _,_j_ c ~v ~<<j 

0 Lr ol"\~2 "'\6 

where \4t~r;.i. is defined in tenns of6;~ ,,and !K by the relation . ".. ) 
_fl. :f " 1< a: and J= \ ~-/~" ......... ~ 

..... """ "'\ ~-.lfi:Cr 
H ··i = o.e e H~, ~i = 

Jt being a symmetric matrix 56 x 

-< :>dsiJG;; 
"(?' ""'" 
56 of E7 . 

Let us now prove the complete invariance of the equations of 

motion derived from this Lagrangian which has the general form 

Le, = LE + ..i. 
7 16 

""'"" '3 . (a··;., (R) 
E G "'" He, ... 1 ... ,.~ ~ ... ,.~ 

where LE 
7 

is invariant under E
7

• 

(I) The equations of motion of 6~} together with the Bianchi 

identities for ~~~ are 

~ ·- ) :JM(eH;i =0 ) 
~ ... (eG"":i) 0 

which can be written 
~ ") ~ ....... (e :f....., = 0 covariant for E

7
• 

Let us call 

'/d. 
io\> 

(2) The other fields belong to precise representation of E
7

• 

~-¢ 
<;;\..c., ;- .:L 

~"' 16 

t: .... "(IT' G..:~ 
--~ 

'54: 1 cM'«fr:.'; ~I+ .. 
~"'t'-< ~""""' ___J.~'-' 
~ 4> 1C 'b<\' 

c;, lie,- ;j 
.. ~ 

'i ) SG .. ~" \4-(or .... ~ 
i~ 

The second term has 

trans(or.s under E7 

.,.,. • l"'·'- I 
the form f 3'_.., S2. "'" ~ ~ J 

in t~e inverse way of ¢> since the 

and consequently 

invariant of E7 i1 
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written J"'.Jl ~ . Therefore 

"i)J. }b~ .:. .o is covariant under E7 
This completely proves the invariance of this bosonic theory 

under E
7

, the local SU(8) (as the local Lorentz invariance S0(3,l))being 

hidden in the metric Jt (as ~ ... v ) , 

5 S0(7), SO(S), SU(S), E 7~ 
Before discussing the coupling to fermion&, it is necessary to 

reformulate E
7 

in a basis which features the subgroup SU(8). This basis 

linked to the basic space of ~he Clifford algebra of 50(7) will show also 

the two ways of embeddirig S0(7) into SO(S). 

(a) Clifford algebra of S0(7) and Lie algebra 

Let us start with the 7 (r•J,. B matrices 

which form the Clifford algebra of S0(7) 

{,"•, rbj "z,~b'\1 

of S0(8) 

(a• 1 ••• 1, A • 1 ••• 8) 

The (._r•)A S are real and antisymmetric. From them we define the antisym­

metrized product of r matrices. r" . ro.b are anti symmetric matrices 

and ro..'Oc. are symmetric matrices. They form together a complete basis 

for the 8 x 8 matrices. The other matrices are related to them via the 

"duality" relation 

r •"<de ~~ = ~~'odc1~ 1l r ... ,.l 1 c•b<dclg r ' 
l = - 6 " e '~ 

r ~ r·"' , The and satisfy the commutation relations 

{

(r·", r'J1 

[ '""'' rc l 
( i' .. ' r•] 

r ~ 
:: - i:. .,<I..Lc.. I dJ 

== 

-Z('?''r~>-,""r") 

2. fa\, 

' r c..'i ,.., G. 

Therefore, defining :.• \ l7t'=-~) and noting a.. • (a. • 8) 

we get I J 1 r. I \:! 'j\ 1 

[r·\r''")=-~,· .. -r •J 

This is the Lie algebra of SO(B) : a' labels the 8 vector representation 

of S0(8) and A labels the 8 spinor representation of SO(S). To 

formation b .)( .. , : 1\•' b 1 )( ~/ (/\.~is antisy111111etrie) of SO(S) 

in the sp.Lnor 

'b 
representation 

x•:: J..~r·'''J· BA.v 
4 

B 
X - "A "s e. 

the trans­

corresponds 



, 

• 
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/\/1'1 e,is again an antisymmetric 8 x 8 matrix (but different from 1\.,..'b'). 

However, the two 8 representation of 50(8) are not equivalent : there is 

no transformation XA:: zA ct.')<b' which would imply the relation between 

/\"''b' and f\A e. . But for the 28 antisymmetric representation of 50(8) 

•I;)' b~l (\ 'o"' co.'~' 
spanned by :X. 4 ::-X the 50(8) transformation .. • on X. generates 

B f'IS •'•' I! \' 
the 50(8) 11vector" representation of parameter /\PI on X .: t;tr )A x.•. 

x~i 

(b) SU(S) basis for E7 
The basis 

and 'l:i by 

which features the SU(B) subgroup is defined from 

Z!Ae, = ~ <r'iJ, 8(x'i.-.C';j;;)4";_ =-"'sA 

Using a lot of properties of r matrices we can show that E
7 

is defined 

in this basis by the infinitesimal transformations 

..- C ~ L - GC> 

o2A"'"' {lA 2«; -T fie, i!Ac + A'3cO c 

where 2 c-o is the complex conjugate of ac.o ; (\A'& is a traceless 

antihermitian 8 x 8 matrix,L=ABCO is totally antisymmetric and satisfies 

the self-duality condition 

2: A8>CO == i~ Lt-~ A~c.o~FG.H 

~EF~H 
~~="='\) 

I 

The bilinear invariant is now written in term of the symplectic matrix_f.l 

...- AS - Ae 
i!H8 '?z - 2a<!. 2" Sl. I: (..:) 0) 

0 J -i. 

The sub~roup SU(8) corresponds tb~ ~ 0 or to matrices of the group E7 

which satisfy [X.~.J2.
1]• 0 or equivalently since 

I•'\ I 1't n I 1 C::: I 11' A\ 

)(. :=. -Sl.. X -''- for X € ~7 , to~ )I. .. '\l 

(c) Reformulation of. the previous results in this basis 

We make the corresponding change on the matrix describing the 

scalar fields '1/' 

' ·-v- = (
. lA "'"' 

~e. 

\;" ... "'"' 
) VASMN ) 

- AS 
/ \A. MN 

) ·•'··'-• ' ~~ v is an element of the Lie al~ebra of E7 
and can therefore be 

written 

I 
~ ... 1r '11'1 -"-

w-ith r:. ~'!>GO : 

(

2Q.[c),o1 
... (A B] 

p nl1.c.o ... 
'P ) ) .,... ftSC..D 

-[A e,] 
) 2. <jl_.. [< ~ D1 

~ fi -..2.t, ltQ(.Oii.,.~Jot P;o. EF~t; 
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I 1 '-1) I\ 1 '~I 
The splitting between \..J.c.1)- tV"- 11

and\.(.}_...1J V }.J,.. with respect to SU(B) 

is now obvious 'i> [c cJ 

lt 'IT' -zr'·A) /{ =.2. ( ~iJ' 0 b SJ 
) 0 ) - [~ eJ 

Q~ t" 'b "1 ) 

(;). -zr'v-·-· ).L:: l p><.~<D J~AB<C\:: 
) 0 ) 

D v' v'·' 
~ 

Under the transformations 

I I 

tV_, SC><JV G SV<l E: SU(~) , G E. E 7 

"'B <> •. ,a 
'4'...<1. A and '.J-<ABCO are 1nvar1ant under E

7
• '"Y,... A transforms as a gauge 

field for the local SU(S) and~ ABCD transforms as a covariant tensor 

for this local SU(8). 
6MN _ -'\ (['~'d) ('I 0 ~· 

.... --z; "'0~ For the vector fields we redefine 

and correspondingly 
GMN 

-"'" 
' J,..., := ' -r-i (

6"" 
~· 

G"" 
"' 

:: ~: N~NN) = (d~,~~)l become 
A. Hy-.IMN J'~ 

The condition on d 
1 "' ..... ' I ""!--'-I 

·v 3,...-.J =: .52. ·v d",......., 

is now written if we define 11" 1 :3 1
- (~PS)as 
- :i Ae. 

::r ... ~ '""' 
,.., 

...(.. ¢ ..... "' Ae, 

The La~ran~ian for the bosonic fields is then written 

L -_eo e :=:. p-Ae'-o ""v -1 ~.-""(11'6"'~ H 
a- - "+- I 0 -.-- c • 
v £,.- 24- ...... AI3'-o V a "'\b ).0.,. \q-MN 

6 ~ouplings to the fermions 

(a) Let us define the transformations of SU(S) on Majorana 
a • a . .. e J ) 

spinors : For 1\A ... 1\ A -+ ..c.. f\ A E: ..c.ic \S'-'l'lJ 

real antisymmetric real symmetric 

( •a "e.)>-
'b A A = 1\ A .,_ ~ '(5 1\ A ' S 

This preserves the Hajorana property of)\A. It is equivalent to usin& Weyl 

spinors 

>-:•) = A-t-'(S' )lA 
z 

, ~ -1-l',; >.A 
)!, ... , = --z-
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\i " '"' 
1\ B ' «> 

A ''B 
• ~ r. 9 S>-,., = {\ B ""' 

' --" "'= (\ •• I , :;:_ ) 

(b) We have seen in the previous part that from dimensional 

reduction the fermionic couplings can be written in terms 

Q.•.s, P
0

AB and 3"0 

8 
which are function of the fields 

~ ' ~ A ~ 

of the 3 objects 

~.:; ' ~~ I A~df• 
s...:~ and Bp. .(. . Let us now compu;e '+' ... A • ~ABCD de.fined 

using the scalar matrix 1T (or ~ ) defined in section 4. 

the replacement : ~ by i.'O.;) 

in section 5, 

We find (up to 

<?v A <e, = Q o B 
v A ) t:..AB<.o = 

?0 
.1-'- A SC:..D 

This shows the SU(S) local invariance for the fermionic terms (Note the 

factor 3 between 4" P A and ).. ABC for the zauge coupling to 9v p. B). 

The coupling to the vector fields appears only through 

-r o ,vv To 
IJ A €, = 0 -.J pV AB 

(with always the replacement of ..t..--'? ;.CfS"). Since lf'pv satisfies 

::; - - i "t S" ¥,_,v 
,.;..; -.,.v o-1'oJ . ~ c_...J 

only the part of J hB which satisfies :J 11 e.= ...t .;t 1\B 

to fermions. In fact computing ~A~,JJ'-' defined in section 5 with 

defined in section 4, we find 

,J'AI-V ft\0 -:= 
-o 
J-""A~ 

is coupled 
1)"' (1"J 

(c) We have to take into account that no~ the real vector for 
• T ~ c "' ~ ) F • E7 l.S no longer o7 but ~J = \~" 1 +I......,~,., , where H,......;MN contatns now 

f"" F .~F 
fermionic terms . .F..,".....111 s -*'o longer satisfies the constraint~""'"':: A. -;_.,. 11& 

but the modified one .:t.., 111 1l..-:·~..~111 with 

A f 

J...,.., Ae: J...,..., A~ 
r- lL.} ,12, 

.,. 2 ,,_l 'i'r,. t!' 'f' ,il"" • -(~C:: (..11?:) 

- ~2 Y'r..... ~"/'Aec.. 

" ~ _. - A Bc.oSF'-H 
2~~ 

>-<•• '6' 
/ tQ) ~-./ 

-."} 
>.'"tL..) 

(d) We have not worked completely all quartic terms.although 

they are completely determined by dimensional reduction. We have conjec­

tured that they can be reabsorbed in the Lagrangian by the minimal 

replacement 

p ~(I' p .) 
.J.oi"'!>C:.O~ 2. ... -.~ T .... l'&o 

3' 1 c y / ...,~~--'> 2 a.....,fllq. 'T' .... -.~"e) 
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b.l;or-~ being given 

We have cheeked that 

by its equation· of motion. 

all the lV ~ terms are correct, the dependence of 
~ 

the quartic terms in scalar fields is correct and that the reduction from 

N ~ 8 to N • 4 gives the correct quartic terms. 

This Lagrangian having the same structure as the general one 

discussed in section 4, the proof of the E
7 

invariance of the theory is 

exactly the same. 

-i 

with 

.-"\ 

:r 
P" Ae. 

7 The E
7

/SU(8) supergravity 

We can now write the complete Lazrangian 

~",.-- ~ n B) ,u 
-~R(u>JeJi-1_ E 'f~11 ""'6rl:;-(b,.Ov'(.....:.)-i"1'. If~ 

t«oN ,.... ,.J I.F) \)- ) . - "-( 0 0) 
-<r g_ G...,.. H (Q_.. J'-\'1 ~ T~ AAn,1: S ... D (...:~) -~Q .... )\sc,0 "6 • Hr.l .,'2. '<>(.. ., I" ...,..., 

e p - A ~t.O _.,.>J - >J JA. - AS«> ""' t\Q(.O) 
"1" - ...-. AQ.c:o PY ~ -r~ 't' ~ ~ ( Pv -+ fi., >-~ac.o 

2~-t 6>f"2 ~ 

-T _g \i( fJ' l-lf -~4'~JA~i..._).A~-..!2_ctsw~~MtJO£~Ft:K! 
-&-li 1 ,..A n~ v~ rz 1-2. . 

A __ (..._) 

p :P ~2fo.l'V,. 
..... "tt'o .... 1'\~c.o .. L" 

"" "'" ~ 'SA9.: ¥ 4;;-J A~ 

:;. - ,. +~<\"5" ;;s,...JA(!,- ...,....Ae,. ,'P.A 
L 

'" %., 
~ 

Cll} -G Ft0'1t] 
)..Q:t01 + 1; zi\BcOii"t;H "¥ .... ,,) /\<J..) 

-t'-)C (fit) 

~'f'f:"- (Vli--Asc .r,. "J 

..-2.. ,., - w'" F~to 1 
£ Al;t:OE'i'C\1' ). t'-> ~.;-" )..,~) 

(and therefore :J"; 1\S is defined by the constraints 

-" -A J_...-J A~ -

~ 

A 

.f""""f\e:. 

We note that in ;/_ 

absorbed in the term 

(F< 

e. \4 -""'.JMN 

, one half of the coupline to 3"......VA13 has been 
/ C'/F' ' l'> • • 
'> t; so that M satl.Sfles as it should 
~ 

=- ") d. /'iJG-""''" 
Let us summarize the invariances of the theory. 

(a) It is invariant under reparametrization in 4 dimensions 

and local Lorentz 50(3,1) transformations. 

(b) It is invariant under local SU(B) transformations acting 

on spinor ~elds and on scalar fields •. 
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(c) The equations of motion are invariant under global EJ(+]) 

transformations acting on field strengths of the vector fields and on 

scalar fields. 

(d) It is invariant under the following supersymmetry trans-

formations 
&"e • 
>-"' 

__ ; ~" --r" 'l'?A 

".s'V ·v .::: _ 2..f2 1 )'(.AQC-0 c ·•'·''''' ( 0 ) X A e:,c.o with 
J 0 

X - (<..) l¥-> -
f>IN f'lec.'O = ~A ;\ &. :~ "'1: .:t.. E e: .., A Ft;;l1 

'Ss B...., is derived from 
0

l .2'r ~13<o~~""' Cll); C.~o.J 

a"" ·c ) (,;.''''t'"' ·.r -" ,., '.) ( • ~. ,. ... _ "..y'-' L' -"s]-': E.,,, 'I~;..,«) 
5 - _,_., . ~ 

etN-; C 6L"' ~ w - ~f'l. _()...) A8C: 
,.. ,.to.f'J t•) 1-4(.1.-J 7 6c (fk .A .,... (,.1,..) 

C ..... ,,.., is the dual potential defined only on-shell 
«J \ s B c• J • ~ ){ , S 

~s '1'~A = D.(~J1i,-<e.. )t~-,;r, J,s A"'" 
i. - ~'"J "/ ococ <"J " - a ot <fl) t, c. 

"T;;: ~AGe A(.'-) "(<J. '¥,... E.D - ~ y_tf?) '6 .A I'IQC l<-J 

(.fl) ...... }>4 0 ~ 
~,~\!'ec ==- 4.Ji ~t'S<-o "( C.""> -t- t; 

Y. c.(~) 
<J>e cJ 

/0 ~ 6 
We check directly that P)".A~w· -fAe and~~~~ are supercovariant. 

In fact, having guessed the symmetries of the theory (SU(8) 

local x E7 tlobal) we could have written down the Lagrangian and the super­

symmetry transformations up to a few numerical coefficients which could 

have been determined by checking directly the supersymmetry. We shall show 

how this works for· N • 8 supergravity in·5 dimensions in the next part. 

8 The symmetric gauge 

The gauge (or equivalently the parametrization) which puts the 

Lagrangian in the 50(8) symmetric form usually used in supergravity is the 

so-called symmetric gauge. t!oreover, it· is the· only gauge in which there 

are SU(8) linear transformations acting on the parameters of the vielbein 

1f"describin& the scalar fields (and not only the tDetric J?. ) . By an 

SU(8) &auge transformation we can impose the condition 

v' = v-'t 

In this 

SU(8) 
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ga~J.ge, V 1 
is generated 

't}' 1 
: U;> X 

\ 0 "''""') ~ -:; - ftli~O "' ,o 

by the part of EJ(+J) perpendicular to 

""'Aec.a = ~ . 2"r EAaeo&!"f't;h W &F'"w 

( 

J,....;~ +.rw;;; 
) W WN ) 

(w andw a ;;; ~ ~ re considered as 28 ~ J .,e._ ~-.r.:i x 28 mat · n.ces) 

I 17 is then written v' = 

At this point, it is useful to introduce the so-called inhomogen~ous 

coordinates of E7/SU(8) '1· (This discussion is rouehly independent 6£ the 

coset space considered G/H ; we only need H t"o be a maximal compact sub• 

troup of G or equivalently G/H to be a symmetric space) 

"" - lw c£...-.rw;j) 
11AB_,"o - \ ~ fie ... c:o 

This variable~ is bounded by\\"(}\1< 1. Then we get 

('·H~~\l ~~\~) 'l)'' ) 

= 
- 1 

") ~·-~~ ) 

~ 
The action of E7 (-+7) on"<J.. is simple and gives the "& 's their naces .. 

1}('i)( ~ ~) ( ~;) \,lr~)) -\}('<!') 

constant matrix of E7 U matrix of SU(8) 

with 'a 1 = (A .,. ~ C.)"'' U\ 'T ~ 0) 
The SU(8) local transformation U is determined by the condition that 't./ltJ 
is symmetric and is reabsorbed by gauge transformations. 

Let us note t'hat apart from its definition, there is no simple 

way to characterize ~ABCD' in particular it is not antisymmetric in ABCD. 

, '·''·•'•A ~ -'> I! ' 1 It 18 easy to compute 11.,. v ·v and get\,... fiQ(.I)and '"fr" . In part1,.c:u ar 

f' .... A II. ~D = I .I 1. - :J.';j ~-:==1.~~\ 
\ vl-~'3 --1-'j\1 )AS C.D 

" so that the kinetic term of the scalar fields is written in the simple way 

p P"" AIO<O T. ( -1. 'J '1. -) 
.... 11><-D =. .. , .-1-~'j' .. ';j -1-'J'J ~'(1 

In this gauge the constraint a;...,~e, =A. J=' .. "'f\B is ·solved by 
-~o . \-\ , _ r G (the notation is now covfriant only for S0(8) 

J)vf\e»-""AS~'O I"'J 
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and no longer for SU(8))with 

./(, e, < := ( ~.,. '1- ) where 'l)oB w::. 1; (' ,, ~ ... ~ ~.o ~o.~J 
~' 0 'U-'4-ASco ·> 

(we recall that I stands for" ~ t~.L<.{ ~vcr - S;o.'T ~V(' ) and A... for 

..!... 't...u.v(<r' ) 
2e _ (- ) <c 

Then wo get d = £ -11-'1'} ~ G 
,AJ.J AP.:. ,- c~- p.eJc.o -"'>J 

The supersymmetry transformations have to be modified because 

the specific gauge transformations we have made, which put ~J in the 

symmetric gau~e, depend on the scalar fields, 

IV HIDDEN SYM11ETRIES FOR SUPERGRAVITIES IN D DIMENSIONS WITH N 

SPINORIAL CHARGES 

We have found that for N = 8 supergravity in 4 dimensions, 

there exists a non compact global invariance realized non linearly and a 

hidden local invariancre of the theory. These properties are true for. all 

supergravities. Let us give the general idea to find these symmetries. We 

shall assume that· the scalars are always ·described .by a coset space G/H. 

H which is isomorph to the maximal group linearly realized on the physical 

states is the group of invariance of the algebra of supersymmetry : for 

instance SU(N) or U(N) in 4 dimensions, USp(2N) in 5 dimensions. The 

dimension of G is just equal to the sum of the dimension of H and the 

number of scalar fields. In order for the scalar to have the right signa­

ture, H must be the maximal compact subgroup of G, this fixes the signature 

of G. We expect that except the scalar fields, all bosonic fields are 

sin&let for the local ~roup, G being realized eventually on-shell, the 

fermionic fields are singlet for the non compact group G, the scalar fields 

transform under both croups and can be considered as "vielbein". All these 

counting prguments fix quite uniquely the group G. We shall have also a 

guide line by decreasing N or increasiOg D. 

Extended supersravities in 4 dimensions 

We start from N • 8 and make some consistent truncation which 

leads to N (8 aupergravi ty theories. 

In this vay we recover in particular 

We have to take care of CPT invariance. 

the 

N • 4 aupergravity. It can be formulated 

global invariance SU(I,I) of 

as SU(1 1 1) x SU(4) global inva .. 

riance of the equation• of motion and U(4) local invariance of the Lagran­

gian. 
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For N ~ 3, since there is no scalar fields the local invariance and the 

global invariance are both isomorphic to U(N) and can be reduced to the 

known global U(N) invariance by a field redefinition. 

TABLE IV 

~ 8 7 6 5 4 

Spin 2 I I I I I I 

Spin 3/2 8 7+1 6 5 4 I 
I 

Spin I 28 21-+7 15+1 .10 6 I 

Spin 1/2 56 35+21 ,.,.. lt;>-tl 4 

Spin 0 70 35+35 15+15 5•5 HI 

Clobal group E7 {+7) £7(+7) so*02> SU(5,1) SU(4) x SU(I,I) 

rank , , 6 5 ' 
Local group SU(8) SU{8) U(6) U(5) U(4) 

i'ank , , 6 5 4 

2 !faximal extended superzravities in D dimensions 

The maximal supergravities in D dimensions (D~II) are all 

obtained by dimensional reduction of D • 11 1 N • I supergravity. In order 

to exhibit the maximal symmetries (we have at least SL(II - D,R)global x 

SO( II · D) local)we have to perform duality transformations on tensor 

fields, for instance 

D • 7 A.,"( ...., B 
"" D • 6 A ... o~c ....., e.~ 

D • 5 A ... "e ....., <I> .J A,..y _..e.,.... 
D • 4 AI""'( -""> ,OTM,..,C ) A,.., -l> ~ 

The global transformations G
0 

can eventually be realized on 

field str.~ngth of tensor fields and not on the fields themselves. In this 

case c0 ia a symmetry of the. equat-ions of motion and not of the Latrantian 

·. 
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for instance D • 8 for Pt....,.Je D .. 6 for Al"-v , D = 4 for Ar . If D is 

odd, G
0 

is always a symmetry of the Laerangian. The content of the maximal 

supergravities as well as their s~-etries are summarized in Table V 

(Cremmer 1980; see also Uorel & Thierry-Mieg 1981 ; Schwarz 1980) 

1>'9 

1 e~ 
1>'8 

1 er 
v 

1>'7 

r 
I •v 
0=6 

1 e~ 
D•S 

r 
II), 

1>'4 

1.;; 

D-3 

1 er 

" 

TABLE V 
Gi.(2, R)~lobal ID S0(2)local 

. , 2 '¥\J , IAlJ"P 

E)(+J)mSL(3 1R) X 

2\.v . 3\. , 4 X , 3 scalars 

SL(2,R)global $ [S0(3) x S0(2)] local 

' 2 ~v ' ~ ' 3\.v • 6'\J , 6 X , 7 scalars 

E4(+ 4)•SL(S,R)global c S0{5)1ocal 

, 4 ~v ' 5\.v ' 'o"v , 16 X , li! scalars 

t
5

(+ 5) .. S0(5, 5)glob.al G> . SO(S) x SO(S) local 

• 4 '¥~. ~ • 16'\J , ~oX • 25 scalars 

t 6(+ 6)global ., USp (8) local 

• 8 1f)J ' 27~ • ~"'.X , 42 scalars 

E7(+ 7)globa1 " SU(8)local 

, 8 1flJ , 28-\J , 56 X , 70 scalars 

"""" E8
( ... B)globa.l CD ~ '' 16) local 

• J6'flJ, 128 'X , 128 scalars 

The global symmetries are reali:;:ed -:·field strengths for the underlying 

fields. Let us note that in 3 dimensions there are no degrees of freedom 
for the graviton and the gravitino. 

In all dimensions, we ha·ve of course the same number of degrees 

of freedom i.e. 128 bosonic states M1d 128 fermionic states. For D"" 3 ... 8, 

the glObal group isf
1
v'I-D. It has been suggested by Julia(l981 a) that there· 

could exist an inverse process of dimensional reduction : the group desin­

tegration, It is based on the observation that in D dimension the local 

group x little spin group is alway· ~ maximal subgroup of 50(16). A similar 

statement holds for the global invariances 

~ .. ") E"..., ® $L(0-2) ) S 0(~6) :::> H 0 ® S O(o-2) 

The scalars are described by the coset E""..o/Ho and the on-shell gravi­

ton is described by S~(D • 2)/SO(D-2). 
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In two dimensions, ~e expect that both c
0 

and "n will have an 

infinite number of generators, in particular G
0 

should be the affine group 

''l ( - ) . t 8 
··•d:9 assocuted to E8 

(Julia 1981 b). 

3 Supergravities in 5 dimensions 

In 5 dimensions, the symmetries are invariances of the Lagran­

gian, so that the structure should be simpler. The knowledge of these 

theories in 5 dimensions, not only allows a better understanding of the 4 

dimensional theories, but also leads to new things such as supP.rsymmetry 

breaking or off shell formulation in 4 dimensions via various dimensional 

reduction procedure. 

(a) Notations 

The metric will be (+ - - - -), As has been explained in part 

I, we choose as Clifford algebra { "tcJ 1s1:: ~!:K.s the one using the 

4-dimensional "6 matrices, to J ¥;, (~= 1,2,3) pun imazinary and'tlt:..t~s 

real with the relation '<rst" ... ll" = ~rst .. .,. . There are no Majorana spinors in 

5 dimensions. Instead of using Dirac spinors, we can double the spinors 

and use new 11 reality" conditions. We have only 2N supersymmetry in 5' 

dimensions. They are classified by USp(2N) (as the massive multiplet in 

4 dimensions with central chargeov 5th dimensions). Defininz, Jl""b , the 

antisynunetric symplectic matrix of USp(2N) (a..= I ... N),and using it to 

lower or raise indices, we define the new 11 reality11 conditions 

Bosons A,.,.o-1:> :. A!- ... r. 
Fermions 'f: = Ys- 4"-'4-""" .... 

The algebra of supersymmetry is then written 
I-~ robl .b "~ f' 
1 Q ~I 'f ~J = .ll ··~ JA 

(b) Physical content of supergravities 

The representation of USp(2N) appearing in supergravity are 

I · · t · A"" ~"""' · h trace ess ant1symmetr1c tensors or 1nstance ~ , ~ • Wlt . ., 
..52. ~to AJ.' = 0 .) 

Sl~b "/. .b, =0 

The representations of supergravity are obtained from the 

lowest spin representation of 2N supersymmetry by multiplication by 

appropriate angular momentum (Ferrara & Zumino 1979).(50(3) classifies the 

massless states in 5 dimensions) and are given in Table VI. 
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TABLE VI 

s 2 3/2 I 1/2 0 group 

N=S I 8 27 48 42 USp (8) 

l I 6 
14+1 14'+6 14 l USp (6) 

N•6 
(J·~J "I I 6 14 )4 I] 

l I 

4 5+1 4 I I USp(4) N•4 
(J•I) e I I 4 5) 

N) I 2 I ~ USp(2) 
3 I I 2) (J•2) .. • 

By counting arguments we can conjecture what the global 

and the local invariances of the Lagrangian should be. This gives the 

following results 

N•8 

N=6 

N=4 

E'(+ 6)global & USp(S)local 

su:;(6)global tiP USp(6)local 

USp(4) x R global G USp(,)local 

N .. 2 USp(2)&,lobal & USp(2)loca1 

(c) N .. 8 supergravity in 5 dimensions 

We shall show how from the knowledge of the global and local 

symmetries E6(+b) and USp(S) it is possible to construct the Lagrangian 

for N a 8 supergravity in 5 dimensions directly (Cremmer et al. 1978 ; 

Cret:m1er 1961). 

Let us briefly describe E6(+b) by its infinitesimal transfor­

mations in the fundamental representation of dimension 27. They act on the 

vector space spanned by ~.If\.::. ---z.(e3 (: ~~) Sl.a~{\ z"f\ .:= 0 

( tii.J(l• 1 ••• 8) and are &iven by 

.., () ft('Y .. fol'i' 

'ii£"'1' = 11"' 'i~·l'> + 1\ y"i! + ~ i!1r 

Thereare 78 generators, 36 compact ones zenerating the maximum compact 
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sub&roup Sp(8) of parameters 1\~ y 

trie, and 42 non compact ones with 

traceless. 

antihennitian such that 1'\J.¥ is 
ol,j\ l''l> 

parameters1: antisymmetric 
symme­

and 

E6 has no bilinear invariant but bas a trilinear invariant 

~~.n. 'rSl. •> 
J: i! I" i! ~· "' .n,_« 

These properties will be sufficient to write the general structure of the 

theory. The field content is : I graviton e; , 8 gravitinos "-\" o.., 

~(l do.(\ (l...j '(- .1..('. "" 

27 vector fields A# (A~ =- f}.:. = (A~o~r-) , ..Il111~ AJJ- = 0 ), 

48 spin 1/2 fields"'f..o.bc:. (antisymmetric, pseudoreal and traceless) and 

42 scalar fields described by a matrix 27 x-27 of E
6 
~~ ~b up to a local 

transformation of USp(S). ... .b 

The scalar fields being described by an element Vrt.~ of the 

coset space E6/USp(8), their self interaction is described by the associa­

ted non-linear~model with Lagrangian 

;i- D -if •b D" (1!-') •I' 
- ,.u,. Cltj\ cd~ "' - Tcl'll'-'0~ v")' 

0.}-'- being the covariant 

connection cr ....... \p defined 

derivative with respect to USp(S) using the 

by 

•• ·~' .c d.b 
·~.:d U..u- ·v..~.~ 

[,.. b] 

- 2 <i'r(< rd.J 
(:; Lie (E

6
) G. Lie (USp(8)) 

The Lagrangian is then written 

i"' I P,.._ •"'d \
2 

r. ~b 
-1- .._ cd 

c Lie (USp(8» 

~ .. \:...J as well as '¥~ ... h are invariant under t 6. We can also describe 

the scalar fields by a metric for this cOset space which is covariant for 

t 6 and invariant for USp(S) ~«~,'(t' 

v ..!> 'If ,d 
~#,(~ = ol(> 52oeS2bJ ¥r 

the Lagrangian can be written as 

J. J a iJ"'(cr-')"'"Jr 
N ,u. Od.~, '(f d 

However, ~ cannot be used for describing the couplings to fermions (ana­

logy with j'*" and -e....,... r 

Since there is no quadratic invariant for the vector fields, 

in order to constructanEt, invariant kinetic term for the vector fields 

we must use the metric t;Jt~pJ ~~ 
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;. • ~ a F "'" F."' ,..~ """ 
" "' 'if o--~, <f "'"' ~r 'a a 

As in II dimensions, there exists a trilinear_gauge invariant coupling (up 

to a total derivative). Since there exists a trilinear invariant for e6 we 

do not need the scalar metric ~ (nor the tensor metric ~ .... ..,. ) 

,...Je'f'>. f"'lS' -E .,o< 
dv' N E Sl,.~ F,.." S2ti F<,. ..!2~ ~ A,._ 

Since the fermions are scalar for E6, the coupling of the bosons to fermions 

must appear through E6 invariant bosonic expressions : ~ .. b<d , QJ-<.• b 

( . · · · D"'• dD"' ) F"" ·' ·"-"" 
1n covar1ant der1vat1ve ;u "fy an ~ ,..,.J..c or "'"'" = V«f) r:.v. 

The supersymmetry transformation laws Scp are assumed to be covariant 

with respect to USp(S) and E6• At this step~ and ~~ are determined up 

to numerical coefficients and quartic fermionic terms. In particular all 

the non polynomial structure of the scalar fields is known. Supersymmetry 

of ;t and closure of the algebra are used to get rid of the remaining 

arbitrariness. We then get the Lairangian 

e-•,;1. 1 , _..._y,.v( "f. A ..... t "'"11 -.I(\ -!"i 

::-;;:R- i'1'• o D, ~·-~'.I ~ -...,.,., 1;., r,.,. 

_,.d_ '1 ~be t"l) "/c - ~ q"' D 'IT •" D rv--•J"'~ 
A'2. .~.-. '""b.:: 24 d ..u. <!.f) V ~ c16 

.,-• ,••f•>- )' r• )~ /A l" _;_ P."b~ y'r'X 
- iZ G. l.__r...,_, ~ ~(~ '( IJ"'}., tj.. T3J""i "f 1.;'-• bc:d 

<11"'F"~l'";r,'"!:~'·~ '/:.,. •-;:r.'t"~"' .L"i- t""'"'- '" 
+ 7; <~fS _....v l ... f r b ..,..~ ( ,..,.\oc .. ~ •o:J '"'o J 

+ quartic terms 

We shall not write the quartic terms (see Cremmer 1981). It is invariant 

under glo.bal E6 (+fi) , lecal USp(S) and the following supersymmetry trans­

formations (up to trilinear fermionic terms) 

<" c . -. "/r J/ 
o e.,... = _,.,. e lr• 

cv·~·· cJ 1)..r..,.,.~ "_z;r,_ ( ~ '>'o,d] ~:; -'2(,-':> ~ "!.. '-'l) 

·sA_·~ 2"11"~ (6~'-1'"' :L"'f"'.b<) 
C. -.l:o _,... T 2 VC: ~ . ,.. 
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• 4',.. .. =-lD~t"'l o.".,. <i' ... ~ b Jc:..- ~ ~:."v-.,. .b < r'~,. .. 2. "~>:lG "• · · · 
A ,.,_ ~ <rA"" (•' ,.,. .:d) 

b"'1"t,' ::=.f'2 f>..,...bcd"Y ~ -.l.. ¥ F(!f" ·~iab e,J+X~· ~~ol +··· 
. 2h .. 

(d) N • 2 supergravity in 5 dimensions 

By consistent truncation we obtain all supergravities in 5 

dimensions and their symmetries, in parti~ular the N • 2 supergravity 

whose Lagrangian is 

e-" i =- ~R(wJ- { ~~4 tJN(q, (~~~ )~ ... - ~ ~ .... F<<r ~ ... t'f'<r 

.;.e-'<:""""'F E A>.--'"'(~.~F",)'¥ 1'~-1"'6c'l'.-
6~ ;o,J (r .-\6 ·... c. 

(.oJ ..... rs is defined by its own equation of motion if c ..... rs=~ .... rs. ..... ~~{~rift"" 

F - F J"j "iV < cV 
...,,J - _..'-I _,.. - ""T I vc " ~ 

It is invariant under the following supersymmetry transformations 

" r -c ..,r,u 
o e..... :::. - ~.· (: o , .... c. 

~ '\',...~ fD.t.::l+;,.., 1',.,(~',.6,_,+.,-.<;r:lJ~a 

& A_..~ ~ E.G ~}oC:: 
+ 

The structure of the theory is completely analogous to the 11-dimensioftal 

supergravity from which we can derive all supergravities by dimensional. 

reduction and consistent truncation. 

V POSSIBLE IMPLICATIONS Of THE SYMMETRIES 

N = 8 SUPERGRAVITY IN 4 DIMENSIONS 

CONJECTURES FOR 

In this part, we shall summarize what we know and what we would 

like to know about N • 8 supergravity at the classical or at the quantum 

level. This will be developed in more detail in other contributions to 

the School or to the Workshop. We shall also state the two conject~res 

for N • 8 supergravity and their implication about the possible relevance 

of N • 8 supergravity to particle physics. 

Other problems for N • 8 supergravity 

(a) We have seen that the existence of the global t 7 and the 

local SU(S) symmetries has allowed a "geometrical" descrip.tion of the 

scalar fields as describing a coset space f?"/SU(S). A natural question 

arises :. is there a possible "geometrical" interpretation of the spin 1/2 
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fields ? Although it has not been yet found, it seems that a natural 

answer should be yes. This Should likely provide a tremendous simplifica­

tion of the quartic fermionic terms and give more light on the supersym­

rnetric structure and eventually on auxiliary.fields. 

(b) Off-shell formulation 

There exists superspace formulation of N = 8 supergravity 

consistent with the symmetries E7 and SU(8) but it is an on-shell formu­

lation in the sense that the Bianchi identities on torsion, curvature.,, 

imply the equations of motion. The situation is the same for the N = 1 

supergravity in 11 dimensions where all geometrical quantitiE:s can be 

written in terms of a single superfield Frsl:<4 (1- 1 B) satisfying an equation 

(which implies the equations of motion) (Cre!DI:ler & Ferrara 1980 ; Brink & 

Howe 1980), 

At the lineariz,•J ll'vcl of N = 8 stJpergravity, sm:1e att~rnpts 

have been made to obtain auxiliary fields using the dirn;.,nsio:J<li reduction 

by Legendre tr<i!\Sfor-m startint; .• ,ith H = B linearized SU11l·rgr;;vily in 

dimensions (Crc:nmer et al. 198G). This ieads to fidds which satisfy 

differential cc>nsnaints {for gduge fields) •,o~hich cannel be :;olvcd exactly 

(at least without introducing ghusts wr l~igher den>:arlve tems in the 

resulting Lagrangian). Th.,.~f.! constr."lints can be imF0';<'d by L1grnnge r.:ult.i_ .. 

plier. but we lo.!E the closure of :112 <.lgebr,1 (on the Lat;range 1':\!ltipliers 

particularly). Moreover~ this forr::ulation eYen if it can be ex~ended to the 

non linearized case, will not be consistent with the SJ'll'.r:letries E
7 

and 

SU(8) (probably only with E
6 

and USp(8)). 

(c) Supersym:metry breaking 

Using a generalized dimensional reduction of Scherk and Schwarz 

1979 b. it is possible starting from N = 8 sup~rgravity in 5 dimensions 

to derive a N 8 supergravity in 4 dimensions with 4 mass parar.1eters 

(Cremmer et al. 1979). This new theory is still invariant under some local 

likc-supe.rsymmetry transformations. These new transformations are sponta­

neously broken and we cannot extract a global algebra from them. However. 

at one loop, this theory seems still finite (Sezgin &: Van Nieuwenhuizen 

1981). 

(d) Gauging of 0(8) 

The possibility of gauging O(N) in N-supergravity in 4 dimen­

sions is suggested by the fact that the vector fields of the supergravity 

uultiplet are in &eneral in the adjoint representation of O(N) (true for 
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N • 1 ••. 5 and 8, for N = 6 there is an extra singlet, N • 7 is identical 

toN~ 8). This has been done completely for N ~ I ..• 5 and partially 

for N = 8 (de Wit & Nicolai 1981). This allows the introduction of a new 

coupling constant the dimensionless gauge coupling. This requires a huge 

cosmological constant or a scalar potential which is unbounded from below. 

This gauging of O(N) can also be viewed as a gauging of the super De Sitter 

algebra instead of the super Poincare algebra, the coupling constant being 

related to the De Sitter radius. Both have the same local algebra • The 

introduction of the gauge coupling breaks the global invariance and even 

its subgroup U(N). 

The possibility of gauging O(N) has provided the first attempt 

to superunification, unifying in a same multiplet the vector gauge fields 

and the graviton (and gravitinos). But, this attempt has not been success­

ful to reproduce the present low energy phenomenology. Let us sketch the 

.ug\Jmf.!nts for such a statement. First of all. if we waut to avoid particles 

with spin)2 and/or sevl'r.ll spin 2 massless particles. since we have no 

consist~nt int£,racting theories for them. we must have N~ 8. Assuming 

that we can gauge S0(8) and that we can solve the problems due to unbounded 

potential from belol.', I.'C i!l!Iilediately see that S0(8)_:6SU(3)c x SU(2) x U(l). 

Despite this probler:i Cell ~!ann (1977) has tried to go on noting that 

50(8)) SU(3)c: x U(1) and has mad(• an analysis ba.sed on the vector-like 

description 8~3 + 3 + 1 + I with respective chargE (-1/3? 1/3,1, 0). This 

has sho~o'll. that at least the muon and its neutrino, the '!: and Vz; , W:i 

are missing. 

Quantum corrections 

This ~.·ill be discussed in detail by P. Van Nieuwenhuizen, 

M. Duff and R. Kallosh in this book. As gravity, supergravity cannot be 

rcnormalizable in the ordinary sense because the coupling constant K has 

a. dimension. This implies that the cmmterterms have not the same structure 

as the original Lagrangian and prevent the absorption of infinities in 

renormalization constants. Therefore, such a theory can only be finite 

(or meaningless in perturbation theory). 

(a) !-loop counterterm on shell 

For pure gravity with cosmological constant 1\ whose action is 

5::. .i.. fJ.,xJ"'~(R-2/\) 
2.<' 

after use of the equation of motion (or redefinition of the background 

field) the counterterm can be written 
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vi th 

~'S = 
~ 

~ 

D-J, 
(A"/. .... Bo) 

\(~('\ s 
12.ll1. . 

"/. ::: ti;r15d't~ ~ (R_.,"~~-4-R_..~ :!) :: 
total divergence 

A and i are constants A 106/45 B =-87/10 

i !\ t""' • .,.. 

Therefore, pure gravity is 1-loop finite if " • 0 (no cosmological constant) 

ancl f.."' 0 (the topological structure of space-time is trivial), For super­

gravity, S, b and "f.. are extended to supersynunetric invariants. It is 

found that 

if N'ij 5, then B .. 0 (this implie·s thatj1(') = 0 if g is the 

O(N) gauge coupling constant j this has been checked directly). 

A is an integer for N'43 

For N ~ 8 if we use the field description of dimensional 

reduction (63 scalars +tA,..-.~.,.'\A .... o~r then A"' O. 

This applies also toN = 4 if we use I scalar+"' AJ"-.~ • Although these 

theories have not been constructed for N = 5 and 6 we can find such field 

descriptions using A;.">~ and A .,.....r~ fields which make A "' 0. 

There are no boundary contributions to the t-loop counterterms 

forN•!. 

N • 8 supergravity is, up to now, the only theory including gravity vhich 

is completely finite at 1-loop. 

(b) N-loop counterterms 

There exists no supersymmetric extension of the 2-loop counter­

terms of pure gravity, At the linearized level there exist 3-loop counter­

terms (which could eventually violate E
7 

symmetry for N • 8 supergravity ?). 

Finally there exists a 8-loop counterterm which respects all the symmetries 

of N • 8 supergravity, 

(c) Conjecture N• I 

N • 8 supergravity exists I (it is finite) 

Although there exist counterterms, the example of N • 4 super­

symmetric Yang-Mills is encouraging. This could be linked to the fact that 

the uultipht of N • 8 supergravity as well as N • 4 super Yang-Mills are 

CPT self-conjugate. However let us mention that it has been conjectured that 

all N~l supers~tric theories should be finite. This conjecture implies 

that we cannot adjust parameters through the renormalization procedure. K 

is aot really a parameter but only a sass scale. 
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Then supergravity N • 8 (ungauged) has no parameter. ~ 

3 Implications of the local symmetry SU(8) 

The- existence of a local symmetry whose gauge fields are 

composite fields as in the CPN models (D 1Adda et al. 1978 ; Witten 1979) 

(or SU(P + N)/U(P) x SU(N))in 2 dimensions (where they ara renormalizable) 

leads to the following conjecture 

Conjecture N°2 

At the quantum level, the local symmetry SU(S) becomes dynami­

cal. In particular the SU(8) gauge fields can propagate (acquire a kinetic 

term) and have a Yang-Mills type of coupling with gauge constant g which 

should be computable (~onjecture N°l). 

Since SU(8) is big enough to accommodate a grand unified group 

(like SU(5) for instance), this eliminates the problem found with the 

gauged S0(8) supergravity and leads to a completely different concept of 

superunification. 

Supergravity is fundamental. It should be viewed as a preon 

type of theory whose spectrum we should compute. 

By supersymmetry we can conjecture that not only the SU(8) 

gauge fields become dynamical but also other fields and that they could 

form together a supersymmetric multiplet. 

Some conjectures on this multiplet have been made by Ellis 

et al, 1980 a,b. Namely they choose it as 

A A • S A 
(~) ,(1) B>(~) [<;G} ----------------h) +CPT conjugate 

Making some drastic simplifications (and far from being justified) they 

can imagine a scenario leading to a breaking of supersymmetry and of SU(8) 

at the Planck mass directly into SU(S). The massless states they keep are 

those of a grand unified theory SU(S), a maximal principle leading to 3 

families of fermions (5 + 10)
1

. All particles are originally in the same 

mu)tiplet. Some speculations have also been made concerning the restoration 

of symmetries i.e. the E7 symmetries of the level of the bound states. 

Since E7 is non compact, the only unitary representation have infinite 

dimension. 

More recently, under more conservative assumptions especially 

in the spin 1/2 sector, ~erendinger et al.(l981) have shown that there 

exist some combinations of supermultiplets which have an anomaly free 

sector of spin 1/2 : [real SU(8) or SU(8) families (8 + 18 + 56)L) or 
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[real SU(5) or SU(S) families (5 + 10) 1
]. The fint choice (GUTSU(S}) 

is not compatible with the requirement that these multiplets should be 

composite states of N • 8 supergravity. The second choice (GUTSU(S))implies 

that th~re should be an even number of SU(S) families and requires a large 

number of multiplet& (N 15). 

Although these scenarios are far from being justified, this 

shows that provided the two conjectures are true, the physical spectrum of 

N = 8 supergravity is probably rich enough to accommodate present low 

15 
energy phenomenology (~ 10 GeV). To go further, we should have a better 

understanding of the structure of the N • 8 supergravity, especially the 

structure of the "multiplet" Which contains. the SU(S) gauge fields and the 

behaviour of the various members of this multiplet under the global E7 

and the local SU(S). We should also have sOlved at least partially the 

problem of auxiliary fields which should provide a "linearization" of the 

fermionic terms of the Lagrangian necessary to begin to study the dynamics 

in particular the appearance of a kinetic term and Yang-Mills coupling 

for the SU(8) gauge fields. We are also facing now a new problem : what 

is a finite theory ? In particular, it should be useful to know if there 

exist some properties which could replace the concept of asymptotic 

freedom for renormalizable theories. 
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