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ABSTRACT |

This thesis is devoted to the study of the representation
theory of orthosymplectic superalgebras and their applications to
physical theories. Techniques are developed to educe typical and
atypical finite;dimensional, irreducible representations of
orthosymplectic superalgebras. These include superfield and
weight space procedures which are illustrated for several low-rank
orthosymplectic superalgebras. Young supertableaux are used to
enumerate finite-dimensional typical, tensor representations and
spinor representations of 0Sp(M/N), and atypical, tensor
representations of 0Sp{2/2), 0Sp(3/2) and 0Sp{4/2). Relations
~ between Kac-Dynkin and supertab]éau labels are obtained and used
to present conditions on diagram shape, necessary and sufficient
for atypicality. Modification rules for typical supertableaux of
0Sp(M/N), and for atypical supertableaux of 0Sp(2/2), 05p{3/2) and
0Sp(4/2) are presented. Dimension formulae, in diagram notation,
are discussed for typical, representations of 0Sp(M/N).

New superfield realisations are presented for the
determination of infinite-dimensional irreducible representations
of N-extended super-Poincaré algebras with central charges.

These are illustrated for the N=2 extended super-Poincaré algebra
with one central charge. Finally, a discussion of the roles p1ayed
by orthosymplectic supergroups in some physical theories is

presented.
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1, INTRODUCTION

The purpose of this chapter is to place the subject matter
of this thesis in an historical perspective so that the significance of
the results reported here may be appreciated in their proper

mathematical and physical context.

1.1 AN HISTORICAL PRELUDE

Symmetry principles play an important role in physics, lending
simp]iqity and elegance to physical laws and physical systems amid the
complexity which so often accompanies them. In particular, global
and local symmetries have become established as a fundamental feature
of modern particle physics. In the early 1970's a new symmetry
principle was introduced to physics which involved transformations
relating states of different quantum spin-statistics {1-8]. It has
become known as supersymmetry. The algebraic structure of supersymmetry
is that of a graded Lie algebra, which is an extension of an ordinary
Lie algebra to include anticommutators. Graded Lie algebras first
appeared in the mathematical literature with the work of Nijenhuis
and Frohiicher [9,10] and later in connection with cohomology and deformation
theories [11,12]. The sequel contains a brief historical review of
the mathematical development of the theory of Lie superalgebras followed
by a discussion of the applications they have found in physics.

Prior to embarking on this, a few sentences will be devoted to
establishing precisely what characterises a Lie superalgebra.

Superalgebra is the term which has been adopted for Zz-graded
algebras, A = AB + AT’ which are algebras which satisfy the following:
ifach,beh andabeZy=1(5,1), thenabeA .. AlLie
superalgebra is a superalgebra G = 65 + Gi with an operation [ , ]

which satisfies



[a,b] = -(-1)*8[b,a] ' for a e G, b e G,

[a,[b,c]] = [[a,b],c] + (-1)“3[b,[a,c]] fora e G, beGg.

A theory establishing the connection between Lie superalgebras and Lie
supergroups has been developed by Berezin and Kats [13] and Berezin and
Leites [14]. An extensive discussion of supergroups and supermanifolds
has been given by Kostant [48]. |

The program of the classification of Lie superalgebras was
begun by Pais and Rittenberg [17]. Under some rather strong restrictions,
including that the Killing form be nonsingular and the bosonic part be simple,
they find the only algebras to be 0Sp(1/2n}. This w;; followed by the
work of Kaplansky and Freund [15,16] who exhibited two infinite families of
simple Lie superalgebras, the special linear, SU{m/n), and orthosymplectic,
0Sp{m/2n), algebras and postulated the existence of the exceptional Lie
superalgebras, F(4}, G(3} and D{2,1;a). The classification of all
simple Lie superalgebras whose Lie algebra is reductive was given by
Scheunert, Nahm and Rittenberg [18,19]. This work provided a complete
classification for all the 'classical' Lie superalgebras which, in
addition to the 'basic classical’ Lie superalgebras mentioned above,
includes the two 'strange' series, P{n) and Q{(n). The complete
¢lassification of all finite-dimensional, simple Lie superalgebras has
beén obtained by Kac [20]. He has shown that in addition to the classical
Lie superalgebras there exist four series of the 'Cartan’ type, W(n),
S{n), H(n), g(n). Filtrations and Z-gradations of Lie superalgebras
play an important role in this classification. Parker [21] has given a
classification for the real forms of all the classical Lie superalgebras.

The representation theory of Lie superalgebras has seen the
following developments. Kac [22] has obtained character and

supercharacter formulae for 'typical' finite-dimensional, irreducible



representations of the basic classical Lie superaigebras. For these
algebras he has derived [23] necessary and sufficient conditions for
a finite-dimensional, irreducible representation to be 'typical' and
has obtained dimension formulae for these representations; Djokovic
and Hochschild [24,25] showed that the only Lie superalgebras for
which all the finite-dimensional representations are completely
reducible are those which are isomorphic to a direct product of a
semi-simple Lie algebra with finitely many Lie superalgebras of the
type 0Sp(1/2n). With the work of Corwin [26] and Djokovic [27] a
quite detailed representation theory for the Lie superalgebras
0Sp(1/2n) was developed.

The concept of Hermitian representations of simple Lie algebras
was generalized to classical Lie superalgebras by Scheunert, Nahm
and Rittenberg [28]. They demonstrated the existence of two classes
of such representations defined on a graded Hilbert space. These are
called star and grade star representations and are defined through
adjoint and gradé adjoint operations. The finite-dimensional, star
and grade star representations of 05p(1/2) and SU(2/1) were subsequently
obtained by these authors [29].

The Casimir invariants for the general linear, special linear
and orthosymplectic Lie superalgebras and for the strange Lie superalgebras
have been constructed by Jarvis and Green [30] and Jarvis and Murray [31]
respectiﬁely. Following the classical approach of Perelomov and Popov,
Scheunert has constructed generating functions to obtain the eigenvalues
of the Casimir elements for the general linear, special lfnear ahd
orthosymplectic Lie superalgebras [32] while Balantekin and Bars [36]
have used characters to obtain formulae for the eigenvalues of all

Casimir operators of SU(m/n}, 0Sp(m/2n) and P(n}.



Diagram techniques were introduced to the study of representations
of Lie superalgebras by Dondi and Jarvis [33,34] and Bars and Balantekin
[35,36]. These authors have studied the Lie superalgebras U(m/n),
SU{m/n) 0Sp{m/2n) and P{n), developing branching rules, character
formulae and dimension formulae for some representations. Later work
by Balantekin and Bars [37] and Bars, Morel and Ruegg [38] saw Young
supertableaux techniques applied to contravariant, covariant and mixed
representations of SU{m/n), while Delduc and Gourdin [39] have
'investigated SU(n/1) to establish which supertableaux correspond to
Iirreducible representations. Morel, Sciarrineand Sorba [40] have
recently developed new diagram techniques for the study of 0Sp(m/2n).
They have been successful in obtaining branching rules, in closed form,
for all typical tensor and spinor representations of these algebras.
King [41] has used standard schur function operations to derive simple
Kronecker product rules and branching rules for all representations
~of SU(m/n) and for tensor representations of 0Sp{m/2n}. He has also
given dimension formulae in terms of partition labels for these
representations, provided they are typical.

Superfield techniques were first applied to the study of
finite-dimensional representations of Lie superalgebras by Dondi and
Jarvis [33], who studied U{m/n} and SU{m/n}. These techniques have
been further developed and applied to the orthosymplectic Lie
superalgebras by Farmer and Jarvis [42].

Following the initial work of Kac 23], weight space techniques
were further developed by Hurni and Morel [43,44] where applications to
the basic classical Lie superalgebras were considefed. Further
developments wefe made by Farmer and Jarvis [45], applying these

techniques to the orthosymplectic superalgebras and explicitly



constructing ail finite-dimensional, irreducible, star and grade star
representations of 0Sp(1/2), 0Sp(2/2, 0$p(3/2) and D(2,1;a).
Some very interesting developments have been made recentiy by
Thierry-Mieg [46], who has obtaingd theorems which allow the
explicit construction of the irreducible representations of the basic
classical Lie superalgebras.

Lie superalgebras have become an important influence in the
physics world and in particu1ar in theoretical particle physics,
where a very'significant fraction of the literature is currently
devoted to theories which are based on these algebras in some form.
The first applications of Lie superalgebras came with the work of
Neveu and Schwarz [1] and Ramond [2] on string models. Independént1y,
Gol'fand and Likhtman [5] and Volkov and Akulov [6] showed how to
generalize the Poincaré group to include fermionic charges. With
the construction of an interacting field theory, invariant under this
graded Poincaré group, by Wess and Zumino {7,8], a way was opened
to circumﬁent the 'no-go' theorems of 0'Raifearteagh [49] and Coieman
and Mandula [50] and unify in a non-trivial way internal with space-
time symmetries. These supersymmetric field theories [51] have
turned out to have a less divergent ultraviolet behaviour than non-
supersymmetric field theories and it is even hoped that some theories, _
such as the N=4 super Yang-Mills theory may even be finite.
Despite this it is 5t111 far from certain that these theories describe
the real physical world. With the work of Ferrara, Freedman and
van Nieuwenhuizen [52,53] and Deéer and Zumino [54], supersymmetry
became a local gauge symmetry and supergravity was born.  From its

inception this theory generated much interest with the possibility of



unifying gravity with the other forces of nature in a finite field
theory. It has now become a vast subject (see [55,56] for reviews),
though the technical complexities have, to date, thwarted the complete
construction of what is hoped will be this unifying theory, the

N=8- extended supergravity. The majority of these gliobal and local
supersymmetric field theories aré based on 0Sp{N/4) or SU(N/4) either
directly or via Inonu-wigﬁer contraction.

Although the greatest efforts in app1yinglLie superalgebras
to physical problems have been in the above areas a number of other
applications have also been foun& in recent years. One of the most
useful is the BRS invariance of quantum gauge theories [57] where the
symnetries are generated by translations in a superspace [58,59].

Another interesting application is in relation to composite models

of quarks and Teptons. In these models SU{M/N) plays the role of a
classification group which helps solve 'anomaly matching' and 'decoupling'
constraints [60,61,62]. These are necessary for the dynamical survival
of chiral symmetries, which are needed to explain the small masses of the
quarks and leptons relative to their physical size, or to the binding
energy of their composite structure.

There have been other applications for instance to internal
symmetries [63] and supersymmetric grand unification [64,65,66,67,68],
however, I would like to close this discussion with the one application
of superalgebras in Nature which has experimeﬁtal supporf. This is
in the area of nuclear physics and is a model based on the algebra SU({6/M)
[69,70]. It provides a classification scheme for many Tow lying nuclear
states of muclei in the Platinum-Gold region and predicts energy levels,
relations among decay rates and relations between nucleon transfer

reactions with accuracies of 10-20%.



1.2 THE THESIS STRUCTURE

Throughout this thesis it is assumed that the reader if
familiar with the representation theory of Lie algebras. Although
some knowledge of Lie superalgebras and their representations would
be useful, chapter two should serve as a brief introduction for those
unfamiliar with this subject. It should also serve to establish the
notation used here and the terminology necessary for communication.

For more comprehensive treatments of this subject the reader is
referred to the works of Kac [20,23] and Scheunert [47] on which the
material of chapter two is based.

As mentioned, chapter two serves as an introduction to the
theory of Lie superalgebras. The first section introduces the concepts
of graded vector spaces and graded algebras, from which are defined the
special class of Z,-graded algebras called Lie superaigebras. Many of
the formal definitions associated with these structures are given here.
The second section provides the classification of all finite-dimensional
simple Lie superalgebras which has been given by Kac [20]. The |
structures of the classical Lie superalgebras and their root systems
are discussed in some detail. In particular, the origin of the
orthosymplectic superalgebras becomes apparent here. The third section
provides'an introduction to the representation theory of basic classical
Lie superalgebras.

The study of orthosymplectic superalgebras is begun in earnest
in chapter three. The general structure of the algebra is discussed
in §3.2, incorporating an explicit choice of simple roots and presenting
the general form of the Cartan matrix. This allows the complete algebra
to be constructed for any orthosymplectic superalgebra. Weight space
techniques are then developed for educing finite-dimensional, typical

and atypical, irreducible representations of these algebras.



These techniques ére then used td determine gl finite-dimensional,
irreducible representations of the superalgebras B(1,1), C(2) and
D(2,15a). For a« =1 these are the lowest rank algebras from each of
the three orthosymplectic classes. The star and gradé star
représentations are.determined for each of these algebras.

Chapter four develops sUperfield techniques for the determination
of irreducible, typical and atypical, representatibns of orthosymplectic
supera]gebfas. These methods are baéed on the theory of induced
representations. Using these techniques, all irreducible representations
of the superalgebras B(0,1), B(1,1), C{2) and D(2,1) are found.

Thése are in agfeement with the results of chapter three.

Young supertableaux are introduced into the study of the
representations of orthosymplectic superalgebras in chapter five.

The relation between the Kac-Dynkin labels and the supertableau labels
is first established and used to express the conditions for atypical
representations in diagram notation. Modification rules are found
for the typical supertableaux of all orthosymplectic superalgebras

and the atypical supertableaux of B(1,1), C{2) and D(2,1). Dimension
formulae for typical representafions are presented here in diagram
notation and branching rules to the underlying Lie algebra are given
for spinor representations of all orthosymplectic superalgebras and
atypical representationsIof-B(],]), c(2) and D{2,1). |

New superfield techniques are introduced in chapter six for
the study of irreducible realisations of the N-extended supersymmetry
algebra in the presence of central charges. After a general discussion
of the procedure, which is based on an induced representation construction,
the N=2 case is considered in detail. The results are found to be in
agreement with those obtained via the conventional methods, with the

'spin reducing’ cases arising analogously to atypical representations.'



A review of the roles which orthosymplectic supergroups have
found fn physical theories is presented in chapter seven. Perhaps
the most useful application currently known is the elegant formulation
it lends to the extended BRS symhetries of quantum gauge theories.
Discussed here are applications to non-abelian gauge theories, Kaluza-
Klein theories and gravity. Orthosymplectic supergroups play a quite
fundamental role in supersymmetric Yang-Mills and supergravity theories,
since the N-extended super Poincaré algebras, on which these theories
are based, can be obtained by Inonii-Wigner contracfion of 0Sp(N/4).

- This contraction procedure is presented in §7.2. This chapter concludes
with a discussion of Kaluza-Klein supergravity theories, wherein
orthosympiectic supergroups play the role of the ground state symmetry
of some compactifying solutions of these theories.

The thesis concludes in chapter eight with a summary,
reiterating the main new results obtained, and indicating avenues for
future research.

The appendices contain details of notation and some techniques
which have been_empIOyed in the course of this work. Also presented
are two proofs pertaining to the work of chapters three and five and
some useful identities for handling the e-calculus of chapters four and
Six.

Each chqpter contains its own set of references, which though
leading to some duplication has the advantage of making each chapter

sel f-contained.



10.

CHAPTER 1 - REFERENCES

1.
2.
3.

16.
i7.
18.
19,
20,
21,
22,
23,

24.

A. Neveu and_J.H. Schwarz: HNucl, Phys, 8 31, 86 (1971)
P. Ramond: Phys. Rev. D 3, 2415 (1971)
Y. Anaronov, A, Casher and L. Susskind: Phys. Lett 358, 512 (1971)
J.L. Gervais and B. Sakita: Nucl. Phys. B 34, 632 (1971) |
Yu A. Gol'fand and E.P. Likhtman: JETP Lett. 13, 323 (1971)
D.V. Volkov and V.P. Akulov: Phys. Lett. 46B, 109 (1973)
J. Wess and B. Zumino: Nucl. Phys. B70, 39 (1974)
J. Wess and B, Zumino: Phys. Lett. 498, 52 (1974)
A. Nijenhuis: Proc. K, Ned. Adad. Wet. A58,3 (1955)
A. Frolichen and A. Nijenhuis: Proc. Natl. Acad. Sci. USA 43, 239 (1957)
L. Corwin, Y, Ne'eman and S. Sternberg: Rev, Mod. Phys. 47, 573 {1975)
A. Nijenhuis and R.W. Richardson, Jr.: Bull.Am,Math, Soc. 70, 406 (1964) -
F.A, Berezin and G.I. Kats: Math. USSR. Sb.1i, 311 (1970)
F.A. Berezin and D.A, Leites: Sov, Math, Dokl. 16, 1218 (1975)
[. Kaplansky: 'Graded Lie Algebras I, II', University of Chicago
Report (1976)
P.G.0. Freund and I. Kaplansky: J. Math. Phys. 17, 228 {1976)
A. Pais and V, Rittenberg: J. Math, ﬁhys..lg, 2062 (1975).
M. Scheunert, W. Nahm and V, Rittenberg: J., Math. Phys. 17, 1626 (1976)
M. Scheunert, W. Nahm and V, Rittenberg: J., Math, Phys. 17, 1640 (1976)

V.G. Kac: Adv. in Math, 26, 8 (1977)

M. Parker: J, Math, Phys. 21, 689 (1980)

V.G. Kac: Comm. in Alg. 5, 889 (1977)

V.G. Kac: ‘Lecture Notes in Mathematics' 676, 597 (Springer, Berlin,
(1978)

G. Hochschild: I1linois J. Math, 20, 107 (1976)



25,
26.

27.
28,
29.
30.
31.
32.

33,
34,
35,
36.
37,
3.
39,
40.
a,

42,
43.
44,
45,
46,

11.

D.Z. Djokovic and G. Hochschild: Illinois J. Math. 20, 134 (1976)

L. Corwin: 'Finite-dimensional representations of semi-simple graded Lie
algebras', Rutgers Univ. Report

D.Z. Djokovic: J. Pure Appl. Alg, 9, 25 (1976)

M. Scheunert, W. Nahm and V., Rittenberg: J. Math. Phys. 18, 146 (1977)

H. Scheunert, W, Nahm and V. Rittenberg: J. Math. Phys. 18, 155 (1977)

H.S. Green and P.D, Jarvis: J, Math. Phys. 20, 2115 (1979)

P.D. Jarvis and M.K. Murray: J. Math, Phys, 24, 1705 (1983)

M. Scheunert: Universitat Bonn, Physikalisches Institut, Preprint
No. HE-82-26 (1982)

P.H. Dondi and P.D. Jarvis: Z. Physik C 4, 201 (1980)

P.H. Dondi and P.D. Jarvis: J. Phys. A: Math, Gen, 14, 547 (1981)

A.B. Balantekin and 1. Bars: J. Math. Phys. 22, 1149 (1981)

A.B. Balantekin and I, Bars: J. Math, Phys. 22, 1810 (1981)

A.B. Balantekin and I. Bars: J. Math. Phys. 23, 1239 (1982)

1, Bars, B. Morel and H. Ruegg: J. Math. Phys. 24, 2253 (1983)

F. Delduc and M, Gourdin: J. Math. Phys, 25, 1651 {1984)

B. Morel, A, Sciarrino and P, Sorba: LAPP preprint no.LAPP-TH-103 (1984)

R.C. King: 'Lecture Notes in Physics’ 180, 41 (ed. M. Serdaroglu and
E. Inonu) (Springer, Berlin, 1983)

R.J. Farmer and P.D, Jarvis: J. Phys. A: Math, Gen. 16, 473 (1983)

J-P. Hurni and B, Morel: J, Math, Phys. 24, 157 (1983)

J-P, Hurni and B, Morel: J. Math. Phys. 23, 2236 {1982)

R.J. Farmer and P,D.Jarvis: J. Phys, A: Math, Gen. 17, 2365 (1984)

J. Thierry-Mieg: ‘Proc. 12th Colloq. on Group Theoretical Methods in
Physics (Trieste, 1983) (ed. G. Denardo}({Springer, Berlin)
{To be published)



47,
480

49,
50,
51,
52.

53.
54,
55.
56.

57.
58.
59.
60,
61.
62,
63.
64.
65,
66,
67.
68.
69.

70,

12.

M. Scheunert: ‘The Theory of Lie Superalgebras'. Springer Lecture
Notes in Mathematics vol.716 (ed. A, Dold and B. Eckmann) (1978)

B. Kostant: ‘'lLecture Notes in Mathematics' 570, 177 (Springer-Verlag,
1975)

L.0'Raifearteagh: Phys. Rev, 139, 253 (1965)

S. Coleman and J. Mandula: Phys. Rev. 159, 1251 {1967)

P, Fayetland S. Ferrara: Phys. Rep. 32C, 250 (1977)

0.Z. Freedman, P. van Nieuwenhuizen and S, Ferrara: Phys. Rev. D 13,
3214 (1976)

D.Z. ?reedman and P. van Nieuwenhuizen: Phys, Rev. D 14, 912 (1976)

S. Deser and B. Zumino: Phys. Lett. 628, 335 (1976)

P. van Nieuwenhuizen: Phys. Rep, 68C, 189 (1981)

S.J. Gates, Jr., M.T. Grisaru, M, Rocek and W, Siegel: 'Superspace’
(Benjamin/Cummings Pub. Comp, Massachusetts, 1983)

C. Becchi, A, Rouet and A, Stora: Comm. Math. Phys. 42, 127 (1975)

L. Bonora and M. Tonin: Phys. Lett. 988, 48 (1981)

R. Delbourgo and P.D. Jarvis: J, Phys. A: Math. Gen, 15, 611 (1982)

T. Banks, A. Schwimmer and S, Yankielowicz: Phys, Lett. 968, 67 (1980)

1. Bars and S, Yankielowicz: Phys, Lett. 1018, 159 (1981)

1. Bars: Phys. Lett. 1148, 118 (1982)

Y. Ne'eman: Phys. Lett, 818, 190 (1979)

S. Dimopoulos and S. Raby: Nucl. Phys. B 192, 353 (1981)

M. Dine, W, Fischler and M. Srednicki: Nucl. Phys. B 189, 575 {1981)

S. Dimopoulos and H. Georgi: Nucl. Phys. B 193, 150 {1981)

P. Fayet: Phys. Lett. 708, 461 (1977)

S. Weinberg: Phys. Rev. D 26, 287 {1982)

A.B. Balantekin, 1. Bars and F. lachello: Phys, Rev, Llett. 47, 19 (1981)

A.B. Balantekin, I, Bars and F. lachello: Nucl. Phys. A 370, 284 {1981)



13.

2, AN INTRODUCTION TO LIE SUPERALGEBRAS

The primary function of this chapter is to provide the reader
with the notation, definitions and basic mathematical theory of Lie
superalgebras,.necessary.to make the remainder of this thesis
intelligible and to provide the appropriate context for the
representation theory of orthosymplectic Lie superalgebras.
Consequently this chapter ié basically a review of the mathematical
theory of Lie superalgebras which relies heavily 6h the works of
Corwin, Ne'eman and Sternberg [1], Pais and Rittenberg [2]. Freund
and Kaplansky {3], Nahm, Rittenberg-and Scheunert [4,5,6,7], Rittenberg
and Scheunert [8] and particularly the comprehensive treatments by
Kac [9,10] and Scheunert [11]. To contain the length of this chapter
it has been thought expedient to only state results and refer the
reader to the literature for the relevant proofs.

In §2.1 the necessary basic definitions and concepts pertaining
to graded algebraic structures and Lie superalgebras are introduced.
Since the primary concern of this thesis.is with Lie superalgebras
these refer substantialiy to Z2 -Igraded structures. The extensions
to more general gradings are discussed by Scheunert [12].

The classification of Lie superalgebras is discussed in §2.2.
This deals mainly with the complete classification of all finite-
dimensional simple Lie éupera]gebras over an algebraically closed field
of characteristic zero which has been provided by Kac-[g].

Finally §2.3 provides a short review of the work of Kac [10] on
finite-dimensional irreducible representations of simple Lie

superalgebras.



14,

2.1 INTRODUCTION TO GRADED ALGEBRAIC STRUCTURES AND

LIE SUPERALGEBRAS

Let T be the ring of integers, Z, or the residue class ring
of Z modulo 2Z, 22 = 7727 {13]. The two elements of 22 will be
denoted by 0 and 1. AN spaces and algebras are regarded over a ground
field, K, ﬁhich is algebraically closed and of characteristic zero.

A T-graded vector space, V, over the field K contains a family
of subspaces, VY, whereé Ye[', such that

V= YEJF v,

An element of V is said to be homogeneous of degree Yel if it is an
element of VY.  If I = I, the element of VE(VT) is called even (odd}.

On any Z-graded vector space V¥ = (& V. there exists a natural Zs
A

grading, induced by the Z-grading and defined by

A subspace U of V is called a T-graded subspace if U= GB@P
ye
(U n VY).
Let V and W be two [-graded vector spaces. A linear mapping
g: V + W is said to be homogenecous of degree V, VeI, if
g(Va) c wa+Y vael. The mapping g is called a homomorphism of V into W
if it is homogeneous of degree 0.

An algebra A, over the field K, is a T'-graded algebra if its

underlying vector space is I-graded, A = ® AY’ and if
yel

AaAB c Aa+8 va,y RBeP, If A has a unit element, e, it follows that eeAO.

A homomorphism of T-graded algebras is a homomorphismof the

underlying algebras and of the underlying T-graded vector spaces.

It is homogeneous of degree 0.
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A graded subalgebra (or ideal) of a I'-graded algebra, A, is a
subalgebra (or ideal) of the algebra A which is, in addition, a graded
subspace of the underlying T-graded vector space A.

A superalgebra is a Zz-graded algebra A = Aa ® AT'

The elements of AS(AT) are called even {odd). If a ¢ Aa'(a = 0,7),
then a is called homogeneous of degree a.

The graded tensor product, A @ B, of two associative

subalgebras A and B is the tensor product of the underlying vector

spaces with multiplication defined by the requirement that

(a@b)(a' ®b') = (-1)% (aa') ® (bb’)
VaeA,a'eAa.,beBB,b’eB; a',BeZz.
With this multiplication A® B is an associative superalgebra.
A Lie superalgebra is a superalgebra, G = Ga(j GT’ with an

operation [ , ] satisfying the following:

[a,b] = -GJ)“B [b,a] {graded skew-symmetry)
[a,[b,c]] = [[a,b],c] + (-1)*B [b,[a,c]] (graded Jacobi identity)
VaeGa,beGB,CeG; a,BeZz. |
If A is an associative superalgebra then defining [ , ] by
ab) =ab -(-1)% b2 vae AL b ey ;B el
turns A into a Lie superalgebra denoted AL.

The universal enveloping algebra of a Lie superaigebra is
constructed in the following way [9,11]. Let G = 55(3 G; be a tie
superalgebra and T(G) the tensor algebra over the vector space G.
~ The Zz-grading of G induces a Zz-grading of T(G). Let R be the two-sided
ideal of T(G) generated by elements of the form:

R=[a,b] -a@®b + (-1)°8 b @ a.
The factor algebra U(G) defined by U(G) = T{G)/R is an associative

superalgebra.
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The canonical mapping G -~ U(G) induces a homomorphism i: G - U(G)L
~ of Lie superalgebras. The pair (U{G),i) is the universal enveloping
algebra of G.

The Poincaré-Birkhoff-Witt theorem can be used-to construct a

canonical basis for U{G) as follows. Let LIFRRRPL be a basis of

GG and b]""’bn be a basis of GT’ then the elements of the form
k] km _
a ...am biT...bin, where ki z0and 1 < 1] <..<igogn,

form a basis of U(G).
Let V = Va C)UT be a Zz-graded vector space, with Va and UT

of dimension m and n respectively, and let

Enda(V) = {AcEnd(V): AV, =V, }.

B Bto

End(V) =t:)Enda(V) is endowed with a Zz-grading and a Lie superalgebra

structure, denoted by (V) = 2{(m,n), can be defined on it by setting
[A,B] = AB - (-1)*¥BA , A8 < End(V).

A linear representation, p, of a Lie superalgebra G = GB(D G- in

V is a homomorphism
p: 6+ &(V).
The map ad: G > (G} for which
(ad g}(a) = [g,a] , a,g € G

is a linear representation of the Lie superalgebra, G, called the
adjoint representation.

The adjoint representation of a Lie superalgebra, G, induces a
representation of the Lie algebra Ga in the odd subspace GT and is

denoted by adIGT or GEIGT'
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It is now.possible to introduce a generalized adjoint operation
for a Lie superalgebra, G, and the concepts of star and grade star
representations of G in a graded vector space, V, [7].

Let V = Va G}VT be a finite-dimensional Zz-graded vector space.
Assume that on V there exists a non-degenerate hermitian form denoted
by ( ,.) such that Va and VT are orthogonal with respect to this form,
i.e., (V5,v-) = {0}, If {,) is positive definite then V is called
a graded Hilbert space.

For any linear operator A in V the adjoint operator, A+, with

respect to ( , ) is defined by
(A'xy) = (x,Ay) WX,y ¢ V.

For the Lie superalgebra (V) consider the following rules:
(i) The adjoint of an even {odd) element is even (odd).
(ii) (aA +bB)" = a*xA” + b*B’.

(iii) [A,8]1"7 = [87,A"1.
(iv) (&) A.
YA,B ¢ ﬂ(v)l and a,b ¢ (.

n

An adjoint operation in a Lie superalgebra, G, is a mapping
A + A* of G into itself which satisfies the conditions (i) - (iv) above.
Let A be a homogeneous linear operator in V of degree a. The

grade adjoint operator;-A+, with respect to { , ) is defined by
(Aty) = (-1)%(x,8y) Vxe Vg yel .

For the Lie superalgebra (V) consider the following rules:
(i'} The grade adjoint of an even (o0dd) element is even (odd).

(ii') (aA + bB)* = amaf 4 b*B*
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(119 (a8l = (-1 [t
Gv)  (ahT = () a
VA e (V) , Be ﬁ(V)B and a,be C.
| A grade adjoint operation in a Lie superalgebra, G, is a mapping
A~ A+ of G into itself which satisfies the conditions (i') - (iv'} above.
Let G be a Lie superalgebra equipped with an adjoint (grade

adjoint) operation, and let V = Va V- be a graded v.ector' space.
A star representation (grade star representation) of G in V is a graded

representation p of G in V which satisfies
oY) = o)t (eat) = sty .

Let V be a finite-dimensional Zz-graded vector space and let

y ¢ V~+ V be the linear mapping which satisfies
| vy vy = (-1)% ifveV, ; aely.
The supértrace, str, is a linear form on 2(V) defined by
str(A) = Tr(yA) YA ¢ 2(V) .
From this definition it follows that
str(fA,8]) = 0 VA,B ¢ (V) .

Llet G = GG(:)GT be a Zz-graded space and let f be a bilinear

form on G. Then f is called

constgtent if f(a,b) =0 for a ¢ G5 > b e6,

and  supersymietric if f(a,b) = (1)%F(b,a) for a ¢ 6, b e Gy30u8 € 2.
If G is a Lie superalgebra, f is called

imvariant if f([a,bl,c) = f(a,[b,c]) .
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The bilinear form {a,b) = str(ab) on &(V) is consistent,
supersymmetric and invariant. The killing form on a Lie superalgebra, G,

is the bilinear form
(a,b) = str{(ada) (adb)) .

A superalgebra, G, is said to be Z-graded if we are given a

family (Gj)j c 7 of Zz-graded subspaces of G such that
(i) 6 = ® 6, ,
jezd

(11) 6,65 < Gy, Vi,j e Z.

The Z-grading is said to be consistent with the Zz-gradihg of G if

G- = ® G6,. , 6. = @ G
0 j€22,] 1 jel

2341 °
If G is a Z-graded Lie superalgebra, then G is a subalgebra

and [Go’Gi] < Gi' Thus the adjoint representation, restricted to GO,
induces linear representations of GO in the subspaces Gi’ denoted by
GolGi‘ G is called irreducible if the representation of G, in G_,
is irreducible. _

A Lie supera]gebra; G = GE(EEGT is solvable if and only if its
Lie algebra GB is solvable. GB is solvable if Gén) = 0 for some n,

where Géi) is defined by

(0) _ (1) _ el0) ~(0) (2) _ p(1) (O
6 = Ga ) Ga - [Gﬁ ’Ga ]s Ga - [Ga seﬁ )Js

(i) _ reli-1) ¢li-1)
a5 " = [Gg _’Gﬁ 1.

A Lie superalgebra, G, is called semisimple if it contains no
solvable ideals.
A Lie superalgebra, G, is called simple if it does not have any

graded ideals which are different from {0} and G and if [6,6] = 0.
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2.2 CLASSIFICATION OF SIMPLE LIE SUPERALGEBRAS

The following discussion will be restricted to finite-
dimensional, simple Lie superalgebras, G = 66(:)GT’ over an
algebraically closed field, K, of characteristic zero. A classification
for all simple Lie superalgebras has been obtained by Kac [9] a]though
partial results, particularly for the classical superalgebras, have
also been obtained by others [2,3,4,5,6,14]. The two main categories
are called Cartan and classical superalgebras. The classification
of the Cartan superalgebras relies on the concept of a fiitration of
G [9] which will not be discussed here. A Lie superalgebra, G, is
called classical if it is simple and the representation of GB in GT’
GBIG?, is completely reducible. These can be subdivided into two
categories depending on whether G5 in G- is reducible (type I) or
irreducible (type II). The type I and type II classical superalgebras
can be further subdivided into those with non-degenerate killing form
and those with zero killing form. In Figure 2.1 the classification

scheme is sketched.

2.2a  CLASSIFICATION OF CLASSICAL LIE - SUPERALGEBRAS ™
1. A(m,n):
Let S&(m,n) = {A e R(m,n)lstr(A) =
Then from the property str([A,B]) = 0 it can be seen that Sg(m,n) is an
jdeal in 2(m,n) of dimension one less than the dimension of £(m,n).

Z,- and I-gradings of 2(m,n) induce the same gradings on S#{m,n).

* The following notation is used in this section: Sg _, Sp s SO stand
for the fundamental representations of these Lie a]gegras Splnk stands

for the irreducible spinor representation of S0, g, denotes the simplest
representation of the Lie algebra G, (Sp is Sp plus the 1-dimensional
centre, and Sg stand for t%e adjoint representation of Sf,, *denotes
the dual modu]e and S and A ¢ denote symmetyrical and exter1or products.
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Figure 2.1 Classification of finite-dimensional Lie superalgebras over an algebraically

closed field of characteristic zerp.

Finite-dimensional Lie superalgebras, G

Kac [9, pg 9]

G/R R = Selvable radical of G.

Solvable
Semisimple
Kac
[9, Thm 6]
Simple . ;
/me]etﬂy reducible
Cartan Classical
W(n), s{n),
H{n}. 5{n).
zero Killing form nondegenerate Killing form
Type [ Type 11 Type 1 Type 11
A{n,n} B{n+1.n} A{m,n}, m % n B{m,n), D{m.n}), m-n § 1
P(n) (2,15 a) - C(n) F4), 6(3).

Q4(n}



Se{n,n) contains the one-dimensional ideal consisting of

scalar matrices AIZn'

We set
A{m,n} = Se(m+1,n+1) for m=zn , m,n = 0
A(n,n) = Se(n+l,n+1 ) /A1 n>»o

2n+2 °

The Killing form of St{m,n) is given by

(A,B} = 2(m-n) str{AB) AB e Sﬁ(h,n)

From this it is found that for A(m,n} the Killing form is -
non-degenerate while for A(n,n) the Killing form is zero.

These are also known as unitary superalgebras.

2. B(m,n), D{m,n), C(n}:

Let V = Va + VT be a Zz-graded vector space with dim Va = m,
dim VT =n Let F be a nondegenerate, consistent, supersymmetric
bitinear form on V.

We define 0Sp(m/n) = OSp(m/n)a + OSp(m/n)T by
0sp(n/n)g = {A e 2lm,n) [F(A(x),y) = -(-1)30 X aqy))

where s ¢ 22 5 X.y e V.

(i) Ifm=20+1,n=2r:
In some homogeneous basis of V the matrix of the form F can
be written as 0 I, 0 ]
' ]
I£ 0 0:
0 0 1.
e — 44— — - —
'OIY‘
]
N S
]

22.
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and 0Sp(22 +1,2r) consists in this basis of the matrices of the

form fa b u : X X
¢ -al v : Yy ¥

7 TLI S

( 1

:yT -xT -z v+ f -d

where a is any (2 x ¢}-matrix, b and ¢ are skew-symmetric (L x £)-matrices,
d is any (r x r}-matrix, e and f are symmetric (r x r)-matrices, u and v
are (2 x 1)-matrices, x and y are (& x r)-matrices and z is an {r x 1)-
matrix.

Two important properties of this are
(a) 05p(22+],2r‘)5 is a L-ie algebra of type Bz Cr"
(b) the representation of 03p(2£+1,2r)6 in 05p(2£+1,2r‘)T is

isomorphic to 5022¥|@§Sp2r.

(i) Ifm=22, n=2r:

For this case the matrix of the form F and the matrices of
0Sp(2%,2r) are the same as for (i) with the middle row and column
deleted. | |

The properties analogous to {i) are
(a)  Osp(2e,2r); for 2 22 is a Lie algebra of type b, ®C.s
(b) the representation of 05p(2£,2r)6 in 05p(22,2r)T

is isomorphic to 5022(2 SPop-

The case £ = 1 admits the consistent Z-grading G_](E GOCE Gy
where Go; G_] and G] consist, respectively, of matrices of the

form:
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[a o0 i v 0 0] [ ' x X;
] ] .

0 -a' LYoy 00

_— —_—— - _—— e ————— == -
t T 1 ,

, , d e N 0, 0 x1l

L, f -d 7 o] | 0 -x'° _

where the various elements are matrices of the form as discussed in

(i) with 2=1,
We set
B{m,n) = 0Sp(2m+1/2n) , mz=0,n>0
p{m,n) = 0Sp(2m/2n) , mz2,n>0
C(n) = 0Sp(2/2n-2)} |, n=z2.

These are also known as orthosymplectic superalgebras.

3. P(n), n 2 2:
This is a subalgebra of S&{n+1,n+1) consisting of matrices

of the form a, b

where tr a = 0, b is a symmetric matrix and ¢ is a skew-éymmetric
matrix.

P(n) admits the Z-graded structure P(n) = G_1@ GO(BG]
where Go’ G_] and G] consist, respectively of matrices of fhe form:

o] BH B

_ -a’] . 0 c, 0j

4. Q(n}, n =2 2:
This the subalgebra of S2(n+1,n+1),Q(n) = 6(n)!12n+2 where Q(n)

— -

consists of matrices of the form a : b} where tr b = 0 and
b, a

12n+2 is the one-dimensional centre of Q(n).
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5. F(4):
This is a 40-dimensional Lie superalgebra for which F(4)5 is
a Lie algebra of type B3G-) A] and the representation of F“)E in F(-fl)T

is spin, @ $Lp-

6. 6(3):

This is a 3l-dimensional Lie superaligebra for which G(3)6 is
a Lie algebra of type G, @Al and the representation of G(3)6 in
8(3)7 is g, x $%y-

7. (2,05 a)y o e K\ 0,-T):

This is a one-parameter family of 17-dimensional Lie supera]jebras
consisting of all simple Lie superalgebras for which D(ZJ;a)a is a
Lie algebra of type A] ® Ay @-A; and the representation of D(z,l;a)a
in D(Z,I;a).f is %, & sty & SLy-

In Table 2.1 are listed all the classical Lie superalgebras
for which the representations of GE in G+ is irreducible. Also
presented are the corresponding Lie algebra GB and the representation

c_)f GB in GT

Table 2.1

B(m,n) B, ®C 502m+1 & Sp2n F(4) B ® Ay | Sping ® 32,

n
D(m,n}) (D, @&C. S0, @Sp,, [|G(3) | G, ®Ay | g, &S

D(2,150) A, @A,@ AySe, ® Se, @S2, 1 Q(n) | A ad St ..

In Table 2.2 are listed all the classical Lie superalgebras for
which the representation of GE in G- is reducible. These admit a

unique consistent Z-grading of the form G_, = Go@ G] and the
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representations of G, in G_] and G] are irreducible and for A{m,n)
and C(n) contragredient. Also presented are the corresponding Lie

algebra GB and the representations of G0 in G-] and G].

Table 2.2

G G 6,16, G, 16,

Amn)m=n| A ®A &K |50 @S2 &K | S& .. €SL @K

A{n,n) A @A S ® S L4 ® 5% 4
C{n) Chop ®K CSPpq.2 CSp*zn_z
P(n) A, A% et s?sg )

A{m,n} and C{n) are called basic classical Lie superalgebras of
type I and B(m,n), D(m,n), D{2,1;a}, F(4) and G(3) basie classical
Lie superalgebras of type II.  The remainder of this chapter will
Iconcentrate on enumerating and discussing various properties of the basic

classical Lie superalgebras.

2.2b  ROOT SYSTEMS
Before discussing the properties of the root systems for the
basic classical superalgebras the notation used here for weights, weight
vectors, roots and roof-vectors is introduced.
Let G = GatE}GT be a basic classical Lie superalgebra and let H
be a Cartan subalgebra of GB' Let p be a representation of G in a vector

space V. For A ¢ H* we set

Vh = {v ¢ Vlp(h)v = Ax(h}v , h ¢ H}.
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If VA z 0 then A is called a weight of p and a nonzero
vector v, e'VA is called a weight vector.
A weight of the adjoint representation of G is called a root

of G. For a ¢ H* we set
6, = {ec@|lhel=alh)e, heHl}.

If G, = 0 then a is called a root of G and e, ¢ Galis called a
rqot vector. |
A root o is called even if Gy n 65 = 0 and odd if
Ga n GT z 0. Lleta, AO and A denote the sets of all roots, even
roots and odd roots respectively. We also introduce the following
sels |
EO = {ac ﬂola/2¢ &y }
E] {ae 31|23 ¢ A, }
The cartan subalgebra, H, can be considered as a subspace of
the space of diagonal matrices D. | Consequently the roots are expressed
in terms of the standard basis.ei of D*. The systems of non-zero even
roots a'o and odd roots A] for all the basic classical Lie superalgebras

have been given by Kac [10] and since we will need to refer to them later

they are reproduced here in Table 2.3.

Table 2.3

A(m,n}. The roots are expressed in terms of linear functions
E]’o..,€m+], €m+2,.o-,l5n+2 ='€m+n+2 .

A 0 = {Ei-ej; ‘51-63-}, 1 b J; A-I = {i(ei-éj)} -

6] =

B(m,n). The roots are expressed in terms of linear functions

E1seeesEpys 6] = 52m+l""’6n = Eomtn °

l - - - » 4 3 -
Ay = {+ €; % £y 3251, tey; iéiidj} , 1 =23

{x 83 fsi.téj} .

&
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C{n). The roots are expressed in terms of linear functions

E‘lg 6'] =€3,..., én-]=En+I .
A 0 ={:261; :ai + aj} ] ﬂ] = {te] + 8.1 .

D{m,n). The roots are expressed in terms of linear functions

€15 resEps 61 = Eomdlt o Gn = Eomtn °

A 0" {tei iej; 1261; 161 :Gj} , 123

al = {:ei xaj} .

D{2,1; o). The roots are expressed in terms of linear functidns

E], 32, 53 .
a'o = {1231} 3 ﬂl = {te] *e, 283}

F(4). The roots are expressed in terms of linear functions
€15 €2» 93, 61 .
8y = e, tej; tegy ¥, i =

_ 1

G(3). The roots are expressed in terms of linear functions
81’ €55 €1, 61 with € + €y + €4 = 0

&'0 = {ei - €53 te43 _26 } s Ay = {iei 85 t61} .

J
Some general properties of basic c¢lassical Lie superalgebras,
which are relevant for the explicit construction of the algebra aﬁd'
the discussion of representation theory later in the chapter, will now
be presented. In all future work, unless explicitly stated otherwise,
G will refer to a basic classical Lie superalgebra.
It is first noted that if H is the Cartan subalgebra of G then
G = 63 LG, and 6, . Furthermore, dim G = 1, for o = 0 except for
A(1, 1) and [G ,G ] = 0 if and only if a,8anda + B are all elements of A.
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An invariant, non-degenerate, supersymmetric bilinear form,

(, ), may be fixed on G. This form is unique, up to a constant factor,

and such that (Ga, GB) 0 for o« = -B. If now a bilinear form is

defined on H* by (o,B) = (ha, hB) then [ea, e_a] = (ea, e_a)hOt where
h, is a non-zero vector determined by (ha, h) = a(h) where h ¢ H.
Finally it is noted that (i} if o ¢ A (respectively
(AO, by5 Eb, E}) then -a ¢ A (respectively Bgs By Eb, E}) and
(ii) Ko < 4, for o = 0 and k = t1, if and only if a < 4, and (o,0) 2 0
in which case k = #2.
Let 86 be a Borel subalgebra of Ga (i.e. a maximal solvable
subalgebra of GB)’ containing H. Having fixed a Borel subalgebra
B = BB + BT of G then, since the adjoint representation of H in G is

diagonalizable, G may be decomposed as follows:
G=N@HE&N and B=H@&N

where N~ and Nt are subalgebras with the properties that [H, N+] < N+
and [H, N°] < N". |

A root o is called positive if G, o N* = 0 and negative if
Ga AN =0, Let Po {resp p]) denote half the sum of all the even
(resp odd) positive roots and let p = Py - P1- A positive root a is
called simple if it cannot be decomposed into a sum of two positive
roofs. Let IT ='{a],...,ar}, where r is the rank of G, be the set of
all simple roots.

With the introduction of the above structurés further useful
properties of the basic classical Lie superalgebras can be enumerated.
It is first noted that all the subspaces Ga n N* are one dimensional.

Thus, non-zero elements e? € G, n n*, e;¢G_ 0 N~ and hy e H, i=1,...,r

i i
may be chosen such that e¥, e; and h, is the system of generators of G which

satisfies the following relations:
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=0

]|
O
=x

-
Lot |
-
—
-
-

+ - .
Lo &3] = 8557h;

n
m

+ .
[hi e5) = a5 ¢

where (aij)-is the Cartan matriz which will be chosen to satisfy the

following normalizing conditions:

(1) aj; = +2 or 03 (i) if a;; = 0 then the first non-zero element

.

among a; ;. 18 +1. The Cartan matrix will depend on the choice of B.

The above elements e?, e; and hi generate G. The elements h],...,hr
span H and are linearly independent for all G except for G = A(n,n}

for which case there is a unique linear dependence:
(hy + hyp g} + 2(hy + hy )+ ool 4 (n-1)(h__y * hp4q) + nh_=0.

Having defined the Cartan matrix, G can be uniquely determined, up
to an isomorphism, by the pair ((aij)’T) where T is a subset of
'{],...,r} consisting of those i for which oy is an odd root.

Basic classical Lie superalgebras admit a Borel subalgebra, B,

for which the corresponding Dynkin diagram has the form represented in

Table 2.4.
Table 2.4
G Dynkin diagram
A(m,n) O———0------ O—Q------ O
B(m,n), m > 0 o—-C------ LC—®------LC——
B(0,n) OO~ ---- -0 O—= ]
C{n), n>2 ——O-----0 Oe=——=0
D(m,n) O——C----~- - - - -- 4:r::::::23
F(4) P—O=—===—0—0
G(3) E—C=—===C

D{(2,1; o} @}::::::::::::E;
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These diagrams cbnsist of r;nodes of the fofm 0, & and o
thch are called white, grey and black respectfvely. The i-th node
is white if i ¢ t and grey or black if i ¢ 1 and a5; ® 0 or +2
respectively. The i-th and j-th nodes are joined by |f:|,i‘j ajil

Tines except in the case D(2,1;a). If a, =0

i aji = (J then 3, =

i %
and if a; = +2 then all the entries in the i-th row are non-positive
integers. -
IThe pair ((aij)’ 1} is uniquely determined by the Dynkin
diagram except for D{2,1;a) and D(2,n). The Cartan matrix of

D(2,1sa)} is

g + o
Da = |-1 +2 0
-1 0 2]

and the 3 x 3 - submatrix corresponding to the last 3 nodes of the
Dynkin diagram of D{(2,n) is D,- |
The remaining classical Lfe superalgebras, P(n) and Q{n), have
| special properties which would necessitate a separate treatment to that
given here. Since the body of this thesis is concerned with orthosymplectic
.superalgebras, which belong to the class of basic c¢lassical Lie
superalgebras it was thought to be ihexpedient to discuss these algebras
in detail. Rather some general properties of P{(n) and Q{n) which
differ from the basic classical Lie superalgebras will be noted.

Let G be a classical Lie superalgebra with G = tE]*Ga its root
oeH :

decomposition with respect to the Cartan subalgebra H. Then if
G = ¢(n), G, = H and if G is any of P(2), P(3) or Q(n) then the property
dim Ga =1 for a = 0 does not generally hold. Furthermore, for G any

of P(n) or Q(n), there does not generally exist on G a unique,
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non-degenerate, invariant, supersymmetric bilinear form.
Finally, the properties (1) [Ga, GB] z 0 if and only if a,B,a+8 € 4,

)ha, presented

(i) (Ga, GB) =0 for o = -R, (iii) [ea, e_a] = (ea, e

egrlier as being va1id for the basic classical Lie superalgebras, are
no longer generally valid for P(n) and Q{n). These differing features
are a consequence of the fact that the basic classical Lie
superalgebras belong to the class of contragredient Lie superalgebras

[9] where as P(n) and Q(n) do not.

2.3 REPRESENTATIONS OF BASIC CLASSICAL LIE SUPERALGEBRAS

This section contains a short review of the work of Kac [10]
on finite-dimensional reprgsentations of simple Lie superalgebras.
This work is based on the theory of induced representations which are
now defined.

Let G be a Lie superalgebra with universal enveloping
superalgebra U{G). .Let H be a subalgebra of G and V be a K-module.
Since V is equally well a U{H)-module it makes sense to form the
tensor product U(G) & U(H)v where U(G)} GCLKH)V is a Z,-graded space
defined as the factor space of U{G) @ V by the Zz-graded subspace, I,
spanned by elements of the form gh v - g ® h(v), g ¢ U(G), h ¢ U{H),
v e V. The space U{G) GDLKH)V can be endowed with the structure of a
G-module by defining the left action of g as g{lu®v) = gu® v, g ¢ G,
ue UG), v e V. That U(G)GBLKH}V has the structure of a G-module
follows from the observation that I is invariant under the action of G.

Thus, if we consider x « U(G) & U(H)V say
x = {(U@v) + (g]h®w - g]®-h(w)) = {uxv)+1i, where i ¢ |

then gx = glu® v) + glgyh B w - gy & h(w))
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(g(u) @ v) + (glgh) ®w - 99, @ h(w))

(glu) ® v} + ((9g))h ® w - (gg;) ® h(w))

(glu) @v) + (gh Ew - g, &h(w)) , where g, =gg; ¢ G

(glu} @ v) +i' , where i' ¢ 1
= x' , where x' ¢ U(G) QaU(H)V .

- Therefore the action of G on U{G) @}U(H)V is well definedrby

g: u@v+I-+gluy&v+] wvagebB, uelU{G), veV. This
G-module, constructed as above, is said to be induced from the
H-module V and is denoted by Indﬁ v [9,10]. This construction is
now used to develop the representation theory of simple Lie
superalgebras.

If G = GB + GT is a basic classical Lie superalgebra,
excluding A{n,n), and H is a Cartan subalgebra of GB then we can fix
a Borel subalgebra, B, of G containing H as B = H E)N+. let A ¢ H*
be a linear function on H and define a one-dimensional B-module v by
h(vﬂ) =;‘\(h)v},,L for h ¢ H and N+(VA) = 0. Setting ;j(ﬂ) = Indg Vs
Vin) is a G-module which contains a unique maximal submodule I(h).
Setting V{A) = ;(n)/I(A), the G-module V{(A) is an irreducible
representation and is called an irreducible representation with
highest weight A .

50 s i=1,...,r be the generators of G described

in §2.2b and set a; = A(h;) where A ¢ H*. The representation V{A)

.|..
Let e, e

is finite-dimensional if and only if the following conditions are

satisfied [10].



34.

1) a; € Z+ for i 2 s, where s is the number of the non-white

node in the Dynkin diagram.

2) for type II superalgebras b ¢ Z_, where b is given in
Table 2.5.
3) for b <2 in Table 2.5 the foliowing supplementary conditions

must also be satisfied:

B{(m,n) Apik+y = 0 T8 =0
D{m,n} : Bupkt] = rrd T 8l T 0, bsm2;
a = a y b=m-1

min-1 =~ “mén

D{2,1;c0): all a,

(a3+1)a = i(a2+1) ifb = 1.

I
Lan]
-
—h
o

u
o
w

F(4) :all a; = 0 ifb=0; b=1;

a, =a, =0 ifb=2; 2, 2a4+1 if b= 3.

G(3) :all a; = 0 ifb=0; b=1;
ay = 0 if b = 2.
Table 2.5
G b
1
B(O,n) za
B{m,n), m > 0 I -%amm
D{m,n} a_ - a - - a -1 {a +a., )
’ n 152 S mn-2 -~ 2 ‘“mtn-1 " “m+n
F(4) ,}(Zal - 3a, - 4ay - 2a;)

6(3) 3 (a; - 2a, - 3ag)
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A general property of simple Lie superalgebras is that they
contain finite-dimensional representations which are not completely
reducible. In fact it has been shown by Djokovic and Hochschild
[15,16] thatlif G is a Lie superalgebra then all the finite
dimensional representations of G are completely reducible if and
only if G is isomorphic to the direct product of a semi-simple Lie
algebra with finitely many Lie superalgebras of the type B{O,n}, n > 0.
Finite-dimensional representations of a Lie superalgebra, G, which
are completely reducible are called typzeal.

Kac [10] has derived necessary and sufficient conditions for -
- a finite-dimensional, irreducible G-module, V(A ),.with highest
weight A , to be typical. For example a sufficieﬁt condition is
that V(A ) is typical if {(A+p,a) = 0 for any « « ET. A necessary
condition for V(A } to be typical is that dim Vs =.dim yi provided
G is not isomorphic to one of the algebras B(0,n).

In Table 2.6 the conditions for V{A ) to be typical are

presented where G is a basic classical Lie superalgebra [10].

Table 2.6
Am,n) } )
m,n) : a z a, - a, ~2m-2+1i +j
m+] t=m+2 t t=1 t
forlT<ism+1sjsm+n+1]
n i
B(m,n) : § a, - % ag+2n-1-3=0
t=i t=n+]
n j m+n-1
a, - a, -2 a, - a -i+j-2m+1 =0
t=i U tendl t=§+’l v

forl <isnsjsm+n-1.

B(O,n) : A1l finite-dimensional representations V(A ) are typical.
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i ,
Cn) : a; = )} a +i-1
1 t22 t
) )
a, = a, +2 a, +2n -1 -1
Toog b geia b
for 1 sisn-1.
n J
0(m,n) : g' a, - _Z ag +2n-1-j= 0
t=i t=n+l
for 1l <sisnsjsm+n-~-1.
§ m+§-2
a, - a, - a +tn-m-i+1=0
t=i ¢ tepe] © M0
fof 1 <isn.
; i " - o
a, - a_ -2 a, - a -a -1+ j-2m2 =0

. *
jegm+n-2.

—
o
=
—
)
—.
A
=3
"

D(2,1;a) : a; 203 a =a,+oa,+ 1+a ;

3, z a2+1 39y =.aa3 + 0

| G(3) Pay = 0 ; a =a, * 1
ay = a, + 333 + 4 ay = 3a2 + 3a3 + 6 ;

H

ay # 3a2 + 6a3 + 93 a 4a2 + 6a3 + 10;

F(4) tay = 0 ;oA =a 13
ay = a2 + 2a3 + 3 H a] z 2a2 + 2a3 + 4

ay = a, + 204 + 28, +5 a) = 2a, + 2a4 * 2a, + 6 ;5

-

ay = 2a2 + 4a3 + 2a4 +8 ; ay 2 3a2 + 4a3_+ 2a4_+ 9 .

*  There is an error in this expression in ref.[10] which is corrected here.
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Kac [10] has also derived the expression for the dimension
of a typical G-module V( A), with highest weight A , where G is a

basic classical Lie superalgebra. If d = dim &; then

+

aeﬂs [DO’a]

These dimension formulae are given explicitly in terms of the

Kac-Dynkin labels, a., defined earlier in Table 2.7.

Table 2.7

2(m+1)(n+]) I ai+ai+]+"'+aj+3‘1+1

I<icjsm

A(m,n} : dim ¥(A) =
J-i+l

..t ti-it
a, aJ i-i+]

x T
m+2<i gj<m+n+] joi+]

on-2 1 ai+...+aj+3—1+1

2<i<j=en-1

C(n) ¢ dim V¥(A) = 2
i+
x 0 ai+...+aj_]f2aj+...+2a
2sigjsn

n

2n-i-j+2

m+l)n T i

a.+,,.+ta_.+j-i+1 a.+...+a.+j-i+l
i 3 1 i

i iy o ol2

joitl 'n+1s1535m+n-1
x T (ai+"'+aj-l)+2(aj+"'+an‘an+1"'"an+m-1)'an+m+2”'2m+]"‘J
1<i<jzn 2n+2-1-j
x Il (a.+...+aj_]+2(aj+...fam+n_])+am+n+2m-1-3+1

ntlgi<j<mn
2m-1i-j+1

j-i+l
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omn T 2 a.+...+aj+3-1+1.

a.+...+§ifj-1+1 . 3
D{m,n) : dim V(A) = 2 . . .
1gigjsn-1 j-i+l n+l<i<j<m+n-i j-i41
% 1 (a1+'"+ai-1)+2(aj+'"+an'an+1""'7am+n-])'am+n+2"'2m+]'1'j
T<igjen n+2-1-3

x Tt
n+l<isjem+n-1

(ai+...+aj_1)+2(aj+...+am+n_1)+am+n+2m-1-3+l

2m-i-j+1

(ai+...+aj)+2(aj+]+...+ani1)+an+2n-i-j

B(O,n) : dim V(A) = , . L
1<igjsn 2n-i-j
‘T 2(a1+...+an_1)+an+2n-21+1
1<isn 2n-2i+1

D(2,13a) : dim V(A) 16(a2+'1)(a3+1)[(r/za]-az-ou':13)(1"'00"'1 -1]

G(3) « dim V(A) = %%{a2+1)(a3+1)(a2+a3+2)(a2+3a3+4)

><(a2+2a3+3)(2a2+3a3+5)(a1-2a2-3a3-5)

F{4) o dim V(A) = %%{az+])(a3+1)(a4+1)(az+a3+2)(a3+a4+2)
><(a2+2a3+3)(a2+a3+a4+3)(a2+2a3+2a4+5)

x(az+2a3+a4+4)(2a1-3a2-4a3-2a4-9) .
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3, REPRESENTATIONS OF ORTHOSYMPLECTIC SUPERALGEBRAS:
WEIGHT SPACE TECHNIQUES

3.1 INTRODUCTION

In this chapter weight space techniques are used to explicity
construct irreducible representations of orthosympletic superalgebras.
 The general method follows on the work of Kac [1,2]; explicit results
have been obtained by Hurni and Morel [3] for several particular
representations of various orthosymplectic superalgebras and also
by Thiery-Mieg and Morel [4] and Hurni and Morel [5] for various
special linear superalgebras.

The general construction of the algebra is first presented
followed by the procedure for obtaining irreducible representations.
This is illustrated by a complete analysis of the finite-dimensional
irreducible representations of the lowest rank superalgebras from
each orthbsymp]ectic class, namely C(2}, B(1,1) and D(2,1;a) (from
which D({2,1) is obtained by setting o = +1).

3.2 STRUCTURE OF THE ALGEBRA

The notation of chapter 2 is modified slightly to make the
relation between the simple roots and their corresponding generators
more apparent. Let hi (i =1,2,...r; r = rank of the superalgebra)
‘ be the generators of the Cartan subalgebra and let a: (a;) be the
generator corresponding to th i th positive (negative) simple root.
As discussed in [1] and ch.2 the algebra in this basis can be written

in the following form

+ -
[ai’ 0"‘]]
[hi, h]

+
Chis o] = 335 a5

]
o o

1
I+
1]
o
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where the a5 are the elements of the Cartan matrix. The remaining
generators may be defined from those corresponding to simple roots
by (anti-) commutation [3,5,6].

The weight space decomposition of a representation is given
by the eigenvalues a; and b' of a vector with respect to hi and k
respectively, The odd simple root ‘'hides' an even simple root of
the even subalgebra. Consequentiy there exists a hidden Cartan

generator, k, which is defined by equations (3.2, 3.5, 3.7, 3.9) for

B{o,n), B{m,n), D(m,n} and C(n} respectively.

B(o,n)

The Dynkin diagram with the set of simple positive roots chosen

and their associated generators is

O——O——0r===== === -O— O=>—0

8178 8783 8378, $p-27%n-1  Sp-17%n 8,
+ + + + + + _ _n+
o % a3 %2 -1 %, FB
The Cartan matrix is
2 -1
-1 2 -1
-1 2 -1
[aij] =
-1 2 -1
-2 2
J

The remaining odd generators are constructed in the following way:

8% = [ [... [I8™, o« 15 of ,Lsennd, af) 3.1

where 1 £ i <n-1. The generator, k, in the Cartan subalgebra of

Sp(2n}) is
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k=4 hp. 3.2

The "hidden" Sp(2n) generator associated with the nth node of the

Dynkin diagram is taken as {8"*, i

B(m,n) m > O

The Dynkin diagram with the set of simple positive roots chosen

and their associated generators is

O—=>0------0 ® -O------ O O>=0

61=85 8703 S 3-8, e E17€p o€l Spe1t€m B

+ + + +_ N+ + + + +
n-1 o “Bn O+l O em-2 Onm-1 *nam

(2 -1 ]
4 2 41
42 -1
12 -1
(a;5] = | 10+l
-1 2  +1
12 -1

12 -1

i 2 2

[C...[ [sn NS P MO Y 5
T A RO 1 a;+2] c0)s &) 3.3

Pl [ [Bps eds Gpgmogds -+ D5 o]

where 1 < i € n; n+tl £ j < nm.
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The 'hidden' generator, k, in the Cartan subalgebra of Sp(2n)

will be some linear combination of the hi's which satisfies the

requirements
[k,a§]=0. , R+l < j < nm
[k, ap 1= %o, | 3.4
[k, {8,8}] =+ 2(8,8)"
where . (8,8} refers to one of the 'hidden’ generatofs given below.
We find
k=h_ -h - h - ... =-h 3.5

-1
nm-1 "~ Pnem
Associated with the n th node of the Dynkin diagram there exists

a 'hidden’ Sp{2n} generator which in the basis chosen can be taken as

ni n

- oNE nt . +
one of {Bj , Bj+1} where n £ j < n#m-1 or as {Bn-I-m’ Bnﬂn} .

D{m,n)
The Dynkin diagram with the set of simple positive roots chosen

and their associated generators is

o—-xO------ O @
81-8p G635 S 178 S8y
+ + + + gnt
% %2 On-1 % Pn
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The Cartan matrix is

2 -1
-1 02 -1
a1 2 -1
12 A
[aij] = -1 0 +1
-1 2 -1

The remaining odd generators are constructed in the following way:

it

3 O SRR CAaE SO NP P B
S O SR O V% R PO 4

J 3.6
1.

+

ix
n+m-2* OLn+m

Bpim =
Av'i-l-

Bj = [ [ [ [B 9 n+m_1]s a§+m_2]’ '-¢]9 a?]

[ad*

n+lsjsnm-1 ;3 1=s1isn.
The ‘hidden' generator in the Cartan subalgebra of Sp(2n) is

L . L +m) 3.7

The 'hidden' Sp(2n) generator associated with the nth Dynkin node can

be taken as one of {B"“, B 1}, where n = j < n+m-2 or as

{a"* }, in the ba515 of simple roots chosen.

n+m-1, Bn+m

-1 2 -1
-1 2 -1
-1 2
-1 0
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C{n), n > 2%

The Dynkin diagram with the set of simple positive roots

chosen and their associated generators is

L
€161 8178, 6,8, 8p-37%.2  Sp27%ho1 %0
o= B+ + + C¢+ o CG+
T "1 ®2 %3 ne2 n-1 n

[0 +]
-1 2 -1
-1 2 -1
-1 2 -1
[a;5)=
-1 2 -1
-1 2 -2
-1 2]

The remaining odd generators are constructed in the following way:

8 = [ [... [ [8%, o1, &f1, ...1, o¥] 2<isn
i 1 2 3 i 3.8
ST DU (N S PO PRV T NP SIS RS R
Bj L [... n® %o1ds %oods o ds aj J
The 'hidden' 0(2) generator is
k = h1 - h2 - h3'- s = hn 3.9

* For the C{2) = A(1,0) case, see §3.4.
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3.3 FORMALISM FOR THE CONSTRUCTION OF REPRESENTATIONS

Consider a representation possessing a highest weight vector, h;
of weight, A, such that hia = A(hi)n. = ah . Let g: < 6, and
g 6y, Such that o ¢ Ay and et B « 6, and BT < 6, such that

T then g?A = 0 and B:A = 0 for all positive root vectors

ay € &1
g; and B; and the representation with highest weight vector A is

spanned by the vectors
i i i k k. k
-1 =2 =y m ogaey 1l o=y 2 - 3 BMN

(91) * (gp) “..ulgp) ™ (B)) © (B) “...(Byy) TTA 3.10
where ij'e'{0,2+}, kj e {0,1} and m is the dimension of the even
subalgebra O(M) x Sp(N). This is a consequence of the Poincaré-
Birkhoff-Witt theorem. The distinct multiplets of the even subalgebra
are generated from the 24N states

K

k k
vl ey 2 R RV

by application of even generators.

Kac [1,2] has given conditions on the ai'under which the
representation is finite-dimensional and irreducible (or_typical).
If the conditions for irreducibility afe not satisfied, the representation
is indecomposable, and the O(M) x Sp(N) structure of the irreducible
composition factors (atypical representations) may be explicitly determined.
In certain cases some of the X3 belong to infinite dimensional subspaces
and it is necessary to fevert to the induced module construction as
discussed in chapter 2 (see also [2,9]).

For the construction presented below it is useful to introduce
an 'inner product' on the representation space. Scheunert et al. [7]
have shown that for a Lie superalgebra there are two ways to do this

depending on the choice of conjugation operation on the algebra.
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As discussed in chapter 2 this can be either an adjoint (+) or a
superadjoint ($) to which correspond star and grade star representationé
respectively. Given that either exists, we have two different innér
products ( , )A or { , )S defined with respect to a fixed basis of the

superalgebra by

(97 gé...g;h,fi fé...f;A)A=x 3.12
if ()" oo (9p) (o))" £] 5 oo A= xA
and (97 95 «++ A » F] 5 oon Fol)g = (-1)Y1+Y2+"'JrYp y  3.13
if (9765 - 9T F1 5 o F2A = WA

and zero otherwise (i.e. if the vectors have different weights).
Here g;, f are negative root vectors of degrees y; and N respectively
and (gigj)* = (-l)Yin gj*gi+ , and adjoints and superadjoints are |
given in Appendix A. A characterisation of a vector v which belongs to
an invariant subspace is that its length (v,v) should vanish [9, exercise
20.9]; this criterion is appIied to 'highest weight' vectors X3 of the
even subalgebra 0(M) x Sp(N).

Given the wj and the inner product, the first stage is to write
down the X3 by Schmidt orthogonalisation,

where the set ¢, consists of all states of the form _

i i i :
¢£ = (gl) 1 (gz) 2 cae (gm) m X3 such that the weight of ? equals the
weight of Vs and not all of the ij are zero. The coefficients C, can
be determined by imposing the conditions (¢£,xj) = 0 for all ¢,.

This gives
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(8ox) = (.05) - i (0.,0,) Cy
=y, - (®),¢ =0 | 3.15
= y = ¢C
- C = ot y
or in components C, = (<I>'1)£m ym . 3.16

That this procedure ensures Xj is a highest weight of the even

subalgebra is proved in Appendix B. These coefficients are not

dependent on whether the inner product is defined using an adjoint

or a superadjoint operation. . In practite since & will in general

be block diagonal its inversion will not be as difficult as first

appears. Despite this it is often easier to determine these coefficients
by requiring X3 to be a highest weight of the even subalgebra, i.e.

_ " +
= 0 for all positive, even, simple root vectors, o

- +-
requiring OL,E X i

leads to a setJof simultaneous equations which can be solved for the Cg.

The second stage is to evaluate the lengths (xj,xj) and identify
atypicality conditions and invariant subspaces. If a degeneracy exists,
in the sense that there is more than one Xj of a given weight, then to
determine whether the states of this weight belong to an invariant subspace
mappings of the following form must be considered

+ K s K -

(8,7) (B2 (B%MN) = x5+ i b, ®, 3.17
where-xk belongs to an invariant subspace. The ij will be some linear
combination of the degenerate states and the b£ are some coefficients.
The linear dependence of the ij‘s under these mappings will tell us how

many of the degenerate states belong to the invariant subspace.
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The above construction shows that the whole representation
‘can be made star or grade star. Indeed since the individual (Xj’xj)A
and (xj’xj)s differ at most by a sign, the.crucjal question is whether
the representation is on a graded Hilbert space. In fact, we find no
such finite-dimensional star representations for B(m,n) and D{(m,n), but
two classes for C(2), depending on how the adjoint is defined, in
agreement with Scheunert et al. [7,8]). In the grade star case there
exist two classes of finite-dimensional representations on a graded
Hilbert space depending on how the adjoint is defined, as discussed in
Appendix B. These representation; are given for the cases studied in
the following sectiong.

'The result, that no finite-dimensional star representations
exist fdr B{m,n}, B{m,n) and D{2,1;a) can be easily demonstrated as
follows. If ES designate the 'hidden® Sp(2n) generators defined in
§3.2 and §3.6 then [E',E”] = -ak, where a = -16 for B(m,n) and a = -4

~ for D(m,n) and D(2,1;a). For a given representation with highest
weight vector A , let kA = bA .- A finite-dimensional representation
requires b > 0. Therefore if
(A, My = (a n)sl= +1
then for star representations:
(EA.E"a), = (ED)TETA,A),
= (E'AETA), s 0 if

-ab

o
\%
L]

However for grade star representations:

(E"0,E70)g = ((E7)ETAM)g

(-E*EA,A) = ab
= (E'ﬁ,E'ﬁ)S >0 if b=z20.

In the examples considered in the following sections we find that
if in (3.14) CEI = 0, then for the procedure to be consistent (3.14) must
be written as

. S Y, - . 3.18
X wJ E C2 ¢, o
2=k
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It is found that although xj is not a highest weight of the even
subalgebra it is part of the infinite-dimensional invariant subspace and
therefore does not appear in the finite dimensional factor space.

If the Kac-Dynkin labels have been chosen appropriately {2] so that A is
the highest weight vector of a finite-dimensional factor space (so that
supplementary conditions may apply}, then (xj, xj) = 0, To determine
'the irreducible representations for these 'special' caées, it is necessary
to examine explicity mappings from states in the invariant subspace to

states X for which (Xj’xj) =z 0.

3.4 c(2) E.OSp(2/2) = A(1,0)

Dynkin diagram: . @——0
1+ +
B Gy
Cartan matrix: (a;.) =0 1]
' i -1 42

As discussed in §3.2 the odd generators are 81i and

B%t = [Blt,ag]. The even generators corresponding to the even
+

positive and negative simple roots are o, The generators of the Cartan

subalgebra are hy and h,.  The hidden 0(2) generator is

k = 2h1 -hy . 3.19

The complete algebra is given in Appendix A.

The highest weight vector of an 0Sp(2/2) representation will be
designated by A, with weight components (al,az; b = 2a1-a2) where
LY l(hi)A = a;A and kA = A(k)A = bA.  Any 0Sp(2/2) representation

can be uniquely decomposed in terms of 0(2) x Sp(2) irreducible
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representations. In general we have four of these (see §3.3).
The weight components of the 0(2)} x Sp(2) highest weight vectors are

given below.

Yy = A (al’aZ; b)

v, = 611 (ay5a,+15 b-1)

by = By : {a,-1,a,-1; b=1)

vy = BBy : (a,-1,ay; b-2) 3.20

Applying the procedure discussed in §3.3, we find the corresponding

0(2) x Sp(2) highest weight vectors are given by the following:

X1 =¥

X2 = V2

X3 = ¥3 ¥ a;%T'GE X2

Xg = Vg ' _ 3.21

As discussed in §3.3, to find the conditions under which a state x,
decouples from the highest weight we look for those conditions under
which (xi;xi) = 0. The inner products of the above states are given

by the following:
(pxpdar,e = Oasxidsa,e
(oxpdar = ~Oxaoxpdaz = ~UxaoXalsy = Dpaxplsp = + 3
(XgoX3)ay = =(x3X3)pp = ~(X3sX3)gy = (XgoX3)gy = -ap(ap-a *1)/{ay+l)

Ogoxgdan,e = ~xgoxgdsy,z = 2137310 3.22

It can be seen that under the conditions (i) a, 0, and (ii) ay-a;+l = 0
the 0Sp(2/2) representation specified by the highest weight vector, A,

is not irreducible and can be decomposed as shown in Table 3.1.
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We require a, to be a non-negative integer for the representation

to be finite dimensional.

Table 3.1

Atypicality condition ’ Factor space Invariant subspace
al =0 - Xl) X3 . X?_s X4
a,-a,+1 = 0 X1 X2 X32 Xg

From (3.22) it can be seen that the only finite-dimensional
irreducible representations defined on a graded Hilbert space are the

following.

Star representations:

Al: '{xl,xz x3:%q} if b >a, + 2, '{xl,xz} if b =a,+2,
{Xl} if a, =.b =0
A2: xpaXpeXgaXg} 1T b # 3y <0, {xpaxg} f ap +b =0,
Grade star'representations:*
S1: '{xl,x3} if a, * b=20;
§2: '{xl,xz,x4} ifa, =0 and 0 <b <2,
'{xl,xz} if a, - %b+ 1= 0 ,i{xl} if a, =b=0.

These results are in agreement with those of Scheunert et al. [8] where
the representation labels (b,q) correspond to (%b-%,%a2+%) in the present

notation.

* The sets of grade star representations designated here as S1 and S2 have
been determined using the convention that the grading of A is of degree
zero. If the grading of A is chosen to be of degree 1, then S1 and S2
will simply interchange. This is also the case for the remaining results
of this chapter.
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Taking C{2) simply as the n = 2 case of the general treatment of C(n)
as given in Chapters 2 and 5 and [2] corresponds to taking the Cartan

matrix as

_ [0 +2] .
(a;5) = l;l +2]
‘With this, the value of the ay label in Chapters 2 and 5 and [2] will

‘be twice the value of the a1 label in this section.

3.5 B(1,1) = 0Sp{3/2)

Dynkin diagram:

®mo

61-¢1 £

gt a;

Cartan matrix: {a..) = 0 +]
: ij -2 +2]

As discussed in §3.2 the odd generators are gl* . B%i = [Bli, ag]
and Ezt = [B%i, a;] . The even.generators are az corresponding to the
even positive and negative simple roots. The 'hidden' Sp(2) generators
are given by'{szi ,Béi}. The generators of the Cartan subalgebra are
hy and h,. The 'hidden' Cartan generator corresponding to the Sp{2)

sector is given by
k = h1 -!§h2. . 3.23

The complete algebra is given in Appendix A.

The highest weight vector of an 0Sp(3/2) representation will be
designated by A, with weight components (al,az; b = a; - ki, ), where
ly A= A(hi)AE a;h, kA = AKk}A = bA . Any 0Sp{3/2) representation

can be uniquely decomposed in terms of 0(3) x Sp(2) jrreducible
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representations. In general there will be eight of these (see §3.3)
The weight components of the 0{3) x Sp(2) highest weight vectors are:

given below:

Wy = A : : .(al,az; b)

by = al A : (a],a,+2; b-1)

Wy = B%-h _ : (a;-1,3,; b-1)

Wy = éé'h o (ag=2,a5-2; b-1)

¥ =-61'6%'h : {a-1,a,+2; b-2)

Ve = Bl-éé-ﬁ : (a,-2,a,; b-2)

Py = B%'Eé'ﬂ t (a;-3,2,-2; b-2)

Vg = 31-8%-5%7\ : (a;-3,3,; b-3) 3.24

Applying the procedure discussed in §3.3, we find the corresponding

0(3) x Sp(2) highest weight vectors are given by the following:
Xl'_"wl 3 )(2='4'J2
v, + =2
BT T X
=y, + = o - 2 o ol
Xg = Yy a, %2 A3 7 (@ (e,e) 2 %2 X2

) 2 - 2 - 1 - 1- 1-
X777 "8, % X6 T Ta e, Y2 %2 % T (a7 %2 87 485} xq

2
=y, - tag2y+2) 87,83°% ya + =2 oy (817,813 3.25
Xg = V¥g Ta,-2a;%2) 2 °R2 X3 (a,#2] %2 2 *%2 Xp - :

As discussed in §3.3 the conditions for which (Xi’xi) = 0 are
the conditions for which X; decouplies from the highest weight. "The inner

products of the above states are given below:
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(xy2X1)g1 = (xpoxglgp = 1

(x22Xp)s1 = ~Uaaxp)sz = -3

(x3:%3)51 = ~(X3:x3)gp = +2p(a,-2a;+2)/(a,+2)

(xg2%Xg)g1 = ~(xg2%g) g2 =.+4(a2-1)(az-a1+1)f(a2+1) ; a, =0
(tgts)sy = (xgoxg)sy = +a(ap221+2)

(xgoXg)s1 = (XgXglsy = +4ajay(ay-a;+1)(a,-22,+2)
/l(ay+2)(ay-227)] 5 b =20

(7:37)51 = (x7ox7)s5p = -4ap1)taga #1)(ap-2ay +2)
/{ay+1); a, = 0, b = 0.

It can be seen thaf under the condition (az-a1+l) = 0, the
0Sp(3/2) representation specified by the highest weight vector, A, is not
jrreducible and can be decomposed as shown in Table 3.2. As discussed
in 3.3, if b = 0,1 or a, = 0, then (3.25) must be modified as per (3.18).
If b = 0, then to obtain a finite-dimensional representation we must also
impose the supplementary condition a, = 0 [2] and the representation
is atypical. This gives the singlet, Xp» aS the only finite-dimensional
irreducible representation. For the 'special’ cases a, = 0 or b =1,
the only finite-dimensiona1 irreducible representations otcur.as factor
spaces.  These are: a, = 0, {XI’XZ’XS’XS}’ the adjoint is obtained from
this by settingb =2; b =1, {XI’XZ’X4}' If a, = 0 and b=1, we

obtain the fundamental {XI’XZ}’ The decompositions for all atypical,
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irreducible, finite-dimensional representations are given in Table 3.2.
For the existence of a finite-dimensional representation, we require a5

and b to be non-negative integers.

Table 3.2

Atypicality condition Factor space Invariant subspate
a; =0 X1
3t =0 XyrXgX37X5 Xg +Xg2X7°Xg

" From {3.26) and the above discussion we see that the only
finite-dimensional, irreducible representations defined on a graded

Hilbert space are the following grade star representations:

il
o
1]
o

S1: '{xl} if a,

|
=2

u
o

§2: {Xl} if a, =
{XIXZ} ifb=1, a, = 0,1.

3.6 D(2,1; o)

. . 2e., a+
Dynkin diagram: 27 72
€787
1+ +
2] 263, a3
' 0 +1 d]
Cartan matrix: (a..}) = [-1 +2 0

1 1 0 +2f
As discussed in §3.2 the odd generators are Bli, B%i = [Blt,a;] .
T o= [B ,a3] and 82‘ = [B2 s 3] = [33 , 2] The even generators
corresponding to the even positive and negative simple roots are az, qg .

The 'hidden' Sp(2) generators are given by {82 ,83'} The generators
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of the Cartan subalgebra are hl’hZ and h3.' The . 'hidden® Cartan

- o
generator is given by k = y-r— (2h1-h2-ah3).
k = (2 -hy-ahs)/(1+a) . | 3.27

The complete algebra is given in Appendix A.

The highest weight vector of a D{2,1; o) representation will be
designated by A , with weight components (al,az,a3; b = T—%—a (2a1-a2-aa3)),
where hih = k(hi)hss a;A and kA = A{(k}A= bA . Any D(2,1; o)
representation can be-unique1y decomposed in terms of SU{2) x SU(Z) x SU(2)
irreducible representations. In generél there will be sixteen of these
(see §3.3 ). The weight components of thé SU(2) x SU{2) x SU{2)

highest weight vectors are given below:

¥ = A : (al,az,a3; b}

b, = 87 A : (ap2,+1,85+15 b-1)

¥y = Bé'n : (al-l,az-l,a3+1; b-1)

Yy = 837 A : (a,-0,2,+1,a5-1; b-1)
wg = By A : (ag-1-u,2,-1,25-15 b-1)
v = 8783 A : (a,-1,a,,a3+2; b-2)

Yy = Bl'Bé'A T (al-a,a2+2,a3; b-2)

g = Bl-é%- A | : (al-l-a,aé,aB; b-2)

Yg = B;-B;"A : (a;-1-u,a,,253 b-2)

¥10= By By A : (a)-2-0,05-2,243 be2)
¢il= B;-é%- A : (a1-1-2a,a2,a3-2; b-2)
¥y o= BITB%'Bé'h : (al-l-a,a2+1,a3+1; b-3)
Y137 BI-B%-§;7\ : (a}-2-0,a5-1,25+1; b-3)
¥14= 817832 : (a)-1-20, a,+1,a5-1; b-3)
Vs B3B3 B A : (a)-2-20,25-1,a5-1; b-3)

1-,1-,1-71- , - ' -
wls B 82 83 82 A : (31'2-20.,32,&3, b-'q) 3.28



Applying the procedure discussed in §3.3, we find the
corresponding SU(2) x SU(2) x SU{2) highest weight vectors are

given by the fo]iowing:

Xl = ¢'1 H] Xz = lpz

- w + 1 a-
X3 = ¥3 a1 %2 X2

- ]\[j -+ 1 a-
Xg = ¥y a T % X2
X Y + 1 o, - oy - ] G Oin

5~ %5 T 3T %2 X4 a T ™3 X3 (a,#1){a;+1] "2 °3 X2
Xg = Vg
X7 = ¥y
~ 1 - 1 - dpFeas=a; g -
Xg = ¥g ¥ iz % % * 72 % %6 * 3,%0a,-2a; 8y 283 ) x4
IS __1 - e e MRS N O
Xg = ¥g a,+2 2 X7 a2 %3 X 5;1&551231' 2 P30 Xq
Uin b 0D X 0l X - 1 &, o,
X10° Y10 a, "2 Xg a, "2 X8~ (ay+1l(a,72) %2 %2 X7
1 . o1-01- '
T Tprayla; %2 {8y 483 1 xy

=y e xordoal % - 1 Qo On

X11 11 735 3 Xg a; %3 Xg (a5} {a,2) %3 %3 X6
a - qal= ol-
- (13 {62 ’83 } )(1

62+C(33- al :
_ saz-apto 4l 1-
X12° Y12 ~ T Fea, 2T {85 483 } xp
) 1 _ a,t0a4-a;+l+a
X13= Y13 + i T %2 X127 a%agzapiTha
+
(a2+1 ) (a2+aa3-2a1+1-@f

1- .1-

- (ol- o1-



59.

= 1 - - 1-
X4 TV T TT S X2 T ayeagezatre 02 B3t X
An-dq+]
279 - 1e -
* (ay71)(a 708528 7 IFa] 3 8575831 %
=y P S B S + 1 0, Gy X4
X15 © Y15 3+ 2 X14 ay T %3 X13 (@) 1) 2 %3 X12

aa3-a1+a

- 1- a2+aa3~al+1+a
T a,t0da-2a, 1+ {82 ’33 y X5 * (a,*t1){a,t0a,-2a,+1+a}
AptadzTedy 2 270437

- . 1- .1-

. a. an-a,+l
- i o3 18,837} o] -
(a3+1)(a2+aa3-2a1+1+a) 3 W2 P37 X3 (az+1)(a3+1)(a2+aa342a1+1+a)

- - 1- -1-
. az 33 {82 382 } xz

a2+aa3-a1+2+2a
= w +
X16 = Y16 a,%0a,-2a; +2+2a

i ol >
aa,-a,+2o :

3781 S P P RS N TR T &
" 3,+0a,-2a, 220 {85 485} Xg* a3 *2 ay {8 -8} Xe

* Th2+u33-261)(az+&a3-zal+l+a)

3.29

Examination of the above states reveals a degeneracy in the sense
that Yo and g POSSESS the same weight and the same eigenvalues with respect
to the even subalgebra Casimin operators. Since the orthogonalization
procedure we have used does not allow us to overcome this multiplicity
problem, we have been obliged to determine the irreducible spaces to which
the corresponding SU(2) x SU(2) x SU(2) highest weight vectors, Xg and X,
belong by mapping from states in the invariant subspace to linear

combinations of §8 and ig. We can then determine from the nature of these
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linear combinations whether both, none or only one of xg and xgq belong
to the invariant subspace. The inner products, (Xi’xi)’ of the

remaining states are given below:

(XI;XI)SI (Xlsxl)sz = +1

(X2’X2)51 -(XZ’XZ)SZ = -al

(X3’X3)Sl = ‘(X3sX3)52 = +32(é2‘31+1)/(32+1)_

(X4’X4)Sl '(X4’X4)52 +33(aa3-a1+a)/(a3+1)

(XS’XS)SI = '(XSaXS)Sz = +a2a3(a2+aa3-al+1+a)/[az+1)(a3+1)]

(Xﬁ’x6)51_= (XS’XG)SZ = +al(32"al+1)

(X?’X?)Sl = (X7’X7)32 +a1(aa3-a1+a)

(X10°X10)s1 = (Xpo-X10)s2 = ~(ap-ay+1)(aproaz-a +lsa){ay-1)

/(az+1) A, ® 0,b=0.
(Xq1oX11)s1 = (qpXqp)sg = -(0ag-ajta)(aytaag-a +lte)(ag-1)
/(a3+1) i 8y c,b=0.

(xp2oX12)51 = ~(X20Xq0)s2 = 31(8p-aptid{aag-asia)

(a2+aa3—2a1+2+2a)j(a2+aa3-2a1+1+a) s b= 1.
(X139X13)Sl = '(X133X13)52 = 3132(32*a1+1)(azma3—231+2+za)
{a +aa3-a1+1+a)j(a2+1)(a2+aa3-2a1+1+a) s b=z 1.

~Y

(x14,x14)51 = '(X14’X14)52 = 3133(U33'31+1)(62+363-Zal+2+2&)
(a2+aa3-a1+1+a)/(a3+1)(a2+aa3-2a1+1+a) s bz 1.
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(X155X15)g1 = ~(Xq5X15)gp = -8p33(ap-2;%1){0a5-a;+a)
(a2+aa3-a1+1+a)(a2+aa3-2a1+2+2a)/
(a2+1)(a3+1)(a2+aa3-2a1+1+a) ; bo=1

(x16°X16751 = (X1poX16)52 = -21(ap-2 +1)(0ag-a +a)
(a2+aa3-al+1+d)(a2+aa3-2a1+3+3a)/(a2+aa3-2a1+1hu) ; b= 0,2,

3.30

It can be seen that under the conditions (i) a; = 0,_
(i) ay-a,+1 = 0, (iii) @a3-ayte = 0 and (iv) 32+aa3-a1+1+a = Q,
the 0Sp(4/2) representation specified by the highest weight vector, A,
is not irreduciblé and can be décomposed as shown in Table 3.3.
As discussed in §3.3, if b = 0,1,2 or a, = 0 or a5 = 0, then (3.29) must
be modified as per (3.18). If b = 0, then to obtain a finite-dimensional
representation the supplementary conditions a, = ag = 0 must be imposed [2].
This gives the singlet, Xqs @S the onlf finite-dimensional irreducible
representation. Similarly, if b = 1, then either of the supplementary
conditions C_: (a2+1) = a(a3+1) or C_: (a2+1) = -a(a3+1) must be imposed.
If C_ is taken the only finite-dimensional, irreducible representation
~ consists of'{xl,xz,xs} . If C_is imposed the only finite-
dimensional, irreducible representation consists of'{xl,x3,x4} .
Other 'special’' cases are: if b=2or a, = 0or a3 = 0, then one of
Xg OF Xq is part of the infinite-dimensional subspace; if a, = aq = 0
or a, = Oand b =2 or ay = 0 and b = 2, then poth Xg and Xg belong to
the infinite-dimensional subspace. For the following atypical
representations Table 3.3 must be modified to include both Xg and Xg
in the invariant subspace: 1if condition (ii) above and ag=0or

condition {(iii) and a, = 0 or condition (iv) and a, = aj are imposed.
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Ifb

1 and a, 0 the fundamental {xl,xz} is obtained.

a3

If b

2 and a, 0 the adjoint {Xl’XZ’XB’X?} is obtained.

a3
Table 3.3 contains the decompositions for all atypical, finite-
dimensional, irreducible representations. For the existence of a
finite-dimensional representation 35,2, and b are required to be

non-negative integers.

Table 3.3
Atypicality Factor space Invariant subspace
condition
al =0 XI)X39X49X5: XZ’XG’X?’XB’XQ’
X10°X11°%15 RS TRIERSTRAT:
az-a1+1 =0 XlsX2sX4sX5a X3’X6’X9sxlgs
X7’X8,X113X14 Xlz’XlasX15sX15
aa3-a1+a =0 XI’XZ’X3’X5’ X4:X7an:X11=
Xg2XgX10°X13 - X120X14°X157X16
az+aa3-a1+1+a =0 Xl,Xz,X3:X4a XS’XQ’XIO’XII’
| XG’X7’X8’X12 X13aX14sX15;X16

From an ané]ysis of (3.30) and considering the above discussion
it is observed that the only finite-dimensional, irreducibie representations
defined on a graded Hilbert space are the following grade star

representations with highest weight vectors of the even subalgebra written
X1(32933sb)
S1: {xl(0,0,0)}

‘ 1 a+2
{Xl(ISOS-a—_i_T) ] XB(O,]. ’-‘C(_"'l.)}

{Xl('a'l’osl)s X3('a'291’0)}
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S2: (xl(0,0,0)}

a 2atl
{Xl(o’l" m")s X4(1309" __OE'T)}
o+l 20+1
{Xl(o’ = —Ct-’ 1)3 X4(13 - a ’ 0)}

_ 1-o 1
{Xl(os —Cf.—’ 1): Xz(ls 0'-_ * 0)}
{Xl(a'130,1)9 - Xz(aﬁlso)}
For the above representations to be finite-dimensional o must be chosen

such fhat for xl(az,a3,b) each of ay,a; and b must be a non-negative

integer.
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4, REPRESENTATIONS OF ORTHOSYMPLECTIC SUPERALGEBRAS:
SUPERFIELD TECHNIQUES

4,1 CONSTRUCTION OF INDUCED REPRESENTATIONS

The technique of induced representations for finding irreducible
representations of a group is a well éstablished procedure in group
theory [1,2]. There is a large class of groups which has irreducible
representations which can be written as induced representations.

For example Mackey [1] has shown tﬁat for the class of groups having
invariant subgroups a]l_hnitary irreducible representations can be
written as induced representations. The application of induced
representations to supergroups, G, involves the construction of functions
(superfields), ¢, defined on graded coset spaces,G/H,and taking values in |
a representation space, V, of the subgroup H of G. Application of these
technigues to supergroups was first made by Salam and Strathdee [3] who
considered the graded Poincare grodp. Subsequently much work has been
done on superfield formulations of supersymmetry and supergravity

(see van Nieuwenhuizen [4] for a review). The use of induced
representations to determine finite-dimensional irreducible representations
of simple graded Lie algebras was begun by Dondi and Jarvis [5,6] who
considered SU(m/1). Applications to orthosymplectic superalgebras have
been made by Farmer and Jarvis [7] and it is principally these results
which are reported here.

The procedure elucidated here was proposed by P.D.Jarvis and is,
cohceptua]ly, a graded extension of a technique pioneered by Bargmann [11].
Bargmann considered the application of function spaces Rz, being
homogeneoué polynomials in two complex variables, to the study of the

rotation group. This is a realization of a more abstract work by
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. . +
Schwinger [12] in which he introduces certain operators ac, ac
which act ‘as creation and annihilation operators of boson fields.
- The orthonormal vector basis of the Hilbert space on which the

operators aC act is then defined in terms of the a, themselves.

(4
In Bakgmann's approach the Hilbert space is given a priori as a
function space, Rz, while the creation and annihilation operators

are realized as operators in R2 and consequently the répresentations
are directly defined on the function space. These boson operator
techniques were used to construct explicit states of irreducible
representations of the unitary groups by Baird and Biedenharn [13]
and later extended to the orthogonal and symplectic groups by Lohe
~and Hurst [14,15] and Zhelobenko [16j. This brings us fo expound
the method used here as applied to supergroups.

Consider a supergroup G and subgroup H, with corresponding
superalgebras g and H . Representations of g_ are afforded by
functions ¢ on coset spaces G/H and taking their values in a
representation space V of X . If x and y are coset representatives
of G/H then for g « G the group action in an appropriate basis for V

is
(g o)y (x) = h o (y) 4.1

where y is such that g+x = yh'l, h e Hand ﬁg is the matrix representing
h in the chosen basis for V.

The coset space G/H is the space of orbits that the subgroup H
sweeps out in G.  One can choose an origin in this space and coordinatize
its neighbourhood by exponentiating the coordinates in the tangent space
at that point; 1i.e. a point in the coset space can be written as
expZ{xX + 6Q), where X and Q are generic even and odd elements of 9 I

and x and @ are c-number and a-number parameters respectively.
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If now S(R) is an odd (even) element of ) and n{y) is an a-{c-)

" number parameter then the group action on G/H is infinitessimally

exp(ns) expZ{xX + 6Q) = expZ[(x + n © fl(x,ez))x
+ (6 +n g;(x,6%))0] expZ(n ky(x,00) 4.2

exp(yR) expZ{xX + 8Q) = expZf{x +y fz(x,ez))x
' + (8 +y8 gz(x,ez))Q] expE(y ky(x,8)K) 4.3

where K ¢ { . The particuTar-basis chosen will determine the precise
form of the functions f,g and k and for an appropriate ){ they may be
restricted to polynomials of low degree which can be obtained directly
via %CH formula. From (4.1), (4.2) and (4.3) it can be seen that the
group action induces a motion in the parameter space. This motion may be

generated by differential operators
S+ E[fl(x,ﬂz) 93/ x + gl(x,ez) 5/36 - kl(x,e)ﬁ 4.4
R~ @[fz(x,e)z 3/3x + gz(x,ez) 63/36 - kz(x,B)E 4.5

where E is the matrix of the infinitessimal generator K in the

representation space V.  Often it will be possible to decompose H as

H = }{0.+ H,» where ){ _ is an ideal (01,1, e H,). Representations

of’}(o are then easily extended to H by taking them to be zero on Hye
The action on superfields corresponding to (4.2) and (4.3) is

given by
65 o(x,0) = S o(x,8) and 8p d{x,0) = R &(x,0)

respectively. The representation obtained by expanding as power series
in x and polynomially in 6 is in general infinite dimensional, but possessing

a finite-dimensional factor related to the choice of V.
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As discussed in chapter 2, Kac [8] has argted that all irreducible
representations cén be obtained by choosing H as a Borel subalgebra,

H  the Cartan subalgebra and V one-dimensional. However, in general,
this leads to large dimensional coset spaces making the algebra
prohibitively complex. Consequently, in general, M will be chosen
larger than the Borel subaléebra and thus V greater than one-dimensional.

The form of the algebra used in this chapter will not be that of
chapters 2 and 3 but rather the covariant form given by Jarvis and Green [9].
Here the 0Sp(m/n) generators are MAB = - [AB] MBA’ 1 s A,B 5 m+n.

These consist of the O(m) generators Mab = Mba’ 1 < a,b = m, the Sp{(n)

generators Ma 1 < a,B < n, and the odd generators Maa =M

8 = Mga o’

The generators satisfy the superalgebra

[MagMepd = 9g¢ Map - [ABI gpc Mgy - [CD] gpp Myc + [ABIICD] gpp Mg
4.6

where 9pg = [AB] %4 is the orthosymplectic metric and the sign factors
[AB)are +1 if 1< ABsmorlc<Asm ml<Bs mn (or vice versa)

and -1 if mtl < A,B < mtn. The metric is taken as follows

? é] m even (o 1
G.. = \ g = [ J 4.7
ab ) 0B -1 0
R O N
0 0 1
gaa = gaa = 0.

In the following sections Sp(1/2), OSp(Z/Z), 0Sp(3/2) and
0Sp(4/2) are examined. In each case the superfield transforms as an
arbitrary, irreducible representation of the chosen little group.
Full decompositions with respect to the even subalgebra for typical

and atypical representations are derived.
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4,2 0Sp(1/2):
In the notation of (4.6) the 0Sp(1/2) superalgebra consists of

the even Sp(2) generators Mg @nd the odd generators M, where 1 < o,8 < 2.

B

The odd generators will be writeen Mlaz Qa and the Mas will be transformed

to the spherical basis M, M_ and My via MaB = 2M°(ge)OtB where 00503

) . _fo 1 _ 1 _ 1
‘are the Pauli matrices and _(eaB) = [_1 OJ’ or M, = x My, M_ = -§M22

21
and M3 = -2-M12 .

With the generators in this form the suheralgebra becomes:
1
[M3’Qa] T f('j3)o.B O [Mi’Qa] - (Oi)aB QB

2M

(M,.M_] [MyM,] = 2 M

3

%
HQys0gY = - 2oye) o M_ - 2(0 €) o M, - 2(05e) 0 My 4.8

with all other (anti-) commutators zero. |

The subalgebra H will be taken as H = M3.M,,Q,} with
H g = M} = U(1). The cosets are labelled by the elements
exp(xM_ + 801) and the superfields are functions ¢(x,8) carrying a

charge ﬂz -M. Expanding the super_'fi'eld in 6 gives simply
(x,0) = A(x) + 8 p(x) 4.9

The differential representation of these generators (see 4.4

and 4.5) is
M = 3/ax
M, = - x%3/ax - x6 3/36 + 2xM
My = -xB/Bx-%—BB/EIB-!-M
Q = - 83/3x +3/38
02 = -9x3/3x+x_3/39+26M 4.10

Acting on the superfield with the above set of generators yields the

following variations for the component fields, writing A' = 3AD x, etc.,
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M : 6A = A' sy = y°

M, : &A= -sz' - 2MxA sy = -xzw' - X - 2Mxy

My : 6A = -xA' - MA SW = -xp' - %q: - My

Q: A = v s = -A'

Q, : A = xuy S = ~xA' - 2MA 4.11

Now expand A(x) and y(x) as power series in x:

8
8

AN and w(x) = " K" 3.12

0 n

A(x) =
n

1§ =1
1] 0~
o

Substituting these into (4.11) and equating like powers of x gives the |

following results

Moz 6A" = (n+1) AT so" = (n+1)yE

M, 2 A" = -(n-1-2MA™, n =1 sy = (-2l 02
My A" = ~(n-mA” T sy = (e

o+ A" =y, n < M1 s = ~(ne1)a™!

Q,: A"=y"nz1 sp" = ~(n-2m)A",  n 21

4.13

with all other variations zero.
If M is taken as half-integral, then it is clear from the explicit
component form of the variations (4.13), especially M+ énd Qa, that the

1nfinite set'{AO,Al,...; wo,wl,“{J has an infinite invariant subset

'{A2M+1,A2M+2,...; ¢2M w2M+1’..'}.

then the remaining finite subset {A°,Al,....A

If these components are set to zero,
2M; wo’wl".”wZM-l}'is
invariant (i.e. as a factor Spaée).

Thus an arbitrary finite-dimensional irreducible representation
of 0Sp(1/2) has dimension 4M+1 and 'superspin’ M[10]. The superspin is
with respect to thé second order Casimir invariant, CZ’ {which for

0Sp{1/2) is the only independent Casimir invariant) acting on the
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superfield ¢(x,68) with eigenvalue M(M+:), where

. 2 1
C, = MM_+M +M3_-IE

2 = MM M % % -

af “a

The component fields A and ¢ have spins M and M - %-, respectively

under Sp(2). The matrix elements acquire a more symmetrical form

in the basis defined by BY = A“+M Xv=:wv+M-%- where u = -M,-M1,...,M
_ 1 3 1 .
and v = ~M+2- s -M+'2' s o+ -2- :
M, 8" = -ugH 5 = -vx¥
MM 6BM = (MeRBMl 0 = (e ) OH
QI’QZ D ooBt = P 6" = ~(viM)BVEL 414

(M 1) = i lé);5 0, An alternative form for these matrices is

where B~
given in Appendix E in terms of spin projection operators (see, for
example, E1, E7, E8 ); 4t is in this.form that they are required

for 0Sp(3/2) as treated in §4.4,

4.3 0Sp(2/2):

In the notation of (4.6) the 0$p(2/2) superalgebra consists of
the odd generators Qaa = Maa’ the 0(2) generator Lab = Mab and the
Sp(2) generators MaB‘ Here 1 < a,b < 2 refers to 0{2) and 1 s a,8 < 2
refers to Sp(2). The Sp(2) generators are again written in the spherical

M+,M_,M3 basis as in §4.2. These generators satisfy the superalgebra

[Lab’ Qca] = - C Qba * 6bc Qaa

[M3 ® Qa(l] = (-] )OLJZ-Qacc

M, 2 00 = [, Q) = -

O, .41 = g My, MI =

e Qppd = 26,M 0 Qe Qppd = 284, |
Qg Qppt = 28, My - Loy 4.15

with all other (anti) commutators zero.
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The subalgebra H will be taken as = (L. M, M3, Qo)
with }io ='-&ab, M3} ~ U(1) x U(1). The cosets are labelled by the
elements exp({xM_ + eaoal). Superfié]ds are functions ¢{x, 6%) which
form a representation of the U(1l) x U(1l) little group carrving changes

~

M= -Mand Lab = - €3 iL. Expanding the superfield in g yields

o(x, 0%) = A(x) + 6% y_(x) + % o2 gP e p H(X). 4.16

Note that indices can be lowered or raised using the 0{2} metric Gab
or inverse metric-ﬁab respectively and €5 ° 312 =+ 1.
Following (4.4, 4.5) the differential form of the generators,

weitinga, = 9/26%, is

a

Lab = 6 Ba - el ab + €ab il
M = 93/0x
_ 2 a 1 .a b .
M, = -x"3/dx. - x8 aa + 2xM + Vi 6~ o €ab il
- 1l .a '
MB - -X 3/9x -§8 3a+M
- a
Q = 07 3/x +3,
_ a a b, - b N

The following field redefinitions are introduced so that the
components of the superfield transform as eigenvectors df the 0(2) x Sp(2)

even subalgebra.
i L , o I _ .
H‘H‘2MA:M=0s ¢+—\D1+1\D2, ‘l"’_"‘pl"'l'-pz-

Following the procedure of §4.1, A(x), y,(x) and H(x) are expanded as
power series in x. = Examining the transformations of the components

An,_win and H" under the above generators shows that the infinite set

0 wil,...; ALk, . ) decomposes into an infinite

+ +
2M 1, AZM 2’._.; ¢:2M’¢2M+1,.‘.;

@Al s,

dimensional invariant subset {A
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1 ZM

‘H"ZM-].’ ~2M Y L

H"",...} and a finite dimensional factor space {AO,A

- ~0 =~ ~OM-
wioﬁ w-.tl,"" vat ZM 1; HO’ HO,o-- HMZ} .

Thus in general an arbitrary finite-dimensional representation
of 0Sp(2/2} has dimension 8M and the component fields A, v_, ¥_ and R
have spins M, M + %3 M.~ % and M - 1 respectively under Sp(2) and
charges ilL, i(L+1), i(L-1} and i1 respectively under 0(2).
| These representations may be atypical {see Chapters 2 and 3} and
thus reducible. To determine the conditions under which this may occur
the transformations of the component fields under the odd generators

are examined. This yields the following results

Oyt A =g Ut

§v, = il Ly

wi‘—'lH-(li Z_)A

Ho=Li (kw2 (g 4.18
Oy : 0A =-2igleziv

o Ly

Gwi-"H+(lim’)A

- 1 Ly L, Ly

S = 51 = o) vy + {1+ ) vl 4.19

Qpp t SA é%xw++%-xw_

O
=
+
n
I+

1'xﬁ-(1:-21‘ﬁ-)(xA‘ - 2MA)

=]
o g
1l

i - My, )

S (L g - My - y) 4.20
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L]
>
i
]
Ny
»
<
+
+
)
x
=

fe

=
"
1

=
X
+1
—
——
—
1+

E'r—
=
s
=
+1
~
2

[vg]
=
]

= 2 (L= gx vl = My, + )

s (L E 0w - My + ) 4.21

It becomes apparent from these results that if L = t2M the set
{w;, ﬁ}_form an invariant subspace of dimension (4M-1) with the set
{A, v} invariant as a factor space of dimension (4M+1).

The irreducible representations obtained here are in agreement

with those of §3.4 where the Tabel correspondence is a, = 2M - 1 and

b=1L +1,

4.4 0Sp{3/2):
~ The 0Sp(3/2) superalgebra consists of the odd generators

Q,, = M, » the 0(3) generators Lab = Mab and the Sp{2) generators Mas'
Here 1 < a, b s 3 refer to 0(3) and 1 s a, B < 2 refer to Sp(2).

These generators can be recast in the form
Ly = bgp vl o L= -l vl L3 =ily
Qo = Qo t 10y Uy = Oy - 10y Q34 = Qgq -
In this form the genefators satisfy the following superalgebra

[L+, L_] = 2L3 [L3s Li] = i]'+

[MaB’ MyG] €ay Ma6 * e MBY + ;aY MBG + €gs May

[Li’ Q;a] + 203& ' [Li’ 030] = ¥ Qta
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Ly 0] = =0,

n
Fan)
1+
™

(M, 0, ]
[MOLB’ O3Y] = EO‘.Y 038 + EBY 03(1

Q34 Qugh = Fegg by Q3,0 Qggd = - Mg

Q0 0t = -M -2, Ls o 4.22

‘with all other {anti) commutaiors zero.

_ The subalgebra A will be taken as X = {L, Lys Q5 Qg M B}
with P(O = {L3, Q34 MaB} = U{1) x OSp(lIZ). Cosets are 1ab§11ed by
the elements exp(xL_+ 8% Q_a). Superfields are functions ¢A(x, ea)
carrying change L= -L, and a 'superspin' M representation of the
U(l) x 0Sp(1/2) little group (see also E.1}.

050 85) ]

4.23
IR BB)J

o {x, BB) =

In the following the spin-M indices will be suppressed. Expanding the

superfield in g% gives

o(x, 8,) ) A(x) Urix) + w'(x)] H(x) }
8 g | B B 1.2
= + 8 +t 50 4.24
[2alxs 85| [24(x) P glx) )
where 8255 € B e eB. The Sp(2) indices can be lowered or raised
using the Sp(2) metric € , or inverse metric EaB respectively where

af

respectively where €p = 521

OB =+1lando, =¢c_ o, 0B =FY 6, -

B BY
The components have the f0110w1ng 5p1ns under Sp(2): A and H, M;

RP M""Z') ]1[)-

a2 and ha, M- 2-. P_., may be decomposed into fields

aB
of definite:spin under Sp(2) by the following procedure:
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D
1}

1
aB ?'(paB B PBa) 2 (paB * PaB)

_ 1 v$ 0, p-1
=5 €€ PGY *P e TP g 4.25

50,-1 _ 10,-1 6 1 e p )

where o a2 Pay * Pey

are the spin M and spin (M-1) projections defined in Appendix C.

. B . 1 + o= B +1 d¢
Since § PBa has spin (M - ?) but f, I By

(M+1) projection.  Furthermore using (D5,D7) and (D.20)

= 0, there is no spin

Y8 - nYs vz nYS 0 o
€ PGY M PYGIZ(Mfl) = M PYG/z(M+1). 4.26
0 . . 8
It should be noted that PaB is not an eigenvector of T ; . However,
it can be rewritten as
0 _ w0 0
(2me1) P o = MPD) g (M+1)(P-)a8 4.27
0 - ¢p0 aYS 50 ot
where (Pt)ae = (PaB - €48 M PYGIZM )
M z oM MTz M- 1
#:8 .0 - (o0 : R 0 -
such that T, (Pi)YB (P:)ya and I (PI)YB 0.

Thus we finally have in (4.24)

_ (o) -1
Pag = (Pog * Pog 4.28

The differential representation of the generators is (see (4.4,4.5)

and Appendix E)

MC&B= 6a36+98 BC‘-- \/K?G'B

L. = 3/3 x

L =-x28/3x -623/3x 2x 6%3  +2xL - 26 &
+ a 3o
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- _ A
L3 = -x3 /9% 6 3a+L
Q-O‘. = aﬁ.
Q. = -20 x3/3x - x°9_+26%3 + 20 L - 2081 PVIEN
+0 o o o o Bo 3a
Q3a = -eaa/ax - xaq- 9‘3(1' " 4.29

Upon examination of the action of L, on the superfield a modified
basis for the component fields is obtained in which they transform as
e1genvectors under the 0{3) x Sp{2) even subalgebra. The necessary

field redefinitions are (where [M] = (2M+1)%)

i, = Lyl sl
- 0 .13 ..
pOﬁB = -L[M] PGB + ?' MO‘.B A
Hoo= (el)IMITH LM - 3 N B R
w1 -1 T -y (1) (Le2m)A”
ﬁa = (L-1)MTh, + (M7 L -1 1
+ M]? '1(2L-1 (L-l)(L-ZM-l)a& | 4.30

and A, w;, a, and P;é

Following the procedure of the previous sections and expanding

are unchanged.

the component fields as power series in x reveals a finite dimensional
factor space in which their degrees (highest power of x in the finite

. p0 -1 . N h -
factor) are A and a,, 2; w , w s Pas and PaB’ (2L-2); H and ha, (2L-4).

From (4.29), taking into account (4.30), the 0(3) x Sp(2) =
SU{2) x su(2) décompositions obtained for arbitrary induced representations
with the chosen tittle group (corresponding to superfields of arbitrary

half-integer change L and 'superspin' M) are given in Table 4.1.
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In general this class of representations is typical and thus irreducible
with total dimension 4(2L-1)(@M+1) for L 2 % and Mz 0. For M=0 the
superfield &p is a singlet under the 1ittle group and (4.23) and (4.24)
reduce to 0p(x,8,) = 6(x,8,) = A(x) + 8%5(x) + 7 6%H(x) 4.31
and consequently A, ¢E and H form an invariant set. Examining the
'transformations of the component fields under the odd generators reveals
that for certain (L,M) the above set is reducible, corresponding to
atypical representations. Table 4.2 demonstrates this for Q?.
With (L =2M + 1, M 2 %J the set P&é, H, @; and ﬂa form an invariant
subspace of dimension (32M2 - 2) = (16M% - 2|16M%), with the set
(A, 528’ a,» wz) invariant as a factor space. For (L =2, M =-%)
H and &a form a further invariantlsubspace equivalent to the fundamental 5.
From (4.24) it is evident that L = 0, %-and 1 must be treated as special
cases; if L = 0 the only finite-dimensional representation occurs for
M = 0, corresponding to the singlet A; no finite-dimensional
(L = %, M = 0) superfield can be constructed; the sequence {L = 1,
M2 0) has an invariant set (A, P_., w;, a_) which includes the
fundamental 5 = {3 x 1)/(1 x 2) for M = 0 and the adjoint
12 = (3.>< 1+1x3)/{(3x2) for M= %n The 0{3} x Sp(2} = SU(2) x SU(2)
decompositions obtained for these cases are summarisedl{n Table 4.2.

The irreducible representations presented here are in agreement
with those of §3.5 where the label correspondence is a, = 2L - 2 and

b=2M+ 1,
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Table 4.1  0(3) x Sp(2) = SU(2) x SU(2) decomposition of typical
0Sp(3/2) induced representations from little group
U(1} x 0Sp(1/2) for L 2 3/2, M = 0.

'Even’  Dimension '0dd' - Dimension
A(L,M) (2L+1)(2MF1) alL,M - 3) (2L+1) (2M)
H(L-2,M) (2L-3)(2Me1) R(L-2,4 - 3) (2L-3) (2M)
pOL-1,M) (2-1)(2M+1) M- (ee-1)(em)

CpH(L-1,M-1) (2L-1)(2M-1) oHL-1M + D) (2L-1) (2M+2)

Total 2(2L-1)(aM+1) Total | 2(2L-1) (4M+1)

Table 4.2 0Sp{(3/2) component field variations under Q:

2

+ -1 2~ 11 2a0
= - - + -
6A = =x wY L™ {M]x wY L [M]x.aY Z[M]an

= (n*e) [M](Mﬂ)"u 17 1x% A

# (n" &) gy (L¥2M) L7 Toar-1" 5% + 207 Txar - 28)
-2 1250 _ ou50 -
A L B (U DI VLV

Sby = (17e)y, LML) TN

s}
_'(n‘e)aY(L-zm-l)(L-1)[M]"'ﬂ_“(zL-l)" x2a" - 2L TxAY - 28}
+ (L-2M-1)L“[M]'3'{(L-1)"x251° 2xp° g - xzp';i + 2(L—1)xP;i

o= 1) (-1 oy - 2l ) |
- (L+2mM}(M+1)[M](2L- 1)“ {(L 1) v - 2(2L-3)(L-1)'1x$;' +2(2L-3)p }

- (L-2M-1) (1) (2L-1)") {xzw; - 2(2L-3)xw;+ £ 2(L-1)(2L-3)L Nyt

83, = np”! PO - sz;; ¢ (n7e)y IM] L %% = 2xA}
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R B 2 ol +
T [M]"L{L-1} hY - 2Ma8 {x l.]'JY ~+_ 2(L-1)xlpy}

+ M [M](L+2M)L" -1 {(L-l)'] 2”" - 2x)

+ ﬂaB[m](L+2M)(L-1)M" “VoL- 1)“ 20 _ 7T\ )

T - I pLl. &P
= (M MaBGY +2€YC¢66 +2€o¢85a)
X (-[MJ(L-l)"xZH GRS

+ (L-2M-1) L7V (2L-1) " ¥ an. - 2oL xal + 2ap})

-1 2 ~
2xwp}

(L-an-1) )72 -0 T - (a3 -n e 1)“ p

+2(20-3)F0 3
Yo

- (e My Ne-1) T {xzp;;‘ -~2(2L-3)XP;&] - 2(2L-3)(L—1)P;;}
+ (1) g MUL-1) T me)™T B - 2(L-2)x)

Table 4.3 0{3) x Sp(2) = SU(2} x SU(2) decompositions of 0Sp(3/2)

induced representat1ons from little group U(1) x 0Sp{1/2)

for atypical representations and 'special’ cases (see text).

(L = 2M+1, M = 1) invariant space

P (2M,M-1) (4M+1) (24-1) V(2 - 3) (4M+1) (2M)
HoO(2M-1,M) - (4M-1)(2M+1) h (ZM-I,M-%J (4M-1) (2M)
Total 16M°-2 Total 1642

(L = 2M+1, M = %J factor space

A(2M+1, M) (2M+1) (4M+3) a(2m+1, M-]?) (4M+3) (2M)
p0(2m,M) (2M+1) (4M+1) v (2m, M+;—), (4M+1) (2M+2)
Total ]6(M+~%)2 Tota) 16(M-+%02-2
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(L =1, M=z 0)invariant space

A(1,M) 3(2M1) §' (0. +) 1(2M42)
7 Ho,m-1) 1(2M-1) a'(],M-—%- 3(2M)

Total - 8M+2 Total BM+2

(L27, M=0) invariant space

A(L,0) 2L+] w+(L-l,%J 2(2L-1)

_H(L-Z,O) 2L‘3

Total 4L -2 41 -2

4.5  0Sp(4/2):

The generators of the 0Sp{4/2) superalgebra can be written in

the following way. Let 0 <y, v < 3 refer to the 0(4) indices and

1<a, B< refer to the Sp(2) indices, then from (4.6) define

L

M -
NGBE MOIB
Q'. s gH.
dac Uaé Mua
where o, = (1,0) 5, =
6 =+(65 -03)
by 2 YTuwv v

.. To=uvy .
ap = - zlo gy My

N PRRTLY
ab = 20 Jap My

4.32
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These generators satisfy the superalgebra

0320, Wbet = 24 €ab Nog * Cab Sap Lab ¥ Sap Sap M

ab
[Mab’Mcd] " *pe Mad * fac Mbd * pd Mac+ €ad Mbc
[Mab’QéCY] = €pe Qéay €ac Qéby 4.33
and similarly for LéB and NaB . The generators Léb can be written in a

spherical basis L,,L ,L3 as in §4.2
The subalgebré H will be taken as
K= flgMop N ool Q5,00 with
H 0= {L3’Mab’NaB} = U{1} x SU(2) x SU(2). Cosets are labelled by
aa

; a) and superfields are functions,

= -L and spins M x N under the Tittle group

the elements exp(xL_+ @

m» O
u

¢(x’eaa) carrying a charge

U(T) x SW(2) x SU{2):
o(x,8,,) = Alx) + 6%% (y(x) + ¥ *(x))

+ (00)% £(FOE00)) + (00)%8 2(€2:¥(x))

+ (672 50500 + ) + et bl 4.34
where (ee)ab = g3c 82 (GB)GB = g3% BE
(83)30 = (ee)ab eg 94 = (63)383

a .
and the summations are over all possible projections onto total spin
1 ] _
(M ¢ 5 » N £ 5} for waa(x) and xaa(x) (M,M£1} for Fab(x) and (N,Nfl)
for GaB(x)' The relevant projection operators are given in Appendix D.
The differential representation for the generators, writing

Yo /5 8%%, is {see (4.4,4.5) and Appendix D)
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3/5

-2 - Tetyasax -(xe+e?)?® 5+ 2xt + 5(00F" M -(00)%F N
iy ?an

aB
-XB/Bx-%Gaa 3, * L
8‘: aba ¥ E’ge’ao: r:Iab
% 225 * %8 Paq ~ Mag
Bay 3%+ 35,
(xe, + egé)afax + X3, - 2(ee)gab + (00)8 ndag *
0, Mo - 20 % N 4.3

As for the previous cases the fo]Towing field redefinitions are

introduced so that all component fields will transform as eigenvectors

under the even subalgebra 0(4) x Sp(2):

~0 _ 0 ~
ab = ab A /4L

=0 _ 0 1

GaB = GGB + N 8 A'y2L

™= s (o™ e A"+ 3) P6(L - )

D - mP ° W/12(L-1) - OB GO /6(L 1

o
Ll

[3L+2M({M+1) - BN(N+1) -3]A“/24(L-—§J(L-1) 4.36

with myn = + and 2M° + 1 = r(2M+1).

Expanding the component fields as power series in x yields a

finite-dimensional factor space in which their degrees (highest power of x

in the finite factor) are:
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A2l o™2e-1): P E9,6" and €0, (2L-2);

M (2L-3); D,(2L-4).

‘From {4.35}, taking into account the definitions (4.36), the
0{4) x Sp(2) = SU(2) x SU{2) x SU(2) decompositions obtained for arbitrary
induced representations'with the chosen little group (corresponding to
superfields of arbitrary haif-integer change L and spins M and N} are
given in Table 4.4. This class of irreducible representations 1s.in
general typical (with even and odd dimensions the sahe), and total
dimension 16{2L-1)(2M+1)(2N+1}, with L =2 % and M,N 2 0. In the basis
(4.36) it is found that superfields which cannot be decomposed arise for
" certain (L,M,N) values, corresponding to atypical representations.
This is demonstrated for the component field variations under Qéaa in
Table 4.5. It is apparent from this table that when a particular
atypicality condition is imposed only a certain linear combination of

and ng appears in the invariant subspace. This indicates that, in

Cog _
general, for atypical representations, of the two fields with weights
(L-1,M,N) one belongs to the invariant subspace and the other to the
fabtor space. The general atypicality conditions are L = M - 2N",

m,n = +,- . These are in agreement with the results of Kac [ 8] and
of §3.6 for D(2,1; o = 1) where the label correspondence is 3, = 2M,

ag = 2(L-1), b = 2(N+1}. The condition L = M~ - 2Nt is however never
realized in this approach. It corresponds to the condition a = 0 of
§3.6 for which only the trivial représentation (a2 =2y = b= d) occurs.
The complete 0(4) x Sp(2} = SU(2) x SU(2) x SU(2) decompositions for the
remaining atypicality conditions are presented in Table 4.6. As a
specific example it can be noted that the adjoint

17 = (3x1x) + I1x3x1 + 1xIx3}/(2x2x2) is derived from the invariant set

(A,F*,67)/(6™) for (L =1, M=N=0).
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The atypical representations found here and listed in Table 4.6 are

jdentical to those found for D(2,1; o=1) in §3.6 and listed in Table 3.3.

Table 4.4  0(4) x Sp(2) = SU{2) x SU(2} x SU(2) decomposition of
typical 0Sp{4/2) irreducible induced representations |

from 1ittle group U(1) x SU(2) x SU(2) for L 23, M, N 2 0.

'Even’ Dimension '0dd’ Dimension

AD(L-151,M,8)  2(2L-1)(2m+1)(2n¢1) oML -%WM'*%uNZtlJ 2(20) (2M+2) (2N+1)

FOL-1LMN) (2Ll (a1} (20e1) (L - M- N ER)  2(2L)(2M) (2W1)
FE(L-1,ME1,N)  2(2L-1)(2M+1)(2N1)  XTH(L -3 Me 2N 3)  2(2L-2)(2M+2) (2M+1)
SO(L-1N) @D MD)  XHL-SM-bNe D) 2a-2) @)y (an)
GE(L-1,M,N21)  2(2L-1)(2M+1)(2N+1)

Total - 8(2L-1)(2M+1)(2N+1)  Total 8(2L-1) (2M+1)(2N+1)

Table 4.5 0Sp(4/2) component field variations under Qécy‘

sA= § x ™
m,n Y

su™ = 2x(n" E)

aa ay ac + 2x(n” E)ac ay

i,.m n -1 n8eg0 1 de*ﬂ

->(me). (me) |———xN + F
2 ac v L(N"+1) Bse (Mm+1) | de

.
- 2(L-W+¢N ) {ZMA _ xAl}]

m _ ¢ o0 de 3 o -L+M™e2N"+2) mn'
SFab = L Pab  Cdc|Z7 X 20-1 Wy by |

n _ g ph o€ 3 cmn_ (LeMT42N "41) ‘mn
8Gg = L Pag  Coy|” T Mce * AT Wee-Vee 3
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=0 _ 1 S oum[ Mm+1 _ (LM My2N +2)1 "mn
Fab -mzn MM+ MapH B 7 xxcy 2L-1 {ch cY }
Q-3 18 W3, 20 (L+M'n+2Nn+1)1{mn 'mn, |
g~ L ANQWIJ ‘ag" (2 "Xey C 20-1 Weyr¥oy )
mn 4, n (L+MM+2N"+1) ‘m
g = = 34T €)cL -1 {Fac Fac!
U4 (-L+M"+2n"+2)
:.g(“ E)ac =T {Gay’GaY}

1 ,.m n I, 1 (L+M +20"+1) yde 20 ='0
- { FMUOFL LF )
7 {r e)ac(n Doy L TT - (M+1) (2L-1) de’’ de

o (L - L) ) foe 0 50y gy ]
~ (NM1)(2L-1)
1 (L+M"-2n"-1) ~'mn
mE’:n L 1 {(2111 3) XC'Y - X XCY }

neg

Where “mab and o are spin M £ ? and N * z-pPOJeCtOFS respectively

‘and Pmade and PnaBYG are spin M £ 1 and spin N £ 1 projectors
~0

respectively. Also if B is any of EO,G . ™ or g"
then {B,B'} = (2M-2)8 - xB'

mn _'‘mny, _ mn _ _ ‘mn
and {waa’ Vao b= (2“-1) Vao ™ Wag -
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Table 4.6 0{4) x Sp{2) = SU{2) x SU(2) x SU(2) decompositions of atypical 0Sp(4/2) irveducible,

induced representations from little group U(1) x SU{2) x SU(2) for L 2 3/2, M,N 2 0.

ﬁtypicality Condition Irreducible Representations Dimensions
‘Even' A, £, G, P 2016000 + a2 - 3zmnZ - o - aN% 4 1)
Factor
Snace
[rodd® o™, w7t v, 5 atamdn + o2 - am? - 2N - 28%)
L=HM- 2N
‘even' G, F*. D, & 2006MN + 1242 - 32N% - 2amn - 24N - 24N - 5)
Invariant
Space
odet ottt v [siamn + e - e - o - 6N - 6N - 1)
‘Even' A, 6%, F7, F° 2006420 + 1242 + 32M92 & S6MN + 2aM + SNC + 6N + 7)
Factor
Space
odd' o™, vt w1 18(aMoN ¢ 3%+ amed + 1aMN + M+ 20% 4 4N 4 2)
LomMe2N+2
' ‘even' 0, F, 67, @ 2006M2N + a2 + 3% + 4OMN + BM + 2aN° + 24N +5)
Invartant
Space
oad o, 3, 7L 70 [8(eM + 1% + smn? + 10Me + 2M + 6N 4 6N + 1)
‘tven' A, G, F*, 2(-16M2N - 12M% + 32M4% + 20NN + 24N° + 28N + )
Factor
Space
0ddt L ot ot 7 lsteam®n - aM® + g 4 b+ eNZ & BN + 1)
L= <M+ 2N+ —
‘Even' F, 6, 0. €O 2(-16MN - aM% + 324% + 8HN + BN - 1)
énvariant - :
pace
odd' v, &, 1 10 |8G-anh - MR+ aund + 2w+ ovP)

The above dimensions are, in general,
M, Nzt

See text for the discussion regarding

only applicable for L z 2,

i

0

and G~ . -
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5. REPRESENTATIONS OF ORTHOSYMPLECTIC SUPERALGEBRAS:
YOUNG SUPERTABLEAUX

5.1 INTRODUCTION

Young tableau and Schur function techniques provide a useful
and elegant description of many properties related to irreducible
representations of semi-simple Lie algebras. The extension of
these techniques to Lie superalgebras was first made by Dondi and
Jarvis [1,8] and Bars and Balantekin [6,7]. Dondi and Jarvis [1]
presented the following branching rules for purely covariant or |
purely contravariant representations of U(m/n) and Su{m/n)

u(m/n) ¥ u(m) @ u(n) )+ ) ey @ (&)
' 3

slmv/in) ¢ u(m/w) @ ulv/n) 0+ T Y} © (8
£

p(mesnv)avenn) ¥ u(m/n) © U(u/v) (A} ¢ ES {xo0} & {o} 5.1
_ oesSr

where £ is summed over all possible partitions and the operation (o)
is that of the inner Kronecker product of representations of the
symmetric group Sr, r béing the rank of {A}. The above branching
rules, with the inclusion of a U(1) label, also apply for
se(m/n) + su(m} x su(n) x W{1). They have also given rules for
Kronecker products, and dimensions of some representations, for
u(m/n} and su{m/n).

Bars and Balantekin [6,7] have used Young tableau techniques
generalized to supergroups to derive character and dimension formulae
for representations of sy{m/n) and 0Sp(m/2n) which may be derived

from direct products of (covariant and contravariant) fundamental
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representations. In particular they have noted that the characters
for the orthosymplectic and superunitary groups formally look the
same as the characters for the orthogonal and unitary groups
respectively, except for the replacement of supertraces by traees
~and superdeterminants by determinants. These works have ailso

drawn attention to the result that for sy{m/n) and 0Sp{m/n) the
fundamental representation acts in a graded (m+n) dimensional space
V=1Vs +V;, where V; is of degree zero and'vi is of degree one.
There are two possible gradings of V and consequently, by taking
tensor products, two classes of representations. These are
designated, class I for which dim Va =m and dim VT = n and class II
for which dim Va = n and dim Vf =m. For 0Sp{m/n) King [2] has
referred to these classes by 0Sp(m/n) and SbO(m/n) respectively.
Later work [10] saw the derivation of a generating function to obtain
the eigenvalues of all Casimir operators of sy(m/n}, while the
branching wles SU{m/n) + su(m) ®su(n} x Uu(1),

SU (m+v/utn) + SU(m/u) x SU(v/n) x u(1), and

su.(mu+nv/mu+nu) + su(m/n) ®su.{u/v}) have been extended to contravariant,
covariant and mixed supertableaux [9,11], though the mixed |
supertableaux may be reducible but indecomposable, i.e. atypical.

 Bars, Morel and Ruegg [11] have established the relation between

Young supertableaux and the Kac-Dynkin diagrams for SU{(m/n). The
connection is made by realising that the highest weight of the.
representation corresponds to that state in the decomposition

SU(m/n) + Su(m) ®SuUin) @ U(1) for which the U(1) charge is maximum

if m<n or minimum if m > n.  They have thus established that purely

covariant or purely contravariant tableaux correspond to irreducible
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representations while mixed supertableaux may also correspond to

- indecomposable representations. An investigation of the mixed

supertableaux of sy{n/1)} has been carried out by Delduc and -
Gourdin [16] for typical and atypical representations.. They have
established the cases for which the supertableau corresponds to ah
irreducible representation of SU(n/1}). These are typical or
atypical covafiant, contravariant or mixed supertableaux for which

C, +C < n or typical covariant, contravariant and mixed superfab]eux

1 71
for which c]+E] > n, where ¢,+C, is the sum of covariant and

171
contravariant boxes of the first columns. A mixed atypical
supertableaux, for which c]+E] >n, fs only a part of an indecomposable
representation of SU{n/1) and the indecomposable representation is
a sum of four atypical components.

Wybourne [17] has used the theory of symmetric functions to
provide concise expressions for characters, dimensions and branching
rules for representations of U(m/n).

Some recent work of Morel, Sciarrino and Sﬁrba [13] has
considered the development of Young supertableaux for the study of
representations of 0Sp(M/N}. They develop branching rules for the
decomposition of a supertableaux, corresponding to an irreducible
representation of 0Sp(m/N), into the irreducible representations of
0(M) x Sp(N) which compose it. For this purpose extensive use is
made of generalized Young tableaux. These are diagrammatic
techniques which have been developed by Girardi, Sciarrino and Sorba
for the study of Kronecker products of representations of S0{2m)

[14] and Sp(2n) [15]. In the interests of space it will not be

possible to develop these here, however the reader is encouraged to
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examine these works for the authors have been successful in obtaining
a closed form of the branching rules for all typical, tensor and
spinor representations of 0Sp(M/N). They have also given rules for

~ obtaining the decomposition of atypical representations, however |
this requires a knowledge of all ifreducib]e, atypical representations
of lower dimension which satisfy the same atypicality condition as

the representation under investigation. If these should exist

ﬁithin the decomposition obtainéd by applying the rules used for
typical diagrams then they are simply deleted to yield an irreducible,
atypical representation.

King [2] has developed Kronecker product rules and branching
rules, for tensor representations of QSp(M/N}, in terms of standard
Schur function operations. He has also given dimension formulae
for these representations in terms of partition labels. The
Kronecker product of two representations [Aj and [p] of OSp(M/N) is

given by

3] x [l = § [(Me) - {wp)]
o

Branching rules for tensor representations [2] are given in (5.2)
and (5.3) while branching rules for spinor representafions follow
from the character formulae [12] {5.16) and (5.17) for 0Sp(2m/2n)
and {5.20) and (5.17) for 0Sp(2m+1/2n). The dimension formulae

~ are presented in §5.5.
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5.2  ATYPICALITY CONDITIONS AND RELATIONS BETWEEN KAC-DYNKIN
AND SUPERTABLEAU LABELS

This section examines finite-dimensional, tensor representatiohs
of 0Sp(M/N) via standard Young diagfams. fhese can be realised by |
graded symmetrised, supertraceless tensors [1] and can be decomposed
in terms of irreducible representations of O(M) x Sp(Nj, with

branching rule [2],

D43 [MVe) s T3 Me <Hres 5.2
£ ER
or ]+ § 1501 M = 1§ (8781 <Mes 5.3

where £ runs over all divisors of X, B'corresponds to partitions
with even column lengths and § to partitions with even row lengthsﬂ
In order to present necessary and sufficient tonditions on the
diagram shape for the represenfation tb be atypical, each of the
algebras B8(m,n}, C(n) énd D{m,n} are examined to establish the
correspondence between the Kac-Dynkin labels which label the highest
weight of an OSp(M/N) representation (as discussed in chs. 2 & 3)
and the diagram labels.
In this section we consider only ‘standard' supertableaux in
the following sense: ~for B(m,n) and D{m,n} the diagrams are such

h

that if ¢, is the length of the i*" column then c; <mfori>n.

e -

For C(n) = 0Sp(2/2n-2) we require ¢, <1 for i >n-1. Of course all
diagrams must be reguliar in the sense that for all column lengths Cy

and row lengths "k S 2 Cpag and R PRE
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The conditions for atypicality are given in table 5.1.  These

conditions are general for OSp(M/N} when diagram labels are used.

Table 5.1 Atypicality conditions for OSp{M/N)
. 1 s .

(i) u1-+llj+§N—1+J-1
g 1 L )

(i) ¥ to N+ g+ 1= lj + M+

where liii%N; 'Iijf_[%M]

([%-M] is the largest integer less than or equal to'% M. )

The diagram labelling is ds given in (5.4).

For C{n) .= 05p(2/2n-2} the correlation between the above diagram

labelling and that of §5.2¢ is k, = A,#n~1, and v; = ui-l. If

1 1

k, < n-1 then “i=] for k]+l <1 <n-1.

1

It has been noted by King [12] that these atypicality
conditions may be interpreted as conditions on the ([% M] x‘% N) box
positions in the upper-left corner of the tableaux. The above

conditions may be written as

(i*) hij =0

(ii') hij = hj |

where hij = (pi - j) + (kj + %—N -3}y +1
and hj = Z(ui -9+ 1) - (M- N).

Thus {i') can be interpreted as the condition for the 'hook length'
of the (i,j) position to be zero while (ii') can be interpreted as
the condition necessary for a modification of the tableau in O(M-N)
to yield a regular tableau when starting the hook removal in the ith
column. In view of the close connection between the orthosymplectic

and orthogonal characters, as discussed'earlier, and particularly

the equivalence between the super-character of 0Sp(M/N) and the
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O(M-N) character this seems an 1nterestihg observation though its

implications remain to be explored.

5.2.a B{(myn), m >0

Consider the supertableau

0] =

n-1

¥ |
Hy 5.4

th

th column in the i~ row,

where Ai is the number of boxes beyond the n
with i <m and ”j is the number of boxes in the-:jth column, with j < n.
This diagram will be designated as [A],Az,...,xm; “1’“2""’“n]' A
general diagram in the decomposition (5.2), after the appropriate

modification, will have the form
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| M uy
Y ¥
- - - - - - - A' _ - - - - - - l.
uJ
A1 ' Mo
i An | Hy-2
| 5.5
The relationships, for (5.5), between the.0(2M+1) x Sp(2n) Dynkin
labels and the diagram labels are given by [3]:
ST “i BRI I ) -_”3 voeer 0 @) T Mo T Wy e b* = ¥
el T M TR o e TR T A e sy T Ay A By 2
5.6

where ai, 8 5 ... 5 83 4 and b’ refer to the Sp(2n} labels and

841% 3n4p 2 ev 2 @4y vefer to the 0{2m+1) Tabels.

To determine which diagram in (5.2) corresponds to the highest
weight vector, A, with weight components A(hi) = a;, A(k) = b, of a
B(m,n) representation we first consider the aétion of the odd negative
generators on A. The weights of these are presented in tables 5.2
and 5.3. The action of all the odd negative generators can be
obtained by considering each of those in table 5.2 by themselves and
in conjunction with each of the even supplementary operators in
table 5.3. Examination of these reveals that A can be uniquely
determined by application of the following sequence of selection

criteria: (i) select those states of maximum b', (ii) within this

subset select those states of maximum aﬁ_], {iii} from these select
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those states of maximum 36-2’ etc., until we finally select the
state of maximum ai. This state will be A.  Expressed in diagram
notation these criteria are: (i) select those diagrams of maximum
T (i1) of these select those diagrams of maximum “5-1’ etc., until
we finally select the diagram with maximum ”i' The diagram which

corresponds to A is obtained by taking B = {0} and

M o : 5.7

This diagram will be given by taking A% = Ai and uj = uj in
(5.5). Therefore the Kac-Dynkin labels a, and b in terms of the

.supertableau labels Ai and “j are:
4 =-“1'“2'32‘“‘2‘“3’.'“ » 8.1 T Py T Hy o
Tt Mg T A TR e TR Ay e s
fan-1 = Apel T A 2 Pnam T PR 0 DT My - 58

Using (5.8} we can now rewrite the conditions for atypicality [4] in
diagram notation. These results are given in table 5.1. The proof
that the above choice (5.7) for £, uniquely determines A, is presented

in Appendix F.
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Note that for the B{O,n) algebra, as defined in ch 2., there

is a direct correspondence with the above by setting A1-= 0v i.

There are no atypical representations for B{0,n) [4].

5.2.b  D{m,n)

Consider again'the supertableau (5.4) for which (5.2} and
(5.5) are still applicable. The relationships for (5.5) between
the 0{2m) x Sp(2n) Dynkin labels and the diagram labels are given
by [3]:

I T B BT B SEIRERURIE* U B M B CHEERL ) R

1 = 1! '
M I I M J‘3 s e qune T Apag T Apg o

+l - 1! ' + - '

fam-1 = Aol T An e fnem T Al Y Ao
an;m-] N lﬁ-l * Aﬁ ’ an-:-m = A 17 Aﬁ 5.9
where ai R aé s aees aa_] and b' refer to the Sp(2n) labels and

] L} il -tl
8141 > Aap s cee 5 AL 3 s AL refer to the 0(2m} labels. If

[l + +*1 :
l $ 0, both signs arise for a +m ] and A s This corresponds to

the fact that the 0(2m) representation is self-associated and reduces
to a sum of two inequivalent irreducible representatiohs of SO(2m)
under this restriction, so that under 0{2m) + SO(2m) we have
[x] + A, + A . [A]+ and [A]_are conjugate to one another
under an involutary outer-automorphism of SO0(2m) involving a matrix
of determinant -1.
To determine which diagram in (5.2) corresponds to A, we
again consider the action of the odd negative generators on A. These

weights are presented in tables 5.2 and 5.4. The action of all the
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odd negative generators can be obtained by considering each of those
in table 5.2 by themselves and in conjunction with each of the even
subplementary operators in table 5.4. Examination of these reveals
that A can be uniquely determined by application of the same
-sequence of selection criteria as for B{(m,n}. Consequently the
diagrém which corresponds to A is again obtained by taking g = {0}
and £ as in (5.?). If Am z 0 the sign ambiguity corresponds to

the decomposition.of the graded tensor [A] into a sum of two

conjugate representations of D{m,n} with distinct Kac-Dynkin labels:

N TH T My B T T s e s By T Uy Ty

an-un-lnl-l ,an'l'l:k-l -AZ ’an+2=;\2"}\3 3 v 3

+ _ ) oo, .
am-1 = M-l " M Tem T M T A 8
an+m_] = Am-1 + lm s an+m = km_] - Am , b= un . 5.10

This decomposition is the super-analogue of the D(m) tensor reduction

described above and is related to the outer-automorphism of D(m,n)

+ +
generated by & < Samot

from table 5.4 that this corresponds to the usual automorphism of

for the simple roots. It is clear

D(m) on each.irreducible representation of 0(2m) x Sp(2n).

| Using (5.10), the conditions for atypicality [4] are
presented in diagram notation in table 5.1. Note that the
conditions are independent of the sign choiﬁe for Am z 0. The proof
that the choice (5.7) for £ uniquely determines A is given in

Appendix F.
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IS.é.c C(n)

Consider the supertableau

1

<

n-1

[x] =

n-2

& o - — o ]

v 5.1

where Ky is the number of boxes in the first row and vj+1 is the
number of boxes in the jth column, with j ﬁ_n-l. In the decomposition
(5.3) a general diagram will take the following form after

modification,

5.12
The relationships, for (5.12), between the 0(2) x Sp{2n-2) Dynkin

labels and the diagram labels are given by [3]:

R R R R RE R
1 T V-2 T Vel 0 % T Vaa | 513
where b' is the 0(2) label and a; , ... , a: are the Sp(2n-2) labels.

Since the branching rule for 0(2) 4 U(1) = S0(2) is
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[6'] + {b'} + {b'} [5], then an 0(2} tensor [A] with Dynkin label
b* will decompose into a direct sum [A]+ + [A]_ with Dynkin labels

bt

= +b' and b'~ = -b' respectively.

To determine whiéh diagram in (5.3) corresponds to A, the
action of the odd, negative generators on A is again considered.
These results are presented in table 5.5. Examination of these
reveals that the 0(2) x Sp(2n-2} highest weight state of max imum b
must be A. The diagram.(5.12) which corresponds to A must,
therefore, have Ki =K This state is.unique and is obtained by
taking § = {Kl} and § = {0}. For this situation (5.12) becomes
[n]] SVps Vp s oaee s V> To show that this is indeedlthe
only diagram in {5.3) containing [nl] we need only show that if &
contains more than one row, then [6/D] contains only diagrams [:i] '
with €) < «;. THis is achieved by consideration of the chain '
0(2) 4r U(2) ¢ 0{(2) which diagrammatically can be expressed as
[E/D} +r {£)} + [&/D] (5]. In UY(2) we need consider only {&}.

If it has more than two rows it will be zero and if it has two rows,
i.e. if {€} = {£), &}, then it will have the same 0(2) content as
{g; - £5}.  Thus when we consider the branching (£} + [E/D] there
will be no diagram consisting of just [x]] if Ep = 0.

If Ky > n-1 the graded tensor [A] decomposes in a sum of two

conjugate representations of C(n) with distinct Kac-Dynkin labels:

+

- + _ . - _ .
b = +n] , b =2n - €q - 2 ., a] =K + Vo a] =2n - 3 2 + vy

V9T V2 083V TV e s 8 T2 T V) 2 T Y

5.14

3
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Using these we present the atypicality conditions in table 5.1.
Note that the conditions are independent of which of these two

conjugate representations they are written for.



TABLE 5.2 Weight components for some odd negative generators of
B(m,n) and D{m,n). | |
n- n-1- n-2- n-3- 3- 2- 1-
By B 8n Bn By By Bn
5 +1 -1 0
0
hn-4 +
hn_3 +.l -]
hn_2 +1 -1 0
+1 -1 0 0
n-1 - _
hn 0 +] +] +1 +] +1 +]
(h) (-2) (0 (0 (0 0 (0 (0
iyt + +1_ +] +] +1 +] +1
hn+2
hn+m
k -1 0 0 0 0 0 0

The terms in brackets indicate the appropriate values for

consideration of B{(O,n).
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TABLE 5.3 Weight compohents for even negative 'supplementary’

generators of B{m,n)}.

104.

& &% & & G4 % & S G2 & % 0§
h
h2
Pn-1
h T e L e e B
hy 2 <1 <1 -1 1 <1 a1 A a0 -2
hy + -1 0 0 0 0 0 0 0 4 -1 0
hevs a1 0 A0
hoe N 0
fnes *l
A 4m-3 *1
fm-2 * -1
Do 2 0 -2 0 0
K 0_90 0 0 0 g 0 0 0 0 0 0
where e. = [L..[[o g 2000 @ a3 onn o ]

e'i = ["'[[em’an-l-m]’ Uvn_l_m_-l]s e aﬂ""i]
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TABLE 5.4 Weight components for even negative ‘supplementary’

generators for D(m,n).

f1 f f3 f foo T T foar T2 T30 ) fl
hy
h,
hn-l
h ST RS R R T s O T G T
SRR S T T R R O L I B
hvo A -1 0 0 0 0 0 0 0 1 1 0
b 4s A -1 0 1 o0
hosg a1 0
hn+5 +1
hoe s 0 0 0 0 4
b -1 0 0 1 -
hoert N T 0
boo R 0
K 0 0 0 0 0 0 0 0 0 0 0 0

f; N [f;-Z’a;+m]

fi = Lo fponnads amads 0 oyl

and 1 <i<m-l.



‘Weight components for all negative'generators of C(n).

TABLE 5.5
By B B3 By By By B B2 B3 B

hi 0 -1 -1 -1 -1 -1 -1 ) -1 =2

h, 1 -1 0 0 -0 0 0 ' SR .

h, 0 +1 -1 0 0 0 0 0 -1 0

hy 0+ -1 0 0 0 0 0 0

he 0+ 0 0 0 0 0

n-3 0 +1

hn-2 0 0 +] <]

b -1 +] -1 0

h, 1 0 0

k RS S -1 -] -1 -1 A1 -

The above tables show the weight components a(hi) and a{k) where

o are the roots associated with the indicated root vectors.
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5.3 BRANCHING RULES

5.3.a SPINOR REPRESENTATIONS

In this section branching rules are obtained which decompose
finite-dimensional, irreducible, spinor representations of 0Sp{M/N)
" in terms of irreducible répresentations of O(M) x Sp(N}. = The
spinor_representations of 0Sp(M/N) are characterised by 2 m being

an odd positive integer for OSp(2m+1/2n) m > 0, and by a being

n+m-1

an odd positive integer with a4y 2N even positive integer (or

Hn
vice-versa) for Osﬁ(Zm/Zn) m > 0. They can be represented in terms
of Young supertableau by defining a standard, épinor supertableau,
[a; A], where () refers to the partition defined in (5.4) and

[A; A] is the partition of (5.4) with an additional m 'spinorial’
boxes in the {n+1)th column. This spinor supertableau is labelled

analogously with (5.4) by Myas-eok S in (5.4) and by
1
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s _ 1 S . 1
N = Mtz e A = At where the A; are the labels of (5.4).

2
The relations between the Kac-Dynkin labels (ai,b) and the spinor

supertableau labels are taken to be (5.8) and (5.10) for
0Sp(2m+1/2n) and 0Sp(2m/2n) respectively with As replaced by

A? =-Ai + %-. Two notable features are, there are no spinor
representations for b = My < m and there are no atypical spinor
representations.

In the following XZm/Zn[K]’ sz[K] and x,, < vefer
respectively to the 0Sp(2m/2n), 0(2m) and Sp{2n) characters of a
partition (x). Similar notation is used for 0Sp(2m+1/2n) and
0(2m+1).  If (A) is taken as defined in (5.4) then (X) and (n)

are partitions of the form
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A] : . Hy-m
A 2 b2
(A} = S (u) = - - - - - - u.-m
A1 L Il
Am _ Up -
5.15

Osp(2m/2n) m.> 0:

The branching rules expressed here for spinor representations
of 0Sp(2m/2n) are based on two results obtained by King [12].

Firstly, a consequence of Kac's character formulae [4] is that

Secondly,
Xama[8] = Xopyoa M /AD - 5.17
Consequently,
. = m . . o~ . ~
Xomy2nts A = Xopr0n [M/A] Xgm[ﬂs A Xpn > 5.18

The following sequence of Schur function operations can now be

~ performed.

(85 Mznyzn = I0"/Adgnyn [83 Alpy <

% [nm/AE]Zm <§/B>zn [As i]zm <ﬁ>2n

(L (/e 7 Ty <(&/Bn)(i/n)>y,  5.19
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0Sp{2m+1/2n) m > O:

For this case King [12] has obtained the fo]]owing resuit

4 = M . ) .37 - -

This can be expressed in a more edifying form through the following

sequence of Schur function operations:
(85 Appirjon = [0/ AL an (85 Rpp [0,
= E [nm/AEJZm <g/B>2n (a3 X]2m+] [ﬁ/MJZn
-1 (N"/ALE Dy <E/B>5, (83 Rlppyy <i/MBC>p,
= % [nm/E£]2m&] <E/B>2n (a5 X150 <ﬁ/0>25 5-21
= 0 Edpar on (85 Slgpey /0>, 522
This gives the result

c 37 = M,y . s o
X2m+1f2n [A; 2] = sz.{.'uzn [n"/E] Xom+1 (a5 2] Xon <«/0> 5.23

From (5.21) the following expressions can now be obtained

m ~ - ~
(85 Mam1jon = L 10/Edoman (83 Mpquy <6/B>pq <W/ Q>

. m I =~ A
£,§,n (a5 (n"/CET) (8/1)dpp,y <(E/BN)(3/GN)>,, 5.24

The branching rules (5.19) and (5.24) are valid for all
spinor representations of 0Sp{2m/2n) and 0Sp{2m+1/2n}, respectively.
Unfortunately these expressions are very complex involving negative
terms through the Schur function series G and C. It would be hoped
that future work could provide more compact forms for these branching

rules.
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| 5.3.b ATYPICAL REPRESENTATIONS

From an explicit knowledge of the atypical representations
for 0Sp(2/2), 0Sp(3.2) and 0Sp{4/2) as derived in chapters 3 and 4
it has been possible to determine branching rules for these cases-
which decompose irreducible, atypical representations of
0Sp(M/2} M = 2,3,4 in terms of irreducible representations of
O(M) x Sp(2). These results as disclosed in (5.25), (5.26) and
 (5.27) highlight the phenomenon that the indecomposable, atypical
représentations contain an irreducible, atypical representation as
- a factor and an irreducible, atypical representation of the same
atypicality type, but of lower dimension, in an invariant subpsace.
This is just the phenomenon which is apparent in tables 3.1, 3.2
and 3.3 and has been exploited by Morel, Sciarrino and Sorba [13]
in their branching rules for atypical diagrams and has been noted
by Deldﬁc and Gourdin [16] in their work on indecomposable
representations of SU(n/1) as discussed in §5.1. Thierry-Mieqg [17]
has in fact proved this result quite generally for the basic classical
Lie algebras and used it to aid in compiling tables of irreducible
representations for a number of these algebras. The irreducible
representations obtained in this thesis for 0Sp(2/2), 0Sp(3/2) and

~ 0Sp{4/2) agree with Thierry-Mieg's work.

0Sp(2/2):

| Standard Young supertableaux for tensor representations of
0Sp(2/2) are characterised by
Al = (number of boxes in the first row -1) and
by = (number of boxes in the first column). From table 5.1, atypical

representations are characterised by A] = - If the supertableau
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corresponding to the irreducible character of the atypical
representation with Al = v and My = v is denoted by the supertableau
with the subscript (I) then for v >1 (if v = 1 the final term on

the R.H.S. of (5.25) disappears)

- s (1) e

(1)

| v |—* jv ._—:::::::]v-ll
(1)

v-1

5.25

Using (5.2) or (5.3) the right hand side of (5.25) may be decomposed
into irreducibie representations of 0(2) x Sp{2) to give the complete

branching.

0Sp(3/2):

As described in §5.2.a supertableéux are labelled by A]'and
Hy (see 5.4) and from table 5.1 atypical representations are
characterised by W = A1+1. Again denoting the supertableau
corresponding to the irreducible character of the atypical
representation with A] = v and My = v+l by thé supertableau with
the subscript (I} then for v > 1 (for v = 1 (5.26) has no singlet on
the R.H.S.) | |

T v v [v-1

my - - @ . e

vtl v] v
| | 5.26
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The right hand side of (5.26) can now be decomposed into irreducible
representations of 0(3) x Sp(2) through the use of (5.2) or (5.3)

to obtain the complete branching.

0sp{4/2):

As described in §5.2.b supertableaux are ]abe]]ed by A], Ay
and 0 (see 5.4). The atypical representations of interest here
are characterised by (see table 5.1) (1) uy = A]¥2 and (2) uy = A2+1..
Again the irreducible supertableau of an atypical representation is

denoted by the subscript (I). Consider the following expression

— [T
| 2 SN ! 2 o
= | - + (-1) [ ]K

(1) L - (1)
M 1 | o

5.27
This expression is valid when interpreted in the following way.

(1) ]-l'|=A'l+2:

(a) If Xy > Ay then set Hy = v+, M =V, Ay =K

1
q = vl Ai =v-1, X = .

(b) If Ay = Ay then set y, = w2, Ay Vs Ay = K=

ui = v, Ai = =1, Aé = y~l.

‘(2) 1y f A +1:

Let Hy ® v, A2 =y, ;1 = K, u{ = v, ké = -1, A] = K,

)

For each of these cases the final term on the R.H.S. of (5.27) is
to be dropped for v = 1. Using (5.2} or {5.3) the R.H.S. of (5.27) can

now be decomposed into irreducible representations of 0(4) x Sp(2).
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I5.4_ MODIFICATION RULES FOR YOUNG SUPERTABLEAUX

In this section consideration will be given to the treatment
of non-standard supertableaux. In particular the modification rules
will be presented through which non-standard supertableaux may be
expressed in terms of standard supertabieaux. In this section we
maintain the same relations between the Kac-Dynkin labels and the
.diagram tabels as givén in 85.2 and call those diagrams typical
which do not satisfy either of the conditions of table 5.1 and
those diagrams atypical which satisfy either of these conditions.
Typical and atypical diagrams modify in significantly different ways.
In §5.4.a general modification rules are presented for all typical,
tensor supertableaux of QSp(M/N}. In §5.4.b the modification rules
for atypical supertabieaux are discussed and explicit results given
for 0Sp{2/2), 0Sp{3/2) and 0Sp(4/2). The results presented here
have been obtained by explicitly decomposing numerous supertableaux
using (5.2) or {5.3), with the aid of the'group theory computer package
SCHUR.  General proofs for these results remain the work of future
investigations, but for the typical case a proof would presumably
follow directly from the results expressed in {5.35) and (5.36)}.
|  As described earlier, standard tableaux for OSp(M/N) lie
within the envelope shown in {5.4) and (5.11). Non-standard
tableaux will include boxes outside this envelope. These 'extra’
boxes we label by row lengths, vy or column lengths, C; as shown

below.
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a [ '
; ; T
. 1 |
| "2 ? l :
P - - - i
- - '3 ! . 5.28
| & € <
5.4.a TYPICAL SUPERTABLEAUX "
0Sp{2m+1/2n):
(1) 1f r o> the modification rule is
[ > Dy = (D71 Deh] , ohos 2n- 5.29

where h is the hook'boqndary length to be removed from [A] starting
from the end box in " and working to the left and down with r being

the row in which- the removal ends.
(2) If c; 21y the modification rule is
[\ > [y = 0% Den] L b= 2¢,-1 5.30

where h is again the hook boundary length to be removed from [\]
starting from the end box in ¢ and working to the right and up with
c being the column in which the removal ends.

If any modification results in an irregular diagram this diagram is

set to zero.
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0sp(2m/2n) :

(1) 1f r, > ¢, the modification rule is
1 1
D> 03y = (07 D-h] L =2z 5.31

and proceed as for 0Sp(2m+1/2n} case (1).

the modification rule is

1

(2) 1fcy> "

DI Dy = (ji)c" (»-h] ,  h=2c | 5.32

and proceed as for 0Sp(2m+1/2n) case (2).

These results have a natural interpretation in terms of the
character formulae of King [12]. For a typical, tensor representation
with corresponding standard Young supertableau [A], as defined by

(5.4), he has noted that for

0Sp(2m+1/2n) = Xpu41 /2012 = Yoy /zn["m/ E] * Xone1 (M Xppay [
5.33
and for  0Sp(20/2n) & Yo /00 (A] = Xorian [N /AT + %o [R1 « g <ii>

5.34

where (1) and (1) are defined in (5.15).

If {x'], as defined in (5.28), is a non-standard, typical
supertableau then the modification rules (5.29)-(5.32) tell us, in
the light of (5.33) and (5.34), that

Tht = m ™ Ay
D onerzon = 0 7EDppeayon (M Domn ' o0 5.35

and

[A.]Zm/Zn = [“m/A]ZmIZn [X']Zm <al>2n 5.36-
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where, if ry > ¢

(') = (s Ags s A ps A)

(')

My-ms ”me’ by WMy Cps Coy enes ci)

and if ¢, >ry =
(N} = O Ags e A s T cees 15)

(u.) = (U]'m’ Uz"ms ceny ]Jn"m)°

Thus the modification of a supertableau is essentially a modification

of (X') in 0(2m+1) or 0(2m) or of (0') in 0(2n+1) or Sp(2n).
5.4.b  ATYPICAL SUPERTABLEAUX

For a supertableaux to be atypical one or more of the conditions
of table 5.1 must be fulfilled. An analysis of these conditions
reveals that for regular, non-standard supertableaux, none of the
conditibns (i) of this table can be fulfilled. However, for reguiar,
non-standard supertableaux in OSp{M/N} the maximum number of the
conditions (ii1), of table 5.1, which may be simultaneously realized
is the lesser of (N/2) and [M/2]. In the cases examined below it
is possible to realize only one atypicality condition for 2 given
regular, non-standard supertableaux.

In the notation of (5.4) non-standard, atypical diagrams fOr
0Sp(2/2) are characterised by A\ = u; = v. Non-standard, atypical
diagrams for 0Sp(3.2) are characterised by M o= u]-l = §.
Non-standard, atypical diagrams for 0Sp{4/2) are characterised by

either (i) M= u]-2 = v oor {if) Ay = u]-l = v, In the above v is
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any positive integer. For each of these cases the appropriate

modification rule is
(3] = Dyt (1) DA, + (-1 (Mg 5.37

where.[,\]M is diagram obtaiﬁed from [A] by application of the ru]eé
given in §5.4.a and [;\]A and [l]B are obtained as follows. If [)\]

is an atypical diagram by virtue oflit satisfying one of the conditions
(fi) of tabje 5.1 which relates say W, and Aj then [A]A is obtained
from [A] by removal of a boundary which starts from the final box of
row j and ends in the final box of column i. [h]B is obtained by
removal of a similar boundary from [)\]M remembering to carry any sign
factors_[A]M possesses onto [;]B. The branching rules deveioped in
§5.3 can now be used to yield irreducible representations for any of
these algebras. As a demonstration of the working of (5.37) an

example is given, for 0Sp(4/2), in table 5.6.
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~ TABLE 5.6 Modification in 0Sp{4/2) of the supertableau

| [x] = [11=3, A2=3, u1=4, r]=2] and its decomposition into
irreducible representations of 0(4) x Sp(2). This
tableau satisfies the atypicality condition My = A2+l and

v = 3,

—

Modification : - + (-1)3 | 1+ (-1)2 X -[:]]]:\

[A] [, N, (]

o(4) x Sp(2) decomposition:

[A] + - [44] <2> - [43] <3> - [43] <I> - [42] <2>
- [42] <0> - [33] <4> - [33] <2> - [33] <0>
- [41] <1> - [32] <3> - [32] <1> - [32] <1>
- [4] <0> - [31] <2> - t31] <0> - [22] <2>

- [22] 0> - [3] <1> - [21] <1> - [2] <O>

[)\]M 4 - [84] <2> - [83] <3> - [43] <1> -~ [42] <2>

- [33] <4> - [33] <2> - [33] <0> - [32] <3>

- [32] <1> + [4] <0> - {22] <2> + [3] <1> + [2] <0>
[A]A v + [42] <0> + [41] 1> + [32] <i> +.[4] <0> + [31] <2>

+ [31] <0> + [22] <0> + [3] <1> + [21] <i> + [2] <O>

(A + - (4] <0> - [3] <1> - [2] <O>
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5.5 DIMENSION FORMULAE

The dimensions, in supertableaux notation, of all irreducible,
typical representations for U{M/N) and OSp{M/N) have been given by
King [2,12]. For completeness these results for OSh(M/N) are
reproduced here in the present notation. If {1} is a standard,

typical partition as given by (5.4) then for
_ . ) A _
0Sp(2m/2n} : D(2m,2n) (A] =2 Dzm[k] . 02n <u> 5.38
. . _ 2mn R . ~ .
D(2m’2n) [a; 2] =2 DZm[a, Al - Dy <u> 5.39

for 0Sp(zm+1/2n) : D(2mt1/2n) [ = 2 02m+1[X] ) DZn+1[ﬁ] 5.40

. - 2mn S A

where D(M/N)[ 1, DM[ ] and DN< > refer to the dimension of the relevant
representation in OSp(M/N}, O(M) and Sp(N) respectively and (£) and

(1) are defined in (5.15). | |

The above is always sensible for > since, as pointed out by King [2]
and can easily be derived from (i) of table 5.1, if u, < m then [A]

is atypical. El Samra and King [19] have given compacf dimension
formulae for the classical Lie groups which for a partition, ix),

with row lengths 3 and column lengths ;i are for O(M) and Sp(N}

respectively
. 'y K :
DM[K] = NI (MekHx,-i-§) T (Mg, -k, +i+§-2)/H() 5.42
(i<j) ' J (1> T
K K . o~
P : il R .
DN || (N+ri+xj i-j¥2)} 1 (N.Ki Kj+1+J)fH(K) 5.43

(i<3) (i>3)



120.

where the products are taken over all pairs (i,J) 5peéifying positions
of boxes of the Young diagrams with i specifying the column number
and j the row number. The denominators, H{x}, in (5.42 & 5.43)

refer to Robinson's hook length formula [20] which is a product of
hook lengths given by -

K ~ ' _
H{k} = 1 (:ci+|<--i-j+]). ' 5.44
(1,4) J -

For spinor representations of O0(M) the dimension is obtained from

o s «1 =22 g <o 5,45
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b. NEW SUPERFIELDS FOR N-EXTENDED SUPERSYMMETRY
WITH CENTRAL CHARGES

6.1 INTRODUCTION

In this chaptér new methods are developed for the study of
N-extended supersymmetry in superspace. Although the ultimate goals
of the superfield programme, as applied to the study of super space-
time algebras, are the construction of realistic interacting models with
a view to their quantum behaviour, the work here remains at the
lTinearized level. Specifically, new representations are introduced
which generalize, to the case of N-extendéd supersymmetry with
unrestricted central charges, the notion of chiral superfields;
a step which géneral arguments from the usual superfield framework
would indicate as problematical. To the extent that a pluralistic
attack is needed on unresolved questions of maximally extended N=4
super Yang-Mills and N=8 supergravity mode]s.[l,z], the present
work and extensions of it may find application alongside other
approaches. Thus, although rapid progress has been made recently
in component formalisms at the classical level [e.g. 3], comprehensive
results with the quantized mode]s will require full lqcai.and_covariant
techniques. The complexities 6f the latter have engendered such
modifications as N-supersymmetry in an N=1-'component superfield'
basis [4,5,6,7,8] and light-cone formalisms [9,10,11,12] which
necessitate sacrifices such és auxiliary field content, manifest
Lorentz invariance or locality. There are indications based on
counting arguments that beyond N=2 the full N-superspace is intrinsically
inadequate to represent physical multiplets ([13,14] unless particular
‘spin-reducing' representations are used [4,5,15,16]. These emerge

naturally in the present work.
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The conventional method of nonlinear realisations on coset
spaces, as applied to N-extended supersymmetry, considers functions
(superfields), ¢, on the coset spaces ({Z x 0(3,1) x G} a T4/4Ny0(3’]) < G,
where 0(3,1}) is the Lorentz group, G is an internal symmetry group
(a subgroup of Sp(2N)), T4/4N is the nilpotent algebra of translations
énd Z denotes the abe]ianicentraT charges [17,18,19]. As discussed

in Chapter 4, induced representations of the algebra are afforded

{(»}
) (ng) ] _
spinor parameters (327,6%") transforming as (%30) x (1} + (0,5) x {1}

by these superfields, @ (x”,éa1,ea1,...), which are functions of

under 0(3,1) x G, plus the usual Minkowski space coordinates, x",
and some additional bosonic central charge coordinates. The superfié]ds
take their values in a representation space of the 1itt1é group,
0{3,1) x G, labelled by (p,q) x {x}. The representations of the
 N-extended superalgebra, realised by these superfields, are highly
reducible and it is a nontrivial exercise to extract the irreducible
content of a given superfieid. |

These superfields and the physical multiplets contained within
them have been analyzed extensively [20-29]. The superfield is a
function of 4N Grassmann coordinates, and consequently when expanded
in these coordinates, contains 24N component fields. A satisfactory
analysis of the representation content of these fields, requires the
use of the maximal automorphism symmetry of the algebra, this being
Sp(2N) in the absence of central charges or a subgroup of Sp(2N) if
central charges are present. The irreducib1e.represehtations are
obtained by realising that the superfields are in fact irreducible
under an enlarged algebra containing covariant derivatives which
anticommute with the supertranslations. These can then be used to

provide labelling operators, including Casimir invariants, from which
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prqjéctors can be constructed to provide differential constraints on
the supérfie]ds. These suitably constrained superfields provide -
irreducible representations of the original superalgebra
A useful set of projectors corresponds to the 'chiral® case
where a superfield is constrained to have vanishing covariant derivative

and consequently can be solved in terms of a function only of

u 2N

x* + Bo"o and say eai, thergby having only 2 components . 'However,
since central charges arise from the anticommutation of covariant
derivative§, care must be exercised, lest on-shell conditions

(e.g. le= 0= |Z|2) be applied already as constraints [30,31].

The approach expounded here diffefs in two fundamental respects
to the conventional procedure. First, the central charges are
realised as multiplicative, complex parameters rather than extra
coordinates. Second, the superfields are functions of Grassmann
parameters of only a particular chirality but take their values in a
~graded representation space of a superalgebra. Thus superfields
are functions on the coset space ({Z x 0(3,1) * G) A T4/4N)/

({(Z x 0(3,1) x G} A TO/ZN)’ where TUIZN is the superalgebra of
supertranslations of a particular chirality. These superfields are
functions of only 2N Grassmann coordinates but possess 'external’
representations of {(Z x 0{3,1}) x G) A TO/ZN' As will be seen in the
next section, these include ZZE%Nl irreducible representations of

the Lorentz group giving a total of 22N+2[%N] component fields.

It has been observed [4,5,15,16] that for P2 + |Z|2 = 0
where |Z|2 = |zijzij|’ a constraint is imposed on the supertranslation
generators effecting a drastic reduction in the number of component
fields contained in an irreducible representation. In fact, in the
presence of the maximal number of central charges, all of which fulfil

2N N

the above condition, thé number of component fields reduces from 27 to 2.
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24 |Z|2 =0 is an atypicality condition

In the present treatment P
(seé chapters 2, 3 and 4} under which otherwise irreducible superfields
become indecomposable;on each factor space tﬁe constraint is

implemented modulo coset elements.

It is via these so-called 'spin-reducing' cases (which will
become p? = |2|2 = 0 on shell) that one hopes to avoid the 'component
explosion’, and give a full off shell formaligm for N 2 3 supersymﬁetry
(for results of a different implementation of this approach see [32]).
As far as the present work is concerned we observe that bilinear
invariants may always be written down (at least in component form)
which in fact serve as definitions of the contragredient]y-trahsforming
superfield; presumably a corresponding projector formalism ﬁou]d be
found [26,27,29,33]. However in practice such brojections are
implemented via gauge freedoms and other constraints, so there is little
to be gained in the absence of these and without interacticns. .In this
connection the possibility of a geometrical framework for the present

superfield realizations also raises interesting questions.

6.2 CONSTRUCTION OF INDUCED REPRESENTATIONS
The SO(N)-extended super-Poincaré a]gebra,lg consists of the
generators (P“,Jpv) of the Poincare algebra, spinorial generators

- 1 _ 1 ’
(Qai’qai) . ?-N(N-l) SO{N) generators Tij = 'Tji and at most ?-N(N-1)
complex central charges Zij = 'Zij where i, = 1,...,N. These generators

satisfy the following superalgebra

[qu,Pp] =i(n_ P - nuopv)

PR

[Juv’JocJ 1(nuoduo " Medve F Muadup T nchup)

0 - u
QuyQ57 = -2815(07) 5P,
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(Qui-Qgs? = 2¢,4245

(o050 = 2033845

(9,0 Qid = -i(ogv)uﬁoﬁi

(9,047 = i(apu)&éaéi

[0,T5d = (50570,

[Q,;-T3k] = (ty 05",

[Ti,]"-rlua]_= C?g,kﬁTmn | 6.1

where (tjk)iPv is an hermitian representation of Tjk and CTg,kg.are the
structure constants of SO{N). All other (anti-)commutators are zero.
The technique of constructing induced representations of § is
anatogous to the procedure used in chapter 4 to which the reader is
referred forla more formal discussion of the inducing construction.
This technique was first applied to supersymmetry by Salam and Strathdee
[34]. In the present work superspace is taken as the coset space,
G/H, where G is the SO{N)-extended super-Poincaré group whose
corresponding superalgebra is ¢ and H is a subgroup of G with
corresponding superalgebra H = {quu’Qai’Tij’zij}‘ This coset spa?e
can be parametrized as exp i(x"Pu + 6&1651) with coordinates (x”,ﬁ“i),
where x“(é&i) is a ¢-(a-) ﬁumber parameter. Representations of § are
afforded by superfields ¢A(x”,§&i) which are functions on G/H taking
their va}ues in a fepresentation space V, of M
The group action on G/H is infinitesimally
)

. . . u ‘(;'I ".
exp i (sS) - exp i (X Pu + 8 Qai

=exp (¥ + sPGENP + (B8 + 59¥(x,8))0,]

vexp i 2(sk(x,8)K) a 6.2
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where S € § and K ¢ X\,  The precise form of f¥(x,6}), gai(x,é)
and k{(x,6) can be obtained via the BCH formula. From {6.2) the

differential representation of the generators will be
S o —iF(x,8)a/0x" - ig8T(x,8)a/289 - T K(x,8)K 6.3

where KO is the matrix of the infinitesimal generator K in the
representation carried by V. The action on superfields is given

simply by
80, (x",8%1) = S, (xH,5). 6.4

Obtaining irreducible representations of % in the above manner
presumes the irreducible representations of X are kﬁown. Since M
is also a superalgebra an analogous procedure to the above is
followed. Firstly, it is noted that with respect to the positive,

negative and zero roots of SO(N)} the generators T, and Qai may be

written in bases Tij = {T;, To» Tg} and Q_; = {Q::sQ;n,Qg}

respectively, where n = 1,...,[%—N],_a = 1,...,[%—N][%{N-]) and

Qg only exists for N odd, for which (1%, 75, 1 < 10,

{Q+,Q'} c Z, [T5,0%] < Q© and all other {anti-) commutators involving

these generators are zero. To implement the fnducing construction on ¥ .

a subgroup, H', of H is chosen with corresponding superalgebra

.l..

a!
. Z ot . S N . .

* gs }to e, where }£+ {Ta’Qan’Qa} is an ideal. Representations

v 0 .+ A0 . ,
W {Juv, Tn’Qan’Qu’zij}‘ It is possible to decompose

of X', are then extended to X by taking them to be zero on X', .
Representations of ) are afforded by superfie]d31g3(ya,e°". ')

which_dre functions on the coset space H/H' and taking their values in

a representation space of M'. This coset space is parametrized as

exp 1(yaT; + e“"o;n) with coordinates (y2,6°"). In the manner described

above, the generators of X can be realized as differential operators
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on the coset space and the action on the superfields examined to
determine the finite-dimensional, irreducible representations of ¥
by the method expounded in chapter 4,

' 1
Since an expansion of wB(ya,e“" ) in o™ yields 220N

cohponent fields and an expansion of ¢A(x“,é&i) in é&i yields 2N
component fields, each of which carries a representation of } ,
there are a total of 4N+[%N] component fields. = There may however
be fewer than this if the representation of Y carried by *B is
reducible.

The problem of determining irreducible representations of 4
must now be addressed. In the conventional procedure, discussed
in §6.1, the algebra 5, is extended to include covariant derivatives
- which, together with the generators of §-, provide a basis in
superspace for the enveloping algebra and under which the superfields
are still invariant. Since the superfields provide a representation
space for the extended algebra they are expected to be reducible
under g_. A similar situation exists in tHe present case.

The differential form of the spinorial generators is

. .

5 = i &1 , . =B8] _,, 40

0&1 iafe8 " + i 8 saBzij 6.5
- 2z v 0

_Qui - 46“10 )u& Pu " Qai 6.6

where Z?j and 021 are matrix representations of the corresponding
generator. Remembering that Zij fs totally antisymmetric, (6.5)
and (6.6) tell us that a basis for the enveloping algebra in
superspace is provided by extending the superalgebra to include a
new set of generators, §éi = a/aéai. It is noted however that the
complete set of differential operators, 3Iaédi, is not required for

this basis if N is odd. This becomes apparent if one regards the
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second term on the right of (6.5) as a set of N linear equations in

0 . o .
ij° Since £ ij is a totally

antisymmetric N x N matrix it will have zero determinant, for odd N,

the variables &5 with coefficients Z

qnd consequently the equat{ons will be ]1néar1y'dependent. Thus,
for N odd, at least one of the generators, §ﬁi’ can be regarded as
being constructed. from linear combinations of the other generators.

| This extended algebra is denoted by g. . The generators
§ée are, however, significantly different to the covariant derivatives
of the conventional procedure in that they do.not anticommute with
6&1 and Qui and thus cannot be used to generate irreducible
'_.representations of'gf from irreducible representations of 4 .
Rather than adopting the treatment based upon the construction of
Casimir invariants and associated projection operators [20,21,22,23,
26,27,29] the procedure here is based upon recognition of highest
(and lowest) weight components, and explicit construction of the
invariant subspaces therefrom. First, it is noted that §.. and ﬁ.-
may be cast in bases 5&. = {S } and Q {Q n’a n,Q } with
similar properties to Q;n and Q o From the discussion of the previous

paragraph we note that it is possible to regard 52

as a linear
combination of the other generators of §, and thus it is not an
independent generator. Consequently in the following work it will
not be counted in the explicit construction of states.

Irreducible representations of é (and hence superfields) are
obtained by an inducing construction from irreducible representations
- of G . The irreducible representations of § may also be obtained
from an inducing construction by choosing a subalgebra X , of § where
" = {S n’Q in’ qan g ; 3’213 J

irreducible representations of the little algebra ﬁ:o = {Tg’duv’zij}

} and states, A, which are
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0. This last

and which satisfy Sqn = Q50 = QFa = Q04 = Toa
requirement is justified from the fact that X * = (8% ,a} ,0* 0,1}
is an ideal of } . A basis for an irreducible representation of & ,
of states which are representations of X , is obtained by acting with
monomials of 6én’ 62 and Q;n on A. A similar basis, for irreducible
representations of g’ , is obtained by acting with monomials of
a;n’ ag, Q;n and §§n on A. Thus, a superfield will possess 22[1/2NJ
irreducible multiplets of ¢ each of which contains 22N irreducible
multiplets of % 0’ giving a-total of 4N+[%N] component fields as
required by the superfield analysis. Unlike the conventional case,
where the irreducible multiplets of G are invariant under the 
povariant derivatives, the §&e will mix these representations.

The ‘'spin-reducing' cases can be obtained by introducing
further field redefinitions for which the constraint, PZ + (2|2 = 0,
is an atypicality condition under which otherwise irreducible multiplets

become indecomposable. This programme is carried out in detail in

§6.3 for S0(2)-extended supersymmetry.
6.3 N=2 EXTENDED SUPERSYMMETRY WITH CENTRAL CHARGE

6.3a2 Algebra

The SO(2) graded extension of the Poincaré algebra,§ , is
obtained by taking, in addition to the generators of the Poincaré
algebra, Pu and Juv, the generator for S0(2) transformations, T, and
the Majorana spinor charges Q_, and 6&a, where 1 <o, & < 2and a = +,~
In its most general form the algebra may also include a central charge, Z.

In the Weyl representation these generators satisfy the following

graded Lie algebra
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vp

L uv? po] - (nvd po T Mup¥vo * nuodvp T e up)

{Qa:’6a¥} - -4(0u)a&pu

(QaoQgpt = 4 e g egpt

Qg Qgp) = 41 ez e42

[0 %at * '1(°uv)aBQBa

( uu’aaa} N i(auv)&sosa

[T’Qa1] ) +Qa:

[T.Q,,1 =+, 6.7
where e_, = -¢,_ = +1 and all other (anti-) commutators are zero.

The metric is taken as Ny = (-54,+,4) .

~ Following the procedure discussed in §6.2 the subalgebra, X,

is taken to be ¥ = (0, T-Z,Q,,} with Tittle group X, = X .

The cosets ﬁ-/)( are labelled by the elements exp i(x”Pu + E&aﬁéa)

and the superfields are defined as functions, @A(x“,ﬁ&a), taking their
values in a representation space of X,

_ Since K still defines a superalgebra the first task is to
determine the irreducible representations of X . To do this the
above procedure is repeated with the subalgebra ﬂff of M taken as

' = 9,.T,2,0,,) and little group Ky = {3 ,T,Z3.  The cosets

¥/ X' are labelled by the elements exp i(e“'Qa_) and the superfields
are defined as functions y{6®") taking their values in a representation
space of J o . In $6.3b the irreducible representations of X are

determined and subsequently used to deduce the irreducible representations

of G in s6.3c.
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6.3b Irreducible Representations of X
The generators of J can be realized as differential operators
in the coset space X/ X' and as matrix representatives in the

representation space of _}té. Explicitly they take the form:

Qa- N -iaa-

Q,, = 46°7c, 7°

T =% 10

z =-1°

Jyg = 187 (e gt o) - 00T

3a5 -JO&E*I 6.8

where 3 _ = 3/36"" and TO,ZO,JOmB and Joéé are matrix representations

of the 'little superalgebra'. T0 and ZO may be represented simply

0

as charges T0 = -T and ZO = -Z while J7.: and JOaB may be represented

aB

in terms of spin p x %-and spin q x %-projectors, n;s and uzB,

respectively (see Appendix D} as

0 -
aB

0
ofB

J 2p(H+e)&é - 2(P+1)(H-e)&é - 6.9

g = 2aln%e) g - 2(qH)(n7e) 6.10

where the spin p and q indices have been suppressed.

* Jpv has been expressed in bispinor form in the following way
. 1/- 6x- BB _ = do- BB
J = §{ou q, a, 9, W

pv a&Bé

_ ) Go- BB~ Go- BB . )
= g{du g, -8, 9, )(EUBJ&B + E&BJGB)

I P I R
_whgrg_JaB = . E'Jaés and J 5 5 J



134.

Expanding the superfield y(0*7) in o%  gives

¥{e®7) = V + e“'(zz o)+ %- 0% 6.11
where all components possess spin p under J&éand charge. Z.
under Z. V and W possess spin q under J&éand charges T and T-2 -

respectively under T while z: and 2; possess spin q + %-and q -.%

respectively under JaB and charge T-1 under T.
A1l component fields are eigenfunctioné of the even generators

~and have the following variations under the odd generators

. - t L. 3
Oa_ aa_v =-izy -1i¢% 8,15 = i(n E)Baw
§ W=20 6.12
o
£ _ gt
Qs §,4¥ =0 §,45g 4(m a)Bazv
+ -
s MW : -47z - 41z 6.13
at o o

From this explicit component form of the variations it is clear
that v(8®”) is irreducible for non-zero central charge. Having found
the irreducible representations of M the principal task of determining

the irreducible representations of & can now be broached.

6.3c - Irreducible Representations of &
The generators of 5, can be realized as differential operators in &
the coset space 3 / ¥ and as matrix representatives in the representation

space of )%0. Their explicit form is

P = -id
il u

L=}
I
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b
o
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e
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o 2E0F o u 0
Qat = 46 (g )a& ap -0,
7=-7°
125", - &% -1 6.14

.. 9,.z0a _ 3 M 0 0 0 0
where Baa /367, au Jox" and J "’ Z°, TW and Q aa are the
matrix representations of the 'little superalgebra' which determines
the external transformation rules of the superfield. Suitable

forms for Z0 and T0 are

- C -
Ga - 0
+8¢C .
I
0= 2 oa 6.15
. _Bc
0 Haa
d
L S,
- C -
_Taa 0
+8¢C
-(T-Un
0 _ _(T.1yn-BC '
T = 0 (T ])naa 6.16
d
B -(T-Z)Gb ]

The algebra satisfied by § requires matrices Qoaa which satisfy
0 0 _ 4 0 |

These are found to be of the form
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0 0 0 0
+ ¢ :
- (Il ¢} 0 0 0
Q= A 6.17
(n E)aya 0 0 0
+8C -BC
| © o T 0]
- | +R8¢ | -Bc -.
LI AR Nagt
+
0 0 0 (i e) .d
QQ'Y = +yp _ oya 6.18
- 0 0 0 (n e)aYad
L 0 0 0 0 ]

~where u = /z and y = (1+i)v2 has been chosen simply to render the
most symmetrical form for QOYt.' The only essential requirement for
these coefficients is that their product is 4iz.
The superfields ¢A(x“, Q&a) form a representation of X -
labelled by {(p,q), T, Z} as described in §6.2: -
-/Va(x“, éaa)‘

!

1
\
§

\

. + N =08

o (X", ) = Faal¥"s 9

A 7 (M, 59
ao i

The general form of the superfield when expanded in 8% s (spin-q
indices will be suppressed in the following work; S-monomials are

defined in Appendix G together with some useful identities):
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/ m *
iR ¥3a Fi !
. 1 a+ Pn-]+ . ¢,+
(%", 5y = L] e g™ g g?a + (58)% 3 ak
& "l Pooa S
n
\a Vaa f
/ 2. m
GaB gaa
o+ . m+ +
.. Yaga . aca %
= = R 2- =3, qa m- =4 -
+ (8 8) i N +(87)y " ¢ M oa +(8") 8,
g’. I m w'rtc-l d
\ gaB oa ;
6.20

where m = +,- refer to spin P+} and P-3 projections, £ = Q,+,- refer
to spin P, P+1 and P-1 projections, a = +,- refer to T+] and T-1
projections and k = 0,+,- refer to T,T+2,T-2 projections. All
component fields are functions of x*.

To determine the irreducibility or indecomposability of
@A(x”, Q&a) it is necessary to introduce appropriate field
redefinitions for the component fields and examine their variations
under the odd generators. To aid in this we recall that the algebra
realized by 6;]4 may be extended to include the generators

S&a = a&a yielding the extended algebra G . As we have noted, since

* To be precise this term should read, considering for example the

top component only,

Ba)Pr,=GatF, + GO F

(BT F,_+ (8T,

Thus we define F, = F,4s F_=F__ and FO =F,_+F_, .
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the general superfield ¢A(x“.§ &a) is still a representation of 3-..
it is expected to be reducible under § . To find-thé irreducible
representations of § contained in ¢ we proceed as follows.

Given an irreducible representation of § with highest weight vec‘tor

= l(psq)s T’ Z >, such that

Qh=Qpp=S,0=0,

a at

a basis for § may be obtained from the four vectors A, H+&é§é_ﬂ,
H'&é§é;n, (§&_)2A by acting with moTomials of G&_ and Qa_. This
suggests that a superfield ¢h(x“, 5%}, which carries a ﬁepreéentation
({p,q), T, Z) of ¥, contains four irreducible representations of &.
This is indeed found to be the case, with A = |(p,q), T+2, L >
" and consequently, n+-é§é_n = |(p+1,q), T+, Z >,
I 'BS _A = |{(p-%,q), T+1, Z>and (5&_)% = |{p,q), T, Z >. Each
of these multiplets contains sixteen fields with weights as shown in
table 6.1. |

To obtain the basis which renders the irreducible multiplets
of %.evidenf we proceed as follows. From the superfield it is
apparent that the highest weight vector, A, is F_ since

=85 F, =8 F,_=0. The variations of, Fo» under §
. v-

8 -
Q Q' + S.
Y+ Y+

and 0 : T

s F, =~ yule. v )+ 2™ % (n w‘f+a v 6.21

-+ Yt Y+ Y u Cat u ook .
I - ~2 .+ - .
6. Fp =51 (Q§+ + Q§+) - M (¥§+ + Y§+) 6.22

From (6.21) and (6.22) we project spin g3 and spin ptj states
respectively, and define new fields proportional to these states.

Thus, explicitly, we have
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LA T 6.23
ni&"'" 5 Fy = ﬁi&+ . | 6.24
where ¢° = ¢ - (ZIyu)(oi“)a& (8UT§+'+ 3,¥7)
and _ﬁi&+ = %—i Qt&+ - ﬁz Wi&+ {see end of Table 6.2 for notation}.

We now consider the variation of each of these -~ fields under
QY- and Q;_ and define new ~ fields by projecting Lorentz.eigehstates
from the field variations as in (6.23) and (6.24). This procedure
'is simply repeated until a basis for the sixteen states of this
multiplet has been generated. This basis is given in Table 6.Z2a.

For the multiplet characterized by (§&_)2n the judicious
choice is to consider a lowest weight vector A = |(p.,q), T-4, Z >
such that Q A = ﬁ&_ﬂ = §&_ﬁ = 0 and obtain the remaining states of
the mu]tip]et.by acting with monimials of Qa+ and ﬁ&+ on A.  From
the superfield we find that f; is the field corresponding to A,
since an-f_ = éaﬁ;f_ = Gga-f_ = 0. By analogy with the F+ multiplet
we now determine the variations of f_ under Qa+ and Qd+ and define
new fields as proportional to the Lorentz eigenstates projected from
these variations. Again by repeated applicafion of this procedure
we obtain a basis for the sixteen states of this multiplet. This
basis is given in Table 6.2b.

For the remaining two multiplets characterized by Hi&Bgé_A >
we see from the superfield that the highest weight states will bé

some linear combination of Qt&+ and Ti&+ which is linearly independent

o -+ % ]
to ., For simplicity we choose ?_&f = ¥e, for which
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t. =0and 6= V- =6z ¥ =2i(le)sF. Th i
&_!_- an G.},l, lP_Ct"“- §&+ G+- 1 EC!)\ +° Us as wi

8, V¥
Q.
be seen presentiy, @i&+,-are highest weight vectors, modulo coset

elements, F Again by analogy with the F_ multiplet, the bases

4+

for the Tt + Multiplets are obtained by acting with mon mials of

o
Oa+ and G&+ on @i&+ and defining new fields as proportional to the
Lorentz eigenstates projected from these variations. These bases
are given in Tables 6.2c and 6.2d.

This procedure effectively provides a basis transformation
of thé superfield cdmponents into irreducible multiplets of § .
Such basis transformations may also be effected by constructing
Casimirs of §-which label different multiplets of’g—and finding
functions of ééa which form é complete set of eigenfunctions of
this Casimir. Expanding the superfield in terms of these functions
yields the appropriate basis directly as the component fields.
Jarvis [35] has used this technique for the study of unitary,
irreducible representations of the N=1 super Poincaré algebra.
Bufton and Taylor [36] define similar basis functions for the
N-extended supersymmetry algebras. |

Given this new basis for the components of the superfield,
the irreducibility of the multiplets we have generated can now be
examined. It is found that the F_ and f_multiplets are invariant
subspaces while the W+&+ and w'&+ multiplets are invariant as factor

spaces. This behaviour is typified by the following examples:

e -- 2 My - =
MR AP T NP 4i(o )Yfl 5, f

§ Q m‘& +
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As discussed in §6.2, it has been pointed out [4,5,15,16]

that if the constraint

Z Q, = ¢ i(o"')aOt P Q, 6.25

is imposed, the number of fields in an irreducible representation is

reduced from 2% to 2°.  This constraint implies that

PP +77=0. 6.26

In the present approach this reduction takes place via the imposition
of only the weaker constraint {6.26) as described below.

To observe this phenomenon we note the intimate connection
between (6.25) and (6.26j and use this to introduce further field
redefinitions, for the fields in each multiplet which are obtained
from acting with Q,_, Q _ QB_ andIQa_ Q&_ on the highest weight
state of the multiplet or with Que> Qo Qais Qs ﬁ&+ on the lowest
weight state of the multiplet. These fields are constructed, up to
a proportionality, from the - basis of table 6.2, by projecting
Lorentz eigenstates either from

~

Q. + T (M ° P, Q508 6.27

where B is the generic title given to the fields obtained from Ay

Q,.A; and Q; A, with A; the highest weight state of a multiplet or from



where B refers here to the fields obtained from A, Qa+ﬁ and ﬁ&+ﬁ
with & the lowest weight state of a multiplet. These field
redefinitions are given in Table 6.3 and in this basis it is

observed that the fields Ay Q&:Ai and Qs A, (taking upper

Qz,
(Tower) signs 1‘f_ﬂ,I is a lowest (highest) weight vector) are
invariant as-a factor space with the remaining fields of each

2 4 ZZ = 0. . This is demonstrated for

multiplet decoupling when P
the F_multiplet in table 6.4, which clearly shows that when
condition (6.26) is imposed, an irreducible realisation of the
SO(Z)-exfended suber Poincare algebra consists of four fields with

0(3,1) x U(1) labels

{(p:qu)s (p+%9QsT'1)s (p"}sq’]—'])s (P:Q,T'Z)} -

142.

(Q, - ¥ (™ “p g )8 6.28
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TABLE 6.1 Weights and defining fields of the four irreducible multiplets of g contained

in the superfield.

Py T A Py g, T hy Ps
A - 0,0,42 F, 0,0,-4 F 1,
Q, A 0.4, 9§, 0,423 F 4,
0, <4, #1 07, 0 -h, -3 & 1
Q. A $0, 4 2 4,0,-3 &,
b, 0,41 @5, -4, 0,3 W, 0,
WS 0,0,0 F  0,0,-2 F 4
Q5. 05,0, 0,0,0 D 0,0,-2 a i
Q.00 b1 0 R g2 W,
-1, 0 W4, b, -2 Woo0,
X I UURE AP P SR it o,
d<h, 0 WD oh, o4, 2 Wi O,
Qaiaéiaétﬁi 0, 4 -t :5""0‘ 0, %, -1 a+a b
0, -4, -1 &, 0,-3, -1 a_ &,
L 0,1 8 g0, @,
-4, 0, -1 @3, 4.0, @ o 0
00sQ.05.85.8; 0,0, -2 I 0,0,0 A 1,

The fields of the 4., n3 and A4 mul tipiets are defined as

i

. . = ot
the highest weight vectors F,, ¥ b

and @'&_ respectively.

Q. T Ay P, q, T Ay

0,41 . ¥ 0,8 o
3, 0 Pt <4, 4,0 B
4,0 B, a0 B
0, 0 6y -1,0,0 &
0,0 Fy 0,00 &%
0, -1 Wy, -3,0,-1 ¥,
0,1 ¥y -, 0,1 ¥
b e T
et DL B P T
R B A R R I+
5 -1 g 0 1 Y3
4, -2 P oy, -2 PIY
SO I 2 SR T O A T
0,2 g'p -1,0,-2 g
0,2 fy 0,0,-2 gz
0, -3 ;"a_ 4,0, 3 ¥z

proportional to HQG_HQ&_ acting on
The fields of the A mu]tiplet'

are defined as proportional to ﬂQa+nO&+ acting on the lowest weight vector ?_.-
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TABLE 6.2a  Basis for the A multiplet

F, = F,
= .t 2 u B -
¢i'Q’.+ ¢ ot = (U )C( [a b4 B 3 ¥ B+]
~+ 3. -2 *
Wor ST 8% - Y,
f = . "-—8— _— O - .
fo=f, + yzuz (o“) [ Paa+ Paa+ 3upaa+ 2, Pios]
B =30+ ip Fo - ﬁ4 A
et 3. =2 21 Uit
We , =51 Nau M P (o ). St U 0
ﬁ (.“)‘ 3 A--—(o“)B[a G‘--+aGO--]
Tyn Oy Ba +B&
i + =2 ot -4 +
§ o = 36+a o ¢+a0 - M a+a
_ 24 gy & e w143 (M E gt 450,
o Oy B9 ¥ G-t oY It ey [y v o |
~, .3 -2 o * 81 .2 .
W ST e g TV - Vg
yu
21 anE o et TR foa o
* (o")"; [3u¢ w0 * o0 u (6")7 [aua MR o
4, e, 2t - 0+ 0-
yu (e [auYBaa ¥ auYBaa ) Y+Baa 2 Y*Baa]
d = 3d + i fo - i a - g 5 2 F
yu
__E_. My o . PRI T
i (o ) [a P aupaa 3 Pos aupaa_]

3 T ++ +- -+ -
+ — N’ + wo + w. + w.
yu (0 ) [BIJ ao- BIJ ao- 33-1 O au oot ]
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CIMBLE 6.2 Basis for the (5, )A multiplet

f_=f_
~+ F 2 o + .
O = 0o tyn o)y a0 s auw o]
~3 3. .+ -2+
w+&- = 2- 1 w+0_ - uz ¢'+&_
. 8 .2 2 (oo, ptt +- o 3
F =F - -7 ¥a - (") [aupm_ +3 Pt 3P ¥ aqu_]
§=3d-1p2f0 ﬁ4a
R 2 e L 20 gk,
W =AW - et w (ci) o aufo
LT e 41 & ..
m (c)wua+y ) [agsa W9 2gad
~F =2 -4+
oy = 38 o - I ¢ o0 oy
gl'l-ﬁ(“)‘:"[aa:; °]+——(cr“)°‘[3w° 3 ]
yu ].l at © oot u oot
~+ 3 . % -2 8i 2 £
Fo =g iy -0 Yo -7 vy
yu '
e '[au¢+a0 9 50) —“— ()3 [a0", + 307 ]
- 1y Ba £ 0+, 0-
yu > Do Y +0 Yaa, * 8 Yagay * 3 Vagsal
A=30- i Fo-ﬁ4A+—g-—-2—82f+
yu
2'!u 1y O +- -+ ==
" (o") [a P aupom + aqu+ + 3pPaa+]

+

3 G ++ 4= -+ -
— . + - + . + -
yu (0 ) [auwaa+ auwaa+ auwaa+ 3u“aa+]
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| B |
TABLE 6.2c  Basis for the Ty S3 A multiplet

" +
o ™ Vo
g v S | 4 ot

=Ps- +—— (o) s 3 A

~4
FIERPY

-?=——i—-F~2‘-‘2 A+ L o8 0.,
0 z2p+1 0 ZP+'|_ 2{p+1)(2p+1) af

Jj-"'. - J+. 4 it o + -
% + (o ) [aua ot Bua cc]

at ot yv
“i;+&_=%is‘z+-_+ uz‘?' |
< vt T O W 0
Wop = ¥+ 20 oy ¢ gy O
—u%m(o ‘P+&_-§;(0)&3u‘?&_
prt =3 i W2t w I (ol
A TICA AT L VIR o

— BO..
‘I"'O--—‘f"{]'l'Z'l'|_k.'-,l-l-~—KP—_I_-IrMOt
2 mbe p 1ot 1 obe 2(PH) oot gp+1)
+ o (o7} [P+] aupua_ * e auPaa_ - =5 aupaa 3 Pe ]

W oo-

~+ =3. +, -2 +, 4i uyt + : - _
LT 2'1u3a-+uwa-+yu(°)a [au¢a-+au¢u-]
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TABLE 6.2d  Basis for the I ;°S; multiplet
Yios© ¥ o+
No- = = &.— H .
Paa + Paa+ ¥ Yu (01) aaau A
L s
-2 A

"'0 - Zi P+]) 0.. -i A.. -
st * By o - ey Mg Fo t by Maa A

E‘a+=w' v (M) aat +0a ]

ot yn @ Twe wa

Vo =300, v

s vt e ) Mg v

"'.Ea = 2(P+1)vig, - %‘h&é Vap - T p'&é o
+ %ﬂ ﬁ&é (Og)a% [zau?+§ ) L ot Y-]

..+_3--;i -2 ot 4i Hy=,
Pz =z AW+t P +;ﬁ(0¢) s uF-

~-o- = -oa ]— ]"lb ia -0903 :+ :-
g aB = g G*B + yu (0 ) M'C‘BA [au PGC‘." + aupaa_]

0 _ 0 10 ¢ - 32 R
975 = 2(PH)g s - 7 Mg To - T Mg @
1o myyo g, 2P oaptt (2P opt- 1 oot L] o
o ()Y Mas [ 55 3 P * B B *p RS- aqu_]
~'-. = 3 1 --0 -2 -. ij— l-l -‘a + .
bo =z lws LTI e + o (") & [3u¢ o + 3“¢ a-]



In these tables the following notation has been adopted.

My, =8 . MWE LB M,
(ci)aa i (Oy)as , {o") o S TG (o )Ba R
+...‘? - L A.. .? | - & .. -8 ..
Mg T or Bk Tt Tl o
where P* = P and P™ = - P-1, and
0.. - t.‘.Y QO - " 0..
Gz 3 ne GYB and vy, Bor and Irap are

similarly defined.  See Appendix D for further discussion of the

*

properties of the spin px%-projectors, Hi&B

. + B
projectors, I o

, and the spin qx%
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TABLE 6.3 Basis required to obtain the irreducible *spin-reducing’

gt

.

¢_a0

multiplets
pe: 1 uy @ S+ 5
=4 o= (dp) Lo 9. v 2]
ot ywz o TR o' oo
- _ I_l au + -t . "':-
£, E——~§ ()™ {3, w + ”aa+ 8, Weas * 3y We el
yu .
~ 2 . -
= Wit . (o“) 3 D
+ =2 "k
%7 yun e

T € Il C WSS SN

o= yuﬁz 0 u o Yo
S T T T
- wo + No + w. i + wo
- 2yu52 (o) [au o au QoL au Q= au oo -]
+ 2 ThE- ~
We~  + —— (o3} d
-2 ‘T¥
yuy éot %
Cste oy Boois & s lf. s F
Pozot+ 3 (Gi)a [2181_1 GBO‘. tz MBCL au |:0]
yuu
_ ~,+. It o -
-wa++2 5 {0}y L3, qa,.,JLO 3, ¢ 40]
.Yl-lll -
(ou)Ba [3 Y + 3 Yéaa]
yuu
—4 tt u A ...6 ~+l
* Yaga " 507 O Mk Y s

2yuu

o (2p41) 1 &,
T o e O S N A
yui
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TABLE 6.4 Variations of the fields of the A = F_ multiplet under .

QY* and Gi+ . These demonstrate the irreducibility, as a factor
. ~+ ~- ~ - .
space, of the fields F_, Q PR L A D under the constraint
P2+u2u2 - 0.

6 Fu = 85, Fy = 0

* _%2_ (nie)a (P2 2- 2)
o

0

+

=23
.

&
"

O
2
*

n

- 4i(d™)* -8 F
Yo U

= - 44 ﬁz (Hie)&i F,

[=2]
[
&2

L}
.
[l

s ,f= 2 PRl L e
Hu

2i a 2 2-2 -
+ ( u) (P +p"u )(8 g o au 4 &+)

2 2
yu'u
TR yu )5 (8, ¢ $ 13,0 0)
0 = - (M &' ~+. ~-.o
8,40 2i(0")", (au9a++au9a+)
5o =2 L F e ?
85,0 = -2in (@5, +0 i+)
S TIr S "~
R (G R T
- L5 (%) (P2nui?) @ 9’
Mt
8o W = - 2in? (nte)es o
ffaerr © T RN O
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t = _L * ’ 2+ 2-2 P4
6Y+ 8 uﬁz (m e)aY (PT+u~u") D

. H C.(. A‘!‘i A:ﬁ
- 2i(o") y (aLl Woos * au waa+)

oL o m2 4 +
SiafTo =7 20 T (N, “Aa+
~* - Ls HaE ~ A%+ -
6Y+ O gt =T 4i{g") Sy 3, f, - y“(waY+ + NGY+)
2 (gMyE. (oV)PB el R
2 1 ey 9T 8 (g + g, + Vg, + ¥5)
= A G SN GO I
uu Y H
TR gy I IS TIPS L
854 wige = - Mu{Te) s f, ™ (")4 au(wm+ + W)
21 i oa Hadihe el "om
- (95 T U ¥ M Wi W)
. d = . x H e e
834 d 21u (w e b A+) +< (o ) u § ¥ au 8 a)
5., d=-20(M% (3 a"e, +0 o) Fm(E FE)
vt Y H ot H &+ Y Y
In the above 6Y+ = 60 and &5, = GQ. ,» and we recall pl = . 32’_
- < Yt At
uz = Z and pz =ZL.
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7, ORTHOSYMPLECTIC SUPERGROUPS IN PHYSICAL THEORIES

7.1 EXTENDED BRS INVARIANCE

Perhaps the most useful appiication that orthosymplectic
supergroups have found (to date) in the world of physics, is to
the elegant formulation they provide of the extended BRS symmetries
[1,2,3,4] of quantised gauge theories. The BRS symmetries [1,2]
mix the gauge and ghost fields of non-abelian gauge theories in
'such a way as to leave the action invariant. They have powerful
implications for the quantisation and renormalisation of these
theories; and in particular Zinn-Justin [5] and Kluberg-Stern and
Zuber [6,7] have been able to prove the renocrmalisability of
Yang-Mills theories based on this invariance. Subsequent investigations
[3,4] revealed that an 'extended' BRS éet can be constructed, involving
a two-parameter 'BRS group' where the roles of 'ghost' and 'antighost'
can essentially be interchanged. Following earlier work on the
unextended case [8,9], Bonora and Tonin [10] developed a superfield
formulation of the extended BRS symmetry based on a six dimensiona]
superspace in which the BRS group consists of supertranslations in two
a-number superspace coordinates (6,6). An alternative formulation
of BRS supersymmetry has been proposed by Delbourgo and Jarvis [11].
This formUIation is based upon a real form of the iﬁhomogeneous 0Sp{4/2)
supergroup [12] consisting of the usual transformations of the Poincare
group and, in addition, symplectic transformations in (6,8) space as
well as 'supertranslations’ and ‘super-Lorentz' transformations.
This goes beyond the work of Bonora and Tonin [10] in the sense that
the group of supertranslations is enlarged to include transformations

mixing x* and (8,8). The supertranslations again give rise to extended
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BRS transformations amongst the superfield component fields.
The essence of this formulation by Delbourgo and Jarvis is sketched
below and its extensions discussed briefly.

As mentioned above the space-time supersymmetry imposed is a
real form [13] of the six-dimensional, inhomogeneous, orthosymplectic
supergroup 0Sp(4/2) AT g;95 which is the group of all superlinear

transformations preserving the distance [12]
(x-1)% = (10 ™ (x-1),, 7.1

between pointé in superpace, Xy = (xu,ea) where u = 0,1,2,3 and
¢ = 1,2. Here the orthosymplectic metric is
MN_ Yoo
° 0 eaB

uv B

where "V is the usual diagonal Lorentz metric and ¢°" is the 2 x 2
antisymmetric matrix with 312 = +],
This space-time supergroup admits, in addition to the usual

Poincaré transformations, supertranslatidns
(xu,sa) - (xu,ea + Ea) 7.2
symplectic rotations on 8>
8
(x,58,) > (x 7 8,) 7.3
and super-Lorentz transformations,

B

\’ -
(xu,ea) > (xIJ + e 8, - A X)) - 7.4

B “a

The conventions here are those of [11] in which 8, = e: and (61,62) = (6,8)

(see [11] for further discussion of hermiticity questions}.
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In constructing local gauge theories over superspace, a

gauge potential superfield is introduced
@M(x,e) = AM(x) + (higher-order terms in o) 7.5

where Au(x) is a c-number field, Aa(x) is an a-number field and AM(x)_
- transforms as the fundamental, six-dimensional, vector representation
of 0Sp(4/2) and takes its values in the compact.Lie a]gebra.of the
gauge group, ¢y = ¢;Ta , where the Té are the generators of the Lie
algebra.

| The gauge field strength, ¢MN(x,e), is a superfield transforming

in the 17-dimensional graded-antisymmetrical tensor representation

{i.e. the adjoint) of 05p(4/2) and is constructed as
oy = ey - [MNJayey - 19[¢M’¢N]: 7.6

‘where g is the gauge coupling constant and [MN] is a signature factor -
with [uwv] = [we] = +1, [a,8] = -1.

Gaugg-transformations for oy and oy are given as usuval by
oy(x,0) = U e (x,0)U - 1/g(3,07 U 7.7
a(6:6) = U oy (x,0)U | 7.8
and, as shown by Bonora et al [14], U(x,6) may be uniquely decomposed as
U{x,8) = exp[-iga{x}] exb[-ig(eama(x) - e“eaB(x))] = UgYy 7.9

To obtain a model in the six-dimensional space, which yields a
Yang-Mills action upon dimensional reduction to four-dimensional
Minkowski space-time, only those gauge potential superfields are
admitted which satisfy

A (x)

(. 0) = “1-1._[ ’

. -1
oo ]p]“- i/g9(ayu7" )Y, 7.10
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and

U] - 7.0

where Au(x) is the ordinary four-vector potential and Fuv(x) is
the usual Yang-Mills field strength. Expanding the exponential
of {7.9) the components of ¢M(x,e) may be written as

-1
B 2

L=3
i

8 B l_. ay -
Au + 0 Du’“" 8 eB[DuB t59 (Dum ) wa] 7.12

L=
|

B 1.
=w +8 [BEBa - 79wy X mu]

- 7 0%, [-gB x u + ga° (u, x ') x a ] 7.13
where Du is the covariant derivative DuB = a“B + gAlJ x B, etc.
The six-dimensional action, S, is taken to be the sum of a gauge-
independent piece, SO,.and a gauge-dependent piece, S]. S0 is
constructed to be gauge invariant, 05p(4/2)AT4/2 invariant and to

reduce to the usual Yang-Mills action in four-dimensional space-time.

It is given by

_ 6, 1,2 aMi a .

The choice of the gauge breaking term, SI’ is not unique but is required
to break superlocal gauge invariance, to be both Sp(2) and supertransiation
invariant, and to have canonical dimension 2 [15] (for an extended

discussion of gauge breaking see Thompson [15]). A suitable candidate is
S, = [ dOx.26Ms, /¢ 7.15
1 M _ )
where £ is a real constant. This leads to the action {11]
= 4 _I T3V Bp o, ] 2_ p—
LN JdX[ IF Fw+aAp B"’-Z'EB Bw-apw

. T T+ % (@ x w)? 7.16
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after appropriate rescaling of the fields and taking (w],wz) = (w,w).
This action incorporates the conventional Yang-Mills action; gauge
fixing terms involving the gauge potential, Au, and multiplier field, B;
and Faddeev-Popov ghost terms involving ghost fields, w and w, in
addition to Au' It differs from the conventional action by the
inclusion of a quartic ghost-term.

Supertranslations leave invariant the action (7.14) plus (7.15)
and also respect the condition (7.10). From (7.12) and (7.13} the
component field variations under supertranslations are found to be

SA
i

0w -¢ebw,
H H

s

n

Sw -ngwa-sB_

_ 1 - - 7.17
Sw = * 3980 x w - eB,

B - geB, x w , 6B = geB_

+

Juw X w .

N =

where Bi =B

I+

These are the extended BRS symmetries, providing a set of transformations
which Teave the total action invariant. Further, it was shown [11] that
this model is renormalisable in standard fashion and yields the same
on-shell S-matrix as that obtained via the conventional approach [15].

It was later shown [16] that a satisfactory geometrical setting
for the above scheme could be achieved based upon a coset space
dimensional reduction procedure [17]. With this treatment, the ansatz
(7.10), for the form of ¢M(x,e), follows from superfield constraints,
obtained from the requirement that the gauge potential superfield be
invariant under the action of the 0Sp(4/2) supergroup, up to a gauge

transformation.
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This formalism also allows the introduction of matter fields,
including fermions, which appear as the solutions of analogous
constraint equations applied to an appropriate representation of the
tangent space supergroup 0Sp(4/2). One such constraint requires
" fields which are Sp{2) singlets [16]. Thus; for example, to
incorporate spinors into the theory we examine representations of
0Sp(4/2), labelled by 4L,M,N}, and decompose them with respect to

0(4) = Sp(2) = SU(2)} x SU{2} = Su(2) as (see §4.5)
LMY ¢ (L=T,M,0)% + (L-151,M,N) + (L-1,M1,N)
YL

{L-1,M,Nt1) + (L-]t'é-,Mi?,Nif) : 7.18

From this, it is evident that there is a unique, typical, irreducible
representatfon whose oniy Sp(2) singlet is (%50), corresponding to a

| Teft handed spinor:' namely the £3/2,0,1}, possessing dimension 96.
Similarly the right handed spinor (0,14 occurs as the unique Sp(2)
singlet in the G],%pl} representation of dimension 96. ‘Thus a Dirac
Spinor, ?;(x,e) would correspond to the reducible repreéentation
£3/2,0,13 + &1,%31} , of 0Sp(4/2). Using the supertableau techniques
of Chapter 5, it is possible to show that the Kronecker product of
£3/2,0,1} with the fundamental representation of 0Sp(4/2} contains
(1,%31} » the parity conjugate. Thus it is possible to construct a
bilinear kinetic term and subsequently an 0Sp(4/2) invariant

. = M i M .
lagrangian (Ta Cas Oy Yo rmy, ?a), where the C_ . are coupling

B
coefficients, which becomes (¥ iy" Dl-1 ¥y + m ¥y) upon dimensional
reduction [16].

This formalism of dimensional reduction via supercoset space has been
applied to the quantisation of an 0Sp(n/2) gauge theory over a Six-
dimensional superspace [18]. This results, after reduction to four

dimensions, in a gauged 0(n) model containing massless scalar Higgs

fields in the fundamental representation of O(n) with quartic self-
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interactions and gauge fixing and ghost terms which admit an extended
BRS invariance. | _

1t has also been shown [15,19,20] that the derivation Of-extended
BRS symmetries for quantum gravity is also amenable to the orthosymplectic
BRS supersymmetry formalism; suitably modified of course but retaining
- a six-dimensional superspace which admits an 0Sp(4/2) supergroup. .
This was a particularly satisfying result in view of the fact that the
standard gauge fixing procedure for gravity, while possessing an
invariance under a set of BRS transformations [21,22], does not allow
a corresponding set of dual BRS transformations [23]. The actions
obtained from the 0Sp(4/2) formalism and the standard formalism differ
only by a BRS (or dual BRS) transformation and hence their on-shell
S matrices agree.

Kaluza-Klein theories [24,25,26,22] involve the construction of
a gravitational action in (4+N}-dimensions and the subsequent
compactification of N-dimensions to yield an action which formally
incorporates a four-dimensional gravitational action, a Yang-Milis
action (if N > 1) and a cosmological term. By extending the above
ideas to consider a 4 +-N + 2 -dimensional manifold admitting an
0Sp{4+N/2) symmetry, combined with a {4+N)-dimensional Kaluza-Klein
theory, an action emerges, after an appropriate dimensional reduction,
which contains not only fhe'correct gauge-fixing and Faddeev-Popov
terms for both the gravitational and non-abelian gauge theories, but
also leads to a complete set of extended BRS transformations {15,28].
This result was first achieved by Hosoya, Ohkuwa and Omote [29] quite
independently of the Osp(4+N/2) formalism, however the latter version
is aesthetically more pleasing in that the ghﬁst and antighost fields

enter, quite generally, in a symmetric manner.
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7.2  ORTHOSYMPLECTIC SUPERGROUPS IN SUPERSYMMETRY
Over the past ten years supersymmetric Yang-Milfs and supergravity
theories have become a dominant force in the physics literature (see
[30,31) for reviews). The basic algebra underlying the majority of these
theories is the N-extended super Poincaré algebra, SPE, discussed in
Chapter 6. The role of orthosymplectic supérélgebras becomes apparent
when it is realised that OSp(N/4) is the-algebra of the N-exteﬁded
graded de Sitter group and is related by contract1on to SPE The
gauging of a number of orthosymplectic supergroups has bestowed upon them
a dynamical role in some theories. For example, MacDowell and
Mansouri [32] showed that ! = 1 supergravity with a cosmalogical constant
follows from gauging 0Sp(1/4), while Townsend and van Nieuwenhuizen [59]
arrived at a similar result for N = 2 supergravity from the Qauging of
0Sp(2/4). Nath and Arrowitt [33] have constructed geometrical models
of supergravity in superspace where the tangent space group is
0Sp(3,1/4N). Extensivé use has been made of orthosymplectic groups
in the grbup manifold approach to supergravity theories. D'Adda et al
[34] have classified a large range of orthosymplectic groups which are
suitable for the construction of supekgravity theories in various
dimensions. They have developed a comprehensive proéédure by whi ch
such theories may be formulated on orthosymplectic supergroup manifolds.
A detailed discussion of these models is eschewed in favour of
demonstrating the contraction procedure for 0Sp(N/4), based upon the
work of Green and Jarvis [35] and Butchart [36], which leads to the
N-extended super Poincaré algebra, and a discussion of the work of
Lukierski and Rytel [37] wherein a contraction of 0Sp(2N/4) leads to

the N-extended super Poincaré algebra with a complete set of N(N-1)

real central charges.
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The 0Sp(N/4) superalgebra consists of even generators,

= 'Lab’ of O(N) and, MuB = M, of Sp{4) and odd generators

ab Ra
a

[T
[}

Saa’ where 2 = 1,...,N ; =1,...,4. These generators satisfy

aa
the following relations

I:l‘ab’l'cd] = neblad ~ Mactbd ¥ "ndtea = "daleb

[MaB’Myﬁ] - CyBMuG + CyaMBG * CGBMYQ ¥ CﬁaMyB

nchaa " Nea Sba 7.19

LS 1=

ab’ ¢

[MuB’SaY] B CYBSaa * cyaSaB

c L

S623bg? = MabMag * Caslba

where n_ is the diagonal O(N} metric with signature (+,+,...,+) and

CaB is the Sp(4) metric. The isomorphism between the Sp(4) algebra

and the algebra, S0{3,2) of the de Sitter group is established by
identifying Cas with the charge conjugation matrix of the Dirac
spinor representation and expanding MaB in terms of the symmetric

matrices (yuC)aB and (OUUC)aB
- u ] TAY
MaB - -(Yuc)aBM - ?-(ouvc)aBM : 7.20
where y = 0,1,2,3. The de Sitter algebra is
[MHU,MDGJ = ,i(nVDMuU_n].IpMVCI_n\)GMup+n0uM\Jp)
(MY, M7 = 1(n® Wi-n®En) 7.21

[MH, MY = -iMMY

where ny (+ ---) .
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Defining new generators
0, =xSy, . PeopH, Ve 7.22
R _

and taking the limit, R » =, in which the barred generators of

(7.22) tend to smooth 1imits Q, , P* and J"V, (7.19) and (7.21) become

[Juv’Joo] ) 1.(no\fjuc_ ) noudvo " e * ncudvo)_

[Juv’pp] i i(nvppu ) nuopv)

[Juv’oau] - %'(ouv)aBQaB

10,00} =l""ab(YuC)aBPu : _ _ | 7.23
P ,P] = [P0, 10

[Laptead = nchad = Mactbd * "bdlca T Mdabed

[Lab’QCaJ = ncboaa - ncaoba .

This is the algebra of 0{(N)-extended supersymmetry and has been
obtaiﬁed by a straightforward contraction of 0Sp(N/4). The Casimir
invariants of 0Sp(N/4) have been shown [35,36] to contract in the
 required manner to yield the Casimir invariants of the extended
supersymmetry. |

_ As shown in chapter 6 the central charges constitute an important
enlargement of SPE . Indeed as noted there (see e.g. [38,39])

in some cases it is only the presence of central charges which allows
for the existence of the appropriate field representations necessary
for the construction of interacting theories. They also appear to be
necessary for the formulation of N 2 3-extended supergravities.

Lukierski and Rytel [37] have shown that by a suitable contraction

procedure, similar to that described above, though somewhat more
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complex,applied to 0Sp(2N/4) one can obtain SPE with a compiete

“set of N(N-1) real central charges. The O(2N) algebra may be
decomposed into a direct sum U(N} ® O(2N)/U(N}. It is the O{2N)/U(N)
generators which in the contraction limit yield the central charges,
: zij’ upon reduction of the internal symmetry grodp, U(N), to a
- subgroup which commutes the Zij‘ Such a reduction has been discussed
by Ferrara et al [40] and Lopuszanski and Wolf [41]. It is this typé
of geometric understanding of the origin of central charges which may
provide the key to their potential role in the extended supergravity

theories.

7.3  KALUZA-KLEIN SUPERGRAVITY

Kaluza-Klein supergravity is a term which refers to the
construction of a supergravity theory in a space of dimension, d =4 + N,
and the subsequent compactification of N of these_dimensions to yield
an effective theory of supergravity in four dimensions. These theories, _
and in particulér the d=11 version, have offered the exciting prospect
of unifying gravity with the standard model, SU{3) x SU(Z) x U(1),
of elementary particles. Although this offer has not been fulfilled,
despite an enthusiastic following, these are still early days in the
investigation and much remains to be learned about the structure of
these theories. Orthosymplectic supergroups arise as the ground state
symmetry of some of the solutions which have been exhibited. The
eleven dimensional supergravity models which compactify a seven
dimensional internal manifold have received the closest scrutiny,
since they appear at present to offer the best prospect for achieving
the unification mentioned above. In these theories it is 0Sp(M/4)

which arises as the ground state symmetry for some solutions and
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consequently it is the infinite dimensional representations of

| 0Sp(M/4) which must be ascertained if the full implications of these
solutions are to be known. This is of particular consequence for
those solutions for which the effective four dimensional theory is
in a de Sitter'gpace where the simple idea of kéeping massless modes
and discarding massive ones has been shown to be ihcorrect f42].

In the sequel the solutions of simple supergravity in d=11 will be

7, is the 'round' seven

presented for which the compact manifold, M
sphere, S?, and the seven torus, T?, both of which possess a ground
state symmetry of 0Sp(8/4). This will be followed by a brief
discussion of the possibilities for obtaining solutions which have
SU(3) x Su{2) x U(1} as the isometry group of . Finally some
recent work by Freedman and Nicolai [43] on unitary, irreducible
representations of 0Sp{N/4) and their applications will be mentioned.
The fields of s1mp1e supergravity in d"ll [44] are the elfbein,
er, a 32-component MaJorana spinor Uy and an antisymmetric 3-index
tensor AMNP where the world indices, M,N,..., and tangent space
indices, A,B,..., all take values 1-11. To obtain vacuum solutions,
the usual procedure [45,46] to require that the vacuum expectation
value of the spinor field, < Uy > s be zero and to Took for solutions

of the bosonic field equations. These are

1 o PQR 1 _ £PQRS
Ruvy = 7 9mvR = - 3 [FupgrFn g ImFpqrsf 1 7.2

M, .. .MNPQ
MNPQ _ 1 8" "F
DmF - = 575 c M] . 7.25

T AB . .
where FMNPQ = 4 a[MANPQ] R = {3y *+ 7wy FAB) is the covariant

derivative, with r [A B] and r the eleven dimensional Dirac

matrices, ¢ " is the totally antisymmetric tensor with e]"']] = 41,

and IuN° Ryy @nd R are the eleven dimensional metric tensor, Ricci
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curvature tensor and Ricci scalar, respectively. A solution to
this system of equations is provided by the Freund-Rubin
mechanism {47] which takes Fuvoo = 3M € oo FMNPQ =0 and
H
9,,(x") 0

m
QMN(X}’,_Y ) = m
0 gp,(¥7)

where (o,By.--3usVser. = 1,...,4)
and {a,b,...:myn,... = 1,...7). | Some straightforward manipulation
of {7.24) and (7.25), adopting these forms for FMNPQ and N yields

_ 2 - 2 -
Ruv = 12m g““ R -Rmrl = -6m Yn Rum =0 . 7.26

Thus we have a solution of the field equations for which the ground
state is a direct product of a non-compact four dimensional manifoid
and a compact seven dimensional manifold. There are, however, still
infinitely many solutions of (7.26) and some criterion is necessary
to distinguish the 'false' ground states from the 'true' ground
state. ISuch a criterion can be provided by the requirement that the
~ground state be stable, a reason for which may be an unbroken
supersymmetry.  Such a supersymmetric vacuum would require that,
<¥y o stay zero under the local supersymmetry transfbrmations,
6£¢M’ which leave the action invariant. Assuming that the local
spinor parameter £(x,y} of these transformations factorizes as

£{x,y) = g{x)n{y) and recalling the above restrictions on FMNPQ and

gyy then aswm = 0 implies

7.27

i
o

D¢

+ -
u .DDE mYuYSE

7.28

]
o

Dmn

1
Opn - 7 Mipn
where the T matrices have decomposed as

PA = (YU.@I * Y5®ra)
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The integrability conditions of (7.27) and (7.28) aré

T.0l=[4% 00 _ 8, e =
[DH’DUk = [ 8 RLI\JDC‘ Y m Y].I\J]E 0 7.29
= F 1= ) rs 1 2 3 |
[Dm,Dn]n = [ § Rmnr‘s I + 'y m an]n- =0 - 7.30
If these conditions are satisfied then
R =4n’(g g -9 g ) 7.31
uvpa up~va peZvp o ’

——— (gmrgns-- gmsgnr‘)_ 7.32

There remain only two possibilities for the complete solution:

(i) if me = 0, (7.31) and (7.32) are the standard Riemann curvature
tensors fdr a four dimensional Minkowski space, M4, and the seven-
Torus, Ty; respectively; (i1) ifme >0 (7.31) and (7.32) are the

- standard Riemann curvature tensors for anit- de Sitter space, AdS,,

and the seven sphere, S?, respectively. The mz = 0-case (when only
zero modes are retained} was the first solution found for the
compactification of eleven dimensional supergravity to four dimensions.
It was obtained by Cremmer and Julia [48] via a dimensional reduction
procedure in which all fields were simply assumed to be independent

2 > 0 solution was first

of the 'extra' seven dimensions. The m
exhibited by Duff and Pope [46,49] by taking the results of Freund

and Rubin [47], who obtained (7.26), and requiring the existence of

eight unbroken supersymmetries in four dimensions. _These are

provided by the eight linearly independent solutions to (7.28), since

n is an eight component spinor. Since 57 is the coset space

S0(8)/S0(7) which admits an SO{8) isometry group, this solution describes
a theory with local S0(8) invariance. The full symmetry group of

both these solutions has been found to be 0Sp(8/4) [50,51].
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Variations of the abové so]utioﬁs have also been obtained for
which the compact seven dimensional manifold is the 'squéshed‘
- [52] or parallelized [53] seven spheres or a product of spheres,
0 ®Sz, 54@) S3, 53 ®Sz @Sz {54]. Of these the only solution

7 of Awada,

involving an orthosymplectic supergroup is the 'squashed’ $
Duff and Pope [52]. These authors observed that S7 admits another
Einstein metric besides the maximally symmetric 'round' one for which

7 which has-

the isometry group is S?. This is the *squashed' S
50(5)(2 Su(2) as its isometry group. The full symmetry group of this
solution is 0Sp(1/4) & SO(5) ® SU{2).

0f the solutions mentioned above only, 55 X 52, possesses an
isometry group of the compact internal manifold large enough to contain
the phenomenological SU(3) ® SU(2) @ U(1} gauge group. A class of
seven dimensional manifolds which do contain SU(3} & SU{2} ® U(1) are

the coset spaces

MPar - SU(3) ® SU 2) & u(1)
SU ®U(1) & U

This classification has been given by Witten [55] where p, q and r

are integers with no common divisor and r = 0. These integers
parametrize the embedding of SU(2) & U(1) & U(1) in SU(3) ® SU(2) ® U(1)}.
Castellani, D'Auria and Fré [56] have investigated compactifying
solutions of d=11 simple supergravity where the compact manifolds

are MP9" spaces. They have been able to classify all such solutions

by the ratio p/q, there being no solution only for p = q = 0, while

for all other values of p and q there is a unique jnvariant Einstein metric
on the corresponding topological space MPA" . No supersymetry survives
except in the case of p/q = 1 for which the full symmetry group is
0Sp(2/4) @ 5U(3) ® SU(2). There is obviously a long way to go to

make d=11 supergravity a realistic theory of nature but the fact that
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it does compactify onto manifolds which possess an SU{3) & SU(2) & U(1)
symmetry is an encouraging result.

In order to obtain a compiete classification of the various
states present in the supermultiplets, the full invariance of the

7 which

ground state must be considered. Thus for the ‘round' S
possesses an 0Sp(8/4) invariance of the ground state, the excitations
correspondihg to fluctuations about this ground state should form |
“irreducible representations of 0Sp(8/4). For other solutions we

have seen that 0Sp{M/4) is the re]evant.invariance and consequently

a knowledge of the unitary, irreducible representations of QSp(M/4)

is important for the construction of supefsymmetric field theories in
anti- de Sitter space. A study of such representations has begun with
the work of Gunaydin and Bars [57,58] and Freedman and Nicolai [43].

0f particular interest in the latter work is a phenomenon which these
authors have callied 'multiplet shortening'. = This phenomenon arises

for certain restrictions on the vacuum quantum numbers, and effects a
reduction of the maximal spin of a representation. Consequently it
may have an important role to play in the construction of supersymmetric
field theories. In this way it closely resembles the phenomenon of
'spin reduction' in the presence of central charges which has been
discussed in chapter 6. As a final point it is worth stressing that
both these phenomena are closely related to the existence of atypical
representations, which as we have seen throughout chapters 2 to 5

play a fundamental role in the finite-dimensional, representation theory

- of the Lie superalgebras.
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8, CONCLUSION

We conclude by summarizing the work and results presented in

this thesis and discussing avenues for future research.

8.1 SUMMARY

In chapter two a brief review of the theory of Lie superalgebras
was presented . This served to introduce this subject to readers
unfamiliar with it,-and to introduce the notation and terminology used
in the thesis. This work was based on the comprehenéive treatises by
Kac [1,2] and Scheunert [3].

The main work of the thesis was commenced in chapter three,
wherein weight space techniques were developed to educe finite-
dimensional, irreducible, typical and atypica1,_star and grade star
representations of the orthosymplectic superalgebras. These techniques
were then used to determine all such representations for the superalgebras
B(1,1), €(2) and D(2,1;a). These representations for C{2) = A(1,0)
have been repofted by Scheunert, Nahm and Rittenberg [7]. The results
for B(1,1) and D(2,1:;a) are new to the literature.

Chapter four saw the development of superfield techniques for the
determination of a1l finite-dimensional, irreducible representations of
the orthosymplectic superalgebras. These techniques are based on an
induced representation construction and were used here to find all such
representations for the superalgebras B{0,1), 8(1,1), C(2) and D{2,1).
The results for the latter three cases were found to be in agreement
with those of chapter three. Finite dimensional, irreducible representations
for B(0,1) and C{2) have been constructed using weight space techniques
by Scheunert, Nahm and Rittenberg [7] while Dondi and Jarvis [8] have
used superfield techniques to construct such representations for C(2).

The results for B(1,1) and D(2,1) are new to the literature.
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Young supertableaux were investigated in chapter five. This
chapter included a fairly comprehensive review of the development of
young supertableau techniques for the study of representations of
SU(M/N) and OSp(M/N).  New results obtained here were the relations
between the Kac-Dynkin labels and the supertableau labels for 0Sp(M/N)
and the subsequent expression of Kac's atypicality conditions as
conditions on the diagram shape. Modification rules were also obtained
for all typical representations of 0Sp(M/N) and, in addition, for the
atypical representations of 0Sp(2/2), 0Sp(3/2} and 0Sp(4/2). Branching
rules for spinor representations of 0Sp(M/N) and for atypical
representations of 0Sp{2/2),05p(3/2) and 0Sp{4/2) were also presented.

- Chapter six saw new 'chiral-like' superfield techniques
developed for the study of irreducible realisations of the N-extended
'supersymmetry algebra in the presence of central charges. These
techniques are based on the theory of-induced representations. The
hl=2-exteﬁded algebra was considered in full detail and all irreducible
realisations, including the 'spin-reducing' cases, were exhibited.

Chapter seven was a review of some of the applications
orthosymplectic supergroups have found in physical theories. The
relationship between these supergroups and the extended BRS symmetries
of quantum gauge theories was first discussed, based on the work of
Delbourgo and Jarvis [4]. It was then demonstrated how the N-extended
super Poincaré algebra could be obtained from a Inonu-Wigner contraction
of 0Sp(N/4). This chaptér concluded with a discussion of the role
played by 0Sp(N/4) as the ground state symmetry of some compactifying

solutions in Kaluza-Klein supergravity theories [5].
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8.2  FUTURE RESEARCH

Although the techniques developed in chapters tﬁree and fouf
are applicable to any orthosymplectic superalgebra they become rapidly
more complex to work with as the rank of the algebra increases.

This is principally due to the rapid increase in the number of
irreducible representations of 0{M) x Sp(N) contained generally in

an irreducible representation of 0Sp(M/N). This goes as Z%MN and
consequently without computer assistance would soon become unmanageable.
Thus, a high priority for fhe approaches of chapters three and four
would be the simplification of these brocedures to make the higher

rank algebras more accessible. Indeed the recent work of Thierry-
Mieg [6] takes a very significant step in this direction though it
appears some degree of computer assistance may still be necessary.

There are a number of possible areas, related to Young
supertableaux, which are open for development. Nearly all of these
pertain to atypical representations. In particular the development
of modification rules, branching rules and rules for Kronecker
products, for atypical representations of OSp(M/N) and from which one
could determine the irreducible repfesentations would be most welcome.

A simpler form of the branching rule for spinor representations than that
given in §5.3 would also be useful.

The techniques of chapters three to five have been developed with
the application to the orthsympleétic superalgebras as the immediate
motivation. However, hybrid forms of these procedures should also be
applicable to the study of representations of any of the classical Lie
superalgebras. This is obviously a major task and it may be many years
before the representation theory of Lie superalgebras has evolved to

the level currently acquired by Lie algebras.
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The work presented in chapter six is only the beginning of a
program for which the next phase is the use of these superfields in
the construction of models of supersymmetric field theories. It is
hoped that these superfields will be more amenable to a fully covariant
treatement with the minimal sets of auxiliary fields arising in a more |

transparent manner.
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" THE ALGEBRAS:
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¢(2), B(1,1), D(2,1sa)

The explicit form of the algebras for C{2), B{1,1} and D(2,l;a)

as used in chapter three are presented here. The notation is as given

in §3.2.
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APPENDIX B:  DEFINITION OF ADJOINT AND SUPERADJOINT OPERATIONS

The adjoints and superadjoints (1] of all even root vectors
corresponding to simple roots and of all generators in the Cartan

subalgebra are defined as follows: (a )*—aJ, (a")*-u , (Y F=ne, (h)Ten,

The adjoints of the odd root vectors can be defined in two ways

which we designate as Ag, where o¢=1 or 2:

. n-j £\F  _ _yItREIo w0 n-3 F
Blm.n): (8D )= (=) BT
-5t T = Jrmilro o 3 ¥
(ﬁﬂ‘?m )L) ( ) ﬁn*m-,{
where 0<jsn-1, O<ksm, O<i=zm-1.

D(m,n): (" -jt)‘r _ (_l).ji-hi-c‘f'-t-'l Fnﬂ_; =

[ e
S RARE IR Y SR I . L, N=3 F
('ﬁ‘r\-r»rh ) - [ l-) re pl:\me "

( Er\—j T )1' -
nrm-—A
where 0<j<n-1, O<k<m-1, 1lslsm-1.

(- I)S+\m+it0‘ ~ - F
no =4

ey (g 2)T = ()T BT
~ % . it RE " F
(Bm-h)T = (—l) - -

where 1<j<n, l<kzn-2.
The superadjoint of the odd root vectors can be defined in two

ways which we designate as So, where o=1 or 2:

B(m,n): (ﬁn ‘-hl )1.: = 4+ (__l):)+k+6‘ }S’h-‘i -

Nt h
(ﬁ;ﬁfl). i(_”hwﬂif¢+l~nd T
where 0<j<n-1, Osksm, O<lem-1.

i

Nt -A

] n-4 +\¥F _ _yitharo h-3 T
B(m,n): (BM,R ) = + (-1) g0
n-j t\¥ ke £ T -3 F
(BY\‘F\""‘\ ) = t( ) p:rm+
-3 % o s mMyAia e -y ¥
n+:~\-k) t( ') qnfm:‘l

where Osjsn -1, O<kzm-1, 1l<lzm-1.
- . N T
cn): (gt )T = 5 (-1 B;t

( Bh—'h) = ¥ (-l)n+ ro Bnth
where 1l<jzn, l<kzn-2. R
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We note that for B(m,n) and D(m,n}, but not C(n}, the 'hidden'
even Sp(2n}) generator [B;, B;} defined in §83.2 transforms as
E RN PP t I SO S
(B> Bb} {Ba’ Bb} and {Ba’ Bb} +{Ba, Bb}
corresponding to compact and non-compact real forms of Sp(2n) in the

superadjoint and adjoint cases, respectively.
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APPENDIX C: ORTHOGONALISED STATES, X5 AS HIGHEST WEIGHT
STATES OF THE EVEN: SUBALGEBRA.

In this appendix it is demonstrated, in a quite general manner

that the states,

54l o
és constructed in $3.3, are in fact highe#t-weight states of the even
subalgebra. The proof presented here is quite simple and resfs only
_on the assumption that, given a particular basis in the enveloping
algebra, the states constructed in (Cl) by Schmidt orthogona1isat{on
are unigue. |

It will be recalled from §3.3 that the ¢, are states of the
same weight as ¢j and such that ¢, = Ei X » where EE is a monomial

of even,negative root vectors. The adjoint and superadjoint of E

will be a monomial of even, positive root vectors, which will be
designated F: and G: respectively (see Appendix B for a discussion

+

5t and (E;)* = 6

of these operations}: i.e. (Ek =F

+
k
If we now construct a highest weight state of the even subalgebra
xg, from v and some subset of the set of (¢,) from (C1) then
(xi20,) = (x5s Eox) = ((ED)T iy %) = (FF iy %) =0 C.2
3k X5 "k« k' Xj* *k k %j* *k .

j=
such a state can only be constructed uniquely then Xj as constructed

since F: X 0. Thus Xj is orthogonal to all the ¢k. If, however

in (C1) must be a highest weight of the even subalgebra. An identical

argument follows if the superadjoint is taken in (C2). |
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APPENDIX D: PROJECTION.OPERATORS FOR SPIN Mx!s AND SPIN Mxl

Chapters four and six require the use of spin Mx% and spin Mxl,
with respect to SU(2), projection operators. As explained in §4.2 the
two-index basis for SU(2) is related to the spherical basis via

.MuB : Z(T'EE)GB ' D.1
where the generators are in a spin M matrix representation of SU(2).

Where these act on superfield components such as ¥, OF Pa the question

B’
arises of projections onto total spins (Ms3s) or (M, Mxl), respectively.
These are derived using the characteristic identity (quadratic_or cubic,
respectively) satisfied by the generators in the reducible Mxk% and Mxl
representations.

The general construction of projection operators proceeds as

follows. Consider some reducible representation of an algebra with

Casimir operator, C, and eigenvalues Cys Cps evven s C- Then there
exists a complete set of pr?jection opérators

n (C-c,

0 =0 Te-c)) _ 0.2
=1
J=i
n .

such that MMy = JRLE and izlni = 1. Each of the n, w111 extract a

subspace with eigenvalue ¥ with respect to C.
For Mx}; we have for the Casimir {spin M indices are suppressed
and indices o, B, ... are raised using the inverse metric e“s)

: - "2
(fea) f = (1 + 308 F - ()%6] - (x0)°f 0.3

where M and %o are spin M and spin % matrix representations respectively.

The eigenvalues of (Ei-cs)aB on the reducible Mx} space are given by

a

(Mt}s) subspace:  (Mls)(Melsl) = M(MH1) - 35(3+1) = M" D.4
“where M = Mand M = -M-1.  The projection operators are therefore
given by
18 - (n” - an'sB)s2(aMt +1) D.5
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where (0.1) has been used. The following expressions can easily be

derived from (D.5) and are frequently used

% = n+g3 + n'%ﬁ D.6

Cl'. o« '
= 2M n+liB + 2M'n'if8 ' D.7

ﬁ B Y = am(m+1)sY - 2M Y D.8

a B o o .
For Mxl we have the Casimir

2.1 T8 ” 276 L oméiYs L 2y8,

(R-)¥S = ()8 = (2175 - (a2)TS .9

Le¥6 oo Y 6 é y. 6 ¥y 6

where 5L g z(ga 8, * aa o * 958, + 68 O ) _ Df10

is the spin 1 matrix representation and

1"‘5 = 5(s 7556 + 8 a ). | p.11
The eigenvalues of (M E)Yg on the reduc1b1e Mx1 space are giveﬁ by
(Mx1) subspace: (M£1) (M£1+1) - M(M+1) - 1(1+1) = oMt D.12
(M) subspace . : M(Mt1) - M(M#1) - 1{1+1) = -2 ' ©D.13

Thus the projection operators are

0 EITE + * v8
H-IYG ) N+ (2M7+3)L + 4(M+1) (M +2)1 | D.14
ab 8(M*+1) (2M*+1) 0B
. R
076 " N+L+4MM1 D.15
Tab | Ty _ of
where we have used (0.8) and the following definitions
' CYS L Y8 Y o8 L aY.$ Yd
Lee %(MuaB *a) Mg ¥ Mis + GBMa) D.16
uYS _ L Yas "' Yl 8oy
Nog 4(MGMB +MOMI o+ MEMC 4 MBMG) D.17

From these definitions several useful identities can be derived
which are necessary for the extraction of component field variations.

Examples are

+1 +]

=Y § % +1
L a 68 P ¥3

P—aB

ey ~ § +1 2 P_l
L a MB P ¥é ZM af
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thy 6 oFl _ thy ~ 6§ *1
I o 58 P 16 O=1 o MB P »

thy 8 0 _ .t o0 ~y5,0 *
LA -Pyé .- (M PuB+ € BM P )/(ZM + 1)
—zY 6§ p0 - oyt 0 wYép 0 +
MB 6 - 2(M PaB BM )(M +2)/(2M +1} D.18
t] 0 +1yé8 +1 _ ptl Ov8 0 _ ot
where P~ and P~ satisfy n o8 ( 5) P(aB) and T ol (75) P(GB).

Other useful examp]es are

( _1‘\{6 + O'Yﬁ) ;5

a8

+ 8§ YG )n vy %

1 Y
(8, 68 8 "5

Cy. 8 Lo Y. 8 ks - + ilyﬁ Oyﬁ 1k
%(Ma aB + MB 8, )nYlp6 2MT T o8 - 2{M” +2)u ¢5 D.19

-%B -% =

where 1 and n, is a spinor parameter.

Finally we have

v &0 _ 4 2 poB +1y6
L aB MY5 0 =M= aB

076 - = - ol 076 - Sy é
Tog Mg Mg M g = M. D.20
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APPENDIX E: MATRIX REPRESENTATIONS OF 0Sp(1/2)

In 84.4 the little group chosen involves the supergroup 0Sp(1/2)
with generators (M g’ Q ). The superfield technique requires explicit
matr1x representations (iL ) of these generators acting on fields -

of arbitrary 'superspin‘ M (§4.2), i.e. two component superfields

b ' :
6. = | @ _ E.1l
A ¢
ao
; - %bB -
where ¢a has spin M and ¢a has spin M-% or I ¢bB ¢aa‘

Using the results of appendix D the matrices for the Sp(2)

generators can be written as

wd
aB)C
0

(M 0

Y ) I
(\-\‘EB)C - ) E.2
aB Cy
where (ﬁas)g are spin M matrix representations and (ﬁzg)di correspond to

the reducible Mx} representation

ds - d 6 6 )
aB)CY ( aB)C Eya 6g * EYﬁ Sa E-3
- We actually want to project the spin M-} component from M 8> hdwever,

since the spin Mtk projectors commute with it the form presented in

{E.2) is appropriate, i.e.

o X - x d6 -Lee X +d8
Cy aB)dG ec ( Mg

T T ds e aB’Cy ¥ds

E.4

since Pan has spin M-k,

The matrices Cﬁﬂ)g must be chosen to satisfy the anticommutation

fe]ations
Q0 @5+ @2 @) - -(&)E E.5

as required by the 0Sp(1/2) algebra. The appropriate choice is found
to be

-%Cy

@,)5 = (a1’ .

E)bBa
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. A
When working with Qa care must be taken to ensure that it anticommutes

" with a-numbers, though from the form (E.6) this property is not explicit

. . A D ~ D . .
Finally, the action of (“"‘aB)C and (:,la)c on the superfield oy is

~ d N
(M )¢
~ 4D _ aB’c *d
i) %0 = | e e
: aB’Cy ¢d6
> 4D _ ¢0£C .
(\'.\..a)c ¢'D - '!‘i )d EoB
€ YaC¢d
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APPENDIX F. A PROOF WHICH DETERMINES THE YOUNG TABLEAU
CORRESPONDING TQ THE HIGHEST WEIGHT VECTOR, A.

In the following we present a diagrammatic proof that the
choice {5.7) p, forgand 8 = {0) in (5.2) uniquely determines the
highest weight vector, A, for B(m,n) and D(m,n). Given the selection
criteria, for the diagram corresponding to A, which are presented in
§§5.2.a, 5.2.b, this proof amounts to showing that if é = (;:;) has
{n+x) columns where y corresponds to the final x rows in £, then all
the partitions in the series < £/8 > modify in Sp(2n) to a partition
of rank < ful . The rank of a partition {p) we designate as |p}.

We first note that if {x) is a partition of the form

3
(al ) . J

ta1+1 a2+1" ar‘+1

(a) =

in Frobenius notation [2], then < u+y > modifies to (-1)[x|/2_< u >3
otherwise it modifies to partitions of rank < |u|. Our proof is by
induction in which we show that if < E%E-> contains no diagram of
rank |u| then < Eiélig) > contains no diagram of rank |u|, where
(x+2) is any partition for which [(x+2)] = [x|+2 and u+{x+2) is a
regularldiagram. Since, in Sp{2n), modification invofves removing

a hook of length h = 2(P-n-1) > 0 [3], then unless |x]| is even‘cE%K->

will modify to partitions of rank < |u|. Consider now
ey L (e2)) oz ()M
+o{p" #{x*2)} + z{p' + (x+2)'} F.l

where Ju'| < Jul-1, [u"] < |u]-2, [(#2)'] < |x|+1, O s [(x*2)"| < |xI»
and A is the s-function series A = z(-l)lal/z{a}. We now divide both
o .

sides by B and use AB = 1 = {0} to give



191.

{E_i_%xté)} = {u + (x+2)} - E{E_i_éiigli}
c et le?)y gl 2l F.2

Examining (F.2) we see that the final two terms explicitly

modify to partitions of rank < |u|. Considering the first and second

- terms, we note two possibilities:

(1)

(i1)

(x*2) is not a form (a). In this case, 2 < [{(x+2)"[ < ]g|

and by our assertion < Eii%igl—-> will modify only to partitions

"of rank < |p|. Also as noted earlier the first term will

modify to a partition of rank < Juj. .
(x*#2} is of form (o). For this case in (F.1) we have
HY o |0f-I/2 - "
{p + (x+2)"r = (-1) {u} + olu + (x+2)}""}

where now 2 < |[(x+2)"'] < |x|. The second term in {(F.2)

therefore takes the form

(-nlel/2y o ppur lot)ty

By our assertion the last term here modifies only to partitions
of rank < |u| and the first term is explicitly of rank < |u|
except for g8 = {0}. The first term in (F.2) modifies however
to (-1)'“1/2<u>. Thus the only terms contributing to <>

in (F.2) will cancel.
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To complete the proof we need only show that for |x| = 2, < E%K >

modifies only to partitions of rank < |u]. There are only two

possibilities:
2
(1) X = (12) : 4}11%1_2':‘ = ‘(U+(12)> + <py> + Z(p'+(1)> + Z<|_|"+(12)> + E(u"‘;
> =<p> + <pr = Depts + Eep"'>
= g<p"'s - gep™s where Ju"|, [|u"'| < || .
() x= (2 B - qu@2)s ¢zt + (1)

+ T<p"#(2)> + zep"'>

» L<p"'> where |u"'] < Jul| .



APPENDIX G: ® - CONVENTIONS AND SCME USEFUL IDENTITIES

Conventions for chapter four:
ab aB L
£

& F T T%ab T "tas
- - 12 _

where a,b = 1,2 , o,8 = 1,2 and ™ = +1

ab _ .4a al Y

£ €he 5c s £ aﬁY 6Y

_ bg aa aB _ab

®ac ¥ g fab ¥ o €& O
Conventions for chapter six:

B _ ab _ . _

T E T T ab
where a;8 = 1,2 , a,b = +,- and 512 =t =

of ™ ab . .

€ EBY = GY . § Ebc Gc

=L -gb ~ca _ _ab ba z

Baa . €58 ©ba 8 s 8 £ € eBb

i = (-4t o+
Metric n (- 4 +,+)

! = (1,6') , o ={1,-¢") , tro" g’ = -20""

The monomial bases for 8°® and §*2 expansions in §4.5 and §6.3
feSpectively, is given below together with some useful identities
associated with taking products and derivatives. These are given in

the notation of §6.3, the corresponding relations for 4.5 are obtained

by simply replacing 8*2 by ¢%%, i.e. 8 » 8, a ~ a, a + a.
Calculus:

3 gt - 4.8 6ab |

oo, (8)°C = 5 °8:C+ 650

3 a (ee)é{’ - 5B 8" ééa

L N LA NI

aa
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Identities{
ab_ b
(e8) 8 R
(BB)GB é&a éB
a
(53)* = (35)%F 5, = -(38)® 8%

(5% - (3% 5. - (30)%° (50

-(88)°° (88)

e 5 - (aa)&é o -l o
()% - 3 (3900 3 (53¢ o

@ (585 - % (68, v+ 1ty o
o~ (33)80 (94) E&é 53

(35)% (38)% = 0
(éé)aB (66)Y6 -

(55)%° (35)°9 -
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