mistakes are my fault, not his.
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contlnuous maps. le a nonempty ful subcategory f] of ‘.Top It is convenlent
I()I one’s intuition to assume J contains the ()Il()—D()lIlE sbace: Il()WFV()I' this 1s not
necessary for any of the clalms below. Much (if not all) of the general machinery I

S C X is open if and only if f~1(S) is open for every continuous map f: Z — X
with Z € 3. Let Topq be the full subcategory of IJ-generated spaces.

Proposition 1.3. Any object of J is J-generated. Any colimit of J-generated spaces

for the cohmlt Just go ahead and assume f] is small ThlS rules out J being the
subcategory of compact Hausdorff spaces, but it’s not the end of the world.

Proposition 1.5. (a) k3(X) = X is a set theoretic bijection.

(d) The two obmous maps kr(kr (X)) — kr(X) are identical.
(e) The functors i ‘.Topg = ‘J'op kg are an adjoint pair (with i the left adjoint),
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Example 1.7. Prove that if X ig J-generated and ~ ig an v
X, then the quotient space X/ ~ is also J-generated (th idea of the proof is more
obvious if you assume J contains the one-point space). Prove that the Sierpinski

space and the Hawaiian earings are both quotient spaces of A', hence A-generated.

Example 1.8. In Top the Sierpinski space is not small with respect to any ordinal

is to say, A is a cardinal). Assume that A is actually a regular cardinal (cf.‘ [H,
10.1.11]). Let A = AU {\}, and make this into a topological space by giving it the
order topology. To avoid confusion, let’s actually denote the new point of A by [A].

U,’s.

(c) Conclude that when A > 2%0_ the space A is not A-generated.

1.9. Model structures. Assume that the simplices A™ are all J-generated (which
will follow if A C J, for instance). Note that it then follows that the spaces JA™ and
A™F are also J-generated. Also, the map k;(X) — X has the right-lifting-property
with repsect to the maps OA™ — A",

The same proofs as in [Ho) for the ¢

usual definitions. The model structure is coﬁbrantly generated with the usual sets
of generatlng coﬁbratlons and acych ofibrations.

CR Y

these are Quﬂlen functors The fact that k[(X ) - Xisa tr1V1al fibration (havmg
the right-lifting-property with respect to the maps A™ — A™) shows that they’re
in fa a Qulllen equlvalence—thls is the same as the argument in [Ho] showmg

ces give @
[=) 2%

categorles we refer to [AR].
dense if every object of X is its canonical cohmlt with respect to A. By combining
[AR, Remark following 1.23] and [AR, Th. 1.20] one finds that a co-complete




Vopenke’s Principle may or may not be acceptable. The set-theorists seem assured
that no harm can come from assuming it. On the other hand, it seems ridiculous to
assume such an elaborate axiom in order to prove somethmg falrly concrete about
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S. J is y
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Wthh doesn t use oponka s PrlnClple I on t know what Tch roof is. However,

it.

Proposition 1.11 (Smith). The category Topa is locally presentable.

for the product in Topy, and X x Y for the usual Cartesian product in Jop. Recall
that X®Y = k[(X X Y)
T t

T/

Note that the axiom applies to the subcategory A.
Pr0p051t10n 1.14. Assume Axiom 1.13. IfX Y e ‘.Top:, and X 1s locally compact,

ii

Proof. See [V, Section 3]. O

1.16. Miscellaneous other properties.

& Vi e b

Then every open subset of an J-generated space is still J-generated.

" is A-generated.

Remark 1.19. A closed subspace of a A-generated space need not be A-generated.
The closed topologist’s sine curve is a closed subspace of A2, for instance.

Assume J is small. Consider the ‘singular functor’ S: Tops — Set””"—for every
X € TJopg, S(X) is the functor Z — Top(Z, X).
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