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1. INTRODUCTION

Let f: X -+ Y

H*f: H*(X;Z) -+ H*(Y;Z)

is also an isomorphism.

be a map of CW-comp1exes. If f induces an isomorphism

and X and Yare simply-connected, then TI*f: TI*X -+ TI*Y

This is the classical Whitehead theorem. It is wei1 known

that if either X or Y is not simply-connected then the Whitehead theorem need not

be true.

Quillen [3] proved that in the category of simplicial pro-p-groups the

Whitehead theorem holds. Stallings [4] showed that if TIIX and TIIY are nilpotent

groups, then a low dimensional integral homology isomorphism implies an isomorphism

In the present work the methods of Quillen and Stallings are developed and

used to get a generalization of the Whitehead Theorem: We assume that H*(f,Z) is

an isomorphism and ask what further conditions on TI*f will guarantee that TI*f is

also an isomorphism.

We work in the category of spaces with a base point which have the homotopy

type of a connected CW-complex. The notation H* is used for the integral homology

functor.

The paper is organized as follows: The functors needed for stating the main

theorem are defined in Section 2, and the main theorem itself is formulated in Section

3. Section 4 is devoted to examples and corollaries and Sections 5 and 6 to the proof

of the main theorem. The paper closes with an appendix on the nilpotent and solvable

cases. I would like to thank Professor D. M. Kan and A. K. Bousfield for numerous

conversations, ideas, and hints.

2. PRELIMINARIES

2.1 Definition

Let TI be a group and G a TI-group, i.e., a group together with a homo-

morphism 1T 24 aut G.

We define the lower central series of 1T-groups

as follows:

(i)

(ii)

fZG is the normal 1T-subgroup of
-1

the form «wx)g)g with x E TI

fnG = fzfn_1G.

G generated by all elements of

and g E G.
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Thus, the group fnG is the kernel of the projection of fn_1G onto its

largest quotient wich is a trivial Clearly the lower central series is

functorial in both and G in the obvious sense.

2.2 Note

In this paper we are only interested in the lower central series filtration

for two cases of n-groups. The non-abelian case is where G is not abelian: here

we will only consider the case when G. n and xgx- 1 for all x,g E G. In

this case f G is the usual lower central series. The abelian case is where G is
n

abelian and can be thought of as n-module or Z(n)-module. where Z(w) is the group

ring of In this case the filtration fnG is the usual filtration of G induced

by the powers In of the augmentation ideal I· ker(2(w) + 2).

Note that in both cases fnG are normal w-subgroups of G. Thus the

following definitions make sense.

2.3 Defini tion

The n-completion G is defined to be the inverse limit of the following

tower of epimorphisms

+ G/fn+lG + G/fnG ••• + G/f2G + (e)

The n-completion G, being the inverse limit of the tower, comes with a canonical map

i: G + G.

2.4 Definition

f G
'"

2.5

The kernel of i: G + G is denoted by f",G. Alternatively, we have

fkG.

Definition

If G is an abelian w-group, then so is

coker(i: G + G). If G is not abelian than

G and we can define f'G
ce

is the pointed set whose elements

are the left cosets of i(G) in G, and with the obvious distinguished element.

2.6 Definition

The maximal w-perfect subgroup of G.

In general we say that a w-group H is (w-)perfect if f 2H = H. It is clear

that the w-subgroup generated by a family of subgroups of G is again w-

perfect. So it follows that every w-group G contains a unique maximal

subgroup which we denote by fG. Clearly fG 5:. f",G. Note that in the non-abelian

case when w = G the subgroup fG need not be a perfect group.
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2.7 Examples

Let = %2 (the integers mod 2) and let us look at three different %2­

modules. (i) J, (ii) %4' (iii) %3' In all cases %2 acts by sending 1 to ­1.

(i) The lower central series is

r
••• •••

The completion J is the group of the 2­adics, and

(ii) The lower central series is

One has i 4 = %4 and r oo%4 ­ ­ rZ4 ­ o.
(iii) The lower central series is constant:

r% ­ r % = O.
00

Thus, we have ­ 0 and roo%
example of a perfect %2­module.

3. THE MAIN THEOREM

is an

If X is a space then is naturally a Therefore, we can

regard w*, as functors on spaces.

In terms of these functors we can proceed to formulate the following gen­

eralized Whitehead theorem.

3.1 Theorem

Let f: X.... Y be a map of aonneated spaaee suah that H*f is an isomor'phism.

Then is also an isomorphism if, in addition, f satisfies the foUOIJ)ing three

aonditions:
(i)

(ii)

(iii)

r is an epimorphism,

r'1l' f is a monomorphism, and
co *
r1l'*f is a monomorphism.

The theorem follows by induction from the following proposition.

3.2 Proposition

Let f: X .... Y be a map of eonneotied epacee eucn that for' some n::: 1,
.... 11/ is an isomorphism for' 0::: j ::: n ­ 1. If H/ is an isomorphism for'

j - n and an epimorphism for' j = n + 1, then f: X .... 1T Y is ali isomorphism.
n n n

If in addition f satisfies

(i)

(ii)

r f is an epimol'phism,
co n

f is a monomol'phism, andoon
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(iii) fITnf is a monomorphism,

then ITnf is an isomorphism.

Before going into the proof of Proposition 3.2, which is given in Sections

5 and 6, let us look at some examples and corollaries.

4. EXAMPLES

Let f: X + Y be a map of connected spaces.

4.1 The Simply-Connected Case

For any simply-connected space Z, froIT*Z = fIT*Z = O. Thus if both

X and Yare simply-connected, we recover from Theorem 2.1 the classical Whitehead

Theorem.

4.2 The Simple Case

If both X and Yare simple (i.e., f 2IT*X = f 2IT*Y = 0) then again con-

ditions 3.1 (i)-(iii) are trivially satisfied and thus IT*f is an isomorphism if

H*f is. This example includes any map between H-spaces. Note that in this case

obstruction theory arguments or a careful relative Hurewicz argument would do. For

dimensions> 1 the same proof will work in the next two examples 4.3 and 4.4.

4.3 The Nilpotent Case

We call a connected space X nilpotent if for all n 0 there exists r

such that frITnX = O. If X is nilpotent, then froIT*X = f:IT*X = fIT*X = O. Thus, it

follows that if both X and Yare nilpotent space and H*f is an isomorphism, then

so is IT*f. The nilpotent case is discussed in more detail in the Appendix.

4.4 The Complete Case

The most general case in which fro' r: and f vanish, is when the map

IT*X + IT*X (see 2.3) is an isomorphism, in which case we say that X is (rr-)complete.

So for a map f: X + Y between two complete spaces, IT*f is isomorphic if H*f is.

As an example of a IT-complete space one can take the geometric realization of the

pro-p-completion [3] of a free semi-simplicial group which is finitely generated in

each dimension (Bousfield).

4.5 Perfect Fundamental Group

If IT1X is a perfect group, i.e., f 2IT 1X = IT1X (that is, H1X = 0) then

fIT*X = frorr*X = f 2IT*X which means that f 2IT*X is IT1X-perfect (see 2.6). To see this

let us recall that for any abelian IT-group A, Ho(IT,A) = A/r2A. Hence it follows
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from the exactness of the coefficient sequence

in which the leftmost group is trivial by the assumption on n , that Ho (11;f2A)

= O. which means that fA = = f2A. Further this implies f:A = 0 and so one gets:

4.6 Corollary

Assume that HIX = HlY 0 and H*f is an isomorphism. if f1f*f

is an isomorphism, so is l1*f.

As a special case, one gets the following result.

4.7 Corollary

Let f: X + Y be a map of acycZic spaces H*X H*Y 0). Then f

is a homotopy equivaZenae if r1f*f is an isomorphism.

Corollary 4.7 suggests that in the category of acyclic spaces the functor

r1f* plays a role similar to that played by the functor 1f* in the category of all

CW-complexes. This idea is basic in the analysis of acyclic spaces given in [1].

4.8 The Case Where f is A Retraction

If the map f: X + Y is a retraction, i.e •• there exists a one-sided in-

verse i: Y + X such that fi idy. then it is easy to see that conditions 3.1 (i)

and (ii) are satisfied. if H*f is an isomorphism. That is an epimorphism is

clear. To show that r:1f*f is a monomorphism, one needs to use. inductively, Prop-

osition 3.2. In fact one just applies the five-lemma and 3.2 to the exact sequence

.
A map which is an isomorphism on 1f

n
and epimorphic on

isomorphism on Thus, one gets the useful result

1f must be an
n

4.9 Corollary

Let f be a retraction and assume that H*f is bijective. Then l1*f is

bijeative if rl1*f is injective.

5. AN ALGEBRAIC LEMMA

Proposition 3.2 is based on corresponding algebraic propositions for the

abelian and non-abelian cases (see 2.2).

Since the non-abelian case was proved by Stallings [4]. complete proofs

will be given only for the abelian case.
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5.1 Proposition (Stallings)

Let f: n n' be a map of groups and assume that Hlf is bijective and
H2f is surjective. Then the induced map n/f n n'/f n' is an isomorphism for aZZr r
r; thus sO is f (2.2 and 2.3).

Proof. The proof is sketched after the proof of the following proposition.

5.2 Proposition

Let f: A A' be a map of n-moduZes. If Ho(n;f) is bijeative, and W

surjeative, then f/f : A/f A' is an isomorphism for aZZ r 1 and thus so is t
r r r

(see 2.3). The crucial step in the proof of Proposition 5.2 is the following lemma.

5.3 Lemma

Let f: A A' be a map of whiah carries the submoduZe B f2A

into the submoduZe f2A'. Assume that HI(n;f): is surjeative

and that f induces an isomorphism A/B A'/B'. Then f induaes an isomorphism

A/f2B A'/f2B'.

Proof of 5.3. Consider the (twisted) coefficient exact sequence

Hl(n;A) H1(n;A/B) Ho(n;A) Ho(n;A/B)

Since Ho(n;B) = B/f2B and A/f2A (A/B)/f2(A/B). one gets the map of

exact sequences

H1(n;A) HI (TI;A/B) B/f 2B 0

! 1
HI(n;A') HI (n;A' /B') B'/f2B'

Hence. it follows from the assumptions and the five-lemma that B/f2B B'/f2B'.

Applying the five-lemma again to the sequence 0 B/f 2B A/f2B A/B O. Lemma 5.3

follows from the assumptions.

fr+1A = f2frA. Q.E.D.

Proposition 5.1. except that in-

of Lemma 5.3 one uses the low-

Exactly the same method is used to prove

stead of the coefficient sequence used in the proof

n = r. one simply

is an isomorphism, so is

it is enough to prove that

for

to get it for n = r + 1. since

Proof of Proposition 5.2. Since A = lim A/f A.
+ n

for all n 1. In fact since Ho(n;f)

Assuming the isomorphism, by induction,

A/f A A'/f A'
n n

A/f2A =+ A'/f2A'.

applies Lemma 5.3

dimensional homology exact sequence associated with the extension 0 H G/H 0:

H2G H2(G/H) (G/H)/f 2(G/H) 0

for H f2G a normal subgroup of G.
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This completes the algebraic preparation and we can now turn to the proof

of the main theorem.

6. PROOF OF 3.2

For n = 1 the main homotopy-theoretical observation is that the canonical

map H2X H2TI 1X is always surjective. This is due to Hopf [2]. Under the condi-

tions of 3.2 this implies that the map H2TI1X H2TI 1Y is surjective, and enables us

to apply 5.1. In the higher dimensions the situation is slightly more complicated

since we do not have, in general, a surjection of Hn+1X onto HI (TI1X,TInX). Still

we have the following situation.

6.1 Lemma

Let f: X Y be a map of connected spaces such that TIjf is an isomor­

phism for 0 j n - 1. Assume that Hnf is bijective and that Hn+1f is sur­

jective. Then:

(i)

(ii)

For

For

n = 1, Hif is bijective for i = 1

n> 1, Hi(TI1X,TInf) is bijective for

and surjective for i = 2.

i = 0 and surjective for

i = 1.

where

Proof: We use the spectral sequence of the fibration

PiX denotes the i-th stage of the Postnikov tower of X.

K(TI P X
n n n-l

We have

total degree n + 1, namely E2l,n
arguments that the classical Serre

where

E2 = H (p X,H K(TI ,n» H P X
p,q P n-l q n p+q n

is regarded as a TI1P X-module. Since H + K(TI,n) = 0 for alln-l n 1
n > 1 only two non-zero groups in the E2 term with

and E2 It follows easily from the usual
n+l,O

exact sequence can be extended to get:

H K(TI ,n)
q n
n > 1, we have forandTI

Hn+2PnX Hn+2Pn_ 1X HI (TI1X; nX) Hn+1PnX Hn+1Pn_1X

HO(TI1X;TInX) HnX HnPn_1X 0

It follows from the last two terms of this exact sequence for the case

Hn+1X Hn+1PnX 0 that if Hn+1f is surjective Hn+1PnX Hn+1PnY is surjective,

too. Since we assume that Pn_1X Pn-1Y is an equivalence, we may apply the map

f to the extended Serre exact sequence above, and Lemma 6.1 easily follows from the

five-lemma. Note that (i) follows from the last two terms of the sequence for n = 2.

Proof of 3.2. The conditions imply that TInf satisfies, by Lemma 6.1, the

assumptions of Proposition 5.1 and 5.2. Hence, by those propositions ; f is an
n

isomorphism. Further, since one has the exact sequence of functors

o f TI TI TI f'TI 0
con n n oon
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the assumptions imply that TInf is an epimorphism. It remains to show that

a monomorphism. For this we use the exact sequence of functors

o fTI TI IT /fTI 0
n n n n

TI f
n

is

(a) If a S + 1, then faG = f 2fSG.
(b) If a is a limit ordinal then f G n f G

a S<a B •
For cardinality reasons it is clear that for some ordinal

nilpotent group is the product

homotopy groups is homotopy­

is a p­group). This can be

Since by assumption fITnf is injective, by the five­lemma one need only check that

TInX/fTInX TIny/rITnY is a monomorphism. This follows from the fact that fITnX is in

fact fnITnX for some transfinite ordinal n. One defines the transfinite lower

central series of a IT­group G as the following series of IT­subgroups:

n, f G = f G.n+l n
In fact this is true for any n whose cardinality is greater than the cardinality of

the set of IT­subgroups of G. On the other hand, fG faG for all a, thus fG = fnG

for the above n. Now since TInf is an epimorphism one easily sees, using Lemma 5.3

for non­limit ordinals and the epimorphism ITnf for the limit ones, that for any

transfinite ordinal a the induced map ITnX/faITnX TInY/faITnY is an isomorphism.

This makes the map ITnX/rITnX TInY/fITnY an isomorphism if 3.2 (i)­(ii) are satisfied.

Assumption 3.2 (iii) now completes the proof of 3.2, and thus the proof of 3.1.

7. APPENDIX: NILPOTENT SPACES (see 4.3)

A IT­group G is called (TI­)nilpotent if frG = 0 for some r 1. For

example, if both IT and G are finite p­groups for some prime p, then G must be

a nilpotent IT­group. It is well known that any finite

of p­groups. Likewise any nilpotent space with finite

equivalent to a product of p­spaces X (i.e., IT*X
p P

shown using the following description of nilpotent spaces.

Geometrically speaking, a space is nilpotent iff its Postnikov tower can be

refined to a tower of principal fibrations with connected abelian fibers.

One of the advantages of the category of nilpotent spaces over that of

simply­connected spaces is that it is closed under certain constructions.

7.1 A Pull­back Lemma

Let f: X B, g: Y B be fibpations, and let E be the fibep-pPOduct in

the pull-back diagpam:

Y­Bg

Considep TI*X, IT*Y, and TI*B as IT1E-gpoups via this diagpam. If IT*X,

IT*Y, and IT*B aPe nilpotent as and E is connected then E is nilpotent.
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Proof. We first prove that TIlE is a nilpotent group. We look at the

sequence

It (X x Y) s, QB -+ E X x Y !... B-..
g

Thus, TIlE is given as an extension: 0 -+ coker TIld -+ TIlE -+ a l -+ 0, where al

= {a E TIlX x yITIlf(a) = TIlg(a)}. Since by assumption al is nilpotent, and acts

nilpotently on TIIQB = TI2B, it follows that TIlE is nilpotent. Likewise in higher

dimensions TInE is given as an extension of TIlE-groups: 0 -+ coker TInd -+ TInE -+

-+ ker TIn+ld -+ O. We only need to see that TIlE acts nilpotently on coker TInd.

Since TIIQB acts trivially on TInQB the map TIl -+ aut (coker TInd) factors through

01 -+ aut (coker TInd) which is, by assumption, a nilpotent action. This completes the

proof.

One interesting corollary is:

7.2 Corollary (Bousfield)

Let F -+ E B be a fibration, with nilpotent E and aonneated fiber F.

Then F is also nilpotent.

7.3 "Transfinitely Solvable" Fundamental Group

There is an interesting analogue to Stalling's Theorem 5.1 and Theorem 3.1,

involving the derived series of the fundamental group and homology with module co-

efficients.

7.4 Proposition

Let f: TI -+ a be a map of groups and let A = Z(a) be the group ring of

a. If the twisted aoeffiaients map HO(f;A) is monia then f is epia. If, in

addition, HI (f;A) is isomorphia, then for any ordinal a::: 0, the map f/Da: TI/DaTI

=-.. a/Daa is an isomorphism, where D
a

denotes the a-te1'rTl of the transfinite derived

series funator. Thus, TI/PTI c:< a/Pa is also an isomorphism, where P denotes "the

maximal perfeat subgroup" [unato»;

Note that H*(fjA) is an isomorphism iff for any a-module M, H*(fjM) is

an isomorphism.

Proof. The first part is clear since under the condition A = Zj

thus Z(TI) -+ A is onto. The proof of the second part parallels Stalling's trans-

finite induction argument in [4], using the equation

As an immediate corollary to the proposition one has
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7.5 Corollary

Let £: X + Y be a map lIJith R.(f;A) an isomozophi8Tfl" lIJhezoe A. Z(1f1Y) .

Then 1f.£ is an isomozophi8Tfl if and onZy if P1f1f is a monomozophi8Tfl.

Thus if 1I1X contains no perfect subgroups one has

H.(f;A) bijective. 1I.f bijective
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