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Abstract

Let p be a prime, n,r € N, S € Z such that (S,p) = 1. We let

Qr = Z tijxiajj € Z[xb s 7xr]

1<i<j<r

be an integral r-dimensional quadratic form. For convenience, set e(a) = €*™*, where o € Q.

Denote the quadratic Gauss sum by

p"—1 )
G(S;p") = e(Sx )

The evaluation of this sum was completed by Gauss in the early 19th century. Many
proofs of Gauss’s results have subsequently been obtained through a variety of methods.
We are interested in the so called quadratic form Gauss sum, given by
pn_l S
G@QuSip) = Y e <ﬁ : Qr>
Under certain assumptions on @),, we show how we may express G(Q,; S;p") as a product

of quadratic Gauss sums.
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Chapter 1

Introduction

We let N,Z,Q,R,C denote the sets of natural numbers, integers, rational numbers, real
numbers and complex numbers, respectively, and we let Ny = NU {0}. If 2 > 0 then z3
denotes the principal square root of x, and if x < 0 then 22 denotes the root in the upper half
plane. If z is any complex number, we let (z) denote the real part of z. For any two integers
a and b, we let (a,b) denote their greatest common divisor. For notational convenience, for
any o € Q we set e(a) = €™, so that e(a + 3) = e(a)e(). For this chapter, let ¢ € N and
S € Z satisfy (S,q) = 1 and let k be an arbitrary odd positive integer. In general, we let
(§> denote the Jacobi symbol.

q
The exponential sum given by

qg—1

Sx?
Gisi =Y e ()
=0 q
is called the quadratic Gauss sum modulo gq. This sum was first studied by Gauss in the early

19" century [42], from where it gets its name. In 1811, Gauss [41] was able to determine
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the incredible formula

(
(g) e if g =1 (mod 4)
(5:a) 0 if ¢ =2 (mod 4) 1)
G(S;q) = 1.1
z(g) q% if ¢ = 3 (mod 4)
DY g i =
K<S>(1—|—z)q if ¢ =0 (mod 4).

The formula for the quadratic Gauss sum is a deep theorem. There are a wide variety of
proofs which may deduce results analogous to (1.1). These methods begin with Gauss and
are still being found in the 21st century

The method used by Gauss was to study the polynomial

ﬁw=iFWﬁﬂ%§S:i“WM’

7=0 =1 7=0

n
] is often called the Gaussian coefficient, or

for 2 € C with z # 1. Note that the symbol [
J

1
Gaussian polynomial [10, p. 42]|. For p an odd prime and z = e (—), Gauss showed that
p

G(L;p) = f(p—1)e <p28_ 1) (1) (1.2)

Gauss then used the properties of f, and (1.2) to arrive at (1.1); see, e.g. [93, pp. 177-180].
Note that it is straightforward to show |G(1:k)| = k2. Given the correct unit expression
for G(1; k), one can use elementary methods to arrive at the formula given in (1.1). Thus,
to evaluate G(S; q) it is sufficient to determine that G(1;p) = i(pT_l)zp% for p an odd prime;
see, e.g. [12, pp. 18-24].

Dirichlet, beginning in 1835, published a series of papers which reproduced Gauss’ results;

28], [29], [30]; see also [31, pp. 287-292]. Dirichlet used a variation of the Poisson summation
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formula to show
1 ) gy 1
G(1l;q) = 5(1—}—2)(1—!—1 gz (1.3)

Due to the multiplicative structure of the quadratic Gauss sum, one can recover Gauss’
formula in (1.1) from the expression given in (1.3). A modern exposition of Dirichlet’s proof
may be found in the book by Davenport [24, pp. 13-16] and the paper by Casselman [17].
In 1840, Cauchy [18, pp. 566-572] gave a proof of Gauss’ results using the transformation

izn?

formula for the classical theta function (z) = Z e (T)’ defined for R(z) > 0 [11, p.

112]. A modern exposition of Cauchy’s proof is given in the book by Chandrasekharan [19,
p. 141-144]. Additionally, in the same paper, Cauchy [18, pp. 560-565] gave an elementary
proof of (1.3). Circa 1850, Schaar used the Poisson summation formula to determine the sign
of G(1; k) [98]. Subsequently, using similar methods, Schaar developed a reciprocity formula
for the quadratic Gauss sum [99], from which one can deduce the expression given in (1.3).
This latter formula is now called Schaar’s identity [11, p. 111]. Shortly after, in 1852,
Genocchi [44] used the Abel-Plana summation formula to deduce Gauss’ results. Later, in
1889, Kronecker [69] used contour integration to develop a general reciprocity formula for a
generalized quadratic Gauss sum, of which Schaar’s identity is a special case. This method of
proof can be found in the books by Apostol [5, pp. 195-200] and Berndt, Evans and Williams
[12, pp. 13-14]. Kronecker was quite taken with the quadratic Gauss sum, as earlier he gave
an elementary proof determining the sign of G(1; k) [67], as well as a refinement of Cauchy’s
methods for theta functions [68] and a discussion of Dirichlet’s method [70]; see also the
books by Krazer [65, pp. 183-193], Bellman [8, pp. 38-39] and Eichler [34, pp. 44-48]. Near
the end of the century, in 1896, Mertens [86] gave an elementary proof establishing the sign
of G(1; k).

More methods of proof and refinements of these methods would follow in the 20" century.

In 1903, Lerch [75] further simplified and generalized the theta function approaches of Cauchy
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and Kronecker. In 1918, Mordell [89] simplified Kronecker’s contour integration method to
arrive at the expression given in (1.3). Shortly thereafter, in 1921, Schur [100] used the
determinants of certain matrices to evaluate G(1; k). The proofs of Mertens, Schur and the
contour integration proof of Kronecker are given in the book by Landau [71, pp. 203-218].
In 1945, Estermann [35] gave a very elegant proof determining the sign of G(1; k). Later, in
1958, Shanks [102] gave an elementary evaluation of G(1; k) using a certain product and sum
identity. Shortly after, in 1960, Siegel [104] gave a proof of (1.3) using a similar approach
to Mordell, as well as a generalized reciprocity theorem. In the same year, Mordell [91]
gave an elementary proof of the sign of G(1;k). A similar method to that of Schur would
follow in 1966 by Carlitz [16]. Waterhouse [110], in 1970, would simplify Schur’s method to
determine the sign of G(1; k). In 1973, Berndt [9] used contour integration to develop a very
general reciprocity theorem, of which Siegel’s result follows. A more general theorem would
follow by Berndt and Schoenfeld [13] in 1975, using the Poisson summation formula. In
1981, Bressoud [15] follows the method of Gauss using a certain g-series identity, to deduce
the value of G(1;k). More recently, in 1995, Sczech [101] was able to deduce the value of
G(1; k) using Jacobi’s triple product identity. One can consult the survey by Berndt and
Evans [11] as well as the book by Berndt, Evans and Williams [12, pp. 50-54] for detailed
developments of these results.

New methods for Gauss’ results are still being discovered in the 21 century. In 2000,
Danas [23] was able to determine the value of G(1;p), for p an odd prime, using a circulant
matrix with Legendre symbol entries. In 2010, Gurevich, Hadani and Howe [48] have been
able to determine the sign of G(1; k) using the finite Weil representation. A 2014 paper by
Grant [47] demonstrates a wide variety of elementary proofs of G(1;p), for p an odd prime.

We mention that we have restricted the scope of our discussion specifically to the quadratic
Gauss sum. The quadratic Gauss sum will generalize to a certain type of character sum over
a ring of integers [5, p. 165], as well as an exponential sum over a finite field [12, p. 9].

Indeed, the quadratic Gauss sum is only a particular type of exponential sum, of which there
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are a wide variety [12, p. 55]. We will discuss these generalizations in our final chapter.
We are interested in extending the quadratic Gauss sum over multiple variables using a
quadratic form argument. Let r € N. We let (), denote an arbitrary r-dimensional integral

quadratic form, given by

Z tijxixj S Z[[Eh o ,JIT].

1<i<j<r

Thus, we define G(Q,; S; q) to be the exponential sum given by

G(Qr; S;q) = qz_i 6(5@"),

z1,...,2r=0 q

and we call this a quadratic form Gauss sum. For convenience, we let t; = t;; for each i.
'

Observe that if ), is a diagonal form, say @), = Z t;x7, then our quadratic form Gauss sum
i=1
reduces to a product of quadratic Gauss sums, as

G(Qr;5:9) i SZM 1> 10 <St$ ) =1£[G(Sti;q).

T1,..,T =1 x; =1

We will examine how we may appropriately diagonalize (), to express the quadratic form
Gauss sum as a product of quadratic Gauss sums. In particular, we do so in an elementary
manner.
The quadratic form Gauss sum was first investigated in the 19* century. In a paper
published in 1872, H. Weber [111] investigated the sum G(Q,;1;q) where @, is of the form
.

Z tiw? + 2 Z ti;x;x;. His method appears to be to determine a change of variables for
i=1 1<i<j<r
which he may write Q, = Ax? + Q,_1(x2,...,7,), so that an expression for the quadratic

form Gauss sum can be determined recursively. Weber first evaluates G(Q,; 1;p), for p an

odd prime, and generalizes these results using the Chinese remainder theorem. This work



CHAPTER 1. INTRODUCTION 6

was simplified very shortly afterwards by Jordan [61], whose paper was published in 1871.
Despite the disparity in publishing dates, Jordan makes explicit reference to the paper by
Weber in his article. Additionally, the paper by Jordan does not contain any general results.
These papers were written in German and French, respectively, and an English translation
does not appear to be available. References to these papers are rare.

The quadratic form Gauss sum was then most prominently seen afterwards in the state-
ment of various reciprocity theorems. We emphasize that none of these reciprocity theorems
use the results of Weber. To limit our scope of discussion, we mention only a few related
results. In a 1912 manuscript dedicated to Weber, Krazer [66], using a multi-variable Pois-
son summation formula, develops a reciprocity theorem for a certain quadratic form Gauss
sum. The reciprocity theorem of Krazer would be generalized by Siegel [103] in 1935. Note
that this paper by Siegel is a seminal treatment in the classification of quadratic forms, and
introduces his mass formula.

More recently, in 1998, Deloup [26] and Turaev [107] establish more general reciprocity
theorems, of which Krazer’s and Siegel’s are special cases. Further, the paper of Turaev
shows that the reciprocity theorem first discovered by Kronecker is also a special case of
his formula. These generalizations are treated in the book by Polishchuk [96, pp. 58-60].
We mention that the papers by both Deloup and Turaev make reference to a preprint by R.
Dabrowski entitled Multivariate Gauss Sums, which does not appear to have been published.
This paper claims to have proven the reciprocity theorem of Krazer by use of p-adic numbers
[25, p. 71]. A paper available online by Taylor [106] gives a brief exposition which reproduces
Krazer’s results. One can consult the exhaustive work by Lemmermeyer [74] to track the
development of reciprocity theorems. They have deep connections with the quadratic Gauss
sum.

An important application of the quadratic form Gauss sums is in determining the number
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of solutions to the congruence

Q. =t (mod q). (1.4)

We see that the number of solutions to this congruence is given by

;i “’i ‘ (M) B lqie (_—yt) G(Qr;y;q). (1.5)

y=0 z1,...,.2,=0 q q y=0 q

Historically, there appear to be few applications of the methods of Weber and Jordan con-
cerning this problem. In fact, Jordan investigated the number of such solutions both in 1866
[59] and 1872 [62]; see also, [60, pp. 156-161]. However, he did not use an exponential sum
method. A note by Jordan [63, p. 25] in 1881 indicates he was aware of the method given
in (1.5).

A rare reference to the quadratic form Gauss sum is given in a 1954 paper by Cohen
[22]. In this paper, Cohen uses the results of Weber [22, p. 14] in his investigation into the

number of solutions of

o x4+ -+ a0t =t (mod q). (1.6)
However, Cohen does not use the results of Weber directly in a manner similar to (1.5). He
instead attains his results by evaluating a certain singular series. Cohens singular series is
similar to the series introduced by Hardy [54, p. 256] in a paper investigating the represen-
tation of integers as a sum of squares. There are intricate connections with these types of

singular series and the quadratic Gauss sums. Cohen [22, p. 27] himself states:

It is of interest to note that, although the Gauss sum G(1;¢q) is of fundamental
importance in the preceding treatment of quadratic congruences, at no point was

it necessary to use the precise evaluation of G(1;q).

Determining the number of solutions for a; = ... =a, =1 in (1.6) is given as an exercise in
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(12, p. 46].

Determining the number of solutions to the congruence in (1.4) is an ongoing and ac-
tive problem. There are some recent results which use the approach given in (1.5), without
making explicit mention of the quadratic form Gauss sum. The 2004 paper of Araujo and
Fernandez [6] used a sum analogous to the quadratic form Gauss sum to investigate the
number of solutions to a diagonal quadratic form congruence, similar to that in (1.6). The
2012 paper by A. Alaca and Williams [3] and current preprint of Alaca, Alaca and Williams
2] use explicit evaluations of quadratic Gauss sums in order to determine the number of so-
lutions to a particular quaternary form congruence. As this form is diagonal, they implicitly
use the quadratic form Gauss sum. Indeed, the paper by Alaca and Williams uses the sum
given in (1.5) in connection with Siegel’s mass formula. In this fashion, given an expression
for G(Q,;S;q), the evaluation of (1.5) will have deep results.

We look to evaluate G(Q,;S;q). To simplify our evaluation, we fix ¢ = p™ for p prime
and look to evaluate G(Q,;S;p"). Our primary motivation is given by a recent paper by
Alaca, Alaca, and Williams [1]. In this paper, they use elementary methods to evaluate the

so-called double Gauss sum

pr—1
S(az? + bxy + cy?
G(Q2; S;p") = Ze( ( pny y>),

z,y=0

where a,b,c € Z are such that (a,b,c) = 1 and 4ac — b*> # 0. We give a brief overview of
their method

Observe that the quadratic form Qy = ax?® + bxy + cy? can be expressed as the 1 x 1

matrix product

NS

Qy = [z Y] [z y]".

The approach by Alaca, et al. is to determine integers p, o, 7, 4 such that, modulo p", we
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have

T

Q2 = [7 Y] [z y]" (mod p™).

s
\]
S

[NSIS

e

\]

Q
=
N

o

Q
=

Subsequently, they show that there exists an automorphism A defined on Zyn x Z,» which
is given by A(z,y) = (pr + oy, 7x + py). Due to their choice of integers, by setting A =

ap® + bpt + ct?, we have

Q> = Ax* + A(4ac — b*)y* (mod p"), (1.7)

and in particular we will have (A, p) = 1. Hence, it follows that

Ca o el S(Az? + A(dac — b2)y2))
GlQusin = Y =

z,y=0

= G(SA(4ac — b*);p")G(SA; p™). (1.8)

We mention that this will hold in general for p an odd prime. When p = 2, one must consider
certain cases with respect to the coefficients of Q5.

Our method is similar. We find a diagonalization of our quadratic form @), which will
result in a change of variables that yields a similar congruence as seen in (1.7). Consider the

matrix

IS
I
—_
[\
IS
o

[\l
(@)
S
[\
(@

Under the assumption a # 0, the symmetric matrix M can be decomposed into the LDLT
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decomposition given by

2a b 10 2a 0 1 2
b 2 2 0 dact? 0 1
Hence, we see that
M D
ax’ +bry + ey’ = [wyl v y]" = [pyl Lo LM [z y)"
D
= XY]SX YT,

b
where X = x + 2_3/ and Y = y. Thus, our quadratic form can be written as a diagonal form
a
with rational coefficients, that is,

(4ac — b?)

Y2,
4a

az? 4+ bry + cy® = aX? +
We multiply this equation by the least common denominator, to arrive at
4aQy = (2aX)* + (4ac — b*)Y?. (1.9)

Assume for the sake of discussion that p is an odd prime. As a # 0 we may write 2a = p*A
for « € Ny and A € Z coprime to p. We then reduce the equation in (1.9) with respect to

the modulus p"**. This yields
P°Qs = (2A) 1 (p*AX)? + (24) Y (dac — b2)Y2 (mod p™te).

It will then follow due to the structure of the quadratic Gauss sum that

anra —1 pn+a —1

S(QA)1(4ac—bQ)Y2> 3 €<S(2A)1(paAX)2>‘

pn—‘roc pn-‘ra

1
G(Q2; S;p") = o e(

y=0

=0
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If we assume that (a,b,c¢) = 1, we can show that each of these indexed sums will be a

quadratic Gauss sum, so we may conclude that
1
G(Q2; S;p") = =G(2SA(4ac — b°); p"+*)G(2S Ap**; p"+).
p (6%

Due to various simplification properties inherent in the quadratic Gauss sum, this will yield
the same result as given by Alaca, et al. in (1.8). Further, our method for the even prime
case will be similar.

This procedure for a given binary quadratic form can be expanded in a similar fashion
to higher dimensional quadratic forms. Let r € N and (), an integral quadratic form in
r variables. Under certain assumptions on the coefficients of (),, one may decompose its

associated symmetric matrix into an LDLT decomposition. From here, one can show that

cQ, = ZTZ'XZZ (mod p")

i=1

where 7; € Z, C' € Z and X; is an integral function of » — ¢ + 1 variables. Assume for the
sake of discussion that C' = 1. We nest our sums so that, for sufficiently large n, X; will

behave like x; modulo p™. This diagonalization of @), will yield

p"—1

r p"—1 r
G(QrSip )= > e (%ZE‘X?> = > Ile (ST—XQ)
i=1

n
T1,...,xr=0 T1,...,xr=0 i=1 p

p"—1 p"—1
STTXT?) (SﬁX%)
— e P PP e

xr=0 x1=0

= [1GGsmip.
=1

A necessary requirement for our results is that, for an integral quadratic form in r vari-
ables, the first r — 1 leading principal minors of its associated symmetric matrix be non-zero.
Set A to be the product of these minors, which we call the associated minor product. Un-

der the assumption A # 0, we will achieve our results depending on the divisibility of the
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factors of A. Specifically, for a prime power p”, we will attain an expression for G(Q,; S; p")
under the following conditions: A is coprime to p, the factors of A have favorable divisibility
properties, n is sufficiently large. We note that the result for each case will be the same, but
the manner in which these results were obtained will vary.

We begin in Chapter 2 by going over some basic properties and notation we’ll need to
prove our main results. In particular, we review some basic properties concerning quadratic
residues and the Legendre symbol. Chapter 3 looks at properties of the quadratic Gauss
sum. The quadratic Gauss sum will possess various cancellation properties which we will
make use of. As well, we will look at a quadratic Gauss sum with congruence conditions
imposed on the index. Chapter 4 shows how we may diagonalize a quadratic form. This will
demonstrate the necessity of the condition A # 0, as the diagonalization will follow after
row reducing an associated symmetric matrix to row echelon form. In Chapter 5, using what
was established in the previous two chapters, we present our main results. In particular, we
determine a complete solution for G(Q; S;p™) for both p odd and even. Additionally, we
give an expression for the ternary quadratic form Gauss sum G(Q3; S; p™) under unfavorable
divisibility conditions. Finally, we present multiple methods to evaluate G(Q,;S; p"™) under
varying conditions, for which the binary and ternary forms will follow as specific examples.
In Chapter 6, we present an application of the evaluation of G(Q,;S;p"). Specifically,
we will determine the number of solutions of the congruence Qo = k (mod p"), where @y
is any binary quadratic form with integer coefficients, and k is any integer. Finally, we
present further avenues of research in Chapter 7. We first show how we may generalize the
quadratic form Gauss sum to an arbitrary odd positive modulus, say G(Q,;S;q). As well,
using our main results we demonstrate some obvious multiplicative properties. Subsequently,
we investigate how we might generalize the quadratic form Gauss sum to other types of
Gauss sums. Finally, we mention current applications of various Gauss sums and their

generalizations.



Chapter 2

Basic Properties

In this chapter, we review the basic notation, definitions and propositions we will be using.

2.1 Notation

As in the introduction, we let N, Ny, Z and QQ denote the natural numbers, the non-negative
integers, the integers and rational numbers, respectively. As well, we let (z,y) denote the
greatest common divisor of the integers x and y. For any =z € Q, we let [z] denote the
greatest non-negative integer less than or equal to . For p € N and ¢ € Z, we write p | ¢
to indicate p divides ¢q. Otherwise, we write p f ¢. We write x = y (mod p) to indicate
pl(z—y)

From now on, we will let p denote a prime. We let n € N and S € Z be such that
(S,p) = 1. Let t € Z be arbitrary. In general, if t # 0 we will write ¢t = p"T', where 7 € Ny
and T € Z is such that (7,p) = 1. Our convention for integer notation is that lower case
letters will be arbitrary integers, upper case letters will be integers co-prime to p and Greek
letters will denote non-negative integers. Generally, we are concerned with the divisibility of
residues modulo a prime power. We let 1,...,p" denote the system of residues modulo p™.
In this fashion, for any nonzero ¢t € Z, we may write t = p™T (mod p™) for some 7 € Ny and
1 < T < p" coprime to p. If t = 0, then by convention we set 7 =n and T = 1.

For any o € Q we write e(a) = e*™* so that e(a+ 3) = e(a)e(f), for arbitrary o, 3 € Q.
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Further, it is clear that

For arbitrary o, 8 € Q we adopt the convention that e®(a) = (e(@))” = e (a - ). Note that

S t t
e (—) is a p™ root of unity, so that e (—) = 1 if and only if p | t. Further, e (—> is
p p p

.. . . . T+ x .
periodic with period p, that is, e ( L) R <—), for arbitrary x,y € Z. Hence, we say
p p

that e ! is periodic modulo p, and refer to p as the modulus.

Fix ¢ € N arbitrarily. We let Z, denote the commutative ring of residues modulo ¢
and we let Z; denote the associated multiplicative group. We let ¢(q) denote the number
of positive integers less than ¢ which are also relatively prime to ¢. In such a manner, we
have |Z;| = ¢(q). The set of all residues contained in Z, is called a complete residue system
modulo ¢, and the set of all residues in Z is called a reduced residue system modulo g. When
q is understood, we identify every integer ¢ with its residue ¢ (mod ¢), so we may speak of
the element t of Z,. For t € Z coprime to g, we identify the symbol ¢~ with its positive
integer residue modulo q.

Finally, we let Z[z1,...,x,] denote the ring of polynomials in n variables with integer

coefficients.

2.2 Exponential Sums

Our discussion will center around the quadratic Gauss sum, a type of exponential sum. As

such, we will need the following propositions concerning various exponential sums.

Proposition 2.1 (Geometric Sum). Let k € N. Then
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t

Otherwise, if t = 0 (mod k) then e (E) =1 and so (2.1) evaluates to & in this case. O
Proposition 2.2. Let k € N. Then
k—1

t
Y oe (ﬂ) — k- (k).

k

z,y=0
Proof. From Proposition 2.1, we have that

k—1 tl‘y -1 k-1 txy k—1 k

=1 =0
tz=0 (mod k) tz=0 (mod k)

If t = 0 (mod k) then the statement of the proposition follows. Hence, we may assume

otherwise, and in particular, ¢ # 0. Let d = (k,t) so that k = dk;, t = dt; for some k; € N,
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t; € Z such that (ki,t;) = 1. Hence,

k-1 dly—1 dley—1
=Y Y
=0 =0 =0
tz=0 (mod k) t12=0 (mod k)1 z|k1
and with (2.2), the statement of the proposition follows. O]

Proposition 2.3. Let « € Ny and k € N. Then for any prime p, we have

n_ K ifa>n
p"—1 <Spal’k> p f jal
E el ——— ) = prT*—1
n S k
z=0 P pa Z c (pn];a

=0

> if a < n.

Proof. The statement is clear when @ > n and so we may assume that v < n. We have

pn_l k pnfa_l k 2pn7a_1 k
Sp*x Sx Sx
Se(TE) = (55)r X e(55)

=0 p x=0 p I:pn—a p

et pz_l @(Sxk). (2.3)

n—Q
r=(p*—1)pn~* p

. n—a\k k
As e (—) is periodic modulo p", we have e (M) =e ( v ) Hence, for each
p" *

pTL*O& pnf
sum in (2.3), we can re-index as many times as necessary by x + x + p"~“. This will result
: . e~ [ SrEN .
in p® copies of the sum Z e | — |, yielding the statement of the proposition. O]
=0

Corollary 2.1. Let o € Ny. Then for k € N we have

¢

n ifa>n

2"—1 ok
6(529”)_ 0 ifl=n—a

Y [ Sak
e f2<n-—a.
3 elars) e

\ =0
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Proof. We take p = 2 in Proposition 2.3 and note that

()

z=0

Corollary 2.2. Let a € Ny. Then for any prime p we have

(& =

z=0 P 0 if a <.

Proof. This follows by taking £ = 1 in Proposition 2.3, and subsequently deducing the results

for a < n from Proposition 2.1. O]

2.3 Residues and Congruences

b
Proposition 2.4. Leta,b € Z. If m < n, then p™a = b (mod p") implies p™ | b and a = —
pm

(mod p"™™).

Proof. Suppose p™a = b (mod p™). Then there exists some integer ¢ such that p"a—b = p"q.

n—

Hence, we manipulate this equation to find b = p™ (a — p"~"¢q), and so p™ | b. Thus, we may

b
write — = ¢ for some integer c. We have that p"q = p™(a — ¢) which means p" g =a—c

p
and so a = ¢ (mod p"™™). O

We emphasize that Proposition 2.4 is valid for all primes p.

Proposition 2.5. Suppose that the set of integers {ry,...,r,} forms a complete system of
residues modulo n and {s1, ..., Sgm)} forms a reduced system of residues modulo n. If a € Z

is such that (a,n) =1, then for any b € Z, we have that

{ary +b,ary +b,...,ar, + b}
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18 a complete system of residues modulo n and

{asi,asq, ... asem)}

15 a reduced system of residues modulo n.

Proof. First, we observe that by the pigeon-hole principle, any set of n incongruent integers
forms a complete system of residues modulo n. Hence, suppose that for some 1 < j k < n,
we have that ar; + b = ary + b (mod n). But this implies ar; = ary, (mod n). As (a,n) =1,

! exists modulo n. Thus, we deduce that r; = r; (mod n).

we have a € Z; and hence a~
But as the elements rq,...,r, are all incongruent, we must have that j = k. Thus, we have
shown that {ary +b,...,ar, + b} contains a set of n incongruent integers and so this set
comprises a complete system of residues modulo n.

In a similar fashion, a set of ¢(n) incongruent integers, each of which is coprime to n,
forms a reduced system of residues modulo n. If we suppose for some 1 < 5.k < ¢(n) we

have as; = as; (mod n), then as (a,n) = 1 it will follow that s; = s; (mod n) and hence

{asy, ... assm)} will be a set of ¢(n) incongruent residues, each coprime to n. O

Proposition 2.6 (Chinese Remainder Theorem). Let mq,...,m, be pairwise relatively

prime integers. Then the system of congruences

r =a; (mod my), x=as (modmy),..., x=a, (modm,)

n

has a unique solution modulo M = Hmi.

i=1

M

Proof. Set M; = — for j = 1,...,n and observe that (M;,m;) = 1. Thus, for each
m;

J=1,....n, there exists some element b; € Z;, such that b;M; =1 (mod m;). We set

n

r = Z Cijij.

i=1
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Hence, for arbitrary k satisfying 1 < k < n we have

T = Zajbij (mod my) — = = ai (mod my).
j=1
It remains to show z is unique modulo M. Suppose y also satisfies y = a; (mod m;) for
j=1,...,n. Then we have x = y (mod m;) which means m; | (xr —y) foreach j =1,...,n.

It follows that M | (z — y) and so x = y (mod M) which shows x is unique with respect to
M. ]

2.4 Quadratic Residues

Definition 2.1. Let ¢ € N and let ¢ € Z be such that (q,t) = 1. If there exists some integer
x such that 2% =t (mod q), then ¢ is called a quadratic residue modulo ¢. If no such integer

x exists, then ¢ is called a quadratic non-residue modulo gq.

As the quadratic Gauss sum is intricately linked with quadratic residues, we present a

basic proposition concerning such residues.

-1
Proposition 2.7. Let p be an odd prime. Then there are exactly pT quadratic residues
p—1

and quadratic non-residues modulo p. Further, the quadratic residues are given by the

—1\?
residue classes 12,22, ..., (pT) )

Proof. First, note that the numbers

2

are all distinct modulo p. Thus, suppose 1 < z,y < P and 2° = y* (mod p). In this

case, this means that

(x —y)(z+y) =0 (mod p).
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But 2 < x4y < p — 1 which means we must have x — y = 0 (mod p) which implies x = y.

Hence, this means that the residues

2 52 p—1 ?
1= 2=, ..., 5 (2.4)

—1
are all distinct modulo p. Further, if 1 < 2 < 5 then (p — x)* = 2 (mod p) and so

every quadratic residue modulo p is given by exactly one number in (2.4). Thus, it follows

-1
that there are exactly pT quadratic residues and hence, there are b quadratic non-

residues. O

For an odd prime p, the structure of the quadratic residues will be multiplicative in

various ways. This structure is generalized in the Legendre, Jacobi and Kronecker symbols.

t
Definition 2.2. For p an odd prime and ¢t € Z we let (—) denote the Legendre symbol,
p

given by

0 ifp|t

t
(‘) =131 if ¢ is a quadratic residue modulo p

—1 if ¢ is a quadratic non-residue modulo p.
\

Definition 2.3. Suppose ¢ is an odd positive integer, such that ¢ = pi"*p3? - - - pi* for distinct
t
primes pi,...,pr and positive integers aq,...,a. Then we let (—) denote the Jacobi

q
symbol, which is given by

(- Gr) ) () -2 (")

Definition 2.4. Let ¢ be a non-zero integer such that ¢ = u2“p{" - - - p*, where u denotes

the sign of ¢, a« € Ny, p1,...,p, are distinct odd primes and «q,...,a, € N. Then we let
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t
(—) denote the Kronecker symbol, which is given by

(-G @)

where (E) =1 when v =1 and
U

; 1 ift>0
(51)-

-1 ift <0,

and

0 if t =0 (mod 2)
(t): (3) if t =1 (mod 2).

7

In this thesis, we will only have occasion to evaluate the Kronecker symbol for odd

integers . We now present some basic properties of the Legendre and Jacobi symbols.

Proposition 2.8 (Euler’s Criterion). For p an odd prime, we have that

(f) =" (mod p).

p

Proof. 1f p | t then the result holds. Hence, we may assume (¢,p) = 1. Suppose first that ¢

is a quadratic residue, and that y is an integer such that y? =t (mod p). Then
t=2 =9 =1 (mod p).

In particular, as the polynomial 2”7 —1 has at most ’%1 solutions, we see that the congruence

p—1

x 2z =1 (mod p) is satisfied by the quadratic residues of p. Hence, if ¢ is a quadratic non-
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residue, we must have that 'z # 1 (mod p). Thus, as "7 = +1 (mod p), we must have

that "2 = —1 (mod p). The result will follow by Definition 2.2. O

Proposition 2.9. Let p be an odd prime and let a,b € Z. Then

(a) if a =b (mod p) then (9) - (9>

p p
0 (Q)0)-)
(c) if (a,p) =1 then <“§> _

@) i ap) = Linen () = (2),

03 (2)-o0

Proof. Part (a) is clear whenever at least one of a,b = 0 (mod p). Hence, we may assume

1

)

S

(ab,p) = 1. Clearly, as a = b (mod p), the residuacity of a will be equal to that of b, which
shows part (a). For part (b), in a similar fashion, we may assume (ab,p) = 1. Then, from

Euler’s criterion, we have

()= =22 (3) ) o

b b

As we have a congruence of units, it follows that (a_) = (ﬂ) (—) Part (c) is clear from
p p p

the definition. For part (d), we use parts (b) and (c), so that

()= () (5)-6)

Finally, for part (e), by Proposition 2.7, it follows that
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_ 1
Proposition 2.10. If p is an odd prime, then (—1)% = (—)
p
p—1

-1
Proof. From Euler’s criterion, we have that (—) =(—1) 2 (mod p). As (%) is either 1
p

or —1, this congruence will become an equality. O]

Proposition 2.11. If p is an odd prime, then

(2) _ L) 1 ifp==+1(mod 8)

-1 ifp= =3 (mod 8).

-1 —1
where r is either p — p 5 or 2 5 depending on the residue of p modulo 4. We take the

product of these congruences to obtain

2:4---(p—1) = (p%l) I(—1)"*2H "7 (mod p)

p—1 —1 —1 p—1)(p+1
27 <p_2 )! = <p_2 )!(—1)<1)8(+) (mod p)

27 = (—1)% (mod p).

2 2
From Euler’s criterion we therefore have <—> = (—1)pTl (mod p) and as each expression
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+3)2 -1
is +1, equality will follow. The final equality of the proposition will follow as L is

8
+1)2 -1
L is even. O

odd and

Proposition 2.12 (The Law of Quadratic Reciprocity). Let p and q be distinct odd primes.

Then

We present a proof of this in the next chapter. The law of quadratic reciprocity is a very
deep theorem, with over two hundred fifty proofs; see [73]. Our proof will depend on the
evaluation of the quadratic Gauss sum. At the moment, we generalize some of our above

propositions for arbitrary odd positive integers.

_ ~1
Proposition 2.13. If P is an odd positive integer, then (—1)% = <?)

Proof. Let P = p{*---pp* for distinct odd primes py,...,p, and ; € N for i = 1,... k.

Then by Proposition 2.10, and the definition of the Jacobi symbol, we have

(7)-G) G

p1—1 Pk

_ (B, (25)

We may write P = (14 (p1 — 1))* -+ (1 + (px — 1))*. We examine the j* factor modulo

4. As p; is odd, we have

1 (mod 4) if p; =1 (mod 4) or a; = 0 (mod 2)

(14 (p =)™
3 (mod 4) if p; =3 (mod 4) and a; =1 (mod 2)

=1+ a;(p; — 1) (mod 4).
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Further, as p; — 1 is even, we have
(14 aulpi — 1))+ ay(p — 1)) = 1+ as(pi — 1) + ay(py — 1) (mod 4).

Hence, we deduce that

[+ ;(p; — 1)) (mod 4)

i=1

P

~.

l+ai(pr—1)+... +ax(pr — 1) (mod 4),

which, by Proposition 2.4, implies that

P-1 1 1
—— = (p12 )+...+ozk <pk2 ) (mod 2).

Substituting this congruence into (2.5) yields the statement of the proposition. ]

Proposition 2.14 (The General Law of Quadratic Reciprocity). Let P and @ be odd,

positive integers which are coprime. Then

(g) (%) ENCOICS)

Proof. Suppose P = p{*---pymand QQ = qlﬁ ... g% for distinet odd primes p;, ¢; and positive
integers o, 3; for ¢ = 1,...,m and 7 = 1,...,n. Then from Proposition 2.12 and the
definition of the Jacobi symbol, we have

(&) (7)-1I
i

(%) ()"
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_ (_1)21§L§m Zlgjgn (ai(pgil)). (Bj(pgil))

= (—1)219@ MO Ay (2.6)
As in the proof of Proposition 2.13, we see that
i=1
and
-1 " Bila: —1
Q-1 5 = —ﬁj(qJQ ) (mod 2).
j=1

Hence, substituting these congruences into (2.6) yields the statement of the general law of

quadratic reciprocity. ]

2.5 Unit Expressions

The evaluation of our main results and its applications will involve various imaginary unit

expressions. We determine some of these expressions to aid in our exposition.

Proposition 2.15. Let n € N be odd. Then

1 ifn=1(mod4)

i ifn=3(mod 4).

Proof. We see that

n—1 0 (mod 2) ifn=1 (mod 4)
2

1 (mod 2) if n =3 (mod 4).

Then 0% = 22 = 0 (mod 4) and 12 = 3% = 1 (mod 4) and we deduce the statement of the
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proposition. O

In particular, if p is an odd prime, we have that

.(pn,1)2 1 ifp=1(mod4)orn=0(mod 2)
7 =

2

i if p=3(mod 4) and n =1 (mod 2).

p

nim—l 2 n 2
p -1
Hence, we see that if m is any even integer, 2( ? ) = z< 2 ) . When evaluating this

imaginary unit expression, we are primarily concerned with the parity of the exponent of p.

n+m71)2 (pn—mil)Q
2 . . 2
instead of 4 .

y2

Thus, for an arbitrary integer m, we may write z(

Proposition 2.16. Let p be an odd prime and let m,n € N. Then

ey (=) (—4)“*”2(%1)?

p

Proof. If m is even, from Propositions 2.13 and 2.15, we see that

n_y2 (prtmen)® i(pn;)Z if n=1 (mod 2
ey sy [ nmt oy
i) i = 0 (mod 2)

(Y (—_1)<”*”"i<p";l>?

]

The following definition will be useful when considering Gauss sums with even prime



CHAPTER 2. BASIC PROPERTIES 28

power modulus.

Definition 2.5. For any integer ¢, we define the integer parity function O : Z — {0,1} by

(14 (=1)) 1 if t even

0 iftodd.

This function will have a number of basic properties due to the structure of residues

modulo 2.
Proposition 2.17. Let m,t € Z. Then O has the following properties.
1 4ft=1(mod 2)

(a) Ot +1) =
0 ¢ t=0(mod2),

1 ift=m (mod 2)
(b) O(t+m) =

0 4t #£m (mod 2),

(c) O(t) = O(t + 2m),
(d) O —m)=0(t+m),

(¢) O(=t) = O(t).

Proof. Part (a) follows from the definition. We see that ¢ + m = 0 (mod 2) if and only if
t =m (mod 2), and so part (b) follows from part (a). Parts (c), (d) and (e) will follow as it

is clear that O is periodic modulo 2. O

Proposition 2.18. If A is any odd integer, we have

L (2
i7 =272 <Z) (14 ).
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L4
Proof. Observe that i3 = ( ; Z>. Hence,
2
it =27 (1+i)4 =27

() () (1 +4)

if A=1 (mod 4)

(—4)4<¥)(1 +1i)?  if A=3 (mod 4)

A—1

A
\

p
A—1

A-3 A-—-1

\

DA

=927
()5 (1—1)
_1AE
=27 (1 +i%) =
(—1)%"

D IS e e ()

if A=1 (mod 4)

(—1)* 7277 (2i)(1 +4) if A= 3 (mod 4)
_a (—1)72%(1—1%) if A=1 (mod 4)

()7 272 (i—1) if A=3(mod 4)

if A=1 (mod 4)
if A= 3 (mod 4)
if A=1 (mod 4)

if A =3 (mod 4).

29

The result follows now by Proposition 2.11 and considering the possible values of A modulo 8.

Proposition 2.19. Let A and B be odd integers. Then

B+1

(1+i4)(1 +i48) = 24 (%)’

and

(1—it)(1—iP

Bytia(B)’

) =2(-1)

O
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Proof. We have

2i if A= B =1 (mod 4)

2 if A=1 (mod 4), B =3 (mod 4)
(1+iM)(1+iP) =

—2i if A=3(mod 4),B =1 (mod 4)

2 if A= B =3 (mod 4).

\

Hence, when B = 1 (mod 4), the product (1 + i*)(1 + i*?) is imaginary, with the sign
corresponding to the residue of A modulo 4. Thus, with Proposition 2.15, we deduce the

statement of the proposition for this product. For the remaining equation of the proposition,

B+1

2
we let A— —A in 2iA< ) to arrive at the desired result. O

Proposition 2.20. Let A, B and C' be arbitrary odd integers. Then
(14 4)(1 4 i4C) = 274B(9)
and
(1= iAB)(1 — i1C) = 2(— 1) AB(P59)",
Proof. If A=1 (mod 4), we have

2i if B=C =1 (mod 4)
1+ 1+ =1 +")1+i) =<2 if B#C (mod 4)

—2i it B=C =3 (mod 4).

\
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Similarly, if A =3 (mod 4), we have

7

—2i it B=C=1 (mod 4)
1+ (1 +i%) = (1 =) 1 -i) =42  if B#C (mod 4)

2i if B=C =3 (mod 4).

\

Our results will follow now in a similar manner as in the proof of Proposition 2.19. O

Proposition 2.21. Let A and B be arbitrary odd integers. Then

A-B
1—iA—iB—iA+B:2(1—iA)@< 5 )

Proof. We see first that if A # B (mod 4), then 1 —i* —i® —i**5 = 0. Hence, assuming

A = B (mod 4), we have A+ B = 2 (mod 4) so that 1 — i — i — "8 = 2(1 — i), The

A-B
proposition now follows as @(T) = 1if and only if A = B (mod 4). O



Chapter 3

Gauss and Quadratic Exponential
Sums

The purpose of this section is to examine the quadratic Gauss sum. We will look at some

basic properties that arise due to its structure.

3.1 The Quadratic Gauss Sum

Theorem 3.1 (The Quadratic Gauss Sum). Let ¢ € N. Then for any integer S coprime to

q, we have

(g) q% if g =1 (mod 4)

0 if ¢ =2 (mod 4)
G(S:q) = g

i (E) q: if ¢ =3 (mod 4)

(1+4i%) (%) q: if ¢ =0 (mod 4).

Note that in G(S;¢q), we refer to ¢ as the modulus of the quadratic Gauss sum. Due to
the limit of our scope, we avoid a rigorous proof of the above theorem. In addition to the
wide variety of proofs mention in the introduction, one can see the book by Berndt, Evans

and Williams [12, pp. 18-28] for an elementary proof of Theorem 3.1.

Proposition 3.1. Let m,n € N be such that (m,n) = 1 and let t be an arbitrary integer.
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Then we have

G(t;mn) = G(tm;n)G(tn; m).

Proof. Observe that

(mz)? + (ny)? = (mz + ny)? (mod mn).

Further, as (m,n) = 1, by the Chinese remainder theorem, there exists a unique integer
z (mod mn) such that z = mz (mod n) and z = ny (mod m), for arbitrary = € Z, and
Yy € ZLp,. Thus, as x runs through a complete residue system modulo n and as y runs through
a complete residue system modulo m, z will run through a complete residue system modulo

mn. Thus, we have that

n—1 2 m—1 2
G(tm;n)G(tn;m) = ) e (tmx ) e tny )

_ Zm (t((nixj;; <ny>2>)

I
|
3
I |
Q
A/~
=
3
8
+
S
<
e
~—

With this we may present a proof of quadratic reciprocity.

Proof of Proposition 2.12. Let p and ¢ be distinct odd primes. Then by Theorem 3.1 and

Proposition 3.1 we have

G(L;pq) = G(p; q)G(q; p) = (1_7) ()" 4 (g) J(55)° 8
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Q)

From Proposition 2.15 and Theorem 3.1 we have

()55 (3.1)

D=

pg—1

G(lipg) = i(T>2(pq) : (3.2)

N|=

By equating (3.1) and (3.2), we see that

() (g) (g) (1) () (3.3)

Observe that if p = ¢ (mod 4) then pg = 1 (mod 4). Similarly, if p # ¢ (mod 4) then pg = 3

(mod 4). Hence, if p = ¢ =1 (mod 4) or p # ¢ (mod 4), we have () — () ()

Thus, for these cases, (3.3) is given by

()

Otherwise, if p = ¢ = 3 (mod 4), then (3.3) will reduce to

-()0)

As (—=1) 2z "2 = —1if and only if p = ¢ = 3 (mod 4), from (3.4) and (3.5) we deduce that
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3.2 Simplification Properties of Gauss Sums

Due to the structure of the quadratic Gauss sum, there will be some basic cancellation

properties which we review here.

Proposition 3.2 (The Reduction Property). Let o € Ng. Then for any prime p, we have

p" ifa>n
G(Sp*p") =
p*-G(S;p" %) ifa<n.
Proof. This follows by setting k = 2 in Proposition 2.3. O

In particular, for any prime p and any a € Ny, we have that
n 1 o, nto
G(S;p") = ];G(Sp P (3.6)

For the remainder of this chapter, we will assume that p is an odd prime. We examine
how the quadratic Gauss sum will act when its index is restricted to certain residues with
respect to its modulus. As such, we will consider odd prime power moduli and even prime

power moduli in turn.

Proposition 3.3. Suppose that o € Ny is such that 2a < n. Then for w € Z, we have

prol G2 0 if w # 0 (mod p*)
[ =
3, (%)

G(S;p") if w =0 (mod p*).
Proof. We have that

p"—1 2 p"—1 2 p*—1

1 _
> (5) -Gz ()
=0 p" z=0 ) pe =0 pe

z=w (mod p%)
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)i (S$2+ p"aya:>
pr '

z=0

LS
(3.7)

As (S,p) = 1 and p is odd, there exists some integer T" such that 257 = 1 (mod p"). Hence,

(3.7) becomes

“—1

15 (—wy
— e
pe pe

y=

) =y (5@2 ) (33)

Observe that

$2 + 2Tpn—o¢yx _ ($ _|_pn—o¢Ty)2 . pQ(n—a)TQyQ'

_p2(n—a)T2y2
As 2a < n, we have e (—) = 1. Hence, with Proposition 2.5, (3.8) becomes
pn
1~ ( wy) Z ( z +pn “Ty)? ) G(S:p") '\~ | (—wy)
—_ e — .
p v=0 — p /=0 p
The results will now follow by Proposition 2.1. O

We have a similar proposition for the even prime case.

Proposition 3.4. Suppose that o € Ny is such that 2a+ 2 < n. Then for w € Z, we have

e <sx2> 0 if w# 0 (mod 2%)
Z “\on ) ™
T= w( mo d 29) G(S, 2n) wa =0 (mod 20¢>‘

Proof. Similar to Proposition 3.3, with (3.7) we deduce that

on_1 92 2¢_1 2n—1 2 _
ST 1 —wy S(x? + 2" Txy)
> () -wz ()R ()

y=0 =0
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where T' is an odd integer satisfying ST = 1 (mod 2"). As n > 2a + 2, we may complete the

square as before. Thus, it follows that

— (st) G(S:2m) "= (—wy)
S () ST (),
2n 20 2¢

=0 y=0
z=w (mod 2%)

and we deduce the statement of the proposition. O]

We mention that Proposition 3.4. is given as Lemma 3.1. in the paper by Alaca, Alaca
and Williams [1, pp. 83-85]. There is a similar reduction property to that of Proposition 3.2

for these types of Gauss sums.
Proposition 3.5. Suppose a, § € Ny are such that 2a+ < n. Then for w € Z, we have
n_ n—p3_
(s Y ()
P )

z=w (mod p%) z=w (mod p%)

Proof. As in the proof of Proposition 2.3, we see that

pt—1 (SprIQ)
> (=
=0 p

z=w (mod p%)

Observe that as n > 2a + 8 > a + [, we have that

z+p" P =w (mod p*) — x = w (mod p®).

Thus, we reindex each sum by setting = + x + p"~# as many times as necessary. This yields
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p? copies of the first sum in (3.9), that is

]

Proposition 3.6. Suppose that o, 5 € Ny are such that 2a+ 8+ 2 < n. Then for w € Z,

we have that

2n—1 an=h—1
52822 Sax?
_ o8
Y (%) T o(e5)
T=w (70d 29) T=w (njod 2%)
Proof. The proof is conducted in a similar manner to that of Proposition 3.5. O]

We mention that the conditions in Proposition 3.6. were chosen so that we would not
run over any quadratic Gauss sums with modulus 2. Hence, by Propositions 3.3 and 3.5,

and by Propositions 3.4 and 3.6, we deduce the following corollaries, respectively.

Corollary 3.1. Suppose o, 5 € Ny are such that 2a+ 3 < n. Then for w € Z, we have

pnz_:l . (Spﬂﬁ) B 0 if w# 0 (mod p*)
— p" o , )
v=w {mod p%) P’G(S;p" ) if w=0 (mod p*).

2"23_1 (SQﬁxQ) 0 if w # 0 (mod 2%)
(& =
on
=0

2°G(S;2"P)  if w =0 (mod 2%).
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We will have occasion to consider Gauss sums of the following forms:

p"z—:le (spﬁ(pvg; + w)2) | znie (52‘3(27252+w)2) (3.10)

Y23
=0 p =0

and

Yty S (Errety

x =0
r=w1 (mod p%) r=wi (mod 2%)

where o, 5,7 € Ny and w,w; and wy are arbitrary integers. We look to mimic the proof of

Proposition 3.3 to investigate the necessary restrictions on a, 3, .

Consider the sum given in (3.10) for an odd prime p. If 5 > n then clearly this sum
resolves to p”. Hence, suppose that § < n. Assume without loss of generality that 0 < w <
pY. We look to reindex (3.10) by setting y = p?x + w. As x runs through a complete residue
system modulo p”, y will obtain its values over the interval [0, p"™” — 1]. Hence, we see that

(3.10) can be written as

pl 8y 2 P 8,2

Ze(Sp (prrw)): e(Spy>. (3.12)
p" P

=0 y=0

Then following the proof of Proposition 3.3, we see that (3.12) becomes

n—4vy _ n+y _ —
pil e<Sp5y2>_pile(Spﬂy2) 11”216(2(3/_11]))
y=0 " y=0 b v 2=0 P
y=w (mod p7)
_ n+y_1
12 [ —w2\? Sy?  yz
=— e( V) Ze(nﬁ+7>. (3.13)

In order to take p"# as a common denominator, we require that n — 3 > ~. Under this
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assumption (3.13) becomes

1

— nty _
o1 Pl e\ P i: Sy? + pvFryz
e e =

- p’Y pore p'Y

y=0
1 pT—1 —wz pn Y1 S(y2 + 2Tp”_ﬂ_7yz)
== e( > ) Z e( - >, (3.14)
Y p /=0 p

where T is some integer such that 257 = 1 (mod p" ). We may complete the square given

in the innermost sum of (3.14). We have that
Y2+ 20" P Ty = (y + P 2)? — pPAIT2,2 (3.15)
Thus, (3.15) shows that if we have n > 2v + /3, we have
Yy’ +2p" Yz = (y 4+ p" 7 T2)” (mod p ).

Under the assumption n > 2v + 3, with Propositions 2.5 and 3.2, (3.14) becomes

1 Pl s pn+z'y_1 S(y + 2p"F1T2)?
— e e i

N P z=0 P y=0
p—1 prP—1 n—B—
_ L e(—W)pﬁﬂ 3 e<5(y+2p B ”TZ)Z)
p’Y e p"f =0 pn—ﬂ

p7—1
— B B —we
=p G(S;p"7) e< p )

0 if w # 0 (mod p?)
_ (3.16)

pPG(S;prP)  if w=0 (mod p7).

We arrive at (3.16) under the assumptions that n satisfies n >  and n > 2y + §. In the



CHAPTER 3. GAUSS AND QUADRATIC EXPONENTIAL SUMS 41

case where v = 0, the condition w = 0 (mod p”) is trivially satisfied, and we have

pnz_le (Spﬂ(pm +w)2) = pnz_le (—Spﬁ(w i w)Q) =p’G(S;p" "),

Y23
z=0 p =0

which holds for n = 8. Thus, with (3.12)-(3.14) and (3.16) we have shown the following

proposition.

Proposition 3.7. Suppose B,y € Ny are such that n > 2~v+ . Then for w € Z we have

that

e (Spﬁ(pvx + w)Q) 0 if w# 0 (mod p7)
e

PPG(S;p"P)  if w =0 (mod p).

The even prime case will follow in a similar fashion.

Proposition 3.8. Suppose 3,7 € Ny are such that n > 2y + 8+ 2. Then for w € Z, we

have that

— (52'8(2795 - w)2) 0 if w# 0 (mod p”)
o _
on

z=0 207G (S;27F)  if w =0 (mod pY).

Proof. Let T be an integer such that ST = 1 (mod 2"~#). Then as in the proof of Proposition

3.7, we deduce that

2n—1 271 antr—1
Z S28(27x + w)? 1 Z —wz Z S(y? + 2" P 1Tyz)
2=0 ) ( 2" ) el 2=0 ) ( 27 ) y=0 ’ < np . (317)

In order to complete the square, we require that n — § — v > 1, which follows from n >

2v + B+ 2. Hence, we find that

Y2+ 2P Ty = (y + 27T T Ty 2)? — 22(n=F=7=1y .
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Thus, as n > 2y + 3 + 2, we see that (3.17) is given by

132w\ TEL! s(y + 20 P77y z)?
o 22\ Ty > ¢ on—5
z=0 y=0

27-1
=2°G(S;2" ) Z e <_;}Z) ,

z=0

which yields the statement of the proposition. O]

We use these same methods to evaluate (3.11).

Proposition 3.9. Suppose «, 5,7 € Ny are such that n > 2(a+~)+ 8. Then for wy,wy € Z,

we have that

0 if wy £ 0 (mod p7)

=40 if wy =0 (mod p?) and wy # 0 (mod p®)

PGS pP?)  ifw; =0 (mod pY) and w; = 0 (mod p®).
\

Proof. Similar to the proof of Proposition 3.7, we have that

pnzl . <Spﬁ(p7x + w2)2> _ pnil . (Spﬁ(paﬂx + plwy + wz)Q)

=0 pn =0 pn
r=wi (mod p%)
p""’”’—l
Spia?
_ 3 e< re > . (3.18)
=0 p

z=pYw1+ws (mod pt7)

Set w = pYw;+w, and let T be an integer such that 25T = 1 (mod p"~#). Asn > 2(a+7)+5,

we see that we can write (3.18) as

pa+7,1

1 —yw\ " Sx? Ty
pa+7 Z € paJr'y —~ € pnfﬁ +pa+'y

y=0




CHAPTER 3. GAUSS AND QUADRATIC EXPONENTIAL SUMS 43

aty n4y _
B 1 p 27: 1 . —yw P 2”: 1 . 5(332 + 2Tpn—,8—oz—’yl.y>
- paty « paty . pnfﬁ
y= =
aty 1 n+y 1 B
1 pz o (Y pz . S(z + pr =P 1Ty)?
- paty - paty . pnfﬁ
y= r=
’8+7G(S n_,B) pa+'y_1 o
b P yw
— e Z; e <pa+7> : (3.19)
y:

Hence, the sum given in (3.19) will be non-zero whenever w = pw; + wy = 0 (mod p**7).
Suppose that wy #Z 0 (mod p?). Assume, by way of contradiction, that w; is some integer
satisfying p?w; + wy = 0 (mod p?**). But this implies there exists some integer z such
that zp®*™ = pYw; + wy which implies p” | wq, a contradiction. Thus, if wy Z 0 (mod p7),
prwy + wy Z 0 (mod p?**) and so (3.19) is zero in this case.

Hence, suppose instead wy = 0 (mod p?) and write wy = p?w). By Proposition 3.7, as

n > 2(a+ ) + B, we have that

n_1 n_1 ,
pz . (Spﬁ(WI + w2)2) _ pz . (Spf8+27(x + w2)2>
pn

p'fl

r=w; (mod p®) z=w; (mod p®)
0 if w; Z 0 (mod p*)

PPrOG(S; pn ) if wp =0 (mod p?).
[

Proposition 3.10. Suppose «, 3,y € Ny are such that n > 2(a + ) + 5+ 2. Then for

wy,wy € Z we have

— (525(2737 + w2)2)
e
on
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(

0 if we #Z 0 (mod 27)

=40 if wy =0 (mod 27) and wy # 0 (mod 2%)

20 G(S; 2P if wy = 0 (mod 27) and wy = 0 (mod 22).
\

Proof. The proof follows in the same fashion as Proposition 3.10. O]
Proposition 3.11. For m € Ny, we have

(a) G(S;p"™") =p™ - G(S:p"),

() if 0> 2m, G(S:p"") = L G(Sip"),

(c) if n.>2m, G(Sp™;p") = p™ - G(S;p"),

(d) if n>2m, G(Sp™™;p") = G(S;p""*™"),

(e) if n>m, p"G(S;p"™") = G(S;p"™).

Proof. By Theorem 3.1 and Proposition 2.15,

n+2m [ pn+zm 2 ) norpno1)?
G(S;pn-‘er) — <§) Z( 2 ) pn-&-Tm :pm (§> Z< 2 ) D

p p
=p"G(S;p"),

0[3

which shows (a). For (b), by Theorem 3.1 we see that if n > 2m,

G(S;p" ) = (§>n_2mi<pn22m_l)2p"§’” _ 1 (ﬁ)ni(”?l)zp’;

p P\ p
1
G(S;p").

NG
Similarly, for (c), if n > 2m, then by Proposition 3.2 and part (b) we have

G(Sp™™;p") = p*"G(S;p" ") = pG(S;p").



CHAPTER 3. GAUSS AND QUADRATIC EXPONENTIAL SUMS

Part (d) follows immediately by equating (a) and (c). Finally, for part (e), we have

prG(S;p"T") =p" (g)n_mi<pn;_l) pz = <§) n+mi<pn+;ﬂ_l) Pt = G(S;

p

We have similar cancellation properties for the even prime case.
Proposition 3.12. For m € Ny, we have

(a) G(S;2"™) = 2"G(S;2"),

1

(b) if n>2m+ 1 then G(S; 2”_2m) = Q_mG(SS 2m),
(c) if n>2m+1 then G(S22m; 2") = 2mG(S;2"),
(d) if n >2m + 1 then G(SQQ’”; 2") = G(S; 2n+2m)7
(¢) if n>m+1, then 2"G(S;2""™) = G(S;2"+™).
Proof. For part (a), by Theorem 3.1, we have

2 n+2m .
G(S;2mH?m) = (—) (14i5) 275" = 2mG(S;2").

S
For part (b), if n > 2m + 1, then G(S;2"*™) # 0 and so by Theorem 3.1 we have

2 n—2m n—2m ]_
G(S;2m2m) = <§) (145237 = S G(5:2").

Similarly, for part (c), if n > 2m + 1, then by Proposition 3.2 and part (b),

G(S527™;2™) = 22MG(S; 2" ™) = 2MG(S; 2M).

45

).
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Part (d) follows from parts (a) and (c). Finally, part (e) is given by

2 fem n—m n+m n—+m
2mG(S; 2™y = 2™ (1 + i) (g) 277 = (1449 (—) 2%5" = G(S;2"™).

Finally, due to the structure of our Gauss sums, we may make some simplifications for

certain coeflicients.

Proposition 3.13. We have
G(S%p") =G(Lp")  and  G(SThip") = G(S;p").

Proof. From Theorem 3.1, we have

Proposition 3.14. We have
G(S%2™) = G(1;2") and G(S™1;2") = G(S;2").

Proof. Any odd number S satisfies S? = 1 (mod 4). Hence, by Theorem 3.1 we have

G(S%2") = (%)2 (1425 = (1+14)27 = G(1;2").
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Similarly, by Theorem 3.1, we have

. o 2\ n
G(S L 27) = (1445 )(F) 2%

We observe that S = S~ (mod 4) and so we have (1 +i5 ) = (14 4%). Further, any odd
number modulo 8 is its own inverse. Hence, by Proposition 2.11, we have S™' = S (mod 8),

which means

() =l = - (2),

and hence we conclude the statement of the proposition. O]



Chapter 4

Diagonalization of a Quadratic Form

It is well known that under certain conditions, an integral quadratic form (), can be expressed

as a diagonal form @, = Ztiyf where t; € Q and y; € Qlxy, ..., z,]; see [27, p. 69]. Our
i=1

method is to diagonalize a quadratic form in this manner, then multiply both sides of this

equation by a common denominator to arrive at an expression with integer coefficients.

4.1 Matrix Notation

For the following two sections, we will use capital letters to denote matrices. For any matrix
M, we let MT denote its transpose. From now on we let M denote an n x n integral

symmetric matrix, and write this as

M- lo1  Ta2 ton |
t2n tn2 e tnn

where t;; = t;; for all 1 <1 < j < n, and due to symmetry we label our elements using the

upper triangular notation. For convenience, we let t; = t;; for each i. For i =1,...,n, we
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let M; denote the i'* leading principal submatriz of M, i.e.,

t1 ti1a ... Ty

t1g 1o to;
M; =

t1; T2 t;

The determinant of M; is called the i'* principal minor of M, and we denote this by m; =
det(M;). For convenience, we let mg = 1. Observe that m,, is the determinant of M. We

call the product of the first n — 1 minors of M the associated minor product, and denote this

by

n—1

=1

Observe that the associated minor product of a 1 x 1 matrix M is one. For this reason we
generally assume n > 1. Note that if N is any n x n matrix, we may write N; to indicate

the i** principal submatrix of N.

4.2 Decomposition of a Symmetric Matrix

We look to express the matrix M as the matrix product LDLT = M, where L is unit lower
triangular and D is diagonal. As M is symmetric, we will show that such matrices exist,
and then solve for the entries recursively. Our major assumption on the matrix M is that

its associated minor product is non-zero.

Theorem 4.1. If A # 0, then there exists a unique diagonal matrix D and a unique unit

lower triangular matriz L such that LDLT = M.

Proof. By Theorem 3.2.1 from [45, p. 97|, it is given that M has an LU factorization if

A # 0, where L is unit lower triangular and U is upper triangular. In particular, Corollary



CHAPTER 4. DIAGONALIZATION OF A QUADRATIC FORM 50

2 of [32, p. 35] tells us that this LU factorization is unique. Subsequently, Algorithm 4.1.2
of [45, p. 138] tells us if M is symmetric with an LU factorization, there exists a diagonal
matrix D such that M = LDL”. Thus, we deduce that D must also be unique which shows

the theorem. O

We assume from now on that A # 0. Hence, let L and D be matrices with rational
entries such that LDLT = M. We write D = (d;) and, due to symmetry, we write L = (£;;)
where

”

i ifi<y
lj=91 ifi=j-

0 ifi>j

We emphasize that ¢;; € Q. We first determine an expression for the elements d; and
subsequently show that the elements ¢;; will each have a common denominator with respect
to 1.

Lemma 4.1. Fori=1,...,n, we have that M; = L;D;(L;)".

Proof. Without loss of generality, we fix ¢ arbitrarily such that 1 < i < n —1. We may

express the decomposition M = LDL” in block matrix notation so that

M, A; L, 0 D, 0 LT PT

(2 (2

M = = = LDL", (4.1)
Al B P Q; 0 G 0 QF

where the matrices B;, Q; and C; are of size n —i x n —1i, and A; and P! are of size i x n —i.
In particular, M;, L; and D; are all i x 4 matrices, and correspond to the i*" leading principal

submatrix of their respective matrices. Hence, from (4.1) we take the block products to find

M; A L;D;LY  L;D;PT
AT B (L;D;PF)T Q,C:QT
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Thus, by equating the blocks we see that M; = L;D; LY. O]

m;

Lemma 4.2. Fori=1,...,n, we have d; = )
mi—

Proof. From Lemma 4.1, and as L is unit lower triangular, we see that for ¢ such that

1 <1 < n, we have

det(M;) = det(L;D;(L;)") = det(D;) = H dy..

Thus, for © = 1,...,n we have m; = d; - - - d;. Hence, for a given i, as A # 0 we have
my; Mi—2 T3 mo my;
d; = —my 2 T 0
di—1 d; m;—1 M;—2 my m;—1
where we have tacitly used the idea that each d; is recursively generated. O]

Theorem 4.2. For 1 <i < j <n we have m;l;; € Z.

Proof. We have that M is a symmetric matrix with non-zero associated minor product.
Through standard Gaussian elimination, we can row reduce M to an upper triangular matrix
through the use of scalar multiplication and adding a multiple of one row to another. In this
fashion, the elements strictly above the diagonal will be integers, as they will be the result
of sums and products of integers. This standard elimination procedure will yield an upper
triangular matrix U such that the i* diagonal entry corresponds to the i leading principal
minor of M.

If we let Ey,..., Ei denote the elementary matrices associated with this Gaussian elimi-

nation, we have that

(BEy---EyLD)L" = U.

We can write U as the product U = D'U’, where D’ is a diagonal matrix with unit entries

along each diagonal except for the determinant m, in the n'* diagonal entry, and U’ agrees
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with the matrix U in every entry except for a 1 inserted in the n'* diagonal. Hence, we
can transform U’ into an upper triangular matrix by dividing the i** row by m;, for i =
1,...,n — 1. By the equation, it’s clear that this unit upper triangular matrix agrees with
LT. For 1 <i < j <n,let m;; denote the strictly upper triangular element of U’. Hence we

have that

It follows that m;¢;; € Z for all 1 <1 < j < n. O]

We note that, in light of Theorem 4.2, for 1 < ¢ < j < n we let {;; = mij, for some

)

m;; € Z, and we refer to m;; as the mized minors of M. Using the combinatorial definition
of the determinant, it will follow from the diagonalization in Theorem 4.2 that, for 1 <17 <
J < r, my; is the i leading principal minor of the matrix obtained by interchanging columns
¢ and j in M. In other words, if we interchange columns ¢ and j in M, then m,; will be the

determinant of the ¢ x ¢ leading principal submatrix of this matrix.

4.3 Diagonalization of a Quadratic Form

Let r € N. We let (), denote an integral quadratic form in r variables, given by

Qr = Z tijZL’Z’ZEj GZ[xl,...,xn].

1<i<j<r



CHAPTER 4. DIAGONALIZATION OF A QUADRATIC FORM 53

For convenience, we let t; = t;; foreach i = 1,...,r. We let M denote the integral, symmetric

two’s in matrix associated with (),, which we write as

261 t1a ... i,

tig 219 ton
M=

tln t2n T 2tn

In this fashion, @), can be written as the 1 x 1 matrix product

As above we let mq, ..., m, denote the r leading principal minors of M. If m; # 0 we write
m; = p*A; for some «; € Ny and A; € Z such that (A;,p) = 1. Observe that if p = 2,
we have m; = 2t; = 2% A; so that a; > 1 in this case. Otherwise, for p odd, we have
my = p** Ay where 2 | A;. For no&ational convenience we set mg = p*° Ay so that ag = 0 and

Ag = 1. As above, we let A = H m;, and we refer to A as the associated minor product of

i=1
@,-. We will be primarily concerned with the prime divisibility of the first » — 1 minors of

Q.. Thus, if A # 0 we set

r—1

r—1
o= Zai and A= HAj’
i=1

=1

so that A = p~A.

Hence, assume A # 0. By Theorems 4.1-4.3, we write M = LDL”, where D = ( i )

m;—1
mij

and for 1 <1i < 7 <r we have L = ( ) By our matrix product expression for )., we

have

D
Qr=[r129 ... xr]LgLT[xl Ty ... x|t
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m;
=[X1 Xy ... X (2 ) (X1 Xy ... X, )T,
m;—1
where
Xi =x; + mii+1$i+1 + ...+ mi'r'xr
i m;

= (M + My Tipr + ...+ My
i

Observe that X, = z,. Thus, we see that

L omy ! 1
r = — X2 = P — iXi 2. 4.2
Fori=1,...,r —1 we set
Yi = miX; € Z[xi, viyy, ..., 7). (4.3)

With this notation, we see that (4.2) becomes

r—1 2

2
Q=Y Tl (4.4)

2m;_1my; 2m,_q .

i=1

We multiply (4.4) by the least common denominator 2A to get

r—1
Ay A2
20Q, = Ay oo
i—1 1My M
or, with A = p®A,
— 4 Am
2A (Y .= a—o;—0 1 2+ T a—Qe_1 2' 45

We have expressed our quadratic form as a diagonal form with integer coefficients. For
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1 =1,...,7 — 1, the variable y; is a linear expression in r — ¢ + 1 variables with integer

coefficients. Hence, we reduce (4.5) modulo a prime power to arrive at the following theorem.

Theorem 4.3. Let Q). be an integral quadratic form with associated minor product A # 0.

Then for n € N we have

r—1

PiQ, = Z(QAiAifl)flpafaﬁaFly? + (2Ar71)’1mrp“’a*‘lx3 (mod p"*),
i=1

when p is an odd prime, and

r—1

201, = Z(AiAi,l)*Qa*aﬁa“lyf + (AT,l)*lmTZO‘*ar‘lxz (mod 2”*0‘“).

r

i=1

Proof. The statement of the theorem follows by reducing (4.5) modulo p"** and modulo

2ntatl respectively. O



Chapter 5

Main Results

In this chapter we present our main results. We maintain the notation previously estab-

lished. In particular, we emphasize that p will denote a prime of arbitrary parity. Further,

unconditionally, we have n,r € N and S € Z is such that (S, p) = 1. Additionally, recall that

for a given quadratic form in r variables, for i = 1,...,7, m; denotes the i leading princi-

pal minlor of an integral symmetric matrix associated with the form. Further, the product
.

A= H m; is called the associated minor product of a quadratic form. We let
i=1

'
Q, = thx? + Z tijrix; € Llxy, ..., %,
i=1

1<i<j<r

denote an integral quadratic form with associated minor product A # 0. With this, we

define the quadratic form Gauss sum by

p"—1 S0,
G(@QrSip") = > 6(;3)-

Z1 ey r=0

We have a basic reduction property for the quadratic form Gauss sum, similar to Proposi-

tion 3.2.
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Proposition 5.1 (The Extended Reduction Property). For a € Ny we have that

P ifa>n
G(Qr; Sp™p") =
P G(Q; S;p" ) ifa <.

«

Proof. 1If @ < n, as the exponential e (ﬂ) is periodic modulo p"~¢, similar to Proposi-

p
tions 2.3 and 3.2, we see that

n—a_q

G(Qr; Sp*;p") = pnz_l e (SQT) = (") pz e (SQT)

pn—a pn—a
Z1,0.,27=0 Z1,Tr=0

= p*"G(Q,; S; p" ).

pr—1

Otherwise, if @ > n, then we have G(Q,; Sp%; p") = Z 1=p". O

z1,...,Lr=0

Similar to (3.6), it follows that for any oo € Ny we have that

L G(Q,; sp™; p" ™). (5.1)

(678

G(Qr;s:p") =

Further, we see that Proposition 3.2 is the special case of Proposition 5.1 where r = 1. In
light of Proposition 5.1, we may assume without loss of generality that the coefficients of
Q, are mutually relatively prime, that is, there is no prime number which divides every
coefficient.

We proceed by first evaluating the binary and ternary quadratic cases. These evaluations
will reveal our methods and demonstrate the difficulties in generalizing G(Q,; s; p") for larger
r, when the coefficients of (), are arbitrarily chosen. The binary quadratic form Gauss sum
was recently investigated by Alaca, Alaca and Williams [1]. We show how we may attain

their results using Theorem 5.1 and 5.2 below.
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5.1 Binary Quadratic Form Gauss Sums

For this section, we assume a, b, ¢ € Z are arbitrary integers such that a # 0 and (a,b,c) = 1.

Hence, we let
Q2 = ax% + brize + cx%.

We let 2a = p®A for A € Z coprime to p and o € Ny. Observe that if p = 2, we have a > 1
in this case. Finally, we may choose our coefficients @ and ¢ such that if p™ || a for some

m € Ny, then p™ | c.

Theorem 5.1. Let p be an odd prime. Then for n € N we have

" ifa>n
G(Q2; S;p") =
G(2SA;p" ) - G(2SAmag; p"™)  if a < n.

Proof. Let 8 € Ny and B € Z be such that b = p’ B (mod p"**). Suppose first that o > n.
Under our assumptions, this means f = 0 and Q)3 = Bzyx2 (mod p™). Hence, by Proposition

2.2 we have

p"—1
SBxix
G(@QrSip") = ) e( p; ) = p".

x1,22=0

Thus, suppose a < n. By Theorem 4.3, we have
pQo = (24) 'y + (24) 'may; (mod pte), (5.2)
where y; = 2ax; + bxy and y, = x9. Hence, by (5.1) and (5.2), it follows that

1
G(Q2; 5;p") = ]%G(st Sp*;p" )
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pn+a_1 o
_ 1 Z e SprQ2
o p2a pn+a

x1,2x2=0
n+a71 _ pn+a71 _
1’ (S(2A) 1m2x§) S(2A)  y?
= o e e Z e v I (53)
p xo=0 p " x1=0 p -

Observe that y; = p® Az, + p’Bxy (mod p"*®). As n > a, by Proposition 3.8, the sum

n+a)

indexed by z; is non-zero if and only if p’ Bz, = 0 (mod p . Hence, with Propositions

3.11(b) and 3.13, (5.3) will simplify to

pn+a_1

G(2AS;p"®) > e <5i§§él—i23%5§> : (5.4)

n+a
xo=0 p
pPra=0 (mod p®)

Therefore, if 3 > «, by Proposition 3.13, (5.4) will simplify to G(2AS; p"~*)-G(2ASmy; p"*?).
Thus, suppose § < a. This implies & > 1 and so we must have = 0 in this case. In par-

ticular, this means that (mg,p) = 1. Hence, as n > «, by Corollary 3.1, (5.4) will again

simplify to G(2AS;p"~%) - G(2ASmy; p" ™). O

Theorem 5.1 agrees with Theorem 1.1 of Alaca, Alaca and Williams [1, p. 67] for « =0
and 4ac — b* # 0. Under these assumptions, we have my = p*2A, for some ay, € Ny and
Ay € Z coprime to p. Hence, along with Theorem 3.1 and Proposition 2.16, Theorem 5.1

yields

G(Qa; 5;p") = G(284;p") - G(25 Ams; p")

_ (#) i )pt . (25 Ap™ Ay p)
(2 ey ) o
— T 2 p2

2
n+a 2 AA ntoz pn+a271
p32(¥i—3) i( =) if ag <n
p
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(@) pi(F) if ay >
AN

s n+as o (Ol2+1)n P2 — 2
(25A> <é) o E (_1) () g as < n.
p p p

Under our notation, we have 2a = A, and so the above expression will become

(ﬁ) p"\/(_l)(p"—l)/2pn ifas>n
p

_ (az+1)n o ag+n
Y ) (o o e
p p p

This corresponds exactly to the expression given by Alaca, et al. We will determine similar

G(Qq;S;p") =

explicit formulae in Corollary 5.1 below.

We look now at the case where p is a power of 2. Recall from Definition 2.5 that

1 —1)" 1 ifneven
o(ry = E D)
0 if n odd.

Theorem 5.2. Forn € N, we have

;

2" ifa>n>1

G(Q2;5:2") =  2(=1)°O(ms + 1) ifa=n=1

1
JGSA2M170) - G(SAm: 274 if o<,

\

Proof. Recall 2a = 2*A so that o = 1 implies a is odd. As well, without loss of generality
we have 2°7! | ¢. Let 8 € Ny and B € Z be such that b = 2°B (mod 2"***1) for B odd.
Similar to the proof of Theorem 5.1, if & > n, as (a,b,¢) = 1 it will follow that § = 0 and

Q2 = Bzyzy (mod 2™). Hence, by Proposition 2.2,

2"—1
B
G(QuS:2) = S e(S jf”) —on,

r1,22=0



CHAPTER 5. MAIN RESULTS 61

Thus, suppose that a < n. By Theorem 4.3 we have that

2a+1QT = A_ly%+A_1m2y§ (mod 2n+o¢+1).

Hence, we deduce that

1 T (8A e P em !t [ SATy
. Q.o9ny __ 249 1
G(Q2:9:2") = ey D 6(w> > 6(w) (5.5)
x2=0 x1=0

We would like to use Proposition 3.8 to evaluate the innermost sum of (5.5). However, the
case n = « will not satisfy the conditions of this proposition. Thus, we treat this case
separately.

Suppose a = n. By definition, we have

9n_1
2n—1 Ag? 2
G(Qo;9;2") = Z e <S< ry + bryzy + cxz))

2n
x1,22=0
an_1 g\ 27—1
_ . Scxs (—1)te Sbxixy
AL n
xo=0 x1=0
on_1 on_1 on_1
Scx? Sbxixs Sbrixs
x2=0 x1=0 x1=0
T1 even z1 odd
2n—1 2m—1 1
Scx? Sbxixy Sbxyz,
- € ( 2n ) 2 Z € ( 2n o Z € 2n
xo=0 x1=0 x1=0
X1 even
2n—1 on—1_1 on_q
Scx? Sbxyxy
S CIED RTC ) FD S
1‘2:0 1‘1:0 CE1=0
br2=0 (mod 2™)
2n—1 on—=1_1 on_1
Scx?
—Ze(2n) S S T S (5.6)
xo=0 x1=0 x1=0
br2=0 (mod 2"~ 1) bzo=0 (mod 27)

2
Scxs

2n

Write ¢ = 2"7!¢/ for some ¢ € Z which means e < ) = (=1)“*2. Hence, we write (5.6)
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as

2'IL_1 2n—1_1 2n_1
x2=0 z1=0 x1=0
x2 even br2=0 (mod 2"~ 1) bzo=0 (mod 27)
2n—1 an-l_g 2n—1
/
+(=D7 > 2 D - > 1. (5.7)
z2=0 z1=0 z1=0
x2 odd b=0 (mod 2"1) b=0 (mod 2™)

If @« =n =1, then ¢ = ¢ in this case, and (5.7) simplifies to

(2—i1>+(—1)c 2—i1 DR (5.8)

z1=0 bm:o 0 if b even.
even

As b is odd if and only if my is odd, we see that (5.8) simplifies to 2(—1)°Q(mz + 1), which
agrees with the statement of the theorem. Otherwise, for &« = n > 1, this implies a and ¢

are even, so that we must have b odd. Hence, (5.7) simplifies to

o1 on_1
2 Yty r=opr2-2n=0n (5.9)
x2=0 x2=0
22=0 (mod 27~1) 22=0 (mod 2")

We see that (5.9) agrees with the statement of the theorem in this case.
Thus, we now assume that n > « and in particular this means n > 2. From Proposition
3.8, the sum indexed by x; in (5.5) is non-zero whenever 2° Bz, = 0 (mod 2%). Hence, by

Propositions 3.8, 3.12(b) and 3.14, (5.5) will simplify to

G(SA;m—otty P SA Ymga?
22 Z e %T—‘ry . (510)
x2=0

28 29=0 (mod 2%)

1
If 3 > «a, then with Proposition 3.14, (5.10) simplifies to ZG(SA; 2" LG (S Amy; 2ot

Thus, suppose § < a. Observe that we must have o > 1 which means = 0 in this case.
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1
Hence, as a + 1 < n, with Corollary 3.2, (5.10) will again simplify to ZG(SA; gn—etly .

G(SAmQ, 2n+o¢+l).

]

Both Theorem 1.2 [1, p. 69] and Theorem 1.3 [1, p. 70] of Alaca, et al. will agree with

Theorem 5.2 above under certain conditions. Suppose first that 4ac — b* # 0, a is odd and

b is even. Write 4ac — b> = 224, for as > 2 and As € Z odd. Observe as well that under

these assumptions

(

G(Qq; S;p") =

, « = 1. Hence, with Theorem 3.1, Theorem 5.2 yields

2(—1)°0(2°2 A5 + 1) if n=1
iG(SA; 2") - G(SA2%2A5;2"%)  ifn > 1
0 fn=1

()" (1+i94)25 - G(SA2%245;272)  ifn > 1

0 ifn=1
(&) (145428 . ont2 if ap >n+2
0 ifn+1=ay

" n n « n+o
) i2s 275 ()T (s e, <

0 ifn=1
(Z)" (1 +is4)27% if2<n<ay—2
0 ifn=(w—-2+1>2

o n+ao o —
()7 (£) 7 Q+IHA+iM2 50 > (0 —2) +2

(5.11)

We see that (5.11) agrees with Theorem 1.2 of Alaca, et al. where ay — 2 corresponds to [

in [1, p. 69].

Suppose now that b is odd and we recall that (a,b,c) = 1 so that my = 4ac — b* = Ay is
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odd. In particular, we see that As = 3 (mod 4). Theorem 1.3 of Alaca, et al. states

G(Qs; S;2") = (—1)mnon, (5.12)

It’s clear that if @ > n > 1, Theorem 5.2 will agree with (5.12). If @« =n = 1, then a is odd
so (—1)* = (—1) and as b is odd we have Q(my 4 1) = 1. Thus, from Theorem 5.2, we have
G(Q; 5;2) = 2(—1)¢, which agrees with (5.12). Otherwise, for a < n, along with Theorem

3.1, Theorem 5.2 yields

G(Q - S- 271) _ 1 2 e (1 + .SA)2"+§_Q 2 et (1 + -SAA2)2n+é+a
22 4) =4\ 54 ! SAA, !
2 n+a+1
=2n! (A_2) (1+i%4)(1 =i

9 n+a+1

If both @ and c are odd, then modulo 8 we have Ay = 4ac—b* = 3 (mod 8). Asaisodd, a =1

nt+a+1
and thus (A_) = (—1)", which shows that (5.13) agrees with (5.12). Otherwise, if at
2

least one of a or ¢ is even, Ay = 7 (mod 8) and (AEQ) = 1. We see that (5.12) and (5.13)
will yield the same expression. Hence, regardless of parity of our coefficients, Theorem 5.2
will yield the results of Alaca, et al. We will determine explicit expressions similar to (5.13)
in Corollary 5.2 below.

We provide a brief example to demonstrate our method. Set Qo = 2?7 + x179 + 73

To evaluate any quadratic form Gauss sum we first look at the minors of the associated

symmetric matrix. The symmetric matrix associated with ()5 is given by . Thus,
1 2

my; = 2 and my = 3. We now proceed by specifying the prime p and express our minors
using prime power notation. As usual, S will be an arbitrary integer coprime to p.

Suppose first p is odd. Write m; = p*A and we see that a = 0 and m; = A in this case.
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Hence, for n € N, Theorem 5.1 yields

G(Qq; S;p™) = G(2Smy; p") - G(2Smymy; p™) = G(225;p™) - G(2% - 3S;p™)

=G(S;p") - G(3S;p"),

where we have used Proposition 3.13 to simplify as needed. If we expand this using Theorem

3.1, we find that

/

3-G(S;3" 1) -G(S;3") ifp=3
G(3S;p") - G(S;p") =

G(3S;p") - G(S;p™) if p>3

) -
3nts <§) itp=3

(—) p" if p > 3.
L\ P

Note that this is exactly the statement of Corollary 2.1(i) of Alaca, et al. [1, p. 75].

For Theorem 5.2, we observe that as m; = 2, we have @« = 1 and A = 1 in this case.

Assume for the sake of discussion that n > 1. Thus, Theorem 5.2 yields
1 1
G(Qq;5;2") = ZG(SA; 2" L) LGS Amg; 27?) = ZLG(S; 2") - G(39; 2"+,
As before, if we expand this using Theorem 3.1, we have that

1 1/2\" . [ 2\" ni2
ZG(S; 2") - G(39;2"1?) = 1 (g) (1+i%)2% - (—> (1+i3)272

=2 (g)n (144%)(1—i%) = 2"(=1)™.

This agrees with Corollary 3.2(i) of Alaca, et al. [1, p. 89]. One can recover the remaining
cases of Corollary 3.2 given by Alaca, et al. using Theorem 5.2.

Continuing in this manner, we now use Theorem 3.1 to derive exact formulas for the
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binary quadratic form Gauss sums.

Corollary 5.1. Let p be an odd prime. Let 6 € Ny and D € Z be such that (D,p) =1 and

p°D = my (mod p™*®). Then for a < n, we have

2
n+a pn+o¢_1
pg”%(ﬂ) (=) if6=n+a
G(Qq: S;p") = P )
T s SA ) n+a+9 (6+1)(n+a) (1’52;1)
i (Ea) (2) (3 i ifo<n+a.

Proof. By Theorem 3.1 and Theorem 5.1, we have that G(Q; S;p") is given by

2 A o p"+&,1 n—a
G(2SADp’; p"*) - G(2SA; p"~) = G(2SADp’; p+*) - (%) @( : ) p 2 . (5.14)

If 6 = n + «, then by Proposition 3.2, (5.14) will simplify to

e ()

p

Otherwise, if 6 < n + «, by Proposition 3.2 and Theorem 3.1, we have

G(2SADp’; p***) = P’G(2SAD; p"+~°)
n-+ao+9 prtat 2
_ p§ (25;4D> Z(f) pn+ng§

n+ao QSAD n+a+§ pn+a+§71 2
—ptER ( ) Z( 2 ) _ (5.15)
p

We substitute (5.15) into (5.14), which yields

s (@)5 (2)n+a+5i(w+j1)22‘(;,%@;51)2. (5.16)

p p

Thus, with Proposition 2.16, (5.16) will simplify to the statement of the corollary. H

As mentioned previously, this agrees with Theorem 1.1 given by Alaca, et al. [1, p. 67]
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under the condition that o = 0. Further, under the conditions that n =1 and o = § = 0,

the statement of the corollary agrees with the results given by Weber [111, p. 26].
Corollary 5.2. Let § € Ny and D € Z be such that D is odd and 2°D = my (mod 2n+etl).
Then for a < n, we have

2% (&) (1 4+ 194 fo=n+a+l

G(Q2;5:2") = {0 if6 =n+a

ont (l)zi (%)n+a+§+1 isA(%)Q if 6 <n+ a.

Proof. By Theorems 3.1 and 5.2, we have

| =

G(Qq;9;2") = ~G(SA; 2"7) . G(S Amy; 2" HHH)

s 9 n+l+4+a
2 <S—A> (1 4+ - G(SAD2%; 2m 1+, (5.17)

Subsequently, by Theorem 3.1 and Proposition 3.2, we have

(

ontlta fo=n+1+a

G(SAD2%;2m1tey = £ f6=n+a (5.18)

2%0&5 (L)n—‘rl-‘rOH'(; (1 +ZSAD) 1f5 < n—|—a

Combining (5.17) and (5.18) for § = n+ 1+« or 6 = n+ « will clearly yield the statements
of the corollary. Hence, suppose § < n + «, and combining (5.17) and (5.18), along with

Proposition 2.19 yields

i 9 4 9 n+1+a+§‘SA(i)2
*\sa1) \p e

which agrees with the remaining statement of the corollary. O
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As mentioned above, Corollary 5.2 will agree with Theorems 1.2 and 1.3 [1, pp. 69-70]
of Alaca, et al. depending on the parity of b. Observe as well that the results of Weber [111,

p. 49] agree with Corollary 5.2.

5.2 Ternary Quadratic Form Gauss Sums

For this section, we let
Qg = tlx% + tgl’g + tgl'g + t121‘1$2 + t13$1.1'3 + t23x2$3,

for t;,t;; € Z which are mutually relatively prime, that is, no prime divides every coefficient
ti,t;;. With this notation, we have m; = 2t; and mo = 41ty — th, and we assume that
A = mymsy # 0. Due to our assumptions, there exist aq, as € Ny and A, Ay € Z such that
(A1A2,p) = 1 and my = p* A1, my = p*2 Ay and A = p*A = p*1He2 Ay A,.

Our aim in this section is to introduce a method which can generalize to quadratic forms
of an arbitrary number of variables. For notational convenience for this section and the next,

we set
aij = max(ozi — Oéij, O),

for 1 <1 < j < r. In this fashion, we have 0 < a;; < ;. Similarly, for ¢« = 1,...,7, we
set ap; = 0 for convenience. Recall from section 4.2 that m;; denotes an integer obtained in

diagonalizing our quadratic form, which we refer to as a mixed minor.

Theorem 5.3. Let p be an odd prime. Let as € Ny and Az € Z be such that (Az,p) = 1 and
p*3 Az = mg (mod p"*). Similarly, for 1 <i < j <3 we let a;; € Ny and A;; € Z satisfy

(Aij,p) =1 and p™i A;; = my; (mod p™t®). Without loss of generality, we may assume that
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ap < gz, If n > a and n > az — o + 2(max(ags, ai3)) we have

3

G(Qs;5;p") = H (2SA; Aj_qp T phte),

Proof. By Theorem 4.3, we have that

2

pPQs = Z(QA A1) p Lpa—aizai-iy, + (245) Yimap®™ a2x§ (mod p"*®).

i=1
Hence, by (5.1) and in light of Proposition 3.13, we have that

n+a71 (171
17 25 Az Agp®storg? 25A2A1y3
Qs 5 3 ¢ (BT TS (25And)

x3=0 z2=0

a_1
28 A p2y?
Uy &=

x1=0

By (4.3), it follows that

Yy = palAliCl +pa12A12$2 + pa13A13 (HlOd anra).

69

(5.19)

As n > a > a1, by Proposition 3.7, the sum indexed by z; in (5.19) will be non-zero if and

only if

P2 Aoy + p** A1z = 0 (mod p™)

pi2xy = —AI21A13pa13.’L'3 (mod pt)

Ty = — Ay Ap® 223 (mod p™2).
Thus, (5.19) will simplify to
n+a_1
1, o 25 Az Agp®storg?
]ﬁp G(25A;;p"te) Z < 3pi+a

xr3=0
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pn+a —1

25 Ay Ay
x > e (#) . (5.20)

x2=0
ng—Af21A13p°‘13_al2m3 (mod p*12)

Note that yo = p*2 Agwy + p*23 Agzxz (mod p" ). If ay < aqq, then as n > as — ay, we may
use Proposition 3.7 to evaluate the sum indexed by x5 in (5.20). Otherwise, if a3 # 0, as
n > a—2ai, we may use Proposition 3.9 to evaluate (5.20). Further, Proposition 3.7 can be
seen as a special case of Proposition 3.9, so we may use this latter proposition unreservedly.

In order for the sum indexed by x5 in (5.20) to be non-zero, x3 must satisfy the congruence

conditions
p*? Agzrs = 0 (mod p™?) — 23 = 0 (mod p**)
and
— A A2y = 0 (mod p™2) = x5 = 0 (mod p*¥), (5.21)

where we have used the fact that a7z — (a3 — a12) = ag3. Hence, by Proposition 3.9 and

(5.21), (5.20) can be written as

1
S GRS A - RG2S Ay )
Pl 25A2A3pa+a37a2 x2
X > e ( e 3) : (5.22)
x3=0

23=0 (mod p™ax(@23,513))
Finally, due to our assumption that n > a3 — as + max(ags, @3), by Corollary 3.1, (5.22)

will simplify to

1
e POG(2S Ay; prtor) - pPO2G(2S Ay Ay p T 202 L patasma2 GG Ay Ag ph(@3792)) - (5.23)
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To achieve the statement of the theorem, we simplify the Gauss sums given in (5.23) by

Proposition 3.11. Hence, we have that

paG(2SA1;pn+a1) = paJralG(QSA;pnial) = G(25Apa+a1;p"+a),
PRG(2S Ay gt ) = PO GRS Ay Ay o)
= G(25A1A2pa+a2—a1;pn+a)7

pa+a3—a2G(2sA2A3;pn—l—a—(cxg—l-al)) _ G(2SA2A3pa+a3—a2;pn+a)7

so that (5.23) will simplify to the statement of the theorem. O

We mention that Theorem 5.3 will be valid for m3 = 0 under certain conditions. Suppose
mg = 0. By convention, we have a3 = n + «. Thus, the condition of the theorem pertaining

to n and ag will simplify to

n > as — ay + 2max(anz, a73)

0 > a; + 2 max(ags, a3).

Hence, Theorem 5.3 will be valid for a ternary quadratic form with zero determinant if a; = 0
and ay < ap3. We provide an example of such a case.

Let Q3 = :1:% + 23:’% + x% + 129 + 22173 + xox3 which has associated symmetric integral
2 1 2

matrix | 1 4 1 |. It follows that m; = 2, my = 7 and m3 = 0. From Theorem 4.2, we see

2 1 2
that mis = 1 and my3 = 2. Recall that mys is the determinant of the 2 x 2 leading principal

submatrix of the matrix with columns 2 and 3 interchanged. Hence, mo3 = 0. Suppose p =7

and n € N. Writing m; = 7 A; (mod 7""*) and m;; = 7*7 A;; (mod 7"*) we see that

a1 =0, ag=a=1, ag=n+a=n+1, aygy=n+a=n+1,
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and
A1:2, Azzl, A3:1

In particular, we have oy < as3 and «; = 0 which satisfies the conditions of Theorem 5.3.

Hence, Theorem 5.3 yields

1
G(Qs ST = GRS T T - G228 - 74 7 - G228 - T T
=7 TG(S; T TGS T

= 7"1G(S; T HG(S; ).

If we expand this using Theorem 3.1, we find that

n+1 m—1_1\2 - n m_1N2
G(Qy; ;7 = T (g) L) st @) {50) 73

— 7ty — 7 [

For p odd and p # 7, we can not evaluate G(Q3; S; p") using Theorem 5.3.

Next, we have a similar theorem for the even prime case.

Theorem 5.4. Let a3 € Ny and A3 € Z be such that (A3,2) = 1 and 2*3A3 = mgy
(mod 2"+ Similarly, for 1 <i < j <3 we let a;; € Ny and Ayj € Z satisfy (2, Aij) =1
and 2% A;; = my; (mod 27T Without loss of generality, we may assume that aia < 3.

Then forn > a+1 and n > az — as + 2 max(ags, az3) + 1, we have

3
1
G(Q3; S; 2n) = H G(SAiAi_12a+ai_o‘i—1; 2n+0<+1).
i=1

23(a+1)

Proof. The proof follows in the same manner as in the proof of Theorem 5.4. From Theorem
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4.3 and Proposition 3.14, we deduce that

2n+a+171 2n+a+171

n 1 SA3A22a3+041x§ SAQAly%
G(Q3;5;2 ):23(a+1) Z e( on+a+l Z € on+a+l
x3=0 x2=0
2n+a+1_1
SA12a2y%
X Z e (W . (524)
x1=0

We now simplify these sums using Proposition 3.8, Proposition 3.10 and Corollary 3.2,
respectively, in the same manner as we did in Theorem 5.3. In order to use these propositions,

we note that

n>oa+1

which allows us to use Proposition 3.8. Next, the condition on n necessary for Proposition

3.10 is

n+a+1>2(an+ ay) + 2.

Thus, we see that

n>a+1>max(ay — o + 1,0+ 1 —2a39),

so we may use Proposition 3.10. Finally, our last condition on n will be given by

n+a+1>as+ o +2max(as, azs) + 2

which simplifies to the assumption given in the statement of the theorem. Hence, (5.24) will
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simplify to

1
SHaTD . QQG(SAl; 2n+a1+1) . 22a2G(SA2A1; 2n+a1—a2+1) . 2a3+a1G(SA3A2; 2n+1—(oc3—a2))'
(5.25)
Finally, with Proposition 3.12, we simplify the Gauss sums in (5.25). We have that
QQG(SAl; 2n+a1+1) — 2a+a1G(SA1; 2n—a1+1) — G(SAIQOH_m; 2n+a+1),
QZQQG(SAQAl; 2n+a1—o¢2+1) = G(SA2A12OC+OC2_O[1; 2n+a+1)’
2a3+a1G(SA3A2; 2n+1—(a3—a2)) — G(SA3A2206+O¢3—(12; 2n+o¢+1)’
so (5.25) will simplify to the statement of the theorem. [

We end this section with a curious example. Let Q3 = 23 + 222 + 22 + 21179 which has
2 20

associated matrix | 2 4 (o |. It follows that

0 0 2

m; = 2, mo = 4, ms = 8, mio = 2 and M3 = Maog = 0.

Hence, for any odd prime p and n € N, the conditions of Theorem 5.3 are trivially satisfied

so that

G(Qs: 8:p") = G(2°8;p") - G(2'8;p") - G(2°S:p™) = G(S;p")".

Suppose now p = 2. Writing m; = 2% A; and m;; = 2%7 A;; (mod 2"***1) we have

041:1, 042:2, 043:3, Oé:Oél+()é2:3,

0412:1, a13:n+a+1:n+4, a23:n+a+1:n+4,
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and

Observe that we have a5 < ay3. Further, we have
Qa3 = max(ay — ags, 0) = 0 = max(a; — ay3,0) = ag3.
Thus, if n > 4, the conditions of Theorem 5.4 are satisfied, so that

G(Q5: 5;2) = - G(215;27) - G(215;27) - G(215; 27H) = G(S; 2")°.

o 212

It is interesting to note that in this case, for p arbitrary, G(Qs; S;p") = G(S;p")3.

5.3 General Quadratic Form Gauss Sums

For this section, we let

Qr = Zr:tza?? + Z i, (5.26)
i=1

1<i<j<r

denote an r-dimensional quadratic form. Further, we may assume that the coefficients of Q.

are mutually relatively prime. Recall that m; denotes the i leading principal minor of the

integral symmetrlic matrix associated with ),, and the associated minor product of @), is
T,

given by A = Hmi. Finally, we assume that the associated minor product A is non-zero.

=1
As A # 0, there exist a; € Ny and A; € Z such that (A;,p) = 1 and p* A; = m;, for each

1=1,...,r—1. We set

r—1
A=piA= pa1+az+-~~+ar—1 <H Ai) )

=1
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We extend this notation to the determinant m, and the mixed minors m;;, so that

p* A, (mod p"t®) p*iA;;  (mod p"te)
m, = and  my; =

207 A, (mod 2"tet!) 2% A;; (mod 2ntett)

From the previous section, we see that the divisibility of the coefficients will affect how
we can evaluate the quadratic form Gauss sum. We present our main results repeatedly,

with an increasing number of conditions on the coefficients.

Theorem 5.5. Let p be an odd prime. If (A,p) =1 then

r—1
G(Qr; Sip") = G2Sm, A,y p") [ [ G2S A Ai_y: p).

i=1
Proof. 1f (A, p) = 1, this means a; = 0 and m; = A; for each i. Hence, Theorem 4.3 states
that

r—1

Qr = Z(2AiAi—1)_1?/¢2 + (24,-1)"'m,x? (mod p™).

=1

In light of Proposition 3.13, it follows that

pr—1 Pt —
2 A, 22 25 A, Agy?
G(Qr: S:p") = Z . (M) 2 : e (M) ' (5.27)

n n
x,,=0 p x1=0 p

Consider y; = Ajz1 + Z Ay;zj. By Proposition 2.5, as x; runs through a complete residue
=2

system modulo p™, so does y;. This means the sum indexed by x; in (5.27) will resolve

to G(25A1Ap; p"). By similar reasoning, the sums indexed by za,...,x,—; in (5.27) will

simplify in the same manner. Finally, the sum indexed by z, in (5.27) is a quadratic Gauss
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sum, so that (5.27) becomes
r—1

G(2Sm, A,_1;p") [ [ G(2SAAiy;p™).

i=1

Corollary 5.3. Let p be an odd prime. If (Am,.,p) =1 then
G(Qr; Sip") = [ [ G2SAA v p").
i=1
Proof. 1f (m,.,p) = 1 then m, # 0 and m, = A, (mod p™). Hence, the corollary follows from

Theorem 5.5. OJ

We emphasize that Corollary 5.3 agrees with the results of Weber [111] as stated by
Cohen [22, p. 14] for S = 1 and @, a Gaussian form. Indeed, this implies 2" | m,. Hence,
under these assumptions, Corollary 5.3 states

ﬁ <2Aiﬁi_1) G(1;p") = (27";;%) G(Lp")",

i=1

which corresponds to (2.16) of [22]. Further, one can use the multiplicative properties of
quadratic Gauss sums to arrive at a similar expression for arbitrary odd positive modulus.
We will discuss this further in Chapter 7.

We have a similar theorem for the even prime case. However, as 2 | A, this theorem is
conditional upon every mixed term of @), being even. Hence, for the following theorem, we

assume (), is of the form

=1

1<i<j<r

lij :
Note that (5.26) and (5.28) agree under the notation t;; = EJ These types of quadratic
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forms are sometimes called Gaussian forms [83].
Consider the matrix M representing the integral matrix associated with @,. As every

non-diagonal term is divisible by 2, we can extract 2 as a scalar factor. Thus, we have
M =2M'.

We emphasize that M’ is an integral matrix. As A # 0, there exists non-zero integers m;,

such that
m; = det(M;) = det(2M]) = 2" det(M]) = 2'm
for each i =1,...,r — 1. We modify our notation in this fashion, so that

ot/ n+a+1
mi; = 2'my; (mod 2 )

and 2'm/. = m, (mod 2"T*1). We define

r—1
/I /
5 =TI
i=1
nd we may refer to associate aussian minor product.
and we fer to A’ as the ted G duct

Theorem 5.6. If A" is odd, then

G(Qr;5:2") = G(Sml.A,_1;2") [ [ G(SA; A5 27).

i=1
Proof. As A is odd, we have that

r—1 r—1 r—1
A — Hmz _ H 2% A, = H2lm; — o2+ dr—1A/ _ 9o g
=1

i=1 =1
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r(r—1)
2

Thus, oy =t forve=1,...,r—1and a = . Further, this means that A, = m/ for

1=1,...,7r— 1. By Theorem 4.3, we have
r—1
2a+1QT = Z(AiAi_l)—lza—i—(i—l)y? + (Ar_l)—lm;2a+r—(r—1)$2 (mod 2n+o¢+1).

=1

In light of Proposition 3.14, it follows that

2n+a+171 2n+a+171
. 1 Sm! A, _,20+1 52 SA,20 12
G(Qrasv2 ) = or(a+1) Z e ( oot Z e W . (529)
z,-=0 x1=0
For:=1,...,r — 1, we have that

yi = mux; + Z mix; = 2 (Aia:i + Z m;jxj> = 2y, (mod 2" 1),
j=i+1 j=i+1
By Proposition 2.5, as x; runs over a complete residue system modulo 2"+ so does y..
Hence, with Proposition 3.2, the summands of (5.29) indexed by x1,...,z,_; will simplify

to
2n+o¢+l_1 2n+o¢+l_1

Z . (SAZAZ_12Q’L(11)yZ> _ Z e (SAiAi_12a+1y,g)
onta+l gn+a+1

x;=0 x;=0

— G(SAiAi,12a+1; 2n+a+1>

= 2a+1G(SAZ'Ai,1; 2”) (530)

With Proposition 3.2, the sum indexed by z, in (5.29) is given by

G(SA,_ym/20tt ontetly = 90t 1G(S A, ym!;2™). (5.31)
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Thus, with (5.30) and (5.31), (5.29) becomes

r—1

1

2r(at) (H 2T G(SAiAi 2")) 2 G(S A, ym);2")
i=1

r—1
= G(SA,_m; 2" [[ G(SAiA;i ;2.

i=1

O
We note that an equivalent condition to A’ being odd is that «; = i, for each i =
1,...,r — 1. Similarly, it would be sufficient to require 2¢ || m; for each such i.
Corollary 5.4. If 2" || m; fori=1,...,r, then
G(Qr: 82" = [[ G(SAiAi1;27).
i=1
Proof. If 2" || m,, then m,. = A, and the corollary follows from Theorem 5.6. [

The previous two theorems have what could be called the best divisibility conditions.
That is, each minor is coprime to the given modulus, or has a favorable divisibility, depending
on the parity. The following two theorems will relax these divisibility conditions somewhat,

but not completely.

Theorem 5.7. Let p be an odd prime. Suppose that o; < o for all1 <1< j <r. Then
1 o,
G(Qr§ S;pn) _ ]% HG(QSAiAi_lpa—i-az Oéz—l;anrOc).
i=1

Proof. By Theorem 4.3, (5.1) and considering Proposition 3.13 we have

pn+a+1 1

7L+a_1
N 1” 28 A, A, _prror—ar—iy? 25 A pa—o1y?
GQns ) = Y oA Y (PR,
p =0 p x1=0 p

(5.32)
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For each i =1,...,7r — 1 we have

yi = p™ A + Z p* Ay = p™ <Ai$i + Z pa”_aiAiﬂj) = p™y; (mod p" ).
j=i+1 j=i+1
By Proposition 2.5, as z; runs through a complete residue system, so does y;. Hence, each

of the sums indexed by z1,...,x,_; in (5.32) will be given by

nto __
4 1 (25AiAi_1pa+aiai1y£2
Z € n+ao
p

) = G(2SA;A;_poTo— it pte),
x;=0
As the sum indexed by z, in (5.32) is a quadratic Gauss sum, we arrive at the statement of

our theorem. O

Theorem 5.8. Suppose that a; < ay; for all 1 <i < j <r. Then

1 - i — Qg nr—o
G(Qy;5;2") = (D) HG(SAiAi_1201+a1 -1, gntactl)
i=1

Proof. The proof will follow entirely in the same manner as Theorem 5.10. We mention that

we will use Theorem 4.3, (5.1) and Propositions 3.14 and 2.5. O

In light of Theorems 5.3 and 5.4, it is clear that we can achieve our results, regard-
less of the coefficients of ()., for sufficiently large n. Hence, for notational convenience in
the remaining theorems, we will assume the coefficients of @), satisfy favorable divisibility

conditions.

Theorem 5.9. Let p be an odd prime. Suppose that we may permute the coefficients of Q.

so that for each i =1,...,r — 1 we have

Q(i+1) > Q(i—1)is
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and for every i, 7,k satisfying 1 <i < j <k <r we have
Qi < Qg
If n > 200521y + o — oy for eachi=1,...,r, then
G(Qr; S;p") = }% ﬁ G(2SAA; po o= im pite).

i=1

Proof. By assumption, A # 0, and so by Theorem 4.3 we have

7L+o<71
w17 S(2A,_1) TAprtoror-ig?
QS = > e( (24,1) i/ >><
x,-=0 p
pn+a71 _ o
S(24;A,4) Lpo-o ally?)
X e NEEE
;} ( anra
pnte—1 S(2A1A0)_1p"_a1_°‘°y%
X ) e( - ) (5.33)
pn (6%
x1=0

Observe that y; = p™* A2y + Zmljxj. By Proposition 3.7, as n > a1, the sum indexed by
j=2
xq in (5.33) is non-zero if

Zpa”Aljxj =0 (mod p™). (5.34)

Jj=2

For convenience, we set

j=it1

for i =2,...,r — 1. Thus, the congruence given by (5.34) becomes

Ty = _A1_21 <Z pa”_a”AIjQ:j) (mod p®*?)

Jj=3
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xy = Cy (mod p™2). (5.35)

If we suppose that s, ..., z, satisfy the congruence given by (5.35), by Propositions 3.2, 3.7

and 3.11, the sum indexed by z; in (5.33) will simplify to
p*G(2SA;p" oY) = p*TUG(2S AL p" ) = G(2SAp o pite). (5.36)

It follows that (5.33) is non-zero whenever z, .. ., x, satisfy the congruence conditions given

in (5.35). Hence, we may write the sum indexed by x5 in (5.33) as

pn+a —1

Yoo (S (24,41)'p am_alyg) . (5.37)

anra

xo=0 L
22=C5 (mod p*12)

Regardless of the congruence condition imposed on the index of z5 in (5.37), by Proposition

3.9, as
n > 2013 + as — aq,

if the sum given in (5.37) is non-zero, it must happen that yo» = 0 (mod p®?). This means

we must have

ZpanAgja:j =0 (mod p™?)

Jj=3

T3 = —Ay (Z pa2ja23A2jxj) (mod p®?3)

=1

x3 = C3 (mod p™?).
We continue in this fashion. As we have

n > 2001 + o — 1,
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for each i = 2,...,r, we may use Proposition 3.9 to deduce that for i = 2,...,r — 1, the i"?

term will be given by

pn+a_1 - -
S QAZA'L— 1 a—a;—a;—1 2
2 ) ( | . - yz) : (5.38)
prTe
mizoi
z;=C; (mod p”(i—1)i)
and the final term will be given by
Pn+a_1 S(2A 1)—1A paJranar_lmQ
Z (& < r— :_ r> ) (539>
prTe
$r=0

=0 (mod p~(r—1r)

We now move back up our series of nested sums. Hence, suppose z,, = 0 (mod p®—r) and

we write z, = p*—vral. We see then that as a;_1), > @—2)(-—1), Cr—1 can be written as

Bt = = ALy (P A () (mod )

z,_1 = 0 (mod p*r-2C-D).

Continuing in this manner, as we have assumed ;1) > @_1); for i = 2,...,r —1, for each

such ¢ the condition C; will be given by
C; =0 (mod p*G-v1),

and so each of the sums given in (5.38) can be written as

pn+o¢ —1

QA.A, ) Ipa—ai—ai—1,2
3 e(s( iAi-1)” P y) (5.40)

anra

;=0 (mod p~(i—1))

But as n > 21y + o — a1 for i = 2,...,7 — 1, by Propositions 3.9 and 3.11, each sum
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in (5.40) is given by

pa—ai—ai_l—i—QaiG(QSAiAi_l; pn—&-oe—(oc—oci—ai_l)—?ai)
P GRS A A,y prre o)

— G(2SA; A, potei—ait, pta)y, (5.41)

We note that we evaluate these sums in the nested manner as seen in (5.33), so that the
sum indexed by x5 is considered first, and subsequently x3, and so on in this manner until
we arrive at the final sum indexed by z,_;. Thus, remaining now in (5.33) is the final sum

given in (5.39). As n > 2a0,_1), + o — a,_1, by Corollary 3.1, (5.39) is given by

pot-i-av-—ocrﬂ G(25ATAT_1;pn-i-a—(oe-f—ar—ocr,l))

= G(2SA, A, _poTor—ort; phte), (5.42)
Hence, with (5.36), (5.41) and (5.42), (5.33) is given by

1 T
— JJ G@SAAprtoem prte).
pra pale

The even prime case will follow in a similar manner.

Theorem 5.10. Suppose that we may permute the coefficients of Q, so that for all 1 <1 <

1 <k <r we have
o < Qg

and for each 1 =2,...,7r — 1 we have

Qj(i+1) > Q(—1)i-
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Ifn > 200+ — a1 +1 fori=1,...,r, then

T

1
G(Qr; 5;2") = el H G(SAA;_ 20— 2”+0‘+1),

or(a+1
i=1

Proof. The proof is conducted in the same manner as in the proof of Theorem 5.10, where

our conditions on n are given by Propositions 3.8, 3.10. and Corollary 3.2. This requires,

respectively,
n>a;+1,
n>20G_1y; oy — oy +1lfori=2,...,r—1,
n > Qa(r—l)rar — Qp_1 + 17
which will be satisfied given the requirements of n in the statement of the theorem. O

Given a quadratic form @), one can determine which theorem to use to evaluate the
quadratic form Gauss sum based on the minors of @),.. Let M be the integral symmetric
matrix associateii with @, with leading principal minors my, ..., m, and associated minor
product A = Hmi. Further, for 1 <14 < j < r, we recall the mixed minors m,;, which
can be shown %T)lbe the determinant of the ¢ x ¢ leading principal submatrix of the matrix
obtained by interchanging columns i and j in M. The evaluation of G(Q,; S;p™) will depend
on the parity of p and the divisibility of the minors m; and m;.

Suppose that p is an odd prime. If we have (A,p) = 1 then we use Theorem 5.5 to
evaluate G(Q,; S;p"). If, in addition, we have also (m,.,p) = 1, then G(Q,; S; p") is given by
Corollary 5.3. Suppose that at least one minor m; is divisible by p, for some ¢ =1,...,r—1.
In this case, we consider the divisibility of each mixed minor m;; = p*’A;; (mod p"*®).
If, for each such divisible minor m;, we have o; < «; for each j = 4+ 1,...,r, then we

can evaluate G(Q,; S;p") using Theorem 5.7. Otherwise, one must be able to permute the

coefficients in such a fashion that, given n sufficiently large, we may appeal to Theorem 5.9
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to evaluate G(Q,; S;p™).

Suppose now that p = 2. If each mixed coefficient of Q, is divisible by 2, and 2°¢ || m;
foreachi=1,...,7 — 1, then G(Q,; S;2") is given by Theorem 5.6. Additionally, if we also
have 2" || m,, then G(Q,; S;2") is given by Corollary 5.4. If instead we have, say, 27! | m;,
we must determine the greatest prime power of 2 dividing m;; = 2% A;; (mod 2"+ +1).
Similar to the odd prime case, if we have o; < «; for every such minor m;, then we
evaluate G(Q,; S;2") using Theorem 5.8. If for some i and j satisfying 1 < i < j < r, we
have a; > «;;, then assuming a favorable permutation of the coefficients, we may evaluate
G(Qy; S;2™) using Theorem 5.10, taking n sufficiently large.

We present an example to emphasize the algorithmic nature of determining which theorem
to use to evaluate G(Q,; S;p"). For what follows, we mention that we use Propositions 3.13

and 3.14 to simplify the expression of various quadratic Gauss sums. Let

2 2 2 2

This has associated symmetric matrix , from which we may determine that

my =12 and A =my-myg-ms=36.

For p > 3 prime, we have that (Amy,p) = 1, which satisfies the conditions of Corollary 5.3.
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Thus, for n € N, we obtain

G(Q4; 5;pn) = G(25m4m3;p”) ) G(25m3m2;]7n) ) G(25m2m1;pn) : G(Q,S'ml;pn)
= G(144S;p") - G(365;p") - G(125;p") - G(4S;p")

=G(S;p")* - G(3S;p").

One can then determine a specific formula using Theorem 3.1.

Suppose now p = 3 and write m; = 3% A; and m;; = 3% 4;; (mod 3"**). We see that

a1 =0, ap=0, az=n+a, aqu=n++a,
ag =1, @p=ay=n+a,
az=1, ayu=n+a,

g = ]_, and A1 = 2, AQ = 1, Ag = 2, A4 =4.

Note also that a = 2 in this case and we have o; < o;; for all 1 <7 < 57 < 4. Therefore, by

Theorem 5.7, we have

1
G(Q4; S; 3”) :ﬁG(2SA4A3 : 32+a4_a3; 3n+2) : G(25A3A2 : 32+a3_a2; 3n+2)
x G(2S5AyA; - 330271, 3042y L (25 A, . 3%Fe1. 3n+2)
1
:§G(16S -3%,3"2) . G(4S - 3%,3"1%) - G(4S - 3%, 3"2) . G(45 - 3% 3™H?)

=3G(5;3")* - G(S;3" 1),

where we have used Proposition 3.2 to simplify prime powers.
Finally, suppose p = 2. Write m; = 2% A; and m;; = 2*9 A;; (mod 2"*1). Hence, we

have

ap=1, ap=0, ag=nt+a+l, ay=n+a+l,
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as =0, ap=1 ay=n+a+l,
as=1 ay=n+a-+1,

014:2, and Alz 1, A2:3, 143:37 A4:3

Observe also that in this case a = 2. Hence, as a; > a2, we must look to Theorem 5.10
to evaluate G(Qq; 5;2"). First, note that a;; > ay, for all 1 <i < j < k < 4. Recall that

a;; = max(a; — «;;,0) and for convenience ag; = 0. We see that

a;z=1 and @;; =0 otherwise.

Thus, the condition @;i;1) > @;—1); is not satisfied for ¢ = 2. Hence, we look to permute the
coefficients of the quadratic form to obtain more favorable divisibility properties. Consider

instead

o202 2 2
Q) = a7 + x5 + 25 + T + T34,

obtained by, say, x1 <+ x3 and x5 <> x4. This has associated symmetric matrix

o o O
@)
[\
—

and thus we have that

my =2, miz=myz=my =0,
mg =4, Moz =my =0,

m3=38, mgy =4, and my=12.
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Writing m; = 2% A; and m;; = 2% A;; (mod 2"**t1) as before yields

ap=1, ap=az=ayy=n+a+l,
g =2, apy=ay=n+a+l,
a3 =3, azy =2,

054:2 and A1:A2:A3:1,A4:3.

90

Observe that a = 6 in this case. Note also that with this notation, we have o;; < oy as

before as well as

a1y = 0, Qg; = O, 34 — 1.

Thus, @;i41) = a@—1); for i = 2,3 which means that the conditions of Theorem 5.10 are

satisfied for n sufficiently large. We require that n satisfies n > 2a;_1); + o; — o;—1 + 1 for

1 =1,...,4. Hence, we have that

2()4_344-044—043—|—1:2,
2ap3 +az —ay +1=2,
2CY_12+052—041—|—1:2,
2a_m+a1—a0+1:2,
where ag = 0. Thus, if n > 2, Theorem 5.10 states
n 1 a4 —C n az—Q n
G(QQL, S, 2 ) :ﬁG(SAzlAg . 26+ 4 3; 2 +7) . G(SA3A2 . 26+ 3 2; 2 +7)
X G(SAyA, - 20Fe2zmon, ondTy L (G A, . 20Fe1, gntT)
1 5. on+7 7. 0on+7\3
:ﬁG(BS-Q ;2T LGS 22T
1 n n
:2—2G(35;2 ). G(S;2M)3,
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where as before we have used Proposition 3.2 for simplification. This re-indexing method

suggests that the coefficient conditions as stated in Theorem 5.10 can be improved.

5.4 Explicit Formula for General Quadratic Form Gauss

Sums

We would like to give a general expression for G(Q,; S;p™). We will use Theorems 5.5-5.11
to deduce these formulas. We begin with the odd prime cases first, and subsequently the

even prime case.

Theorem 5.11. Let p be an odd prime and Q, satisfy the conditions of Theorem 5.5. Then

nr+o ar n+ar n_q\2 (ptter— 2
G(Qh&p”)z(%) (A) (A_> pree e () ()

p p

Proof. From Theorems 3.1 and 5.5, we have

r—1

G(Qri S;p") = G(2Sm, Av_y; p") [ [ G(2SAiAi_1; p")

i=1

r—1 n 2
— G@SAA i) ][] (%) ()

=1
2 (r=1)n Ar_ " —im r—1)(22=1 2
— GSA A ) (?S) ( pl) G B

If o, < n, from Theorem 3.1 and Proposition 3.2, we have

QSAT—lAT>n+aT i(pn+2a_1)2'

G(2S A,y Ap i p") = p¥ G(2S A, 1 A ) = p™ 5 ( p

(5.44)

Combining (5.43) and (5.44) will yield the statement of the theorem. Otherwise, if o, = n,
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G(2SA,_1 A, p*;p") = p" and in this case (5.43) becomes

(r—1)n n . P12
() (e
p p

which will simplify to the statement of the theorem.

]

If the determinant of the quadratic form is non-zero and coprime to p, we have the

following obvious corollary.

Corollary 5.5. Let p be an odd prime and @), satisfy the conditions of Theorem 5.5. Then

if (m,,p) =1 we have
2 TA " nr .y Ln*l 2
G(Qr; S;p") = (%) p¥ir ()

Proof. This follows from Theorem 5.14 with «,. = 0. O

Theorem 5.12. Let p be an odd prime and let QQ, satisfy the conditions of Theorem 5.10.

Then if n > o; — a1 for each i =1,...,1r, G(Q,;S;p") is given by

. 29 ™M+ Ar nt+artar—1 r—1 Al -1+
G G IE
P p i=1 p

n(arty) (por-1)?
>( +)i< ) if r =0 (mod 2)

= |k

_1 Z]-S’if'rfl ai(1+ai+1) <7
(5

T n(ﬂ) pn+ar71 2
p <—71> ’ z( : ) if r =1 (mod 2).

Proof. From Theorem 3.1, Proposition 3.2 and Theorem 5.10, we have that

1 T
G(Qyr;s;p") :}% H G(25A; Ay p ozt phte)

=1

1 r
e [[poto G5 A A y; p )
=1
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) ) Faita; 2
D e (284 A\ (e
S ()T

i=1 p

S ()T (5.49

=1 p

Thus, we examine in turn the factors in the product expression of (5.45). First, observe that

ﬁ (QSAiAi—l)nJraﬁai B (ﬁ (25A¢A¢—1)n) <ﬁ <28AiAi—l>ai+ail>
i=1 p i=1 p i=1 p
B <28)nr <Ar)n <2S)ar (Ar>ar+ar—1ﬁ (Ai)ozil-kaiﬂ
p p p p 1\ P
29 rntag (Ar)n+ocr+ar—1 r—1 <Ai)0¢i1+06i+1
= — — — . 5.46
) G I 540

r <p"+ai+o‘i—1_1
It remains to evaluate Hz ?

i=1
deduce a pattern from this expression. Using Proposition 2.16, we have that

( n+a; +a,L 1_ 1)2 (pn+o¢1_1)2 (pn+a1+a2_1> ( n+a; +047, 1_ 1)2
. 2 . 2
HZ =1 ] | | 1

1 n(az+1)+o1(a2+1) (pa2_1)2 (pn+a3+a2_1)2 r (pn+ai+ﬂif1_1>2
(22 P N
A i P

2
) . We assume that r is sufficiently large so we may

i—4
i @il@it1tl) (p"+a3—1)2 (p"+a3+a4—1)2 r (wf

2 2 2

-

_1>na4+21<i<3 ai(ai+1+l) (pa4_1>2 (pn+a4+a5_l)2 (pn+ai+ai—1_l)2
A . . 2
AN 1 1

=

2

1=6
_ 1)\ Zisica @i(@ip1t1) (pn+as-1)2 (pn+as+ae_1>2 r (&)2

2 2 2

=7

(5.47)

Continuing in this fashion we see that this product will depend on the residue class of r



CHAPTER 5. MAIN RESULTS 94

modulo 4. Hence, we see that (5.47) is given by

n( oe,—i—l) paT 1)2

*:z|H

if r =2 (mod 4)
7L+a7« 1

(_1)21<i<7‘1 a;(ait1+1) (71>” 7 ifr=3 (mod 4)
+

noy- pr — 1

p

if r =0 (mod 4)

o 1) if r

=1 (mod 4).
n r—1 n+or _q 2
1\ Zrcigr—1 @il@is1t1) <_—1> = )i( ? ) if r =1 (mod 2)
_ (_> e (5.48)
P <;1) s i(p2 ) if r =0 (mod 2).
p
Hence, with (5.45), (5.46) and (5.48) we arrive at the statement of the theorem. O

Finally, we have similar theorems for the even prime cases.

Theorem 5.13. Let Q, satisfy the conditions of Theorem 5.6 and let m, = 27 - 2% A,

(mod 2"t If ! > n, then G(Q,; S;2") is given by

f’rl
.SAg;_ AZ
H2 2i—1A2

(r41)m 9 (r—1)n 9 n
27 § A r—2
r—1 2 Agj_o+Ag; 2
(14 s TT 26544 (55) 7 G = 0 (mod 2)

\ =1

Agi— 2+A2z>

if r =1 (mod 2)

If of. < n, then G(Q,;S;2") is given by

ol 9 rn4al 9 al. 9 n+al.
p el i
S AT‘*]. Ar

2

( r
11— +A X
H 0752~ 1Aai “2i=pt i ) if r =0 (mod 2)

X 'rfl

11— +AZ
(1 4 iSArAr H25A21 (22T 1 (mod 2).

\ =1
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Proof. We write o, = o, + r. In this fashion, we have
my = 2"'ml. = 2 A, = 2% A, (mod 27T,

Hence, by Theorem 5.6, we have

r—1
G(Qr; 8;2") = G(SA,_1 4,272 T] G(SAiAi132")
=1

r—1 n

/ 2 N

= G(S5A, 1 A2 2" ) (1423
(54, 1 >H(SM) ( )

—im (9 (r—1)n 9 nr—1
= G(SA,_ A,200; 9m)2 =" <§) (A ) [J( +i¥44). (5.49)
r—1

=1

If o/ > n, then G(SAT_IATQO"T; 2") = 2", By Proposition 2.20, we have that

r—1
H (1 + iSAiAifl)
i=1
(5
[T (1 iSte-rdez) (1 4 iS4y if r =1 (mod 2)
_ =1

r—2
2

(1 4= Ar2) TT (1 4 #8421 A2m2) (14 %2 42) if = 0 (mod 2).
\ =1
('r 1

H 2i° 4% 1z if r =1 (mod 2)
- r=2 (5.50)

2 ‘ (Azi—a+Ag;\?
(1+i54=A=2) T giSAa1 A (T e (mod 2).
( i=1

Agi— 2+A21)

Thus, with (5.49) and (5.50), we arrive at the first statement of the theorem in this case.

Otherwise, for a/. < n, by Theorem 3.1 and Proposition 3.2, we have

G(SA 14,27 2") = 2% G(S A, 1 A,5 27 )

e 9 ntal T
=922 [—— 1 4 541y 51
p (SAHAT) [Ja+i ) (5.51)

=1
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By similar reasoning to (5.50), it follows that

r

H(l + iSAiAi—l)

i=1
H 2;° 42~ iz if r =0 (mod 2)
_ . (5.52)
2 Agi_o+Ag;\2
(184 [T 2644 (57) i = 1 (mod 2).

\ =1

A21 2+A21>

We combine (5.49), (5.51) and (5.52) to arrive at the remaining statement of the theorem. [

Corollary 5.6. Let Q. be a quadratic form satisfying the conditions of Theorem 5.6 and

suppose 2" || m,. Then

( T
2 Agi_o+Ag; |2
) . H QiSAQi_lAQi( ) if r =0 (mod 2)
R S ony — ﬂ i=1 o
G(Qy; 5;2") = 2> ((S)”Ar) \ (At
(1 4 i54rAr-1) HZ@‘ G ) if r =1 (mod 2).
\ i=1
Proof. This will follow from Theorem 5.16 with o/ = 0. O

Theorem 5.14. Let Q). be a quadratic form satisfying the conditions of Theorem 5.11. If

n>a;—a;1+1 fori=1,...,r, then G(Q,;s;2") is given by

rintyron [ r(n+1)+ay, 9 n+l+artar_1 r—1 9 o1+
2 2 — — =
G TG

()

2 A21 2+A21
H2 ;S Azi-142i-2 ) if  even
X < r—1
2 ) ) Agi_o+Ag; )2
(1+ iS4y sz‘“m—”?z—z( 7)ifr odd.
\ =1

Proof. Observe that asn > a;—a;_1+1, none of the Gauss sums in the statement of Theorem

5.11 will have a modulus congruent to 2 (mod 4). Thus, from Theorem 3.1, Proposition 3.2
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and Theorem 5.11 we have

! - i n+ao
G(QT’ S’ 2n) = m H G(SAZ‘Ai_lT)H_O‘l i-1: 9 + +1)
=1

1 r
— H 2a+@i—ai—1 G(SAzAz—h 2n+1—ai+ai—l)

27"(a+1)
=1

1y gt (2 e (1 4 §S4dior)
o SA; A
i=1 L

_ 2T(n7;)+ar ﬁ 9 nta;t+o;—1+1
SA A

i=1

(1 + i54di-ny, (5.53)

We examine the factors of (5.53) individually. First, we have

T 9 n+a;+ao;_1+1
H (SAiAi_1>

i=1

9 r(n+l) r 9 aitaj_1 T 2 n+l 2 oot
- (§> H (5) U (AZAH) H (Al-AH)

i=1 i=1 =1

2 T(n+1)+ar 2 n+l4+ar+or—1 r—1 2 ai—1+ai+1
-5) &) m) o3
T i—1 (]

(2

Finally, by Proposition 2.20 and similar to the proof of Theorem 5.16, we deduce that

( T
2 Ao + Ao 2
SAg;_ 1 Ag;_o(A2i=2tA2 ‘
. HQZ por 2< 2 ) if r even
=1

[T+t == - (5.55)

i— 2 Agj_o+A9;\2
- (1+ 5440 T] gifAr-rdna(HHTR)T e g

\ =1

Hence, with (5.53), (5.54) and (5.55) we arrive at the statement of the theorem. O



Chapter 6

Applications

In this chapter, we will use our results for the binary quadratic form Gauss sum to determine
the number of solutions to a binary quadratic form congruence. Thus, for this chapter, we
let a,b,c € Z be such that a # 0 and (a,b,c) = 1. For now, we let p denote an arbitrary
prime, S € Z will be coprime to p and we let n € N arbitrarily. We emphasize that S is
coprime to the modulus, as we will use s for indexing. For k € Z, we will determine the

number of solutions to the congruence
az® + bry + cy® = k (mod p"). (6.1)

If we let Nyn(a, b, c; k) denote the number of solutions to the congruence given in (6.1), then

we have

1= 240 2k
Npn(a,b,c;k) = — Z Z e <s(ax i :C;/;L Y )) : (6.2)
s=0 z,y=0

By evaluating the sum given in (6.2) we can determine the values of Ny (a,b,c; k). We have

the following theorem to aid in this evaluation.

98
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Theorem 6.1. Let p be any prime and n € N. Then for k € Z we have that

Ny (a,b,c; k) = p" 1+Z Qtz (

S<p
(Sip)=

D) 61 s

Proof. From (6.2), we have

N (a b, ) _izpz_ < az? + bry + cy? —k:)) (6.3)

pn

We break up this sum by isolating the index position s = 0, and hence (6.3) becomes

1 R 1 5P fs(ax® + boy + ey — k
F o L 3 ()

z,y=0 s=1 z,y=0
152 [s(—k
=p"+ — e<(n))G(Q2,sp)
=\ p
n—1p"—1
s(—k
=p"+ — Ze( (n )) (Q2; 55 p")
t=0 s=1 p
p'lls
n—1 p"—1
.1 p'S(—k .
=p"+ — d e (#) G(Qz; Sp';p")
P p
(S,p)=1
n—1
1 S(—k _
:pn + — Z e ( (nt>> thG(Q%S,pn t).
p t=0 S<pn—t p
<p
(S,p)=1

We re-index this sum by sending ¢ — n — ¢ and collect the common factor p™ to arrive at
the statement of the theorem.

O

From now on, p will denote an odd prime. We proceed to determine the number of
solutions to the congruence given by (6.1) by considering the odd prime case and subsequently

the even prime case. We will have some preliminary results for both cases to aid in these
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evaluations.

6.1 Sums of Legendre Symbols

Evaluating the number of solutions Na«(a, b, ¢; k) will depend on the value of the quadratic
Gauss sum. Each non-zero quadratic Gauss sum with prime power modulus will contain
a Legendre symbol in its explicit formula. By Theorem 6.1, we see that we will need to
consider sums of Legendre symbols. We have various propositions to aid in this evaluation.

p—1
Proposition 6.1. We have G(1;p) = Ze (E) <£>
p p

r=1

Proof. We have that

]

The preceding proposition is a common generalization of the quadratic Gauss sum, which
we will need in our evaluation of Ny (a,b,c; k). We now turn to sums of Legendre symbols.

We must differentiate between the even and odd prime cases.

Definition 6.2. Let u,v € Ny. For p an odd prime and S € Z coprime to p, we define

Hy(5:u0) = 3 (5)

T=u p
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The following sums occur quite frequently in our evaluation of the number of solutions

for the odd prime case.

Proposition 6.2. Let u,v € Ny be such that w < v. Then

[v—u—irl] +(§) {v—u—l—Q} ifu odd
H,(S;u,v) = 2 p 2

v—u+2 S\ [v—u-+1 ‘
[T] + (E) {T} if u even.

Proof. By Definition 6.2,

H,(S;u,v) = Z (S)w = Z 1+ (g) ; 1. (6.4)

— Tr=u
r=u
T even z odd

If u is even, then we map x +— = + u in each sum given in (6.4) to obtain
v—u S v—u
>i(3) X
=0 p =0
T even z odd

Subsequently, we map x — 2y in our first sum, and x — 2y + 1 in our second sum, which

yields

[+5"] (==

0 (3) S [ ) ([ ).

y=0

Y=

which will simplify to the statement of the proposition. If u is odd, we map = — = +u — 1

in each sum in (6.4) as before to get

v—u+1 g v—u+1
> 1+ (5) > oL
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We map x — 2y and x — 2y 4+ 1 as before and our sum becomes

4] 2]
_ 1 _
> ()X -[=-G) (1)
y=1 p y=0 p
which simplifies to the statement of the proposition. O

It will be convenient to establish the following proposition.
Proposition 6.3. For u,v € Ny the following hold:
(a) Hy(S;u,v) =0 ifu>wv,

(b) H(S:u,v) = (%) (1 + (g)) if u# v (mod 2) and u < v,

(¢c) H,(S;u,v) = (”;“) <1+ (%)) + (g) ifu=v (mod 2) and u < v,

(d) Hy(S;u,v) > —1ifu<w.

Proof. For part (a), as u > v we have v — u < —1 which means

<[y [l o

Thus, by Proposition 6.2 we will deduce our result for (a).

For (b), by Proposition 6.2, regardless of the parity of u, if u #Z v (mod 2) we have

wisn- (25) (1 (3))

Next, for (c), assume that « = v (mod 2). By Proposition 6.2, if u is odd we have that

wiswr= (59) (14 () +G)
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Otherwise, if u is even we have

Hy(S;u,v) =1+ (U;“) (1+ (g))

Based on the parity of u we arrive at the expression for (¢). Finally, for (d), we note that

<1 + <%>) > 0. Hence, from (¢) we have H,(S;u,v) > <§> > —1. O

The above proposition will not only be notationally convenient, but will also allow us to
show that the expressions for the number of solutions yield non-negative integer values. We

introduce similar notation for the even prime case.

Definition 6.3. Let u,v € Ny. Then for S € Z odd we define

v

Ps(u,v) =) (%)t

t=u

We have some propositions to aid in evaluation of this expression.

Proposition 6.4. Let u,v € Ny be such that uw < v. Then

e =[5 =[5 (5) (P +[2)

Proof. By Definition 6.3, we have

Ps(u,v) =3 (%)t— tZ 1+ (%) S
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Proposition 6.5. For u,v € Ny, the following hold:

(a) Ps(u,v) =0 if u> v,

(b) Py(u,v) = (%)+ <“;“) <1+ (%)) if u= v (mod 2), u < v,
(¢) Py(u,v) = (%) (1 + (%)) if u# v (mod 2), u < v,

(d) Ps(u,v) > —1.

Proof. For (a), as u > v, by Definition 6.3 this will be an empty sum. Thus, we may assume
now that u < v. Next, for (b), suppose first that u = v (mod 2) and u is even. Then from

Proposition 6.4, we have
v+ 2 u 2 voou v—1u 2
Pslu,v) ===~ <§>+ (E) <§_§> _H( 2 ) (H <§)>
Otherwise, for v = v (mod 2) and v odd, we have

ps<u,v>:”;1_(u;1>+(§> (0;1_ (u;1>)
) )0 6)

Due to the parity of v, the statement of the proposition for (b) will hold.

Suppose now that u # v (mod 2). If v is even, we have

ri =52 (57) < (5) G- (45)) - (=) 0+ (5)

Otherwise, for v odd and u even we have

reo =t (0)+ (5) (- 6) - (=) 0+ (3)
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which is given by case (c). Finally, from (b) and (c) we may deduce that

Ps(u,n) > (g) > 1

6.2 Number of Solutions: Odd Prime

Let Qs = ax? + bxy + cy?. With respect to the symmetric integral matrix associated with
(2, we have m; = 2a and my = 4ac — b®. Let a € Ny and A € Z be such that 2a = p*A.

Similarly, we let §,w € Ny and D, K € Z be such that (DK,p) = 1 and

my = p° D (mod p"t®),

k= p“K (mod p").

Further, we may permute a and ¢ as necessary so that without loss of generality we may

assume that p® | c¢. In particular, as (a,b,c) = 1 if « > 1 we have 6 = 0.

Theorem 6.4. The numbers of solutions Nyn(a,b, c; k) are given according to the following

cases.

Case 1: Ifa =0 and ) = n,

/

nt (3] ifw=n

Npr(a,b, c; k) = ¢ prts <1 + (M—K>) if w<n, w=0 (mod 2)

p

0 ifw<n, w=1(mod 2).
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Case 2:Ifa =0 and § <w =n,

Pt if 6 =1 (mod 2)

Pt (p+ (p— D)Hy(=D;6+1,n))  if 6 =0 (mod 2).

Case 3: If a =0 and w < n,

Ny (a,b, c; k)
(6 ifw < w=1(mod 2)
et (14 (22)) ifw <4, w=0 (mod 2)
R (1+(25) (2)) ifw>0,6=1(mod 2)
Kp%*1 (p — (%)WH +(p—1)H,(—D;6+ 1,w)) ifw>0d,6 =0 (mod 2).

Case 4: If a # 0,

Npn(a,b,c; k)
)
=p"! (w+1)(p-1) ifw<a<n
D w+a+1 .
p— (%) +(p—-1)(a+H)(—D;1l,w—0a)) ifa<w<n.
\

Proof. By Theorem 6.1, we have

"1 S(—k
an(a,b,c;k)zp”{uzﬁ > e( (pt ))G(sts;pt)}- (6.5)
t=1 S<pt
(S,p)=1

We will proceed by evaluating the sum indexed by ¢ in (6.5) for the following three cases:

1. a=0,0=n,
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2. a=0,60 <n,

3. a#0.

First, let us assume that o = 0. From Theorem 5.1 and Corollary 5.1, for a positive

integer t, we have that

G(Q2; S;p") = G(25A; p")G(2SADY’; p")

t t_q 2 .
_ (%) i) picsADy: ph)

t o N2
p? (@) i) if 5>t

p
5 t+8 ;N\ HOHD) [po1)?
o8 (252) (2) (2 e
p p p

Thus, we proceed first under the assumption that 6 = n. We substitute the appropriate

(6.6)

Sw Y (S

value from (6.6) into the sum indexed by ¢ in (6.5), which yields the expression
S<pt

t t_1\2
) (22
p
(S,p)=1

SAEET T @

S<pt
(Sip)=1

where by Proposition 2.5 we may map S +— —S without altering the index of summation.
We now re-index the inner sum by mapping S +— u + pv where u runs from 1 to p — 1 and

v runs from 0 to p'~! — 1. Thus, our expression given in (6.7) becomes

- gpzt (_T%A)ti(f’t{l)gpz‘lptzl—le ((u wa)k> (u;m)t

v=

-3t () S (5 () S ()

iM

(6.8)
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We now evaluate this sum based on the size of w.

Assume first that w = n. Then with Proposition 2.9 (e), (6.8) will reduce to

S () S (1) S e 3

=0 (mod 2)

_ pt=pl3l 1. (6.9)

Suppose now that w < n. From Corollary 2.2, the sum indexed by v in (6.8) will be
non-zero if and only if w > t — 1. Hence, with Propositions 2.1, 2.5, 2.9(e), 2.10 and 6.1, and

Theorem 3.1, we see that (6.8) can be written as

aa ( 2A> (#51) 2 ( wKu) (u)t .
Zp — e p
1 p

u=

t=1 u=1 p u=1 p p
w . oy [ —OARN\YT (i 2 p-1 K KO\ @t
=Y e (YT S () (1)
t=1 —1 p p
t=0 (mod 2)
( p—1
Py e <%) if w=1 (mod 2)
:p[%] — 14X u=1 p
—2AK 2
T ;. )@( )G(Ip) if w =0 (mod 2)
\
( 1
4] —pT if w=1 (mod 2)
_p 9 1 +
v (2AK
p2 (—) if w =0 (mod 2).
\ p
-1 if w =1 (mod 2)

= (6.10)
p2(1+ <2AK>) —1 ifw=0 (mod 2).

Hence, (6.5) along with (6.9) and (6.10) will allow us to deduce the statement of the theorem

for case 1.
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Next, we assume that 6 < n. We see that with (6.6), the sum indexed by ¢ in (6.5)

becomes
1 —Sk\ [2SA\" (v'=1)* &
S () (B
el il p p
(Sip)=1
s 79SANS / D\ 71\ 10+D (pé,l)Q
+ tz(——)(—) (—J AN 6.11
t%;th; ( ) p p p (6.11)
(S;p)=1

From (6.7)-(6.10), we deduce that the first term of (6.11) can be written as

(
plsl 1 if w > §
p? (1 + (MTK>> —1 ifw <9, weven (6.12)
—1 if w <9, w odd.

\

We now look to examine the second term of (6.11). By Proposition 2.5 we may re-index by

S +— —S, and subsequently we map S — u + pv as before so that the second term of (6.11)

TErHGE)T s

becomes
( 2AD> ( (Sk) (S>5
p— 6 — —
P i % P
(S,p)ZI
_ ( 2AD) ( ) Z pf—t (_)t (__1) (6+1)t p—1 . (pqu
p =041 p 1 p*

u=

From here we proceed by making assumptions on the prime divisibility of k.

Suppose w = n. Then with Proposition 2.9(e), (6.13) becomes

(F) S G)TER)




CHAPTER 6. APPLICATIONS 110

¢

0 if 6 =1 (mod 2)
= n t
> pil <£> (p—1) if§=0 (mod 2)
L t=6+1 p
0 if 0 =1 (mod 2)
B P2l p—1) i (ﬂ)t if § = 0 (mod 2)
L t=or1 \ P
0 if 0 =1 (mod 2)
_ (6.14)
P2 (p—1)Hy(~=D;8+1,n) if § =0 (mod 2).

Suppose now that w < n. From Corollary 2.2, the sum indexed by v in (6.13) will be
non-zero if and only if w > ¢t —1. As§ <t—1<n— 1, we see that (6.13) will reduce to

zero if w < §. Hence, suppose § < w and so by Corollary 2.2, (6.13) will simplify to

§ (1)’ w+1 t 5+1)t p—1 s
(52 ) G) G5 6)
p i=op1 \ P p u=1 p p
5 (1)’ w t (6+1)t p—
(Y (£ (2 )
p =0+1 p p u=
D w+1 1 (6+1)(w+1) p—1
) )
p p

(4)(2))

If ¢ is odd, then with Propositions 2.5, 2.9(e), 2.10 and 6.1, and Theorem 3.1, (6.15) resolves

N~

U

to

N[

<ﬂ> i)

p

. (%>w+l S (MTK) (%)w, (6.16)

Otherwise, for even 0, with Proposition 2.1, (6.15) is given by

o2 (-
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‘1Op—nHM—Dﬁ+1¢0—(ZQ)Wj- (6.17)

[SIEY

=p
p

Hence, with (6.5) and (6.11)-(6.14), if § < w = n, then Ny»(a, b, c; k) is given by

5 0 if 6 =1 (mod 2)
p | plEl ¢
p%,1(p . 1)Hp(—D; 5+ 1777,) ifo=0 (HlOd 2)
e if § =1 (mod 2)
. (6.18)

pit(p+ (p— D)H,(-D;0+1,n)) if 6 =0 (mod 2).

It’s clear that (6.18) corresponds to the statement of case 2.

Next, if w < n, then with (6.5), (6.12), (6.13) and (6.15)-(6.17), Ny»(a, b, ¢; k) is given by

pl2] ifw> 0
p" p? <1+<2ATK>> if w < d,w =0 (mod 2)
0 if w<d,w=1(mod 2)
\
0 ifw<d
5—1 w .
Typz (MTK> (%) ifw>4,6=1 (mod 2)
54 D w+1 . .
p2((p = DHy(=D;0 4+ 1,w) - (7) ) ifw>4,6=0 (mod 2)

\

0 if w<d,w=1(mod 2)
:pn<p3} <1+(%)> if w<d,w=0 (mod 2)
p%l (1 + (%) <%>w> if w>0,0 =1 (mod 2)
kp%—l <p — (—TD>W+1 + (p—1)H,(—D;0 + 1,w)) if w>4,06 =0 (mod 2).

It’s clear these values correspond to case 3 of the theorem.

Finally, we deal with the case where o # 0. Observe that as (a,b,c¢) = 1 we must have
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0 = 0. Hence, from Theorem 5.1 and Corollary 5.1, for ¢t € N we have that

pt ifao>t
G(Qa: Sip') =
G(2SA;p'=*)G(2SAD;p™) ifa <t

\
;

pt ifao >t
_ | (6.19)

t+a
pt (_TD> if a <t.
\

Thus, with (6.19), and following the mappings —S + S — u + pv as before, we see that the

sum indexed by ¢ in (6.5) becomes

()"

z%z( IR D IIC

S<pt t=a+1 S<pt
(Sp) (Sp) 1

S () S ()
T Z ( D)mgff(w;[()ptile(ﬂ). (6.20)

t—1
t=a+1 u=0 v=0 p

As before, we now specify the prime divisibility of k. If w = n, then with Proposition 6.3

(a) and by mapping t — t 4+ « in the second term, (6.20) will simplify to

p—1pi~t-1 t+o p—1 pt~t—1
Yy ey (F) XX
u=1 v=0 t=a+1 u=1 v=0
p—1) p—1) D
g b (2)
= \ P
_(p—l) « ifa=n
b a+ Hy(-D;1,n—a) ifa<n.
-1
:(pp )0+ Hy(=Di1,n— a)). (6.21)

Suppose now that w < n. Observe that by Corollary 2.2, the sum indexed by v in each
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term of (6.20) will be non-zero if w > t—1. In other words, the index ¢ will reach a maximum

value of w 4+ 1 and the rest of this expression will vanish.

Suppose first that &« = n. Then with Proposition 2.1, (6.20) will be given by

B () T ()1 (5

1
tlul

pl uk
a2 ()
:M_EZM (6.22)
P P p ' '

Hence, suppose now that o < n. We proceed to evaluate (6.20) based on the relation of

w to a. If we first assume that w < «, then with Corollary 2.2, (6.20) becomes

w+1 B p—1 up K - w p-1 p 1 e
Sy () R 2 ()
t=1 u=1 tlul

=$ww—n—w

_wlp=h) -1 _pl) -1 (6.23)

Next, if w = a, then with Proposition 2.1 and Corollary 2.2, (6.20) becomes

w p—1 p—1
_ up® K _ o -D uK\
=SS (M )it () e ()

t=1 u=1 u=1

S () e

Finally, if w > « then with Proposition 2.1 and Corollary 2.2, we find that (6.20) simplifies

to

ot p—1 w+1 t+a p—1
up* K\ ,_ . (=D up K\ ,_
S e (e S () e ()
t=a+1 p 1 p

u=
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e § () )
E
p

t=a+1

:(pgl) (a+°§<%>t)_ (%)wm
-D

_ (-1 R B 2 S
= (a+ Hy(—D; 1w — a)) p( p> . (6.25)

Hence, with (6.5), (6.20) and (6.21), if w = n then Nyn(a, b, ¢; k) is given by

P o+ (p— D+ Hy(=D;1,n — ). (6.26)

As a > 1 from Proposition 6.3(d), we see Nyn(a,b, c;k) > 0 for w = n.
Otherwise, if w < n, from (6.5), (6.20) and (6.22)-(6.25), and with Proposition 6.3(a),

Npn(a,b,c; k) is given by

(

p+wlp—1)—1 ifw<a
P p—i—oz(p—l)—(%) ifw=a«
_D w+14o .
ker(p—1)(04+Hp(—D;l,w—oz))—<7> ifw>a
L Jesne-n tw<a
=P D wt+1+a .
p+(p—1)(a+Hy(—D;1,w—a)) — (‘T) if w> a.

(6.27)

Hence, we see that (6.26) and (6.27) will yield case 4 of the theorem.
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6.3 Preliminary Results: Powers of 2

We now proceed in a similar manner to determine the number of solutions for a power of 2.

By Theorem 6.1, the number of solutions to the congruence
ax® + bxy + cy® = k (mod 2")

is given by

. "1 —kS
Vo= [103 LY ( u >G<Q2;s;zt> | (6.25)
t=1 S<2t
S=1 (mod 2)

By Theorem 5.2, for any ¢t € N, we have

2n ifa>t>1

G(@2;5:2") = { 2(—1)°O(my + 1) fa=t=1 (6.29)

iG(SA; 2GS Amy; 2T if o < £

\

This means the sum in (6.28) will depend on two cases of a. Either we have « = 1 or a > 1.
Regardless, for the remainder of this chapter, we let ),w € Ny and D, K € Z be such that

(DK,2) =1 and

2°D = my (mod 2",

2K =k (mod 2").
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By Theorem 3.1 and Proposition 2.3 we have

(

ottlta ifo>t+1+a

G(SAD2’;2"H*) = £ if6=t+a (6.30)

2°G(SAD; 2 a9 if §<t+a—1

\

Suppose for the moment that o = 1. With (6.29) and (6.30), the bracketed expression in

(6.28) is given by

L (= 1 —kS
1—1-?(2 (7) G(Q2;1;2)+Z§ Z e( o >G(SA;2t)
t=2 S<2t
S=1 (mod 2)
~ 2 —kS )
+ ) IS > ( 5 ) G(SA;2)G(SAD; 27°), (6.31)
t=max(2,0) S<ot
S=1 (mod 2)

Otherwise, if & > 1 we have § = 0. In this case, the bracketed expression in (6.28) is given

by

Y X ()

S=1 (mod 2)
" ! —kS t+l-a t+1+a
3 sam Y e ) GSARTIG(SAD 2. (6.32)
t=a+1 S<at
S=1 (mod 2)

This necessitates the following definitions.

Definition 6.5. Let A, D and K be arbitrary odd integers and let o, w and § € Ny. Then

for t € N, t > 2 we define

E(A2°K;t) = ) e(_QwKS) G(SA;2Y).

2t
S<2t
S=1 (mod 2)
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Further, if « <t and § < t, we define

F(2°A,2°D,2°K;t) = Y e(_2 KS) G(SA; 21 GQ(SAD; 2! 1te=9),

2t
S<2t
S=1 (mod 2)

When the contexts of our variables are clear, we may simplify our notation by writing
E(A,2°K;t) = E(t) and F(2°A,2°D,2*K;t) = F(t). Thus, with Definition 6.5 and (6.31),

if =1, Nau(a,b,c; k) is given by

1 [k 31 L%
M1+ —e (2> (Q2:1;2)+ > —E(t > S F ) ¢ (6.33)
t=2

22 2t
t=max(2,0)

and for a > 1, with (6.32), Nan(a,b,c; k) is given by

. 1 —kS S|
2 1+Z§ > e( o )+ > etdOR S (6.34)
t=1

S<2t t=a+1
S=1 (mod 2)

We now look to evaluate these sums.

Proposition 6.6. If a« = 1, we have that

1 [k 0 ifo>1
7€ (—) G(Q2152) = .

(_1)c+2 '
— if6=0.

Proof From Theorem 5.2, when o = 1, we have G(Q9;1;2) = 2(=1)°O(2°D +1). In
particular, this is non-zero if and only if 6 = 0. Thus, if § = 0, we multiply G(Q2; 1;2) by
(_1)2“’[(

1 to yield the statement of the proposition. O]
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Proposition 6.7. We have

2(—1)"2"  ifw=0

E(2) = —22 ifw=1

22 ifw>2.

Proof. By Definition 6.5 and Theorem 3.1, we have

E(A2K:2)=2 Y e(_%f3>(§%)al+ﬁﬂ

S<4
S=1 (mod 2)

=2 ) e(TfS>a—n“)

S<4
S=1 (mod 2)

:2(6(ﬁK)ﬂ—fﬂ+ec%Z%>(L+f0

= 2K (1 - + (-1)* (1 +i"))

A+K

—2%(=1)"> ifw=0

24 irw=0

= 2i*°F = ¢ 22 ifw=1
9 ifw>1

92 ifw> 2.

\

We see that the w = 0 case will simplify to the statement of the proposition.

Proposition 6.8. Suppose t > 3. Then

(

0 ifw+3 <t

25+ () O(w)O(45E)  ifw+3=t

A-—K

E(t) = {25 20(w)(-1)"2 fwt+2=t

3w+1

272 O(w+1) ifw+1l=t

27 10(t) if w>t.

118
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Proof. By Theorem 3.1, we have

Eh= 3 e(_2;KS) (SlA)t(lﬂsm;

S<2t
S=1 (mod 2)
2\ 2KS\ 2\ A
() Y EE) Qoo e
S<2t
S=1 (mod 2)

As t > 3, we may break up the sum in (6.35) according to its residues modulo 8. This yields

c(2Y 25K , 2 S K ,
22 (Z) Z e< o ) (1—i*) + (=1) Z e( o ) (14 %)
S<2t S<2t
S=1 (mod 8) S=3 (mod 8)
2°SK , 2“SK .
+H=DE > e ( > ) 1=+ > e ( > ) (1+i%) 3y (6.36)
S<2t S<2t
S=5 (mod 8) S=7 (mod 8)

Each of these sums in (6.36) can be re-indexed by S +— 8u + ¢, where u = 0,...,273 — 1

and ( is the corresponding odd residue modulo 8. Hence, (6.36) becomes

)5 () () 0w () o
2 (2)5 (20 { e () (o e (25))

+(1+i%)e (20;}() (6 (2;5) ! (_1>t>}
(5 () (oo (52))

X (1 — it (=1)e (2”() (1+ iA)) : (6.37)

2t—1

Nl

2

2
I

We now simplify based on w. By Proposition 2.1, whenever w < ¢t — 3, the sum indexed by



CHAPTER 6. APPLICATIONS 120

w in (6.37) will vanish. Hence, suppose now w = ¢ — 3. Substituting this into (6.37) yields

2 (3) e (8 e () e (B

(2
— 2% (2) ow) (27 (2) 1+ (20022Eq —im
() o (=% (3 2

-2 () ewod o),

where we have used Propositions 2.18 and 2.21 in this evaluation.

Suppose now that w =t — 2. We substitute this into (6.37) which gives the expression

27 (5) 2 () ar e (1=t coee (5 ) arin)

= 25K (1 — i — (1 +i%))

A+K A-K

= 27 H0W)(~1)"F =27 0Ww)(-1)"7 .

Next, if w =t — 1, substituting this into (6.37) yields

ot (2) e () e (cp) (-t i)

3w—3

=272 (=1)* . 20(w +1)-2

3w+1

=-212 Ow+1).

Finally, for w > ¢, the expression in (6.37) becomes

22 (%)t 273(1 4 (=1)) (1 — it + 1 +i%) = 27 7'O(¢).
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Proposition 6.9. For a =1 and § < 2, we have

;

25-5(~-1)"2 O(2L)  ifw=0
F(2) = F(24,2°D,2°K;2) = § —25-50(24) ifw=1
\25—%@(%) ifw>2.

Proof. By Definition 6.5, Theorem 3.1 and Proposition 2.19,

F(24,2°D,2°K;?2)

= > (QKS)GSAQZ (SAD;2'7%)

S<4
S=1 (mod 2)
2KS 2 2\ sapyoiz
- = () (G ) e (sp) o
S<4
S=1 (mod 2)
2\ [ . .
— 23—% ( ) (2 K H 1_2 1)52'2 3K H (1+ZA])>
=1 j=1,D

— 943 (%)52-14(]32“) 20K ((_1)7“ n (_1)2w+a> _

As § <2, we must have that § is even. Hence, (6.38) simplifies to

24*%#(%1)2@2”((_1)% (1 + (_1)2“+%> '

24*”‘4(%)22[((—1) (1+(-1)72)
T & Rt

121

(6.38)

(6.39)
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When w = 1, (6.39) simplifies to

2 1 1 D+1
25 ()R () (14 (1)) = 27 E0(F ).
Finally, for w > 2, (6.39) becomes
1)2 1 1 D+1
25 (L) B 1 (- = 2 b0,

Proposition 6.10. Suppose t > 3. Then for a <t and 6 <t, we have

(

0 fw+3<t
205 + 1) (127) (2)T (~)EEFIED) jrw 43 =1
F(t) =  225-50(6)0(252) (2)“ 7 (—1)*" ifw+2=t
—22H-30(8)0(28) (£)™ fot+l=t
223 Q(§)O( 2L (2)HH if w>t.

\

Proof. From Definition 6.5 and Theorem 3.1,

F(2°A;2°D; 2K t)

w t+lta t+1+a+d
= e & i (1 _ Z'SA)QMT*"‘ 2 (1 . iSAD)QW
2t SA SAD

S<2t
S=1 (mod 2)
_gt13 (2 ’ 2 e Z RSN (2 ’ H (1 — i549) (6.40)
- AD) \D A\ o s) v '
S<2t Jj=1,D

S=1 (mod 2)

Similar to the proof of Proposition 6.8, we re-index this sum according to its residue modulo

8 and map S+ Su+ ( for u=0,...,273 — 1 and ( the corresponding odd residue. Hence,
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we write (6.40) as

2t+1_g i é z t+1+a 2°7°—1 . 2% K u
AD) \D 2o\ o

e ; 1 — i) 4 (=1)% 22t (1 + %)
X{(2K)H( )(1)5<‘”3K)H

t—3

j=1,D j=1,D
25K . 27K
+(—1)5e( 25t > [T a-iv)+ ( ! > H 1+ZAJ} (6.41)

We look to simplify the bracketed expression in (6.41). By Proposition 2.19, this expression

becomes

() JLo- (=0 (5)
+e (2M;K) L[D(l + i) (e (2;_}2 + (—1)5)

(1 e (25)) (<><> (59 <>)
( D

L (1% (555 ) ) -2 8 - (1 e, EQQK )

()
=e

2t
Combining (6.41) and (6.42) means that F'(¢) can be written as

2t+2_g i ) 3 t+1+a2t§16 2% K
AD D = 2t—3

U

X e (Q;K) (1 +(=1)% (2;_[2)) @‘A(T“)Z(_D% (1 +(=1) e (2?5))

Due to the geometric sum indexed by w in (6.43), this expression vanishes for w + 3 < ¢.
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Thus, we take w + 3 =t in (6.43). With Proposition 2.18, we see that F'(w + 3) is given by

) w+a
w+5_g 2 2 LU’% _ 541 A( ;»1)2 B D;—l . §+D;—1 K
9 (_AD) (_D> 2997 (1 + (—1)°1)i (=)= (1+(-1) i)

= 9246505 + 1) (%) (%)wm 93 <%) (1 4+ %)) (1)
x (1+ (=1)"2 i)

1 2 2 wia 1)2 D+1
-0 (pe) (5) 1O 0

D—1

x (1+(=1)7= ). (6.44)

D+1
If @(T+) = 1, then (6.44) becomes

L 2 2 w+ta
22w+6_(5;)®(5+1) (m) (5) (1_’_2K)(1_2K)

gz (2 ) (2)7 6.45

D—-1
Otherwise, for (D)(T) =1, (6.44) is given by

N 2 2 w+a
2240- 51 (5 4 1) (—ADK> (5> (~1)iA (1 + )2

_ _ o2wt64 10 2 3 e ALK
= -2 >0(0+1) o)\ D i

) 2 2 wHa K
_ 22w+6+%5@(5+ 1) (ADK) (5> (_1)A2 , (6.46)

Hence, with (6.45) and (6.46) we have

F(w + 3) — 22(w+3)+%‘5@(5 + 1) (ﬁ) (%)wa (_1)(/‘%)(%),



CHAPTER 6. APPLICATIONS 125

Next, suppose w + 2 = . Substituting this into (6.43) yields

Qwt4—2 2 wratl .K.A(%)Q D+1 D-1
=2 20(0) ) V) (=) (14 (1) 7))

w+a+1
_ _otw+5-3 D—-1,(2 ATK
=2 0(5)0(—; )(D) i

— 22w+5*%@(5)@(b) (E)WFQH (—1)7=".

2 D
Continuing, we let w 4+ 1 =t and substitute this into (6.43). Hence, F'(w + 1) is given by

ot (Y (2) e (B) 0 o o s

_ o2wi3? D+1 3 wta
= -2 @(5)@(—2 )<D .

Finally, for w > ¢, (6.43) becomes

242 (%)5 (%)HHQ 2731+ (=) (1 + (-1) )

D + 1 2 t+1+a
— 22H150(5)0(———) [ = .
0@0(——) (5
[
Proposition 6.11. Lett € N. Then
0 fw<t—1
—2°KS
> el ) =12 fu=t-1
S<2t

o=t mod? 2L ifwst— L.
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Proof. By Proposition 2.5, we have

Z 6(—2“2’5(5‘): Z 6(2“’2{(5’)

S<2t S<2t
S=1 (mod 2) S=1 (mod 2)
2t (29K (2u+ 1) 2K\ I’
u=0 U=
(
0 ifw<t—1
= 2t-1-1
2K
e ( o ) 1 fw<<t—1
\ u=0
(
0 ifw<t—1

=9 -2¢ ifw=t—1

271 ifw >t — 1.

Proposition 6.12. For a > 1,

“ 1 _WKS 5 fw+1>a«
Z_t ¢ ¢ -
t:12 2

t w—1 :
SElS(fnzod 2) 5 fwutl=sa

Proof. From Proposition 6.11, we have

0 fw<t—1
1 —KS “1
X (HE) - al wemi
t=1 S<2t t=1
S=1 (mod 2
( ) 2=l if o>t —1.

\
Hence, if w + 1 > «, then (6.47) is given by

Z%(z“) - %

t=1

<

2K
2t71

)

126

(6.47)
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Otherwise, for w+ 1 < «, (6.47) resolves to

1, 1 o1
;5(2 )+ 5o (-2 = 5w = 1),

O

From (6.33) and (6.34), to complete the evaluation of Nan(a,b,c; k), we must examine

<2 E(t) 2 [ (t) , , ,
the sums Z o and Z SIEER The following corollaries all follow from the previous
t=2

propositiong, and will be used in the evaluation of Naa(a,b, c; k).

Corollary 6.1. We have that

(-1 ifw=0

E2
%: -1 ifw=1

1 ifw> 2.

1
Proof. The result is immediate upon multiplying the statement of Proposition 6.7 by T O

Corollary 6.2. We have, fort > 3,

(

0 ifw+3<t

257 (2)0(w)O(45E)  ift=w+3

E® _ ). Ak ,

or — (22:0(w)(-1) = ift=w+2
—2°7 0w + 1) ift=w+1
2:-10(t) ift <w.
\

1
Proof. We obtain our results by multiplying Proposition 6.8 by o and considering the various

cases. O

We introduce some notation to aid in our evaluation.
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Definition 6.6. Suppose t > 3. Then we set

Uy (w) = E(w+3) n Ew+2)

2t 2t
Elw+2 Elw+1
i) = E2) | Bt )
Ew+3) FEw+2) Ew+1l)
U3(W): ot + ot + o1

Corollary 6.3. Fort > 3, we have

i) =2700) 2 (7 ) 0255 + (1.

A—K

How)(-1** - 0w +1)],

S

—~
&

~
Il
DO
NIES

Us(w) = 2l%] {@(w) (2 ( 2 )@(A - K) + (—1)“2K) —O(w + 1)} .

AK 2

Proof. We group together the appropriate terms using Corollary 6.2.

Corollary 6.4. For w and 6 — 2 > 3, we have

2t 2

t=3

Proof. From Corollary 6.2, we have

w

> EU S atmi00) -

t=3

zw: E@) _ olsl 9 und 62_3 E(tt) =27 -2

N | =
[\
[SIES
I
[\
[SIES
I
[\
=

128
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5—2
E(t
By similar reasoning we deduce the result for Z % O]
=3
5-2
: E(t) . : -
Thus, the evaluation of Z o will vary based on the choice of w. We deduce similar
t=2

2°F(t)

22t+2

corollaries now for Z . The expression for F' contains additional terms, and will be

dependent on both w and 4.

Corollary 6.5. For a =1 and 6 < 2, we have

()0 ifw=0

20F(2 5
26():22 1 —0O(2H) ifw=1

O(ZH) if w> 2.

Proof. The results are obtained by multiplying the statement of Proposition 6.9 by 2°-6. O

Corollary 6.6. Lett > 3. Then for a <t and d <t we have

0 fw+3<t

2P0 +1) (522) (2)7 ()T rut3=1

— F(t) w+a —K
27 = 1 20()0(25) (2) (-1)* fw+2=t
~25710(5)0(25L) (2) fotl=t
250005 (3)" ozt
2t+2

Proof. The proof results from multiplying Proposition 6.10 by 2°~%*+2) and simplifying ac-

cording to each case. O]

We introduce some notation to keep track of these sums.

Definition 6.7. For t > 3 and 6 < ¢ we let

2F(w+3)  2F(w+2)
92t+2 92t+2 )

Tl(w, 5) =
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2F(w+2)  2F(w+1)

TQ(W, 5) =

92t+2 92142 ’
2XF(w+3) 2F(w+2) 2F(w+1)
Ts(w,0) = 92t+2 92t+2 9242

Corollary 6.7. Fort > 3,

riwn =251 (2)7 (o1 () o) Lo e h)

Ty(w,8) =2570(9) (%) (0= - (5) e )
Ty(w, ) =2'%’] (%)WH <@(5+ b (%) (—1)(45)(%)

+ 0(5) {@<¥)<_1)A;{ - @<¥) (%)D |

Proof. We combine the appropriate sums using Corollary 6.6. O

Corollary 6.8. Let u,v € N be such that 3 < u < v. Then,

v

0 o+1
> g Flt) =257 (%) Po(u,0)0)0( 7).

t=u

Proof. With Corollary 6.6 and Definition 6.3, we have

5 s t+1+4+a
> gt = 2 0we 5 ()

_ 231@(5)@)(%) (%)w Z <%)t

t=u

D+1

=227 (EYH Pp(u, v)O(8)0(~—)-
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6.4 Number of Solutions: Even Prime

With the preliminary steps out of the way, in order to evaluate Nan(a,b,c; k), we must
consider various cases with respect to a, d, w and n. We divide our cases according to «.
Hence, we proceed first under the assumption that o = 1. We consider Na»(a, b, ¢; k) under

the cases

(I) n>2, 6 <2,

II) n>2, § =3,

(IV) 4 <0 <mn,

(V) 4<n+1<d<n+2.

In light of (6.33) and Proposition 6.6, we have that

w 6—2
n (== 3 E(t) 3 2F(1)
NQn(CL, b, C; k’) =2 1+ @(26 + 1)7 + ot + W . (648)
t= t=max(2,0)

Hence, we use (6.48) to give similar expressions for our five cases.

Case I: n = 1;
I Gt
Non(a,b,c; k) =241+ O(2° + 1)T : (6.49)

Case II: n > 2, § < 2;

Non(a,b,c; k) = 2" {1 +0(2° + 1)$ + 2 E0) } : (6.50)
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Case III: n > 2, § = 3;

. "L 20 F(t
Naw(a,b, c; k) = 2 {L+§: ?Hj}. (6.51)
t=3
Case IV: 4 < < n;
6—2 n
. E(t) 2°F(t)
Non(a,b,c; k) =2 {1 + o + ez (- (6.52)
t=2 t=4
Case V:4<n+1<d<n+2;
6—2
. E(t
]wdm&ak%:2{1+§:—%l}. (6.53)
t=2

We now proceed to evaluate these sums using the material from the previous section. These
sums will be broken up into further cases depending on certain variables. However, the first

case is straightforward.

Theorem 6.8 (Case I). Let « =n =1. Then

) 2 if6>1
No(a,b,c; k) =2+ (=1)2T0(2° + 1) =

24+ (=12t 4f5=0.

Proof. This is easily deduced from the equation given in (6.49). O

Theorem 6.9 (Case II). Let a =1, n>2 and 0 < 2. If n =2, then Ny(a,b,c; k) is given

by

4+42(-1)2+02° + 1) + 2571 { _g(pa) fw=1
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If n >3, Non(a,b,c; k) is given by

2n _’_2n—1(_1)2w+6@<2(5 + 1)

(

(—1)* 2 022 ifw=0,n2>3
~0(%) + 0% (5) (D)% fw=1n=3
O(2E) (1-(3)) fw=2n=3
F2TE 05 (1- (3)) + (-1 02 fw=2n24
O(2) (Pp(3,m) +1) fozn>3
0(2) (Po(3.w) +1- (3)*") f3<w=n-1
O(2H) (PD(3,w) +1-— (%)“*1) + (D)0 if3<w<n-2

\

Proof. From (6.50), we see that

(_ )2W+c

17@(25 +1) + 2F@) +) 2F() } . (6.54)

Non(a, b, c; k) :2"{1—|— 56

From (6.54) and Corollary 6.5, the first three terms in the bracketed expression of (6.54) are

given by

(_1)2“’+c

1+ 02’ +1) + 2571 { _g(Ls) e 1 (6.55)

Hence, when n = 2, Non(a, b, c; k) is given by (6.55).

= 2°F()
Suppose now that n > 3. We consider Z ~trr
t=3

for various n and w. Observe that as
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0 <2, we must have § even. By Proposition 6.10 and Definition 6.7, we have

(

0 ifw=0mn>3
2°F 2
% ifw=1n2>3
2F(w+1) '
T 2342 ifo=2n=23
Xn: 2P0 _ | B29) ifw=2n24 (6.56)
92t+2 - noag )
= 2°F(t
- 22275452) ifw>n>3
=3
S2F(t)  2Fw+1)
920+2 22(wt1) 12 if3<wn=w+1
=3
w+1 6
2°F(t
Z 227&—52) + Ts(w, d) if3<w<n-—2.
\ =3

Combining (6.55) and (6.56) and using Corollaries 6.6, 6.7 and 6.8, we see the bracketed

term of (6.54) is given by

1+ ﬁ@(? +1)
((_1)1“51(@(7—1) ifw=0,n>3
—O(22) + 0(25) (2) (1) =" ifw=1n=3
0% (1-(5)) ifw=2n=3
+2 9002 (1- (3)) + () *F 025 fw=2n24
O(Z2) (Pp(3,n) +1) ifw>n>3
O(28) (Po(3.w) +1- (3)"") if3<w=n—1
(0(%2) (PoB.w)+1- (3)") + (-D"0(%Y) ifs<w<n-2

(6.57)

Hence, we multiply (6.57) by 2" and simplify to arrive at the statement of the theorem. [
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Theorem 6.10 (Case III). Let a =1, n > 2 and 6 = 3. Then Non(a,b,c; k) is given by

1
271

1+ (2)° (&) (-7

Proof. From (6.51), we have that

t=3

ifw+3>n

ifw+3<n.

"Lt
Non(a, b, c; k) = 2" {1+22T+(2>}.

(6.58)

We look for a similar expression to that in (6.56), except now we have that ¢ is odd. Hence,

by Proposition 6.10 and Definition 6.7, we have

(

0

22t+2

22t+2
Tl (17 5)

22t+2
T2 (27 5)

"L 2 F(t)
D> s
t=3

“L20F(t)

20F(w + 3)

2°F(w+2)

2°F(w+1)

2°F(w+1)

22t+2
t=3

“L20F(t)
Z 22t+2

t=3

“L20F(t)
Z 22t+2

\ t=3

22t+2

+ TZ(wa 6)

+ T3(w7 6)

ifn=2

ifw=0n2>3
ifw=1,n=3
ifw=1,n>4
ifw=2n=3
ifw=2n=4
ifw=2,n>5

f3<n<w

f3<w=n-1

f3<w=n-2

f3<w<n-3.

(6.59)
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As ¢ is odd, with Corollaries 6.6-6.8, (6.59) simplifies to

0 ifn=2
() (—n(F=HE) ifw=0n2>3
0 ifw=1,n=3
29 (2 (=) dfw=1n>4
(#) ) .
0 ifw=2n=3,4
() (1)) ifw=2n>5
0 Hf3<n-2<w
(2)° (&) (=) df3<w<n-3.
Hence, with (6.58) and (6.60), when w + 3 < n, we have
2 « 2 A-K +1
Non(a,b,c;k) =2" 41 — 2 () (FEE)E)
2((1, e ) { _'_(D) (AK)( ) )
and when w 4+ 3 > n, we have
Non(a, b, c; k) = 2",
[

Theorem 6.11 (Case IV). Letaw =1 and4 < § < n. Then Nau(a,b, c; k) is given according

to the following cases.
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Ifw=§=0(mod 2) and D =1 (mod 4),

Non(a,b,c; k) = 2"

(

25110(455) (14 (%))

\

Ifw=0=0 (mod 2) and D = 3 (mod 4),

Non(a,b,c; k) = 2"

(

2I0(455) (1-+ ()

Ifw=1 (mod 2), § =0 (mod 2) and D =1 (mod 4),

Naw(a, b, c; k) = 273!

(

\

0 ifw+3<9
1 ifo<n—1<word=w+1l=n
1+(—1)A5K(%) ifo<w<n—-2o0ord=w+1<n-—1.

ifw+5<9
fw+4=9
ifw+2=19

ifo<n—1<w

if o <w<mn-—2.

ifw+5<0
ifw+4=9
fw+2=9
ifo <n<w

ifo <w<mn-—1

137
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Ifw=1(mod2), 6§ =0 (mod 2) and D = 3 (mod 4),

S
Non(a,b,c; k) = 2"+2 1 (2=012) (14 (2))

If w =0 (mod 2) and 6 =1 (mod 2),

.

25710(45%) (1+ (%))

Non(a, b, c; k) = 2" 2%§O+%—D“5 (%) (&

6—3

272

\

Ifw=0=1 (mod 2),

0
Non(a,b,c; k) = onti5* 1+ (_AIZ{D) (_1)<¥)(T+1
1
\
Proof. From (6.52), we have
Non(a,b,c; k) =2" 14_@_1_%@
2 » U &y 4 o ot

fw+1<9
ifo<w<n-—1

if 0 <n<w.

ifw+5<9
ifb<i<w+3<n

ifn <w+ 3.

ifw+3<9
) ifd<w+3<n

ifw+3>n.

92t+2

TL?F®}

t=48

138

(6.61)

From Corollary 6.1, we see that the first two terms of the terms inside the brackets in (6.61)
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are given by

( )

(1% fw=0 20(45%) ifw=0
1+ 4 -1 ifw=1p=10 ifw=1 (6.62)
1 if w > 2 2 if w > 2.

\ J \

From Proposition 6.8, the third term within the brackets of (6.61) is given by

0 iféd=4
E
(gj& ifw=06>5
Elw+2) fw=106=5
2t
Ur(w) ifw=1,0>6
Elw+1) fw=25=5
2t
52 :
E(t) Us(w) ifw=20=6
= (6.63)
t=3 Us(w) ifw=20§>7
5—2
E) if3<i—2<w
2t
t=3
E(t) Ew+1) .
Z o1 St f3<w=6-3
t=3
— E(t) :
Z o + Us(w) if3<w=0-4
=3
~— E(t _
2<t)—|—U3(w) f3<w<d—0o.
[ =3
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From Corollaries 6.2, 6.3 and 6.4, (6.63) will simplify to

0 if § =4

2 (=) O(45E) ifw=0,0>5

0 ifw=1,0>5

0 ifw=20=5

2(—1)"3" ifw=206=6

2 (2(&) O(455) + (-1)F") ifw=2,6>7

o7 o if3<6—2<w
ols] — 2 — 27 O(w + 1) f3<w=0-3
ﬂ%—2+2H<QWX—D$#—%Mw+D) f3<w=06—4
\ﬂ%_2+ﬂ%@W)@Q&J@@%q+4_Q%§)_ﬂ%@@+4) if3<w<d—5.

(6.64)



CHAPTER 6. APPLICATIONS

Thus, by combining (6.62) and (6.64), the first three terms of (6.61) are given by

;

20 (45%)

0

2

20(45%) (1+ (%))

0

2

2:0(45K)

220(45") (1 + (3x))
o7l

2l5] (1 — 0w + 1))
28] (1+ 0@)(-1) ="
208 [14 0@w) ((-1)*F"

— O(w + 1))

+2 (%) O(455)) - O(w + 1)]

ifo=4w=0
if5=d,w=1
ifd=4,w=2
ifw=0,0>5
ifw=1,6>5
ifw=20=5
ifw=20=6
ifw=20>7

f3<d—2<w

f3<w=6-3
f3<w=46—-4
if3<w<d-—5=.

141

(6.65)

It is clear that if w is odd and satisfies w < § — 3, the first three terms of (6.61) will be zero.

Further, from (6.65), we see that if w is even, the first three terms of (6.61) are given by

ol*z*]

27

25+10(455)
2005 (14 ()

ifw>35-2>2

fw=06-3
fw=5§~-14
if w<é§—>5.

(6.66)
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"L 20 (¢
Next, we look at Z 22:5452)
t=6

. From Proposition 6.8 and Definition 6.4, we have that

(

0 fw+3<§
WF 3
MF
PFw+2) o5
2t
Ti(w, 9) ifwt+2=0<n-1
MF
PFw+1) ol
2t
n 25F(t) Ty(w, ) fwt+tl=06=n—1
Z 92t+2 = 9 (6.67)
t=94 Tg(w,é) 1fw+]-:(5§n—2
~ 2°F(t) _
92t+2 fo<n<w
t=5
PRt VFE({)
92042 242 ifo<w=n-—1
t=5
“\ 2°F(t) .
ZW"‘TQ(W,(S) ifo<w=n-—2
=5
— 2°F(t) _
Z 22t+2 +T3(w75) lf(SS(,u Sn_g
\ t=0

We now simplify (6.67) based on the parity of §. First, suppose ¢ is even. Then by Corollaries
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6.6, 6.7 and 6.8, (6.67) simplifies to

0 ifw+3<6
O(251) (2)” (-1)*2" if w+2=20
—O(2£) (2)~* fwo+rl=6=n

257 ()70 (-1)F — (2)T (2L fwtl=0<n—1
Pp(6,n)0(%) ifé<n<w
O(2£L) (PD(a, W) — (%)“’“) fo<w=n—1

0% (Pod.w) = (3)7) + (3) (=D 0(%Y) itd<wsn-2

(6.68)
Otherwise, if ¢ is odd, with Corollaries 6.6, 6.7 and 6.8, (6.67) reduces to
0 ifw+3<dorw+3>n
(6.69)
2%3 (2) (2)Y (- s <w3<n,

Hence, we see that Nan(a, b, ¢; k) will depend on the parity of both § and w. Suppose first that
d = w = 0 (mod 2). By combining (6.66) and (6.68), we see that the bracketed expression

in (6.61) is given by

25410(455) (1.4 (2)) w525

2:-10Q(45K) ifw+4=20
<2?-@+4—UﬁK@@§%) ifw+2=30 670
2571 (1 + O(22) Pp (5, n)) if § <n<w

2571 (14+ 053 [Po(6,w) — (3)]) i <w=n-—1
2?4O+%Méﬁﬂﬂﬂ&w—%%ﬂ+%—D5K©b§%) ifd<w<n-2
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We proceed by considering the residues of D modulo 4. If D = 1 (mod 4), then by (6.61)

and (6.70), Nan(a,b, c; k) is given by

;

230458 (14 (%)) fw+5<6
2:-10Q(45K) ifw+4=2
2" § 230(45K) ifw+2=14 (6.71)
9251 ifd<n—1<w
\25@(‘4’%) ifo <w<n-2.

Otherwise, for D = 3 (mod 4), by (6.61), (6.70) and Proposition 6.5(b), we have that

Non(a, b, c; k) is

(

25110(455) (14 (%))

2" < 951

ifw+5<d
fw+4=90
fw+2=90 (6.72)

ifo<n<w

fo<w<n-1.

Both (6.71) and (6.72) agree with the statement of the theorem.

Suppose now that w is even and § is odd. Then with (6.61), (6.66) and (6.69), we see

that Non(a, b, c; k) is given by

2" $¥<LH—U<z(ﬁﬂ(ﬁq> f5<0<w+3<n

fw+5<9

(6.73)

ifn<w+3.

Finally, when w is odd, from (6.65), the first three terms of the bracketed expression in
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(6.61) are given by

0 ifw+3<6
(6.74)

-2

o] ifs—2<w,

Hence, we combine (6.68), (6.69) and (6.74), depending on the parity of 4, and multiply by
2" to arrive at an expression for Non(a, b, ¢; k). Note that by Proposition 6.5(c), if w odd and

0 even, we have
w—0+1 2
Hence, for w odd and § even, and with (6.75), Nan(a, b, ¢; k) is given by

0 fw+3<90

1—-O(ZH) fo+l=0=n

14+ (1) ()02 —0(2)  ifw+l=0<n-—1

237 0 4 Py (6, m)O(REY) if5<n<w (6.76)
L+ OB [(5=41) (14 (3) ~ 1] f6<w=n—1
L+0(53) [(+4) 1+ () —1]
+ (=17 (2) (L) ifd<w<n-—2

We simplify based on the residue class of D modulo 4. For D =1 (mod 4), (6.76) simplifies

to

0 fw+3<9

5
2"l g ifo<n—1<word=w+1=n (6.77)

1+(—1)T(%) fo<w<n—-2ord=w+1<n-1.
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Otherwise, for D = 3 (mod 4), (6.76) reduces to

(
0 ifw+1<9

AT (wmbH) (14 (2)) S <w<n—1 (6.78)
1+ Pp(d,n) if § <n<w.

\
Finally, for § = w =1 (mod 2), from (6.61), (6.69) and (6.74), Nan(a,b, c; k) is given by

(

0 ifw+3<0
g 03 _
2T G4 (525) (DFIE) s <w3<n (6.79)
1 ifw+3>n.
We see that (6.77), (6.78) and (6.79) agree with the statement of the theorem. O

Theorem 6.12 (Case V). Let a =1, § > 4 and either 6 =n+1 or § = n+2. Then
Non(a, b, c; k) is given according to the following cases.

If6 =n+1 and w=0 (mod 2),

20(45E) ifw=0n=2

2 ifw=2,n=2

ol"3*] ifw>n—12>2
Non(a, b, c; k) =27

2"7° fw=n—2>2

27 0(45K) fw=n—3>0

250458 (14 (%)) f0<w<n-—4.
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If 6 =n+2 and w =0 (mod 2),

2% ifw=n>2

2" fw=n—12>2
Non(a, b, c; k) = 2"

2:0(458) fw=n—-2>0

2I0(455) (14 () #0<w<n—3.

If6=n+1and w=1 (mod 2),

Non(a,b,c; k) = 2"

If6=n+2 and w=1 (mod 2),

2[7] ifw=mn
Non(a, b, c; k) =2"

0 ifw<n-—1.
Proof. From (6.53), we have that
52
E(2 E(t
Nzn(a,b,c;k):2"{1+%—|— 2(t)} (6.80)
=3

From the proof of Theorem 6.11, we see that the bracketed expression of (6.80) is given by
(6.65) and (6.66). We proceed by considering the parity of w and by specifying the value of

. First suppose n = 2. Then 6 — 2 < 3 regardless, and from (6.80) we have

)
20(4%) fw=0

E(2
Ngz<a,b,c;k)=22{1+%}: 0 ifw=1 (6.81)

23 it w=2.

\
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Thus, we may assume n > 3 for the remaining cases. If § = n+ 1 and w is even, from (6.66)

and (6.80), Nan(a,b, c; k) is given by

o[*3%] fwo>n—1>2
27" ifwo=n—2>2

on (6.82)
2" T1O(45K) ifw=n—3>0

22 MO(45E) (14 (%)) f0<w<n—4

\

Combining (6.81) and (6.82) will yield the statement of the theorem in this case. Otherwise,

for w odd, from (6.65) we deduce that

o7l if3<n—1<w
Now(a,b, c; k) = 2" (6.83)

0 fw<n-2.

Now suppose that 6 = n+ 2. By (6.66) and (6.80), if 6 = n+ 2 and w is even, Non(a, b, c; k)

is given by

)

ol3] if w=n>3
2"7 ifw+1=n

" (6.84)

2:0(455) fw+2=n
w A— .
\22“@(7}() 1+ (%)) ifw+3<n

We combine (6.81) and (6.84) to arrive at the statement of the theorem in this case. Other-

wise, for w odd, with (6.81) and (6.65), Non(a, b, c; k) is given by

fw=n

2" (6.85)
0 fw<n-1.
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O

It now remains to consider the cases when o > 1. Recall that we must have § = 0 in this

case. We consider Non(a,b, c; k) under the cases
(VD) 1 <a<n,
(VI) 1 < a=n.

By (6.34), we see our cases are given by the following sums.

Case VI: 1 < a < ny

" | —2“K S "L OF(t
Now(a,b,ek) =2" 91+ = > e( > )4—}22;$ . (6.86)
t=1 t

S<2t =a+1
S=1 (mod 2)

Case VII: a =n > 1;

=~ 1 —2¢KS
Non(a, b, c; k) =27 1—1—25 Z e( 5 ) : (6.87)

t=1 S<2t
S=1 (mod 2)

Theorem 6.13 (Case VI). Let 1 < a < n. Then Nan(a,b,c;k) is given according to the
following cases.

If D=1 (mod 4),

w+1 ifw+2 <«
a+(—1)¥ fw+l=a<n-1
a+ 2 ifwu=a=n-—1
Non(a, b, c; k) = 2"
a+2+(—1)A5K(%) fw=a<n-—2
o+ 2 ifa+1<n—-—1<w
a+2+ (=1)"F" (%)‘Ha+1 ifa+l<w<n-—2.
(
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If D=3 (mod 4),

/

w+1 ifw+2<a
w1 fw+l=a<n-1
Non(a,b,c;k) =2""1¢ o 41 fw=a<n—-1
a+2+ (2)" Pp(ay,n) fot+tl<n<w
2\ a+l 2 \w+1 .
a2+ (2)™ (Pola+ 1w) = (3)") fati<w<n-1,
\

Proof. From Proposition 6.12, we have that

_Qw 24+1 Hfw>a
> e( S)z ? (6.88)

ot
S<2t wtl i <y —
S=1 (mod 2) 2 fw<a-1

|
1+ o
t=1
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;

0

F(w+3)
9242
F(w+2)
92+2

T1 (w, 0)

Flw+1)
9242

TQ(M, 0)

Tg(w, 0)

" F(t
> o

t=a+1

Flw+1)

~F(Y)
Z 2t+2 +

t=a+1

~ F()
Z 9242 +T2(w,0)
t=a+1
"L F(t)
Z 22t+2 +

\ t=a+1

92t+2

Tg(w, 0)

Subsequently, as o + 1 > 3, from Proposition 6.10 and Definition 6.7, we have that

151

fw+3<a+l
fw+3=a+1
fw+2=a+1=n
fw+2=a+1<n-1
fwot+tl=a+1=n
fo+tl=a+1l=n-1

(6.89)

fwt+l=a+1<n-2

ifa+1<n<w

fa+l<w=n-1

fa+l<w=n-2

fa+l<w<n-—3.
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Hence, from Corollaries 6.6, 6.7 and 6.8, and as § = 0, (6.89) simplifies to

,

0 fw+3<a+1
(—1) 2 021 (2)° fwt2=a+1<n
—O(2£L) (2)~* fo+tl=a+l=n
1 (E)a-ﬁ-l (1) 022 (2)Y - OB (2)" fw+l=a+l<n—1 650
2\P Pp(a+1,n)0(%) ifa+1<n<w |
O(&%H) (Pp(a—l—l,w)— (%)er) fa+tl<w=n-1
0(2) (Pola+1,0) - (3)“")
\ —i—(—l)AEK@(T’l) ()" fa+l<w<n-—2.
Thus, with (6.86), (6.88) and (6.90), we have that Non(a,b, c; k) is given by
’cu +1 fw+2<a
w1+ (-1 0(22) (2) fwtl=a<n-1
a+2—@(7+1)(%)w+a fo=a=n-1
- a+2+ (1) AEK@(T_I) (%)WmJrl - O(2H) (%)w-i-a fo=a<n-2
a+2+(%)a+1@(%)PD(a+l,n) fa+l1<n<w
a+2+(3)" 02 (Pola+Lw) - (3)")  Hatl<w=n-1
a+2+(2)" 02) (Pola+1,0) - (2)°")
| DO ()T fat+tl<w<n-—2
(6.91)

By simplifying (6.91) according to the residue class of D modulo 4, we arrive at the statement

of the theorem.
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O
Theorem 6.14 (Case VII). Suppose « =n > 2. Then
n+2 ifw>n
Non(a,b,c; k) =21
w+1 ifw<n-—1.
Proof. Similar to the proof of Theorem 6.13, from Proposition 6.12, we see that
1+Z§ > e< 5 >: . (6.92)
= S=1 (i 2) TN ifw<n-1

Hence, by (6.87) and (6.92), we deduce that

Non(a, b s k) = 271 n+2 itw>n

w+1l Hfw<n-—1.
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Conclusion

7.1 Future Reseach

For the sake of discussion, for this chapter we let (), be a non-singular r-dimensional integral
quadratic form. We recall the notation introduced in Chapter 4, where M denotes the r x r
symimetric integral matrix associated with @,, and m; denotes the i** leading principal minor
of M, fori=1,...,r. Let ¢ € N be an arbitrary integer, and let S € Z be co-prime to q.
We may use the methods developed to evaluate G(Q,;S;¢q). As @, is non-singular, we can

follow the steps leading up to Theorem 4.3 to deduce the equation

r

yi
©r = Z 2m;_ym;

=1

For this discussion we set A = H m;. If ¢ is odd and (A, ¢q) =1 it follows that
i=1

G(Qr; S; Q) = Z € <§ Z(Zmzln%)ly?) = HG(25miflmi§Q>

25\" (m, ,
)
q q
Note that as 2" | m,., the formula above agrees with the results of Weber [22, p. 14], [111, p.

23], when S = 1.
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As the quadratic Gauss sum possesses certain multiplicative properties, we can deduce
some multiplicative properties of G(Q,;S;q). Suppose ¢ = p1py for two odd, distinct primes

and (A, pipy) = 1. Then by Proposition 3.1, we have
G(25m;_ymi; pipa) = G(2smi1mpy; pa) G(28mi_1mipa; pr).

This means,

T

G(Qr; S;pipa) = | [ G(2smivmipy; po) G(2smi_ymipa; p1) = G(Qy; 1S3 p2) G(Qy; p2S; p1)-

i=1

Suppose now that ¢ = pi"* ---p5", for distinct odd primes py,...,p, and positive integers
at, ..., ap. Set P = % for i = 1,...,n. By similar reasoning to the above, if (A, q) = 1,
we can deduce that

n

G(Qr; S;q) = | [ G(@rs PS5 9.

=1

This shows we can describe G(Q,; S; ¢) for all odd positive integers ¢, provided that (A, ¢q) = 1.

Evaluating G(Q,; S;27q), for 0 € N will require more study. Even given favorable di-
visibility properties, there will be a factor of 2 which prevents the use of Proposition 3.1.
Suppose for the moment that m; = 2'm/ for ¢ = 1,...,r and m} coprime to q. Then by

Corollaries 5.3 and 5.4, and with Proposition 3.12, we have

G(Qr1¢S:27)G(Qr; 27 S q) = [ [ GlaSmim!_,;27)G (27 Smimi_i; q)
=1

r 1 .
=11 S ClaSmimi_y; 27FHE2)G(27Smm_1; q)
=1

- 1 o o
=1

However, this suggests that similar multiplicative properties exist for the quadratic form



CHAPTER 7. CONCLUSION 156

Gauss sum with even modulus, up to a factor of a power of 2. The challenge when evaluat-
ing G(Q,; S;27¢q) is in detecting those cases where the modulus is congruent to 2 (mod 4).
Because of this difficulty, one must consider various cases in the evaluation of G(Q,; S;27q).
These results seem attainable, but still require further study. We add that a translation of
the papers of Weber [111] and Jordan [61] into English would be very valuable with regards
to this question.

Extending our main results is the most obvious next step. However, we mention that
in the development of G(Q,;S;p"), we did not use any particularly noteworthy theorems
pertaining to quadratic forms. Our diagonalization of (), needed only the existence of an
LDLT decomposition. The decomposition itself used basic linear algebra. In particular, we
did not use the idea of equivalent quadratic forms.

Roughly speaking, two quadratic forms @), and @/, are equivalent if one is obtained from
the other by a linear, invertible change of variables over Z. One can show that equivalent
forms represent the same integers. Assume for the sake of discussion that p is an odd prime

and m; = p*“A;. If we are to consider our original diagonalization, it is of the form

X2
Qr(xla--wxr) :Zml—)(l :Q;(Xl,...,XT>

— paQr = Z 2AiAi—1pa+aiiaFlXi2 (mod pn+o¢)'

=1

If the forms @, and Q.. are equivalent, one can show that as x; runs over a complete residue

system, so does X; and hence it is immediate that

1 '
G(Qr; S;pn) - H G(QSAiAi_lpa—i_ar_ar_l;pn+a).
pra pale
Observe that the change of variables z; — X; is described by the i*" row of L. Hence, L
describes the change of variables from @, to @), and this map is invertible over Z. However,

as we are evaluating (), modulo p"*®, we must have ), and @) equivalent over Zn+«, which
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means we must have L invertible over Zyn+o. This is equivalent to (A, p) = 1 or p® | my;
for all 7 < 5. These conditions are given in Corollary 5.3 and Theorem 5.7, respectively. We
have similar conclusions for p even. Due to the vastness of the field, one might be able to
use various ideas from the theory of quadratic forms to extend this approach.

Our approach when the minors of ), were divisible by p, was to consider Gauss sums of

the form

pzl e (if) (7.1)

for n > 2m. These restrictions will necessitate the size restrictions on n in the statement of
Theorems 5.9 and 5.10. For this reason, we would like to study these Gauss sums for small
n. For example, consider the sum in (7.1) for m € N satisfying m < n < 2m, and w € Z. It

can be shown that

pr-1 2 ny P71 n—m 2,2
S e (593 ) _ G(S;p") T 6( p Spmy wy) | (7.2)

where T is an integer such that 257 = 1 (mod p"). Hence, if w = 0 (mod p™), (7.1) will

reduce to

n—m

1 —m m
G(S; p")G(—St2prmpm) = L

m pm

o (ﬁ)ni(”"zlfp

AN %

G(S;p"G(=S;p*™ ™)

(22) s s = o

p

|3

Thus, we deduce that

1 ifm>n

pr—1
Sa?
Z e( ): ptm itm<n<2m- (7.3)

=0 (mod p™)

G(S;p") if 2m < n.



CHAPTER 7. CONCLUSION 158

For arbitrary w, the evaluation of (7.2) will mean considering sums of the form

p"—1 <x2+x)
e " .
0 p

r=

For p odd, we have

() (@) B () (o

Preliminary research suggests that the sum indexed by y in (7.2) will be of the form
€(S,w,p") G(1;p"), where |e ()| = 1;

see [49], [92]. Hence, (7.1) will behave similarly to the quadratic Gauss sum, with a root of

unity as a factor. As such, further investigation is required. Additionally, similar study is
on—1
Sz’
needed for sums of the form Z e ( o )
=0

z=w (mod 2™)

7.2 Possible Applications of the Quadratic Form Gauss
Sum

In light of Chapter 6, it’s clear that one may use the quadratic form Gauss sum to determine

the number of solutions to a congruence of the form

Q. =k (mod p"), (7.4)
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given that (), satisfies certain conditions with respect to p™. Similar to Theorem 6.1, one

can show that the number of solutions to the congruence given in (7.4) is given by

"1 —kS
A tED Iy ( : )G(QT;S;pt) . (7.5)
t=1

S<pt
(S:p)=1

If we suppose for convenience that p is an odd prime, r is even and k£ = 0 (mod p"), then by

Corollary 5.5, we deduce that (7.5) can be written as

pr—bn-1 {p +(p—1) Z (_]TA) pt(l—S)} . (7.6)

t=1

n
The sum Z (%)t pt(l—%) will be straightforward to evaluate, similar to Definition 6.2.
Hence, thef:elxpression in (7.6) is a tractable expression to determine the number of solutions
to @, = 0 (mod p"). Current research is directed towards estimates of the number of such
solutions within a certain range; see, e.g. [20], [50], [51]. One might be able to use these
results along with symmetric arguments to achieve similar results.

We turn now to more abstract applications. As mentioned in the introduction, the
quadratic Gauss sum is a generalization of a particular exponential sum. We present the

following definition to highlight some different types of Gauss sums. For what follows, let

q € N be a positive integer, and S € Z is coprime to q.

Definition 7.1. Let x be a Dirichlet character defined on Z, (see, e.g. [5, p. 138]). Then

we define the Gauss character sum by

6\(5:0) = S x(o)e (>,

=0

Suppose for ¢ odd, we let y denote a quadratic character modulo ¢q. Then it can be shown
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that

Gy (S5q) = i x(w)e (%) 3 e (STIKQ) = G(S;q).
(= ’

—_

LS

I
=)

1

This is shown for ¢ an odd prime in Proposition 6.1. Thus, a Gauss character sum can be
seen as a generalization of the quadratic Gauss sum. One can view the exponential term with
modulus ¢ of G,(S;¢) as an additive character. In this fashion, the Gauss character sum is
related to both multiplicative and additive number theory. In particular, Gauss character
sums are of great interest due to their connections with Dirichlet L-functions; see, e.g. [5,

pp. 262-263].

Definition 7.2. Let ¢ = p™ be a prime power, and let x be a multiplicative character defined
on F, (see, e.g. [78, p. 191]) and let o € F,. The finite field Gauss sum with respect to x is

given by

Gylosa) = vl (122,

z€lF, p
where T is the field trace from F, onto [F, and the character x has been extended to all of

F, by setting

1 if x is trivial,
x(0) =
0 otherwise.

Similarly, for ¢ = p", for a positive integer m and o € F,, the sum given by

Gm(o5q) =) e (M)

p

is called an m'™ power Gauss sum over the finite field F,.
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We emphasize that we use the terms principal character and trivial character interchange-

ably. These two finite field Gauss sums are related by the formula

where y is a character of order m on F, and o € F; [12, p. 11]. Moreover, the finite field
character sum and the Gauss character sum are equivalent in a certain case. When ¢ = p is
an odd prime, the trace function on F, will be the identity map. Thus, for x a non-trivial

character, we have that

Guloin) = 3w (%) = Gylon)

x€Fp

Given these generalizations of the quadratic Gauss sum, one naturally wonders if such
generalizations exist for the quadratic form Gauss sum. As it happens, such a generalization
will be difficult to obtain. The Gauss character sum has, as summand, the product of
an additive character and a multiplicative character. When the multiplicative character
is quadratic, the Gauss character sum will simplify to a sum of additive characters. This
simplification will not hold in general for an arbitrary character x of order greater than 2.
Indeed, the product of two Gauss character sums is difficult to evaluate. If y and ¢ are two

characters modulo ¢, then

G (1:0)- Gultia) = S xteke (2) E wiwe (2) = X xwmwtne (T2 @)

TELY yeLY T, YELY q

Suppose that () is a binary quadratic form such that m; and ms are coprime to ¢ = p™.

Then for p odd we have

G(Q2;S;q) = G(25my; q)G(2Smyms; q).
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We may consider a product of Gauss character sums with similar coefficients. For y and

modulo ¢, we have

G (28m1; )Gy (2Smima; q) = Y | x(x)e (25m1x> S by <28m1m2y>

¢ YELg*

= 37 w((@Smy) M) ((28mums) " y)e ( y>

z,YELY q

—(@2Sm) emsY) 3w (“y),

zzyGZQ* q

where we have used the fact that G, (S;q) = x '(S)G(1;q). Hence, evaluating the product
of the Gauss character sum will require studying sums of the form seen in (7.7).
There is current research containing products of Gauss character sums where an exact

formula would be valuable. Consider the generalized Gauss character sum, for k € N, given

by

Gr(S,x:q) = qix(:v)e (STxk) ,

=0

where x is a Dirichlet character modulo ¢. Historically, research efforts have been focused
on determining upper bounds for |G (S, x; ¢)|. Famously, A. Weil [112] showed that for p an

odd prime,
|Gi(S, x;p)| < Spz,

where S denotes the positive integer residue of S modulo p. More recently, Cochrane and

Zheng [21] have shown that for any positive integer ¢ > 3 and (5, ¢) = 1, we have
Gr(S,x: 9)] < (4k)“@g' 7, (7.8)

where w(q) denotes the number of distinct prime divisors of g.
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Current research has focused on exact formulas for the 2m! power mean of the generalized

Gauss character sum, given by

> IGH(S. i a)P™ (7.9)

x mod g

Determining an exact expression for (7.9) was first investigated by Zhang [121], in 2002.

Zhang determined exact expressions for

Y 1G(Sxplt and Y |Ga(S,x:p)I°

x mod p x mod p

where p is an odd prime. These expressions determined by Zhang arose as a byproduct
of his investigation into sums of the form given in (7.9) weighted by Dirichlet L-functions
[121, pp. 305-306]. Subsequently, in 2005, W. Zhang and H. Liu [124] investigated the sum

(7.9) directly. They determined exact expressions for Z |G3(S, x;p)[* for p =1 (mod 3),

x mod p
and Z |G(S, x; )|, for ¢ > 3 a square-full number, and (Sk,q) = 1. In 2009, Yuan
x mod g
He and Q. Liao [56] determined formulas for Z 1G5 (S, x;p)|® and Z 1G5 (S, x;p)|®.
X mod p x mod p

In a similar vein, in 2011, Yanfeng He and W. Zhang [55] have determined formulas for

Z |G2(S, x; q)|°® and Z 1G5 (S, x; q)|°, where g is a square-full number and (S, q) = 1.
x mod g x mod g

Most recently, in 2012, F. Liu and Q. H. Yang [79] have shown that

D 1Ga(S, X q)m = AR (g), (7.10)

x mod ¢

for ¢ > 2 odd and square-full. This formula can be compared with the upper bound of
Cochrane and Zheng given in (7.8).

We emphasize that these results take advantage of the property

1Gr(S,x:9)° = Gi(S, x; 0)Gx(S, x; q).-
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Thus, this research is preoccupied with the product of Gauss character sums. Given an exact

formula for a product of such sums, one might be able to deduce a formula for

> 1GKS, x: )™

x mod g

Given that a majority of efforts have been to find upper bounds of G(S, x; q), this is likely
a very difficult problem. The current use of these 2m!" power mean formulas is to determine
asymptotic formula for weighted sums, mostly involving L-fuctions; see, e.g., [81], [94], [118],
[120], [122], [123]. Hence, such an exact formula would likely lead to improvements in these
asymptotic formulas, and may yield interesting connections with the given weighted sum.
Our emphasis has been on the generalization of the quadratic form Gauss sum to an
expression involving Gauss character sums. Both the quadratic Gauss sum and the Gauss
character sum run over a ring of integers, which leads to the natural generalization question.
However, one would also like to generalize the quadratic form Gauss sum to the finite field
Gauss sum. Similar difficulties will exist with this generalization, as our Gauss sum is
with respect to a multiplicative character y. However, we would be interested in such a
generalization, as there is a well known exponential sum which makes use of a product of
finite field Gauss sums. Let ¢ be a prime power and consider the so-called Jacobi sum, given

by Z x (@) (1 — ) for characters y, ¢ defined on F,. It can be shown that if the character

o€l
given by % is nontrivial, then

D x(@)p(i - a) = =

acl,

see, e.g. [12, p. 59]. One notes that the restriction of xt nontrivial, means the above
equation will not hold for two quadratic characters. Thus, one would expect to generalize

the Gauss character sum before attempting a similar generalization for the finite field case.
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7.3 Current Applications

Finally, we mention briefly the usage of Gauss sums in the current literature. This list is not
exhaustive, but serves to demonstrate the wide variety of applications of Gauss sums.

As mentioned in the previous section, the Gauss character sum has various connections
with Dirichlet L-functions [4], [125]. As well, this Gauss sum can be used to estimate
various character sums [33], [53], [58], [80], [108]; estimate the number of solutions for certain
congruences [52], [109]; and has applications for the number of representations of an integer
as a sum of primes [72].

The finite field Gauss sum has applications in many finite field problems. One sees their
use in coding theory [37], [116]; point counting on elliptic curves [97], [117]; determining the
number of solutions to polynomial equations [7], [95]; determining the value of cyclotomic
numbers [114]; constructing difference sets [39]; and the evaluation of various related func-
tions [85]. In particular, the finite field Gauss sums are widely used in the construction of
Cayley graphs [38], [40], [43], [87], [88], [113], [115].

In addition, Gauss sums have been generalized over various algebraic structures, including
various types of groups [46], [64], [76], [77] [82] ; rings [36], [105], [119]; and fields [14], [57],
[84], [90]. Regardless of the generalization, the Gauss sum can be used for additive or
multiplicative problems.

Due to the wide variety of Gauss sums, its generalizations and applications, it seems likely
that the quadratic form Gauss sum will have other, unforseen applications. The quadratic
Gauss sum possesses a very interesting structure, with many deep connections to other
branches of mathematics. Due to the similarity in structure in the quadratic form Gauss
sum, it is certain that this sum will contain many deep connections as well. As the results
of Weber and Jordan have been forgotten over time, we hope to see further study of the

quadratic form Gauss sum.
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