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fn t roduct ion

The a im of  th is  paper  is  to  g ive a  coherent  and deta i led ex-

pos i t ion of  the Bloch-Bei l  inson re sul ts concerning the l -ea-

d ing coef f ic ient  a t  zero  o f  the L- funct ion assoc ia ted.  to  an

e l l ip t ic  curve over  0  wi th  complex mul t ip l ica t  j -on.  Accord-

ing to  the con jec tures as  formula ted by Be i l inson th is  va lue

should be equal up to a rat ional  factor to the determinant of

a regulator map between certain K-groups and Del igne cohomolo-

9 y .

fn contrast to the approach given by Bloch in t  3 I  lect  .  8 ,9

where he uses a def in i t ion of  the regulator based upon rela-

t ive cycles h/e start  f rom Bei l inson I  s def in i t ion as expounded
j-n l2 l  .  There he der ives an expression for the regulator of

an e l l ip t ic  curve as a  l inear  combinat ion o f  E isenste in-

Kronecker-Lerch ser ies.  In order to complete his argument one

has to  re fer  to  B lochr  s  computat ion o f  the L-ser ies  g iven in

t 3 l  L e c t .  9 .

I t  seems to us however that Bloch considers only those el l ip-

t ic curves with complex mult ip l icat ion by 0 where the

per iod la t t ice  wi th  respect  to  a  rea l  d i f fe rent ia l  i -s  genera-

ted as an O-module by a real  per iod.

Without this assumption a construct ion of  his involv ing N-

torsion points on the el l ipt ic curve for a natural  number N

has to  be genera l ized us ing v- tors ion po in ts  w i th  v  €  0  .

lVe aL so note that the root of  uni ty in Bloch '  s f  inal  re sul t

can  be  d i sca rded .

Ir Ie would l ike to thank M. Rapoport  and A. Schol l  f  or  helpful

explanat ions .



51 A formula for the regulator of  curves

An analyt ic space U.r,  over lR can be given by a pair

(Uu.r ,  (C) ,  F-)  consist ing of  a complex analyt ic space Uan (C)

and an ant iholomorphic involut ion F--  on Uan (C) A sheaf

F on U is then a sheaf F-an  C
on Uan(C)  together  w i th  a

morphism o 3 f  IFC 
-+ Fn such that oo f ' *  s = id .  In other

words the pa i r  (F- ,  o  )  is  an invo lu t ion on (U"r ,  (C )  '  FA)  .

For  a  Q-sheaf  one has essent ia l ly  by  def in i t ion

i
H -  ( u a n ,  F )  =  " i  { u . r ,  ( a )  ,  F a )  

( F o o '  o )  
t h e  ( F o o ,  o )  - f  i x m o d u l e

of  the ana ly t ic  sheaf  cohomology 11 i  {u" r ,  (a)  ,  Fc)  .  See t  61 2  .1

lr ie wi l l  be concerned with sheaves F :  A (n) ,  nü given by
an

Fn = A (n)  ,  n$. r ,  
tO)  

together  w i th  the usua l  complex con juga-

t i o n .  H e r e  0  c  A . c  C  i s  a  s u b g r o u p  a n d  A ( n )  =  ( 2 n L ) t a  -

For example an e lement of  Ho 1" o 1 \  by a di f  -uarr  " 'u"rr)  as gl-ven

f erent ial  f  orm o on Uan (C )  such that FäuJ = o .  lVe cal l

t l i  a real  holomorphic form.

Let X denote a smooth complete curve over ]R ( i .e.  a smootht

complete ,  geometr ica l ly  j - r reduc ib le ,  one-d imens iona l  lR -

s c h e m e ) .  C o n s i d e r  a c l o s e d n o n e m p t y s u b s c h e m e  P c X  ' P  + X

and let  U = X\P .  Then U carr ies the structures of  a

smooth af f ine lR -scheme and that of  an analyt ic space U"r,

over lR given by U.r ,  = (U (A) ,F-)  .  Here U (A) is the mani--

fold of  complex points of  U and L is induced by complex

con j ugation . From t6. I (2 .12) \^/e know that

1 - r . l 1
H )  t u , n  ( 1 )  )  =  { . p € H o  ( u . r , , 0 u  / - r R  ( 1 )  )  l d p € F '  ( u )  }

an

1  - - o , - -  1  - , o , i , , ^ \  ^ 1  - n r a  
- @

where  r r  ( u )  =  H  ( * . r r r ax  <P> )  =  uo  ( x  ( c )  , n l  t c ) .P  
( c )  , )  

F -

an
consists of  the real  meromorphic forms on X (A) which are

holomorphic on U (A) and have at most f i rst  order poles on

p (C)  .  l r le  need another  descr ip t ion o f  th is  group.  C l -ear ly

e = Re A is a wel l  def ined real  valued F-- invar iant C--

f u n c t i o n  o n  U ( C )  ( i . e .  a n  e l e m e n t  o f  C - ( U . r r r l R ) )  w h i c h



i s  in tegrab le  on x  (a)  as  i t  has on ly  logar i thmic  po les .

Moreover

23e = ä tp  =  dg is  in tegrab le  as  wel l  and

accord ing to  the genera l ized Cauchy in tegra l  fo rmula  (  t  7  I  O.1

one has the equat ion of  currents on X (C) :

( 1  . 1 )

where d--  is the Dirac distr ibut ion at  the point  x andx
q-- = Res-- (dtp) is real and such that cl- , __ \ = CI, . lr le setx  x -  F _ ( x )  

- ' x

( 1  . 1  . 1 )  d i v  e  =  d i v  ( 2 3 e )  =  d i v  ( d p )  =  E  c ! _ _ . x  .
x € P  ( a )  x

Clear ly  d iv  e  €  lR [P]  
o= (group o f  d iv isors  o f  degree O on P)  gn .

on the other hand a function e on u with the above

1 -

n i  
* ä p t A l  

* x " x

an
proper t ies  g ives r ise  to  an e lement  g  in

that  e  =  Re g  and hence \n /e  have t  61 2  .17 i i

H j t u , n  ( 1 ) )  s u c h

1(1  .2 )  " l (u ,  R  (1 )  )  = {  e€c - (u . r , , rR  )  l e€L t  (u  (a )  )  , f l r eäe=  E  o - -6 - -
x€p  (a )  x  x

a n d  C I , =  E  o * * € n t p l o ] .
x € P  ( c )

In  the fo l lowing we wi l l  use th is  descr ip t ion o f  De l igne coho-

mology  o

The div isor mapping ind.uces an exact (Gysin-)  sequence

( 1  . s1  o  ' +  lR  -+  H |  t u ,n ,  ( 1 )  )  
d+ t  n  [ p ]o  - )  o  .

Exactness in the middle follows f rom vüeyl r s lemma: any

distr ibut iön sol-ut ion to the homogenous Poi sson equat ion is

a  harmonic  funct ion on X(C)  hence a  constant .

As  F2  o f  H1  o f  su rves  i s  ze ro  \ ^ re  have  by  t z l  ( 1  .6 )  o r  t  612  '  16 .

) 1 1
, ; ( U , l R  ( 2 ) )  =  H ' ( U . r r , R  ( 1 ) )  c  H ' ( U a n , c )  .



n ' r l ( u , R  ( 1 ) )  g  " | r u , r R  ( 2 ) )

t h e  f o r m u l a  e  u  e r  =  2 ( e n t ( ä e ' )  t ' n . l  ( ä e ) ) .

'+ lR (  1 )  is the canonical  proj  ect ion (  see l '21

t 6 l  3 . 1 2 ) .

Ho (*  (g)  ,  CIL (a)  <P (a)  > )  be the F1 - term of  the

on H '  (u  (CI )  ,a )  .  we have t  5 l

( a ) )  n  u l  ( x ( a ) , c ) )  0  ( r 1  ( u ( a ) )  n
(U  (a  )  ,  C  )  i s  pu re l y  o f  t ype  (1  ,1

u l  ( u  ( a )  , a )  =  1 1  ( u  ( a )  )  +  t i 1  ( x  ( c )  , c )  =  1 1  ( u  ( a )  )  +

It  fol lows that the canonical inclusions induce

H 1  ( x ( c ) , c )  e  ( r 1  ( u ( c ) )

the f ixed mod.ule s under

"1  (u r r r ,  c )  =  l t1  (xan,  c )  o  ( r1

f i na l l y  g i ves

1 1
H '  ( U a n r l R  ( 1  )  ) = H '  ( X a r r r R  ( 1 )

be the project ion onto

d e c o m p o s i t i o n  ( 1 . 6 )  P u t

a  map |  , lD mak ing the fo

commute

Descr ib ing the la t ter

on U (G ) modul-o exact

is given by

H e r e  n l r  C

( 1 . 2 . 5 )  a n d

L e t  1 1  ( u  ( a )  )  =

Hodge f i l t ra t ion

H1  ( x  ( a )  , c )  =  (F t  ( u

and since crlnl

group by closed

forms the cup

F - invar iant
@

product

c -  1 - fo rms

1
H '  ( X  ( A )  , C I )  )

)
1

H '  ( X  ( A )  , C )  "

an isomor-

( u ( a ) ) )  ;  H 1  ( u ( a ) , a )  .
\^re obtain the decomposi-

(u)  n  r '1  (u)

n  F 1

phism

( 1 . 4 )

Taking

t ion

( 1 . 5 )

*fticrt

( 1 . 6 )

Le t  p t ,

with the

we f i-nd

colurnnes

F
@

r R s n ; ( u , R  ( 1 ) )  o  H l t u , n  ( 1 ) ) s R

I
U

[ , ] D

H 1 tu.r, ,

( u r t R

"?, tX, rR

, l R  ( 1 )  )  n  r , 1  ( u )  )

(1  )  )  assoc ia ted

ything together

iagram with exact

o

I
l R  ( 1 ) ) n F 1  ( u )

I
t,

1
( 2 ) ) = H ' ( U a n , R  ( 1 )

I
I n'o
Y 1

( 2 ) ) = H ' ( X u . r r r R  ( 1 )

t
o .

)  o (Ht ,u.r ,

u1 (Xrrr ,  R
t ing ever

l lowing d

( L . 7 t  f n l t u , n  ( 1 ) ) H3
l ^

I  ^ 'd iv

I p ] o

I
o

n2 rn



Using as an intermediate the Del igne cohomology of non-com-

plete curves and i ts cup product structure u/e have thus

assoc ia ted to  every  pa i r  o f  cyc les  on P an e lement  in
)

Hö (X, lR (  2 )  )  .  An analogous construct ion f  or the absolute coho-

mology wi l l  be  descr ibed la ter .

I n  o rde r  t o  i den t i f y  t he  e lemen t  p r ' ( eUe ' )  i n  H f r  t x ,  n  (2 )  )

\^/e introduce the pairing

( 1 . 8 )  < E , r t >  =  + ,  I  E  A  na " *  x ( a )

de f i ned  fo r  C -  1 - fo rms  Er r t  on  X (C) .  Represen t i ng  cohomo-

Iogy classes by closed forms u/e get an isomorphism

( 1  . 9 )  H 1  t * . r r ,  R  (  1 )  )  I  H o m  ( r 1  ( x )  , l R  )  ,

1
w h e r e  F ' ( x )  =  H o ( x ( C ) r n t ) F -  .  A  s i m p l e  c a l c u l a t i o n  b a s e d  o n

Stokes 's  f  o rmula  g ives the f  o l lowing resu l t  (121 (4  .2)  )  .

1
( 1 . 1 0 )  L e m m a  L e t  o r ß  €  I R [ P ] o  a n d  c h o o s e  r o , r ß € " ; ( U , l R  ( 1 )

s u c h  t h a t  d i v . o  = r o  ,  d i v  t ß  =  ß  .  T h e n  f o r  a n y  r e a l  h o l o -

morphic  form t r r  €  F '  (X)  we have

1 1

i . r , [ c , 3 ] o ,  
=  

* T  - - 1 , ^ .  , o ( 5 e o )  A  u r  .
x i a )  o  P

observe that  the in tegra l  ex is ts  s ince 
#  

Iog lz l  i s  in te-

grab le  .



52 A weakened vers ion o f  the Be i l inson con jec ture  for

e l l j -p t ic  curves

F o r  a n  e l l i p t i c  c u r v e  X r ^  d e f i n e d  o v e r  0  I e t  L ( X ' s )  =
1  l s J  3=  L ( H ' ( x )  r s )  b e  i t s  L - s e r i e s  c o n v e r g i n g  f o r  R e  = r ä  .  r t  i s

con j  ectured that l - ,  (  X, s )  has an analyt ic cont inuat ion to the

whole s-p1ane and that i t .  sat j -sf j -es a funct ional  equat ion of

the form

( 2  . 1 )

where A

denot ing

modular

cat i -on.

a t  s  = O

]N

A ( X r s )  =  \ ^ / A ( X , 2 - s )

( X r s )  -  N s / 2 ( z T r ) - s f  ( s ) L ( X r s )  w i t h  \ i r  =  1 1  a n d  N €

t h e  c o n d u c t o r  o f  * / g .  T h i s  i s  p r o v e d  i f  X  i s  a

curve and ( in  par t icu lar )  i f  i t  has complex mul t ip l i -

Assuming  (2 .1  )  t he  L - func t i on  has  a  f i r s t  o rde r  zeTo

and i ts  lead ing coef f ic ient  is  g iven by

Observe that for

L t ( X r o )  =  * *  
u  L ( x , z )  o

( 2 n ) '

on  the  o the r  hand  " | � tXR ,R  (2 )  )  =  H1  (Xu . r r rm  (1 )  )  i s  one -d i -

mensional and vüe have a regulator map

) )
t D ,  a i 6 o  ' Q ( 2 ) )  - +  H - D ( X R  ' R  ( 2 )  )  .

) 2
H e r e  H i ( x n , Q ( 2 ) )  i s t h e i m a g e o f  K 2 ( X ) s Q  i n  H ; ( X , Q ( 2 ) )

where X denotes a proper f lat  regular model of  X over 7 ' .

A c c o r d i n g  t o  l z J  2 . 4 . 2  t h e  g r o u p  n 2 O t X O r Q ( 2 ) )  i s  w e l l  d e -

f  ined.  B loch and Bei - l inson con jec ture  that  rO E IR is  an iso-

morphi-sm and that
1 ?

r m  r D  =  L t ( x r o ) . H ' ( X a n r Q ( 1 ) )  i n  , A ( X r R r I R ( 2 ) )  .

C lear ly this determines L '  (  X, O )  up to a rat j -onal  mult ip le .

As i t  is not even known i f  K2 (X) j -s f in i te ly generated we

consider the fol lowing weaker version of  the conjecture.

Let  * /g be an e l l ip t ic  curve.  Then there

, e ( 2 ) )  
' ä n d  

o + o  €  g 1  ( X . r r , Q ( 1 ) )  s u c h  t h a t

t\T )- - + L ( x , 2 ) e  i n  H 6 ( X I R , R . ( 2 ) )  .
4 r '

modular et l ipt ic curves this is equivalent to

r r ( Y )  -  L ' ( X , o ) 0  .

In the rest of this paper we give the proof of the fol lowing

resul t  due to Bloch and Bei l inson:

( 2 . 2 ) Conj ecture

ex is  t
)

Y € HÄ(xn

r O ( Y )



(2 .3)  Theorem Let  " /p  be an e l l ip t ic  curve wi th  complex
murt ipr icat ion by the r ing of  integers 0 in an j -maginary

quadra t i c  ex tens ion  K /A  .  Then  con jec tu re  (2 .2 )  ho lds  t rue .

Us ing

H 1

H 1

A s  H t

t h e  p a i r i n g  ( 1 . 8 )  w e obtain a commutative diagram

( x . r , r Q )  , Q )  :  H t  ( X . r r r Q ))  )  
' ' t ,  

H o m ( H 1

1 rntegrat ion
Hom(r1  (xn  )  , rR  )  .

a n , Q )  
= ( X ( n ) o )  w e  f i n d  t h a t  ( 2 . 3 )  i s  e q u i v a l e n t  t o

a r r ' Q ( 1

1
a r r t R  

(

( x

( x

( x

1 ) )
( r )

( 2 . 4 )  T h e r e  e x i s t

t h a t  I  - , t , l € Q t
x ( R ) "

)
u  €  H Ä ß n  , Q Q )  )

a n d  . r e , t D ( ü ) >  =
and ,e €

L ' ( X r o )  m o d

F 1

0

(x]R )
x

such

La te r  t he  e l -emen t  ,O( \ )  w i l l  have  the  fo rm rO(V)  =  1a ,g lp
fo r  cyc les  o rß  € lR [p ] "  and  hence  \ ^ /e  have  to  ca l cu la te  the
in tegra l  in  (  1  .  10)  for  e l l ip t ic  curves .  Th is  is  d .ea1t  w i th  in
the next  sect ion.



53  Ca lcu la t i ng  <o ,  I o ,  ß ]d t  f o r  e l l i p t i c  cu rves  ove r  lR

fn this sect ion X denotes an el l ipt ic curve over lR .  Let

P c X be a f in i te c losed subscheme of X and set U = X:P .

l r le choose a real  holomorphic di f ferent ia l-  o € 11 (x) such

that

( 3 . 1 )  h  * { o )  
,  A , ^ ,  =  1  .

I ts  per iod la t t ice  f  c  C is  invar iant  under  complex con ju-

gat ion f  = I  .  Tlhe analyt ic isomorphism

J :  x ( c )  3  c / f
x

x '+ fu mod f
o

i s  Ga I  (C /R  )  - i nva r ian t .  I t  i den t i f i es  (X  (A )  ro ,F_ )  w i th

rc /T ,dz , - )  .where  deno tes  comp lex  con juga t i on .  I n  pa r t i -

cu lar  n  =  +  Iarnd,Z =  VoI rc /T)  =  vo1( f )  .-c /  |
T h e  p a i r i n g  ( , ) : C / T  E  f  - )  U ( 1 )  c  C *

( z  , y )  -  e x p  (  z T  y ; )

ident i f ies  A/ f  and f  as  Pont r jag in  dua ls  o f  each o ther .

Fo r  c r ,  €  R  [p ]o  \ ^ /e  cons t ruc t  , o  €  n ]  t u ,n  (1 )  )  w i th

d iv  e^ .  =  cx  as  f  o l lows (compare (  1  .21 1  tcl'
De f ine  f ^ . :  f  -+  C  by  se t t i -ng

r.vu

f (v) = -:L- c f , . , ,  ' f f i  
* € p E ( c ) o * ( x r Y )  

f o r  Y  +  O  ,  f o ( O )  =  O

and le t  io  be i ts  Four ier  t ransform in  the sense o f  d is t r i -

but ions .

Cons ider  the ser ies

e ^ ( z ) =  E f , " ( y ) e , y )  =  +  E ' �  
o * ' l , - ' , ) t '  

f o r  z € u ( o )
q q  y € r  c r . '  z  y € f  l y l '

x € p  ( C )

which is given a sense by Eisenstein or Kronecker summation

( c  f .  [ 1 a 1 1  .  T h e  d a s h  i n d i c a t e s  o m m i s s i o n  o f  Y  =  O  i n  t h e

sum.  The funct ion eo(z)  has logar i thmic  s ingu lar i t ies  as  z



I

approaches the po in t  x  €  P (A)  and hence i t  i s  in tegrab le  on

X (C)  .  I t  can be shown that  as  d is t r ibut ions ro  =  ?  o  .

Di  f  f  erent iat ing in the sense of currents \^re get

1 -  1  _ .  ,
; ;ä D e = E'  cr--  (  x-z ,y)  dznd.Zl T i - - - o  2 r i  

V ä f  
- x " '

x € P  ( C )

=  E  0 . ,  E  ( z - x r y ) d U
x€P (0  )  

^y€  
f

where du _ + d,znd,Z is the normal ized Haar measure on q./ l  .
zTl

Höre we have changed. y into -y and used. that o € IR'  [p]o .

I t  is  wel l  known that

: I  ( z - x r Y ) d p  =  6 - -
Y € I  

X

and hence + 5ae a  E g- -ö- -  .  By l r ley l 's  lemma e- .  is
n i  

"  "  -O( ,  

*äp  (C  )  

*X  -X  '  - r  "  - r  -  Äv ' r s r t s  -0

h a r m o n i c  o n  U ( C )  a n d  i n  p a r t i c u l a r  e ^  €  C - ( U - - r l R ) .  H e n c e
1  

-  c r ,  .an '
t o  €  H ö ( U , I R  ( 1 ) )  a n d  d i v  r o  =  0  .

v ' Ie  can  no \^ /  use  lemma (  1  .  10 )  to  ca rcu la te  <o ,  I  o  ,3 ]  D ,

1 ( 0 r l o , ß l ^ > = +  {  t e  5 e ^ ) n u r
2

ä e ^
:  I , - ( . n ; # l  u u

c / f  
.&  (

+=
d E e

= e^ .  ==5 (O)
cx, dz

a
A * Fc , ^ .  F ( O )q  o z

where  e  i s  t he  Four ie r t rans fo rm o f  e  ,  i . e .  e (y )  i s  t he

Y' th  Four iercoef f ic ient  o f  e  ,  and where *  denotes convo-

lu t ion on f  .  Us ing Four ier - invers ion in  the sense o f  d is t r i -

butj-ons hre find that

Ö ( v ) = i ( v ) = f  ( - v )  a n d
0 " '  q ' " '  C I , '

+
ä t o  :P f r z l  :  \ f  ^ :  - y f ^ ( - y )  .  T h u s
ö z  \ r '  p

1

i r . " , l a , ß l o ,  
=  

^ . : _  
f o ( - y ) y f  

ß ( Y )
Y E I

=  E  f ^ ( i l V r R ( - t ) .
Y € T  

9  V

For  a  comp le te l y  r i go rous  a rgumen t  see  [17J .



t o

In  conclus ion \^re obta in

(  3 .  2  )  Lemma Let  X be an e l l ip t ic  curve over  lR and le t
1

( ,  €  r '  
|  (x )  be normal ized.  by  (3  .1  )  .  For  o ,  ß  €  lR [e1o \^ /e  have

1<0,  Io ,  ß ] r ,  =  -+  I :  Le 
-  0 ,xß,  (y-x ,v)  .

k  
Y € f  l v l '

x , y € P  ( C )

In  add i t ion we observe the fo l lowing consequence o f  (3  .2)  :

(3 .3 )  Remark  Assume tha t  P (A)  i s  a  subgroup  o f  X (A)  and

c o n s i d e r  t h e  c y c l e  c r ,  =  - ( l P ( c ) l - t ) ' o  +  E  x €  n  [ p ] o
x€P  (a  )
x *O

Then for any ß € n [p]o \^Ie have the formula

< 0 , [ o , ß ] 3 r , = -  l P ! a )  l - r ä ;  ß o  
d f  

( y , Y )  .

y€P (c  )

P r o o f :  W e  h a v e  E  o - - ß . r ( y - x r y )  =  I  o * ß x + z ( z , y )
x r y € P ( C )  

x  Y  x r z

=  E  ( -  E o * ß x + z )  Q , y )
z x

and 
i""ßx+z 

= -ooß" 
*loo*Bx+z

=  i l P ( A ) l - 1 ) ß z  E  ß
x + o ' x + z

=  lP  (a )  |  gz  Eß*+z
x

=  l P ( A )  l ß z

s ince ß has degree zerö.

In the next sect ion \^/e wi l l  approach the conj  ectured equal i ty

i n  (2  .4 )  f rom the  po in t  o f  v i ew  o f  L -se r ies  .
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54 Relat ions between the L-funct ion of  an el I lpt ic curve over

Q with complex mult ip l icat ion and Eisenstein-Kronecker-

Lerch ser ies

In this sect ion \ i /e consider an el l ipt ic curve X def ined over

0 with complex mult ip l icat ion by the r ing of  integers 0 in

an imaginary quadrat ic f ie ld K .  Observe that K has class

number one since the values of  the j - invar iant of  i ts ideal

c l -asses are  in  the f j -e ld  o f  def  in i t ion  o f  X j - .  e .  in  A .  h le

cons ider  K as a  subf ie ld  o f  C such that  the Hecke

character r f  of  XX --  *  "e *  has the form

( 4 . 1 )  q r ( ( c r ) )  -  X ( o ) d

on j -dea ls  (o)  pr ime to  the conductor  ( f )  o f  r f  i  here  X
factors

X :  ( 0 / ( f ) ) *  ' '  u K  c  C *  .

Then (  f  )  is the conductor of  X as wel l  and as usual \^re set

X ( o ) : O  f o r  a € 0  w i t h  ( c r r ( f ) ) + 1 .

S i n c e  X  i s  d e f i n e d  o v e r  0  w e  h a v e  ü t t o l )  =  ü ( ( d ) )  f o r

a l l  c r € O  t 8 l T h .  1 0 . 1 . 3 a n d h e n c e  ( E ) = ( f )  a n d l ( o ) - X ( d ) .

In the fol lowing v/e choose a f ixed generator f  € 0 of  the

conductor (  f )  .  Clear1y E = ef  for some e € UK .

Le t  0 :  A  5  End(x (a )  )  =  End(xK)  be  a  no rma l i zed  i somorph ism

i . e .  O ( o ) * n  =  o n  f o r  a l l  o € 0  a n d  n  €  u o ( x ( a ) r n 1 )  .  w e

c h o o s e  o  €  1 1  ( x n )  a s  i n  ( 3 . 1 )  a n d  l e t  f  c  c  d e n o t e  i t s

per iod lat t ice.  Via e the analyt i -c isomorphism J: X (  A l i0. / f

considered ear l ier  j -s O-invar iant thus we may f  urther ident i -

f y  X (A)  w i th  a . / f  .

As K has class number one there is an CI €, C* unique up to

an element of  UK such that as subset.s of  C

f  =  f ) 0 , ,

I f  0n = I ,  _.  o ,  denotes the real  per iod of  o there is a
x ( r R ) -

number  h€0  such  tha t  0n=  C Ih  .  As  f  =  f  we  have

.  (h)  _  (h)  for  the 0- idea l  (h)  ,  and set , t ing



- l z

( 4 . 2 ) v = fErr v/e have (v) = ( v  )  a s  w e I I .

subscheme P of X

scheme of v- torsrorr /$oints
By descen t  theory  the re  i s  a  c losed

such that  n "e *  = 
u 

(** )  the group

on XX .  Concern ing h  \^ /e  re fer  to  a  con jec ture  o f  Gross [9 ]$5-

According to Deuring \n/e have

( 4 . 3 )  t ( X r s )  =  r , ( r f r s )  =  :
( tu ,

1

Ü @ t--a-
f )  = 1  N A "

I
cl€ 0

( o r f ) = 1
l u *  |

I n  o rde r  t o  ge t  r i d  o f  t he  res t r i c t i on  (o r f )  =  1

d.uce Gauss-sums.  Def  ine a  per f  ec t  pa i r ing

( 4 . 4 )  < r >  z  0 / v  x  0 / v  - + U ( 1 )  c  6 *

b y  s e t t i n g  < ä r b )  = ( + , a , f , ) b )  w h e r e  ( , ) :  a / f 8 f  - '

dua l i ty  pa i r ing in t roduced in  53.  Observe that

a n d  n b  €  l / v f  b e c a u s e  o f  ( 4 - 2 \ .

Exp l i c j - t l y  <ä ,b )  :  exp  (  lC I  I  
' t *  -  

* l  I
V V

< a ,  b c >  =  < a ö ,  b >  f o r  a  r b  r c

On 0 / t \^/e get a Perf ect Pairing

The Gauss sum for X is then given bY

c ( X r x )  =  E  X ( Y ) < Y r x ) f  f o r
ye )  / f

I t  has the fo l lowing ProPert ies:

(4 .5 )  Le ryna

i )  l c ( x , t ) l =  l r 1

and thus

€  0 / v  o

x  €  0 / f  .

aII CI, € 0 .

where e € L l . ,  was def ined' t \

$/e i-ntro-

U ( 1 )  i s  t h e
0 u .  € . . x ( a )
ü v

< , > f  :  0 / f  x  0 / t ' +  u ( 1 )

by def in ing <a ,  b>f = (a ,  b9> = (9 a,  f )b) where \^/e have set

g = Ff, such that v = fg - 
t

i i )

i i i  )

X(*) - tr#* ror
GTt ; lT  =  s  c (X,1)

1 ^ - -  C  - C
Dy I  LJ-  .
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i v ) F o r g = f h r v =

E  X ( z ) < z , x >  =
z € 0  / v

E  1 y ,  , f x >  =
y ' € o / g

Hence decomposing

y  €  0 / t  a n d  y '

E  X ( z )  < z , x >  =
z € 0  / v

i v )

l u * l c ( x , 1 ) s s
r  t  2 s - 2
t g t

l u *  l c  ( x  , 1 )  s
i v )  |  ̂  t Z s - 2

=  
l Y  I

l u * l c ( x , 1 ) a

A c c o r d i n g  t o  ( 4 . 5 )  i )  ,  i i i )

of  absolute vahle equal to

x + o m o d g

x = O m o d g

O m o d v

O m o d v .  .

z  -  y  +  f y '  w i t h

( y t , f x >
g

i f x + O m o d
i f x = O m o d

fg

{

\^/e have

o

s s  c t x , f )

e)
( ;  Y ,  C I )

r

o
( :  e y , f i )
f

i f

i f

c  ( x , 1 )

Proof :  For  the standard propert ies i )  a n d  i i ) \^/e ref er

t o  t 1 1

L l _ r _ ,

I  z z ,  5 1 .

m =  r -  F l
yeu / f

=  E  x (y )
ye)  / f

i v )

=  E _ .  X ( y ) < e y , 1 > f
ye )  / f

- 1
=  x ( E )  c ( x , 1 )  =  e

Observe that

g
g

E
y '  € -0  /

" ' { ?

I  o  i f  f x +
I
I -L  g g  i f  f x =

z  €  0 / v  a s

F 0 /g  we get

E  X  ( y )  ( y ,  x )
y € 0  / f

s s  E  x ( y ) i y ,
ye )  / f

We can now re turn  to  the L-ser ies  and to  (4 .3)

L (X, s) i!) 
'r--'+-- y i c -
I t s K l - f f i  E ' G ( x i s '  

T , =c r € O  l o  l - -

E. E  X  ( z )  < z  , g o , >  - C I
z € . 0  / v  

l o  1 2 =

E  X  ( z )  < 2 r  9 0 )  ' E a
z € 0 / v  

- t r - -  
l g o l 2 "

r  X Q ) < z , a >  
t  

o
z € | / v  l o l ' =

n u m b e r  c  ( X  , 1 )  / E  i s  r e a l

hence

o€0

E l

s€0

E '
o € 0

the

o n e ,



( 4 . 5 )

r - t 2 s - 2  l o l 2 s
L ( X , s )  =  t  

l g l  
-  

l l r l  I '  I  x . ' . ) < 2 , * t # "
l u K  l I ;  R  Y € r  z € o  / v  ' ) 6  

l v  l ' -

,  , 2 s - 2  , ^ , 2 s  
s r  s  y

=  +  l g l  -  l \ , l  I r  I  X ( x ) ( x r y ) -I  
l u o  l  l t l 2  q R  y € r  x € P  ( c )  

^  "  \ ' \ '  r '  
l y  l 2 =

where vre have used that ftn = iffri l = ffn- and where for

x € P (C) - 
vX 

(C) r, ' re have set

. -  ' ) '  1 2
(4.7) x(x) = xt f i " l  .  observe that s ince # = l+S-

- - lR

i s  rea l  $ /e  have X t " )  =  X (x)  fo r  a l l  x  €  P (A)

From r  =  n0  i t  fo l1ows tha t  ln l2 f f i  =  2  vo l ( f )  =  2 ' tT .|  |  r  K ,

S p e c i a l i z j ' n g  t o  s  =  2  i n  ( 4 . 6 )  a n d  u s i n g  t h a t  b y  t h e

funct ional  equat ion

L ' ( X , o )  - t + - L ( x , 2 )
4 r -

where N i  s the conductor of * 
/p 

\^/e get

t  t 2

L ' ( X , o )  - 1  #  : '  E  - . X ( x ) ( X , Y ) + 7 -  .
l u * l l r l ' C I n  Y € r  x € P ( c )  l v l =

Here  we  have  a l so  taken  i n to  accoun t  t ha t  N= ldK l f f  ( c  f .

t 8 l  1 o . 3 . 2 ) .  s i n c e  l p ( a ) l =  l v l 2  a n d  s i n c e  u ;  o p e r a t e s  o n

f we get

( 4 . 8 )  L ' ( x , o )  =  t  + -  +q l  l  E '  E  ( i c * ) x , y ) f t  .
l r l ' a n  l u x l  y € r  x € p ( a )  l y l =

Th is  i s  a l ready  ra the r  c lose  to  the  fo rmu la  i n  (3 .3 ) .  Observe

that the theory developed j -n 53 appl ies to Xn ,PR. .

Let o € w, l 'p .  I  o be the cycle def ined by"  "  
/Q , t  

Ä '

s  =  - ( l p ( a ) l - 1 ) . o  +  E  x

i :ä'n'
and  cons ider  the  cyc le

ß  =  E  ß ( i ( x ) x )  e  n  t p ( a ) l o
x€P (c  )  /u^

where for z € P (0) we have set

1 4



1 5

F  
ß b )  =  - o  +  z  €  n  t P ( c ) l o  .

S i n c e  ß  
a  

=  E  ( F -  ( X  t " )  x )  )
x € P  ( A )  / u *  /

=  I  ß ( X ( x ) x )
x€p (c  )  /u*

=  r  ß ( x ( x l x l  =  ß  ( u s e  x ( ; ) = f  ( x )  b y  ( 4 . 7 ) )
x€P (a )  /u *

\ , v e  h a v e  t h a t  ß  €  n  [ e * J o  a n d  t h u s  ( 3 . 3 )  a p p l i e s

(4.s)  <o, [cx, ,s]0> = +r, t r  r : ;  *än,n,  
(x rx)  x,y,  

#
Here hre have used that E ' t

Y€f  I t lZ  
= o s ince - f  =  r  '

A compar i son  o f  (4 .8 )  and  (4  .g  )  shows  tha t

< 0 ,  I  o , ß f D ,  = I +  l t l 2 C I n  L '  ( x , o )

=-r- 
1a}t 

0n L' (x,o)

s i n c e  N  =  l a * l r F  .  r n  c o n c l u s i o n :

(4 .1o )  Theorem Le t  x  be  an  e l r i p t i c  cu rve  ove r  A  w i th
complex mult ip l icat ion by the r ing of  integers 0 in an
imaginary quadrat ic f ie ld K with discr iminant d* .  De-
termine v  e  0  as  in  (4  .2)  and re t  p  be the e-subscheme
of X such that nte* = 

rXK .  Consid.er the fol lowing cycles
on X with support j-n p .

x€P  (C )  t  Y l '

x+O

ß  =  E  ß ( i ( x ) x )  e  n  [ P r ^ ] o
x € P  ( c )  / u *  / Q '

where f  or  z  € P (C) we have set  ß(z)  = -O+z€2,  tp (C) lo and
1

x  j - s  d e f  i n e d  b y  ( 4  . 1 )  a n d  ( 4  . 7 )  .  D e n o t e  b y  o r € F '  { x *  )
the real  di f  f  erent ia l  such that I  ^o^ = 1 .  Then \de have

x ( n  ) o  a

. re ,  [ s ,  ßJo ,  =  1  #n- f  L '  (X ,o)
z l * K l

where N is the conductor of  *  
/A 

.
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Proof :  We have shown everyth ing except  the rat ional i ty  of  ß .

As hre have a l ready seen that  ß is  real  i t  suf f ices to show

tha t  ß  i s  de f  j -ned  over  K  .  For  any  o  €  Ga l  (K  (vX  (A)  )  /K )

the re  i s  an  a  €  (0  / v )  * /U*  such  tha t  the  ac t ion  o f  o  on

x€ . , x  ( c )  :  I t Z t  i s  g i ven  by  *o  =  . - 1X  (a )  x=a -1X  ( . - 1 )  *  .  Hence
v v ' J

6  n  - 1 -  - 1

ß "  =  r  ß ( X ( x ) x )  
"  =  s -  ß ( a  

' X ( a  ' ) X ( x ) x )

x€P  ( c ) / u *  x€P  (a )  / u *

=  s - -  ß  ( X  ( . - 1 * )  ( a - 1 x )  )  =  ß  o
x€P (a )  /u^

Clea r l y  t he  equ iva len t  ve rs ion  (2  .4 )  o f  t heo rem (2  .3 )  w i l l

f  o l low f  rom this resul t  once \^re have establ ished that I  cr  ,  ß f  D=
r p ( ü )  f o r  s o m e  V  €  n f , U o , Q ( 2 ) ) .  T h i s  i s  d o n e  i n  t h e  n e x t

s e c t i o n .

Remarks (a) A closer look at  the root numbers in the func-

t i ona l  equa t ion  fo r  the  L -se r ies  o f  Hecke  charac te rs  revea ls

tha t  w  =  G (X  , I l  /T  and  the re fo re  the  s ign  in  the  f  i na l  fo r -

m u l a  o f  ( 4 . 1 0 )  i s  i n  f a c t  + 1 .

( b )  O n e  o f  t h e  a u t h o r s  ( C .  D .  )  h a s  e x t e n d e d  ( 4  .  1 0 )  t o  t h e

case  o f  L -se r ies  fo r  ce r ta in  l {ecke  charac te rs  o f  ima$ inary

quadra t i c  f  i e lds  a t  a l l  nega t i ve  in tec re rs .  Th is  i s  done  in

the  con tex t  o f  the  Be i l i nson  con jec tu res  fö r  mot i ves  w i th

c o e f f i c i e n t s  i n  a  n u m b e r  f i e l d  t 1 6 l  ,  [ 1 7 ] .
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S.5 The absolute cohomology

In  order  to  prove that  1a,ßJp l ies  in  the image of  the regu-

Iator map
) ?

t 0 ,  H ; ( x , Q ( 2 )  )  - '  H ö ( x R  , l R  ( 2 ) )

hre use the f  o l lowing theorem.

Let X ,.,- be a smooth , proj ective curve over a f ield k and
/ R

let  P c X be a f in i te c losed subscheme over k with open

complement U = X\PJ X .  By n tpl  and n [p]o \^/e denote

the group of div isors on X with support  in P and i ts sub-

group of div isors of  degree zero respect ively.  Tensoring with

0  r ^ /e  ob ta in  Q tP l  and  Q tP lo  .

(  5 .  1  )  Theorem Let  k be a number f ie ld

the image of  n  [p ]o  in  the Jacobian o f

group,  then there ex is ts  a  pa i r ing

[ , ] A  ,  A 2 e l p l o - +  H l t x , e ( 2 ) )
such that the following diagram commutes

[ , ] A

I , J D

n 2 o I p ] o

c o n t a i n e d  i n  l R .  I f

X  i s  a  t o r s i o n

( 2 \ )  .

" i t x , e ( 2 )

l"
nf txr* , n

Vüe prepare the proof of this theorem by the f ollowing lemma.

Le t  k '  be  a  f i n i t e  ga lo i s  ex tens ion  o f  k  and  wr i t e  P ' rU ' ,

11 t  f  o r  the base changes o f  P,  U,X wi th  k '  /k  .  Assume that

a l t  po in t s  o f  P r  a re  k r - ra t i ona l  and  l e t  g :  U '  ' +  U  deno te

the canonica l  cover ing.

(5 .2 )  Lemma I f  t he  e lemen ts  o f w. ,  [P ]o  are  o f  f in i te  order

in the Jacobian of X then we have

" ' e t u , e ( 2 ) )  =  " | , t x , e ( 2 ) )  +  e * { 0 * ( u ' ) , k ' * }  o  0

" l , f s p e c  k , Q ( 2 ) )  =  " ? , t X , Q Q ) )  n  a * { 0 * ( u ' ) , k r * }  o  0  .

H e r e  { 0 * ( U , ) , k , * }  i s  t h e  s u b g r o u p  o f  H l t U ' , e ( 2 ) )  c

Kz (k ' ( x ' ) )  I  A  gene ra ted  by  t he  symbo ls  { f  , a }  w i t h
f  €  0 * ( U ' )  a n d  a  €  k ' * .
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Proof :  The Gys in  sequence for
o o ?

H I ( P , Q ( 1 )  )  - '  H ; ( X , Q ( 2 )  )

shows that  j  *  is  in j  ec t ive :

" i ( P , e ( 1 ) )  =  o  * j t ' ( k i )  ,  b u r
symbols we have K2 (ki)  E 0 =

h e n c e  " i ( P , e ( 1 ) )  =  o  .
In the commutative and exact

a b s o l u t e  c o h o m o l o g y  ( [ l  Z ] f i r .  8 ,  I  )
i { (  )  1r +  H ; ( U , e ( 2 ) )  - +  H A ( p , e ( 1 ) )

lVr i t ing  P = [ l  Spec k i  $ /e  get

as K. ,  (k*  )  is  generated by
( ) \  z  r

K) " '  (  k i  )  (  t 12 l  Th  .  2 )  and

diagram

coker j ' l ' - ) O

)  t + . s t  0 t P , l o o k ' * - " 1  ( P ' , e ( 1

" ' l , t X , Q ( 2 )  )  ' +

I
Hf  t u , e (2 )  )

. ,  l Q g
n " A ( u ' , 0 ( 2 )o  - +  H l t x ' , e ( 2 )

o - t

O - t

O - t nf  tx ' ( 2 )  ) -) HÄ

, Q ( 1 )  )

il
, Q ( 1 ) )

) )

-div E id

0 * ( u ' ) E k ' * E Q

the image of  the tame symbol  co inc ides wi th  Q I  p '  ]  
o  

I  k '  *

s ince d iv  I  id  is  sur jec t ive  by  our  assumpt ion.

On  the  o the r  hand  the  re la t i on  e *Q*  =  [ k ' : k ]  imp l i es  tha t

the map ga in the diagram is sur j  ect ive and hence j -nduces a

s u r j e c t i o n  Q [ p ' ] o  6 l  k f  * ' + r c o k e r  j ' F  .  T h i s  p r o v e s  t h e  f i r s t

a s s e r t i o n  o f  ( 5 . 2 ) .

The sequence

o  - +  0 *  ( x ' ) @ k '  * E Q  - +  0 *  ( u ' ) E k '  * g Q  - '  d i v  0 *  ( u ' ) @ k ' * E Q  - '  o

bei-ng exact hre obtaj-n a commutative and exact diagram

{ 0 *  ( x' )

I
, Q ? w ' , e ( 2 )  )

tq*" Hl te'

+  n l  t e '

O b s e r v i n g  t h a t  0 * ( X ' )  =  k t *  a n d  t h a t

K2 (k ' )  E 0 is generated by symbols \^re

')
H ;  ( s p e c  k '  , q ( 2 )  )  =

f i nd

)
" i t s p e c  k ' , 0 ( 2 )  )  =  { 0 *  ( X ' ) , k ' * } o q - s 2  ( X ' ,  a Q )  ) n { 0 * ( u ' ) , k ' * } s A  .
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Apply ing the sur jec t ive  map gs g ives the second asser t ion

o f  (5  .2 )  s ince  e *g*  co r responds  to  tak ing  Ga t  ( k ' / k )  - i n -

var iants and g* is in j  ect ive .

Proo f  o f  ( 5 .1 ) :  S ince  k  i s  assumed  to  be  a  number

the group * i  tSpec k,Q Q) )  = K2 (k)  E A is  zero.  Let

denote the proj  ect ion of  Hl  tu ,  e (  2 )  )  onro nf  tx  ,e e)
c ia ted  w i th  the  decompos i t ion  in  (5 .2 ) .  S ince  k  c  IR
use  (1 .6 )  t o  ob ta in  an  exac t  d i ag ram

f i e l d

PtA

)  a s s o -

\^/e Can

9 * {

" i t
j , l ' �

"?,r

tD

0 *  ( u ' )  , k ' *
1
I

U , Q  Q )  )

T I
J  ln 'o

X , Q  ( 2 )  )

]oo H 1  ( u " r r , R  ( 1 ) )  n (urR )F 1

I
In"

( X . r r ' R
to "fi ( 1 )  )
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1
)  =  F ' ( U n  )

F 1

s i n c e  H 1  ( u . r , , R  ( 1 )  )  n  1 1  ( u n  )  =  n 1  ( u . r r , R  ( 1 )  )  n  1 1  ( u ( a )  )
have to show that

" h 2 , 2 ( g * , e * { 0 *  ( u ' )  , k ' * } )  c

But ch" - ,  is a r ing homomorphism (tzJ
4 r z

9 * 9 * =  E  o  w e g e t
o € G a I  ( k '  / k )

I
o

- I

o

" | t u R  , r R  ( 2 ) ) = H 1  ( u u . r , R  ( 1 )  )

j . I
I

( x n  , l R  ( 2 )  ) = H 1

which commutes because t ' i *  = i*r '  and because

t 0 ( e * { 0 * ( u ' ) , k r * }  o  A )  i s  c o n t a i n e d .  i n  1 1  { u * )  r n d e e d ,

consider the commutat ive diagram

Hl tu ' 0 ( 2 )  )

g*

( 2 )  )

c h ^
l r z

---+

to
---*

" h 2 , 2 { f o , u o  }  =  
ä

t o g l a o l a  l o g l f o

1 1  ( u ( c ) ) .

2 . 3 . 1 )  a n d  u s i n g  t h a t

( t o g l f o l u l o g l a o l )

I  e  1 1  ( u ( a ) )

" h 2 , 2 ( e * e * { f , a } )  =
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f o r  a l l  f  €  0 * ( U ' )  a n d  a  €  k r * '  .  r n  c o n c l u s i o n  \ ^ / e  h a v e

estab l ished that  prD"TD = r0  o  prA .

T h e  i d e n t i t y  e * e *  =  [ k ' : k ]  i m p l i e s  t h a t  f o r  f  €  0 * ( U )  ,

a  €  k *  h r e  h a v e  [ k ' : k ] { f , a }  =  g * { a * ( f ) , 9 * ( a )  }  a n d  h e n c e  t h a t

0 * ( U )  O  k *  I 0  c  e * { 0 * ( U ' ) , k ' * }  E  0  .

Hence there is a map [  ,  ]  A complet ing the diagram

t Y z ( 0 * ( u )  o 0 )  { ' }  t " i t u , Q Q ) )

l ^ l
|  

^ 2 d i , ,  
l n ' o+ . I

n 2 e l p l o  [ , ] A ,  " ' o , t X , e e ) ) .

Observe that  Ker  d iv  =  0  *  (x )  =  k*  and '  that  because o f

{ t r - t }  =  1  the symbol  becomes an a l ternat ing funct ion on

( 0 *  ( U )  s Q )  s  ( 0 *  ( u ) s A )  F o r  f  , 9  €  0 *  ( U )  w e  n o \ ^ /  o b t a i n

t o [ d i v  f ,  d i v  g ] n  :  t ' p t ' { f , g }  =  p t o t o { t , g }

=  p r ' ( l o g l f  I  U  l o g l g l )
=  [ d i v ( 1 o 9  l f l ) , d j _ v ( l o g l V l ) 1 ,  b y  ( 1  . 7 ) .

B u t  a c d o r d i n g  t o  ( 1 . 1 . 1 ) ,  \ ^ / e  h a v e

d i v ( I o g l f  l )  =  d i v ( 2 ä l o s l f  l )  =  d i v t f l  =  
i  

R e s * t f l "  =  d i v  f

and  hence  the  p roo f  o f  t heo rem (5 .1 )  i s  comp le te .

Now let  X be again an el l ipt ic curve over 0 .  I t  remains

to  p rove  tha t  f o r  t he  d i v i so rs  o rß  o f  t heo rem (4 .1O)  the

e l e m e n t  [ c r , ß ] A  €  " 1 , t X , Q ( 2 ) )  b e l o n g s  t o  t h e  " i n t e g r a l "  s u b -
)

space  HÄ|J , - ,Q  (2 )  )  .  f  n  f ac t  t he  fo l l ow ing  s t ronger  resu l t

ho lds  t rue :

(5 .3)  Lemma Let  X be an e l l ip t ic  curve over  0  wi th

potent ia l  good reduct ion a t  a l l  f in i te  p laces.  Then

uf ,axr ,e  (2 )  )  =  " i  tX ,e  (2 )  )  .



p,^

Proo f :  Le t be the regular minimal model of  X over Spec (  Z )

has ei ther good or addi t ive reduct ion

o f  %.  Acco rd ing  to  the  l oca l i za t i on

By

X a tp
exact

as sumption

the primes

sequence

i r
p

KzU) +  K2 (X)  - )  o
p

i t  w i l l  be  su f f i c i en t  t o

I f  Y is a smooth proper

fol lows immediately f rom

O r  (y )  *  -+K . ,  (Y )  -+  K1  (F

v

Kl  ( x^ )
r [ , ,

show that  K i  (Xp)  OO = O for  a I I  p

curve over a f in i te f ie ld F i t

the loca l iza t ion sequence

(Y) )  dS t  e  z ,
v

that  K1 (Y)  is  tors ion.  Here y  runs over  the c losed po in ts

of  Y and K denotes the res idue f ie ld .

We may thus assume that X_ is s ingular and also reduced be-
r a Ä  P

"1: :"  K; (Xp) = K;,  (* ;=")  .  By the Kodaira-N6ron classi f  icat ion
. , reo^p r-s chä dis j  o int  union of  a copy of P1 with copies of

D'1 ( open in xl"d ) . us ing the exact s equencep

Ki (x;ed-.al ) .+ *i (t;"u) + K1 ta1 )

and the fac t  that  K1 (A1 )  O 0  =  O one is  reduced to  K1 (P1 ) .

But th is group is torsion as weII  whence Ki (Xp) O 0 = O .

Remark:

curve s

computer

Ia t ions

spec ia l

Bloch and Grayson t  4 I  cons idered mod.ular e l l ipt ic

X without complex mult ip l icat ion. Vt i th the aid of  a

program they found in this case as wel l  rat ional  re-

between the value at two o f the L-function of X and

va lues o f  Kronecker-E isenste in-Lerch ser ies .

These relat ions have the form

C  L ( C , z )  +  E  c ^ . M ( x , c [ )  -  O
*€x (e) 

tor 
c[

where  M (X ,  o , )  =  (  Im  - )2  E  To , ,  y I  
*

Y € f  l V  I

c o r C  €  n
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( o , Y ) = e x p a - 1  ( c r V  d ' v )  a n d  r = n  o E r  c c

is  the per iod la t t ice  o f  a  rea l  d i f fe rent ia l  hav ing vo lume

V o l ( f )  =  n A  .

For example the curve

2 3 2 ^
Y -  + x Y + Y  = x -  x -  3 x + 7

has a point  of  order 7 and the computer suggests the only

relat j-ons

This points towards

r a n k  K ^  ( X )  =  2  ( > 1  !  )z

which is  surpr is ing a t  f i rs t  g lance.  But  X has mul t i -

p l icat ive reduct ion at  2 (and good reduct ion at  al l  other

pr imes) .  Consider ing the local izat ion sequence and observing

that  K:  (X_ )  has rank 1  i f  the reduct ion X_ is  o f  mul t i -
t p p

pl icat ive type then impl ies

rank K2(Xn ) = 1

as i t  shou ld .  be by Be i l inson 's  con jec ture  (Actua l ly  these

computat ions had ted to a revis ion of  the or iginal  con-

jectures by taking into account the integral  model)  .  For

fur ther  resu l ts  on n?O :xo rQ (2)  )  o f  e l l ip t ic  curves $7e

r e f e r  t o  [ 1 0 ] ,  [ 1 3 ] .

2 6  L ( x , 2 )  +  2 8  M $ , + )  +  2 8  M ( x , + )  =  o
s  M(x ,+ )  +  10  M(x ,+ )  +  I  M(x ,+ )  =  o  .
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