8 Homotopy theory of Fredholm operators

This chapter is about homotopy groups of the sets of Fredholm operators, unitary
and self-adjoint Fredholm operators, Fredholm pairs, and other operator classes. Both
bounded and unbounded Fredholm operators with various topologies are dealt with,
and as an application a characterization of the spectral flow is proved in Section 8.4.
Part of the presentation below follows closely the texthook by Boof3-Bavnbek and Wo-
jciechowski [32], as well as the excellent lecture notes by Schroder [165] which are
unfortunately only available in German. When dealing with unbounded self-adjoint
operators equipped with the gap metric, another crucial element of proof is taken from
a paper of Joachim [108] that is apparently not particularly well known. Along the way,
several homotopy equivalences are proved and this is summarized in Section 8.7. Sev-
eral fundamental results are needed (in particular, the long exact sequence of homotopy
groups of fiber bundles and the stable homotopy groups of the general linear groups as
computed by Bott) and are recalled in Appendix A.3 for the convenience of the reader.

8.1 Homotopy groups of essentially gapped unitaries

For the stable general linear group GL(co, C), the homotopy groups are known by Bott’s
celebrated result, see (A.3) in Appendix A.3. It was then proved by Palais [141] and
Shvarts [179] that one can enlarge GL(co, C) to the invertible operators G°(3() in the
unitization of the compact operators without changing the homotopy groups. More
precisely, consider

K(H)" ={T e B(H): T -1 € K(H)} =1+ K(H),
and the subset of invertibles
G*(H) = G(H) N K(H),
equipped with the norm topology. Then

c Z, kodd,
m(G00) = 0, keven &1

A proof of the latter fact can also be found in [165]. Based on this, one can directly state
the homotopy groups of the essentially gapped unitary operators. Indeed, by Proposi-
tion 3.7.2, the set FU(K) = {U € U(H) : -1 ¢ spec,,(U)} of essentially gapped unitaries
can be retracted to the set U°(H) = {U € U(H) : U -1 € K(7)}. Furthermore, the polar
decomposition provides the following:
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Proposition 8.1.1. With respect to the norm topology, U°(X) is a deformation retract of
G ().

Proof. For T € G°(H), clearly, also |T|2 =T*T e G°(J(). Moreover, for s € R,

dz s -1
71" = 5 2 (- 1Ty

T

for some contour surrounding the (positive) spectrum of |T|? once in the positive sense.
Due to the resolvent identity, one has |T|® € G¢(H). Therefore U = T|T| ™} € U¢(H) and
the path s € [0,1] — U|T|® lies in G°(H). Thus the homotopy

h:GY(H) x [0,1] —» G(H), h(T,t)=T|T|™"

is well defined and clearly norm-continuous. Moreover, h(T,0) = T for T € G°(H),
h(T,1) € U(K) for T € G°(H) by the above, and h(U,t) = U for U € U°(H) and
t € [0,1], and therefore h is a deformation retraction of G¢() onto U°(K). O

Now the homotopy groups of G°(J) are given by (8.1) by the results of Bott and
Palais. Therefore we obtain

Corollary 8.1.2. With respect to the norm topology, the homotopy groups of the essen-
tially gapped unitary operators are

Z, kodd,
m(FU()) =
0, keven.
Corollary 8.1.3. The spectral flow on closed loops establishes an isomorphism
Sf : m (FU(K)) — Z.

Proof. Clearly, St : my(FU(K)) = Z — Z is a homomorphism. Example 4.5.4 shows that
this homomorphism is surjective. It is then a fact that every surjective homomorphism
f : Z — Zisinjective. O

8.2 Homotopy groups of Fredholm operators

It was proved in Theorem 3.3.5 and Corollary 3.3.6 that the connected components
F,B(H) of the set of bounded Fredholm operators FB(JH) with respect to the norm
topology are labeled by the index n € Z, so that

71,(FB(H)) = Z.

Moreover, one can restate Corollary 3.3.6 as
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Corollary 8.2.1. The index establishes a bijection Ind : 7,(FB(H)) — Z.

As all connected components of FB(HH) are homotopy equivalent by Theorem 3.3.5,
the task left is to determine the homotopy groups of the identity component FyB(H).
This is done by applying the tools described Appendix A.3.

Theorem 8.2.2. The homotopy groups of the identity component of the bounded Fredholm
operators on }H are given by

0, kodd,
Z, k> 0even.

7 (FoB(30)) = {

As all connected components of FB(3) are homotopy equivalent, this directly im-
plies

Corollary 8.2.3. For all n € Z, the homotopy groups of the component IF,B()K) of the
bounded Fredholm operators are

0, kodd,

T (EnBU0) = {Z k > 0 even

Strictly speaking, one has

0, kodd,

Ti(EnBO0,T) = {Z k > 0 even

for all basepoints T € IF,B(H) where, for any topological space X and b ¢ X, the homo-
topy group (X, b) is made by the homotopy classes of continuous maps f : sk x
mapping some fixed point a;, € s onto b. As the homotopy groups of a connected space
X are independent of the basepoint, this is also written as

0, kodd,
Z, k> 0even.

7 (F,B(H)) = {

The proof of Theorem 8.2.2 will use the Bartle and Graves selection theorem as a

crucial element for the construction of fiber bundles [34]. A version that is sufficient for

the present purposes can be stated as follows: if £ is a Banach space, U c & a closed

subspace, and 7 : € — £/U is the quotient map, then there exists a continuous (homo-

geneous but not necessarily linear) right inverse p : £/U — € of 77, namely op = id¢ ;.
A short proof of this version is given in [165].

Proof of Theorem 8.2.2. The proof is split into several steps:

Fact 1. FyB(H) is homotopy equivalent to the identity component G,Q(3) of the in-
vertible elements in the Calkin algebra.
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Indeed, let p be the right inverse of the Calkin projection 77 : B(H) — Q(J) as given
by the Bartle—Graves selection theorem. Because Fredholm operators with vanishing in-
dex are compact perturbations of an invertible operator FyB(H) = n‘l((GOQ(}C)). Thus
T € FyB(H) can be uniquely decomposed into T = p(7(T)) + K with some compact oper-
ator K e K(J). Hence FyB(H) is homeomorphic to Gy Q(F) x K(J). The contractibility
of the compact operators then implies the first fact.

Fact 2. The restriction of the Calkin projection 7 = 7|gg¢) : G(H) — GoQ(H) is a fiber
bundle with fiber G°(F).

First note that 7 indeed maps the bounded invertibles into the identity component
of the invertibles of the Calkin algebra, due to the connectedness of G(J). Moreover,
7T : G(H) - GyQ(H) is surjective because for each Te Gy Q(H) there is an operator
S = p(T) € FB(H) with Ind(S) = 0 so that there exists a compact operator K € K(¥H)
such that T = S + K is invertible, and clearly 7(T) = T. Now fix an operator T, with
associated invertible lift T,, set K, = T, — p(T) and next consider a neighborhood U
of T,. By choosing U sufficiently small, there is a continuous injective map £ : U — G(H)
defined by &(T) = p(T) + K,. Note that the image of ¢ lies indeed in the set G(}) of
invertibles because G(J) is open in B()). Moreover,

A Y({T}) = {p(T) + K invertible : K € K(H)} = (p(T) + Ky)G (H),
the latter because
p(T) + K = (p(T) + Ko)(1+ (p(T) + Ky) " (K - Ky)).

Hence ﬁ’l(U) is homeomorphic to U x G°(H) as claimed. (Note that the fiber bundle is
actually a principal bundle with fiber group G°(¥).)

Fact 3. The homotopy groups i (IFyB(3{)) are as stated.

This now uses the long exact sequence of homotopy theory associated to the fiber
bundle of Fact 2. It reduces to isomorphisms 7 (G Q(H)) = m,_;(G*(H)) because G(FH)
is contractible by Kuiper’s theorem and hence has vanishing homotopy groups. Us-
ing Fact 1, one deduces 7 (FoB(H)) = m_1(G°(H)) and therefore (8.1) concludes the
proof. O

The next aim is to consider the set of unbounded Fredholm operators IF(H) as de-
fined in Definition 6.2.1. They form a subset of the densely defined closed operators
IL(H) on which Section 6.1 studied two natural topologies, namely the Riesz and gap
topologies. The definition 01f the Riesz topology is tightly linked to the bounded trans-
form F(T) = T(1 + T*T) 2 and this leads to Proposition 6.2.18 which states that the
spaces (F(H), Og) and (FB(H), Oy) are homotopy equivalent. This directly implies the

following main result on the set of unbounded Fredholm operators.
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Theorem 8.2.4. The homotopy groups of (F(JH), Og) are the same as those of (FB(J), Oy)
as given by Corollaries 8.2.1 and 8.2.3.

Let us briefly comment on the space (IF(H), O;). By the bounded transform, it is
homeomorphic to (]F]B? (H), Og), which in turn can be shown to be homeomorphic to
(FB4(H), Ogp) by adapting the argument in the proof of Proposition 6.4.7 (note that d. is,
however, only a pseudometric on FB, (H)). In [154] it is shown that the identity provides
a homotopy equivalence I : (F(H), Og) — (F(H), O;). Therefore the homotopy groups
of (F(H), Og) and (FF(H), O;) coincide and are given by Theorem 8.2.4.

8.3 Homotopy groups of bounded self-adjoint Fredholm operators

Recall from Section 3.6 that the set FBg,(3) of bounded self-adjoint Fredholm oper-
ators equipped with the norm topology has three connected components FBg, (),
FBg, (H), and FB, (K), consisting respectively of those self-adjoint Fredholm operators
having only positive essential spectrum, only negative essential spectrum, and having
both positive and negative essential spectrum. The components FBZ, () and FBg, ()
are contractible so that the main task here is to determine the homotopy groups of
FB, (3).

Theorem 8.3.1. With respect to the norm topology, the homotopy groups of FB, () are

1, (B, (30)) = Z, kodd,
s o, Kkeven
Corollary 8.3.2. The spectral flow on closed loops establishes an isomorphism

St : my(FBg,(H)) — Z.

Proof. Clearly, Sf : my(FBg,(H)) = Z — Zis ahomomorphism. By Example 8.3.4 further
down, this homomorphism is surjective. As every surjective homomorphism from Z to
Z.is injective, this implies the claim. O

The proof of Theorem 8.3.1 parallels that of Theorem 8.2.2, but there is an extra
element stated first.

Lemma 8.3.3. Let Q, € U, (H) be a proper symmetry with neighborhood
U =1{Q € Ug,(30) : 1Q - Qoll < 2}.
Then there is a continuous map Q € U — U € U(H) such that

Q=UQ,U".
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Proof. (Note that this is essentially the same argument as in the proof of Proposi-
tion 5.3.20.) The unitary will be explicitly constructed, using the orthogonal projections
P= %(1 -Qand Py = %(1 — Qp)- Consider the operator

M =1+ (P-Py)(2P, - 1).
By assumption, [|(P — Py)(2P, — 1)|| < 1so that M is invertible. One readily checks
PM = PP, = MP,,.

Hence also M*P = P,M*. Therefore P = MP,M ' and M*P(M*)™ = P, so that upon
replacing also

P = (MM*)P(MM*) ™.

This implies P = (MM * )‘%P(MM*)% . Now set

_1
2

U=(MM") M.

This is indeed unitary and satisfies the claim. O
Proof of Theorem 8.3.1.

Fact 1. FB,(3() is homotopy equivalent to the set GQg, () of self-adjoint invertible
elements in the Calkin algebra having both positive and negative spectrum, which in
turn can be retracted to the set UQg, () of proper symmetries in the Calkin algebra

UQL(H) = {Q = Q% € Q(H) : spec(Q) = {-1,1}}.

For the proof of this fact, let 71, : Bg, () — Qg,(F) be the restriction of the Calkin
projection 7 to the self-adjoint bounded operators. Then FBZ,(H) = H;al((G(Q;"a(J{)).
A continuous right inverse p, to 1, is given in terms of the right inverse p of 7 by
setting pg, (H) = %(p(fl )+ p(H)*). Then H € FB,(H) can be uniquely decomposed into
H = pg, (1, (H)) + K with some K € K, (), the set of self-adjoint compact operators.
Hence FB, () is homeomorphic to GQg, (H) x Kg,(3). The contractibility of the self-
adjoint compact operators then implies the first claim. The retraction to UQg, () can
then be done by spectral calculus.

Fact 2. Let UQ(H) denote the unitary elements in the Calkin algebra and fix some
proper symmetry Q, € UQZ,(H). Then the map 7, : UQ(H) — UQ., () defined by

m(U) = UQ,U”

is the base projection of a principal bundle with connected base space and fiber group
given by the stabilizer group of Q,,
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Gy = {U e UQ(H) : UQ,U* = Q).

For the justification, let us first note that for every Q UQ;, (H) there is a self-
adjoint lift T = pg,(Q) € Bgy(H), namely 7, (T) = m(T) = Q. Its essential spectrum is
Specq,(T) = {-1,1}. Hence there is a gap A c (-1,1) somewhere in the spectrum of T,
and one can choose an increasing continuous function f : R — [-1,1] with f(-1) = -1,
f@) =1, and supp(f’) c A. Then Q = f(T) is a symmetry on H and m(Q) = Q because
Q- T € K, (H). In particular, for T = p.,(Q,) there is a symmetry Q, = f(T,) such that
Q, = m(Qy). By continuity of the spectrum, there is a neighborhood U of Q, such that the
function f can be chosen uniformly for all Q € U, and one obtains a continuous local map
QeU-Q=f (psa(é)) € Ug,(H). As both Q and Q, are proper, there exists a unitary
U € U(H) such that Q = UQ,U* and the map Q € U — U can be chosen continuously
by Lemma 8.3.3. Then U = 77(U) is a unitary in the Calkin algebra and Q = UQ,U*. Thus
p: U - UQ(KH) defined by ,f)(@) = U is a local section, namely p is continuous and
7y o p = id. This fact combined with the bundle structure theorem (see the paragraph
after the proof of Theorem A.3.7) implies that 77y : UQ(H) — UQ(H)/Gy =~ UQg,(H)
is a principal bundle. (Note that one can spell out a version of Lemma 8.3.3 directly for
symmetries in the Calkin algebra and this shortens the proof a little.)

It remains to show that the base space is connected. Let Qp, Q; € UQ;, (H) have
symmetry lifts Q, and Q; (constructed as above). As both Q, and Q, are proper, there
exists a unitary U € U(H) such that UQ;U™* = Q,. Deforming U to 1 (e. g., taking roots of
U) one obtains a path of symmetries connecting Q, to Q;, and consequently also a path
connecting @0 to @1. Hence UQg, (H) is indeed pathwise connected.

Fact 3. The homotopy groups m; (FBg, (7)) are as stated.

The long exact sequence of homotopy theory for the principal bundle of Fact 2 com-
bined with Fact 11eads to

- = M(UQH)) — m(FB, (3)) — me1(Go) — Mg (UQFH)) — -+

The set UQ(H) of unitaries in the Calkin algebra is a retract (using the polar decom-
position) of the set GQ(H) of the invertibles in the Calkin algebra. The connected com-
ponents of GQ(K) are G,Q(H) = {T ¢ GQ(K) : p(T) € F,B(H)} for n € Z. These
components are homeomorphic and therefore have the same homotopy groups. The
homotopy groups of GoQ(H) were determined in the proof of Theorem 8.2.2, so that

0, kodd,

m(UeQ0) = {Z k = 2 even

where UyQ(H) = UQ(H) N GyQ(H) and therefore

0, kodd,
m(UQ(H)) = 2 I even 8.2)
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Moreover, the stabilizer group G, consists of all U € UQ(J) commuting with the pro-
jection Py = 3(1-Qp), hence all block diagonal unitaries with block form PyQ()P, and
(1-Py)Q(H)( - By). The lift P, = %(1 - Q,) of P, with Q, as above is a projection, and
one can identify PyQ(H)P, with Q(PyH), and similarly with the other block. Hence

Gy = UQ(PyH) @ UQ((1 - Py)H).
Consequently, the homotopy groups of G, can be read from (8.2) as

0, k odd,

m(Gy) =
o {Z@Z, k even.

Thus for k odd, the above exact sequence becomes

5 0 5 m(FBL(30) > Ze Z 25 Z — m 4 (FBL(H) - 0 — -+,

where i, is the induced map of the inclusion i : G, < UQ(H). However, i, is surjective
(actually, it is just the addition + : Z x Z — Z in the homotopy groups as one can check
using the fact thati : Gy = UQ(PyH) @ UQ((1 — Py)H) — UQ(K) is the embedding
as a block diagonal operator) and thus exactness implies that the homotopy groups of
FB;, (H) are as stated. O

Example 8.3.4. This example is a continuation of Example 5.7.4 in which H = £*(Z)
with orthonormal basis [n), n € Z and

Q= . In)(nl =) In)(nl.

n>k n<k

Then Q, = U"Q,U where U is the left-shift by k and Sf(Q,, Q,) = —k. This path shall
now be closed to a loop. For that purpose, let us first rotate the states in the subspace
spanned by [n) and |k — n). For even k this is done by

Vs = Z(ln—1>|k_n>)<cos(§8) —sin(%s)><<n_1l>)

ok sin(3s)  cos(3s) / \(k —n

while for odd k

cos(38) - sin(£8)> < (n| ) k-1\ ; k-1
V, = nmlk-n-1 2 2 )5
N z]((' >| >)<Sln(%3) COS(%S) (k—n—ll +| 2 >< 2 I

H>E
One readily checks that the rotation s € [0,1] — V{ Q) V; connects Q to V;"Q, V; = —Q,.
Let us concatenate with a second path, given in terms of
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Vo= T mi-1-m) (g9 TSRGY( Y,

: Vs Vs
b sm(is) cos(is) (-1-n|

Then s € [0,1] — V. (-Qq)V, connects —Q, to V;(-Qy)V; = Q. These last two paths are
isospectral, so there is no spectral flow. As a consequence, the spectral flow along the
whole closed loop obtained after concatenation is equal to —k. <O

In Example 8.3.4, a concrete path of self-adjoint Fredholm operators with nontrivial
spectral flow was constructed from a pair of symmetries (Q, UQU ™) which satisfies [U, Q]
compact. Actually, there is a far more general statement that implies the existence of a
such a path. For any fixed proper symmetry Q, let us set

Up(H) = {U € UFH) : [U, Q] € K(IN)}. (8.3)

Note that IUQ(SJ-C) is a subgroup of U(H).

Proposition 8.3.5. For any proper symmetry Q on 3 and any k € N, 1, (Uy(H)) is iso-
morphic to my .1 (FBg, (30)).

Proof. Firstrecall from the proof of Theorem 8.3.1 that FB{, () is homotopy equivalent
to the set UQg, () of proper symmetries in the Calkin algebra. Note that Q also provides
a base point 7(Q) in UQ;, (). Now let us define a map Bo : UG — UQg,(H) via
Bo(U) = m(UQU™). By the arguments in the proof of Theorem 8.3.1, one can check that
this is a principal bundle with structure group

(B (m(Q)) = {U € U: n(UQU™) = m(Q)}
={U e U:n([U,QIU") = 0}
= Up(%H).

Hence one can use the long exact sequence of homotopy groups, which, due to the trivi-
ality of the homotopy groups of U(J), proves the proposition. (Let us note that there is
an equivalent statement to Proposition 8.3.5 for Z,-valued index pairings given in [48]
and Theorem 7.1 of [57]; the argument in these works was based on the claim that the
connecting maps in the long exact sequence of homotopy groups of a fibre bundle are
induced by a homotopy equivalence, which was not proved there; this claim is not used
here.) O

8.4 An application: characterization of spectral flow

The aim of this section is to present an axiomatic characterization of the spectral
flow that is due to Lesch [126], with modifications taken from [184]. Let us denote by
Q" (IFB, (3()) the set of norm-continuous paths in FBg, (}). Let us stress that the paths
are not necessarily closed, which is why the notation Q* instead of Q is used. Let us
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consider maps u : Q*(FBg, (H)) — %Z that are invariant under orientation-preserving

reparametrizations of the paths. Such maps can have the following properties:

Homotopy invariance. If (s,t) € [0,1] x [0,1] — H;, € FB;, (H) is norm-continuous
and H as well as H; are invertible for all s € [0, 1], then

u(t € [0,1] — Hy,) = u(t € [0,1] — Hyy).
Concatenation. Ift € [0,2] — H, is an element of Q" (FB;, (H)), then
u(t €10,2] — Hy) = p(t € [0,1] — Hy) + u(t € [1,2] — H,).
Integrality. If ¢ € [0,1] — H, is a path in FBg, (3) with invertible endpoints, then
u(t € [0,1] = H,) € Z.

Normalization. For every H € FB,(3) and associated H, = H + t1, one has
u(t € =851, 0] — H,) = u(t € [0, 8] — H,) = % dim(Ker(H)),
where 8y = %min{l/ll : 0 + A e spec(H)}.

Note that the spectral flow is a map Sf : Q" (FBg, (H)) — %Z that satisfies concatenation
by Theorem 4.2.1 and homotopy invariance by Theorem 4.2.4. Moreover, integrality and
normalization are immediate consequences of the definition of the spectral flow.

Theorem 8.4.1. If i : Q" (FB,(H)) — %Z satisfies homotopy invariance, concatenation,
integrality, and normalization, then u = Sf.

Proof. Let Hy € FBg, () have a one-dimensional kernel and set §, = 6y, Then let
t € [-8y,6y] — H; = Hy+t1be the corresponding path. By the concatenation, homotopy
invariance, and integrality properties, it is clear that u and Sf induce homomorphisms

1, 8 : 7 (FBg, (), H_s,) — Z, (8.4)

where 7 (FBg, (3), H_g, ) is the fundamental group. As the set of invertible operators in
FB;, (H) is connected, there is a path ¢ € [0,1] — H; of invertible operators connecting
Hg to H_g, in FBZ, (). Now the (time rescaled) concatenation ¢ € [0,1] — (H * H " is
an element in 77, (FBZ, (H), H_g,) and thus

u(t e (0,11 — (H = H'),) = u(t € [0,1] — H,) +u(t € [0,1] — H})
= u(t € [0,1] = H,)
= dim(Ker(H,))
= Sf(t € [0,1] — H,) + Sf(t € [0,1] +— H})
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= Sf(t € [0,1] — (H  H'),),

where u(t € [0,1] — H/) = 0 = Sf(t € [0,1] — H/) was used which follows from
the homotopy invariance and concatenation. As dim(Ker(H,)) = 1, this firstly shows
thatt € [0,1] — (H * H'), is a generator of the infinitely cyclic group 7, (FB, H_s)

sa’
(see Theorem 8.3.1), and secondly that u and Sf have the same value on it. Hence the

maps in (8.4) coincide. Note that this also holds for any other invertible base point than
H_s,, which follows by using once again that the set of invertible elements in FB, (H)
is connected.

Letnow t € [0,1] — H, be an arbitrary norm-continuous path in FBZ, (3(). Let us
first consider the endpoints H, and H; and set

t€[-80,0] > H' =Hy+tl, te[0,8] H =H +t1,

where still §; = 6y, and 8; = &, . It follows from the normalization property that

SE(t € [~80,0] — H;) = u(t € [8,,0] = H,) = % dim(Ker(Hy))
and
Sf(t € [0,8,] — H;) = u(t € [0,8,] — H;) = % dim(Ker(H,)).

Let now t € [0,1] — H, be a path of invertible operators in FB, (}) connecting H§1 to
H° 5, 1t follows from the first part of the proof and the concatenation property that
u(t € [0,1] - H,)
=u(te0,1]— (H' +H+H"),) - % dim(Ker(H,)) - % dim(Ker(H,))
=u(te[0,1]— (H' «H+H + H),) - % dim(Ker(H,)) - %dim(Ker(Hl))
=Sf(t € [0,1] > (H* « H « H' + H),) - % dim(Ker(H,)) — % dim(Ker(H,))
=Sf(t € [0,1] > (H + H « H"),) - % dim(Ker(Hy)) - % dim(Ker(H,))
= Sf(t € [0,1] — H,),

and so the claim is shown. O

Let us note that Theorem 8.4.1 slightly differs from Lesch’s work [126] as here it is
not assumed that the endpoints of the paths in Q* (FB,(3()) are invertible. There are
other axiomatic characterizations of the spectral flow. For example, Ciriza, Fitzpatrick,
and Pejsachowicz showed in [60] that the spectral flow for paths in all three components
of FB, (H) is also uniquely determined by the homotopy invariance in Theorem 4.2.2,
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the two basic properties (i) and (v) in Theorem 4.2.1 and the fact that it is the difference of
the Morse indices of the endpoints for paths in FB{, () (see Proposition 4.3.1). Finally,
let us note that Georgescu proved a similar characterization for paths of unbounded
self-adjoint Fredholm operators [93].

8.5 Homotopy groups of Fredholm pairs

Let us introduce a notation for the set of proper orthogonal projections which form a
Fredholm pair with a fixed proper orthogonal projections P

FP(K) = {P : P proper orthogonal projection with (P, P) Fredholm pair}.

This set will be equipped with norm topology Oy on B(J). Results on the homotopy
groups of FIP(H) and various modifications of it go back to Wojciechowski [207] and
Abbondandolo and Majer [2].

Theorem 8.5.1. The homotopy groups of FIP(H) are given by

Z, keven,

T(EPO0) = {o k odd

To show this, let us introduce the set
FPY(H) = {P € FP(H) : Pog — P € K(H)}

of orthogonal projections P such that P — P is compact. The proof of Theorem 8.5.1 is
then based on the following fact.
Proposition 8.5.2. The space (IFIPC(SJ-C), Oy) is a deformation retract of (FP(H), Oy).

Proof. (Based on the proof of Proposition 5.3.19.) For P € FP(K), let Q = 1 - 2P be the
associated symmetry and let Q,.f = 1— 2P, be the symmetry associated to P,.; and then
set

R = QQpef + QreQ = 21— 4(P — Ppp)”.

Then one has [R,Q] = 0 = [R, Qye]. Let us set a = sup specq,((P - Pref)z). Because
(Pre> P) 1s @ Fredholm pair, 1 ¢ spec,((P — Pref)z) and therefore a € [0,1). Then also
b= min{“T”,Za} € [0,1) and the function f : [0,1] — [0,1] defined by

FO) = X0, X) + (X = )@= YapX) (8.5)

is continuous for a > 0. For
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H =1+R cos< %th((P - Pref)2)> sin<gtf((P - pref)2)>, t e [0,1],

clearly, [H,, (P - P.r)*] = 0, and next it is shown that H, is invertible for all ¢. Setting
H' = Ran(y((P - P,e)* > b)) the restriction of H, to this space is 15, On the orthogonal
complement (H')* one has (P-P,.)* < b. Therefore R1(3¢y: > (2-4b)1 5. and, because
| cos(5tf (P—Prep)?)) SIn(F tf (P—Prep)?))l < 3, 0ne gets Hligery > (1+5(2=4b)Lgerys =
(2 = 2b)1(4¢1y+ > 0. Combined with the fact that [H,, (P - Pref)z] = 0 and therefore H; is
diagonal with respect to the grading 3 = H' @ (3(')*, this implies that H, is invertible
for all t. Therefore one can set

0, = (H)? <Q cos<gtf((P - Pref)2)> + Qref sin( gtf((P - Pref)2)>>, t € [0,1].

Clearly, Q; = Q, and computing the square shows Qf =1, so this is a path of symmetries.
Moreover, Q, = Q. To show that (P, P;) is a Fredholm pair for all ¢ € [0,1] where
P, = %(1 - Qy), let us compute

2_1

(Pe = Preg)’ = 51 - %(Ht)‘% (R cos<§tf((P - Pref)2)> +2 sin( gtf((P - pref)2)>1>.

Suppose that a > 0. Then the right-hand side is a continuous function of the self-adjoint
operator (P — P,;)%. Namely,

(Pt - Pref)2 = gt((P - Pref)z)

for the continuous function g; : [0,1] — [0,1] defined by

1 1 s (T
g&x) = 3~ Z<1+ (2 - 4x) cos(?f(x)) sm(ztf(x)»

1
2

: <(2 ~4x) cos(%tf(x)) + Zsin<%tf(x)>>. 8.6)

By the spectral mapping theorem in the Calkin algebra, one gets spec,.((P; — Pref)z) =
2:(SPecCegs((P — Pre))) and therefore

2
sup Specess((Pt = Pres) ) < sup &i(x) < sup he(x)
te[0,1],x€[0,a] te[0,1],x€[0,a]

for

h,(x) = %— 711<1+(2_4X) cos<gt> sin(%t)) ’ ((2—4)() cos(%t) +Zsin<gt>>. 8.7

The supremum is given by
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1 1
sup  h(x)= sup hy(x)= sup - --(2-4x)=a<1
te[0,1],xe[0,a] xel0.a] xel0,a] 2 4

Then sup spec,. ((P; - P.or)%) < 1by Corollary 5.3.13 implies that (P, P;) is a Fredholm
pair for all ¢t € [0,1]. Moreover, spec,.((P; - Pref)z) = g1(Speceg((P - Pref)z)) = {0} and
therefore P; — P, is compact.

Suppose that P — P, is compact, or equivalently that a = 0. Then it follows that
F((Pe=Pyep)?) = X (P~ Pyeg)’ = 0) is the projection onto Ker((P, — Pyer)*) = Ker(P — Prey).
We show that in this case t € [0,1] — Q, is constant. Clearly, Q, commutes with (P, —P,¢)*
and thus Q, is diagonal with respect to the grading 3 = Ker(P; — P,;) ® Ker(P; — Ppop) ™.
On Ker(P; — P,ep)* one has f((P; — Pep)?) = 0 and thus Q, = Q. On Ker(P, — P,¢) one has
Q = Qur and therefore

R R N AR EER)

Thus Q; = Qforall ¢t € [0,1] on all of H.
Next let us consider the homotopy

Q.

h: FP(H) x [0,1] —» FP(K), h(P,t) = %(l - Q)

It is shown that h is continuous at any point (P, t) € FP(XK) x [0,1]. This is verified by
a rather lengthy argument in the remainder of the proof which an experienced reader
may want to skip.

Let (P,)nen be a sequence in FP(HK) converging to P. Associated to it is the sequence
(Qn)nen of symmetries, where Q,, = 1 2P,. Moreover, let (¢,),cn be a sequence in [0,1]
converging to t. Let us first assume that a = sup specq,((P — Pref)z) > 0. Then for n
sufficiently large, a, = sup spec,s((P, — Prer)?) > 0 and b,, = min{a"T”, 2a,} € (ap, 1), and
the function f,, : [0,1] — [0,1] defined by

Fo00 = X10,8,) ) + (X = ) (@ = B) " X,y X)
is continuous. Moreover,

sup |[f(x) - fu(x)| =0 (8.8)

x€[0,1]

for f : [0,1] — [0,1] as in (8.5). Furthermore, let us set
R, = QnQref + Qrean =21- 4(Pn - Pref)2

and

Hn,t =1+ Rn COS(glfn((Pn - Pref)2)> Sin(gtfn((Pn - Pref)2)>’ te [O’ 1]»
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which by the same argument as above is invertible with inverse bounded by
|H; 3] < min{1,2 - 2b,}7". (8.9)
Clearly,
[A(Pp, t,) = R, O)|| < |A(Py, ty) — h(Pp, O] + |A(P,, 8) — A(P, 1)
For the first summand, one has
|A(Py, t) = h(Py, 1)
3 B (Qucos( 5 (@ = Pr?) ) + Qursin( 5 (B - P )

_ (Hn,t)’%<0n cos<gtfn((Pn —Pref)2)> + Qret sin( tf((Py — Prep) ))”

< ol [on{eos G- ) ) oo G2 - ) )
Qe sin( G 3By ~Pe?) ) =sin G0~ Pe?)) )|
H(( we) = (Hy) 2)

(Queos( 5 (B2 P + Qersin 5 (@~ 2 ) )|
cos<gtnx> - cos<gtx> + sup sin<gtnx> - sin(%tx)

1 _1
< ESUPH(Hn,t) 2 ||< sup
nt x€[0,1]

x€[0,1]

)

(g, )72 = ()72

Clearly, the first summand converges to 0 for ¢, — ¢ (uniformly in P,). To bound the
second summand, let us first note that lim,_, ., b, = b and therefore by (8.9) | H, tII is
uniformly bounded in ¢ and P,, namely the is a constant C € R, such that

sup  [[Hy| < C.
te[0,1],neN
Then
_1 1 1 _1
|(He )72 = (Hy) 2| = ()2 (i) = (Hi )2 )(H ) 2 |

_1 1 _1

< ([ Fg) | E ) — (E )2 B )2

< CllHy, - n,tnllz, (8.10)

where the last step follows from Proposition A.2.2. Because
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"Hn,[ - Hn,[n " =

Rn[cos<gtfn((Pn—Pref)2)>sin< tfo(Py — Prop)” >
_ cos<gtnfn((Pn —Pref)2)>sin< tofo(Py = Prep)? )]”

cos(j—Ttx> sin(ztx> - cos(—t x) sin<—t x)
2 2 2" 270

<2 sup
x€[0,1]

one has
lim |H,, —H, =0
m—0 m

uniformly in n. Thus limtn_w |R(Py, ty) —h(Py, t)|| = 0 uniformly in P,,. It remains to show
lim,,_, o, |h(P,, t) — (P, t)|| = 0. One has

[h(y, t) = h(P, t)|
- |t [ Qucos( (P P ) + Quarsin( 5 5B~ |

_ (Ht)‘% [Q COS(%UC((P - Pref)2)> + Qref Sin(gtf((l) B Pref)2)>] H

ouess( - p) -0 22,0
+ Qref<sin(7—-[tfn((Pn —Pref)z)) —sin< tf (P — Prep) >>]”

+|I((H, t)z—(Ht) )

[l ) .|
< @) "<“(Qn -Q COS(%tfn((Pn - PM)Z))“

(cos(%tfn((Pn - pref)2)> _ cos<gtf((P - Pref)z)>)”

+ Sin<gtfn((})n - Pref)2)> - Sin(gtf((P - PM)Z))“)

F2(Hy )7 - (H) 2
< @) 210, - Ol
+ "(Ht)_% ” COS(gtfn((Pn - Pref)2)> - COS<]_th((Pn - Pref)2)>

+ ||(Ht)‘%|| cos(%tf((Pn _pref)2)> cos< tf (P — Pyep) ))”

ey fsin( 3o - Pe®)) - sin( (P - Pr))
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+ ez

Sm( f((P Pref)2)> - Sin(gtf((P - Pref)2)>”
+ C”Hn,z - Hz”i,

where the last step follows from a similar argument as that leading to (8.10). Clearly, the
first and last summands converge to 0 for n — co. Because f is a continuous function on
[0,1] > Upen SpPeC((Py, —Pref)z) u spec((P—Pref)Z)) the third and fifth summands converge
to 0. Finally the second and fourth summands converge to 0 by the same argument using
(8.8). This shows the claim for a > 0. Finally, let us consider the case a = 0. Then, by the
above, P, = Pfor all t € [0,1]. One has to show

"h(Pm tn) _P” -0,
or equivalently

|0n -l =0,

for Q, = 1 - 2h(P,, t,). Note that by the spectral radius theorem in the Calkin algebra
a, = sup spec,.((P, —Pref)z) — 0. For % > € > 0,thereis A, € (0,¢€) \spec(Pref—P)z. Note
that

”X((Pn - Pref)2 < Ae) _X((P - Pref)2 < Ae)” - 0.

Then for n sufficiently large, a, < %Ae and therefore

On(l _X((Pn - pref)2 < /Ie)) = Qn(l _X((Pn - Pref)z < Ae))-

One then has

”On - Q” "(Qn Q)X (P Pref) < /1 n + "(Qn Q)(l _X((P - pref)2 < Ae))n

and the second term is bounded by

1@n - QA - X((P - Prep)? < 1))
< [Qn (X ((Py = Pre)® < Ae) = X ((P = Prep)® < ,)))|
+](Qn - Q@ - X((Pr — Prep)* < A))|
+|QUU((Py — Prep)? < Ae) = X((P = Preg)’ < Ae))|
< 2 (P = Prep)” < Ac) = X((P = Prep)* < Ac)|| + 10, -

— 0.

For the first summand, one has

1(@n = QX ((P - Preg)* < A,)|
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= [[(@ret = QX ((P = Prep)® < A¢) = (Qrer =~ QU ((P = Pre)” < A
< [|(Qret = QX (P = Preg)® < AN + 1(Qpes = QX ((P = Prep)® < Ac))|
< [ (Qret = Q) (X ((P = Preg)® < Ae) = x((Py — Preg)® < 4,)))|
+ | (Qret = QX ((Py = Pret)” < Ae)|| + [ (Qres = QU (P = Prep)” < o))

The first summand is bounded by

n(Qref - @n)()(((P - Pref)2 < Ae) _X((Pn - Pref)z < Ae))"
< 2")(((? - Pref)2 < Ae) _X((Pn - Pref)2 < Ae)“

— 0.

For the third summand, one has

"(Qref - Q)X((P - Pref)2 < Ae)“ = "(Zpref - ZP)X((P - Pref)2 = Ae)"
= 2 (Prer - PP - Preg) < 2|
< 2){2

1
< 2ez.

And finally, the second summand is bounded by

“(Qref - On)X((Pn - Pref)2 S Ae)" = ”(ZPref - Zh(Pn’ tn))X((Pn - Pref)2 S Ae)"
= 2] Pret — o ) APy~ Preg) < A0

gz( sup R (x)
te[0,1],x€[0,A]

1
=2A2
1
< 2€?,

where h;(x) is defined in (8.7). Because € > 0 was arbitrary ||Qn - Q| — 0 follows
and therefore the considered homotopy is continuous. Thus, one can conclude that
(FPC(K), Op) is a deformation retract of (FP(JH), Op). O

For n € Z let us introduce the sets
F,P(H) = {P € FP(H) : Ind(P,¢s, P) = n}
and

F, PS(3) = {P € FPS(H) : Ind(Pyes, P) = ).
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The next result shows that these are the connected components of FP(H) and IFIPC(J{),
respectively.

Proposition 8.5.3. The sets IF,IP(K) and ]F,,IPC(U-C) are connected with respect to the op-
erator norm. Moreover, the space FF,IP(H) is homeomorphic to IFyP(3) and ]Fn]PC(J-f) is
homeomorphic to IFOIPC(SH).

Proof. The argumentleading to Proposition 5.3.23 shows that both IF, P(H) and ]F,,]PC(iH)
are connected.

To show that IF,IP(J() is homeomorphic to FyIP(H(), let P, € I, P¢(H) be a fixed
projection. Then by Corollary 5.3.13, for any projection P € P(H), (Pys, P) is a Fredholm
pair if and only if the pair (Py¢¢,, P) is Fredholm. By Proposition 5.3.15,

FpP(H) = {P € P(H) : (Ppegp> P) Fredholm, Ind (P, P) = 0}.

Moreover, by Proposition 5.1.7, there is a unitary U € U(XH) such that U*Pes, U = Ppep.
Then, by the above, one has P € F,IP(H) if and only if U*PU € FyP(H). Therefore

f:F,P(H) -» FyP(KH), P+~ U*PU

is a homeomorphism. Thus the claim on F,IP(¥) is shown. Restricting f to F,P ()
implies the last claim. O

Proof of Theorem 8.5.1. By Proposition 8.5.2, the homotopy groups of FP() and FIP¢(H)
coincide, namely 7 (FP(FH)) = nk(lFlPC(J-C)) for all k € IN,,.

Recall from (8.3) that IUQM(J{) ={U € UWXH) : [U,Qres] € K(H)} denotes the set
of all unitaries that have a compact commutator with Q.. = 1 — 2P,.;. Then the map
7y : Up, (3) — FP(H) defined by

7o(U) = UPsU"
is the base projection of a fiber bundle with fiber given by
Up, 030 = {U e UXH) : [U, Qpes] = 0}. 8.11)
For the justification, let us first note that 7, is surjective. For P, € IFIPC(H-C), one has
75 (Py) = {U € U(K) : UPU* = Py}.
For the neighborhood

U= {PeFPYH) : |P- Pyl <1},

one gets
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7 (W) = {U € U(K) : UPeeU™ € UJ.

By Lemma 8.3.3, there is a continuous map U — 7, L(w), P — Vp such that Py = Vp PVp.
For U € m,"(P), one gets UP,,;U* = P = VPV, and therefore [Pyop, U* Vp] = 0. Thus

¢ 7" (W) - Ux g, o(H)
defined by
¢(U) = (UPetU™, U™ Vip_+)

is a homeomorphism.

Even though the base space FIP®(%) is not connected, Proposition 8.5.3 implies that
the homotopy groups of all connected components are the same. Using the long ex-
act sequence of homotopy theory associated to this fiber bundle, one obtains isomor-
phisms nk(]PlPC(IH)) = r[k(lUQref(fH)) because IUQM,O(IH) is contractible by Kuiper’s theo-
rem and hence has vanishing homotopy groups. Then Proposition 8.3.5 combined with
Theorem 8.3.1 shows the claim. O

Recall from (5.19) that FIPIP(7H) denotes the set of Fredholm pairs of proper orthog-
onal projections. This set is then equipped with the topology Oy x Oy where Oy, denotes
the norm topology on B(). The following result goes back to Abbondandolo and Majer
[2], but the proof below is different.

Theorem 8.5.4. The homotopy groups of FPP(H) are given by

Z, keven,

7i(FPPI0) = {o k odd

The proofis based on the following fact on the homotopy groups of the set:
P(H) = {P = P* = P* € B(H) : dim(Ran(P)) = dim(Ker(P))}

of all proper orthogonal projections on , which goes back to [15].
Proposition 8.5.5. The space (P(J), Oy) is contractible.

Proof. First note that, by Proposition 5.1.7, the space (P(H), Oy) is connected. Let, as
above, P, € P(HH) be one fixed proper orthogonal projection. Then 71, : U(H) — P(H)
defined by

7o(U) = UPsU"

is the base projection of a fiber bundle with connected base space and fiber given by
Uy, ..0(30). For the justification, let us first note that 7z, is surjective by Proposition 5.1.7.
For P, € P(H), one has
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751 (Py) = {U € U(H) : UPeeU™ = Py}
For the neighborhood
U={PeP(H):|P-Pyl <1}
one gets
7 (W) = {U € U(K) : UPU* € UJ.

By Lemma 8.3.3, there is a continuous map U — U(H), P — Vp, such that Py = V5 PVp.
Moreover, there is a unitary U, € U(X) such that Uy PoUy = P,es. Then for P € U and
U e m,"(P), one has UP,oU* = P = VpP,V; and therefore V; UP,;U*V, = Py, or equiva-
lently Uy Vp UP,fU" VpUy = Prep. Thus U VpUj € Uy o(3() where as in (8.11) Uy ()
denotes the set of unitaries that commute with P, and

¢ : nal(u) - Ux Uoref’o(g{)
defined by
O(U) = (UPeeU™, U™ Vigp_ s+ Uy)

is a homeomorphism.

Using the long exact sequence of homotopy theory associated to this fiber bundle,
one obtains that m, (P(H)) = 0 for all k € N, because U(HK) and Uoref,o(j‘f) have van-
ishing homotopy groups by Kuiper’s theorem. As P(J() is a metrizable Banach manifold
(see [2]), (IP(H), Op) is contractible by Theorem A.3.5 combined with Theorem A.3.6. [

Proof of Theorem 8.5.4. The map r; : FPP(H) — P(H) defined by
7o((Po, Py)) = Py

is the base projection of a fiber bundle with connected base space and fiber given by
FIP(3). For the justification, let us first note that 77, is surjective. For P € P(%), one has

715 (Py) = {(Py, Py) € FPP(K) : Py = Pj}.
For the neighborhood
U= {Py e P(H) : |Py - Pyl < 1},
one gets

715" (W) = {(Py, Py) € FPP(H) : Py € UJ.
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By Lemma 8.3.3, there is a continuous map U — U(H), Py > Vp, such that P, = V;UPVPU.
Moreover, there is a unitary U € U(K) such that U*P{U = P,¢. Then for Py € U and
Py € P(H), the pair (Py, P;) is Fredholm if and only if (Pf, V;UPl Vp,) is Fredholm, which
is equivalent to the Fredholm property of (Prer, U™ Vp P,V U). Thus

¢y (W) — Ux FP(H)
defined by
¢((Pg, Py)) = (P, UV P, Vp U)

is a homeomorphism.

Using the long exact sequence of homotopy theory associated to this fiber bundle,
one obtains isomorphisms 7, (FPP(H)) = 7, (FPP(H)) because P(H) has vanishing ho-
motopy groups by Proposition 8.5.5. Then Theorem 8.5.1 allows finishing the proof. [

8.6 Homotopy groups of unbounded self-adjoint Fredholm
operators

On the set of unbounded self-adjoint Fredholm operators F, (), there are two natural
topologies, the Riesz and gap topologies, see Section 6.3. As to the Riesz topology, Proposi-
tion 6.3.3 already shows that (Fg, (), Op) is homotopy equivalent to the set of bounded
self-adjoint Fredholm operators (FFBg, (3{), Oy). Hence their homotopy groups coincide,
and one immediately deduces the next result.

Theorem 8.6.1. The homotopy groups of (Fs,(H),Op) are the same as the homotopy
groups of FBg, (H), namely (F,(H), Og) has three connected components and the homo-
topy groups of the nontrivial component are as given by Theorem 8.3.1.

Note that the proof of Theorem 8.6.1 merely implements self-adjointness in the proof
of Theorem 8.2.4, because the same can be said already about Propositions 6.3.3 and
6.2.18.

The homotopy groups of the space (Fg,(H), O;) are much more difficult to access.
It was already proved in Theorem 6.3.16 that (IFy,(3), O;) is connected, which is a strik-
ing difference to (IFz,(H), Og). Of course, this reflects the fact that the Riesz topology
is strictly finer than the gap topology. Moreover, item (ii) of Theorem 7.1.7 and The-
orem 7.1.8 directly imply that the spectral flow on closed loops establishes a homo-
morphism Sf : 71y (F,(3H),0;) — Z. Whether this captures the whole fundamental
group was an open question, as pointed out in [31, 126]. An affirmative answer was
given in a paper by Joachim [108] which actually computed all the homotopy groups
of (I, (), O¢). This paper is placed in the more general framework of Hilbert modules
and, unfortunately, this made parts of the paper difficult to understand for many (in-
cluding ourselves). Very recently, Prokhorova provided a new and independent proof
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in a Hilbert space framework [154]. The arguments of [154] are in spirit close to the ap-
proach used in this book and are therefore followed closely in the remainder of this
section. The outcome is the following:

Theorem 8.6.2. Spaces (Fg,(3),0g) and (FBZ,(3), Oy) are homotopy equivalent. In
particular, their homotopy groups coincide and are as given by Theorem 8.3.1.

Theorem 8.6.2 follows from the next result on the set-theoretic preimage
F(H) = 5 (B, (30))

of FBZ, () under the bounded transform.

Theorem 8.6.3. The embedding I : (Fg,(H), Og) — (Fg,(H), Og) is a homotopy equiva-
lence.

Proof of Theorem 8.6.2. By Theorem 8.6.3, (FFs,(H),Og;) is homotopy equivalent to
(F, (), Og). Because (Fg, (H), Og) is homotopy equivalent to (FBg, (H), Oy) by Propo-
sition 6.3.3 this implies the claim. O

It now remains to prove Theorem 8.6.3, and this will make up the remainder of this
section. Let us state at the very beginning that the main novel ingredient of [154] is to
use a technique of tom Dieck to prove homotopy equivalence, stated in Theorem A.3.3
in Appendix A.3. This motivates many of the constructions that follow. Let us begin by
analyzing the space (F}, ,(3(), Oz) where for a > 0,

sa,a

H) = {H € F,(H) : spec(H) N [-a, a] = 0}

Sﬂ a(

denotes the set of operators in IF}, .(H) with spectral gap around 0 of size a.

sa,a

Proposition 8.6.4. The space (F;, ,(3), Op) is contractible for every a > 0.

sa,a

Proof. Consider the map f : Saa(ﬂ{) Op) — (P(H),Op) defined by f(H) = y(H >
0). Then f is well defined and continuous because for H € Fg, ,(3() one actually has
X(H > 0) = y(FH) > 0) € P(H) as F(H) € FB,(H) has positive and negative essential
spectrum. This map is a homotopy equivalence with homotopy inverse given by the map

: (P(H), 0p) — (F Saa(vaC) Op) defined by g(P) = (2a + 1)(2P - 1). Clearly, f o g is the
1dent1ty on P(H). And g - f is homotopic to the identity on F;, ,(H) via the homotopy
h:F;, (H)x[0,1] — F;, (H) defined by

saa(

saa( sa,a

h(H,t) = T (tFH) + 1 - )F((2a + 1)(2x(H > 0) - 1)),

where the argument in 7! has no eigenvalues at +1 by spectral calculus. By the spectral
mapping theorem,

spec(F(H)) N [-F(a), F(a)] =0
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and
spec(F((2a +1)(2¢(H > 0) - 1))) n [-F(a), F(a)] = 0.
Therefore and as y(H > 0) = y(F(H) > 0),
spec(tF(H) + (1 - HF(Q2a+ D(Z(H > 0)-1))) n [-F(@), (@] = 0

for all t € [0,1]. Then, again by the spectral mapping theorem, h(H,t) is indeed in
Fg, o(H) for all H € Fg, ,(3() and t € [0,1]. Thus h is well defined. By Proposition 6.2.17,
h is continuous with respect to Op. Because h(H,0) = 2a+1)(2y(H > 0)-1) = (g f)(H)
and h(H,1) = H for all H € Fg, ,(7{), one can conclude that f is a homotopy equivalence
with homotopy inverse g. By Proposition 8.5.5, (P(H), Oy) is contractible and combined

with the above this concludes the proof. O
Next it is shown that the space (I, ,(7(), O;) is contractible where for a > 0,

Fopa(H) = {H € Fgy(H) : spec(H) N [-a,a] = @}

*

denotes the set of operators in Fg, ,
ment is based on the following fact.

(7€) with spectral gap around 0 of size a. The argu-

Proposition 8.6.5. The map f : (Fg, o(H),0g) — (B(H),Oy) given by f(H) = H'is
continuous. It provides a homeomorphism

fo: (IFsa,O(:H)’ OG) - (]Bsa,inj(j{)x ON)>

where Bg, () = {H € Bg,(H) : H injective} denotes the set of bounded self-adjoint
injective operators. For a > 0, the restriction of f gives another homeomorphism

Ja: (lFsa,a(:H)’ 0g) — (Ba,sa,inj(j{)’ On)s
where By g, ini(H0) = {H € By (30) : |H < @'},

Proof. For any H € Fg, (), the bounded linear map g : 7 ® H — H & H defined by
£(¢,¥) = (¥, p) maps the graph of H onto the graph of its inverse H ™. This implies that
themapf : (Fgyo(H), Og) — (B(H), Og) defined by f(H) = H™' is continuous. However,
O¢ and Oy coincide on B(X) by Theorem 6.1.10 and therefore f is continuous. Because
H ¢ Fg, o(3) has a spectral gap containing 0, one has Hle Ba,inj(F0). For H € Bg, i ()
its inverse H ' is, moreover, densely defined, closed, and symmetric. As Ran(H "1) =X,
this implies that H™! is self-adjoint. Thus f, is a homeomorphism. By the spectral radius
theorem, H € By, ;, (%) has norm less than a”" if and only if spec(H) ¢ (-a™,a™"). By
the spectral mapping theorem, this is equivalent to the property spec(H ) n [-a, a] = 0.
Thus also f, is a homeomorphism. O

Proposition 8.6.6. The space (Fg, (), O;) is contractible for all a > 0.
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Proof. Let us first focus on the case a = 0. By Proposition 8.6.5, it is sufficient to show
that (]Bsa’inj(fl-f), Oy) is contractible. Let K € K(K) be a positive semidefinite injective
compact operator with |K|| < 1, as already used in the proof of Proposition 6.4.7. Then

hy = By i (H) x [0,1] = Bgy (),  hy(H, t) = (A-01+tK)H((1- 1+ tK),

is well defined because (1 — t)1 + tK is a convex combination of positive semidefinite
injective operators and therefore injective for all ¢ € [0,1]. Thus hy(H,t) € Bg, (3.
Clearly, h, is a norm-continuous homotopy such that hy(H,0) = H and h;(H,1) = KHK
is an injective compact operator lying in K jj(H) = By jn;(F) N K(H) € B, jn; (FO). It
is thus sufficient to show that (Kg, (%), Oy) is contractible. To do so, let us identify F
with L2([0,1]), but suppress the unitary in the following. For ¢ € (0,1], let us consider
(inspired by [73] and as in the proof of Proposition 6.4.16) the partial isometry

1
tz¢p(%), forx<t,
Vi(9)(x) = o
0, forx > t.
Similarly, for ¢ € [0,1),
W.(6)00) = 0, forx <t,
t 1-0729(%), forx>t,

is also a partial isometry that is complementary to V,. Clearly, V,, V", W,, and W’ contin-
uously depend on ¢ in the strong operator topology. Moreover, the projections P, = V,V;"
and Q, = W, W/ fulfill

-limP, =0, s-li =0,
Sl =0 smo -0
as well as
P1:V1:1:W0:Qo, Pt+Qt:1' (812)

For Hy € K, jni(30), we define the homotopy hy : K, i (30) x [0,1] — Kgq jnj () by

H,, fort =0,
hy(H,t) = \tV.HV] + 1- )W HyW;, forte(0,1),
H, fort=1.

Clearly, hy(H, t) is self-adjoint and compact. Moreover, V.HV;" is an injective operator
on Ran(P,) and W,.HyW;" is an injective operator on Ran(Q,) by (8.12) and therefore
hy(H,t) € Kgqinj(30) so that hy is well defined. Since H and H, are compact and the
mapst € (0,1) — V,and t € (0,1) — W, are strongly continuous, h, is norm-continuous
on Kg, jnj () x (0,1). Moreover, for every H JH e Kia,inj(F0) and t € (0,1],
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|hy(H, 1) — hy(H, t)|| < |H — hy(H, )| + |hy(H, t) — hy(H, 1))
< |H - tV.HV] | + (1 - )| W Ho W || + |H - H].

As lim;_, |H - tV.HV;| = 0, this implies that h, is continuous at all points (H,1)
for H € Kgyjpj(30). Similarly, one shows that h, is continuous at all points (H,0) for
H € Kgy jnj(H). Thus hy is continuous on the whole domain Kg, j,;(#) % [0,1] and there-
fore Ky i (H) is contractible. Thus (B, jj(#(), Oy) is contractible and the claim on
(Fsa,0(30), Og) follows from Proposition 8.6.5.

For a > 0, the homotopy h; defined as above maps B, inj(30) x [0,1] to the set
By sa,inj (F0). Furthermore By s i () x {1} is mapped to Ky g, inj (30) = By ga,inj (FO NK(FH).
For Hy € Kga,inj(3() the homotopy hy maps K g, inj(H) x [0,1] to K g, 1 (H) because
tV;HV] € Ko inj(Ran(P;y)) and (1 - )W HoW;" € Ky, inj(Ran(Q,)). Therefore the same
argument as for the case a = 0 shows that (IFg, ,(H(), O5) is contractible for alla > 0. [

Now all is prepared to complete the

Proof of Theorem 8.6.3. The proof is based on Theorem A.3.3. Note that both spaces
(Fg, (F0), Og) and (Fg, (3H), O¢) are metric and therefore paracompact. Thus every open
covering of these spaces is numerable. Let T denote the set of all finite symmetric (with
respect to 0) nonempty subsets of R, such as 7 = {-a,a} and 7 = {-a,-b,b,a} for
a > b > 0.For t € T,let T denote the convex hull of 7 which is a closed symmetric
interval in R. Then

Fga (H) = {H € Fgy(H) : spec(H) N T = 0 = spece,(H) N T}
is open in the gap topology O because
Foo o (30) = 5 ({H € FB],(30) : spec(H) N F(1) = 0 = specygs(H) N F(D)}),

F i (Fsua(H),04) — (]FIB(I’)Sa(J-C), Op) is continuous by Corollary 6.3.4 and, moreover,
{H € IF]B?)Sa(fH) : Spec(H) N F(7) = 0 = specy, (H) N F(T)} is an open subset of IF]B?)Sa(fH)
with respect to the extended gap topology by the spectral mapping theorem and because
7 is symmetric. Thus (Fg, ;(H)),; .7 is an open and, by the above, numerable covering of

(Fga z(H), Og). On the other hand,
Fg, (H) = {H € Fg,(H) : spec(H) N T = 0 = spece(H) N T}
is open in the Riesz topology Oy because
F, (H) = 3"'1({H € IF]B;‘)’SOa(iH) : spec(H) N F(1) = 0 = spec(H) N F(@)}),

the bounded transform F : (Fg,(H),O0p) — (]FIB(l)’sa(fH), Op) is continuous by Corol-
lary 6.3.2 and {H ¢ FB*? (F0) : spec(H) N F(1) = @ = specy,(H) N F(7)} is an open

1,sa
subset of IFIB?,Sa(iH) with respect to the norm topology. Thus (F;, .(H));c5 is an open

*
sa,T
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*

and, by the above, numerable covering of (FFg, .(H), Og). For 7, 7' € T one clearly has
Fo, (30 NG, 1 (30) = Fg, 1,0 (30 and Fgg (30) N Fy 20(3H) = Fgy gy (30) with TU 7 eT.
Moreover, I (]F;‘a)r(ﬂ-f)) C Fgy o (3). Thus, by Theorem A.3.3, it is sufficient to show that
the embedding I; : (Fg, .(3(), Og) — (Fg, (), O¢) is a homotopy equivalence for every
fixed 7 € 7.

Let Py, (H) = {P = P* = P? € B(K) : dim(Ran(P)) < oo} denote the set of finite-
dimensional orthogonal projections on J. Then mp : (IF:a,T(}C),OR) — (Pgn(30), Op)
defined by

nip(H) = xz(H)
is the base projection of a fiber bundle with fiber over P € Py, () given by

;- p(30) = 13 (P) = {H € Fy () : xz(H) = P}.

sa,T

Similarly, 77 : (Fgy (H), Og) — (Pgp(H), Oy ) defined by
n6(H) = xz(H)
is the base projection of a fiber bundle with fiber over P € Pg, (3() given by
Fyy . p(H) = 7 (P) = {H € Fyy (H) : xz(H) = P}.

Both fiber bundles are locally trivial in the sense that, by Lemma 8.3.3, for P € P, ()
there is a continuous map {P € Pg (H) : [P - Pyll < 1} — U(H), P — Vp, such that
PO = V;PVP Let

H x Py (H) = H @ H"

be the canonical decomposition of the trivial Hilbert bundle over Pg, () into the direct
sum of two vector bundles, whose fibers are }(;, = Ran(P) and }}, = Ker(P). Let g, .(})

and ./’ () be the fiber bundles over P, () associated with J{', respectively "', with

sa,T

fibers given by
F, . p(30) = {H € Fg, /(Ran(P)) : spec(H) T \ 7}
and

F,' p(30) = {H € Fg, (Ker(P)) : spec(H) N T = 0},
where both fibers are equipped with the Riesz topology. By Lemma 8.3.3, these fiber
bundles are again locally trivial. Then taking fiberwise the direct sums, FFg, () can be
seen as fiber product bundle over Pg, () of the form
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]P:a,r(g{) = ]F:a,,r(j{) X Py () ]F:anr(j{)

with bundle maps Fg, .(H) — Fg, .(3) given by the restriction H — Hlgany.¢r)) and
E, (H) — Fg," (30) given by H +— Hlger(y. ) In exactly the same way, one can view

IFsa - (70) as a fiber product

IFsa,'z'(j{) = sa r(j{) XPgn () IFsa 1(3{)

where IFgaT(iH) and Fy, () are the fiber bundles over Pg,(H) with fibers given by

sa,f,P (0 = sa T p(fH) and
F, . p(H) = {H € Fg, ;(Ker(P)) : spec(H) N T = 0},

Where both fibers are equipped with the gap topology. Now the embedding
(IFSa (30, 0g) = (Fgy (H0), Og) is a product of the maps

I; : saT (30 - ]Fsa (30, H|Ran()(;(H)) = HlRan()(;(H))
and

I By, (H) = By (H),  Hlger(roy = Hlkergro(n)-

On Fg,  p(H) = Fy, . p(H), the Riesz topology and the gap topology coincide with the
norm topology by Theorem 6.1.10, therefore I, is a homeomorphism.

To show that I}’ is a homotopy equivalence note that the Hilbert bundle 3" over the
(metric and thus) paracompact space Py, () has infinite-dimensional separable fibers.
Thus by Theorem A.3.12, it is a trivial Hilbert bundle. The trivialization map can be cho-
sen to be unitary, namely there is a norm-continuous map P € Pg,(H) — Wy € B(H)
where W) is a partial isometry with Ker(Wp) = Ran(P) and Ran(W,) = H. Then the map
(9, P) € H" — (W, 9, P) € H xPg, (H) is a trivialization of " Therefore the fiber bun-
dles IFg," () and 11:;; (30) over Py, (30) are also trivial, namely isomorphic to the trivial

bundles Fg," o(H) x P (H) — Pgy(H), respectively Fy, . o(H) x Pgp(H) — Pgy(H),

sa,T,0
via the trivalization maps A € Fg," p(H) — (WpAW,,P) € F' ((H) x Pgy(H) and
A € By, p(H) = (WpAWp, P) € Fy,  o(H) x Pgy (H). After this, isomorphism I;' trans-
poses to Iy : By o(F0)x Py (H) — FY, - o(H)x Py (30) simply given by (H, P) — (H, P).

sa,7,0
AsT = [-a,a] for some a > 0, one gets I, ((H) = Fy, ,(H) and Fy, , ((H) = Fgyq(H).

5a,7,0
By Propositions 8.6.4 and 8.6.6, the spaces (lFSa (30, 0p) and (Fg, 4(3), Og) are con-
tractible. This implies that I/’ is a homotopy equivalence and therefore I, is a homo-
topy equivalence as it is the product of two homotopy equivalences. This concludes the

argument. O

Remark 8.6.7. Let us point out that the proof of Theorem 8.4.1 merely uses that the fun-
damental group of (FBg, (), Oy) is infinitely cyclic. Thus, by the results of this section,
Theorem 8.4.1 also holds for (F;, (), O) and (F,(3(), O¢). o
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8.7 Resumé: homotopy equivalences of operator classes

For the convenience of the reader, this section summarizes various of the homotopy
equivalences of sets of Fredholm operators proved in this and earlier chapters. Let us be-
gin with a diagram for self-adjoint Fredholm operators. It is quite extended, even though
not all results proved in this book are included. For sake of compactness of the presen-
tation, we drop the specification of the Hilbert space J.

retr

(FBg,, Oy) ¢ 262 (FBy g, Op) W (Fga, Og) W (FBg,, Op)
Iincl.
(IFIB:a,ON)

6.3.3]}'

(]Psa’ Ogr) (W (IF‘]B1 sa’ ON)

118‘6.3

9
(]Fsa’oG) <—> (]FIBlsa’OE) W (]FIBlsa’OSE) W (IFUO’ON)
116.4.2

(FS, 05) ¢—— (F B{Y, OF) PRLLEN (FBLY, Ogg) I (U, 0y)

644 646 4615
id16.4.7
C id C retr.
(FBy s Ok) 455557 (FBisa Osp) <5,57 (FBige, Og)

retr.IGA.lG

(FBS, Ogr)

1,sa’

The diagram splits in the top row and the rest. However, they are tightly connected as
it was shown in Proposition 3.6.1 that FBy, = FBZ, U FB{, U FB, is a disjoint union in
which the two components FBg, are contractible. Hence the nontrivial part of the higher
homotopy groups (of degree greater or equal to k = 1) of the upper row stems from
the component FBg,, namely the lower part of the diagram. These homotopy groups
have been computed in Section 8.3. Let us also note that many of the homotopy equiva-
lences in the diagram also hold for the operator sets without Fredholm properties. The
corresponding statements can always be found near by those on the Fredholm opera-
tors.

Next let us come to the set of (not necessarily self-adjoint) Fredholm operators. The
results are summarize as follows:
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(FBUO, 0y) 453 (FO0,08) 430> (FBY(30,0y) 45

|

(F(30),06) <= (FBY(30), 0p).

(FBy(H), Oy)

Here the two-sided errors designate homotopy equivalences by the maps on top of them
and the corresponding statement below them, while the hook error is a homotopy equiv-
alence by [154]. Hence the homotopy groups of all spaces are given in Section 8.2.



	9783111172477
	8 Homotopy theory of Fredholm operators


