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What is a bordism?
The answer to the question:

Can I take this:



What is a bordism?
The answer to the question:

And deform it into this: ?

Yes, if they are bordant (the same element in the bordism group).



What is a bordism?
More generally: compact d-dimensional manifolds are bordant, if

there is a (d+1)-dimensional one that ‘connects’ them

M N ∂X = M ⊔ −N

X

The deformation classes that cannot be connected form the:

bordism group    Ωd (generalized homology theory)



Add information

• Requirement on manifolds, e.g., Spin, orientation, … 

• Inclusion of gauge fields

• Mixtures of the two

One can restrict deformations by adding data:

M N

X

Structure extends and is
compatible on boundaries 

<latexit sha1_base64="i1VoydaWbCE7CF9DOtDaRA85MjI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURqS5LXejOCvYBTQyTybQdOpOEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee/yYUaks69sorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vhy6ncfiJA0Cu9UGhOXo2FIBxQjpSXPLDs3nAzRfeY80okXwGrz6sQzK1bNmgEuEzsnFZCj5ZlfThDhhJNQYYak7NtWrNwMCUUxI5OSk0gSIzxGQ9LXNEScSDebHT+Bx1oJ4CASukIFZ+rviQxxKVPu606O1EguelPxP6+fqMGFm9EwThQJ8XzRIGFQRXCaBAyoIFixVBOEBdW3QjxCAmGl8yrpEOzFl5dJ57Rm12v127NKo5nHUQSH4AhUgQ3OQQNcgxZoAwxS8AxewZvxZLwY78bHvLVg5DNl8AfG5w+BE5QJ</latexit>

⌦⇠
d(BG)



Examples:

Spin structure
<latexit sha1_base64="KmJJbpVFl5vv9S8ZhD/XcHKpOf8=">AAACAHicbVBNS8NAEN34WetX1IMHL4tFEISSiFSPRS8eK9gPaELZbDft0s0m7E6UEnrxr3jxoIhXf4Y3/42bNgdtfTDweG+GmXlBIrgGx/m2lpZXVtfWSxvlza3tnV17b7+l41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxjd5H77gSnNY3kP44T5ERlIHnJKwEg9+9BLNMee4oMhEKXiR3yGc6lnV5yqMwVeJG5BKqhAo2d/ef2YphGTQAXRuus6CfgZUcCpYJOyl2qWEDoiA9Y1VJKIaT+bPjDBJ0bp4zBWpiTgqfp7IiOR1uMoMJ0RgaGe93LxP6+bQnjlZ1wmKTBJZ4vCVGCIcZ4G7nPFKIixIYQqbm7FdEgUoWAyK5sQ3PmXF0nrvOrWqrW7i0r9uoijhI7QMTpFLrpEdXSLGqiJKJqgZ/SK3qwn68V6tz5mrUtWMXOA/sD6/AEcsZYc</latexit>

 ! + 
<latexit sha1_base64="7E+gWDZlkKWCSDp+1RFb4xlnac4=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8GJJRKrHohePFewHNKFstpt26WYTdidKCb34V7x4UMSrP8Ob/8ZNm4O2Phh4vDfDzLwgEVyD43xbS8srq2vrpY3y5tb2zq69t9/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYxucr/9wJTmsbyHccL8iAwkDzklYKSefeglmmNP8cEQiFLxIz7DudSzK07VmQIvErcgFVSg0bO/vH5M04hJoIJo3XWdBPyMKOBUsEnZSzVLCB2RAesaKknEtJ9NH5jgE6P0cRgrUxLwVP09kZFI63EUmM6IwFDPe7n4n9dNIbzyMy6TFJiks0VhKjDEOE8D97liFMTYEEIVN7diOiSKUDCZlU0I7vzLi6R1XnVr1drdRaV+XcRRQkfoGJ0iF12iOrpFDdREFE3QM3pFb9aT9WK9Wx+z1iWrmDlAf2B9/gAfw5Ye</latexit>

 ! � 
<latexit sha1_base64="s4YNTptvjAOKw9QMJ8bqmGatPTE=">AAACC3icbVA9T8MwEHX4LOUrwMhiUSGVpUoQAkYECxtF0BapKZXjXouF40T2BVFF2Vn4KywMIMTKH2Dj3+B+DEB50knP793Jdy9MpDDoeV/O1PTM7Nx8YaG4uLS8suqurddNnGoONR7LWF+FzIAUCmooUMJVooFFoYRGeHsy8Bt3oI2I1SX2E2hFrKdEV3CGVmq7W8FZBD12nQUI95hdJELledun5dE7wXyn7Za8ijcEnST+mJTIGNW2+xl0Yp5GoJBLZkzT9xJsZUyj4BLyYpAaSBi/ZT1oWqpYBKaVDW/J6bZVOrQba1sK6VD9OZGxyJh+FNrOiOGN+esNxP+8Zordw1YmVJIiKD76qJtKijEdBEM7QgNH2beEcS3srpTfMM042viKNgT/78mTpL5b8fcr++d7paPjcRwFskm2SJn45IAckVNSJTXCyQN5Ii/k1Xl0np03533UOuWMZzbILzgf33lom1Y=</latexit>

⌦Spin
1 (pt)

<latexit sha1_base64="Hkj5ITrd9m7r7ZkEdzsRRmkfmGQ=">AAACB3icbVBNS8NAEJ34WetX1KMgi0XwVJIi1WNREI8V7Ac0pWy2m3bpZhN3N0IJuXnxr3jxoIhX/4I3/43bNgdtfTDweG+GmXl+zJnSjvNtLS2vrK6tFzaKm1vbO7v23n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oauK3HqhULBJ3ehzTbogHggWMYG2knn3kBRKT1M3SCvJiliEvYkKja+QJeo+cnl1yys4UaJG4OSlBjnrP/vL6EUlCKjThWKmO68S6m2KpGeE0K3qJojEmIzygHUMFDqnqptM/MnRilD4KImnKHDFVf0+kOFRqHPqmM8R6qOa9ifif10l0cNFNmYgTTQWZLQoSjnSEJqGgPpOUaD42BBPJzK2IDLEJRpvoiiYEd/7lRdKslN1quXp7Vqpd5nEU4BCO4RRcOIca3EAdGkDgEZ7hFd6sJ+vFerc+Zq1LVj5zAH9gff4AGLSYLg==</latexit>

1

2⇡

I
F 6= 0 Magnetic flux

<latexit sha1_base64="Y6lD/AFewA8IvcmcH99eImsLNmM=">AAACDnicbVA9SwNBEN2L3/ErammzGITYhLsgaina2KloEiEXw95mkizZvTt258Rw3C+w8a/YWChia23nv3HzUWj0wcDjvRlm5gWxFAZd98vJzczOzS8sLuWXV1bX1gsbmzUTJZpDlUcy0jcBMyBFCFUUKOEm1sBUIKEe9E+Hfv0OtBFReI2DGJqKdUPREZyhlVqFXf9cQZfdpj7CPaZX51nWqtDSia8Y9rRKq1nJ29trFYpu2R2B/iXehBTJBBetwqffjniiIEQumTENz42xmTKNgkvI8n5iIGa8z7rQsDRkCkwzHb2T0V2rtGkn0rZCpCP150TKlDEDFdjO4ZVm2huK/3mNBDtHzVSEcYIQ8vGiTiIpRnSYDW0LDRzlwBLGtbC3Ut5jmnG0CeZtCN70y39JrVL2DsoHl/vF45NJHItkm+yQEvHIITkmZ+SCVAknD+SJvJBX59F5dt6c93FrzpnMbJFfcD6+AQzgm3Y=</latexit>

⌦SO

2
(BU(1))

Discrete gauge fields
<latexit sha1_base64="9yi9jsfnT+ItmW6GCJtQY8yGR+w=">AAACDXicbVC7TsNAEDyHd3gFKGlOBCRoIhshoETQ0AGCBEQcrPNlk5xyPlt3a0Rk+Qdo+BUaChCipafjb7g8Cl4jrTSa2dXuTphIYdB1P53C2PjE5NT0THF2bn5hsbS0XDNxqjlUeSxjfRUyA1IoqKJACVeJBhaFEi7D7lHfv7wFbUSsLrCXQCNibSVagjO0UlBa908iaLObzEe4w+z8JM8Dj24e+hHDThhm13mgtoJS2a24A9C/xBuRMhnhNCh9+M2YpxEo5JIZU/fcBBsZ0yi4hLzopwYSxrusDXVLFYvANLLBNzndsEqTtmJtSyEdqN8nMhYZ04tC29k/0vz2+uJ/Xj3F1n4jEypJERQfLmqlkmJM+9HQptDAUfYsYVwLeyvlHaYZRxtg0Ybg/X75L6ltV7zdyu7ZTvngcBTHNFkla2STeGSPHJBjckqqhJN78kieyYvz4Dw5r87bsLXgjGZWyA84718pP5ug</latexit>

⌦SO

1
(BZn)

<latexit sha1_base64="PiKQRe1KmdIdDAm1NpeUSyTw9mg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIdVNmRKrgpuimywr2gW0dMmnahmYyQ5IR6lD8FTcuFHHrf7jzb0zbWWjrgcDhnHu5J8ePOFPacb6tzNLyyupadj23sbm1vWPv7tVVGEtCayTkoWz6WFHOBK1ppjltRpLiwOe04Q+vJ37jgUrFQnGrRxHtBLgvWI8RrI3k2QeVexcVmpftAOuB7yd3Y0+ceHbeKTpToEXipiQPKaqe/dXuhiQOqNCEY6VarhPpToKlZoTTca4dKxphMsR92jJU4ICqTjJNP0bHRumiXijNExpN1d8bCQ6UGgW+mZyEVPPeRPzPa8W6d9FJmIhiTQWZHerFHOkQTapAXSYp0XxkCCaSmayIDLDERJvCcqYEd/7Li6R+WnRLxdLNWb58ldaRhUM4ggK4cA5lqEAVakDgEZ7hFd6sJ+vFerc+ZqMZK93Zhz+wPn8A5zWUQg==</latexit>

H
1(X;Zn)



Why do we care (in quantum gravity)?

Gravity: continuous dynamics of spacetime
(not so interesting from bordism perspective;
continuous deformation provides bordism)

Quantum Gravity: + discrete changes of topology of spacetime
(Way more interesting from bordism perspective)

(Here we work in Euclidean signature)

Bordisms capture some topological features
of the low-energy limit of quantum gravity



Why do we care (in quantum gravity)?

Global symmetries

definition of conserved charges
 associated to symmetries

absent in quantum gravity
theories

Anomalies

breaking of symmetries via
quantum gravity effects

inconsistency for gauge
symmetries



Anomalies



Anomalies
Breaking of symmetry at the quantum level (i.e. partition function)

worst that can happen:

<latexit sha1_base64="1ovTQOEENc1Q7ZezklxUDg2LiOg=">AAACAXicbVDLSgMxFL3js9bXqBvBTbAI7abMiFSXVTcuK9gHdmrJZNI2NJMZk4xQhrrxV9y4UMStf+HOvzF9LLT1QOBwzj3c3OPHnCntON/WwuLS8spqZi27vrG5tW3v7NZUlEhCqyTikWz4WFHOBK1qpjltxJLi0Oe07vcvR379gUrFInGjBzFthbgrWIcRrI3Utvdv8+cF5Al6jwy7Sz1usgEeFtp2zik6Y6B54k5JDqaotO0vL4hIElKhCcdKNV0n1q0US80Ip8OslygaY9LHXdo0VOCQqlY6vmCIjowSoE4kzRMajdXfiRSHSg1C30yGWPfUrDcS//Oaie6ctVIm4kRTQSaLOglHOkKjOlDAJCWaDwzBRDLzV0R6WGKiTWlZU4I7e/I8qR0X3VKxdH2SK19M68jAARxCHlw4hTJcQQWqQOARnuEV3qwn68V6tz4mowvWNLMHf2B9/gAiF5Vx</latexit>

Z(A) 6= Z(A�)
<latexit sha1_base64="mSqjWbKp9yIhkAsZw8IKqYqRkRs=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUFImrArEm2EqI1lBPPAvLg7O0mGzM4uM7NCWLa38VdsLBSx9Qfs/Bsnj0ITDwwczrmHO/e4IWdK2/a3lVpZXVvfSG9mtrZ3dvey+wd1FUSS0BoJeCCbLijKmaA1zTSnzVBS8F1OG+7oeuI3HqhULBB3ehzSjg8DwfqMgDZSL5u7L1x24zY3CQ+SIr7AtBsz3AYeDiHBxi32snm7ZE+Bl4kzJ3k0R7WX/Wp7AYl8KjThoFTLsUPdiUFqRjhNMu1I0RDICAa0ZagAn6pOPL0lwcdG8XA/kOYJjafq70QMvlJj3zWTPuihWvQm4n9eK9L9807MRBhpKshsUT/iWAd4Ugz2mKRE87EhQCQzf8VkCBKINvVlTAnO4snLpH5Scsql8u1pvnI1ryONjlAOFZCDzlAF3aAqqiGCHtEzekVv1pP1Yr1bH7PRlDXPHKI/sD5/ACS7mTg=</latexit>

Z(A�) = ei↵Z(A)

• Couple symmetry to background connection

• Move in configuration space

• Calculate partition function A

<latexit sha1_base64="oY9Okh/1h54q94CScsBMJxsJ/k0=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZUakuqy6cVnBPmA6lkwm04ZmkiG5I5Shn+HGhSJu/Rp3/o1pOwttPRA4nHMuufeEqeAGXPfbWVldW9/YLG2Vt3d29/YrB4dtozJNWYsqoXQ3JIYJLlkLOAjWTTUjSShYJxzdTv3OE9OGK/kA45QFCRlIHnNKwEr+9WPeEzYdkUm/UnVr7gx4mXgFqaICzX7lqxcpmiVMAhXEGN9zUwhyooFTwSblXmZYSuiIDJhvqSQJM0E+W3mCT60S4Vhp+yTgmfp7IieJMeMktMmEwNAselPxP8/PIL4Kci7TDJik84/iTGBQeHo/jrhmFMTYEkI1t7tiOiSaULAtlW0J3uLJy6R9XvPqtfr9RbVxU9RRQsfoBJ0hD12iBrpDTdRCFCn0jF7RmwPOi/PufMyjK04xc4T+wPn8AUmZkUc=</latexit>

A�



Perturbative anomalies

• Small variations (contractible paths): perturbative anomalies

• Symmetry needs to be continuous

A
A

• 1-loop amplitude (exact)

• In terms of field strength

• Anomaly polynomial

[Adler ’69, Bell, Jackiw ’69] <latexit sha1_base64="oY9Okh/1h54q94CScsBMJxsJ/k0=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZUakuqy6cVnBPmA6lkwm04ZmkiG5I5Shn+HGhSJu/Rp3/o1pOwttPRA4nHMuufeEqeAGXPfbWVldW9/YLG2Vt3d29/YrB4dtozJNWYsqoXQ3JIYJLlkLOAjWTTUjSShYJxzdTv3OE9OGK/kA45QFCRlIHnNKwEr+9WPeEzYdkUm/UnVr7gx4mXgFqaICzX7lqxcpmiVMAhXEGN9zUwhyooFTwSblXmZYSuiIDJhvqSQJM0E+W3mCT60S4Vhp+yTgmfp7IieJMeMktMmEwNAselPxP8/PIL4Kci7TDJik84/iTGBQeHo/jrhmFMTYEkI1t7tiOiSaULAtlW0J3uLJy6R9XvPqtfr9RbVxU9RRQsfoBJ0hD12iBrpDTdRCFCn0jF7RmwPOi/PufMyjK04xc4T+wPn8AUmZkUc=</latexit>

A�

<latexit sha1_base64="oY9Okh/1h54q94CScsBMJxsJ/k0=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZUakuqy6cVnBPmA6lkwm04ZmkiG5I5Shn+HGhSJu/Rp3/o1pOwttPRA4nHMuufeEqeAGXPfbWVldW9/YLG2Vt3d29/YrB4dtozJNWYsqoXQ3JIYJLlkLOAjWTTUjSShYJxzdTv3OE9OGK/kA45QFCRlIHnNKwEr+9WPeEzYdkUm/UnVr7gx4mXgFqaICzX7lqxcpmiVMAhXEGN9zUwhyooFTwSblXmZYSuiIDJhvqSQJM0E+W3mCT60S4Vhp+yTgmfp7IieJMeMktMmEwNAselPxP8/PIL4Kci7TDJik84/iTGBQeHo/jrhmFMTYEkI1t7tiOiSaULAtlW0J3uLJy6R9XvPqtfr9RbVxU9RRQsfoBJ0hD12iBrpDTdRCFCn0jF7RmwPOi/PufMyjK04xc4T+wPn8AUmZkUc=</latexit>

A�



Geometrize

• Large variations (non-contractible paths): global anomalies

• Spans a (d+1)-dimensional manifold
gluing the ends: mapping tori [Witten ’82]

<latexit sha1_base64="WqtwGXiGMb8w6U5prp7V6OIwiyQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJSHVZdeOygn1gG8tkMm2HTiZh5kYoIbjxV9y4UMStX+HOv3HaZqGtBwYO59zDnXu8iDMFtv1t5BYWl5ZX8quFtfWNzS1ze6ehwlgSWichD2XLw4pyJmgdGHDaiiTFgcdp0xtejf3mA5WKheIWRhF1A9wXrMcIBi11zb270sV90uE64eP0uK85DCjg9KhrFu2yPYE1T5yMFFGGWtf86vghiQMqgHCsVNuxI3ATLIERTtNCJ1Y0wmSI+7StqcABVW4yOSG1DrXiW71Q6ifAmqi/EwkOlBoFnp4MMAzUrDcW//PaMfTO3YSJKAYqyHRRL+YWhNa4D8tnkhLgI00wkUz/1SIDLDEB3VpBl+DMnjxPGidlp1Ku3JwWq5dZHXm0jw5QCTnoDFXRNaqhOiLoET2jV/RmPBkvxrvxMR3NGVlmF/2B8fkDvvOXCg==</latexit>

Z(A�, g✓)
<latexit sha1_base64="Ued7rQw6eJ63epG8XaaPuBQ4xXA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdkeqx6sVjBfuB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPpg4PHeDDPzgpgzbVz3y8ktLa+sruXXCxubW9s7xd29ppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rUeqNJPizoxj6kd4IFjICDZWat6XL08Gx71iya24M6C/xMtICTLUe8XPbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCjqzSR6FUtoRBM/XnRIojrcdRYDsjbIZ60ZuK/3mdxIQXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl/+S5mnFq1aqt2el2lUWRx4O4BDK4ME51OAG6tAAAg/wBC/w6kjn2Xlz3uetOSeb2YdfcD6+ATUAjkA=</latexit>

Z(A, g)

<latexit sha1_base64="QC5Mnh8fQkAU0Tp77BCN4ioVbzU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGpLpsdeOygn1AZyyZTKYNzSRDklHKUNz4K25cKOLWr3Dn35i2s9DWA4HDOfdwc0+QMKq043xbhaXlldW14nppY3Nre8fe3WspkUpMmlgwITsBUoRRTpqaakY6iSQoDhhpB8Orid++J1JRwW/1KCF+jPqcRhQjbaSefVCHnqT9gUZSigdYv8s8ZtIhGvfsslNxpoCLxM1JGeRo9OwvLxQ4jQnXmCGluq6TaD9DUlPMyLjkpYokCA9Rn3QN5Sgmys+mJ4zhsVFCGAlpHtdwqv5OZChWahQHZjJGeqDmvYn4n9dNdXThZ5QnqSYczxZFKYNawEkfMKSSYM1GhiAsqfkrxAMkEdamtZIpwZ0/eZG0TitutVK9OSvXLvM6iuAQHIET4IJzUAPXoAGaAINH8AxewZv1ZL1Y79bHbLRg5Zl98AfW5w/voJcq</latexit>

A ! A�



Quantum Gravity anomalies

<latexit sha1_base64="WqtwGXiGMb8w6U5prp7V6OIwiyQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJSHVZdeOygn1gG8tkMm2HTiZh5kYoIbjxV9y4UMStX+HOv3HaZqGtBwYO59zDnXu8iDMFtv1t5BYWl5ZX8quFtfWNzS1ze6ehwlgSWichD2XLw4pyJmgdGHDaiiTFgcdp0xtejf3mA5WKheIWRhF1A9wXrMcIBi11zb270sV90uE64eP0uK85DCjg9KhrFu2yPYE1T5yMFFGGWtf86vghiQMqgHCsVNuxI3ATLIERTtNCJ1Y0wmSI+7StqcABVW4yOSG1DrXiW71Q6ifAmqi/EwkOlBoFnp4MMAz UrDcW//PaMfTO3YSJKAYqyHRRL+YWhNa4D8tnkhLgI00wkUz/1SIDLDEB3VpBl+DMnjxPGidlp1Ku3JwWq5dZHXm0jw5QCTnoDFXRNaqhOiLoET2jV/RmPBkvxrvxMR3NGVlmF/2B8fkDvvOXCg==</latexit>

Z(A�, g✓)
<latexit sha1_base64="Ued7rQw6eJ63epG8XaaPuBQ4xXA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdkeqx6sVjBfuB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPpg4PHeDDPzgpgzbVz3y8ktLa+sruXXCxubW9s7xd29ppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rUeqNJPizoxj6kd4IFjICDZWat6XL08Gx71iya24M6C/xMtICTLUe8XPbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCjqzSR6FUtoRBM/XnRIojrcdRYDsjbIZ60ZuK/3mdxIQXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl/+S5mnFq1aqt2el2lUWRx4O4BDK4ME51OAG6tAAAg/wBC/w6kjn2Xlz3uetOSeb2YdfcD6+ATUAjkA=</latexit>

Z(A, g)

[Dai, Freed ’94], [Witten ’15], [Yonekura ’16], see also [Montero, Garcia-Etxebarria ’18]

Changes in spacetime topology during interpolation
All possible interpolations by classification of deformation classes

<latexit sha1_base64="IKJDXqwGTimQvuhbqMVXOEyllfs=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTEIghB2RaLHoILeTMA8IIlhdtJJhsw+mOkVw7Je/BUvHhTx6l9482+cJHvQxIKGoqqb7i43FFyhbX8bc/MLi0vLmZXs6tr6xqa5tV1VQSQZVFggAll3qQLBfaggRwH1UAL1XAE1d3Ax8mv3IBUP/FschtDyaM/nXc4oaqlt7jZvPOjRu7iJ8IBx+SpJ2vHlkZO0zZydt8ewZomTkhxJUWqbX81OwCIPfGSCKtVw7BBbMZXImYAk24wUhJQNaA8amvrUA9WKxx8k1oFWOlY3kLp8tMbq74mYekoNPVd3ehT7atobif95jQi7Z62Y+2GE4LPJom4kLAysURxWh0tgKIaaUCa5vtVifSopQx1aVofgTL88S6rHeaeQL5RPcsXzNI4M2SP75JA45JQUyTUpkQph5JE8k1fyZjwZL8a78TFpnTPSmR3yB8bnD3baluk=</latexit>

⌦QG
D+1

conserving the structure
(e.g. orientation, spin, …)



Anomaly field theory
e.g. [Freed, Teleman ’14]

There is a (d+1)-dimensional invertible field theory      such that:
<latexit sha1_base64="b5c2aR84COVDXE21p0toK95ec9A=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuKG8FNBfuAzlAyadqGZjJDckcoQ8GvcONCEbf+jDv/xkzbhbYeuHA4515ycsJECoOu++0UVlbX1jeKm6Wt7Z3dvfL+QdPEqWa8wWIZ63ZIDZdC8QYKlLydaE6jUPJWOLrJ/dYj10bE6gHHCQ8iOlCiLxhFK/l+RHHIqMyuJ6RbrrhVdwqyTLw5qcAc9W75y+/FLI24QiapMR3PTTDIqEbBJJ+U/NTwhLIRHfCOpYpG3ATZNPOEnFilR/qxtqOQTNXfFxmNjBlHod3MM5pFLxf/8zop9q+CTKgkRa7Y7KF+KgnGJC+A9ITmDOXYEsq0sFkJG1JNGdqaSrYEb/HLy6R5VvUuquf355Xa3dOsjiIcwTGcggeXUINbqEMDGCTwDK/w5qTOi/PufMxWC868wkP4A+fzB/XYkhM=</latexit>

A

<latexit sha1_base64="yGsCT5/b3b1Gx/VmM3mZv0MeWyA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF0GEBMwDkiXMTnqTMbOzy8ysEJaAdy8eFPHqJ3nzb5w8DppY0FBUddPdFSSCa+O6305uZXVtfSO/Wdja3tndK+4fNHScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJ74zUdUmsfy3owS9CPalzzkjBor1e66xZJbdqcgy8SbkxLMUe0Wvzq9mKURSsME1brtuYnxM6oMZwLHhU6qMaFsSPvYtlTSCLWfTQ8dkxOr9EgYK1vSkKn6eyKjkdajKLCdETUDvehNxP+8dmrCKz/jMkkNSjZbFKaCmJhMviY9rpAZMbKEMsXtrYQNqKLM2GwKNgRv8eVl0jgrexfl89p5qXL7NIsjD0dwDKfgwSVU4AaqUAcGCM/wCm/Og/PivDsfs9acM4/wEP7A+fwB0LCNYw==</latexit>

M

<latexit sha1_base64="CRFx75PSuI4o+7b1jzJZZJ0eWCw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6u1eseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/hXI1u</latexit>

X

Physical data: • Spin structure

• Gauge fields

• …
extends M → X

<latexit sha1_base64="x3tQMjWYN1xFDtARSltREXNEUtg="></latexit>

Z[M ]

|Z[M ]| = e2⇡iA[X] , M = @X



Anomaly field theory

<latexit sha1_base64="yGsCT5/b3b1Gx/VmM3mZv0MeWyA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF0GEBMwDkiXMTnqTMbOzy8ysEJaAdy8eFPHqJ3nzb5w8DppY0FBUddPdFSSCa+O6305uZXVtfSO/Wdja3tndK+4fNHScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJ74zUdUmsfy3owS9CPalzzkjBor1e66xZJbdqcgy8SbkxLMUe0Wvzq9mKURSsME1brtuYnxM6oMZwLHhU6qMaFsSPvYtlTSCLWfTQ8dkxOr9EgYK1vSkKn6eyKjkdajKLCdETUDvehNxP+8dmrCKz/jMkkNSjZbFKaCmJhMviY9rpAZMbKEMsXtrYQNqKLM2GwKNgRv8eVl0jgrexfl89p5qXL7NIsjD0dwDKfgwSVU4AaqUAcGCM/wCm/Og/PivDsfs9acM4/wEP7A+fwB0LCNYw==</latexit>

M

<latexit sha1_base64="CRFx75PSuI4o+7b1jzJZZJ0eWCw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXARrBJwHxAcoS9zVyyZm/v2N0TwhGwt7FQxNafZOe/cfNRaOKDgcd7M8zMCxLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91iMqzWN5b8YJ+hEdSB5yRo2V6u1eseSW3RnIKvEWpAQL1HrFr24/ZmmE0jBBte54bmL8jCrDmcBJoZtqTCgb0QF2LJU0Qu1ns0Mn5MwqfRLGypY0ZKb+nshopPU4CmxnRM1QL3tT8T+vk5rw2s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3mW5Uq+UqndP8zjycAKncA4eXEEVbqEGDWCA8Ayv8OY8OC/Ou/Mxb805iwiP4Q+czx/hXI1u</latexit>

X

classified by bordism groups

<latexit sha1_base64="Z0Sutsg0cxuaJ0OVOgQ8hO8Wnzg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMeAF0GEiOYByRJmJ73JkNnZZWZWCEvAH/DiQRGvfpE3/8bJ46CJBQ1FVTfdXUEiuDau++0sLa+srq3nNvKbW9s7u4W9/bqOU8WwxmIRq2ZANQousWa4EdhMFNIoENgIBldjv/GISvNYPphhgn5Ee5KHnFFjpftTctspFN2SOwFZJN6MFGGGaqfw1e7GLI1QGiao1i3PTYyfUWU4EzjKt1ONCWUD2sOWpZJGqP1scuqIHFulS8JY2ZKGTNTfExmNtB5Gge2MqOnreW8s/ue1UhNe+hmXSWpQsumiMBXExGT8N+lyhcyIoSWUKW5vJaxPFWXGppO3IXjzLy+S+lnJOy+V78rFys3TNI4cHMIRnIAHF1CBa6hCDRj04Ble4c0Rzovz7nxMW5ecWYQH8AfO5w+Pt43E</latexit>

�M

No anomaly if it does not depend on extension M → X

<latexit sha1_base64="ANme6Ou21rl6JYYtHFK6hlLwJIY=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaRIdSNU3bisYB+SxDKZTtqhk0mYmQglZOfGX3HjQhG3/oI7/8ZJm4W2HrhwOOde7r3HjxmVyrK+jYXFpeWV1dJaeX1jc2vb3NltyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcfXeV+54EISSN+q8Yx8UI04DSgGCkt9cwDcp/WoBtTSKEbIjXEiKUXmXPnZfAc2j2zYlWtCeA8sQtSAQWaPfPL7Uc4CQlXmCEpHduKlZcioShmJCu7iSQxwiM0II6mHIVEeunkjwweaaUPg0jo4gpO1N8TKQqlHIe+7sxPlbNeLv7nOYkKzryU8jhRhOPpoiBhUEUwDwX2qSBYsbEmCAuqb4V4iATCSkdX1iHYsy/Pk3atater9ZuTSuOyiKME9sEhOAY2OAUNcA2aoAUweATP4BW8GU/Gi/FufExbF4xiZg/8gfH5A8Qal/s=</latexit>

e2⇡iA[Y ] = 1

for all closed
<latexit sha1_base64="v6xj/JJiL0Awf0au9+omAX/20SE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALrPjOg=</latexit>

Y

<latexit sha1_base64="AnD/AVActErxAkAAt/BwZCIi+Og=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFKIlJdlirozgr2AU0Mk+m0HTqThJmJWEI2/oobF4q49TPc+TdO2yy09cCFwzn3cu89fsSoVJb1beQWFpeWV/KrhbX1jc0tc3unKcNYYNLAIQtF20eSMBqQhqKKkXYkCOI+Iy1/eDH2Ww9ESBoGd2oUEZejfkB7FCOlJc/cc2446aP7xHmkqZdcHtspLNWujjyzaJWtCeA8sTNSBBnqnvnldEMccxIozJCUHduKlJsgoShmJC04sSQRwkPUJx1NA8SJdJPJAyk81EoX9kKhK1Bwov6eSBCXcsR93cmRGshZbyz+53Vi1Tt3ExpEsSIBni7qxQyqEI7TgF0qCFZspAnCgupbIR4ggbDSmRV0CPbsy/OkeVK2K+XK7WmxWsviyIN9cABKwAZnoAquQR00AAYpeAav4M14Ml6Md+Nj2pozspld8AfG5w8G15Vl</latexit>

⌦⇠
D+1(BG)

specific theory encoded in realization of
<latexit sha1_base64="75q59Ir/CrJ8pZbnKm+P350/T4A=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXVjcsK9gHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XByl/vdJ6YNV/IRpgkLYjKSPOKUgJX8fkxgTInIbmaDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ2LuteoNx4ua83boo4yOkGn6Bx56Ao10T1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPc+CRYg==</latexit>

A



Discrete gauge anomalies
Consider theory with fermions in D dimension with gauge group

<latexit sha1_base64="V1buv3lyEduO83wEzPXs9UWUvBM=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ad2hpJJM21okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtObnO/+0SVZrF8MNOEBgKPJIsYwcZKvi+wGYdh9jgbyEG15tbdOdAq8QpSgwKtQfXLH8YkFVQawrHWfc9NTJBhZRjhdFbxU00TTCZ4RPuWSiyoDrJ55hk6s8oQRbGyTxo0V39vZFhoPRWhncwz6mUvF//z+qmJroOMySQ1VJLFoSjlyMQoLwANmaLE8KklmChmsyIyxgoTY2uq2BK85S+vks5F3WvUG/eXteZNUUcZTuAUzsGDK2jCHbSgDQQSeIZXeHNS58V5dz4WoyWn2DmGP3A+fwBWcJHm</latexit>Zn

<latexit sha1_base64="GW5g1dw2ZieIuiASDG2NzaUGCyg=">AAACHnicbVDLSgNBEJz1bXxFPXoZDIIihF3xdQzRgzcVjYrZuMxOOsng7Owy0yuGZb/Ei7/ixYMigif9GycxB18FDUVVN91dYSKFQdf9cIaGR0bHxicmC1PTM7NzxfmFMxOnmkONxzLWFyEzIIWCGgqUcJFoYFEo4Ty83uv55zegjYjVKXYTaESsrURLcIZWCopb/mEEbXaV+Qi3mJ0kQuV5kO2vezn1Q9FepVXqRww7YZhd5oHqi2tBseSW3T7oX+INSIkMcBQU3/xmzNMIFHLJjKl7boKNjGkUXEJe8FMDCePXrA11SxWLwDSy/ns5XbFKk7ZibUsh7avfJzIWGdONQtvZu9T89nrif149xdZuIxMqSREU/1rUSiXFmPayok2hgaPsWsK4FvZWyjtMM4420YINwfv98l9ytlH2tsvbx5ulSnUQxwRZIstklXhkh1TIATkiNcLJHXkgT+TZuXcenRfn9at1yBnMLJIfcN4/AZ0aoiU=</latexit>

⌦Spin
D+1

�
BZn

�

e.g. [Hsieh ’18], [Garcia-Etxebarria ’18], [Monnier, Moore ’18]

Atiyah-Hirzebruch spectral sequence
<latexit sha1_base64="ZIZQzQEKBDN71F6XoMdVDWOYEtA="></latexit>

E
2
p,q = Hp

�
BZn;⌦

Spin
q (pt)

�

(challenge: differentials and extensions)



Discrete gauge anomalies
Example: 

<latexit sha1_base64="bMIpv5535E3ggcroZHpmVVuYYsw=">AAAB/nicbVBNSwMxEJ2tX7V+rYonL8EieChlV6V6EYp68FjB1kJ3Kdk0bUOz2TXJCmUp+Fe8eFDEq7/Dm//GtN2Dtj4YeHlvhsy8IOZMacf5tnILi0vLK/nVwtr6xuaWvb3TUFEiCa2TiEeyGWBFORO0rpnmtBlLisOA0/tgcDX27x+pVCwSd3oYUz/EPcG6jGBtpLa9d40uUAV5pRLyHhLcQcK8T9p20Sk7E6B54makCBlqbfvL60QkCanQhGOlWq4Taz/FUjPC6ajgJYrGmAxwj7YMFTikyk8n64/QoVE6qBtJU0Kjifp7IsWhUsMwMJ0h1n01643F/7xWorvnfspEnGgqyPSjbsKRjtA4C9RhkhLNh4ZgIpnZFZE+lphok1jBhODOnjxPGsdlt1Ku3J4Wq5dZHHnYhwM4AhfOoAo3UIM6EEjhGV7hzXqyXqx362PamrOymV34A+vzB56jkrg=</latexit>

D = 6 , n = 3

<latexit sha1_base64="Ljfle0ekJiBEZJw/NSYb0vWfnZg=">AAACH3icbVBNSwMxEM36WetX1aOXYBH0UnZVqh6EohdvKloVu3XJptM2mM0uyaxYlv0nXvwrXjwoIt78N6a1B78eBF7em2FmXphIYdB1P5yR0bHxicnCVHF6ZnZuvrSweG7iVHOo81jG+jJkBqRQUEeBEi4TDSwKJVyENwd9/+IWtBGxOsNeAs2IdZRoC87QSkGp6h9F0GHXmY9wh9lpIlSeB9t0bZ/6EcNuGGZXebC5Tve+/3eDUtmtuAPQv8QbkjIZ4jgovfutmKcRKOSSGdPw3ASbGdMouIS86KcGEsZvWAcalioWgWlmg/tyumqVFm3H2j6FdKB+78hYZEwvCm1lf0fz2+uL/3mNFNs7zUyoJEVQ/GtQO5UUY9oPi7aEBo6yZwnjWthdKe8yzTjaSIs2BO/3yX/J+UbFq1aqJ1vl2v4wjgJZJitkjXhkm9TIITkmdcLJPXkkz+TFeXCenFfn7at0xBn2LJEfcD4+ASWAomg=</latexit>

⌦Spin
7 (BZ3) = Z9 generated by

<latexit sha1_base64="oNE2D04uqyI6kzTyy9op2kiJkrQ=">AAACCHicbVC7TsNAEDyHVwgvAyUFJyIkqmATlFBG0FBQBEEeInas8+WcnHJ+cHdGiqyUNPwKDQUI0fIJdPwN58QFJIy00mhmV7s7bsSokIbxreUWFpeWV/KrhbX1jc0tfXunKcKYY9LAIQt520WCMBqQhqSSkXbECfJdRlru8CL1Ww+ECxoGt3IUEdtH/YB6FCOpJEffv+pWnTK0BPXJPbzpVuExtHwkB66b3I2dsqMXjZIxAZwnZkaKIEPd0b+sXohjnwQSMyRExzQiaSeIS4oZGResWJAI4SHqk46iAfKJsJPJI2N4qJQe9EKuKpBwov6eSJAvxMh3VWd6o5j1UvE/rxNL78xOaBDFkgR4usiLGZQhTFOBPcoJlmykCMKcqlshHiCOsFTZFVQI5uzL86R5UjIrpcr1abF2nsWRB3vgABwBE1RBDVyCOmgADB7BM3gFb9qT9qK9ax/T1pyWzeyCP9A+fwAMbJgf</latexit>

L7
3 ' S7/Z3

with discrete gauge bundle

<latexit sha1_base64="Szzl8En2ecdx2WRCDMqRvh6Tjp0=">AAACLHicbVBNSwMxFMz6bf2qevQSLEJFLLsi6kVQ68GjgtVCty7Z9FWD2eySvBXLsj/Ii39FEA8W8ervMK09aOtAYJh5j5eZMJHCoOt2nbHxicmp6ZnZwtz8wuJScXnlysSp5lDjsYx1PWQGpFBQQ4ES6okGFoUSrsP7as+/fgBtRKwusZNAM2K3SrQFZ2iloFj1I4Z3nMnsOKeHtKwCj25RFexs0jL1AdlN5iM8Ynaa59baHtFcuhkUS27F7YOOEm9ASmSA86D46rdinkagkEtmTMNzE2xmTKPgEvKCnxpIGL9nt9CwVLEITDPrh83phlVatB1r+xTSvvp7I2ORMZ0otJO9aGbY64n/eY0U2wfNTKgkRVD851A7lRRj2muOtoQGjrJjCeNa2L9Sfsc042j7LdgSvOHIo+Rqp+LtVfYudktHJ4M6ZsgaWSdl4pF9ckTOyDmpEU6eyAt5J13n2XlzPpzPn9ExZ7CzSv7A+foGJcalyA==</latexit>

A = (n1 + n2)(⌘
D
1 � ⌘D0 )

number of charged chiral fermions subtraction of perturbative gravitational
makes       topological

<latexit sha1_base64="75q59Ir/CrJ8pZbnKm+P350/T4A=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXVjcsK9gHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmltfWNzq7xd2dnd2z+oHh51jEo1ZW2qhNK9kBgmuGRt4CBYL9GMxKFg3XByl/vdJ6YNV/IRpgkLYjKSPOKUgJX8fkxgTInIbmaDas2tu3PgVeIVpIYKtAbVr/5Q0TRmEqggxviem0CQEQ2cCjar9FPDEkInZMR8SyWJmQmyeeQZPrPKEEdK2ycBz9XfGxmJjZnGoZ3MI5plLxf/8/wUousg4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pYkvwlk9eJZ2LuteoNx4ua83boo4yOkGn6Bx56Ao10T1qoTaiSKFn9IreHHBenHfnYzFacoqdY/QHzucPc+CRYg==</latexit>

A
-invariantη



Discrete gauge anomalies

<latexit sha1_base64="yxsoMCr+HQ4+OHahvZ4DWVTUjNE=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBD0YNhV8QEKQT148KBgVMiuy+ykNw7OPpjpFcOyP+PFX/HiQRHBk7/iJOag0YKGoqqb7q4glUKjbX9YQ8Mjo2PjpYny5NT0zGxlbv5CJ5ni0OCJTNRVwDRIEUMDBUq4ShWwKJBwGdwedv3LO1BaJPE5dlLwItaORSg4QyP5lb0VF5Bd5y7CPeZHReE7dI0OavZq8+R629/w6D51Q8V47hT5buFXqnbN7oH+JU6fVEkfp37l1W0lPIsgRi6Z1k3HTtHLmULBJRRlN9OQMn7L2tA0NGYRaC/vfVnQZaO0aJgoUzHSnvpzImeR1p0oMJ0Rwxs96HXF/7xmhuGOl4s4zRBi/r0ozCTFhHYjoy2hgKPsGMK4EuZWym+YSQFNsGUTgjP48l9ysV5ztmpbZ5vV+kE/jhJZJEtkhThkm9TJMTklDcLJA3kiL+TVerSerTfr/bt1yOrPLJBfsD6/ADhepHc=</latexit>

(⌘D1 � ⌘D0 )[L
7
3] =

1

9

Discrete anomaly condition:
<latexit sha1_base64="NkElMfoekJ87H3qs4pNuIPBUsuo=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahIpSkSNVd0Y3LCvaBTQiT6aQdOpmEmYlQQjdu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57/JhRqSzr2ygsLa+srhXXSxubW9s75u5eW0aJwKSFIxaJro8kYZSTlqKKkW4sCAp9Rjr+6DrzOw9ESBrxOzWOiRuiAacBxUhpyTMPK9yz4SnkXu0EOpTDS+iESA19P72feGbZqlpTwEVi56QMcjQ988vpRzgJCVeYISl7thUrN0VCUczIpOQkksQIj9CA9DTlKCTSTadfTOCxVvowiIQuruBU/T2RolDKcejrzuxCOe9l4n9eL1HBhZtSHieKcDxbFCQMqghmkcA+FQQrNtYEYUH1rRAPkUBY6eBKOgR7/uVF0q5V7Xq1fntWblzlcRTBATgCFWCDc9AAN6AJWgCDR/AMXsGb8WS8GO/Gx6y1YOQz++APjM8fD1qWbw==</latexit>

(n1 + n2) 2 9Z

But can one relax the condition?

<latexit sha1_base64="oNE2D04uqyI6kzTyy9op2kiJkrQ=">AAACCHicbVC7TsNAEDyHVwgvAyUFJyIkqmATlFBG0FBQBEEeInas8+WcnHJ+cHdGiqyUNPwKDQUI0fIJdPwN58QFJIy00mhmV7s7bsSokIbxreUWFpeWV/KrhbX1jc0tfXunKcKYY9LAIQt520WCMBqQhqSSkXbECfJdRlru8CL1Ww+ECxoGt3IUEdtH/YB6FCOpJEffv+pWnTK0BPXJPbzpVuExtHwkB66b3I2dsqMXjZIxAZwnZkaKIEPd0b+sXohjnwQSMyRExzQiaSeIS4oZGResWJAI4SHqk46iAfKJsJPJI2N4qJQe9EKuKpBwov6eSJAvxMh3VWd6o5j1UvE/rxNL78xOaBDFkgR4usiLGZQhTFOBPcoJlmykCMKcqlshHiCOsFTZFVQI5uzL86R5UjIrpcr1abF2nsWRB3vgABwBE1RBDVyCOmgADB7BM3gFb9qT9qK9ax/T1pyWzeyCP9A+fwAMbJgf</latexit>

L7
3 ' S7/Z3



Discrete anomaly cancellation
[Monnier, Moore ’18], [MD, Oehlmann, Schimannek ’22 + to appear], [MD, Tartaglia ’25]

Six-dimensional supergravity has chiral 2-form fields:

• self-dual in gravity multiplet

• anti-self-dual in tensor multiplets

Can be described as boundary degrees of freedom of 3-form C
[Hsieh, Tachikawa, Yonekura ’20], see also [Witten ’96],[Freed, Moore, Segal ’06], [Belov, Moore ’06]

with Chern-Simons-like term in the bulk
<latexit sha1_base64="280u/6/6bNpZv71vfKFiLqzBfzw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqsdiLx4r2A9oQtlsJu3SzSbsbiol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbZU2Nre2d8q7lb39g8Mj+/iko5JMUmjThCeyFxAFnAloa6Y59FIJJA44dINxc+53JyAVS8Sjnqbgx2QoWMQo0UYa2LanWIyb2HuCcAg4bA7sqlNzFsDrxC1IFRVoDewvL0xoFoPQlBOl+q6Taj8nUjPKYVbxMgUpoWMyhL6hgsSg/Hxx+QxfGCXEUSJNCY0X6u+JnMRKTePAdMZEj9SqNxf/8/qZjm79nIk00yDoclGUcawTPI8Bh0wC1XxqCKGSmVsxHRFJqDZhVUwI7urL66RzVXPrtfrDdbVxV8RRRmfoHF0iF92gBrpHLdRGFE3QM3pFb1ZuvVjv1seytWQVM6foD6zPHxeNkq0=</latexit>

⇠ C ^ dC

<latexit sha1_base64="hJXtVUiI1Rf8N90C9avmBDIN5gw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1YtQ9NJjBfsB3bVk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dldW19Y7OwVdze2d3bLx0ctnScKkKbJOax6oRYU84kbRpmOO0kimIRctoOR7dTv/1IlWaxvDfjhAYCDySLGMHGSg8+1gbV0TXyE4HqvVLZrbgzoGXi5aQMORq90pffj0kqqDSEY627npuYIMPKMMLppOinmiaYjPCAdi2VWFAdZLOrJ+jUKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVMTXQUZk0lqqCTzRVHKkYnRNALUZ4oSw8eWYKKYvRWRIVaYGBtU0YbgLb68TFrnFa9aqd5dlGs3eRwFOIYTOAMPLqEGdWhAEwgoeIZXeHOenBfn3fmYt644+cwR/IHz+QOA9JE7</latexit>⇤H = ±H



Self-duality
Chern-Simons term is not integer quantized extra data

‘Wu structure’

(analogue in 3d is the Spin structure, necessary to have half-integer Chern Simons level)

automatic for Spin-7-manifolds: 
<latexit sha1_base64="uX6BHN/AqV8oFI7rM8YKhrLKqew=">AAACEnicbVDLSgMxFM34rPU16tJNsAjtpsyU0goiFN10WcE+sFOHTJq2oZnMkGSUMvQb3Pgrblwo4taVO//GzLQLbT2QcDjnXu69xwsZlcqyvo2V1bX1jc3MVnZ7Z3dv3zw4bMkgEpg0ccAC0fGQJIxy0lRUMdIJBUG+x0jbG18lfvueCEkDfqMmIen5aMjpgGKktOSaBYdHbhlewIf0t6BDOazflfMdt3ru+EiNPC++nbqlgmvmrKKVAi4Te05yYI6Ga345/QBHPuEKMyRl17ZC1YuRUBQzMs06kSQhwmM0JF1NOfKJ7MXpSVN4qpU+HARCP65gqv7uiJEv5cT3dGWypFz0EvE/rxupwVkvpjyMFOF4NmgQMagCmOQD+1QQrNhEE4QF1btCPEICYaVTzOoQ7MWTl0mrVLQrxcp1OVe7nMeRAcfgBOSBDaqgBuqgAZoAg0fwDF7Bm/FkvBjvxsesdMWY9xyBPzA+fwBQoprK</latexit>

⌫4 = w4 = 0 2 H
4(X7;Z2)

<latexit sha1_base64="tILDvY2Otpehbr6wvnfMern1QWI=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRFqstiNy4r2Ac0oUwmN+3QyYOZiVJCcOOvuHGhiFu/wp1/47TNQlsPXDiccy/33uMlnEllWd/Gyura+sZmaau8vbO7t28eHHZknAoKbRrzWPQ8IoGzCNqKKQ69RAAJPQ5db9yc+t17EJLF0Z2aJOCGZBixgFGitDQwjx0VCEIzO89qOW5i5wH8IWC/iQdmxapaM+BlYhekggq0BuaX48c0DSFSlBMp+7aVKDcjQjHKIS87qYSE0DEZQl/TiIQg3Wz2Qo7PtOLjIBa6IoVn6u+JjIRSTkJPd4ZEjeSiNxX/8/qpCq7cjEVJqiCi80VByrGK8TQP7DMBVPGJJoQKpm/FdER0JEqnVtYh2IsvL5NOrWrXq/Xbi0rjuoijhE7QKTpHNrpEDXSDWqiNKHpEz+gVvRlPxovxbnzMW1eMYuYI/YHx+QOP65ZB</latexit>

1
2C ^ dC

[Hsieh, Tachikawa, Yonekura ’20], see also [Witten ’96],[Freed, Moore, Segal ’06], [Belov, Moore ’06]

Definition requires integer lift:
<latexit sha1_base64="Ra3AfVbsUrPPRqJBQpfaLt7VFEU=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WoCCWppboRim5cVrAPbGqYTCft0MmDmYlSQj7Ejb/ixoUiblwI/o2TNAutHhg4nHMvd85xQkaFNIwvrbCwuLS8Ulwtra1vbG7p2zsdEUQckzYOWMB7DhKEUZ+0JZWM9EJOkOcw0nUmF6nfvSNc0MC/ltOQDDw08qlLMZJKsvXje7t+G1sekmPHiW+SBJ5By6GjCrSkyxGOzSSuJfAITjL5EIa2aetlo2pkgH+JmZMyyNGy9Q9rGODII77EDAnRN41QDmLEJcWMJCUrEiREeIJGpK+ojzwiBnEWLoEHShlCN+Dq+RJm6s+NGHlCTD1HTaYpxLyXiv95/Ui6p4OY+mEkiY9nh9yIQRnAtCk4pJxgyaaKIMyp+ivEY6Q6karPkirBnI/8l3RqVbNRbVzVy83zvI4i2AP7oAJMcAKa4BK0QBtg8ACewAt41R61Z+1Ne5+NFrR8Zxf8gvb5DQiIoA8=</latexit>

wZ
4 =

�
1
2 + k

�
p1



Differential Cohomology
[Cheeger, Simons ’85], [Hopkins, Singer ’02] see also [Hsieh, Tachikawa, Yonekura ’20], [Moore, Saxena ’25]

<latexit sha1_base64="RCAUSmaikADZmBBrolsOCgUcBo4=">AAACGXicbVDLSgMxFM34rPVVdekmWIQKUmZEqsvqgLiSCvYBnWHIpJk2NJMMSUYpQ3/Djb/ixoUiLnXl35g+Ftp64F4O59xLck+YMKq0bX9bC4tLyyurubX8+sbm1nZhZ7ehRCoxqWPBhGyFSBFGOalrqhlpJZKgOGSkGfbdkd+8J1JRwe/0ICF+jLqcRhQjbaSgYLvQY4J3Je32NJJSPEAP9wjuZ+4QeorGsHQRuMfwatRuAvcoKBTtsj0GnCfOlBTBFLWg8Ol1BE5jwjVmSKm2Yyfaz5DUFDMyzHupIgnCfdQlbUM5ionys/FlQ3holA6MhDTFNRyrvzcyFCs1iEMzGSPdU7PeSPzPa6c6OvczypNUE44nD0Upg1rAUUywQyXBmg0MQVhS81eIe0girE2YeROCM3vyPGmclJ1KuXJ7WqxeTuPIgX1wAErAAWegCq5BDdQBBo/gGbyCN+vJerHerY/J6II13dkDf2B9/QBJ3J6M</latexit>

C �! Č ⇠ (AC , FC , NC)

<latexit sha1_base64="n/Vs0zXYzH1+SB0QHTj82gg7kK4=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2AR6qbMSKmCm6KbLivYB3ZqyaRpG5rJDElGKEPBX3HjQhG3foc7/8ZM24W2HggczrmXe3L8iDOlHefbyqysrq1vZDdzW9s7u3v2/kFDhbEktE5CHsqWjxXlTNC6ZprTViQpDnxOm/7oJvWbj1QqFoo7PY5oJ8ADwfqMYG2krn3kMYGqD6VC68oLsB76fnI/OevaeafoTIGWiTsneZij1rW/vF5I4oAKTThWqu06ke4kWGpGOJ3kvFjRCJMRHtC2oQIHVHWSafwJOjVKD/VDaZ7QaKr+3khwoNQ48M1kGlEteqn4n9eOdf+ykzARxZoKMjvUjznSIUq7QD0mKdF8bAgmkpmsiAyxxESbxnKmBHfxy8ukcV50y8XybSlfuZ7XkYVjOIECuHABFahCDepAIIFneIU368l6sd6tj9loxprvHMIfWJ8/tTOUtQ==</latexit>

2 H
4(X;Z)

<latexit sha1_base64="YoxX21XE9CUMD8h2PTi9OsYcIRA="></latexit>

1

2
C ^ dC �! Q(Č)

quadratic refinement (of differential cohomology pairing)
<latexit sha1_base64="4aB3KVmlUjT/YM0LfpDCPveMYU0="></latexit>

(Ǎ, B̌) ⇠ Q(Ǎ+ B̌)�Q(Ǎ)�Q(B̌) +Q(0)



Anomaly
So far only gravitational contributions of self-dual field:

<latexit sha1_base64="ZaTFLPOQg6+cYwm0AI2hN9fruEA=">AAACG3icbVDLSgMxFM34rPVVdekmWIS6KTNFqstaNy5bsA/ojEMmTdvQzIPkTrEM8x9u/BU3LhRxJbjwb0wfiLYeCBzOOZfce7xIcAWm+WWsrK6tb2xmtrLbO7t7+7mDw6YKY0lZg4YilG2PKCZ4wBrAQbB2JBnxPcFa3vB64rdGTCoeBrcwjpjjk37Ae5wS0JKbK9k+gQElIrlK3cQGdg9JX5JRmt4l1RTbivv4J1JPccE8c3N5s2hOgZeJNSd5NEfNzX3Y3ZDGPguACqJUxzIjcBIigVPB0qwdKxYROiR91tE0ID5TTjK9LcWnWuniXij1CwBP1d8TCfGVGvueTk7WVIveRPzP68TQu3QSHkQxsIDOPurFAkOIJ0XhLpeMghhrQqjkeldMB0QSCrrOrC7BWjx5mTRLRatcLNfP85XqvI4MOkYnqIAsdIEq6AbVUANR9ICe0At6NR6NZ+PNeJ9FV4z5zBH6A+PzG8owodY=</latexit>

AB
grav ⇠ Q(0)

reproduces known answer (slightly different interpretation)
[Alvarez-Gaume, Witten ’83]

We need gauge contribution

Couple field to discrete gauge background
<latexit sha1_base64="0+WJHx0CDCLDdBP27ULE2TZhCrA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9kPaUDbbSbt0dxN2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCs99ugI6TjrTPvlilf15nBXiZ+TCuRo9MtfvUFMU4HSUE607vpeYoKMKMMox2mpl2pMCB2TIXYtlUSgDrL5wVP3zCoDN4qVLWncufp7IiNC64kIbacgZqSXvZn4n9dNTXQdZEwmqUFJF4uilLsmdmffuwOmkBo+sYRQxeytLh0RRaixGZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgCBQHP8ApvjnJenHfnY9FacPKZY/gD5/MH916QiQ==</latexit>

X̌
<latexit sha1_base64="hmG7J10X+vv8j5YpnwtfHVzo42w=">AAACGXicbZDNSgMxFIUz/lv/qi7dBIugIGVGRF2KblxWsO1AZyiZ9HYamkmGJKOUoa/hxldx40IRl7rybUzbWWjrgcDHufdyc0+UcqaN6347c/MLi0vLK6ultfWNza3y9k5Dy0xRqFPJpfIjooEzAXXDDAc/VUCSiEMz6l+P6s17UJpJcWcGKYQJiQXrMkqMtdpl9woHD9CJAfs44FLEisU9Q5SSD/gwoD2g/fx6eFyQPzxqlytu1R0Lz4JXQAUVqrXLn0FH0iwBYSgnWrc8NzVhTpRhlMOwFGQaUkL7JIaWRUES0GE+vmyID6zTwV2p7BMGj93fEzlJtB4kke1MiOnp6drI/K/Wykz3IsyZSDMDgk4WdTOOjcSjmHCHKaCGDywQqpj9K6Y9ogg1NsySDcGbPnkWGidV76x6dntaubwq4lhBe2gfHSIPnaNLdINqqI4oekTP6BW9OU/Oi/PufExa55xiZhf9kfP1A7bioCk=</latexit>

B ^X �! (Č, X̌)
relation to twisted tangential structures: [Sati, Schreiber, Stasheff ’09], [Sati ’11], …



Discrete gauge anomaly contribution
Now there is a contribution to the discrete gauge anomaly

<latexit sha1_base64="q7dOEb2PQqxgWZQhKEtprm2Tdso="></latexit>

AB
gauge ⇠ Q(X̌)�Q(0)

[MD, Oehlmann, Schimannek ’22 + to appear], [MD, Tartaglia ’25]

Depends on:

• Choice of quadratic refinement

• Choice of gauge theory class

<latexit sha1_base64="/2BpZWEJmcR/Gq4fFhJNUIgp3QI=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjcsW7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Pvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtefDas2tuwvgdeIVpIYKtIbVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ92ruteoN9rXteZdUUcZnaFzdIk8dIOa6AG1UAdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHjDCRcg==</latexit>

Q
<latexit sha1_base64="0+WJHx0CDCLDdBP27ULE2TZhCrA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9kPaUDbbSbt0dxN2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCs99ugI6TjrTPvlilf15nBXiZ+TCuRo9MtfvUFMU4HSUE607vpeYoKMKMMox2mpl2pMCB2TIXYtlUSgDrL5wVP3zCoDN4qVLWncufp7IiNC64kIbacgZqSXvZn4n9dNTXQdZEwmqUFJF4uilLsmdmffuwOmkBo+sYRQxeytLh0RRaixGZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgCBQHP8ApvjnJenHfnY9FacPKZY/gD5/MH916QiQ==</latexit>

X̌

Non-perturbative anomaly cancellation if:
<latexit sha1_base64="cvdoiSbChiKzIiCv3/5waVPcO2s="></latexit>�
AF +AB

gauge

�
[L7

3] 2 Z



Discrete gauge anomaly contribution

For self-dual 2-form (similar constraints for other cyclic groups):

[MD, Oehlmann, Schimannek ’22 + to appear], [MD, Tartaglia ’25]

<latexit sha1_base64="0fxOiupW/xud5w1k3fQMGJyZ0J8=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBEEoSRVqi6EohuXFewDmhAmk0k7dGYSZiZCCd258VfcuFDErb/gzr9x+lho64ELh3Pu5d57wpRRpR3n21pYXFpeWS2sFdc3Nre27Z3dpkoyiUkDJyyR7RApwqggDU01I+1UEsRDRlph/2bktx6IVDQR93qQEp+jrqAxxUgbKbAPRODCEyiCCryCp9DTlEUk7w+hx5MIXgZ2ySk7Y8B54k5JCUxRD+wvL0pwxonQmCGlOq6Taj9HUlPMyLDoZYqkCPdRl3QMFYgT5efjP4bwyCgRjBNpSmg4Vn9P5IgrNeCh6eRI99SsNxL/8zqZji/8nIo000TgyaI4Y1AncBQKjKgkWLOBIQhLam6FuIckwtpEVzQhuLMvz5NmpexWy9W7s1LtehpHAeyDQ3AMXHAOauAW1EEDYPAInsEreLOerBfr3fqYtC5Y05k98AfW5w8sOJcA</latexit>

n1 + n2 = 3k̃ mod 9

choice of quadratic refinement

Note that this is asymmetric, i.e., allowed spectra:

Precisely, what is found in F-theory:
[MD, Oehlmann, Schimannek ’22 + to appear]

<latexit sha1_base64="oaboYzZad0eLW1cP8iX/fmvgQPk=">AAACDnicbVDLSgMxFM34rPU16tJNsBQES5kptboRim5cVrAPaMuQSdM2NJMZkjtCGfoFbvwVNy4UcevanX9jOu1CWy+EezjnHm7u8SPBNTjOt7Wyura+sZnZym7v7O7t2weHDR3GirI6DUWoWj7RTHDJ6sBBsFakGAl8wZr+6GaqNx+Y0jyU9zCOWDcgA8n7nBIwlGfnpefiMyy9Er7CFdwpFLB7nrZSOW2dXgjas3NO0UkLLwN3DnJoXjXP/jI+GgdMAhVE67brRNBNiAJOBZtkO7FmEaEjMmBtAyUJmO4m6TkTnDdMD/dDZZ4EnLK/HQkJtB4HvpkMCAz1ojYl/9PaMfQvuwmXUQxM0tmifiwwhHiaDe5xxSiIsQGEKm7+iumQKELBJJg1IbiLJy+DRqnoVoqVu3Kuej2PI4OO0Qk6RS66QFV0i2qojih6RM/oFb1ZT9aL9W59zEZXrLnnCP0p6/MH5CqXAQ==</latexit>

n1 + n2 = 6 , 15 , 24 , . . .

<latexit sha1_base64="7Pm92fdLlMulpfy1HlyKysQB44c=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9VKSItWLUPTisYKthTaUzWbSLt1swu5GqKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzPMTzpR2nG+rsLa+sblV3C7t7O7tl+2Dw46KU0mhTWMey65PFHAmoK2Z5tBNJJDI5/Dgj29m/sMjSMVica8nCXgRGQoWMkq0kQZ2udrXjAeQjaf4CtfPBnbFqTlz4FXi5qSCcrQG9lc/iGkagdCUE6V6rpNoLyNSM8phWuqnChJCx2QIPUMFiUB52fzwKT41SoDDWJoSGs/V3xMZiZSaRL7pjIgeqWVvJv7n9VIdXnoZE0mqQdDFojDlWMd4lgIOmASq+cQQQiUzt2I6IpJQbbIqmRDc5ZdXSadecxu1xt15pXmdx1FEx+gEVZGLLlAT3aIWaiOKUvSMXtGb9WS9WO/Wx6K1YOUzR+gPrM8fI9SSHQ==</latexit>

(k̃ = 2)

<latexit sha1_base64="4A0Xs+Ul6l/T5n1tJ3SHIF6z/0g=">AAACCnicbVDNS8MwHE3n15xfVY9eokMQHKMdOudBGHrxOMF9wFZKmqVbWJqWJBVG2dmL/4oXD4p49S/w5n9j1vWgmw9CHu/9HsnveRGjUlnWt5FbWl5ZXcuvFzY2t7Z3zN29lgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90c3Ubz8QIWnI79U4Ik6ABpz6FCOlJdc85K4NTyF3K/AK2rUq7JVK0L48T+9eP1TSNYtW2UoBF4mdkSLI0HDNL53DcUC4wgxJ2bWtSDkJEopiRiaFXixJhPAIDUhXU44CIp0kXWUCj7XSh34o9OEKpurvRIICKceBpycDpIZy3puK/3ndWPk1J6E8ihXhePaQHzOoQjjtBfapIFixsSYIC6r/CvEQCYSVbq+gS7DnV14krUrZrpard2fF+nVWRx4cgCNwAmxwAergFjRAE2DwCJ7BK3gznowX4934mI3mjCyzD/7A+PwBG7OWIQ==</latexit>

n1 + n2 = 186 , 195 , . . .



Choice of quadratic refinement
Choice of quadratic refinement seems to be fixed in F-theory models!
[MD, Oehlmann, Schimannek: to appear]

Can be understood via unHiggsing (can all?):
<latexit sha1_base64="snTZKR8WN0q/VN0qJ4vsNoC8ZFM=">AAACE3icbVA9T8MwEHXKVylfBUYWiwqpMFQJQoWxgoWxSKStaKvIcZ3WqmNHtgOqovwHFv4KCwMIsbKw8W9w0wzQ8qSTnt670909P2JUadv+tgpLyyura8X10sbm1vZOeXevpUQsMXGxYEJ2fKQIo5y4mmpGOpEkKPQZafvjq6nfvidSUcFv9SQi/RANOQ0oRtpIXvmkFyI98v3kLvU47I2EGEs6HGkkpXiAmSnDxE2rzrFXrtg1OwNcJE5OKiBH0yt/9QYCxyHhGjOkVNexI91PkNQUM5KWerEiEcJjNCRdQzkKieon2U8pPDLKAAZCmuIaZurviQSFSk1C33ROj1Tz3lT8z+vGOrjoJ5RHsSYczxYFMYNawGlAcEAlwZpNDEFYUnMrxCMkEdYmxpIJwZl/eZG0TmtOvVa/Oas0LvM4iuAAHIIqcMA5aIBr0AQuwOARPINX8GY9WS/Wu/Uxay1Y+cw++APr8weDzp6N</latexit>

Zn ,! U(1)

In combination with anomaly interplay:
[Davighi, Lohitsiri ’20]

(mixed) gravitational fixes quadratic refinement 

<latexit sha1_base64="JVH/zXo07QZybPJhu4Z6FAeETpg="></latexit>

⌦Spin
7 (BZ3) ' Z9 �! Z�4 ' ⌦Spin

8

�
BU(1)

�



The strings
[MD, Oehlmann, Schimannek ’22 + to appear], [MD, Tartaglia ’25]

The coupling to      makes 2-form sensitive to gauge transformations
<latexit sha1_base64="0+WJHx0CDCLDdBP27ULE2TZhCrA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9kPaUDbbSbt0dxN2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCs99ugI6TjrTPvlilf15nBXiZ+TCuRo9MtfvUFMU4HSUE607vpeYoKMKMMox2mpl2pMCB2TIXYtlUSgDrL5wVP3zCoDN4qVLWncufp7IiNC64kIbacgZqSXvZn4n9dNTXQdZEwmqUFJF4uilLsmdmffuwOmkBo+sYRQxeytLh0RRaixGZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgCBQHP8ApvjnJenHfnY9FacPKZY/gD5/MH916QiQ==</latexit>

X̌

Anomaly inflow onto string

chiral degrees of freedom 
charged under discrete symmetry

Can be tested: topological string partition function
<latexit sha1_base64="sTFhxrQpDByOJpNmSx4Gq3CGSOY=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxChVJmRKrLohuXFewDO0PJZDJtaJIZkoxQh+KvuHGhiFv/w51/Y9rOQqsHAodz7uHenCBhVGnH+bIKS8srq2vF9dLG5tb2jr2711ZxKjFp4ZjFshsgRRgVpKWpZqSbSIJ4wEgnGF1N/c49kYrG4laPE+JzNBA0ohhpI/XtgztY8TRKq5BXocdMMEQnfbvs1JwZ4F/i5qQMcjT79qcXxjjlRGjMkFI910m0nyGpKWZkUvJSRRKER2hAeoYKxInys9n1E3hslBBGsTRPaDhTfyYyxJUa88BMcqSHatGbiv95vVRHF35GRZJqIvB8UZQyqGM4rQKGVBKs2dgQhCU1t0I8RBJhbQormRLcxS//Je3Tmluv1W/Oyo3LvI4iOARHoAJccA4a4Bo0QQtg8ACewAt4tR6tZ+vNep+PFqw8sw9+wfr4Bgkfk7E=</latexit>

Z(⌧,m,�)



Topological string
[MD, Oehlmann, Schimannek ’22]

6d theory on torus with discrete Wilson lines

4d theory with twisted-twined genera capturing modular properties

gauge transformation



Topological string
[MD, Oehlmann, Schimannek ’22]

Knows about discrete anomaly of worldsheet degrees of freedom
<latexit sha1_base64="goZGbAt3ZVOGX2m65Cu7NQkggPc="></latexit>

Q(X̌) ! Z(⌧,m,�)

matches!

Relation to geometry of F-theory compactification
(Remember: self-dual strings from wrapped D3-branes)

multi-section geometries
e.g.: [Cota, Klemm, Schimannek ’19], [Knapp, Scheidegger, Schimannek ’21],[Pioline, Schimannek ’25]



Duality anomaly for type IIB

<latexit sha1_base64="mMdfwdwuxcYsc3yEO9UYj8sMrfA=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKUVdFtwIuqhoH9iEMplO2qGTBzM3YgkB8VfcuFDErZ/hzr9x0nahrQcuHM65l3vvcSPOJJjmt5ZbWFxaXsmvFtbWNza39O2dpgxjQWiDhDwUbRdLyllAG8CA03YkKPZdTlvu8DzzW/dUSBYGtzCKqOPjfsA8RjAoqavv2UAfILm5SkuVY9vHMHDd5C496upFs2yOYcwTa0qKaIp6V/+yeyGJfRoA4VjKjmVG4CRYACOcpgU7ljTCZIj7tKNogH0qnWT8QGocKqVneKFQFYAxVn9PJNiXcuS7qjM7Uc56mfif14nBO3MSFkQx0IBMFnkxNyA0sjSMHhOUAB8pgolg6laDDLDABFRmBRWCNfvyPGlWytZJuXpdLdYuHydx5NE+OkAlZKFTVEMXqI4aiKAUPaNX9KY9aS/au/Yxac1p0wh30R9onz9JCJam</latexit>

SL(2,Z)
orientation reversal of worldsheet

<latexit sha1_base64="tsWBH+/Bin1S0L+5R1mSGo1ulys=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlKUVdFlwo6KKCfWATymQ6aYdOHszciCUExF9x40IRt36GO//GSduFth64cDjnXu69x404k2Ca31puYXFpeSW/Wlhb39jc0rd3mjKMBaENEvJQtF0sKWcBbQADTtuRoNh3OW25w/PMb91TIVkY3MIooo6P+wHzGMGgpK6+ZwN9gOTiOi1Vjm0fw8B1k7v0qKsXzbI5hjFPrCkpoinqXf3L7oUk9mkAhGMpO5YZgZNgAYxwmhbsWNIIkyHu046iAfapdJLxA6lxqJSe4YVCVQDGWP09kWBfypHvqs7sRDnrZeJ/XicG78xJWBDFQAMyWeTF3IDQyNIwekxQAnykCCaCqVsNMsACE1CZFVQI1uzL86RZKVsn5epNtVi7epzEkUf76ACVkIVOUQ1dojpqIIJS9Ixe0Zv2pL1o79rHpDWnTSPcRX+gff4ANhiWmg==</latexit>

GL(2,Z)

<latexit sha1_base64="pzEJwOrRwlvqaV5N3vr/VUGU51E=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMQgQJuyGox4AXQYQI5oHZJcxOJsmQ2QczvWJYFsRf8eJBEa9+hjf/xtkkB40WNBRV3XR3eZHgCizry8gtLC4tr+RXC2vrG5tb5vZOU4WxpKxBQxHKtkcUEzxgDeAgWDuSjPieYC1vdJ75rTsmFQ+DGxhHzPXJIOB9TgloqWvuOcDuIbmK0lLl2PEJDD0vuU2PumbRKlsT4L/EnpEimqHeNT+dXkhjnwVABVGqY1sRuAmRwKlgacGJFYsIHZEB62gaEJ8pN5k8kOJDrfRwP5S6AsAT9edEQnylxr6nO7MT1byXif95nRj6Z27CgygGFtDpon4sMIQ4SwP3uGQUxFgTQiXXt2I6JJJQ0JkVdAj2/Mt/SbNStk/K1etqsXb5MI0jj/bRASohG52iGrpAddRAFKXoCb2gV+PReDbejPdpa86YRbiLfsH4+AZ4PJbE</latexit>

Mp(2,Z)

fermions

[Pantev, Sharpe ’16] [Tachikawa, Yonekura ’18]

<latexit sha1_base64="f8xgzhqEe0QHbCqbQuUGeQbiwyo=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWoKCUpRV0WXCjoooJ9YBPLZDpth04ezNyIJQRd+CtuXCji1q9w5984abvQ1gMXDufcy733uCFnEkzzW5uZnZtfWMwsZZdXVtfW9Y3NmgwiQWiVBDwQDRdLyplPq8CA00YoKPZcTutu/zT163dUSBb41zAIqePhrs86jGBQUkvftoHeQ3x2mdwe5IuHtoeh57rxTbLf0nNmwRzCmCbWmOTQGJWW/mW3AxJ51AfCsZRNywzBibEARjhNsnYkaYhJH3dpU1Efe1Q68fCFxNhTStvoBEKVD8ZQ/T0RY0/KgeeqzvREOeml4n9eM4LOiRMzP4yA+mS0qBNxAwIjzcNoM0EJ8IEimAimbjVIDwtMQKWWVSFYky9Pk1qxYB0VSlelXPnicRRHBu2gXZRHFjpGZXSOKqiKCHpAz+gVvWlP2ov2rn2MWme0cYRb6A+0zx9fX5c3</latexit>

GL+(2,Z)

[Debray, MD, Heckman, Montero ’21]

Type IIB supergravity has (gauged) duality:

<latexit sha1_base64="+Pr4EiZu5bhS9bHqgxSmmaHUm5s="></latexit>

⌦Spin-GL+(2,Z)
11 (pt)



The bordism group
<latexit sha1_base64="uAt+s0KepdPKOB7rPRU2aQuGGss="></latexit>

⌦Spin-GL+(2,Z) = (Z2)
�9 � Z8 � Z3 � Z27<latexit sha1_base64="DKqr1LsFLfhib3V/TaJ527n58w4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF8FLBdMW2lA22027dLMJuxOhhIL/wIsHRbz6g7z5b9x+HLT1wcDjvRlm5oWpFAZd99sprK1vbG4Vt0s7u3v7B+XDo6ZJMs24zxKZ6HZIDZdCcR8FSt5ONadxKHkrHN1M/dYj10Yk6gHHKQ9iOlAiEoyilfxe7nmTXrniVt0ZyCrxFqQCCzR65a9uP2FZzBUySY3peG6KQU41Cib5pNTNDE8pG9EB71iqaMxNkM+OnZAzq/RJlGhbCslM/T2R09iYcRzazpji0Cx7U/E/r5NhdB3kQqUZcsXmi6JMEkzI9HPSF5ozlGNLKNPC3krYkGrK0OZTsiF4yy+vkuZF1bus1u5rlfrd0zyOIpzAKZyDB1dQh1togA8MBDzDK7w5ynlx3p2PeWvBWUR4DH/gfP4Aj6mO9w==</latexit>

11

<latexit sha1_base64="vWD2ex2SqDtS9lfQM2KUgX1BpG0=">AAACGnicbVBNLwRBEO3xbX0tji4dGwmXzQyCo3BxQ1jEzpr09Nauju6e0V0jNpP5HS7+iosDETdx8W/0rj34ekklL+9VpapenEph0fc/vIHBoeGR0bHx0sTk1PRMeXbuxCaZ4VDjiUzMWcwsSKGhhgIlnKUGmIolnMZXu13/9AaMFYk+xk4KDcXaWrQEZ+ikqByEVii4puG+gja7yEOEW8yPUqGLIsqDoKDLOzRUDC/jOD8vorWVqFzxq34P9C8J+qRC+jiIym9hM+GZAo1cMmvrgZ9iI2cGBZdQlMLMQsr4FWtD3VHNFNhG3nutoEtOadJWYlxppD31+0TOlLUdFbvO7pH2t9cV//PqGba2GrnQaYag+deiViYpJrSbE20KAxxlxxHGjXC3Un7JDOPo0iy5EILfL/8lJ6vVYKO6cbhe2d7pxzFGFsgiWSYB2STbZI8ckBrh5I48kCfy7N17j96L9/rVOuD1Z+bJD3jvn+RqoMM=</latexit>

' ⌦Spin
11 (BZ3)

<latexit sha1_base64="Y4+jMdAUiCMpx10Qo79/X8r3Bqk="></latexit>✓
0 �1
1 1

◆
2 SL(2,Z)

<latexit sha1_base64="MogarWsxhgNgMt4t1YnFdysinzQ="></latexit>

A(X) = ⌘RS
1 (X)� 2⌘D1 (X)� ⌘D�3(X)� 1

8⌘
sig
� (X) + Arf(X)� Q̃(c̆)

<latexit sha1_base64="KAh0Ci04ka0fo2YbZepXgnQc3VQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvUcwDkiXMTnqTIbOzy8ysEJaAH+DFgyJe/SNv/o2Tx0ETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRtdTv/WISvNYPphxgn5EB5KHnFFjpfvupFcsuWV3BrJKvAUpwQL1XvGr249ZGqE0TFCtO56bGD+jynAmcFLophoTykZ0gB1LJY1Q+9ns0gk5s0qfhLGyJQ2Zqb8nMhppPY4C2xlRM9TL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRt0ucKmRFjSyhT3N5K2JAqyowNp2BD8JZfXiXNi7JXLVfuKqXa7dM8jjycwCmcgweXUIMbqEMDGITwDK/w5oycF+fd+Zi35pxFhMfwB87nD8ovjfk=</latexit>

}
fermions

<latexit sha1_base64="KAh0Ci04ka0fo2YbZepXgnQc3VQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvUcwDkiXMTnqTIbOzy8ysEJaAH+DFgyJe/SNv/o2Tx0ETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRtdTv/WISvNYPphxgn5EB5KHnFFjpfvupFcsuWV3BrJKvAUpwQL1XvGr249ZGqE0TFCtO56bGD+jynAmcFLophoTykZ0gB1LJY1Q+9ns0gk5s0qfhLGyJQ2Zqb8nMhppPY4C2xlRM9TL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRt0ucKmRFjSyhT3N5K2JAqyowNp2BD8JZfXiXNi7JXLVfuKqXa7dM8jjycwCmcgweXUIMbqEMDGITwDK/w5oycF+fd+Zi35pxFhMfwB87nD8ovjfk=</latexit>

}
4-form

Anomaly theory (more complicated):

Involves chiral degrees of freedom: dilatini, gravitini, self-dual 4-form

[Hsieh, Tachikawa, Yonekura ’20], see also [Freed, Moore, Segal ’06], [Belov, Moore ’06]



The duality anomaly

Appendix D, where several useful formulas including the ⌘-invariants of spin-32 fermions on

lens spaces are derived. The results are summarized in the following table, where we list, for

each of the factors in (4.15), a generator, a cohomology class or ⌘-invariant that detects it

(using the notation in Section 3.1), and the value of the anomaly theory on each of them:

Factor Generator Detector A(gen.)

Z27 L
11
3 ⌘

D
1 � ⌘

D
3

1
3

Z3 HP
2
⇥ L

3
3 ⌘

RS
1 � ⌘

RS
3

1
3

Z8 Q
11
4 ⌘

D
1 � ⌘

D
3

k
4

Z2 HP
2
⇥ L

3
4 ⌘̃

RS
1 � 2⌘̃D1 � ⌘̃

D
�3

1
2

Z2 RP
11

x
11 0

Z2
]
RP

11
y
11 0

Z2 HP
2
⇥ RP

3
w

2
4 x

3 0

Z2 HP
2
⇥

g
RP

3
w

2
4 y

3 0

Z2 X10 ⇥ S
1

w4w6 x 0

Z2 X10 ⇥
fS1 w4w6 y 0

Z2 X11 w
4
2 x

3 0 or 1
2

Z2
gX11 w

4
2 y

3 0 or 1
2

(4.16)

Here, ⌘̃ are reduced ⌘-invariants introduced in (D.14) in Appendix D. We now describe some

of the manifolds in the second column of (4.16):

• L
2k�1
n denotes the lens space S

2k�1
/Zn, where Zn acts as

(z1, z2, . . . zk) 2 C
2k

! e
2⇡i
n (z1, z2, . . . zk) , (4.17)

and S
2k�1 is regarded as the unit sphere in C

2k. Principal Zn bundles over L
2k�1
n are

classified by H
1(L2k�1

n ,Zn). The lens spaces for all the entries in (4.16) are equipped

with the Zn bundle S
2k�1

! L
2k�1
n ; the class of this bundle is a generator of the

cohomology group H
1(L2k�1

n ;Zn). This Zn bundle specifies the associated principal

GL(2,Z) bundle over the lens space, via the embeddings Z4 ! GL(2,Z), Z3 ! GL(2,Z)

sending the generators to S and U , respectively. In these cases, the lift from the GL(2,Z)

bundle to a Spin-GL+(2,Z) bundle is unique, so the solutions are specified completely.

• HP
2 is the quaternionic projective plane, one of the two generators of ⌦Spin

8 [113], with

a trivial duality bundle over HP
2. As a cross-check, we also computed anomalies for

the other generator of ⌦Spin
8 , the Bott manifold, although an Adams spectral sequence

argument (which we will explain in [35]) shows that the anomaly on products of Bott

manifolds and lens spaces is linearly dependent with the anomaly on HP
2
⇥L

3
n as written

here. For completeness, we recall that a Bott manifold is defined as a Spin 8-manifold

with unit Dirac index; we consider here the particular example with p1 = 0 discussed

in [42]. We take a trivial duality bundle over the Bott manifold. With these choices,

– 22 –

<latexit sha1_base64="eXJUKtYaXh0DgW8PPlyfedB7VGc=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSaFE3QsWN4KaCvUBTymQ6aYdOLsxMhBICghtfxY0LRdz6DO58GydtF9r6w8DPf85wzvnciDOpLOvbyC0sLi2v5FcLa+sbm1vm9k5DhrEgtE5CHoqWiyXlLKB1xRSnrUhQ7LucNt3hVVZv3lMhWRjcqVFEOz7uB8xjBCsddc19x8dqQDBPLtNS6whdIEd5ApPETpOTtGsWrbI1Fpo39tQUYapa1/xyeiGJfRoowrGUbduKVCfBQjHCaVpwYkkjTIa4T9vaBtinspOMz0jRoU56yAuFfoFC4/T3jwT7Uo58V3dmS8vZWhb+V2vHyjvvJCyIYkUDMhnkxRypEGVMUI8JShQfaYOJYHpXRAZYU1CaXEFDsGdPnjeN47J9Wq7cVorVm4cJjjzswQGUwIYzqMI11KAOBB7hGV7hzXgyXox342PSmjOmCHfhj4zPHxxxmLQ=</latexit>

A(X) = 1
3

<latexit sha1_base64="eXJUKtYaXh0DgW8PPlyfedB7VGc=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFqJuSaFE3QsWN4KaCvUBTymQ6aYdOLsxMhBICghtfxY0LRdz6DO58GydtF9r6w8DPf85wzvnciDOpLOvbyC0sLi2v5FcLa+sbm1vm9k5DhrEgtE5CHoqWiyXlLKB1xRSnrUhQ7LucNt3hVVZv3lMhWRjcqVFEOz7uB8xjBCsddc19x8dqQDBPLtNS6whdIEd5ApPETpOTtGsWrbI1Fpo39tQUYapa1/xyeiGJfRoowrGUbduKVCfBQjHCaVpwYkkjTIa4T9vaBtinspOMz0jRoU56yAuFfoFC4/T3jwT7Uo58V3dmS8vZWhb+V2vHyjvvJCyIYkUDMhnkxRypEGVMUI8JShQfaYOJYHpXRAZYU1CaXEFDsGdPnjeN47J9Wq7cVorVm4cJjjzswQGUwIYzqMI11KAOBB7hGV7hzXgyXox342PSmjOmCHfhj4zPHxxxmLQ=</latexit>

A(X) = 1
3

<latexit sha1_base64="yeHBd11Bc0Ou9glMNdQZ1PafpGc=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuimJFHUjVNwIbirYCzShTKaTdujkwsyJUEJAcOOruHGhiFufwZ1v46TtQlt/GPj5zxnOOZ8XC67Asr6NhcWl5ZXVwlpxfWNza9vc2W2qKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Q2v8nrrnknFo/AORjFzA9IPuc8pAR11zQMnIDCgRKSXWbl9jC+wA74kNB1maTXrmiWrYo2F5409NSU0Vb1rfjm9iCYBC4EKolTHtmJwUyKBU8GyopMoFhM6JH3W0TYkAVNuOj4jw0c66WE/kvqFgMfp7x8pCZQaBZ7uzJdWs7U8/K/WScA/d1MexgmwkE4G+YnAEOGcCe5xySiIkTaESq53xXRANAXQ5Ioagj178rxpnlTs00r1tlqq3TxMcBTQPjpEZWSjM1RD16iOGoiiR/SMXtGb8WS8GO/Gx6R1wZgi3EN/ZHz+AHbGmO8=</latexit>

A(X) = k
4

<latexit sha1_base64="v7mqD38UhRTeseT6nsnpX6ifD3I=">AAACBnicbZDLSsNAFIYn9VbrLepShMEi1E1JSlE3QsWN4KaCvUBTymQ6aYdOLsycCCUEBDe+ihsXirj1Gdz5Nk7aLrT1h4Gf/5zhnPO5keAKLOvbyC0tr6yu5dcLG5tb2zvm7l5ThbGkrEFDEcq2SxQTPGAN4CBYO5KM+K5gLXd0ldVb90wqHgZ3MI5Y1yeDgHucEtBRzzx0fAJDSkRymZbaJ/gCO+BJQhM7TSppzyxaZWsivGjsmSmimeo988vphzT2WQBUEKU6thVBNyESOBUsLTixYhGhIzJgHW0D4jPVTSZnpPhYJ33shVK/APAk/f0jIb5SY9/VndnSar6Whf/VOjF4592EB1EMLKDTQV4sMIQ4Y4L7XDIKYqwNoZLrXTEdEk0BNLmChmDPn7xompWyfVqu3laLtZuHKY48OkBHqIRsdIZq6BrVUQNR9Iie0St6M56MF+Pd+Ji25owZwn30R8bnDxrsmLM=</latexit>

A(X) = 1
2

Duality is anomalous

But can be canceled Transformation of 4-form under duality
<latexit sha1_base64="1E94W/Lzv1HYqRwMIShawrbnnTk=">AAACwHicbVFdi9NAFJ3Er7V+bNVHXy4WIUUsSSzqy8Kyvgi+dMHuLjQx3Eym7dBJMs5Mdq0h4G/0Rfw3TpK6rLteGDicc+7cr1QKro3v/3bcW7fv3L23d3/w4OGjx/vDJ09PdFkpyua0FKU6S1EzwQs2N9wIdiYVwzwV7DTdfGj103OmNC+Lz2YrWZzjquBLTtFYKhn+igwXGaujHM2aoqiPmwa8KFXsnNW0SfwxRIZ9MzVccLOGBq5IcADREV95EAlbMMMksCoz6OH4SwivLukQoqVCWnsyCcbJm6YOmzbP/kwrCdg6O/2vv3PAordP4TVcNjdrvIskHMd9ZtpmblBK3NVN27q9lAxH/sTvAm6CYAdGZBezZPgzykpa5awwVKD Wi8CXJq5RGU4FawZRpZlEusEVW1hYYM50XHcHaOClZTJYlsq+wkDHXs2oMdd6m6fW2Y6ir2st+T9tUZnl+7jmhawMK2hfaFkJMCW014SMK0aN2FqAVHHbK9A12mUae/OBXUJwfeSb4CScBG8n0+Pp6PDTj34de+Q5eUE8EpB35JB8JDMyJ9Q5cKgjnNw9ctdu6X7tra6zW+Ez8k+43/8AWYXVJg==</latexit>

Q̃(c̆0) with c̆0 =
⇣
�1�(a)

2 + �2
(p1)3
2

⌘
[ a+

�3

2
[(p1)4 � P(w2)] [ b+ �(b)2 [ b

<latexit sha1_base64="7zZV0u5tR8fNvGBWri/PEHRWnPs="></latexit>

�i 2 {�1,+1} ,  2 Z mod 4 (other physical systems (S-folds) suggest              )
<latexit sha1_base64="qe31M6ODM4CGCft6e+gqusHWS8I=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJJoUTdCQRcuK9gHtCFMppN26GQSZiZKif0UNy4UceuXuPNvnLZZaOuBgcM553LvnCDhTGnH+baWlldW19YLG8XNre2dXbu011RxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLye+K0HKhWLxb0eJdSLcF+wkBGsjeTbpS434R72M/fkbIyukOvbZafiTIEWiZuTMuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip+NiN1U0wWSI+7RjqMARVV42PX2MjozSQ2EszRMaTdXfExmOlBpFgUlGWA/UvDcR//M6qQ4vvYyJJNVUkNmiMOVIx2jSA+oxSYnmI0MwkczcisgAS0y0aatoSnDnv7xImqcV97xSvauWazd5HQU4gEM4BhcuoAa3UIcGEHiEZ3iFN+vJerHerY9ZdMnKZ/bhD6zPHz0FkrI=</latexit>

�1,3 = 1



Discrete 10d landscape vs Topological Swampland

Two possibilities:

• Topological GS in the 
Swampland        Why?

• Alternative consistent 
UV completions       
Discrete Landscape

<latexit sha1_base64="t2utLxPQNSl43sthzapluppR53A=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRa1GXRjd1VsA9oQ5hMJ+3QyYOZG7XEfoobF4q49Uvc+TdO0yy09cCFwzn3cu89Xiy4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONr2d+555JxaPwDiYxcwIyDLnPKQEtuWa5D+wR0pmFG42rqWu7ZsWqWhnwMrFzUkE5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9RPFYkLHZMh6moYkYMpJs9On+FgrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVkmHYC++vEzap1X7vHp2W6vUa3kcRXSIjtAJstEFqqMb1EQtRNEDekav6M14Ml6Md+Nj3low8pkD9AfG5w/V8ZOu</latexit>

type IIB1

<latexit sha1_base64="Oks3nFIdMXx9sHR61JZVcxkx/TU=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQWdVl0Y3cV7APaECbTSTt08mDmRi2xn+LGhSJu/RJ3/o3TNAttPXDhcM693HuPFwuuwLK+jZXVtfWNzcJWcXtnd2/fLB20VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vHG1zO/c8+k4lF4B5OYOQEZhtznlICWXLPUB/YI6czCjcbV1K26ZtmqWBnwMrFzUkY5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9hPFYkLHZMh6moYkYMpJs9On+EQrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVlGHYC++vEza1Yp9Xjm7rZXrtTyOAjpCx+gU2egC1dENaqIWougBPaNX9GY8GS/Gu/Exb10x8plD9AfG5w/XdZOv</latexit>

type IIB2

<latexit sha1_base64="wPxtu+1SS7YdY2BIMUgRr3UqCMQ=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUSLeix48VjBfkAbymazaddudsPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ219Y3Nru7BT3N3bPzgsHR03jco0ZQ2qhNLtkBgmuGQN5ChYO9WMJKFgrXB4N/NbI6YNV/IRxykLEtKXPOaUoJWa3VGk0PRKZa/izeGuEj8nZchR75W+upGiWcIkUkGM6fheisGEaORUsGmxmxmWEjokfdaxVJKEmWAyv3bqnlslcmOlbUl05+rviQlJjBknoe1MCA7MsjcT//M6Gca3wYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRANKFoAyraEPzll1dJ87LiX1euHqrlWjWPowCncAYX4MMN1OAe6tAACk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AMnVjzw=</latexit>...

<latexit sha1_base64="q51xCgu+3fWnsNVOs6rx+hWfp4g=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0m0qMeCF71VsB/QhrDZbtqlm03YnYg19Jd48aCIV3+KN/+N2zQHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Nktb5e2d3b2KvX/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMr2d+54EpzWN5D5OEeREZSh5ySsBIvl3pA3uEbGbh26nv+nbVqTk58DJxC1JFBZq+/dUfxDSNmAQqiNY910nAy4gCTgWblvupZgmhYzJkPUMliZj2svzwKT4xygCHsTIlAefq74mMRFpPosB0RgRGetGbif95vRTCKy/jMkmBSTpfFKYCQ4zzVwdcMQpiYgihiptbMR0RRSiYrMomBHfx5WXSPqu5F7Xzu3q1US/iKKEjdIxOkYsuUQPdoCZqIYpS9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz+tfpMP</latexit>

type I1

<latexit sha1_base64="BmWCFSKxityiwr25XCLfdyoV8FE=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSi3oseNFbBfsBbQib7bZdutmE3YlYQ3+JFw+KePWnePPfuE1z0NYHA4/3ZpiZF8SCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto4SRVmLRiJS3YBoJrhkLeAgWDdWjISBYJ1gcj33Ow9MaR7Je5jGzAvJSPIhpwSM5NvlPrBHSOcWvp35Nd+uOFUnA14lbk4qKEfTt7/6g4gmIZNABdG65zoxeClRwKlgs1I/0SwmdEJGrGeoJCHTXpodPsOnRhngYaRMScCZ+nsiJaHW0zAwnSGBsV725uJ/Xi+B4ZWXchknwCRdLBomAkOEs1cHXDEKYmoIoYqbWzEdE0UomKxKJgR3+eVV0q5V3Yvq+V290qjncRTRMTpBZ8hFl6iBblATtRBFCXpGr+jNerJerHfrY9FasPKZI/QH1ucPrwKTEA==</latexit>

type I2

<latexit sha1_base64="+Ppr29VaauGccgS5wzfDOtAuXR0=">AAACAnicbVDJSgNBEO1xjXGLehIvjUHwFGY0qMeIBz3GZZJAJoSeTiVp0rPQXSOGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6vmxFBpt+9uam19YXFrOrGRX19Y3NnNb2xUdJYqDyyMZqZrPNEgRgosCJdRiBSzwJVT93sXQr96D0iIK77AfQyNgnVC0BWdopGZu10N4wNRxWvTWvbw5HzRTD7uAbNDM5e2CPQKdJc6E5MkE5Wbuy2tFPAkgRC6Z1nXHjrGRMoWCSxhkvURDzHiPdaBuaMgC0I109MKAHhilRduRMhUiHam/J1IWaN0PfNMZMOzqaW8o/ufVE2yfNVIRxglCyMeL2omkGNFhHrQlFHCUfUMYV8LcSnmXKcbRpJY1ITjTL8+SylHBOSkcXxfzpeIkjgzZI/vkkDjklJTIFSkTl3DySJ7JK3mznqwX6936GLfOWZOZHfIH1ucPoHuW6Q==</latexit>

11d SUGRA✓
<latexit sha1_base64="7jI9el2FkdaHbUShsedkaJ2LXKk=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2mVqEeMBz3iR4EEGrLdLrBhu212p0TS8E+8eNAYr/4Tb/4bF+hB0ZdM8vLeTGbmBYngGhznyyosLa+srhXXSxubW9s79u5eQ8eposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr6Z+c8SU5rF8gHHC/Ij0Je9xSsBIXdvuAHuEzHVDfO9d311OunbZqTgz4L/EzUkZ5ah37c9OGNM0YhKoIFq3XScBPyMKOBVsUuqkmiWEDkmftQ2VJGLaz2aXT/CRUULci5UpCXim/pzISKT1OApMZ0RgoBe9qfif106hd+FnXCYpMEnni3qpwBDjaQw45IpREGNDCFXc3IrpgChCwYRVMiG4iy//JY2TintWOb2tlmvVPI4iOkCH6Bi56BzV0A2qIw9RNEJP6AW9Wpn1bL1Z7/PWgpXP7KNfsD6+AVSbksY=</latexit>

11d SUGRA

<latexit sha1_base64="DchrLheTorda84PG3IjarjuoR/g=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRa1GXFjd1VsA9oQ5hMJ+3QyYOZG7XEfoobF4q49Uvc+TdO0yy09cCFwzn3cu89Xiy4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONr2d+555JxaPwDiYxcwIyDLnPKQEtuWa5D+wR0pmFG42rqWu7ZsWqWhnwMrFzUkE5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9RPFYkLHZMh6moYkYMpJs9On+FgrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVkmHYC++vEzap1X7vHp2W6vUa3kcRXSIjtAJstEFqqMb1EQtRNEDekav6M14Ml6Md+Nj3low8pkD9AfG5w/UapOt</latexit>

type IIA1

<latexit sha1_base64="QV1o7gyyLItgThIiBxqx4hfK7rQ=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQWdVlxY3cV7APaECbTSTt08mDmRi2xn+LGhSJu/RJ3/o3TNAttPXDhcM693HuPFwuuwLK+jZXVtfWNzcJWcXtnd2/fLB20VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vHG1zO/c8+k4lF4B5OYOQEZhtznlICWXLPUB/YI6czCjcbV1K26ZtmqWBnwMrFzUkY5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9hPFYkLHZMh6moYkYMpJs9On+EQrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVlGHYC++vEza1Yp9Xjm7rZXrtTyOAjpCx+gU2egC1dENaqIWougBPaNX9GY8GS/Gu/Exb10x8plD9AfG5w/V7pOu</latexit>

type IIA2

<latexit sha1_base64="wPxtu+1SS7YdY2BIMUgRr3UqCMQ=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUSLeix48VjBfkAbymazaddudsPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ219Y3Nru7BT3N3bPzgsHR03jco0ZQ2qhNLtkBgmuGQN5ChYO9WMJKFgrXB4N/NbI6YNV/IRxykLEtKXPOaUoJWa3VGk0PRKZa/izeGuEj8nZchR75W+upGiWcIkUkGM6fheisGEaORUsGmxmxmWEjokfdaxVJKEmWAyv3bqnlslcmOlbUl05+rviQlJjBknoe1MCA7MsjcT//M6Gca3wYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRANKFoAyraEPzll1dJ87LiX1euHqrlWjWPowCncAYX4MMN1OAe6tAACk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AMnVjzw=</latexit>...

<latexit sha1_base64="vrAAWZGj4WjRQYxzFIeHEgBYWDs=">AAACC3icbVDJSgNBEO2JW4zbqEcvQ4IQQcJMEtRjwIs3I5oFkhB6OpWkSc9Cd40Yhrl78Ve8eFDEqz/gzb+xsxw08UHB472q7qrnhoIrtO1vI7Wyura+kd7MbG3v7O6Z+wd1FUSSQY0FIpBNlyoQ3IcachTQDCVQzxXQcEeXE79xD1LxwL/DcQgdjw583ueMopa6ZraN8IDxEBBkgJwl3Xim3F4n+VLx5JQnXTNnF+wprGXizEmOzFHtml/tXsAiD3xkgirVcuwQOzGV+n0BSaYdKQgpG9EBtDT1qQeqE09vSaxjrfSsfiB1+WhN1d8TMfWUGnuu7vQoDtWiNxH/81oR9i86MffDCMFns4/6kbAwsCbBWD0ugaEYa0KZ5HpXiw2ppEwnozI6BGfx5GVSLxacs0LpppyrlOdxpMkRyZI8ccg5qZArUiU1wsgjeSav5M14Ml6Md+Nj1poy5jOH5A+Mzx9qLps2</latexit>

heteroticSO(32),i

<latexit sha1_base64="GWmkSL+qMRy5IKUnNYS6IQp2niA=">AAACGnicbVDJSgNBFOyJW4xb1KOXxiB4kDCjQXMMiOAxglkgCUNP5yVp0rPQ/UYMw3yHF3/FiwdFvIkX/8bOAmpiQUNR9R7Vr7xICo22/WVllpZXVtey67mNza3tnfzuXl2HseJQ46EMVdNjGqQIoIYCJTQjBcz3JDS84eXYb9yB0iIMbnEUQcdn/UD0BGdoJDfvtBHuMRkAggpR8NRNpspV6pZpG4UPmv4oJyJ18wW7aE9AF4kzIwUyQ9XNf7S7IY99CJBLpnXLsSPsJEyZOAlprh1riBgfsj60DA2Yiewkk9NSemSULu2FyrwA6UT9vZEwX+uR75lJn+FAz3tj8T+vFWOv3ElEEMUIAZ8G9WJJMaTjnmhXKOAoR4YwroT5K+UDphg3RemcKcGZP3mR1E+Lznnx7KZUqJRmdWTJATkkx8QhF6RCrkmV1AgnD+SJvJBX69F6tt6s9+loxprt7JM/sD6/Af9aogM=</latexit>

heteroticE8⇥E8,i

Domain walls connecting the different 
possibilities (cobordism conjecture)

[McNamara, Vafa ’19], [Montero, Vafa ’20]

Actually there is other ways to cancel anomaly!



Global Charges



Deformation classes
Sectors are ‘disconnected’

<latexit sha1_base64="PHKBXtFYONRbAWVpg3SsVWBvpsc=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyUpUr0IRUE8VrCt0ISy2W7apZts2N0IJfTixb/ixYMiXv0P3vw3btsctPXBwOO9GWbmBQlnSjvOt1VYWl5ZXSuulzY2t7Z37N29lhKpJLRJBBfyPsCKchbTpmaa0/tEUhwFnLaD4dXEbz9QqZiI7/QooX6E+zELGcHaSF370NOhxCRzx1kVeQkbI0+wWKNrdIHcrl12Ks4UaJG4OSlDjkbX/vJ6gqQRjTXhWKmO6yTaz7DUjHA6LnmpogkmQ9ynHUNjHFHlZ9MvxujYKD0UCmnKXDBVf09kOFJqFAWmM8J6oOa9ifif10l1eO5nLE5STWMyWxSmHGmBJpGgHpOUaD4yBBPJzK2IDLBJRZvgSiYEd/7lRdKqVtxapXZ7Wq5f5nEU4QCO4ARcOIM63EADmkDgEZ7hFd6sJ+vFerc+Zq0FK5/Zhz+wPn8AU1+XLA==</latexit>

1
2⇡

I
F = 1

<latexit sha1_base64="JqK8/nXltVnhgZ+cSuAzr7VhrAI=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyUpUr0IRUE8VrCt0ISy2W7apZtN2N0IJfTixb/ixYMiXv0P3vw3btsctPXBwOO9GWbmBQlnSjvOt1VYWl5ZXSuulzY2t7Z37N29lopTSWiTxDyW9wFWlDNBm5ppTu8TSXEUcNoOhlcTv/1ApWKxuNOjhPoR7gsWMoK1kbr2oadDiUnmjrMq8hI2Rl7MhEbX6AJVu3bZqThToEXi5qQMORpd+8vrxSSNqNCEY6U6rpNoP8NSM8LpuOSliiaYDHGfdgwVOKLKz6ZfjNGxUXoojKUpc8FU/T2R4UipURSYzgjrgZr3JuJ/XifV4bmfMZGkmgoyWxSmHOkYTSJBPSYp0XxkCCaSmVsRGWCTijbBlUwI7vzLi6RVrbi1Su32tFy/zOMowgEcwQm4cAZ1uIEGNIHAIzzDK7xZT9aL9W59zFoLVj6zD39gff4AVOOXLQ==</latexit>

1
2⇡

I
F = 2

<latexit sha1_base64="0FBiVhafos/MNs32M2wc+959sLY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EoiAeK9gPaJeSzWbb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpBwpo3rfjuFldW19Y3iZmlre2d3r7x/0NIyVYQ2ieRSdQKsKWeCNg0znHYSRXEccNoORjdTv/1ElWZSPJhxQv0YDwSLGMHGSq3wFl0ht1+uuFV3BrRMvJxUIEejX/7qhZKkMRWGcKx113MT42dYGUY4nZR6qaYJJiM8oF1LBY6p9rPZtRN0YpUQRVLZEgbN1N8TGY61HseB7YyxGepFbyr+53VTE136GRNJaqgg80VRypGRaPo6CpmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PWWdWrVWv355X6dR5HEY7gGE7Bgwuowx00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A+HOOGA==</latexit>

dF = 0

Conserved quantity that labels sectors of theory:   Global Charge

(d-3)-form symmetry

associated generalized symmetries



Cobordism Conjecture

To avoid global symmetries:

[McNamara, Vafa ’19]

<latexit sha1_base64="aWUqlwO2plHUayQ/a9y4L96TIt0=">AAACFXicbZDLSgNBEEV7fMb4irp00xgEFyHMiKgLBUFBwYURjAlkYujpqcTGnofdNWIYAn6DG3/FjQtF3Aru/Bs7j4UmXig43Kqmuq4XS6HRtr+tsfGJyanpzEx2dm5+YTG3tHypo0RxKPNIRqrqMQ1ShFBGgRKqsQIWeBIq3s1ht1+5A6VFFF5gO4Z6wFqhaArO0FiNXME9C6DFrlIX4R7T8+NOp+HTfWpTt1Cg7m3CfMN71Dd11Mjl7aLdEx0FZwB5MlCpkfty/YgnAYTIJdO65tgx1lOmUHAJnaybaIgZv2EtqBkMWQC6nvau6tB14/i0GSlTIdKe+/tFygKt24FnJgOG13q41zX/69USbO7WUxHGCULI+4uaiaQY0W5E1BcKOMq2AcaVMH+l/JopxtEEmTUhOMMnj8LlZtHZLm6fb+UPTh/6cWTIKlkjG8QhO+SAnJASKRNOHskzeSVv1pP1Yr1bH/3RMWsQ4Qr5I+vzBw/XnJ4=</latexit>

⌦QG
d = 0 , 0 < d < D

Interesting situation for:
<latexit sha1_base64="JIeTJQLUvzKKeV8hhGMmNn3/wyY="></latexit>

⌦IR
d 6= 0 , 0 < d < D

Include new symmetry-breaking objects
(Alternative: gauge the would be global symmetry)

[MD, Minasian, Novicic - to appear]



Example: type IIB supergravity
[Debray, MD, Heckman, Montero ’23]

Has a duality symmetry:
<latexit sha1_base64="RPFJG2dkPqm/qzEI/mqffV05df8=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClKSItVl0Y0LFxXtA9tQJtNJO3QmCTMToYTgxl9x40IRt36FO//GSZqFVg8MnDnnXu69xw0ZlcqyvozCwuLS8kpxtbS2vrG5ZW7vtGUQCUxaOGCB6LpIEkZ90lJUMdINBUHcZaTjTi5Sv3NPhKSBf6umIXE4GvnUoxgpLQ3MvT5Haix4fHOVVGrH2c9147vkaGCWraqVAf4ldk7KIEdzYH72hwGOOPEVZkjKnm2FyomRUBQzkpT6kSQhwhM0Ij1NfcSJdOLshAQeamUIvUDo5yuYqT87YsSlnHJXV6YrynkvFf/zepHyzpyY+mGkiI9ng7yIQRXANA84pIJgxaaaICyo3hXiMRIIK51aSYdgz5/8l7RrVbterV+flBvneRxFsA8OQAXY4BQ0wCVoghbA4AE8gRfwajwaz8ab8T4rLRh5zy74BePjG6ablvc=</latexit>

SL(2,Z)

<latexit sha1_base64="JWIF0ihYtFOfjnj5+Hfu3Y8iJVI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqDPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0AeM9g==</latexit>g

But there are gravitational solitons:
<latexit sha1_base64="5geMNV7cXRpe++I/7+7GW96CDZ0=">AAAB/3icbVBNS8NAEN3Ur1q/qoIXL8EieCpJkeqx6MVjBfsBbSmb7bRdutmE3YlYYg7+FS8eFPHq3/Dmv3Gb5qCtDwYe783s7DwvFFyj43xbuZXVtfWN/GZha3tnd6+4f9DUQaQYNFggAtX2qAbBJTSQo4B2qID6noCWN7me+a17UJoH8g6nIfR8OpJ8yBlFI/WLR12EB0zfiUcKQCbxqF9J+sWSU3ZS2MvEzUiJZKj3i1/dQcAiHyQyQbXuuE6IvZgq5ExAUuhGGkLKJnQEHUMl9UH34nRvYp8aZWAPA2VKop2qvydi6ms99T3T6VMc60VvJv7ndSIcXvZiLsMIQbL5omEkbAzsWRj2gCtgKKaGUKa4+avNxlRRhiayggnBXTx5mTQrZbdart6el2pXWRx5ckxOyBlxyQWpkRtSJw3CyCN5Jq/kzXqyXqx362PemrOymUPyB9bnDxJolss=</latexit>g2

<latexit sha1_base64="mb4BIuXd0oYccJmOkFPD4xqYW9A=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ09MYnILevEY0SyQDKGn0zNp0rPQ3SOEIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKrnJYIrjfGHtbK6tr6xmdvKb+/s7u0XDg7bKk4lZS0ai1h2PaKY4BFraa4F6yaSkdATrOONr2Z+555JxePoTk8S5oYkiLjPKdFGug0GzqBQxHa9jstOHWG7gnGpVjUEn5dqlQpybDxHEZZoDgrv/WFM05BFmgqiVM/BiXYzIjWngk3z/VSxhNAxCVjP0IiETLnZ/NQpOjXKEPmxNBVpNFe/T2QkVGoSeqYzJHqkfnsz8S+vl2q/5mY8SlLNIrpY5KcC6RjN/kZDLhnVYmIIoZKbWxEdEUmoNunkTQhfn6L/SbtkO1W7elMuNi6XceTgGE7gDBy4gAZcQxNaQCGAB3iCZ0tYj9aL9bpoXbGWM0fwA9bbJ2OTjeY=</latexit>g1<latexit sha1_base64="XDgm0eLpWKbT2xb+QODRw5FYTuw=">AAACE3icbVBNS8MwGE7n15xfVY9egkMQ0dEOmV4GQy8eJ7gP6GpJs3QLS9OSpMIo+w9e/CtePCji1Ys3/43p1oNuPvCSJ8/zviTv48eMSmVZ30ZhaXllda24XtrY3NreMXf32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxR9eZ33kgQtKI36lxTNwQDTgNKEZKS555MoB1OPBsXdXsvE/P7El2mZE6dLR4mgmuZ5atijUFXCR2TsogR9Mzv3r9CCch4QozJKVjW7FyUyQUxYxMSr1EkhjhERoQR1OOQiLddLrTBB5ppQ+DSOjiCk7V3xMpCqUch77uDJEaynkvE//znEQFl25KeZwowvHsoSBhUEUwCwj2qSBYsbEmCAuq/wrxEAmElY6xpEOw51deJO1qxa5Varfn5cZVHkcRHIBDcAxscAEa4AY0QQtg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5A7nmmlQ=</latexit>

g = g1g2g
�1
1 g�1

2 = [g1, g2]

for <latexit sha1_base64="Lmpz7vCwIUNNxfURXpthNuK3OsY="></latexit>

⌦Spin
1

�
BSL(2,Z

�
= Z2 � Z12

(bordism groups are Abelian)

<latexit sha1_base64="NemC84Gx4C4EZZZN9tyJZ7hYZzM=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoQepMkeqy6saFi4r2gZ1SkjRtQzMPkoxQhvkMN/6KGxeKuO3OvzEzraCtBwIn59zLvffggDOpLOvLyCwtr6yuZddzG5tb2zvm7l5D+qEgtE587osWRpJy5tG6YorTViAocjGnTTy6SvzmIxWS+d69Gge046KBx/qMIKWlrnniuEgNhRtd4NjBbFCAP8LdTVwoH6c/jKOHuJjYxa6Zt0pWCrhI7BnJgxlqXXPi9HwSutRThCMp27YVqE6EhGKE0zjnhJIGiIzQgLY19ZBLZSdKD4vhkVZ6sO8L/TwFU/V3R4RcKccu1pXJnnLeS8T/vHao+uediHlBqKhHpoP6IYfKh0lKsMcEJYqPNUFEML0rJEMkEFE6y5wOwZ4/eZE0yiW7Uqrcnuarl7M4suAAHIICsMEZqIJrUAN1QMATeAFv4N14Nl6ND+NzWpoxZj374A+MyTc2nZ/g</latexit>

Ab
�
SL(2,Z)

�

<latexit sha1_base64="mb4BIuXd0oYccJmOkFPD4xqYW9A=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ09MYnILevEY0SyQDKGn0zNp0rPQ3SOEIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKrnJYIrjfGHtbK6tr6xmdvKb+/s7u0XDg7bKk4lZS0ai1h2PaKY4BFraa4F6yaSkdATrOONr2Z+555JxePoTk8S5oYkiLjPKdFGug0GzqBQxHa9jstOHWG7gnGpVjUEn5dqlQpybDxHEZZoDgrv/WFM05BFmgqiVM/BiXYzIjWngk3z/VSxhNAxCVjP0IiETLnZ/NQpOjXKEPmxNBVpNFe/T2QkVGoSeqYzJHqkfnsz8S+vl2q/5mY8SlLNIrpY5KcC6RjN/kZDLhnVYmIIoZKbWxEdEUmoNunkTQhfn6L/SbtkO1W7elMuNi6XceTgGE7gDBy4gAZcQxNaQCGAB3iCZ0tYj9aL9bpoXbGWM0fwA9bbJ2OTjeY=</latexit>g1

<latexit sha1_base64="5geMNV7cXRpe++I/7+7GW96CDZ0=">AAAB/3icbVBNS8NAEN3Ur1q/qoIXL8EieCpJkeqx6MVjBfsBbSmb7bRdutmE3YlYYg7+FS8eFPHq3/Dmv3Gb5qCtDwYe783s7DwvFFyj43xbuZXVtfWN/GZha3tnd6+4f9DUQaQYNFggAtX2qAbBJTSQo4B2qID6noCWN7me+a17UJoH8g6nIfR8OpJ8yBlFI/WLR12EB0zfiUcKQCbxqF9J+sWSU3ZS2MvEzUiJZKj3i1/dQcAiHyQyQbXuuE6IvZgq5ExAUuhGGkLKJnQEHUMl9UH34nRvYp8aZWAPA2VKop2qvydi6ms99T3T6VMc60VvJv7ndSIcXvZiLsMIQbL5omEkbAzsWRj2gCtgKKaGUKa4+avNxlRRhiayggnBXTx5mTQrZbdart6el2pXWRx5ckxOyBlxyQWpkRtSJw3CyCN5Jq/kzXqyXqx362PemrOymUPyB9bnDxJolss=</latexit>g2

<latexit sha1_base64="6XigQ0ZJLY6Rri0pZlcx4COOY/E=">AAAB73icdVDJSgNBEK1xjXGLevTSGAQvDj0xickt6MVjBLNAMoaeTk/SpGexu0cIQ37CiwdFvPo73vwbO4ugog8KHu9VUVXPiwVXGuMPa2l5ZXVtPbOR3dza3tnN7e03VZRIyho0EpFse0QxwUPW0FwL1o4lI4EnWMsbXU791j2TikfhjR7HzA3IIOQ+p0QbqT3oObfpqTPp5fLYrlZx0akibJcwLlTKhuCzQqVUQo6NZ8jDAvVe7r3bj2gSsFBTQZTqODjWbkqk5lSwSbabKBYTOiID1jE0JAFTbjq7d4KOjdJHfiRNhRrN1O8TKQmUGgee6QyIHqrf3lT8y+sk2q+4KQ/jRLOQzhf5iUA6QtPnUZ9LRrUYG0Ko5OZWRIdEEqpNRFkTwten6H/SLNhO2S5fF/O1i0UcGTiEIzgBB86hBldQhwZQEPAAT/Bs3VmP1ov1Om9dshYzB/AD1tsnuXOPzA==</latexit>

g�1
1

<latexit sha1_base64="D+lPi5eiGZpTKeYayjzBAQ/0ENI=">AAAB73icdVDLSgMxFM34rPVVdekmWAQ3DplpbZ1d0Y3LCvYB7VgyaaYNzWTGJCOUoT/hxoUibv0dd/6N6UNQ0QMXDufcy733BAlnSiP0YS0tr6yurec28ptb2zu7hb39popTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0eXUb91TqVgsbvQ4oX6EB4KFjGBtpPag595mp86kVygi2yk5JeRCZHueV/GqhiC3dOaVoWOjGYpggXqv8N7txySNqNCEY6U6Dkq0n2GpGeF0ku+miiaYjPCAdgwVOKLKz2b3TuCxUfowjKUpoeFM/T6R4UipcRSYzgjrofrtTcW/vE6qw3M/YyJJNRVkvihMOdQxnD4P+0xSovnYEEwkM7dCMsQSE20iypsQvj6F/5OmazsVu3JdLtYuFnHkwCE4AifAAVVQA1egDhqAAA4ewBN4tu6sR+vFep23LlmLmQPwA9bbJ8Lvj9M=</latexit>

g�1
2

<latexit sha1_base64="0iAyq5V5B6kCXWfuZh2A5OYR7l8=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoxWME84BkCbOT3mTMPNaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFRTaFDFlW5HxABnEhqWWQ7tRAMREYdWNLqZ+q0n0IYpeW/HCYSCDCSLGSXWSc2uYQIee6WyX/FnwMskyEkZ5aj3Sl/dvqKpAGkpJ8Z0Aj+xYUa0ZZTDpNhNDSSEjsgAOo5KIsCE2ezaCT51Sh/HSruSFs/U3xMZEcaMReQ6BbFDs+hNxf+8TmrjqzBjMkktSDpfFKccW4Wnr+M+00AtHztCqGbuVkyHRBNqXUBFF0Kw+PIyaZ5XgmqlendRrl3ncRTQMTpBZyhAl6iGblEdNRBFD+gZvaI3T3kv3rv3MW9d8fKZI/QH3ucPtS2PPA==</latexit>'

see also [McNamara ’21], [Ruiz ’24]



Example: type IIB supergravity
[Debray, MD, Heckman, Montero ’23]

The defects from F-theory:

S1

monodromy

close the base into a disc

singular fiber

defects are 
[p,q]-7-brane stacks

See also [MD, Heckman ’20]



Example: type IIB supergravity
[Debray, MD, Heckman, Montero ’23]

Many other interesting configurations

L7
3

L9
3 , L9

4 , L̃9
4

L5
n

ℙ1

• S-folds

• topological 
twists

• …



S1

g ∈ GL+(2,ℤ)

A new 7-brane

ΩSpin−GL+(2,ℤ)
1 (pt) = ℤ2 ⊕ ℤ2

taken care of by [p,q]-7-branes
(F-theory) see also [MD, Heckman ’20]

[MD, Heckman, Montero, Torres ’22 +’23]



S1

g ∈ {Ω, (−1)FL}

ΩSpin−GL+(2,ℤ)
1 (pt) = ℤ2 ⊕ ℤ2

new ‘reflection’ 7-brane
hints in [Distler, Freed, Moore ’09]

Q
Q̃

≠

D3

D3

Breaks supersymmetry

Alice string for D3 branes

A new 7-brane



D3-branes can end on R7-brane

D3D3

2 × D3 2 × D3

D3-branes end because of
 transformationC4 → − C4

(at least in pairs)

something should absorb charge



3-form fields
D3-brane creates 3d worldvolume in R7-brane

flux on transverse S4

suggests  (odd under reflections)F4 = dC3

massless 3-form on R7-brane

(potentially interesting behavior under S-duality; 
interacting non-supersymmetric CFT in 8d???)



Example: Maximal supergravity
[Braeger, Debray, MD, Heckman, Montero ’25]

e.g. [Obers, Pioline ’98]

Has a U-duality:
<latexit sha1_base64="DNzGKJEK+D7O+wuVRxhByb9v1rQ="></latexit>

⌦Spin
d

�
B(SL(2,Z)⇥ SL(3,Z))

�

many interesting defects

importance of non-geometric defects



Example: Maximal supergravity
[Braeger, Debray, MD, Heckman, Montero ’25]

e.g. [Obers, Pioline ’98]

Has a U-duality:

<latexit sha1_base64="JWIF0ihYtFOfjnj5+Hfu3Y8iJVI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqDPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0AeM9g==</latexit>g
<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

} perfect:

think about M-theory on torus

<latexit sha1_base64="Xx+DuA2rZUavL0Hco939AcEQqM8=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIVC9C1YMeK5i20Iaw2W7bpZsPdifSEvJXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMPD8WXIFlfRsrq2vrG5uFreL2zu7evnlQaqookZQ5NBKRbPtEMcFD5gAHwdqxZCTwBWv5o9up33piUvEofIRJzNyADELe55SAljyz1AU2hvTazyp3nnOKr7DlmWWras2Al4mdkzLK0fDMr24voknAQqCCKNWxrRjclEjgVLCs2E0UiwkdkQHraBqSgCk3nd2e4ROt9HA/krpCwDP190RKAqUmga87AwJDtehNxf+8TgL9SzflYZwAC+l8UT8RGCI8DQL3uGQUxEQTQiXXt2I6JJJQ0HEVdQj24svLpHlWtWvV2sN5uX6Tx1FAR+gYVZCNLlAd3aMGchBFY/SMXtGbkRkvxrvxMW9dMfKZQ/QHxucPAG6THw==</latexit>

Ab(GU ) = 0
<latexit sha1_base64="5geMNV7cXRpe++I/7+7GW96CDZ0=">AAAB/3icbVBNS8NAEN3Ur1q/qoIXL8EieCpJkeqx6MVjBfsBbSmb7bRdutmE3YlYYg7+FS8eFPHq3/Dmv3Gb5qCtDwYe783s7DwvFFyj43xbuZXVtfWN/GZha3tnd6+4f9DUQaQYNFggAtX2qAbBJTSQo4B2qID6noCWN7me+a17UJoH8g6nIfR8OpJ8yBlFI/WLR12EB0zfiUcKQCbxqF9J+sWSU3ZS2MvEzUiJZKj3i1/dQcAiHyQyQbXuuE6IvZgq5ExAUuhGGkLKJnQEHUMl9UH34nRvYp8aZWAPA2VKop2qvydi6ms99T3T6VMc60VvJv7ndSIcXvZiLsMIQbL5omEkbAzsWRj2gCtgKKaGUKa4+avNxlRRhiayggnBXTx5mTQrZbdart6el2pXWRx5ckxOyBlxyQWpkRtSJw3CyCN5Jq/kzXqyXqx362PemrOymUPyB9bnDxJolss=</latexit>g2

<latexit sha1_base64="mb4BIuXd0oYccJmOkFPD4xqYW9A=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ09MYnILevEY0SyQDKGn0zNp0rPQ3SOEIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKrnJYIrjfGHtbK6tr6xmdvKb+/s7u0XDg7bKk4lZS0ai1h2PaKY4BFraa4F6yaSkdATrOONr2Z+555JxePoTk8S5oYkiLjPKdFGug0GzqBQxHa9jstOHWG7gnGpVjUEn5dqlQpybDxHEZZoDgrv/WFM05BFmgqiVM/BiXYzIjWngk3z/VSxhNAxCVjP0IiETLnZ/NQpOjXKEPmxNBVpNFe/T2QkVGoSeqYzJHqkfnsz8S+vl2q/5mY8SlLNIrpY5KcC6RjN/kZDLhnVYmIIoZKbWxEdEUmoNunkTQhfn6L/SbtkO1W7elMuNi6XceTgGE7gDBy4gAZcQxNaQCGAB3iCZ0tYj9aL9bpoXbGWM0fwA9bbJ2OTjeY=</latexit>g1

<latexit sha1_base64="8LRe/I3H3tmO6lOKPMTq3LnsxbE=">AAACFXicbVBNS8NAEN34bf2qevSyWAQFKYlI9SIUPehNRatiU8NmO20XN5uwOxFLyJ/w4l/x4kERr4I3/43b2oNfDwYe780wMy9MpDDouh/O0PDI6Nj4xGRhanpmdq44v3Bm4lRzqPFYxvoiZAakUFBDgRIuEg0sCiWch9d7Pf/8BrQRsTrFbgKNiLWVaAnO0EpBcd0/jKDNrjIf4Razk0SoPA88urq7H9TW6A71I4adMMwu82AjKJbcstsH/Uu8ASmRAY6C4rvfjHkagUIumTF1z02wkTGNgkvIC35qIGH8mrWhbqliEZhG1v8qpytWadJWrG0ppH31+0TGImO6UWg7ezea315P/M+rp9jabmRCJSmC4l+LWqmkGNNeRLQpNHCUXUsY18LeSnmHacbRBlmwIXi/X/5LzjbKXqVcOd4sVXcHcUyQJbJMVolHtkiVHJAjUiOc3JEH8kSenXvn0XlxXr9ah5zBzCL5AeftExiBniQ=</latexit>

⌦Spin
1 (BGU ) = Z2



Example: Maximal supergravity
[Chakrabhavi, Debray, MD, Heckman ’25]

Again the action different on bosons and fermions:
<latexit sha1_base64="motvhnqIQNV0a7wWvizm/6KRwto=">AAACTnicbVFNSwMxEM3Wr1q/qh69BIvgqeyKqEfRgx4VrBXbsmSz0zaYTZZkVilLf6EX8ebP8OJBEU0/Dtr2wcDjvRmSeROlUlj0/TevMDe/sLhUXC6trK6tb5Q3t26tzgyHGtdSm7uIWZBCQQ0FSrhLDbAkklCPHs4Hfv0RjBVa3WAvhVbCOkq0BWfopLAMPm1KrTpGdLrIjNFPtJkw7EZRft8PD6bNJxEDChlDftEPa1P+xQzNp2G54lf9Ieg0CcakQsa4CsuvzVjzLAGFXDJrG4GfYitnBgWX0C81Mwsp4w+sAw1HFUvAtvJhHH2655SYtrVxpZAO1b8TOUus7SWR6xysaie9gTjLa2TYPmnlQqUZguKjh9qZpKjpIFsaCwMcZc8Rxo1wf6W8ywzj6C5QciEEkytPk9uDanBUPbo+rJyejeMokh2yS/ZJQI7JKbkkV6RGOHkm7+STfHkv3of37f2MWgveeGab/EOh+AtDD7Yv</latexit>

0 �! Z2 �! eGU �! GU �! 0

<latexit sha1_base64="ETsRg0DE6Xmq6M4iEOfGbzDM7og=">AAACH3icbVDLSsRAEJz4dn2tevQyuAh6cElEVi+C6EFvKroqbNYwmfSug5NJmOmoS8ifePFXvHhQRLz5N84+Dr4KGoqqbrq7wlQKg6776QwNj4yOjU9MlqamZ2bnyvML5ybJNIc6T2SiL0NmQAoFdRQo4TLVwOJQwkV4s9/1L25BG5GoM+yk0IxZW4mW4AytFJRr/lEMbXaV+wj3mJ+mQq0X/p2IAIWMID8ognoReHS176dYrNEd6gblilt1e6B/iTcgFTLAcVD+8KOEZzEo5JIZ0/DcFJs50yi4hKLkZwZSxm9YGxqWKhaDaea9/wq6YpWIthJtSyHtqd8nchYb04lD2xkzvDa/va74n9fIsLXdzIVKMwTF+4tamaSY0G5YNBIaOMqOJYxrYW+l/JppxtFGWrIheL9f/kvON6perVo72azs7g3imCBLZJmsEo9skV1ySI5JnXDyQJ7IC3l1Hp1n581577cOOYOZRfIDzucXLVOjAg==</latexit>

⌦Spin- eGU
1 (pt) = 0



Example: Maximal supergravity
[Chakrabhavi, Debray, MD, Heckman ’25]

But there is also a reflection:

M-theory makes sense on un-oriented spaces

need to include new reflection branes
also [MD, Heckman, Montero, Torres ’22 + ’23] in IIB

<latexit sha1_base64="JTQCTKvWCArWG9cjLHvqfKt64+Y=">AAACDXicbVC7TsMwFHXKq5RXgZHFoiAxVUmFCmMFA4xFog/RVJHj3LZWnYdsB1RF+QEWfoWFAYRY2dn4G5w2A7QcydLROff63nvciDOpTPPbKCwtr6yuFddLG5tb2zvl3b22DGNBoUVDHoquSyRwFkBLMcWhGwkgvsuh444vM79zD0KyMLhVkwj6PhkGbMAoUVpyykf2A/NAMe5BcpU6LWwLxXyQ2PaJGrlucpc6NadcMavmFHiRWDmpoBxNp/xleyGNfQgU5UTKnmVGqp8Q/TflkJbsWEJE6JgMoadpQPTEfjK9JsXHWvHwIBT6BQpP1d8dCfGlnPiursx2lPNeJv7n9WI1OO8nLIhiBQGdDRrEHKsQZ9Fgjwmgik80IVQwvSumIyIIVTrAkg7Bmj95kbRrVaterd+cVhoXeRxFdIAO0Qmy0BlqoGvURC1E0SN6Rq/ozXgyXox342NWWjDynn30B8bnD8j0nAU=</latexit>

eGU o Z2

<latexit sha1_base64="g5Z4/L3SRi3ZJBbCtQ2thDvErmk="></latexit>

⌦Spin-( eGUoZ2)
1 (pt) = Z2

always survives



Conclusion
Bordisms are a very efficient tool to learn about quantum gravity


