Quantum electrodynamics (QED)
based on S-58

Quantum electrodynamics is a theory of photons interacting with the
electrons and positrons of a Dirac field:

L=—31F"F,, +i03¥ — mU¥ + eUy*TA,
e = —0.302822

a = e¥/4r = 1/137.036 jH(z) = e¥(z)y" ¥ (z)

0,0"() = 6L(z) — 521 < b0u(c)

we want the current to be conserved and so we need to enlarge the gauge
transformation also to the Dirac field:

At (z) — AF(z) — OMT(z) ,
global symmetry is U(z) — exp[—iel'(z)]¥(z) ,
promoted '"“V T(a) - expl+iel(@)T(e)
Vet symmetry of the lagrangian and so the current is

T — ety conserved no matter if equations of motion are satisfied
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We can write the QED lagrangian as:
L=-1F"F, +i0D¥ — mT¥

Dy =0 —iedy . —
covariant derivative
(the covariant derivative of a field transforms as the field itself)
¥(z) — exp|—iel(2))¥(z)

D, ¥ (z) — exp[—iel'(z)]|D,¥(z)
and so the lagrangian is manifestly gauge invariant!

Proof: D,“I’ - (au _ ie[Au _ aul"]) (exp[—ier]\l’)

= exp[—iel] ((9“‘11 —ie(0, )T — ie[A, — 8MI‘]\II)
= exp[—iel] (6“ - ieAu)\Il

= exp[—iel|D,V .
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U(z) — exp[—iel'(z)|¥(z)
D, Y (z) — exp[—iel'(z)|D,¥(z)

We can also define the transformation rule for D:
—iel’ +iel’
D,—e D,e

then
DU — (e—z’eI‘ Due+z'el‘) (e—iel"\p)

=e DV,
as required.

Now we can express the field strength in terms of D’s:
D, =0, —ieA,

[D¥, D*]¥(z) = —ieF* (z)¥(z)

F# = L[DH D”]
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v __ 1 v
FH = E[D“’D ]
DM A . e—ieI‘ DN e+ieF
Then we simply see:
o, % [e—ieI‘D,u e+ieF, e—iePDu e+z’el‘]
— el (% [D“, Du])e—’riel‘
— e—iel‘ FH e+ieI‘
= P

no derivatives act on
exponentials
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Nonabelian symmetries

, . based on S-24
Let’s generalize the theory of two real scalar fields:

L= —10"018,01 — 30" 020,00 — 3m2(0? + 3) — (0% + p3)?

to the case of I\ real scalar fields:

L = —30"0iB.pi — 5m*0ipi — 15 A(wipi)’?

transformation:

orthogonal matrix with det = |

pi(z) — Rijepj(x) R'=R"
det R = +1

the lagrangian is clearly invariant under the

lagrangian has also the Zg symmetry, vi(z) = —¢;i(2) , that enlarges SO(N) to O(N)
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infinitesimal transformation: RT — -1
antisymmetric Rz’Tj . 5ij + Gﬂ

-1 _ s ..

Rij = &5+ 055+ 0(6%) Rij =0 — %

™ real
Im(R™'R);; =Im»  RypiRij =0

(NA2 linear combinations of fm parts = 0)
there are }N(N-1) linearly independent real antisymmetric
matrices, and we can write: — hermitian, antisymmetric, NxN
or R=e%9"T",
The commutator of two generators is a lin. comb. of generators:

[T%, T") = ifebere

we choose normalization: Tr(T°T?) = 26% o = —i (17, )77
structure constants of the SO(N) group
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e.g.
(T)ij = —ie®”

[Ta, Tb] — 'I:Ea'bCTC

Levi-Civita symbol
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consider now a theory of N complex scalar fields:

L = —0*¢l8upi — mPplp; — I\(plp:)?

the lagrangian is clearly invariant under the transformation:

pi(z) — z'j‘Pj(x)
ut =u-1

we can always write U;; = e #0;; so that detT = +1 .

actually, the lagrangian has
larger symmetry, SO(2N):

©; = (pj1+1pj2)/V2
eho; =Lt + ol +... + o + ok2)

U(N) = U(1) x SU(N)
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infinitesimal transformation:

ﬁij = 5,;j — ioa(T“),-j -+ 0(02)

traceless

det U = +1
Indet A =TrlnA

~ -nama
or U=e 01",

there are N2—1 linearly independent traceless hermitian matrices:
[Ta,Tb] = fabcTc
armb _l ab

Tx(T°T*) =50

e.g. - 3 Pauli matrices
the structure coefficients

are fabc — 2Eabc ,
the same as for SO(3)

- 8 Gell-Mann matrices
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Nonabelian gauge theory
based on S-69
Consider a theory of N scalar or spinor fields that is invariant under:

¢i(z) — Uij0;(z)
T~ for SU(N): a special unitary NxN matrix
for SO(N): a special orthogonal NxN matrix

In the case of U(l) we could promote the symmetry to local symmetry but we had to
include a gauge field A, (z) and promote ordinary derivative to covariant derivative:

¢(z) — U(z)d(z)
D, —U(z)D,U'(z)

U(z) = exp[—iel'(z)] D, = 0, —ieA,

then the kinetic terms and mass terms: —(Dup)!Dtg , m2ptyp , iTPT and m¥Y |
are gauge invariant. The transformation of covariant derivative in general implies that
the gauge field transforms as:

Ay(z) = U(z)Au(2)UT (2) + LU ()8, U1 (2)
for U(l): Au(z) — Au(z) — 0,.(z)
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Now we can easily generalize this construction for SU(N) or SO(N):

from 1 to N2—1
from 1 to N

Ujk(z) = 8k — igh* (z)(T*)jx + O(6)

/ generator matrices
| (hermitian and traceless):
auge coupling constant .
gaug pling [Ta,Tb] = fabcTc

TT(TaTb) — %éab

an infinitesimal SU(N) transformation:

structure constants
(completely antisymmetric)

the SU(N) gauge field is a traceless hermitian NxN matrix transforming as:
Au(2) = U(2)A,(2)U () + LU@)3,U" (=)
U(z) = exp|—igl*(z)T"]
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the covariant derivative is:

D, =0, —igA,(x)

or acting on a field: NxN identity matrix

(Du9)j(z) = 0up;(x) — igAu(z)rdr(z)

using covariant derivative we get a gauge invariant lagrangian
We define the field strength (kinetic term for the gauge field) as:

Fu(z) = %[DH,D,,] a new term

= 0,A, — 0,A, —ig[Au, Al

it transforms as: D, — U(z)D,U'(x)
F,(z) = U(z)F,,(2)U'(z)

not gauge invariant separately
and so the gauge invariant kinetic term can be written as:

Lyin = _%TI‘(FIWFMV)
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we can expand the gauge field in terms of the generator matrices:
Ay(z) = Ay(2)T*

that can be inverted: Tr(T°T?) = 16

A%(z) = 27Tr A, (2)T°

similarly:
Fu(z) = F,, T,

F2(z) = 2Tr F, T .

Flu(@) = §[D,, D)

= 0y =0, —iglu A~ FE,T = (8, A5 — 8,AS)T® — igA% Ab[T®, T

= (0,4, — 0, A], + gf“bcA:jA,’i)Tc .
[Ta,Tb] =4 fabcTc

thus we have:

FS, = 8,A5 — 0,45 + gf A% AL
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Lyin = —3Tr(F* Fp)

Fu(z) = F;j,,T“
the kinetic term can be also written as:

Lyin = _%F “HF, ﬁu

FS, = ,A5 — 8,45 + gf A% A

rI‘r(TaTb) — %Jab

Example, quantum chromodynamics - QCD:

L= D% —mp¥ ¥ — ITr(F*F,,)

l,...,8 gluons

flavor index: . .
(massles spin | particles)

up, down, strange,
charm, top, bottom

(Dp)ij = 040, — igALT

color index: 1,2, 3

in general, scalar and spinor fields can be in different representations of the
group, TF ;gauge invariance requires that the gauge fields transform independently
of the representation.
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<> Ris real if —(T2)* =T¢

O R is pseudoreal if it is not real but there is

Group representations

based on S-70
A representation of a group is specified by a set of D(R) x D(R)
hermitian matrices that obey:

(T8, T) = if T

AN

the dimension of
the representation

(the original set of NxN dimensional
matrices for SU(N) or SO(N) corresponds
to the fundamental representation)

structure constants
(real numbers)

taking the complex conjugate we see that —(Tg)* is also a representation!
e.g. fundamental reps. of SO(N)

or if there is a unitary transformation 7@ — U~1T28U that makes —(T2)* = T2

e.g. the fundamental rep of SU(2) :
(o # Jo°

a transformation such that—(Tg)* = V-1T2V
(o) =V 1oYW, V =0y

<> if R is not real or pseudoreal then it is complex  e.g.fundamental reps. of SU(N), N>2
complex conjugate representation R is specified by: T2 = —(Tg)*
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The adjoint representation A:

a\bc - rabc
(TA) o _Z‘f A is a real representation
(T =18

the dimension of the adjoint representation, D(A) = # of generators
= the dimension of the group

to see that Ty s satisfy commutation relations we use the Jacobi identity:

fabdfdce + fbcdfdae + fcadfdbe =0

/

(—if ™) (—ifede) — (=i fPh)(—ifode) = ifocd(—ifobe)
(THPUTE)% — (T9)PHTR)% = i foed(Tbe
(T2, T¢] = ifodTd

follows from:
Te7e([[7°, 7%, 7 + [T, 7, 7°) + [[7°, 7], T"]) = 0
[T, T%) = i fabere
Tr(T°T?) = % 5ab
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The index of a representation T'(R) :
Tr(TRTY) = T(R)6™
The quadratic Casimir C(R) :
TeTe = C(R)”

multiplies the identity matrix

commutes with every generator, homework S-69.2

Useful relation:

SU(N): SO(N):
T(N)=3 T(N) = 2
T(A) = N T(A) =2N —4
D(A) = N2-1 D(A) = IN(N-1)
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A representation is reducible if there is a unitary transformation

a J—
TS — U-lTey
that brings all the generators to the same block diagonal form (with at
least two blocks); otherwise it is irreducible.

For example, consider a reducible representation R that can put into two
blocks, then R is a direct sum representation:

R=Ri® R,
and we have:

D(R1®R2) = D(R1) + D(Re)

Tr(T3Ty) = T(R)5™
T(R1®Rg) = T(R1) + T'(Rz)
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Consider a field that carries two group indices @;r() :

VAN
Rl RZ

then the field is in the direct product representation:
R; ® Ro
The corresponding generator matrix is:
(TR, or,)ir,j0 = (Tx,)ij0rs + 04 (TR, 1
and we have:
D(R1®Rs) = D(R1)D(R2)
T(R1®R2) = T(R1)D(Rz) + D(R1)T'(Rz)

to prove this we use the fact that (ng)iz’ =0.
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We will use the following notation for indices of a complex representation:

@3 i =1,2,...,D(R)

hermitian conjugation changes R to R and for a field in the conjugate
representation we will use the upper index

N = o
(0i)' =¢
we write generators as: )
a
(TR )ij
indices are contracted only if one is up and one is down!

an infinitesimal group transformation of {5 is:

@i — (1 —130°T2) p;

= i — i0(TE) ¢;
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generator matrices for R are then given by

a\i __ a\ %
(TR)"5 = —(T¥); T8 = _(TO)*
we trade complex conjugation for transposition

and an infinitesimal group transformation of goﬁ is:
ol — (1 —i0°Tg) jeoV

= ol —i0%(T2) 1

= “+w%rlzﬁ

e

(]
w* ©;
is invariant!

(T2); = —(T0);*— (1 igoT2)

— 6% T“)
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Consider the Kronecker delta symbol

R~
I (1 +40°T%)* (1 + i0°T2)7 64
R/ = (14146°T2);%6,1(1 —

= 67+ 0(6?).

i0° T3

is an invariant symbol of the group!

this means that the product of the representations R and R must contain
the singlet representation 1, specified by 7§ =0 .

Thus we can write:

RR=16...
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Another invariant symbol:
A R
N ‘
(T)7 — (1 —0°T2)F(1 — i09T2)3, (1 — i60°T2)%°(TE),!

e

R = (TR)d — i0°((T3)* (T)w + (TEY ((TR)it + (T2)*(T5) )
+0(6?) .
(TR)5=-(TR);' (T = —if™
[] = (@T)HTW — (T (TR = if ™ (T)d
= (TSTE)7 — (TRTR)Y — i f™o(T5)
=0,

this implies that:

RRIRRA=1a...

must contain the singlet representation!
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RRIR®RA=1...

ROR=16...
multiplying by A we find: AoA—16...
R®E — A@ .. (A is real)

combining it with a previous result we get _
ReR=1a...

RRIR=10Aa...

the product of a representation with its complex conjugate is always reducible
into a sum that contains at least the singlet and the adjoint representations!

For the fundamental representation N of SU(N) we have:

NON=1®A D(1) =1
D(N) = D(N) =
D(A) = N%-1

(no room for anything else)
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Consider a real representation R, : R®

RIR=10Aa...

implies the existence of an invariant
symbol with two R indices

i — (1 —40°T2)*(1 — i0°T2); o

= 8y — i0°[(T)s+(18) 5] + O(6?)

For the fundamental representation N of SO(N) we have:
N®N= 1s ®AA®SS

/

dij = 0ji

]
I
®
= >
I
=

corresponds to a field with a
symmetric traceless pair of
fundamental indices

Pij = Pji

D(1)=1
D(N) =
D(A) = IN(N-1)

D(S) = AN(N+1)-1

R is pseudoreal if it is not real but there is
a transformation such that—(T$)* = V—ngV

Consider now a pseudoreal representation:

R®R=10A®...
still holds but the Kronecker delta is not the corresponding invariant symbol:
i — (1—469T2);F(1 — i6°T2) ' 6us
= 0ij — 0°((T)ij + (T3) 5] + O(6?)
the only alternative is to have the singlet appear in the antisymmetric part
of the product. For SU(N) another invariant symbol is the Levi-Civita
symbol with N indices: d
i j tU =1
€i1.in Uiljl cee UiNJNajl---jN ¢
= (det U)eil...iN .

similarly for g1--tN .

For SU(2):
2 ® 2 - ]-A @ 35

we can use ¢% and €;j to raise and lower SU(2) indices; if ¢; is in the 2
representatlon then we can get a field in the 2 representation by raising the
index: ¢* = s”go
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Another invariant symbol of interest is f@¢ : (T2)be = —jfabe

generator matrices in any rep. are invariant, or
T(R)f° = —i Te(TE[T], T5)
the right-hand side is obviously invariant.

Very important invariant symbol is the anomaly coefficient of the rep.:

be — 1 b
AR)d™ = LTr(T2{T, TS))
is completely symmetric
normalized so that A(N) =1 for SU(N) with N > 3.

Since (T2)}; = —(T2);* we have:
AR) = -A(R)

for real or pseudoreal representations A(R) = 0.
e.g. for SU(2), all representation are real or pseudoreal and A(R) = 0 for all of them

we also have:
AR1®R2) = A(R1) + A(Ra) ,

AR1®Rz2) = A(R1)D(Rz2) + D(R1)A(R2)
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The path integral for photons
based on S-57
We will discuss the path integral for photons and the photon propagator
more carefully using the Lorentz gauge:
2(7) = [pac,
L = +34,(¢"0* —0"0")A, + J'A,,
as in the case of scalar field we Fourier—transform to the momentum space:

So=13 / P TG0+ (k) + FRIF(—K) + TR (W)
d4k " N 7
o 1[4 k) (kzg“ — kK A (—F)
+ FH AL (k) + TH(—k) A, (k)]
we shift integration variables sgthat mixed terms disappear... B
~ _ J(k
$(8) = B() — il

Problem: the matrix ¥ has zero eigenvalue and cannot be inverted.
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To see this, note:
k*g" — kK" = k> P (k)
where
P (k) = g* — kFEY/K?
is a projection matrix
P* (k)P (k) = P*\(k)
and so the only allowed eigenvalues are 0 and +I

Since

P* (k)k, =0
gu P (k) =3

it has one 0 and three +1| eigenvalues.
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So = 2/ 27r)4 4
+ T4 (k) A (—k) + T#(—k) A, (k)|
We can decompose the gauge field Au(k) into components aligned along a

set of linearly independent four-vectors, one of which is k,, and then this
component does not contribute to the quadratic term because

)(K2g™ — Kk ) A, (—F)

P (k)k, = 0

and it doesn’t even contribute to the linear term because

I, (z) =0 ——p

and so there is no reason to integrate over it; we define the path integral
as integral over the remaining three basis vector; these are given by

kA, (k) = 0

04, (@) =

kAT, (k) = 0

which is equivalent to

Lorentz gauge
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P (k) = g™ — kMRY/K?
Within the subspace orthogonal to k,, the projection matrix is simply the
identity matrix and the inverse is straightforward; thus we get:

d% P‘“’(k)
(27[')4 Il'( )

Zo(J) = exp[i )5 k)]

= exp|; [ dle Yy L (@A (0 - ) )|

v d%  ike—y) P* (k)
A'u (m—y)=/(27)46( y)m

propagator in the Lorentz gauge (Landau gauge)

we can again neglect the term with momenta because the current is
conserved and we obtain the propagator in the Feynman gauge:

d’%k

A#V(m - y) = (2,"_)4

eik(@—y) Amv (k)

A;u/ k gp,l/
(k) = k2 — ie
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The path integral for nonabelian gauge theory
based on S-71

Now we want to evaluate the path integral for nonabelian gauge theory:

Z(J) / DA iS(4)

Swi(A, J) = / d's [~ LFew Fe, + JoA]

for U(I) gauge theory, the component of the gauge field parallel to the four-
momentum k* did not appear in the action and so it should not be integrated over;
since the U(I) gauge transformation is of the form A,(z) — Au(z) — 8,I'(z) , excluding
the components parallel to k# removes the gauge redundancy in the path integral.

nonabelian gauge transformation is nonlinear:
Au(@) = U(2)Au(2)U' (@) + LU@)9,U (a)

Au(z) = A (z)T°
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for an infinitesimal transformation:
U(z) = I —igh(z) + 0(6?)

= I —igh*(z)T* + O(6?)
we have: Au(@) = U(@)4,(2)U" (2) + LU (2)8,U" (2)
Au(z) — Au(z) +ig[Au(z), 6(z)] — 0,0(z)

or, In components: Au(z)

. = A%(z)T®
9f** A (z)6°(z) — 0,0(z)

o

[6%8, + gf** A} (2)16°(x)

Ay(z) —
Ay (x) -
= Aj(2) — [6°°0, — ig A}, (—if**))6%(x)
Ap(2) — [0°0, — ig Ay, (TY)*)6(x)
A () — Dyo“(a)

the covariant derivative in the adjoint representation
(instead of J,, that we have for the U(1) transformation)

we have to remove the gauge redundancy in a different way!
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Consider an ordinary integral of the form:

7 /dmdyeis(w)

the integral over y is redundant
we can simply drop it and define:
Z = / dz 5@

this is how we dealt with gauge
redundancy in the abelian case

or we can get the same result by inserting a delta function:

Z = /d:t: dy 6(y) 5@

this is what we are going to do

the argument of the delta function can for the nonabelian case

be shifted by an arbitrary function of x

Z = [dodyély - f@) ¢S
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z= [dodyéy - f@) e

if ¥ = f(z) is a unique solution of G(z,y) =0 for fixed x, we can write:

5y —
5(Gte) = )
then we have:
Z = /dmdy Ba_G 6(G) e’

we dropped the abs. value

generalizing the result to an integral over n variables:

Z = /d"xd"y det(aGi
0y,

) [L8(Gy) &S

Now we translate this result to path integral over nonabelian gauge fields:
Z = / &z dy det(aG ) L5(G;) &

i index now represents x and a G becomes the gauge fixing function:

for Re gauge we use:

G*(z) = 0*A%(x) — w*(x)

xandy —— Af(z)
y — %)

fixed, arbitrarily chosen
function of x

) /DA de t(JG) [1:,.9(G) el

Sei(A,J) = / die [~ LFOES, 4 JoRAL
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7)o [ Pader( ) Lab(@) 5

let’s evaluate the functional derivative:
G*(z) = 0"A)(z) — w(2)

A%(z) — A%(x) — D%6%(x) — G%z) — G%(z) — 3”Dﬁb0b(a:)
and we find: Z%Ey)) _ i)
JG"‘(:I:) rab 54 va(z
56%() 3D *(z —y)

Recall, the functional determinant can be written as a path integral over
complex Grassmann variables: /d"@d“lb exp (—ith Mijiy;) o det M

det 6Gb ox / DecDe etSen

50 Sgh = fd% £gh

where:

Lgn = *0"D%c’
Faddeev-Popov ghosts
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the ghost lagrangian can be further written as:
Lg = 0D’

= —9""DP

|

we drop the total divergence

= M B, + igdHe  AS (T) ™

D¢ = 599, —igAb(T?)™ = —OME B, + gfAc e

Comments:

ghost fields interact with the gauge field; however ghosts do not exist and we
will see later (when we discuss the BRST symmetry) that the amplitude to
produce them in any scattering process is zero.The only place they appear is in
loops! Since they are Grassmann fields, a closed loop of ghost lines in a Feynman
diagram comes with a minus sign!

<> For abelian gauge theory f3¢ = ( and thus there is no interaction term for
ghost fields; we can absorb its path integral into overall normalization.
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At this point we have:
Z(J) o</DA det(&))n” (@) S

N\
G%(z) = 0*Aj () — w(x)

06 <
S / DeDé ¢iSen

fixed, arbitrarily chosen function of x

The path integral is independent of w?(z)! Thus we can multiply it by arbitrary
functional of W and perform a path integral over W ;the result changes only the
overall normalization of Z(J) .

we can multiply Z(J) by:

)

exp [—ifd‘lzw“wa] ) I W s trivial

Integra over IS trivia
\ [’gf___é_ la‘u'AaauAa
gauge FX|ng term
our final result is: Set = [ d*z Lyt

o /’DA DeDc exp (Z'SYM +iSgn + ngf)

next time we will derive Feynman rules from this action...
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The Feynman rules for nonabelian gauge theory
based on S-72

The lagrangian for nonabelian gauge theory is:

Lyy = _%FEMVFSV

_%(auAeu — VA +gfabeAauAbV)(6MAe a Ae +gfcdeAcAd

—3OMAV AL + JOMATD, AL,
— gfbeA A 5, A — Lg? fabepedeqoiabiac AL
the gauge fixing term for Re gauge:
Lot = —56 1 MALOVA],
we can write the gauge fixed lagrangian in the form:
Low + Lgg = LA%(g,,0° — 0,0,) A% + 167 'A*+0,0, A%
— gf™eAmMAP G, A — Lg? pabepedeqangby ge 4
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The gluon propagator in the R¢ gauge:

Loy + Lgg = A% (g,,0% — 0,0,)A% + 1¢714°49,0, A
_ gfabcAauAbuauAlcj _ %g2fabef6deAa”AbyAZAg

going to the momentum space and taking
the inverse of the quadratic term

X gab ke
ab _ why
A (k) = 15— (gw 2

k, k.,
+¢ 22)
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The three-gluon vertex:

Loy + Lgg = A% (g,,0% — 0,0,)A% + 1¢714°49,0, A
_ gfabcAauAbuauAlcj _ %g2fabef6deAa”AbyAZAg

all photons outgoing

the derivative acting on an outgoing particle
brings (-i momentum) of the particle

/

iVio(0,4,7) = i(=gf ™) (~irugup)
+ [5 permutations of (a,,u,p), (ba’/aQ)a (C,p,r)]

= gfabc[(q_r)ugw) + (""_p)ugpu + (p_Q)pg/u/] .
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The four-gluon vertex:

Lym + Lgs = %Ae“(gu,ﬁ2 —0,0,)A% + %5_1146“8“8,,146”

_ gfabcAauAbuauAlcj _ %g2fabef6deAa”AbyAZAg
u o
a d
. . b c
'LVZII)/(;?U = _Zng abef Cdegupguo v 0

+ [5 permutations of (b,v), (c,p), (d,0)]

= _7;92 [fabedee(gupgua - guogup)
+ facefdbe(guagpu - g;wgpa)
+ fadefbce(guvgap - gﬂpgm/) ] .
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The ghost lagrangian: we need ghosts for loop calculations

J e
= —9ME,C + igdH e AL (T
= Mt + gf AL

massless complex scalar
they carry charge arrow
(and also a group index)

a b

....... S0
k

The ghost propagator:

Aab(kZ) — 5ab
k2 — je
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The beta function in nonabelian gauge theory
based on S-73

The ghost-ghost-gluon vertex:

['gh _ _auécaﬂcc + gfabcAza‘uébCC The complete (renormalized) lagrangian for nonabelian gauge theory is:
L= %Z;;A‘“‘(gm,az —0,0,)A" + %5_1A““8u8,,A‘“’
_ Z3ggfabcAauAbu8“Alc/ . %Z4gngabedeeAa“AbVAZAg

the derivative acting on an outgoing particle/brings (-i momentum) of the particle

c b
ghosts are complex scalars so their /7 > """"""" > """
propagator carry a charge arrow r q
a\u
-y 7abc -z abc .
ZVM (q,’f’) — Z(gf )(_ZQ;L)
abc . .
= gf qu - Slavnov-Taylor identities
(non-abelian analogs of Ward identities)
Finally we can include quarks: There is only one diagram contributing at one loop level:
Eq = z@le”\IfJ — mTZ\I!Z r/\/\le\/\'l
j— J— —_— N N N
= ’L‘I’ia\yi —mY,; ¥, + gAZ\I’i'y”T{}\I’j 5 p-/[-l ? + ?99’7
propagator: ; ;
J l 2 d% y -
i) = (210 (3) [ ooz [75@+ 7] B0
Sij(p) = (—¢ +m)dy; () (2m)* [ B
? p2 _|_ m2 P 7:6 . . 4
—i(Zo—1)p —i(Zy,—1)m + O(e*) .

the photon propagator

vertex:
-x 7U4Q . wrpa in the Feynman gauge:
Vi =197 1y — Bl = g
v
/’

fictitious photon mass

a\u

for fields in different representations we would have (Tg)ij.
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i50) = (202 () [ 2 [0+ 0] Bl
following the usual procedure: (2m)

_ ezus/ / o D)2

—i(Zy—1)f— i(Zm—l)m +0(et)

—i(Zy—1)p — i(Zp—1)m + O(e?) .

g=~{¢+zp
D = z(1—z)p* + zm? + (1—w)m$ ,

N = (=g —f+m)2*
=—(d-2)(F+4) -
= —(d-2)[f+ (1—2)p] — dm,

Y = —d/r
’Yuﬂ'Y” = (d—Z)ﬁ

we get:
2

200 - - 2 [ do((z-e)a-a)p+ a-opm) [ -
—(Z-1)p - (Z

4 in(D/u)|
m—1)m + O(e?) .
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62

20) = - o [ da(e-)1-a)g+ (4=9pm) [ 1 ~ him(D/u?)
—(Zo-1)p— (Zy—1)m + O(e") .
we set Z’s to cancel divergent parts

e2

Z2 =1- 8_2( +ﬁnite) +O(64)

e2

o 92
we can impose X(—m) =0 by writing:

T = 1— ( +ﬁn1te) +0(eY)

62

50) = 43 [ /0 Lz ((1—2)p+ 2m)In(D/ Do) + ka(f + m)| + O(e?)

D = z(1-z)p? + zm? + (l—w)m?y
fixed by imposing: 3¥/(—m) =0

Do = z*m? + (1fz)m?/

1
Ko = —2/0 dz z(1—z*)m%Dy

= —2In(m/my) +1,
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we work in Feynman gauge and use the MS scheme
Let’s start with the quark propagator:

b ! a / ~(Z=1)d9

ptl P
i

the calculation is identical to QEID with additional color factor:
Vi = 197"
aga),: = C(R)S; ’ ’
(T9T)i; = C(R)dy; 555
asu

the result has to be identical to QED up to the color factor:
2
g
C(R) =

1
Zy=1— g+0(g4)
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Finally, let’s evaluate the diagram contributing to the vertex:

iVE(',p) = iZrey* + iVl (0, p) + O(€)

Vtip(#'9) = (0P (1)’ [ sy (#8605 0+£0] B0

~ Quv
Bl = Tt 3
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iV oo (@ =z‘e3%3 a't S +)vS B+ {
combining denominators... S )()/(2“) St s Siwtn’|5.400

dq N#

zvlltloop(p p) =e€ /dF3 2ﬂ-) m

1
, /dF3 = 2/ dzidzodzs 6(z1+zo+23—1)
g={+zp+ap, 0

D = z1(1—z1)p? + zo(1—22)p" — 2z120p-p/
+ (z1+@2)m? + z3m?2

N¥ =y, (—¢ =4+ mH (—F— L+ m)y”
= Y[~ + 1§ — (1—z2)p' + my¥[—¢ — (1—z1)p + z2p’ + m]y”

= vdv'gy” + N* + (linear in q)

\

N# = ford — (12 + mIy¥[—(1=20)p + 2ap’ +m]y”
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N
@ Jon [ o )4 @+Dp
N* = vgv*gy” + N* + (linear in q)

Nt = Yolz1y —

Z’Vlltloop (pl, p)

(1=z2)p’ + miy*[~(1—21)p + z2p’ + m]7”

continuing to d dimensions Yoy = (d—2)7*

1 d—2)*
WY = S WY = @2y d) ¢

evaluating the loop integral we get:
e3 1 N#
V1= £ |12 far o) for 3]

iVE(p',p) = iZiev* + iV, (', p) + O(e°)
the infinite part can be absorbed by Z

62

1
VA —1—8—2( +ﬁnite)+0(e4)

the finite part of the vertex function is fixed by a suitable condition.
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Let’s continue with the quark-quark-gluon vertex:
b
FPNE/\'\W
- +

ap

the calculation of the |st diagram\is igentical to QED with additional color
factor:

(TYT°T?);
TbTaTb — Tb (TbTa + ,L-fabcTc)
— C(R)Ta + %ifabC[Tb,TC]
= C(R)T® + J(if ™) (if*HT

_ a _ 1 /mpaybe rpdychrnd 2
= CR)T* - J(T0)*(T5)*T [c®) -378)] 5
= [o®) - drA)|7°

thus the divergent part is the same as
in QED up to the color factor:

ng
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Let’s evaluate the second diagram:

au

vib

iV (p,q,7) = gf((a—7)ugvp + (r—P)ugpu + (P—0) oG]

the divergent piece doesn’t depend on external momenta, so we can set
them to 0; using Feynman rules we get:

~x7Q . abe /e 3 d4e I+ ’
Vi (0,0) = (ig)as"(T°T");(}) (2m)? Ziﬁzézl%

X [(E=(~0)*g" + (~£~0)'g"* + (0-£)°g™]
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4 J—
V0,00 = (ig)2gf™(T°T"); (1) (%4 Z;’fgzéjﬁi;’;

X [(t=(=0)Fg" + (-£-0)"g* + (0-£)*g""]

fabcTch — %fabc[Tc,Tb]
— %ifabCfcded
= —3iT(A)T®

the numerator is:

Nt =, (=747 + m)y, (204 g"°

e — d_lfzga\A
NE — —d 2 (7707) (2979 — ¢°% g™ — ¢°P g*)
— —d7 2 (29 Yy — YV v — 1)

— —d7 2 (2(d—2) + d + d)y* .
for d =4 (we are interested in the divergent part only):

NHF — —302H

— P gPH — g

we can drop linear terms
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. abe e d¥ —£TM)Yy
(i9)*9f ’ (T Tb)ij (%)3 (2m)4 ngzéj_l_n)g)

X [(t=(=0)g"” + (—£-0)"g™ + (0-£)*g"]

iV3#(0,0) =

fabcTch — % fabc[Tc7 Tb]
1, pabcpcbdrpd

= i ffT 2

= —3iT(A)T* NH — -3¢ ’y“

thus for the divergent part of the 2nd diagram we find:

d* 1
7O
Vi (0,0) = T (2m)t 22(2+m2)

T i/8x2 + O(Y)

ST(A)g°

putting pieces together we get:
2 2
VE(0, 0y = (zl + [e®-1ra)] - + 318 8§—) T
and we find:

Z1=1-[C(R) +T(A)] % é +0(g")

in Feynman gauge and the MS scheme
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Let’s now calculate the iII**(k) at one loop:

+ W
k k
extra -| for fermion loop; and the trace S0 = —#+m
\ ) 77 p?+m? —ic
. v _ . 2(1 ! = v
i (k) = (062l (1) [ gy T[SEHE S0
—i(Z3—1)(K*g" — kFEY) + O(e?) ,

‘\‘\

_lpwp, = 10V 8,A, + 1044V 8,4,

Loy = i(Zo—1)UPV — (Z,,—1)mUY — 1(Z3—1)F*F,

293

) = (0622 () [ o

Tr[S(+H)v5 ()|

—i(Z3—1)(k2g" — k*k*) + O(e?) . dim
i(Z5-1)(k%g )+ 0(e) S =
. - 1 ANHY
e[S LG (L) =/ iy
[Berkrrs@r] = | dr oo
q—£+zk
D = z(1—xz)k? + m? —ie

ANM = Tr|(~f—f+m)y# (~f+m)’]
Tr(dpgd] = 4| (ad) (be) — (ac)(bd) + (ab)(cd)]
Tr[df] = —4(ab)

= (+k)H0 + 04(0+k)”

/€=q—wk

N* — 2¢tq¢” — 2z(1—z)kH KV —

— [£(€+K) + m?) g™

[q2 - m(l—m)k2 + mz]g’“’
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i) = (06102 (1) [

—i(Z3—1)(K2g" — k*k*) + O(e?)

Tr[S(+H)v5 ()|

T[Sk = [ de ot o

NH — 2¢tq” — 20(1—2)kFk” — [¢? — x(1—xz)k? + m?]g"
the integral diverges in 4 spacetime dimensions and so we analytlcallg

continue it to d = 4—¢ ; we also make fthe replacement € — e,u
keep the coupling dimensionless:

/ & P F(e) = = ¢ / d% ¢*f(d®)

d
see your homework

NW — —2z(1—z)k" kY + [(% — I)q2 +z(1—z)k? — m2]g‘“’

/L“? @) _T(b-a— 3d)T(a+3 d)D (b-a—d/2)
(2m)¢ (@ + D) (4m)d2T (BT (3d)

a4 2 d% 1
(-9 [ Gt @io7 =2 @ @7

N* = 2z(1—z)(k*g" — kK EY)

(3-1)¢*—>D
D = z(1—x)k? + m? — ie

is transverse :)
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i (k) = (~1)(iZ20) (1)’ / oyt T[S RS (U]

—i(Z3—1)(K*g" — k") + O(*) , \
72
T[Sk S = [ de ot o

, , . N — 2z(1—z)(k2g" — kPEY)
the integral over q is straightforward:

d% 1 i /2
~€ _ N I3 ~2
K /(21r)d (¢>+D)? 1672 F(2)(4’”‘ /D)

/ = 8% E - %ln(D/,uZ)]
TI(k?) = —%z /01 do o(1-2) E 1 m(p/,ﬁ)] —(Zs-1)+O(Y)

imposing II(0) = 0 fixes

u? = dre Vji?

2
Zy=1-—

62 E - ln(m/u)] + 0(e*)

and
e2 1
) = oy /O de z(1—2) In(D/m?) + O(e?)
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Let’s now evaluate one-loop corrections to the gluon propagator:

k k
do
L
a _.-"'k+l b a b
o, DAt + W
d 1
~ d% 1 i1, 0
S = o0 i(Zs—1) (2" — KR 6o
mz—v()\ 143 g
0

297

iVZ?,cp(p, q,r) = gfabc[(q_"')#gl/p + (r=p)vgpu + (P—0) p9uv)

e . & N

iMet() = o poetpted (1) (@n)t 2Ry

NW = [(k+£)—(—=£)*g? + (—4—(—k)) g7 + ((—k)—(k+£))7 g"*]
x[(—k—£)— )gpa"‘(e k)pbs" + (k—(—k—£))s6" ]

(26+k)* g — (L—k)P g™ — (£+2k)7 g7

-l
[( Z—{-k) 9po — (e_k')p(say - (e+2k')a5yp]

X
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ilweb(k) = 1 Zfacdfbcd( )2

d4  N#
(2m)* £2(4+k)2

/ NH = —[(264k)*g" — (E~k)"g™ — (¢+20)"g"]
X [(204k)" gpr — (E—E),0," — (£+2k) 50" ]

facdfbcd — T(A)6ab

combining denominators and continuing to d = 4—¢ dimension

where

N = [(2q+(1-200k)'9 — (g
2w)k)ugpa - (q_(1+w)k)p5¢7y

x[(2g+(1-
N# = —[(2¢+(1-
x[(2¢+(1—
NW —

gT A)o® 6/d:z:/ 2+D)
q="V{+ zk
D = z(1—z)k?
—(1+z)k)Pg°" — (g+(2—2)k)" g"*]

we are interested in
the divergent part only

2q*g" —

2z)k)g” — (¢—(1+z)k) g7
2m)k)ugpa - (q_ (1+m)k)p5<7y

— (g+(2—2)k) 56" )

— (g+(2—2)k)? g*]
— (g+(2—2)k)s6" ]

terms linear in q

l expanding and ignoring

2¢°g" — (4d—6)g"q”
— [(1+z)? + (2—z)2k? g
— [d(1—22)% 4+ 2(1—2z)(1+=z)

— 2(2—2)(1+x) — 2(2—2) (1—2z) | k*k”

l d=14

(5—2z+2x2)k2g*

a“q” — 14°g"

v

+ (24+102—10z2)k k"
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5ab E/ dl‘/
q2+D)2 g=1~{+zk
D = z(1-z)k?

NW — — 420" — (5—22+222)k%g* + (2+10z—1022)kHk”

l ¢ — (3-1)7'D
N* — — (5—-11z+112%)k*g" + (2+10z—102?)k*k"

e [ d% 1 i
N ek SR —_* 0
K (2m) (g2 + D)2~ 8nm2e +0()
we get: .
i9” peayser L / dz N™ + O(e0)
1672 e Jo e
integrating over X, we get the result for the divergent part of ki
;2
Y ab L (_19p2 w0 | 1pup ao
167r2T(A)(5 6( s K9+ gkTk )
now let’s calculate the ghost loop:
c
> c b
a ikt b > >
. . r q
k gl Tk e
d VIl 7) = i(o1™) i)
extra -| for closed ghost loop =9/ q.
d%  (+k)Hev

\
iTTAvab(k) = (_1)ng“df”dc(%)2/wm

combining denominators,
shifting the numerator,

facdfbdc — —T(A)Jab
performing integrals, ...

2
19 T(A)5ab é (_%k2guv _ %k‘uk‘")
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finally, let’s calculate the fermion loop:

the same calculation as in QED,
except for the color factor:

Tr(T°T) = T(R)§*®
19 e T(R) 5 1 (g™ — k)
 6m2 \F €

the number of flavors
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Putting pieces together:

1
b 192 11
— a5 T(A)? — (— 2R + Jkk)

)
abl 2 _pv KU1V
~ oz el (R)S g(k:g — kE)

St O () —i(Zs-1) (g ~ k*RY) gob

82
we find:
Huuab(k) — H(kZ)(ng;w _ k_,uku)é-ab
gluon seIf—energy is transverse
2
T()a = — (Zs-1) + [37(8) — $neT(R)] L5 2 + O(g")
and so:

2

Zs=1+[3T(A) - nFT(R)]—1+O( 4

304

We found:

in Feynman gauge and the MS scheme

g* 1
/zlzl—[c'( )+T(A)]—2—+0( 4,
~

not equal!

1
Zz—l—C(R)g—2—+0(g4),

2
1
Zs = 1+ [§T(8) - §nsT(R)] g5 ~ +0(g")

Let’s calculate the beta function; define:

2
-9

a= 2

7/

L B e T 5. 2 z
the dictionary: %= 72,9 = 7z 9i = Zs;fgz i = ;fgzﬂe
2
o Zi afi€
Z2Z3
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Beta functions in quantum electrodynamics

based on S-66
Let’s calculate the beta function in QED:

£0 = Zﬁa\lf - mﬁ‘ll —

L =L+ L
Ly = ZleEA‘IJ + Let
Loy = i(Z2-1)¥PY — (Z

1 ppv
FEy

m—1)mUV — Y(Z;—1)F*F,,

Zi=1- 21 o)

the dictionary: o =

1 = = 2
Z2—1 271_ +O(O£)
— o2
a =e/4r Z3:1_§£l+o( 2
o =232, 272 ifa m

Note Z1 = Zz :
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following the usual procedure:

o0
a0 = 252, 2 o En(c)

hla():Z

N D

+Ina+elnp

o0
n(25'2;°2) = 3, 20
n=1

a1 2
Z1—1—2ﬂ_5+0(a) \
_q,_ ol 2
Z=1 27r5+0(a) El(a)zz—a+0( )
2a 1

Z3 = 1—3—ﬂ_g+0(a2)
we find: 20 B(c) = a?E(c)
Bla) =5 -+ O(a”)
8(0) = 2 1 0(a?)
or equivalently: 3 a = e*/4n
Be) = 15 +0) & = eé/2m

For a theory with N Dirac fields with charges Q;e:

a1l
Zh=1-2=2 2
1 27re+0(a)

Z1i)Za = |
Z=1-211 002
2 2m €

1 2
Z3—1—§—a:+0(a‘) > )i Qia @+W
k k

we find:

2
8e) = 5% 5 1 o)
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following the usual procedure:

o0
o =252, 27 ifa 1na0=ZG2—ff‘)+1na+slnﬂ

\ /'

o0
In(25125222) = Z

7 =1-[C®) +T(A)] Loy,

872 €
» Gl

2 = 1+ [3T(8) ~ 4T ®)] Z5 2+ 06

K

22:1-0(R)9—1+0( 1,

= —[$T(4) - §nT(®)] o=+ 0(?)

Ba) = *G}(a)

we find:
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a = g?/4n
or equivalently: & = gg/2m
Blg) = ~[3T(A) = §neT(R)] ¢ + O(s")

For QCD:
T(A)=3
T(R) =3
: 11 — %n

beta function is negative for nr < 16 |
the gauge coupling gets weaker at higher energies!
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BRST symmetry

based on S-74
We are going to show that the gauge-fixed lagrangian:

L=Lyy+ Lot + Lgn
has a residual form of the gauge symmetry - Becchi-Rouet-Stora-Tyutin symmetry
Consider an infinitesimal transformation for a non-abelian gauge theory:

§A%(z) = —D*6"(x)

scalars or spinors in

/ representation
56i(@) = —igh* @) Tges(e)

The BRST transformation is defined as:
55A%(z) = D% (z)
= 0uc*(z) — gf A (2)c ()
Osi(z) = igc”(2)(TR)ijdj ()

Anything that is gauge invariant is automatically BRST invariant,

we use the ghost field (scalar
Grassmann field) instead of —%(z).

in particular dgLyy = 0!
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Now we are going to require that dg g =0:
this requirement will determine the BRST transformation of the ghost field.

dadi(z) = ige®(z)(1x)ij¢5(x)
65 (ds¢:) = 19(0c”) (Tlg)ijqb/jv_ igc®(1R)i059;

-1 for 8 acting as an anticommuting object

85 (i) = ig(6ac®) (T2)ij 45 — 97" (TRTR)ik bk

\cbc“ = —ccb

3172, 78] = b
Thus we have:

85(8a¢1) = ig(dnc” + 59 ) (T5)ij¢5
that will vanish for all ¢;(z) if and only if:

pc(z) = —3gf*c*(z)c’(z)
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Now we have to check that dg g = 0 for the gauge field:
0 Al(z) = Dzbcb(z)
= 0uc’(z) — 9f AL (2) (2)
O5(0sAf)) = (6°°0, — gf ™™ A7) (05¢") — gf (s A5)c"
= DE(3c") — gt (DEtet) e

— Dzb((sBcb) _ gfa.bc (aMCC) Cb + ngabCfcdeAzcdcb

/ ﬂca = —c*d

L 0,9t = 1(8,%)" — L(Buc)c = j(fobefede — podefebe)
= 2(0uc)e + 3c°(B,c?) = —3[(@) (T — (T (1))
= 19,(c°ch) . = 1 fbdh(Thyae
— 1 fbdh phae
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Now we have to check that dg g = 0 for the gauge field:
Al (z) = Dzbcb(z)
= 0uc’(z) — 9f A (2) (2)
O5(0sAf)) = (6°°0, — gf ™™ A7) (05¢") — gf (s A5)c"

= DE(3ch) — gt (DEiet) e

— Dzb((sBcb) _ gfa.bc (aMCC) Cb + ngabCfcdeAzcdcb

— %aﬂ(cccb)\ \: *%fbdhfhae

6B(6BAZ) — Dzb((;Bcb) _ %gfabc(aﬂcccb) _ %ngbdhfhaeAzchb
— Dzh((sBCh) . (Jahaﬂ _ gfaheAz)%gfbchcccb

= Dzh(JBch + Lgfbehcbeey .

vanishes for the variation of the ghost field we found before:

5ac(z) = —Lof "¢ (@) (@)
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The BRST transformation of the antighost field is defined as:

we treat ghost and antighost fields as independent fields

552°(z) = BY(z)
B is a scalar field

Lautrup-Nakanishi auxiliary field
then dg dg =0 implies: v ’

§,B%(z) = 0

What is it good for?
We can add to the lagrangian any term that is the BRST variation of some

object: corresponds to fixing a gauge

E - EYM +5BO
7 AN

BRST invariant because BRST invariant because
it is gauge invariant 5B (530) =0

315

Let’s choose:

O(x) = &(2)|3¢B%(z) — G*(a)

\gauge-ﬂxing function

G*(z) = O*A%(x)

we will get the R¢ gauge
then

550 = (6:2") [ 36B" — O3] rid (3685 B%) — 04(645))

_ 6 . . . .
52A%(z) = Dibch(z) | for 0g acting as an anticommuting object

= ,¢"(@) — g A5 (@) (@)
dsc*(z) = B%(z)
550 = 1¢B°B® — B*0"A% + c*0*D%c’
or

50 — 3£B*B® — B 0FAL — 0*e* D3l

316

850 — 1¢B*B* — B"0MAS — 0Me*Dc’

now we can easily perform the path integral over B:

it is equivalent to solving the classical equation of motion,
9(650)
0B (z)

and substituting the result back to the formula:

550 — —LE71HAAL — DHc* DD

— ¢B%(z) — 0*A%(z) = 0

we obtained the gauge fixing lagrangian and the ghost lagrangian
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L= Lyy+6,0 §=JdaL

550 — —LET1OHALIVAL — 04 DD
Symmetries of the complete action:
<> Lorentz invariance
<> Parity, Time reversal, Charge conjugation
<> Global invariance under a given (non-abelian) symmetry group
<> BRST invariance
<> ghost number conservation (+1| for ghost and -1 for antighost)
<> antighost translation invariance

& (z) — &*(z) + x

The lagrangian already includes all the terms allowed by these symmetries!

this means that all the divergencies can be absorbed by the Zs of these terms, BRST
symmetry requires that the gauge coupling renormalize in the same way in each term.
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There is the Noether current associated with the BRST symmetry:

. oL
js(x) = XI: m&a@l(ﬂ?)

. all the fields in the theory
and the corresponding BRST charge:

Qs = [ d25(a)
it is hermitian
the BRST charge generates a BRST transformation:

i[Qs, A5 (2)] = DjPc’(z) ,

i{Qs, ¢*(2)} = 59" (@) (2) ,
{Qs, ()} = B%(z),

i@z, B*(z)] = 0,

i[Qs, ¢ (w)]i\= ige* (z)(T)ij¢5 () -

commutator for scalars and anticommutator for spinors

s A%(z) = Dbc(x)

pc®(z) = —Lgfc(z)cb(x)
dpc*(z) = B(x)

85B%(z) =0

Ondi(z) = ige®(z)(Tx)ijs(x)
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The energy-momentum four-vector is:
PH = / d’z T(z)

Recall, we defined the space-time translation operator
T'(a) = exp(—iP*a,)
so that
-1
T(a)" pa(@)T(a) = @a(z — a)
we can easily verify it; for an infinitesimal transformation it becomes:

[pa(z), PH] = %aﬂ‘[’a(m)

it is straightforward to verify this by using the canonical commutation
relations for @a(z) and I, (z) .
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Since dg 05 = 0 we have:

Consider states for which:

QB|¢> =0

‘/sud(sta s are said to be in the Kernel of Q5 .

Cohomology of Qg :
[v) # Qslx)

Image of Q5 :
%) = Qzlx)

we identify two states as a single
element of the cohomology if their
difference is in the image:

[¥) = [¥) +Qs0)

Zero norm states:

(¥l) = ($|Qslx) =0
Q is hermitian: (¥|Qp = 0.
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Consider a normalized state in the cohomology:

([Y) =1, Qsl) =0, [¢)) # Qz|x)

since the lagrangian is BRST invariant:
[H, QB] =0

and so the time evolved state is still annihilated by Qs :

—iHt — o,—tHt —
Que 7 'Y) = e Qsly) = 0
(in addition, a unitary time evolution does not change the norm of a state)

the time-evolved stay must still be in the cohomology!

We will see shortly that the physical states of the theory correspond to
the cohomology of Qg !
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All states in the theory can be generated from creation operators (we start with
widely separated wave packets, and so we can neglect interaction):

A(z) = Z /dk: 6)‘ K)ay (K)e ik 4 o 4(k)a T(k) ﬂkx]

A= > <
we are neglecting group indices

c(z) = /dk c(k)e*® + cf (k)e _’k’”] ,

&(x) = / dk [b)e= + b (k)e ] ,
represents matter fields
etk _+_a;(k)e—ikz:| ,

o(w) = [ dk[as10

for pr = (w,k) =\w(1,0,0, 1) four polarization vectors can be chosen as:

£(k) = 55(1,0,0,1),
ek(k) = 5(1,0,0,-1),
eh (k) = 55(0,1,-,0)

e’ (k) = %(0, 1,+4i,0) .
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—ikx

Setting ¢ = 0 and matching coefficients of € we find:

i[Qs, 4j,(2)] = D’c(2)

i{Qu, *(2)} = —Lgfotec(z)c () , pa = 3 / 400 09 + e 093]
i{Qs,¢"(2)} = B(z) , A5

i[Qs, B*(z)] = 0, @) = [ @ [cle™e + ci e

i[Qs, ¢i(2)]+ = ige®(z)(T2)ijd5(x) . ola) = [ @k [p0e’e + bi)e]

dk [a¢(k)eikz + a;(k)eiikz} s

e4(k) = 5(1,0,0,1),

(k) = 15(1,0,0,-1),

Qs 0l (k)] = V2w iy cf (k)
et (k) = 35(0,1,-i,0),
(k) = 25(0,1,+i,0) . {QBvc (k)} =0,
{Qs, b7 (K)} = £Vowal (k) ,
[Qs,al(k)] = 0.

we also use EM to eliminate B:

D) =)~ ) =0
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Consider a normalized state in the cohomology: (|1h) = 1, Qgl1p) = 0,

the state ¢l (k)[9) is
proportional to QBa> (k)|1/)) and

so it is not in the cohomology \ /

if we add a photon with polarization >,
the state aT> (k)|#)is not annihilated by
Q and so it is not in the cohomology

[Qs, a} (k)] = V2w éys ¢ (k)
{Qz,c'(k)} =
{Qn,b'(K)} = e Vowal (k) ,

\ the state a<( ) is

proportional to QBbT(k)W) and
so it is not in the cohomology

[QB)a’qS( )] =0.

the state bf(k)|v) is not annihilated by
Q and so it is not in the cohomology

states: al(k)w), al ()[4 and a;(k)h/)) are annihilated by Q but cannot be
written as Q acting on some state and so they are in the cohomology!
the vacuum is also in the cohomology
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Thus we found:

we can build an initial state of widely separated particles that is in the
cohomology only with matter particles and photons with polarizations + and -.
No ghosts or >, < polarized photons can be produced in the scattering process
(a state in the cohomology will evolve to another state in the cohomology).
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