THE SIMPLICIAL NERVE OF A SIMPLICIAL CATEGORY

VIVEK DHAND

1. SIMPLICIAL OBJECTS

Let A be the following category: the objects are [n] = {0,1,...,n} for n > 0. The
morphisms are:

Homa([m], [n]) = {f : [m] — [n] | f(&) < f(j) if i < j}
Let € be a category. A simplicial object in C is a functor A°? — €. The category of

simplicial objects in € is denoted CaA. We will mostly be concerned with the category
of simplicial sets: Seta.

Let V denote the following category: the objects are [n] for n > 1. The morphisms
are

Homy([m], [n]) = {f : [m] — [n] | f(0) =0, f(m) =n, and f(i) < f(j) if i <j}

1.1. Proposition. There is an isomorphism of categories V =2 A°P.

Proof. We follow the proof given in [Dr]. Given n > 0, consider the set Homa ([n], [1]).
There is a bijection of totally ordered sets

Homa([n],[1]) ~ [n+ 1]

oD oli)
Let ¢; denote the pre-image of ¢ under thiz; ?somorphism.
Given a morphism f : [m] — [n] in A, we have a map
[ Homa([n], [1]) — Homa([m], [1])

p—¢of

Note that f*(¢o) = ¢o and f*(¢n) = ém. Also, if i < j then f*(¢;) < f*(¢).
Therefore, we have defined a functor

AP — ¥V
[n] — Homa([n], [1])

The inverse functor is given by
V — A%

[n] = Homy([n], [1])
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2. GENERALITIES

Let D be a small category. Let PSh(D) = Funct(DP, Set) be the category of presheaves
on D. There is a functor

D — PSh(D)
x+— hy = Homp(_, )
The following result is known as the Yoneda Lemma:

2.1. Theorem. Let D be a small category. For any x € D and F € PSh(D), there is
a natural isomorphism

t : Hompgpp) (ha, F) = F(z)

Proof. Let T : h, — F be a morphism in PSh(D). We can evaluate this natural
transformation at the object x:

Ty : ha(z) — F(x)
Note that id; € hy(x) = Homp(z, ). We define
K(T) = Tp(ids) € F(x)
In the other direction, given a € F(z), we define
T:h, — F
such that, for any y € D,
Ty : hae(y) — F(y)

fr=F(f)(a)

This makes sense because f : y — =z, so F(f) : F(x) — F(y). For any morphism
g:y — zin D, we have the following commutative diagram:

T

hx(g)l lF(g)
Ty
ha(y) : F(y)
fi F(f)(a)

I 1

fogr——=F(fog)(a)=F(9)F(f)(a)
This shows that 7" is a natural transformation.
Clearly x(T') = F(id;)(a) = a, so the composition
F(x) - Hom(hy, F') — F(x)
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is the identity. Finally, let T : h, — F and f : y — x and consider the following
diagram:

he(z) ——2— F(z)
hx(f)l . lF(f)
ha(y) —— F(y)

fr——=T,(f) = F(f)(T:(idz)))
This shows that the composition
Hom(hy, F) — F(x) — Hom(hy, F)
is the identity as well. g
2.2. Remark. As a result of the Yoneda Lemma: for any objects x,y € D, we have
Hompgp(p)(has by) = hy(z) = Homp(z,y)

Therefore, the natural functor
D — PSh(D)

is a fully faithful embedding. The functors in its essential image are called representable.
2.3. Remark. Consider the embedding
A — PSh(A) = Seta
[n] = hpy = A"
By the Yoneda Lemma, for any simplicial set K, we have
Homger, (A", K) = K([n])

2.4. Lemma. Let D be a small category. Then every presheaf on D is a colimit of
representable presheaves.

Proof. Let F : D? — Set be a presheaf. We define the category D/F as follows: an
object of D/F is a morphism ¢4 : hy — F in PSh(D). A morphism in D/F is a diagram

hg har
NS
F

7:D/F — PSh(D)
(ha = F) — ha

There is a functor

We claim that
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To see this, let § € PSh(D), and suppose that we have the following diagram in
PSh(D) for all hgy — hg in D/TF:

\7"’

N /

L=--4\

By the Yoneda Lemma, ¢4 € F(d) and ¢4 € G(d) for all d € D such that F(d) # 0. The
commutativity of the triangles in the above diagram implies that, for any morphism
d — d in D, ¢4 maps to ¢4 under the map F(d') — F(d), and ¥y maps to 14 under
G(d") — G(d). Therefore, sending ¢4 to 14 defines a morphism of presheaves F — G,
which is the unique morphism making the diagram commute. 0

Next we prove a very general and useful result ([GZ], I1.1.3, [Bo] Prop. 4.2):

2.5. Theorem. Let D be a small category and C a category with all small colimits. Let
L : PSh(D) — C be a functor. Then the following statements are equivalent:

(1) L commutes with all small colimits.

(2) L has a right adjoint R : € — PSh(D).

Proof. (2) = (1). A left adjoint always commutes with all small colimits.

(1) = (2). Given x € C, we with to define a functor R, : D’ — Set. Given d € D,
let hg = Homp(_,d) : DP — Set and let

Ry(d) = Home(L(ha), z)
For any x — y in € and d — d’ in D, we get the following commutative diagram:

Hom(L(hg),x) — Hom(L(hq),y)

| l

Hom(L(hg), z) — Hom(L(ha),y)

which shows that
R:C — PSh(D)

T +— R,
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is a functor. Since every presheaf F is a colimit of representable presheaves JF;, we
conclude that

Home(L(fTr)?l‘) = Hom@(L(h_r)n 3’1)’33)
~ Home(lim L(%).2)
= l&l Home(L(5;), x)

7

12

}im Hompgy(py(Fi, Ra)
= Hompgy(p)(lim F;, Ry)

= Hompgp)(F, Rz)
O

2.6. Corollary. Let D be a small category and C a category with all small colim-
its. Then there is an equivalence between Funct(D,C) and the full subcategory of
Funct(PSh(D),C) consisting of functors that commute with all small colimits. In
particular, for any functor F : D — C, there exists an adjoint pair of functors (unique
up to canonical isomorphism):

L
PSh(D) ? C

such that F(d) = L(hg) for any d € D.

Proof. We use the formula L(hg) = F(d) to define L on representable presheaves.
Now assume that L commutes with all small colimits, and use this to define L for all
presheaves. By the previous theorem, L has a right adjoint. O

3. THE GEOMETRIC REALIZATION OF A SIMPLICIAL SET

Consider the functor A — Top which sends [n] to the topological n-simplex |A™|. By
Corollary 2.6, we have a adjoint pair

Il
Sethn =—=Top
Sing
where
Sing(Y)n, = Homger, (A", Y) = Hompep(|JA"],Y)

for any topological space Y.
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4. THE NERVE OF A CATEGORY

Consider the functor A — Cat which sends the poset [n] to the corresponding category
n. By Corollary 2.6, we have a adjoint pair

P
Seta HT Cat

where N(C) denotes the nerve of the category C:
N(C)y, = Homget, (A", N(C)) = Homcat(n, C)
Given X € Setp, the category P(X) is called the Poincaré category of X.

5. THE SIMPLICIAL NERVE OF A SIMPLICIAL CATEGORY

The construction of the simplicial nerve of a simplicial category was implicit in work
by Boardman and Vogt in the 1970’s, and was made explicit by J.-M Cordier and T.
Porter in the 1980’s. Consider the functor ([Lu], 1.1.5):

C:A— Cata

[n] — €[n]

The set of objects of €[n] is {0,1,...,n}. Given 0 < 4,j,< n, the simplicial set of
morphisms from ¢ to j is

Homgn (i,7) = N(Pi ;)
where P, ; is the following poset:
Pj={IcZ|ijel, andkecl = i<k<j}

If j > i, we can identify P; ; with the set of subsets of {i+1,...,j — 1}, with the poset
structure induced by inclusions of subsets. This implies that

0 1>
’Pi,j: '1A Z:j,j:Z—l-l
20—l <

By Corollary 2.6, we have a adjoint pair
¢
Seta %? Cata

where the simplicial nerve of a simplicial category is defined by:
N(C)n = Homsern ([n], N(C)) = Homears (€[n], €)

Given K € Seta, the simplicial category €(K) is called the simplicial Poincaré category
of K.
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