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CHAPTER 1

Introduction

1. Superposition Principle and Superselection Sectors

The wave properties of quantum mechanical states manifest themselves in the pos-
sibility of coherent superposition: If ¢); and v, are the wave functions of two states,
then the superposition principle states, that also every linear combination

= arhy + B

is a wave function of a quantum mechanical state. For classical waves, which are
solutions of a linear wave equation, this principle has an obvious interpretation. Its
assertion for quantum mechanics is not so easy to understand. For as is well known the
value of the wave function at a point has no direct physical meaning, and multiplication
of the wave function with a complex number does not change the physical state. Hence
the superposition given above can not be described by states; if we replace e.g. ¢; by
e“1P, » € R, then

W = ae iy + iy

in general describes a different state than 1. The observability of the relative phase e*¢
in superpositions is the characteristic of quantum theory.

Through their ability of interference quantum mechanical states behave completely
differently from classical states, where a system is at any time exactly at one point of
phase space, or, upon incomplete knowledge of the state, with a certain probability
distributed in phase space. Hence quantum theory, which in principle is also valid
for macroscopic systems, gives statements that are in complete opposition to classical
physics. A drastic example is Schrodinger’s cat.

Actually quantum mechanical states cannot always be superposed coherently, i.e.
there are cases, in which the relative phase of two wave functions is not observable.
The example from which Wick, Wightman and Wigner made this observation, is a
superposition of a spin-% particle state with a spin-0 particle state

Y = arpy + Bipy
A rotation by 27 changes )y into —y, 1 into ¥y and therefore ) into
' = —athy + Bipy
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For all experiments )" has the same properties as 1. Thus if A is an observable, then

(\V/a7 6)
(1, Ap) = (¢, Ay')
= a2 (1, A) + |81 (12, Aha) £ (@B (101, Aty) + aB(tha, Atin))

must hold for either sign and hence (1, Ay;) = 0. In the state determined by ¢ the
observables have the same expectation values as in the state that is described by the
density matrix

p = lo? i) (1] + |81 12) (2]

The impossibility to superpose such states coherently is called a superselection rule.
The existence of superselection rules leads to the following picture of the quantum
mechanical state space: The Hilbert space of quantum mechanical state vectors is a
direct sum of orthogonal subspaces

H=EH
Every vector ¢ has a unique decomposition
Calling A; the restriction of A to H,,

A=A

H;

and writing ¢ = >_ ¢; as a column vector with components in H;, A is written as the
diagonal matrix

Ay

Coherent superpositions are only possible within one subspace H;. A set of states, for
which the superposition principle is valid without restriction, is called a superselection
sector.

2. Algebraic Formulation of Quantum Physics

In order to understand the occurrence of superselection sectors, we take a look at the
structure of the algebra O generated by the observables. This algebra consists of the
operators

Ar
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with A; € B('H;) (set of bounded operators in ;) and sup || A;|| < oo. It possesses the

center
z(on ={ )\ [Xiech .

The states in a joint eigenspace of the center are exactly the ones constituting a super-
selection sector.

As an example we consider a system, in which the operators L; of angular momentum
generate the algebra of observables. This algebra contains as the center the multiples
of L*. Hence the sectors are distinguished through the angular momentum quantum
number /.

If one views the algebraic structure of the observables as the defining property of a
physical system, then one needs a definition of states, which does not make use of the
realization of the observables as operators on a Hilbert space. A state assigns to each
observable a probability distribution of results of the measurement. If a4, ..., a, are the
spectral values of A, then the state w yields the the probabilities w; for the occurrence
of the value a; as a result of the measurement. w is conveniently characterized by the
expectation values of all observables

w%w(A):Zwiai , Ael

Thus, w defines a linear functional on O with the following properties

(i) w(1) =1  (normalization)
(i) w(A*A) >0 VAeO  (positivity)

Here we used that (1 is a x-algebra (the *-invariant elements are the observables) and
contains a unit. If 01 is a matrix algebra over C, then A* is the adjoint matrix to A,

(A%)i = A .

If Ol is an operator algebra on a Hilbert space, then A* is the adjoint operator to A.

For a self-adjoint element A = A* of Ol the probability distribution can be recon-
structed from the expectation values. Namely, the probability measure is determined
by its moments

[ dpaaN =w(am) LAl <

The spectrum of A € O can also be directly characterized algebraically. It is the set
of A € C, such that (A — A1) possesses no inverse in Ol. Let e.g. A* = 1, then

(A= AL)(A—pl) = A% — (A + A+ Al
=0+l -(A+pmA

ie. (1—A)"1(A+ A1) for A # +1isaninverse of (A—A1). Hence, A’s only possible
spectral values are £1.
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Now let w(A) = «, then for the probabilities of the two possible results of a
measurement holds

w(+1) +w(—=1) =1
w(+l) —w(-1)=a ,

and thus w(+1) = 3(1 + a), w(—1) = (1 — «) are determined.

The algebraic description also applies to classical physics. Let Ol be the algebra
of complex valued functions on the phase space of a mechanical system. Let f € Ol
with suppf C K, where K is a compact region. Let A ¢ f(K'), then the function
H(z) = (f(z)—A)~!is continuous, i.e. f — A1 possesses an inverse, and the spectrum
of f liesin f(K'). Normed positive linear functionals on O are Radon measures, which
are connected to probability measures in the usual way,

p(f) = [ fan

If 01 is an operator algebra on a Hilbert space H, then every vector ¢» € H with
b = () defines a state through

(. AV)
()= T

One obtains further states from density matrices in H. Let p € B(H) be a self-adjoint
operator with p > 0 and Trp = 1. Then one defines

wy(A) =TrpA .
For || A]] < oo the operator pA is a trace class operator, w, is thus well-defined. It is

obviously linear and normalized. The positivity can e.g. be recognized by diagonalizing
P

p = piltbs) (el
with (t;, ;) = 6;j, (¥ )ien an orthonormal basis of H, p; > 0, > p; = 1:

TI‘pA*A = Z<¢“ pA*A, 77/)2)
=S pill AP 20

Characteristic for the algebraic concept of state is the unified description of pure and
mixed states.

The set of states forms a convex set. If w; and w, are states, then so are Aw; + (1 —
Awa, A € (0,1). In physical terms one should think of the mixture Aw; + (1 — A)ws
as a state in which the state w; is present with a probability A and the state wy with a
probability 1 — A. Now, pure states are those, which cannot be decomposed into convex
combinations of other states.

In order to avoid complications we will first confine ourselves to the finite dimen-
sional case. Then our algebra is isomorphic to a multi-matrix algebra,

a=pM,(C) , neNi=1... k|,

where M, (C) is the set of (n; x n;)-matrices with complex elements.
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Let us take a look at the case n; = 1, Ve at first. Then Ol is Abelian, Ol = Z(0l). The
states are of the form

w(A) = Z wiAi

with A; € C, w; > 0, >_w; = 1. There are k pure states, each of which constitutes a
superselection sector.
Next we consider the case £ = 1, n; = 2. In this case the states are of the form
1 -
w(A) = §Tr(]l +15)A

with the Pauli matrices & = (oy, 02, 03) and a vector 7 € R?, || < 1. (14 7d), i €
R? is the general form of a hermitian 2 x 2-matrix with trace 1. Its determinant is
(1 — 7%). Hence, positivity requires |77| < 1.) Thus, the set of states is, as a convex
set, isomorphic to the unit ball B> C R?. The marginal points of the ball correspond to
the pure states.

[
- —————pure states

mixed states

quantum system classical system

FIGURE I.1. State spaces

The case ny; > 2 yields a more complicated picture. The state space contains so-
called faces, i.e. subsets of a convex set, that are stable under convex decomposition.
These faces are characterized by the kernels (null spaces) of the density matrices.

In the general case £ > 1, n; > 1 the state space has the form

w—(p1,--sPn)

with p; € M,,,(C), p; >0, > Trp, = 1. For the observables of the center of Ol
Ml 0

2 ={ ( 0 'Anﬂn) Aiec

there holds
w(A) = Y(Tepi) A,

Thus, for these observables the state space is classical. The quantum nature of the state
space does not become visible before non-diagonal observables are taken into account.
Thus, the occurrence of superselection sectors reflects a classical feature of the system.

Itis an interesting fact that such classical features of the state space can arise in infinite
quantum systems, even if the algebra of observables does not possess a nontrivial center.

As a simple example we examine a system of spins. Let at every point + € Z
reside a spin- degree of freedom, which is described by the Pauli matrices o;(2) with

[oi(2),0i(y)] = 0 for = # y.
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At first we convince ourselves of the fact that the center of the algebra Ol generated
by oi(z), * € Z,i = 1,2,3 is trivial. Suppose A € Z(01). Then for every = € Z, A is
of the form

A=Y oi(x)Ai 4+ Ao
where A;, 7 = 0,...,3 are finite sums of finite products of o;(y), j = 1,2,3,y €
Z\ {x}. Since A € Z(On), it follows [A, o;(x)] = 0, thus
éijkO'k(l')Ai = 0 5

ie., e.g. 01As — 03A; = 0. The commutator with o4 yields o3 A; = 0. Multiplication
with o5 yields A; = 0. Thus, A; = 0, ¢ # 0. Iteration of the argument gives, that A is
a multiple of 1.

Now we realize this algebra as an operator algebra on the Hilbert space of sequences

H={> Als), SN <00, 5:Z — {£1}}

through
a3(x)]s) = s(x)]s)
oi(z)]s) = |s')
oa(w)]s) = is(x)]s)
s'(z) = —s(x), s'(y) = s(y), y # x. H is a Hilbert space with a non-countable

basis (dim’H = #(R)). The algebra Ol of observables on the contrary possesses the
countable basis

{Ujl(xl)“'o-jk(xk)7 T < - < Xg, jlv"'vjk S {17273}7 ke NO}

(the product of no factors is defined as 1). It is therefore obvious, that the spin algebra
cannot transform arbitrary vectors into each other. There rather holds

(s'|Als) =0 , VAeO

if s'(x) # s(«) for infinitely many = € Z. Hence, H decomposes into a non-countable
sum of subspaces, that are each invariant under Ol,

H = %97—([5]

with

Hig =0s) = { 3 \ols") € H}
s'e[s]

and
[s] = {5’ : Z — {£1}, §'(x) # s(«) only for finitely many = € Z} )

We consider the two subspaces H[,,) with s1(z) = %1, V2 € Z and show, that the
states are not able to interfere. For that purpose we consider the sequence of observables
Y ) eN
1 os(x) . n .

r=-—n

M, =
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There holds

(1) [M,, A] = 0, VA € 01

(2) Mpor — £+, ¢+ € Hioy
and with it

(6, A=) = (64, M, Ad_) = lim(éy, AM,6_) = —(64, Ad_) .
i.e. (¢4, Ap_) = 0. This consequence holds for every simultaneous realization of the
states ¢, ¢_ as Hilbert space vectors.
3. Operator Algebras

This section is intended to present the most important mathematical properties of
operator algebras. For a more detailed treatment refer to the relevant textbooks and the
lectures Operator Algebras and Local Quantum Physics by Detlev Buchholz.

DEFINITION. A C'*-Algebra (1 is a complex (associative) algebra with an involution

A — A*and anorm || - ||, such that VA, B € Ol
[AB]| < [|A[[ || B]]

AT = [[Al

A=Al = || Al

and such that Ol is complete with respect to this norm.

Interesting is the fact that on a ('*-algebra there exists only one norm fulfilling the
stated properties. For some special operators this is easily seen.
Let 1 €0, O # {0} be the unit (1A = A1 = A, 1* = 1), then

1L =1 =2 = 1 =1
Let U be an isometry, i.e. U*UU = 1, then it follows that
|UIF = l"Ul =Ll =1 = |U|=1
Let P be a projection, i.e. P = P? = P* (orthogonal projection). It follows that
1Pl =11P* =[PPl =[IP]* .
Thus, ||P|| = 1 for P # 0. In general in a C*-algebra with 1 there holds
IA|l = inf {p € Ry, AA — r?1is invertible in O Vr > p} .

The norm is thus an intrinsic property of the algebra, in particular every isomorphism
is isometric, i.e. norm conserving. Furthermore is the inverse of A*A — r21, if it
exists, contained in the C*-subalgebra of Ol generated by A*A and 1. Embeddings
of (*-algebras in larger ('*-algebras are thus isometric, too. Homomorphisms are
automatically contracting, i.e. if ¢ : Ol — B is a (x-algebra) homomorphism, then
lo(A)|| < ||AJ. If (Oly, || - ||1) is a Banach =-algebra, i.e. all the properties of a C"*-
algebra except for ||A*A||; = ||Al|7 are fulfilled, and ¢ : Ol; — O a homomorphism
into a C'*-algebra, then

[ < [[Allx
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WARNING. The uniqueness holds only for norms on the whole (complete) algebra.
On an arbitrary *-algebra there may be more than one norm (or none) with the demanded
properties.

EXAMPLES.

(i) Let X be a compact Hausdorff space, and let C'(X') be the *-algebra of contin-
uous functions f : X — Cwith f*(z) = f(). (|f(z)|* —r*)~" is continuous
on X, Vr > pif and only if p > sup, .y | f(2)|. Thus,

11l = sup [f(x)]
z€X

(ii) Let Ol = M,(C). A*A — r*1 is invertible, A € 0L, if r* is no eigenvalue of
A*A. Thus,

Al =p
where p? is the largest eigenvalue of A*A. This norm coincides with
[A] = sup [lA¢]
pecr
llgll =1

where C* was turned into a Hilbert space by ||¢]|* = > | |2
=1

(iii) Let H be a Hilbert space and O a norm-closed, self—agj_oint algebra of bounded
Hilbert space operators. Then

|A]l = sup [[Ag] .
pEH
1ol =1

(iv) Let Ol be the algebra of observables of the spin chain. Oly possesses a unique
C*-norm, since every element A*A, A € Oly generates a subalgebra of a finite
dimensional matrix algebra, on which the norm is uniquely determined.

(v) Let K be a Hilbert space and I" an anti-unitary involution on X, i.e.

UOAf+pg)=Af+@lg ,  fgeK, \ueC
(I'f,Tg) = (g9, )
?=1

We consider the *-algebra with 1 generated by the symbols B(f), f € K with
the relations

f — B(f) linear
B(f) = B(f)
{B(f),Blg)} =(T'f,9)1 .

For every 2n-dimensionald I'-invariant subspace of X the corresponding subal-
gebra is isomorphic to M»»(C). Hence, again the C*-norm is unique. It holds
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e.g. for fwith['f = f
IBHI =B BAIZ =BT BT = Bf)I7
1 1 1 1 1 1 1
=|={B B 2 = ||=(T 2 = (2] 22 = — .

IS B BIONE = 57 DI = G = i)
This (*-algebra is called the CAR-algebra (’canonical anticommutation re-
lation”) to (K, I'), notation CAR(X, I'). It is important for the description of

fermions.
(vi) Let L be a real vector space with a non-degenerate symplectic form o, i.e.

c: LxL—R
o(f,9)=—0ol(g,[)
o(Af + pg.h) = Ao(f,h) + po(g, h)
o(f,9) =0 = [=0

We consider the *-algebra generated by the symbols W ( f) with the relations

W(HW(g) = "W (f +g)
W) =W(=f)
This algebra possesses W (0) as the unit. On this algebra there is a unique

C*-norm (cf. Bratteli, Robinson). The algebra thus defined is denoted as the
Weyl algebra W(L, o).

(vii) We consider the *-algebra generated by n elements v;, = 1,...,n with the
relations
Pirh = by
il =1
=1

This algebra possesses a unique C*-norm (Cuntz, DR). The generated (*-
algebra is called the Cuntz algebra O,. It plays an important role in the
Doplicher-Roberts theory of group duals.

(viii) Let Olp be the x-algebra with 1 that is generated by a self-adjoint element A.
This algebra possesses a lot of C'*-norms. The general element of the algebra
is a polynomial in A, p,(A). Every compact region K C R defines by

1P (Al = sup [pn(x)]
zeK

a C”"-norm on Olp. The completion with respect to the norm || - ||x yields the
algebra C'(K') of continuous functions on K.

Concerning the structure of C'*-algebras the following two theorems hold:

THEOREM 1. Every commutative C*-algebra with 1 is isomorphic to the algebra of
continuous functions on a compact Hausdorff space.

THEOREM 2. Every C*-algebra is isomorphic to a norm-closed, self-adjoint algebra
of operators on a (not necessarily separable) Hilbert space.
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If we apply Theorem 1 to the C'*-algebra generated by a self-adjoint element A, then
the mentioned Hausdorff space is the spectrum of A,

sp(A) = {)\ cC ‘ A — A1 not invertible in OZ} :

The spectrum is a closed subspace of the interval [—||AJ|, ||A]|]. The element corre-
sponding to the continuous function f is denoted by f(A). Here A corresponds to the
identical function sp(A) > = — x, to every polynomial corresponds the corresponding
polynomial in A, and f(A) can be obtained as the limit of the sequence

f(A) = lim p.(A)

if the sequence of polynomials p,, on sp(A) converges uniformly to f.

Now we take a look at representations and states. A representation of a (*-algebra
Ol is a homomorphism 7 from O into the algebra of bounded operators B(H) on a
Hilbert space H, such that

7(A)" = n(AY)

Here 7(A)* is the adjoint operator to 7(A). According to the mentioned properties of
the norm, representations are automatically continuous,

[ (A< 1A]]
and they are isometric, if they are faithful (i.e. if their kernel ker = {A € O, #(A) =

0} = {0}).

Connected to a representation is a family of states
SL(0) = {w e S(a) ‘ dp € B(H), p > 0,Trp = 1 withw(A) = Trpr(A)} :

Here S(O0) is the set of states of (1, i.e. the set of linear functionals on Ol satisfying the
two conditions w(A*A) > 0, A € Ol and w(1) = 1. States are hermitian,

w(A") =w(A)
which follows from
0<w((AL+ A4+ A))
= |\ + dw(A) + dw(A") +w(A™A)  VrecC .
If we set A = w(A), then
w(A)] < w(A"4)2

From this now follows that states are automatically continuous. For ||A*A||1 — A*A
is a positive continuous function of A*A and hence possesses a representation

|A*A||1 - A*A = C*C
for some C' € Ol (e.g. C' = (||A*A||1 — A*A)z). Thus,
0 < w(C*C) = A" Allw(D) — w(A"A) |
thus,
[w(A)] < w(A*A)F <[ AA|I = [|A]
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Le.
lw]f = sup [lw(A)] =1
Aed
14l =1
On S(01) can be defined a metric by
d(wr,wz) = [lwr — |

S(01) is a norm-closed subset of O, the dual space of Ol.
Sx(0) is called a folium, i.e. a set S of states with the property

Zw(AfAi) =1 = Aw— Zw(AfAAi) es

K3

where w € S and Ay,..., 4, € O.. S-(O) is a closed (with respect to the metric d)
subset of S(O1).

Intertwiners play an important role in comparing two representations. Let 7, and
72 be two representations of Ol in Hilbert spaces H; and Hj, respectively. We call
bounded operators 1" : ‘Hy — H; with the property

Tﬂ'l(A) = WQ(A)T 5 \V/A € o

intertwiners from 7, to 7. Let the set of intertwiners from 7y to 7, be denoted by
(71, 72). There holds

T € (771,71'2) = T € (772,71'1)
TE(TFl,TFQ),SE(ﬂ'Q,TFg) = STE(TFl,TFg)

and hence
T € (771,71'2) = T € (771,71'1)

We now introduce the following concepts:

(i) A representation 7 is called irreducible, if no subspace of H, apart from {0 }
and H, exists that is invariant under 7(Or). (It suffices to demand that there
exists no closed invariant subspace.) For irreducible representations Schur’s
Lemma holds: (7, 7) = C1.

(i1) Two representations 7, and 7, are called unitarily equivalent, 7y ~ 7, if there
exists a unitary (U*U = UU* = 1) intertwiner U € (7, 72).

(iii) Two representations 71 and 7, are called disjoint, 7, , 7, if no intertwiner apart
from @ exists, (71, 72) = {0}. There holds:

T, Mo irreducible: 1 ¢ Tg & Wby
rbm o dist(Se, (1), Su, (01) = 2

(iv) Quasiequivalence:

mAaT & SH0) =500

1, T2 irreducible : TR Ty <& 71 T
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(v) 7 is called factorial if the center of algebra of selfintertwiners is trivial,
Z(n,7) = C1. In this case 7 is quasiequivalent to all its subrepresentations,
and S (0l) does not contain a closed subfolium. Two factorial representations
are either quasiequivalent or disjoint.

Besides the norm topology there exists the *-weak topology on the state space. It is
generated by the semi-norms

lella =le(A)] , Aecl, pelr

on the space Ol of continuous linear functionals on Ol. The following important
proposition holds:

FELL’S THEOREM. Let 7 be a faithful representation of Ol. Then S.(Ol) is *-weakly
dense in S(Q1).

This theorem explains ’in principle’, why and in what sense states of a folium can
approximate an arbitrary given state. Yet, in the application of the theorem one has
to pay attention that in a physical situation in general not all states of a folium are
available, but only the ones that can be prepared at ’finite expense’.

We have seen that density matrices describe states in representations. In fact one
obtains all states in this way. There even holds the following proposition:

THEOREM (GNS-CONSTRUCTION). Let w be a state of a C*-algebra Ol. Then there
exists a Hilbert space 'H, a vector §) € 'H, and a representation = of Ol in 'H, such that
(1) (Q,7(A)Q) =w(A), VA €O,
(ii) 7(O1)QY is dense in 'H (i.e. ) is cyclic for =(O1)).
(H, 7, Q) is called GNS-triple to w. Let (H', 7', )') be another triple fulfilling (i) and
(ii). Then there exists a unitary operator U € (7, x") with UQQ = ). (One says, the
GNS-triple is unique (up to unitary equivalence)).
PROOF. We define on Ol the sesquilinear form (A, B), = w(A*B). (-, ), is a
semidefinite scalar product, i.e.

(1) linear in the right, antilinear in the left argument ( A\ In the mathematical
literature mostly the opposite.),
(i) hermitian

(B,A), =w(B"A) =w(A*B) = (A, B)., ,
(iii) positive semidefinite.
In particular the Schwarz inequality holds
|w(A*B)|? < w(A*A)w(B*B)

Hence the set N, = {A € Ol|w(A*A) = 0} is a subspace of Ol. N, is even a left ideal,
ie. Ae N,, BeO = BA¢€ N,,since (with C' = ((BA)*B)*)

w((BA)*BA) = w(C*A) < w(C*C)iw(A*A)7 =0
because of w(A*A) = 0. We now consider the space Hy = Ol/N,, with the canonical
map

(ao
A— A=A+N,
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'Hy is a pre-Hilbert space with positiv definite scalar product
(A,B) = (A, B), .

Its completion is a Hilbert space Hy = LQ(OZ,w). On H, a representation can be
defined through left multiplication,

7o(A)B=AB .
7o is well-defined, for N,, is a left ideal. In addition 7o(A) is bounded. Namely,
|mo(A)B|* = ||AB||> = w((AB)"AB) = w(B*A*AB) .
Since ||A*A||1 — A*A = C*C fora C € O, from w(B*C*C'B) > 0 follows
Imo(A)BII* = [ AIPIIBI

ie. ||7o(A)]] < ||A]l. Hence, 7o(A) can be uniquely continued to a bounded operator
7(A) on ‘H. That 7 is a *-representation follows from

(C,7(A%)B) = w(C*A"B) = w((AC)"B) = (r(A)C, B)
We set Q0 = 1 and obtain a GNS-triple (H,7,€). The uniqueness of the GNS-triple
emerges from the unitary intertwiner U € (7, 7’),

Ur(A)Q =7"(A)Q Ael .

U is densely defined (since 2 is cyclic), isometric

U (A)Q* = (|7 (A)Q]* = (2, 7'(A"A)Y) = w(A"A)

= (Q7(AA)Q) = [=(A)Q]* ,
and onto (since ()’ is cyclic), thus unitary. The intertwining properties follow from
Ur(A)m(B)=Ur(AB)Q =7 (AB)Q' = 7'(A)r'(B)Q) = 7' (A)Ur(B)Q

on 7(Ol)w = Hp and on H by continuity. []

Another mathematical concept we need is the von Neumann algebra or 11/ *-algebra.
Von Neumann algebras can be introduced in different ways. The most direct method
starts from a *-algebra of Hilbert space operators. On the algebra 5(H) there exist
besides the norm topology a whole lot of further topologies.

(i) The weak operator topology. This is generated by the semi-norms

[Allge = (0, A¥)] . S €EH .

(i1) The strong operator topology. It is generated by the semi-norms
[Alls = 1Al »  ¢€eH .
(iii) The ultraweak (or o-) operator topology. It is generated by the semi-norms
|All,, = |TrpA] ., p density matrix in H .
(iv) The ultrastrong (or s-) operator topology, generated by the semi-norms

|Alls, = (TrpA*A)% . p density matrix .
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(v) The *-ultrastrong (or s*-) operator topology, generated by the semi-norms

Al = (IAI2, + 1471202, p density matrix .

If 'H is infinite-dimensional, then none of these topologies satisfies the axioms of
countability. Therefore they cannot be characterized by convergent sequences, one
needs convergent nets, instead. Comparison of the topologies yields

weak < strong < strong”
A A A
c < s < s < norm

One can now close a *-subalgebra of 5(H) in either of these topologies. Surprisingly
one obtains for all topologies between weak and s* the same closure. This is again a
+-algebra. A *-subalgebra of B(H) (closed in this topology) is called von Neumann
algebra or W*-algebra.

Von Neumann algebras always have a unit. Yet, this does not necessarily have to be
the unit operator on the Hilbert space, but may be a projection. If one speaks of a von
Neumann algebra on a Hilbert space though, then it is meant that the 1 of the algebra
is the 1 operator, too. Thus if necessary, H is replaced by PH.

Next an algebraic definition of von Neumann algebras will be given. Let O be
a x-algebra of operators on a Hilbert space H containing the 1 operator. Then von
Neumann’s bicommutant theorem holds.

THEOREM. The von Neumann algebra generated by Ol is
o = {A € B(H)| VB € B(H) with | B, Ao = 0¥ Ao € Ol holds [B, A] = 0} .
For a set M C B(H)
M ={BeB(H)|[B,C]=0YC € M}

is called the commutant of M. (1" is thus the commutant of the commutant (the
bicommutant) of O1.

The characterization of von Neumann algebras through the bicommutant theorem
uses the embedding of the algebra in B(H). As a matter of fact it is possible to
characterize von Neumann algebras intrinsically. For that purpose one notes that the
o-, s- and s*-topologies are described by density matrices, thus by states of a folium.
Von Neumann algebras A" can now also be characterized by the fact that they are
('*-algebras with a distinguished (closed) folium, the folium of normal states S, ().
This folium satisfies the conditions:

(i) A,BeN,w(A)=w(B)Vw e Sy(N) = A= B.
(ii) Let f : S,(NV) — C be a bounded function with

Jwr + (1 = ANwy) = Af(wi) + (1 = A) fw2)
where A € [0, 1] and wy 2 € S,(N). Then there exists a A € NV with
f(w) = w(A)

REMARKS.
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(i) One can describe these conditions also in the way, that A is the space of
continuous linear functionals on the subspace V. of A'™* generated by S, (N,
N = (N.)*. One calls V. the predual of \.

(ii) Whether a state on a von Neumann algebra N is normal, can be decided from
the following property. Let

M eN, ={AeN|IB e N with BB = A}
be a monotoneously increasing net, i.e.
Ay > Ay for A > N
with an upper bound ¢1. By

flw) = Sgpw(fh)

a bounded linear function on S,(A) is defined. Hence, there exists A € N
with f(w) = w(A). A is per constructionem the lowest upper bound of the set

(Ax)
A = sup Ay
A state w on N is called normal (is an element of S, (A)), if for all bounded
monotoneously increasing nets
supw(Ay) = w(sup Ay)

(iii) Singular (i.e. not normal) states on von Neumann algebras occur mostly in the
following context: Let OI C AN be a o-dense *-subalgebra of A, and let w
be a state on Ol. Due to the Hahn-Banach theorem (which in its turn is based
upon Zorn’s lemma) w possesses a continuation to a state on A”. A normal
continuation yet exists only, if w is o-continuous.

(iv) *-isomorphisms of von Neumann algebras are automatically continuous with
respect to the o-, s- and s*-topologies.

EXAMPLES.

(i) Let 0t € C(]0,1]) be the C'*-algebra of continuous complex-valued functions
on the interval [0, 1]. The Lebesgue measure defines by

M) = [ defa)

a state on Q. Other states in the folium of A are of the form

A(f) = [ degla)f (@)

with g € O, g > 0 and [ dxg(x) = 1. The distance between two states of this
form is

A Ase) = sup | [ de(gi(e) = ga(2) /(o)

Fllf<1
= [ delgi(e) = ga(e)] = llgn — g2l

The closure of the folium therefore contains all states of the form )\, with
g € L'([0,1]),g > 0 and [ dxg(x) = 1, i.e. all Lebesgue absolute continuous
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probability measures. The von Neumann algebra corresponding to this folium
is L>°([0,1]), i.e. the algebra of all essentially bounded measurable functions,
modulo the functions, that differ from zero only on a set of measure null.

(i1) Let K’y be the algebra of operators A1+ A, A € C, A compact, on a Hilbert space
‘H. K is generated (as a closed linear space) by 1 and the rank-1 operators
|¢)(¢p|. Hence, a state w € S(K;) is fixed by its values w(|¢)(¢)|) for all
o, € H. We now define an operator p on H by its matrix elements

(¢, pt0) = w([¥)(o]) -

One easily shows (with [w(A)] < [ and [[[)(6l]] = [[[4){(elo)(w]]= =
|2l ||+ 1), that p is bounded. Positivity of p follows from

(6, p0) = w(|¢)(9]) > 0 because of |¢) (6| >0 .

p is a trace class operator, because for every orthonormal system (¢,) € H
holds
N

2 (@ns ) = w(3 60} (0n]) < 1

n=1

Hence, a state w is characterized by a positive trace class operator p with
Trp <1,

WAL+ A)=A+TrpA ,  Acompact ,
and possesses the decomposition into disjoint minimal folia

Tr(p-)

Trp

w= (1 =Trp)ws + Trp

with weo (A1 + A) = A, A compact.
Consider the folium with Trp = 1. Let f be a linear functional on the trace
class operators, that is bounded on the density matrices. Then

fe) (o)) = (¢, 49)

defines a bounded linear operator A on H. Conversely, every A € B(’H) defines
a linear functional on the trace class operators. We therefore see, that the density
matrices form the folium of normal states on the von Neumann algebra 5(H).

4. Process of Measurement

The occurrence of superselection sectors gives an answer to the problem of the
quantum mechanical description of the process of measurement. According to the
formulation of von Neumann the process of measurement consists of a reduction of
the wave packet: Let e.g. P be a projection, then the measurement of P effects a
transformation of the pure state ¢ into the mixture

[PY)(PY]+[(1 = P))(1 = P)e]

in which the two components P> and (1 — P)i> occur with the probabilities || Pi||?
and ||(1 — P)v||*. Since a unitary time evolution could never yield this result, this was
taken as an additional interaction, what of course is very dissatisfying.
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However, even if one finds a mechanism turning pure states into mixtures, e.g.
coupling of the system to a second system and subsequent separation, then the problem
still remains, that a mixture has a lot of decompositions into pure states, so reading off
|| P+||? is not obvious (there is only one decomposition into orthogonal states, however
it seems to be a little artificial to claim, that this happens in the process of measurement).

A much better interpretation has been developed by Hepp (see Landsman for a current
overview). According to him the essential point is, that the system to be observed either
possesses superselection sectors by itself or will be coupled to such a system, and that
in the limit of large evolution times the state turns into a mixture of disjoint states. The
observation of the intensity of the single components then is a measurement of a central
observable, that is not disturbed by quantum physical interference.

As a first example we consider a non-relativistic particle, whose pure states are
described by ¢» € L*(R?), ||| = 1. As the algebra of observables we consider K'y. We
want to measure the transition probability to a state described by ¢ € L*(R?), ||| = 1.
For that purpose we choose a Hamilton operator H, that possesses ¢ as the only bound
state and has on the orthogonal complement of ¢ a Lebesgue absolute continuous
spectrum. The time evolution on X, is given by the automorphism

ay(-) = Mt i
We obtain for A = [¢1)(¥1], 1,91 € H, w = wy = (¥, 1),
wpar(A) = wpar(|o)(¥n]) = (¥, aullén) (i ])e) = (¢, €61) (1, e )
Let 1) = (#,1)¢ + 1>+, There holds
(WMo = [dBF (0 (E), o) =0 . 1= oo .
since I — (y1(E), ¢1(F)) € L*(R) (Riemann-Lebesgue lemma). Thus,
wypa(A) = [(8,0)[ (¢, Ag) , t— o0

for A compact and

wypar = (6, 0)Pws + (1= (6, 9)[FJwae =00

Thus, w,a; decomposes asymptotically into two disjoint components wy and w.., and
the intensity of the component w, is given by the transition probability |(¢, 1)|?.
Next we will take a look at the following example. Let ¢, « = 1,2 be the massive

free Dirac field in two dimensions.
_ [t
¢—(%
is a solution of the Dirac equation
. 10 0 1
n _ 0 __ 1 _

VA =2¢" 0 () =10 () =
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in the sense of operator valued distributions. One considers the operators
=Y [ ET(oes@)(0")es [ €DERALCE)
o8

and demands
(1) (70" +1m)f)=0 , VfeDR’,C) .

On the spacelike hyperplanes the commutation relations take a particularly simple form.
For f,g € D(R,C?),

{W(f@&),v(g@6)=0
(0(f @ 6),0(g @ 6)°} = (f.9) = /d:z;fa Vga(z)

(That ¢ is well-defined on f @ ¢;, too, follows from (1) and properties of the Dirac
equation). The Fock space is the GNS Hilbert space to the state

w(@b(fl) T ¢(fn)¢(gm)* T 1/’(91)*) = 0, det (S+(fi79j)) 5 i,j =1,....n .

Here,
Se(f,g) = z;/d%d?ym&w —Y)ap9s(y)
and %
Si(2) = i7" (10, — im)Ay(2)

. . dp il m2 220 _ gl -
:Z’Yo(’wau_lm)/me (v/m2+p?a—p )(271.) 3

Because of the anticommutation relations the Dirac field cannot be interpreted as
an observable itself, but combinations, which are invariant under the global gauge
transformation ) — e“1b, a € R. Let Ol be the C'*-algebra, that is generated by
operators of the form ¢( f)*i(¢g). We consider now in Fock space the expression

= [yl gy L ole) = X eiale)

Jo 1s the charge density of the free Dirac field, the double dots stand for the subtraction
of the (divergent) vacuum expectation value. Formally,

a19( ):jo( )
doq(x / d?J a0]0( 7?1 / d?J a1]1( Y ) = —ji(x)

with j;(z) =:¢*(2)yy () :. Furthermore
Og(x) = (95 — 05)q(x) = —oji — Drjo = —2im : ™y 7 ¢
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:1p*y99%4 1 (@) can now be expressed as a function of ¢(x),

—2im "y (2) = 2m? fq(x)(cos(2mg(x)) — 1)1,
where
e?ﬂ’ix\q(l’)

- wo(e2mMa())

Thus, one can see that ¢ is a solution of the Sine-Gordon equation with a certain
coupling constant. In fact it is a special case of the connection between Sine-Gordon
and massive Thirring model (see Coleman, Lehmann-Stehr, Schroer-Truong). ¢ (re-
spectively bounded operators constructed from it) can be understood as an observable,
for it commutes in spacelike distances with all other observables and also with itself.
Since the transformation ¢(x) — ¢(«) 4+ 1 conserves all algebraic relations (in par-
ticular the field equation for ¢), it represents a symmetry. However, this symmetry is
spontaneously broken. Since the vacuum expectation value of ¢ in Fock space vanishes,

wo(q(x) + 1) =1 =wi(q(x))

We thus obtain a family of vacua w,,, w,(¢(x)) = n, n € Z. The corresponding GNS
representations are disjoint. We now consider the one particle state

wy = ((9), 7 (- ) (9))

e?ﬂ’ix\q(l’) .

with ¢ € D(R? C?),

o/ P* + m?,p)\2 =1

lolP = 2y [ =5~

R [}

The following holds:

0 x — left spacelike co

wylq(w)) — {

—1 2 — right spacelike co

Thus, this state interpolates between two vacua, it is a soliton (and can be identified
with the soliton of the Sine-Gordon theory).

Now we consider the time evolution of this state. Let «; be the time evolution
induced by the Dirac equation. Then,

Wy 0y — [P gl*wo + || P-gl[*wr

with

dp N 2
[Pyl = /WZ Gal(y/m? ‘|'p27p)‘
R4+ «

We thus see, that in the limit# — oo the one particle state decomposes into two disjoint
components with intensities equal to the probability, that the particle is moving to the
right or left, respectively.
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CHAPTER II

Local Quantum Physics

1. Principle of Locality

One of the most important principles in physics is the principle of locality. It says that
physical systems can only influence each other locally. Where actions over distances
are observed, there has to be a mediating system, as e.g. the electric field for the
Coulomb force between charges. The principle of locality allows to approximately
isolate systems and strongly restricts the possible physical laws.

In quantum theory one can formulate the principle of locality in the following way.
Let Ol be the (*-algebra of the quantum mechanical observables. Ol possesses a
norm-dense subalgebra Olp, whose self-adjoint elements can be interpreted as local
measurements. One thereby associates to each A € Oy the set L(A) of spacetime
regions, in which A can be measured, such that

(i) OeL(A),0, 00 = 0;€L(A)
(ii) If B is an element of the *-algebra generated by Aq, ..., A,, then

i.e. if all A; can be measured in one region, then so can B.
One can now consider for each spacetime region O the algebra

0(0) ={A e, O e L(A)}

Ol(O) can be viewed as the algebra of observables of the subsystem connected to the
region O.

According to Haag and Kastler a quantum field theoretical model can be completely
characterized by the map from regions O to operator algebras O/(O) on a Hilbert space
‘H, such that

O,CO; = 0(0;)—0(0z) , (unital embedding) .
It is sufficient to fix the Haag-Kastler net 0! = (0l(O) ) on regions of the form
O=WVi+a)n(Vo+4y) , y—azeVy
the so-called double cones. Here
Vi = {:1; € R4‘xoz + |:JZ"|}
21
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is the forward-, backward cone, respectively. Algebras for general regions G can now
be introduced through the definition

Ol(G) = =-algebra (C*-algebra, von Neumann algebra) generated by 0((O), O € G

One often initially knows the algebras O[(O) only as abstract algebras. Then in
addition one needs to have knowledge of the embedding homomorphisms

i0102 : OZ((’)l) — OZ(OQ) 5 for Ol C 02

with the compatibility condition ip, 0, 010,0, = 10,0, for O; C Oy C Os. This system
then defines an abstract global algebra Ol.., which is characterized by the following
universality condition:

(i) 3 embeddings ip : Ol(O) — Ol such that
(2) io2 o] io2ol = iol 5 01 C 02
(ii) For every family of homomorphisms ¢ : Ol(O) — B with the compatibility
condition (2) there is a homomorphism ¢ : Ol., — B with ¢ 0 10 = 0.
Ol is generated by the elements ip(A), A € 0[(O), O € K with the relations
(i) 0(O) 5 A — ip(A) is a 1-preserving *-homomorphism
(ii) 10, (t0,0,(A)) = i0,(A), A € 0(O1), O1 C O,
By this Ol is uniquely fixed as a unital *-algebra.

Now we want to make use of the fact that the set X of double cones of Minkowski
space is directed, i.e.

0,0,€K = JOCKwithO, CcO,0,CO

For that reason,
Ooo = [Jio(01(0))
o

If now every local algebra Ol(O) is a C*-algebra, then Ol,, possesses a unique C*-norm,
and one can introduce the completion

o= LOJZ'O(OZ(O)) .

Ol is called the quasilocal algebra. One talks about the C*-inductive limit of the system
(0L(O)).

The C*-inductive limit has the property, that no new relations can arise. For let
7 be a representation of O, and 7(A) = 0 for an A € Ol. There exists a sequence
0, €K, A, €0(0,) with ||A,, — A|| — 0. Then, ||7(A,)|| — 0. Now,

(Al = inf {|| A, — B.|, B, € 0(O,), 7(B,) =0} .
Hence there exists a sequence B,, € 0l(O,,), 7(B,) = 0 with ||A, — B,|| — 0, thus,
[An = Bull < |A = Anf[ + |4 = B, || = 0,

i.e. the kernel of 7 is the completion of the union of the kernels of 7| o). If in
particular = |oz(0) is faithful for all O, then = is faithful, too.

Let us consider as an example the spin algebra from the introductory chapter. We
consider the set M of intervals [ = {n € Z, n; < n < ny}, ny > ny in Z. To every
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interval the algebra O( ) is associated, which is generated by the o-matrices at the point
n € [I. This algebra is isomorphic to Myn,—n; (C). The embeddings Ol(1) — O1(.J)
for I C J are defined in a natural way. The C*-inductive limit is the C'*-algebra of
the spin chain we already considered. Since the local algebras O1( /) are simple (do not
possess any nontrivial ideals), Ol is simple, too, and all representations are faithful.

Let us now take a look at the structure of the state space. We assume that every local
algebra O1(O) possesses a distinguished folium S, (0l(O)) of states (possibly states
with finite energy density in quantum field theoretical examples). Equivalently, we
can assume every local algebra to be a von Neumann algebra. We now consider the
set S1,(O1) of locally normal states of OI, these are states w € S(Ol) with the property
wlooy € Sn(0(O)). Even if the local folia are minimal (as in the example of the spin
algebra), S1,(O1) possesses in general a lot of different minimal folia. In the example of
the spin algebra one can choose for every k € Z a vector 77(k) € B>, which describes
on Ol({k}) the state w(k) with the density matrix p(k) = (1 + 7i(k)7(k)). Every
such sequence defines a state on Ol. The folium generated by it is minimal (the state
is primary, i.e. the GNS representation is factorial). Two such sequences (w(k),w’(k))
define disjoint folia if

> llw(k) = (R)|* = Zln )P = o0,
k
for the following estimate holds:

lw — w'|| > 2(1 — ™7 2= W
PROOF. We have
(k) = ()| = llo(k) = p'(k)lls < 11/ (k) = /o () (k) + /! (k)
< otk) = /o ()12 11y p(k) + /o ()]l
- 2¢1 — (Try/p(k)y/p' (k))?

Furthermore (for py = [11_, p(k)),
—VPN = PN VPN =Py S VN + o

and hence (A = \/pn — /s B = /PN +1/PN)s
—1< B_EAB

l\J|>—\

<1
(Here B~ > is defined to null on the null space of 53.) Thus,
lo = &'l| 2 (w — &) (BZAB73)|| = Tr(py — ply) B 2AB™>
pn — piy = 3(AB + BA) and cyclicity of the trace yield
|w— || > TrAB 2 AB™% = Te(B"* AB™%)*B * AB™% = Tr(C*C
with C = B" AB~%. Because of
Tr(C*C 4+ CC* = C? = ™) = Tr(C = C*)(C = C*) >0
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we have TrC*C' = 1Tr(C*C' 4+ CC*) > ITr(C? + C*?). However,

TrC? = TiC™* = TeA? = || /v — /o |l2 = 2(1 = Try/ony/ply)

so that ||w — w'|| > 2(1 — Tr\/pn+/ Pl )- Now,

Try/pny /oy = II Try/p(k)y/p' (k)

From the estimate for ||w(k) — w'(k)|| follows

1= (Try/p(k)y/ o' —Hw — ()|

or

Try/p(k)\ /o (k) < w - i”w(k) — (k)2 < et B

Thus,

Tro/oy/py < o= i I 01

and therefore
o — w'|| > 2(1 — e~ Xy ol =o" ()P
forall N. O

A new situation occurs if the system of subsets, over which the local algebras are
defined, is not directed, e.g. if one considers a theory on a globally hyperbolic Lorentz
manifold ¥ x R, ¥ compact, and the algebras O[(K) for contractible regions in ¥ are
given. Then one can consider again the *-algebra generated by ix, A € O(K) with
the mentioned relations. This however does not have the structure of a union of local
algebras. For that reason there arise algebraic expressions, which cannot be calculated
in the local algebras. Hence, the algebra can fulfill new relations. In particular there
is no unique C™*-(semi)norm on this algebra. However, there is a uniquely determined
maximal C*-seminorm, and if there exists a family of faithful representations 7« of
O(K) in a Hilbert space H with 7 0 ixxs = mx for K’ C K, then this maximal
C”-seminorm coincides on the local algebras with the C*-norm of the local algebras.

As an example we consider the CAR algebra over L*(S') with I' as complex con-
jugation. For every proper interval [ in S* wie define Ol(7) as the even subalgebra
of CAR(L*(I),T), i.e. the subalgebra, which is generated by products containing an
even number of Fermi operators B(f). If I C J, then L*(1) is in a natural way a
subspace of L*(.J). This defines an embedding 7,7 : Ol(/) — Ol(.J). The family of
these embeddings satisfies the compatibility condition

IKJ 0T = UKT foric JCK

and hence defines an algebra Ol(S'). The structure of O[(.S') is easy to describe.
First, Ol(7) is the algebra spanned by operators of the form

bl(fvg)ZQB(f)B(g) ’ fngLreal( )7Ff:f7 Fg:g
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The canonical anticommutation relations for B,

{B(f),B(9)} = (f,9)1

lead to the relations

(i) f,g — bi(f,g) is real bilinear
(i) b/(f, ) = If]I*1
(iii) b1(f,9)b1(g, k) = llgl*bs(f. k)
O1(S*) now is the algebra generated by b;(f,g), f,g € (1 +T)L*(I) forall I and the
additional relation

(iv) br(f,g) = by(f.g) for I C J.
Let now Iy, I, J1 be intervals on S* with

]1U]2CJ:|: J_|_UJ_:Sl ]1ﬂ]2:@

and there is no interval [ with I, NI, ¢ I C Jy N J_. Let f € L*(11), g €

Y

FIGURE IL.2. Intervals on S*
L* (L), Tf=f,Tg =g, |fll = |lg|| = 1. We consider the operator
Y = bJ+(f7.g)bJ_(gvf)

Y does not depend on the choice of g, for let ¢’ € L*([3) with ||¢'|| = 1 and T'¢’ = ¢'.
Then,

bJ+ (f/,g/) — bJ+ (fvg)bJ+ (gvg/) = bJ+ (fvg)bb(g?g/)
and
bi_(g'. f) = b,(d',9)bs_(g, f) -
With bz, (g,9")b1, (9", 9) = br,(g,9) = 1 follows
bJ+ (f7 g/)bJ_(glv f) =Y .

With by, (f,9) = —bs, (g, f) also follows the independence of f. Then, however, Y’
also becomes independent of the choice of the intervals, and we have

Y2=1
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and

Y, bi(f,9)l =0, Vfg¥I .

Every element A € 0(S) can be decomposed into
1
A=A +A_ |, withAizﬁ(]l—l—Y) )

and OI(S') possesses the corresponding decomposition
0l(S") = 0L (S) & O (S")

O, (S1) is obviously isomorphic to the even part of CAR(L*(51),T'), for b;(f, )+ is
independent of 7. Namely, let [y, I, be two intervals with f,g € L*(1;) N L*(1y). If
there exists an interval with 7 O I, U [,, then

bh(fvg) = bl(fvg) = blz(fvg)

If there is no such interval, then /; U I, = S* and I; N I, has two components /... We
decompose f and g into f = f, + f_, g = g+ + ¢g_, which each have support in one of
the components, and obtain a corresponding decomposition of by, ( f, ¢) and by, (f, g).
We have

bIl(f:l:?.g:I:) - in(f:tv.g:I:) = b[2(f:|:7g:|:)

and

bi,(f£,9%)+ = [V bn(fa, 9)]+ = bn(fe, 95)+

Ol (S1) corresponds to the so-called Ramond sector (fermions on S* with periodical
boundary conditions). We now want to convince ourselves of the fact, that O(_ (S*) cor-
responds to the Neveu-Schwarz sector (fermions on S* with antiperiodical boundary
conditions). We consider the twofold covering S* of 5! and the Hilbert space

L(SYa={f € L(SY), f(—V7) = —f(V?)}

(We have embedded S! into the Riemann surface of \/2). Over this space we can
again consider the even CAR algebra. It describes fermions on S* with antiperiodical
boundary conditions. We choose a covering map S' — 5! by distinguishing a point 2,
in S'. The inverse image of an interval / C S is the union of two intervals /() U ()
on S'. We now choose IV C (\/zo, —+/Z0) if I # 2o and otherwise such that

1M 5 (—\/Z). Now toevery f € L*(I), I C S* will be associated a f; € L*(S'), by

fz) VEeIW

wpfi LTI VA S { —f(z) VEel®

Through the identification
bi(f.9) = 2B(f1)B(41)

now an isomorphism is defined from CAR(L?(S")y, T')eyen to O1_(S1).
This algebra O1(S') = 014 (S') 4+ O1_(S*) possesses as a unique C*-norm

Al = sup {JI A+, A1}
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FIGURE II.3. Covering S*

where the C*-norms on the even CAR algebras Ol (S') and Ol_(.S') are unique.

2. Haag-Kastler axioms

The guiding principle in algebraic quantum field theory is that a quantum field
theoretical model is defined by the system of the local algebras and the corresponding
embeddings (local quantum physics). A model representing a relativistic theory of
elementary particles should exhibit the following properties:

(1) If Oy is spacelike to O, and O U O C O, then in O[(O) holds
[Al,AQ] =0 R for Al - OZ((’)l), A2 € OZ(OQ)

This describes the relativistic causality. Operations in (O; (described by isome-
tries V' € 0[(Oy)) do not influence the results of measurement of observables

in 02,
w(VAV)=w(A4) Ae(Os), Ve, V'V =1 weSO)
This condition continues to make sense in general spacetimes with causal struc-
ture.
(2) Poincaré transformations PJI 5 L = (a,A) are represented by automorphisms
oy, of O, with

ar(0(0)) =0(LO)

This condition can be transferred analogously to spacetimes with other symme-
tries. In a general curved spacetime this condition has no analogue.

(3) Stability: This condition has not found a really satisfying formulation. One for
most cases sufficient formulation is the existence of a Poincaré invariant ground
state wp inducing a faithful GNS representation. Here a state w, is a ground
state (with respect to a 1-parameter group oy, ¢ € Vi, ¢? = 1 of timelike
translations) if for all A, B € O the function

R 3t wo(Aaw(B))
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is continuous and boundary value of a bounded analytic function on the upper
half plane. Then, wy is automatically invariant, wg 0 a;e = wy, since for A = A~

wo(ai(A)) = wo(Lay(A)) = wo(ar(A4))

1.e. wooy 1s entire and bounded. In this case one defines in the GNS Hilbert
space Hy to wp a unitary time evolution operator by

U(t)mo(A)Qo = moae(A)Qo .

The isometry of U(t) follows from the invariance of wy, the invertibility directly
from U(—t)U(t) = 1. By definition ¢ — U(¢) is continuous in the weak
operator topology and then also in the strong operator topology because of

1U(1) = U(s)ol* = 2(|l6]* — Re(U (1), U(s)9))
= 2Re(U()¢, (U(t) — U(s))9)

It follows that U (%) is a strongly continuous unitary 1-parameter group. By the
Stone theorem there is a unique self-adjoint operator H with

Ut) = et

Obviously H )y = 0. Furthermore H possesses spectrumin R, forif f € D(R)
with suppf C R_ with Fourier transform f, then

(mo(A)S, f(H)mo(B)Q) = /dtf(t)(ﬂo(A)ﬂaU(t)ﬂo(B)ﬂ)

Using the estimate

—EolmZ 2 JE
() (Rez 2 + 1) < [ dB|((1 dE2 ")E)
FEo =sup{FE, F € suppf}, and the path I of figure 2, we find f(H) =

1R

,,,,,,,,,,,,,,,,,,,

FIGURE I1.4. The path I'.

(4) Existence of a dynamical law.

If f is the solution of a hyperbolic differential equation, then f(x) is deter-
mined by the values of f and its normal derivative on a space hypersurface C',
possessing the property that every past directed (future directed) inextendible
causal curve starting at = intersects the surface C'.
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In quantum field theory the exact formulation of a dynamical law is difficult
(and has been achieved only in a few exceptional cases). In the algebraic frame
one can however formulate the so-called time slice axiom:

Let G be a globally hyperbolic region, and let I/ be a neighborhood of a Cauchy
surface of G. Then,

a(g) = av)

Curiously, the time slice axiom has not found any interesting applications.
This is definitely due to the fact, that the characterization of dynamics in
the framework of algebraic quantum field theory has not yet been achieved
satisfactorily. The time slice axiom has as a consequence the additivity of the
net,

0(0)=\/0(0,) , Vcoverings (O,)of O
PROOF. Let (O,) be a covering and C be a Cauchy sequence. Let U be a

neighborhood of C with the property, that every double cone in U lies in a
double cone O. Then,

o) c\o(o,) coo) .0

3. Examples of Quantum Field Theories

The standard example for a quantum field theory is the free scalar hermitian field,

which is characterized by the field equation

O4mY)e=0, e=¢

In quantum field theory ¢ we interpret ¢ as an operator valued distribution, i.e. ¢( f) is
an operator for every test function f € D(R?). The field equation then means

p(O+m*)f)=0 . feDRY

Poincaré transformations act through automorphisms

1.e.

e (p(r)) = p(Az +a)

ama) (@) = o(fiam) »  fiaw = (AT (@ —a))

We now consider the *-algebra Oly generated by the symbols (), f € D(R?) with
the relations

f = o(f)is linear.
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Let wy be a Poincaré invariant ground state of Oly. wy is characterized by the multilinear
functionals

f17 SR 7fn = wo(c,o(fl) e S‘Q(fn))
We will assume that these functionals can be continued to tempered distributions W,
on S(RY).
The spectrum condition and Poincaré invariance yields the general form of the two-
point function W5,

W(z,y) = / d'pp(p*)e” oY)
v,

with a Lorentz invariant measure p(p?)d*p on V.. Due to the field equation the measure
has to be concentrated on the mass shell p? = m?, i.e. p(p*) = cé(p? — m?), ¢ > 0.
Then,

wollo(Fplol) = ¢ [ died'y f(@)g(n) A - y)
with
d*p
2E(p)
One now shows (Jost-Schroer-Pohlmeyer theorem, see Streater-Wightman) that the
commutator [¢( f), »(g)] is a multiple of 1 if 2 is the unique ground state in H.

For this purpose, one decomposes the field operator o( f) into creation and annihila-
tion parts,

Az) = —2(27)7° sin( E(p)z® — p7)

o(f) =e(f) +elfo)
with fi € S(RY), suppfs C Vi,
fep)=Ffp) . pP=m ., po=E(p)
f—(p)=Ffp) , p=m*, po=-EF .

Let €2 be the vector in the GNS representation of wy inducing wy. We have ¢( f—)Q = 0
and therefore

() 0(@))Q = [o(f4), 29010 + (2(F-)elo4) — plg-)o(F+))Q .
The momentum transfer due to ¢( f_ ) (g+) — ¢(g9- )@ (f+) is contained in
I={p—q.p"=¢"=m* po.go >0} C{0}U{p|p* <0} .
From the spectrum condition follows

(el f2)elas) — elo=)e(£)) 0 = Po(p(f-)plgs) — plg-)e(f4)Q

where F is the projection on the ground state vectors. If {2 is the unique ground state
vector, then

((F)p(g4) = plg-)(£))Q = (2, [p(f), 2(9))2)Q
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and therefore

[p(f+), 0(g:)]12 = (1 = Fo)[e(f), p(g)]2 .

If we substitute f and ¢ by their translates f., g, then we obtain on the left side the
boundary value of a function analytic in Imz,Imy € V) vanishing on the open set

{(x,y), suppf + = X suppg + y}. Thus, [¢(f}), ¢(g4)]Q = 0 and

[p(f),p(9)I = Bl (), p(g)IE2 .

According to the Reeh-Schlieder theorem (next chapter) Olo(O)€2 is dense in H. This
fact implies that if A*Q2 = 0 for A € O0lx(O), then for all B € 0ly(O,), O; C O’ and
for all ¢ € O1p€?

(B, Ad) = (A*BQ, ) = (BA"Q,6) =0

ie. Ap = 0, thus A = 0. We conclude that the commutator above coincides with
its scalar value on (2. Hence, the free scalar quantum field is up to the choice of the
constant c uniquely determined. The value ¢ = 1 can be fixed by the condition that the
Hamilton operator in the limit of correspondence coincides with the classical energy.
The algebra 7(0Oly) possesses apart from null no C*-seminorm, since the opera-
tors mo(¢(f)) # 0 are necessarily unbounded because of the canonical commutation
relations. We hence substitute the algebra by the Weyl algebra W( L, o) with

L = D(RY, R)/image(D + m?)
/ f@)A@—y)gly) -
o is a non-degenerate symplectic form on L. The ground state is characterized by

(W (f)) = e HIF

with
2 di’” )
11" = T, )If( (), p)
The corresponding GNS Hilbert space is the symmetric Fock space
’H:é(’}—( @@ Hq) H:LQ(RS dSﬁ)
~ 1 y 1/symm > 1 72E(ﬁ)
and
S - "o o e
(W(f)Q)n(pl’ T 7p”) = f(E(pl)vpl) Y f(E(pn)vpn)e 24l
Vn!

The described model satisfies the time slice axiom. The first observation is that
additivity holds. Forif O = |Jd, O, is a covering of O and f € D(QO), then there exist
aq, ... such thatsuppf C U O,,. Lety; € D(O,,) with ¥¢,, = 1 onsuppf. Then,

15" o(fes.fer)
HWﬁP Je <

7=1
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and therefore

}generated algebra

W(f) € {0(0u,),i=1....n

The time slice axiom now follows from properties of the Klein-Gordon equation. Let
O be a double cone in the future dependence region of U, and let f € D(O;). Then
F = A, * f is a solution of the inhomogeneous Klein-Gordon equation (CJ + m2)F =
f with suppl’ C O; + V_. Let h be a C*°-function with supph C U + V, and
h=1on (O +V_ )\ (U+Vy). Setg = (O+ m*Fh. Fh vanishes outside
(O + V)N (U + V4) and coincides in the complement of U/ 4+ V, with I". Hence,
suppg C (U+V,)N(U+V_) = U if U contains along with every two points connected
by a causal curve also the curve. Now,

f—g=0O+m)F(1—-h) ,

but suppF (1 — k) C (O; + V_) N (U + V,) is compact, thus W(f) = W(g), i.e.
oU) D OOy).

With this model one can obtain new models by tensor multiplication. For this
purpose, one substitutes the symplectic spaces by direct sums

L= L

with symplectic form o( f, g) = 3 0:(fi, g:) and ground state

wo(W(f) =TT W) =2V 1P =0l
If the masses of the fields are equal, then the theory possesses O(n) as the symmetry
group,
O(n) 2 g = ag, ay(W(f))=W(gf) .  afi=> gl -
J

Now one can consider in the vacuum representation for every closed subgroup & of
O(n) the algebras

0l6(0) = {A € 0(0), a,(A) = A, Vg € G} .

These algebras form the prototype of the algebras of observables in the theory of
superselection sectors. We will examine, from which properties of the net the group ¢
can be read off.

As afirst example we consider in the case n = 1 the group Z, with the automorphism
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with the relations

V() =V(=1)
VI =V({f)

V(IV(9) = 3{e FHOV(] +9) + 27V (] — g))

We now consider two spacelike separated double cones O and O, and define the two
algebras

(
(

generated algebra

Olmin(olLJOQ :{Ol Ol OZ(OQ)}
= {0 (VU +9) + V(I —9)]

finite

suppf C Oy, suppg C O, Ay, € C}
Olmax((’)l U 02) — Ol N ﬂ 01(03)/

03CO1N0O}
= { Z )‘fﬂV(f + 9) ‘ suppf C O1, suppg C Oy, Aj,y € (C}
finite
Olmin and Olyax are different, for there exists an automorphism on Oln,x, Which acts
trivial on Ol i,

W(V(f+9)=V(f-9g)

Now one can construct a conditional expectation of Oliax on Olpin,

B(A4) = LA+ 70(4)

I has the properties
(i) linear,
(ii) positive, £(A) > 0 for A > 0,
(iii) normalized, £ (1) = 1,
(IV) E(AlBAQ) = AlE(B)AQ, AZ € Ozmina B € Olmax-
One now considers the inequality

E(A)>M , A>0,A>0

and defines indg = inf A™!. indy corresponds to the Jones index. In our case obviously
indg > 2. One easily shows, that actually indz = 2 holds. Here, 2 is the order of the
group Zs.

As a further class of models we consider the spin-% fields, which are characterized
by the Dirac equation

(10 +im)b =0, {0} = 20w, Y0 =77 = =75, i = 1,2,3 .
We consider the smeared field operators
N = [daf@) @) -
Let C be an antilinear operator in C* with C? = 1 and Cv,C = —~v,. Then C

anticommutes with the Dirac operator ) = ~,0" + ¢m and we obtain on Ky =
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D(R*,C") /image(D) an involution I'y with (I'of)(x) = —C'(f(x)). The scalar prod-
uct on Ky is defined by

Z/JWE;G&H%@J%PA@ﬁiE@w)
with
Yo(7.p" +m) _ _ _
Pe(p) = Y +E(p), Pr+P.=1,P,P.=0

If in particular f(z°, %) = §(z° — ¢)g(&), then

U0y = [ @RI = [ dalg()

I’y is an antiunitary involution on the Hilbert space K arising from the completion of
Ko.

A Majorana field y satisfies the condition C'y(z) = x(«). One defines the corre-
sponding CAR algebra CAR(K, I'y) by

B(f)=x(Tof) -
We have

and therefore, as required
B(f)" = B(Tuf) -
For a Dirac field one chooses the Hilbert space
Kp=K&Kk
with the involution I'(f, g) = (I'og, I'o f) and identifies
B(f,g9) =¢Tof) + ()" -

K p decomposes into the two I'-invariant subspaces

Ki={(f.0). feke . Ko={(if.—if), f € Ko}

This decomposition corresponds to a decomposition of the Dirac field > in 2 anticom-
muting Majorana fields

b(f) = B(lof,0) = %B(Fof, Tof) + %B(irof, —ilof)

- %xm i éxm
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If we couple n anticommuting Majorana fields, then we obtain

K(n):IC®(Cn ’ F(n)(f17,,,7fn):(Fofl,---,rofn)

The symmetry group O(n) again acts in a natural way. The Poincaré group acts by
U(A, a)ip(x)U(A,a)™" = S(A) ") (A(A)r + a)
Here A — S(A) is a representation of SL(2, C) in C* equivalent to

A0
A ( ! Z)
The Lorentz transformation A(A) belonging to A is defined by
A(A) = AzA™ | g:xoll—l—:i’& :

S(A) is defined by its commutation relation with the ~-matrices,
S(A"S(A)™ = MA)

In particular: S(A™') = 405(A)*y,. A ground state is found in the following way. We
have

0B = BE"f) . ()w) = sr0(nd +im)f
and I'yh = —hI'y. For the projections P, on positive and negative energies,
Pif(po.7) = Pe(P) [(£E(p). D)
then holds
[Py = P_Ty

A ground state is then characterized by

wo(AB(f)) = wo(AB(Pyf))
One finds

wo(B(f)A) = wo(B(P-f)A)

and the recursive relation

n

wo(B(fl)"‘B(fn)) = Z( ) (f17P+fk uJo m B fn

k=2
with the solution

wo(B(f1)-+ B(f.))=0 , nodd

woB(f1) -+ B(f2)) = 3 sign(0) T[[(frtirs Pe Fruii ) (—1) 5
() 652 ( )
o) < o0 4 1)

One for the theory of superselection sector interesting class are the chiral models in 2
dimensions. These are theories, whose field equation takes on the simple form

Oéte:id, teR
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for a lightlike vector e. Double cones in 2 dimensions have the simple form
O = {(:1;0,:1;1), 2 +atel -2t e J}

for two open intervals /, .J C R. Because of the chirality condition a;;. = id one of the
two intervals can be shifted without changing the algebra of the double cone,

Olo(] X {J—|—$}) = Olo(] X J)
The chiral net is now defined by
ol = UOZ(] x J)
J

If the original net is additive then Ol(/ x .J) is even independent from .J. From the
locality condition for Ol follows

oun,o()=0 , forinJ =90 .
At first we consider the free massless field in 2 dimensions. Let ¢ be a solution of the
al)

) -

FIGURE I1.5. Shifting one of the intervals

field equation Oy = 0. Then j = (Jy — ;)¢ satisfies the chirality condition
(Go+n)j=0 .

With u = 2° — 2! we have
. . 1 i —ip(u—u’
(,5(u)j()2) = = [ dppe =)
0

I —!
elT%l m(u—u' —ie)?

and [j(u),j(u’)] = 2¢6'(u — u’). The corresponding Weyl algebra is defined through
the symplectic space (D(R), o) with

o(f.9)=2 [ fdg .

Note that o is invariant under orientation preserving diffeomorphisms ¢ € Diff" (R).
The ground state is defined by

wo(W(f)) = e 2P
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with

1A =2 [dapplfp) -

One again obtains interesting other models by tensor multiplication and transition to
subtheories. One obtains a simple class e.g. by restriction of the test functions to the
ones of the form P(L)f, f € D(R).

4. Positive Energy Representations, Reeh-Schlieder Theorem, Borchers Property

The most important class of representations for elementary particle physics are the
positive energy representations. A positive energy representation of a C'"*-algebra Ol
with an automorphism group (o ):cr is a representation = of Ol in a Hilbert space H
together with a strongly continuous unitary representation / of R in H, such that

U)r(A)U(#)™ = man(A)

and such that the self adjoint generator /1 = 1L/ (t)|,=o of (U(t)) possesses a non-
negative spectrum. In this case the Borchers-Arveson theorem holds:

THEOREM. Let (7,U) be a positive energy representation of (Ol, ). Then there
exists a strongly continuous group V (t) € ©(Q)", such that (7, V') is a positive energy
representation of (0L, «t).

REMARK. The generator of V' can thus be approximated by elements of #(0l). In
this sense it can be identified with the observable ’energy’. This justifies a posteriori
the name ’positive energy representation’.

SKETCH OF PROOF(cf. Bratteli-Robinson I 3.2.46). Let M = =(0l)", with A also
U(t)AU(t)™r € M. Alsolet A’ € M’ = =x(01)". Then for B € Ol holds

U AT (), 7(B)] = U() A, mau( BIU(H) = 0,

thus U(¢)"tA'U(t) € M'. Hence U(t)AU(t)~! commutes with all elements of M.
We define 3,(A) = U(t)AU(t)™" for A € M. (B)ier is a 1-parameter group of
automorphisms of M. For test functions f € S(R) we set

Bi(A) = [ dif(n)s()
Here the integral on the right side is defined in the following way: Let ¢, > € H. Then
L= (6, B(A))) = A (1)
is a continuous function with | A4,y (2)| < [|9|| ||2]| | Al By
6.0 = [ AR A1)

a sesquilinear form is defined on H, which is bounded in both entries and hence defines
a bounded operator,

(6, 8A)0) = [ dtf(t)(6, B A)0)
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For A" € M’ holds

(A7 0, B(A)p) = (¢, B(A)AP)

and therefore 3;(A) € M.
We now define the 3-spectrum sp;(A) of A € M in the following way:

spp(A) = {E €R ‘ V neighborhoods U of F there is a
test function f € S(R) with suppf C U and 34(A) # 0 } .

Let I C R be an open interval. An A € M with sps(A) C I can be provided in the
following way. Let ¢ € S(R) with suppg C I, and let Ay € M. We set A = ,(Ap).
We want to show that sp;(A) C [. Let £ ¢ [. We must show that there is a

neighborhood U/ of £, such that for all test functions f € S(R) with suppf C U the
operator 3;(A) = 0. We choose U in a way that U/ N suppg € (). Now let f € S(R)

with suppf C U. Then for ¢, € H:
(6, 8A)0) = [ dLf(1)(6, B A)
- / dtf(1)(U(T) " &, B Ao)U (T) ')
- /dtf(t){/dsg(S)(qﬁﬁm(AO)%/ﬂ)}
— /dtdsf(t —5)g(s)(¢, Bl Ao)¥)

However,

[ dstte = (s) = [ sz [ apfE)et=Fots

for suppf N suppg = 0, thus B¢(A) = 0.
We now define the subspaces M g of M with energy transfer > £:

Mg ={A€ M, sp,(A) C[E, ]} .
We have MgH C {¢ € H,sp,(H) C [F, 0]} because of sp;; € [0, oc]. Now let
Hy= () MgH

E'<kE

and Pz be the projection on Hg. Obviously,

Pg—0 for ¥ — oo since H is positive
Py — Py, for i/ /' E
Pp=1 for £ <0 , since 1 € Mg for £ <0

Thus one can define a selfadjoint positive operator H, by

o, = / EdP;
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and a unitary group by
V(t) = / ¢iBtd Py
For A’ € M’ holds
AMpH C MgH .
M ’H and therefore also H g are invarant subspaces under M’, thus
APy = Pp APy VA" e M.
Since M’ is a *x-algebra and P = P}, it also follows that
Pp A" = PgA'Pg

thus [Pg, A'] = 0,ie. Pgp € M” = M and also V() € M.
It remains to show that V(1) AV (—1) = B:(A), A € M. Let w(A) = V(1) AV (—1).
One first shows

spg(A) Dsp(A) , AeM
However, in this case for f, g € S(R) with supp f N suppg = 0§ holds
’Yfﬂg(A) = 0 9 A € M

The bounded continuous function

R* = (¢,7:8:(A)) = f(s,1)

thus has a Fourier transform with the property

f(E,EY=0 , fork #+FE |

thus f(E, E') = F(E)§(E — E'). Thus f depends only on the sum s + ¢. Hence, we
have

V-1B(A) = y10f0(A) = A .0O0

The multidimensional generalization holds, too: If U is a strongly continuous unitary
representation of the translation group of Minkowski space with

U(z)m(A)U(z)™ = may(A)
Ulz) = et | spP CVy

then one can choose U(z) € =(O1)".

Now let O1(O) be a local net with translation symmetry and a translation covariant
positive energy representation. Let v» € D(e*’), a € V, and let G be a region in
Minkowski space with the following property: 3G, C G and a neighborhood V of zero
in the translation group, such that:

1) G DG +V
(i) V. 01(Go + ) = O,
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Then 0(G )y = Ol (Reeh-Schlieder theorem).
PROOF. Let ¢ L O((G ). Then for Ay,..., A, € Go, x1..., 2, €V

0= (¢, au, (A1) oz, (An)0))
= (¢, U(x1)A1U(xg — 21) - - Uy — 2pe1)AnU(=2,)0)
= lim (¢7 eizlPAlei(ZQ—zl)PAz L. ei(zn—zn_l)PAne(—izn—a)PeaP¢)

Imzj4q —2; (7 =1,..., n—1), F(z15002n)
Imz1, a — Imz, € V4

The function f is analytic in the region

T = {(21,---,%) €eC', Imz, Imz; 41 —2z;(j=1,...,n—1),a —Imz, € V,

a

and possesses continuous limits for z1, . . . , 2z, € R*vanishing onthe opensetV x -- -V,
N———

n
Thus f is identically zero, and with it also the boundary values for all 24, ..., z, € R%

It follows ¢ L Ol, i.e. OL(G )3 is dense in Olp. [

Examples for regions G:
(i) wedge regions of the form {|z°| < '},
(i) forward light cones,
(iii) spacelike cones S = a + Uy5o AO, O C {0} double cone,
(iv) double cone O, if weak additivity holds: \/Ol(O; + x) = O" for a smaller
double cone O; with O; C O. Additivity implies weak additivity.

From the Reeh-Schlieder theorem follows together with locality that ¢ is separating
for all algebras Ol( R) with R C G’ if Olyp = 'H:
Ap=0,AcO(R) = A=0 .

For from Ay = 0, A € O((R) follows ABY = 0¥B € O(G). A thus vanishes on a
dense set and hence everywhere.

The last of the general theorems we want to consider is the so-called Borchers
property of projection operators in local algebras. We consider a pair of regions
Go C G with Go + V C G for a neighborhood V of zero in the translation group. Let
F € 01(Go) be a projection.

THEOREM (BORCHERS PROPERTY, 'PROPERTY B’). There exists an isometry V &
OlG) with V*V = E.

PROOF. Let O C G NG} and let ¢ € D(e?) for an a € V.. Then ¢ is cyclic for
Ol(O)'. We will show later that F¢ is separating for Ol(G)'.

To F¢ separating there exists a ¢» which is cyclic for O((G)’ and induces the same
state

(Eg, AEQ) = (¢, AY) , A€ 0(G) (Sakai, theorem 2.7.9) .
We now define
VAYp=AE¢ , Aco(G) .
V is an isometry. Furthermore for B € O/(G)’ holds
VBAY = BAES = BV A |
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ie. Veo(g) =0(g). O
The fact that F ¢ is separating follows from the next lemma.

LEMMA. Let ¢ € D(e*), a > 0, and let £ € 0l(Gy) be a projection. Then E¢ is
separating for O(G)'. (Go, G as in the theorem)

PROOF. Let A € O(G)" with AE¢ = 0. ¢ is by definition cyclic on Go, G for
0G)" NOoG), thus AE = 0 follows. Furthermore for an ¢ > 0 holds

3) [A,au(E)] =0 for |t| < ¢ .

We consider the analytic functions () € H)
FY L (2) = (e, Ae oy, (B) -+ age™¢) | 0<Imz<a
G0 (2) = (e, e ay (B) - ae ™ A¢) | —a <Imz <0

~~~~~~~~~~

..........

which because of (3) coincide on the interval [—(e — ¢), e — ¢]. Hence, they can be

continued to a function F\")

.1, (z) analytic in the region

{2‘0 < |Imz| < @ or Imz = 0, |[Rez| < 6—5} :

This function vanishes because of AF = 0 and (3) at the points z = —#;, : = 1, ..., n.
Inside the circles |z| < ¢ it thus possesses n zeros for values of ¢; pairwise different.
Yet, the number of zeros does not change in the limit ¢; — 0, since from the estimate

(fort; #t;, 1 # J)

i () o
e < || et | | Al (e — 28)7"
] < e ol Al e~ 26)
(maximum principle), thus
‘Ht(l)tn(z)‘ < const. (L |_ 25)

and the continuity of H{"™ , (z)inty,... .1, follows (with H{" ,(z) = H{"(2))

Taeees p\7/ TR Ty s ey P ARSI AT AR UL

‘Hél)(z)‘ < const. |z|"

ie. Hél) possesses a zero of the n-th order at z = 0. Since this is true for all n, Hél)
vanishes identically. Thus,
Ae T Eetl g =

Since the vector Ae~* Fe* ¢ is analytic for the energy, it is cyclic for Ol(Gy) and
hence separating for O((G)’, thus A = 0 holds. [

An application of the Borchers property is the following
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THEOREM. Let (OL(O)) be a net of von Neumann algebras satisfying the Borchers
property, i.e. for Oy C Oy and projections £ € Q1(O,), E # 0 there exists an isometry
V e 0(O;) with V*V = E. Then Ol = JOU(O) is a simple algebra (i.e. Ol does not
contain any closed ideals apart from {0} and Q).

PROOF. Let .J be a closed ideal of O, J # {@}. Then J N OI(O) # {0} for some
O (compare 1). Let B € JNO(O), B > 0, and let £ be the spectral projection of
B to the interval [¢, | B||], 0 < ¢ < ||B||. Then £ # 0 and B > ¢F. According to
the Borchers property, in Ol(O;) with O; D O there is an isometry V with VV* = [,
Thus,

VBV > eVEV = eVVV™V =€l |
i.e. V*BV is invertible. Since with B also V* BV belongs to .J, J = Ol follows. [



CHAPTER III

Global Gauge Symmetries

1. Field Algebra and Algebra of Observables

We want to take a look at the typical features of a theory with inner symmetries.
Starting point is a net of operator algebras, whose elements cannot necessarily be
interpreted as observables, as e.g. Fermi fields.

Let (F(O)) be a net of von Neumann algebras in a Hilbert space H indexed by
the double cones O of Minkowski space. We call the algebras F(O) the local field
algebras and F = J F(O) the field algebra. We make the following assumptions:

(1) No F(O)" = C1 (irreducibility).
(i1) d a strongly continuous unitary representation {/ of the covering group of the
Poincaré group PJI in H with

U(L)YFO)U(L)™ = F(LO)
The generators P, of the translations satisfy the spectrum condition
spC Vi

and there exists a unit vector € H with U(L)Q2 =  unique up to a phase
factor. We call ) the vacuum vector and denote by «;, the automorphism of
F implemented by U(L),

ar(F)=U(L)FU(L)™!

(iii) 4 a compact group ' (the gauge group) and a strongly continuous faithful
representation {/ of (¢ in H with the properties

U(g)F(O)U(g)™" = F(O)
Ug)t =10
Ulg)U(L) = U(L)U(g)
The automorphism of F implemented by U(¢) is denoted by «,. (The use of the
same symbols U and « for Poincaré transformations and gauge transformations

follows conventions and should not lead to confusion.)
(iv) dx € G with k% = 1, such that for spacelike separated regions O; and O, and

even (odd) elements Ff) e F(O),i=1,2, ozﬁ(Ff)) = iFf) graded locality
43
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holds:

[P PP =0 = (10, P = (P, P
(v) The net (F(O)) is additive,
FO)=\VFO.,) ., o0=0,

(vi) The net (F(0O)) satisfies GG-invariant Haag duality, i.e.
V (Fo)nU(@)) = FO)y nu(Gy

0, co’

The properties (i)-(vi) are abstracted from examples, as e.g. the free Fermi field with
inner degrees of freedom. The duality property (vi) is violated for the free massive
Dirac field in 2 dimensions. Since the fields are not necessarily observable, other
assumptions e.g. about the spacelike commutation relations can be made. However,
we will see (this is the content of the Doplicher-Roberts theorem) that a net of algebras
of observables (under assumptions still to be specified) uniquely determines a net of
field algebras with the stated properties. From a physical point of view these properties
do not mean a restriction to generality. We now define observables as gauge invariant
elements of the field algebra,

0UO) = {A € F(0), a,(A) = AVg € G} = F(O)NU(G) |

and obtain a net of operator algebras in H with the following properties:

(ii)” ar(0(0O)) = O(LO) (Poincaré covariance),

(iv) O; C Oy = 0(Oy) CO(O3)" (Locality).
If U(G) is nontrivial then the Hilbert space H decomposes into subspaces that are
invariant under O, every projection in U/((7)” projects on such an invariant subspace.
Since (7 is compact, U ()" is isomorphic to a direct sum of finite dimensional matrix
algebras

U(G)" ~ P My, (C)

where o runs through all the equivalence classes of irreducible representations of &
occuring in U and d,, is the dimension of a representation of the class o. We have:

PROPOSITION.

(1) The irreducible invariant subspaces of 'H correspond exactly to the minimal
projections of U(G)".

(ii) Two such representations are equivalent if and only if these projections in U (G')"
are equivalent, i.e. if they belong to the same full matrix algebra.

PROOF. The proof of the proposition follows from the fact that U(G)” = OU'. In
order to see this identity, we again consider the conditional expectation m : F — A
defined by taking the mean over Gi:

m(F) = [ dgay(F)
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Here dg is the normalized Haar measure on (-, and the integral is defined in the sense
of matrix elements. We have:
(1) moy, = aym =m,
(i1) m is o-continuous,
(iii) m(F(O)) = 0(O).
Because of (ii) m can be continued on B(’H). From this follows

" =m(F") ,  because of o-continuity
F"=B(H) , because of irreducibility of F

and thus 0" = m(B(H)) = U(G)', thusO' = U(G)". O
The Hilbert space H hence decomposes in the following way:
H=H, xH,
with H,, as the irreducible representation space of (¢ with representation U,, H! as the

irreducible representation space of Ol with representation 7, and

A

Ulg)

:]].HUXTFU(A) , Aed

HoxHL

HoxHL Us(g) x Ly, . g€G

The trivial representation corresponds to the subspace H = OIf2, and 7o with 7o(A) =
Alx, is called the vacuum representation. Since Poincaré transformations and
gauge transformations commute, every one of the representations 7, is invariant under
Poincaré transformations.

We now want to compare the different representations. Let /~ be a minimal projection
inU(G)" and 7p(A) = A|lgn, A € Ol. E has the form

B= [ dgU(9)(6.0-(0)8) . é€MHo |6 =1

We choose F' € F(O) with EFQ # 0. Such an operator exists, since § is cyclic for
F(O) (Reeh-Schlieder theorem). We consider the operator G : 'Hy — E'H,

Go=EF¢ , ¢€Ho
(7 is not zero and possesses the partial intertwining property
Gro(A) =m(A)G ,  Ae0(0)

On OI(Q’) the vectors G2 € Hy and |G| € H, induce the same states. Because of
the cyclicity of © for F(O) there exists a normdense set of states w € S,,(01) that
coincide on Ol(Q’) with states from Sy, (Ol). Thus, since the states in a folium are
norm-closed,

Sro (QUO)) C Sr,(O(O"))

However, since H; also contains vectors cyclic for F(O) (e.g. ¢ € EHND(e?), ¢ +#
0), vice versa

Sr (O1(O")) C)Sx, (AU(O"))
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The state sets of the two representations are thus equal after the restriction to O[(O'),
the restrictions are thus quasiequivalent. ¢ and §) are cyclic and separating for O/(O’),
thus from quasiequivalence follows unitary equivalence. We obtain the following

PROPOSITION. All irreducible subrepresentations w, satisfy the condition

To — 770‘

oo o0

for all double cones O.

REMARK. This property of representations provides the starting point of the DHR
theory of superselection sectors.

2. Simple Sectors, Haag Duality, Localized Endomorphisms

Among the sectors 7, a particular role is played by the ones belonging to one-
dimensional representations o of (. Let F, be the projection on H, x H. (£, €
Z(U(G)") = Z(O")). o is one-dimensional if and only if

Ulg)E, = E,U(g) = x,(9)F ,  xcharacterof o .
DEFINITION. A representation = of (1 satisfies Haag duality if
T(OUO)" = =(O(O)) ()"

REMARK. From locality follows 7(0l(O’))” C #(0l(O))" N =(Ot)”, thus only the
converse inclusion has to be shown.

PROPOSITION. 7, satisfies Haag duality if o is one-dimensional.

PROOF. Let o be one-dimensional. Then 7,(A) = Alg,x, A € 0. Let A’ €
7,(0(O)). Then E,A'E, € Ol(O)". We have

A(OY = (F(O)NU(GYY = F(O) VUG .

The von Neumann algebra F(O)’ vV U((G)"” contains as a weakly dense subalgebra the
algebra

M = { > F,U(g), Fy € F(O), F, = 0 apart from finitely many ¢ € G} :

geG

We have K, ME, = E,F(O)FE,, and since m — E,mkFE, is weakly dense
E,FO)VUG)'E, = E,F(O)'E,
Thus,
E,A'E, € E,F(O)E, = E,(F(O)nNU(GY)E, = E,Q(O"Y'E, ,
ie. A € 7, (0H(O"))". O

REMARK. The converse also holds: 7, violates Haag duality = ¢ multidimensional.
Sectors satisfying Haag duality are called simple sectors. In particular, the vacuum
sector is simple.
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Now we come to the basic construction of DHR theory: Let 7 be a representation of
Ot satisfying the DHR criterion. Let O be a double cone, and let 7 on O[(O’) be unitary
equivalent to 7 with unitary operator V' : Hy — H,,

Vro(A) =rm(A)V A e 00
We now define a representation 7 in H, equivalent to = by
T(A) =V iz (A)V | Ael .
Obviously, 7(A) = mo(A) if A € O((O').

PROPOSITION. Let Oy D O. Then 7(0L(Oy)) C mo(0(O1)). In particular 7(01) C
7T0(Ol).

PROOF. Let A € O((O;) and A" € O1(O}). Then because of O((O}) C O(O’') and
T =monOl(O)

[ro(A"), 7(A)] = #([A", A]) = 0,
ie. 7(A) € mo(0(O})) = mo(0l(Oy)) because of Haag duality. [

Since 7 is faithful (O1 is simple), there exists an endomorphism p : Ol — O with
p = 75" o 7. ppossesses the following properties:

(i) pislocalized in O, i.e. p(A) = A, A € O (O').
(ii) p is transportable, i.e. VO, Oy with Oy D O; U O U € 01(O;) with

AdUop(A)=A , Ae0(O)

The first property is an immediate consequence of the definition. In order to see the
second property we use a unitary operator V; : Hy — H, with the property

Vimo(A) = w(A)V) A€ 0(0))

Then V*V € mo(01(O}))" = mo(01(O3)), and U = 75 (V;*V) satisfies the mentioned
condition. The third property is an immediate consequence of the proposition.

DEFINITION.
A(0) = {p € End(01) | p(A) = A, A € O (O") A
YO, 30 € Ol with AdUy 0 p(A) = A, A € 01(O}) }
A={JA(0)
(@]

PROPOSITION. p(Ol) = QOL, i.e. p automorphism < 7o o p satisfies Haag duality.

PROOF. Let p € A(O). Then p(0((O')) = Ol(O"). First, assume p(Ol) = Ol. Then p
is invertible. Since p~! acts trivially on O1(O'), according to (iii)

pH(01(0) Ca(O)
thus OL(O) C p(0l(O)). It follows that
7o 0 p(OU(O)) D mo(0UO)) = mo(OUO"))" = 7o 0 p(QUO"))" .
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Together with locality, Haag duality follows for O. Now let O; be arbitrary. Then
there exists a unitary operator Uy € Ol with p = AdU; o p € A(O;). We have
p1(01) = Up(O)UT! = U0l = Ot and therefore 7 o p; satisfies Haag duality for
O;. Since 7y 0 p and 7y © py are unitarily equivalent, 7 o p satisfies Haag duality for
Oy, too.

We now conversely assume that 7 o p satisfies Haag duality. Then for O; D O
holds

7o 0 p(QUOL)) = 7o 0 p(AUO}))" = mo(AOY))" = mo(AOY))

ie. p(O(O1)) = 0(Oy). Since Uo, 0 O(O4) is dense in O and p is continuous,
p(O1) = Ot follows. [

As a first example we consider a free Majorana field with gauge group Z,

as(B([)) = =B(J)

The vacuum state is invariant under «,,. Hence, in Fock space H there is a unitary
operator U(x) with

U(r)B(f) - B(f2) = (=1)"B(f1)--- B(fz)&? .
'H decomposes into a direct sum
H="HobH, ,

the summands corresponding to the irreducible representation of Z.

As a field operator, which possesses partial intertwining properties between 7y and
71, one can take the Majorana field itself smeared with a test function f with compact
support. We have

B(f)mo(A) =m(A)B(f) ,  suppf C O, A€ (D)

We choose [ invariant under I'y with || f||* = 1. Then B(f) is unitary, and we obtain
for the endomorphism p the formula

p(blg, h)) = B([)blg, h)B([) = b(f,9)b(h, f) -

p is invertible, p = p~', it acts trivially on O((O'),

suppg, supph C O" = p(b(g,h)) = b(f,9)b(h, f)
= b(g, /)0(f, h)
=0(g,h) ,

and it is transportable,

[1 €DOy), Tofi = fi, I1fill =1 = pi(blg,h)) = b(f1,9)b(h, f1)

= b( 1, [)B(f, 9)b(h, FIO(F, f1)
= AdU o p(b(g, 1))

with U = b( f1, f).
As a second example we consider the free scalar charged Bose field

=@+ 1oy ,
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where ¢ and ¢, are two commuting free hermitian scalar Bose fields. This model
possesses the gauge symmetry

U(l) > e (o — emc,o)

The vacuum is again invariant and the Fock space decomposes into the direct sum

H=EDPH, ,

neEZ

corresponding to the irreducible representations ¢ +— ¢, n € Z of U(1). An
operator interpolating between the sectors is e.g.

o(f) =1 f) +e2(f) with suppf C O, freal .

©(f) is a normal operator. Its polar decomposition

P() = Vil ()]
yields a unitary operator 1 possessing the intertwining properties
The corresponding endomorphism is

p"M(A) = VAV

The unitary operator U = V{V™", suppfi C Oy, fi real, transports the charge to Oy,
such that

P = AdU o pt™

is localized in O;.

3. Field Multiplets and Cuntz Algebra

We now want to examine the sectors 7, belonging to non-Abelian representations
o of (. Let p be an endomorphism of Ol with g 0 p =~ 7,, p € A(O). Since 7, is
irreducible, w = wy o p is a pure state. Let

Ho = {6 € H|(6,40) = w(A)|9]*, A € o}

be the set of vectors inducing w.
Atfirst we convince ourselves of the fact that ,, is a subspace of H. Let ¢, ¢ € H,,.
If 1 + ¢2 = 0 then nothing has to be shown. Now let ¢ + ¢ # 0. Then,

(61, Adr) + (62, Ada) = w(A)([|6n]|* + [|62]]")
= 261+ 62, A1+ 62)) + 2{r — b A1 — )

Since w is pure, the state incuced by ¢, + ¢, has to coincide with w, thus ¢1 + ¢, € H,,.
'H,, is invariant under gauge transformations. Its dimension is d,,.

THEOREM. For every ¢ € 'H,, there exists a uniquely determined i € F(QO) with the
properties

1) Q= o,
(i) A = p(A)p, A € QL
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PROOF. Because of p € A(O), for A € O1(O')
(6, 40) = w(A)l[9]l* = wo 0 p(A)|2]]* = wo(A)[[6]I* = (2, AQ)[|4]]* .

Let I/ € F(O'). Then with £, as the projection onto H,, because of m(F""F') €
OZ(O/)//

E.m(F"FYE, = (Q,m(F"FYQ)E, = || F'Q|°E, |,
thus
[F'QI* < 6P T B F” F'E,, = ||¢|*TeEum(F” F) B, = do || 6|I*| F'Q||* .
We now define an operator ) by
V' =F¢ F' e F(O) .

y* is defined densely, since (2 is cyclic for F(O)’. According to the calculation before
»* (and therefore ¢» = (1)*)*) is bounded,

17l < Vo -

Furthermore, v* € F(O)"” = F(O). We compare ¥>* to the unitary operator between
the GNS Hilbert spaces to 2 and ¢ (for ¢ # 0)

Up(A)2 = Aglle|™ , Aeor .

For A € 01(O') holds A € F(O)', thus (with p(A) = A)
Pp(A) = T AQ = Ag = [|¢]|Up(A)Q .
Since €2 is cyclic for O[(O') in Hy,
7, = lo||U .,  inparticular ¢p*p(A)Q = Ag .
Now let O; D O and A € 01(O;). Then for all F| € F(O,)',
Vp(AVF[Q = " Fp(A)Q = Flv*p(A)Q (because of * € F(Oy) D F(O))
— FA¢ = AFl¢ = AV FQ

hence
YA =p(A) YA€ Q .
The uniqueness follows from the fact that ) € F(O) is uniquely fixed by »*Qd = ¢. O
We now consider the set
Hy={yeF vA=pApw, Aca} .
H, is by definition a linear norm-closed subspace of F. Let 11,1, € H,. Then,
P, eNF =UG)" NF .

The latter intersection is trivial. Namely, let F, € U(G)"NF with F'|y, = ¢ly,, ¢ € C.
Then for I' = Iy — ¢l

_— 0 = mo(m(F"F))
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and thus m(F*F') = 0, since 7 is faithful. Now let ¢ € H. Then

0= (0.m(F"F)6) = [ dg(6,0,(F"F)o) .

but the integral of a continuous positive function can vanish only if the function vanishes
identically, hence (¢, F*F'¢) = 0, thus F, = c1. Hence, we can define a scalar product
on H, by

<@/}17 ¢2> 1= @Z’f@/’z

Actually, H, is a Hilbert space, thus complete with respect to the topology defined by
the scalar product, for

(01 — o, by — ha) = [[(01 — )" (b1 — ha)|| = [l — lf*

and the operator norm coincides on /{, with the Hilbert space norm. The elements
of H, are multiples of isometries. One therefore also calls //, a Hilbert space of
isometries.
Such Hilbert spaces of isometries always exist on infinitely dimensional Hilbert
spaces. Lete.g. H = [*(Z). We consider the operators of the form (e,,(k) = 6,1, k € Z)
¢A,uen = )\62n + peznpr )\7,u cC .

We have
(ems O3 utvwen) = AN + it )omn
thus ¢,y = (W + ') L.
Furthermore, we have Hp*ﬂ = Hyop, forif ¢ € H,, then for A € Or holds
(V7Q, AP™Q) = (2, AY™Q) = (Q, p(A)p"™Q) = (Q, p(A)m (L))

However,

m(p")p(A) = m(by"p(A)) = m(p(A)py™) = p(A)m(¥d7)
i.e. m(y*) = C1 because of the irreducibility of 7o o p. We have (2, m(y¢*)Q) =
|*w]|?, thus (Y w, A w) = wo o p(A)||v"w]||?, thus *w € H,y,. The converse
inclusion has already been shown.

The following proposition shows that the elements of /{, are the typical elements of
the field algebra.

PROPOSITION. Let (F;), « = 1,...d, be a family of operators in F(O) transforming
like an irreducible tensor according to the unitary representation U, of GG. Then there
existsa p € A(O),a B € 0(O) and 1, ... ,vq, € H,with F; = B, 1 =1,...,d,.

PROOF. [} € H. C Hz, H. irreducible representation space of Ol, & conjugate
representation to o. Let p € A(O) with 79 0 p(+) = - |y V2. Then there exists a
¢o € Hy with

(¢07 p(A)¢0) = (Fz*Qv AFZ*Q) )
where ¢, can be chosen independent of :. We now define a operator 7" on H, by

Tro(A)Q =7m0(A)do A e o0
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T possesses the property
Tﬂ'o(A) = 7T0(A)T R on Ho, A€ OZ(O/) 5

thus 7" € mo(0((O"))" = 7o(01(O)), i.e. T = mo(B*) for a B € 01(O). H’ contains a
vector ¢; inducing the state w o p. Hence, according to the previous proposition there
exists a ¢} € H, with ¢;Q) = ¢’. With it holds

(7 BQ, A B™Q) = (B™Q, p(A)i| B*Q)
= (B, p(A)ym (") B*Q)
= (B2, p(A) B Q)m(viy7)
= (¢0, p(A) o) (Piabl")
= (F7Q,AFTQ)
ie. Y*B*Q = A\F*Q, (H. irreducible). By redefinition of /! one obtains the proposi-
tion. [

H, with 7y o p = 7, is an irreducible representation space of (i,

~ U,

Hp
Let {¢;, ¢ = 1,...,d,} be an orthonormal basis of H,. Then Y v;F € U(G) N
F(O) = 01(O). However,
Dol =m(Y o aT) = m(il) € CL
since ;1) are mutually orthogonal projections,
Yoty =1

The endomorphism p is implemented by {1, . ..,,} in the following way

Qg

d

and a left inverse ¢ of p is defined by

d
HF) = 5 il

We now consider the x-algebra °Q, generated by ¢, . . . , 14 (the Cuntz algebra).
THEOREM. The algebra °Q, is simple (for d > 2).

PROOF. Let Z C %O, be a (two-sided) ideal, and let A € Z, A # 0. Every A € °0Oy
can be written in the form

A= Z )\aﬁ@/’a@/’g
o, 3

finite

with «, 3 finite sequences of numbers «;, 3; € {1,...,d}, where the length of the
sequence « is denoted by /(«). 1, is defined as the product

¢a:¢a1“‘¢an ’ n:Z(Oé)



3. FIELD MULTIPLETS AND CUNTZ ALGEBRA 53

Because of the relation Z PepF = 1 the representation above is not unique. One can

always choose it in a way that the multiindices 5 have the same length.
We use the following notation:

«<Bp & la)<lBandai=F,i=1,....1a)
and for o <  let 3 — « be defined by
(6_05)i:61(a)+i 5 Zzlvvl(a)_l(ﬂ)

Let n be the smallest length of an index « occurring in the representation of A, and let
Ao 7 0 for ag, fo, [(ag) = n. We have

A= ¢;0A¢ﬁo = Z )‘Ofﬁoqvba—ao + )‘Oéﬁo 1.

a>ag

Let r = max{/(a — ap), Aap, # 0}. Then,
A// — ¢TTA¢I = )\(1 ..... 1)750¢I —|— )‘Oéﬁo ]]_ .

With A, also A’ and A” are in Z. However, then

O‘OBO ¢;A//¢2 b
too and hence 7 = °0,;. O

Now we want to show that °O, possesses a unique C'*-norm. We already know that
90, possesses non-vanishing representations in Hilbert space, whose operator norm
induce C*-seminorms on °Qy; since °Q, is simple, these are always C*-norms. We
now make use of the existence of a 1-parameter automorphism group in °Q,,

tHataatlbj:eitl/)j , g=1,...,d .

90, decomposes into a direct sum of subspaces, which correspond to the different
representations of U(1),

k
"0 =P°0;
kez
and thus becomes a graded algebra
°0;°0; c oL
An element A € °O% possesses a representation

A= Z )\aﬁ@boﬂl};

with [(3) = r sufficiently large and /(o) = r + k. A defines an operator from
H® — H®tk for

H(X)T_>HT
up(u) o e @ @) =i
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defines an isomorphism between H®" and H", and with u,w € H®", v € H®"** we
have

Do) (u)(w) = (u,w)ib(v) = ((u, w)v)

Let us at first consider °09. °0Y is a subalgebra of °Q,. It has the structure of an
inductive limit of the algebra B(H®") (2 M,-(C)) with the embedding

B(H®") — B(H®t)
A= 10 A .

Hence it possesses a unique C*-norm. A C*-norm on °Q, fixes a unique C*-norm on
00k Namely, let A € °O%. Then A*A € °O% and || A|| = || A*A||=.

Now let || - || bea C*-norm on °Qy. Every A € °O, possesses a unique decomposition
A =3 A, with Ay € °O%. Then

1A < 2 1A -
k

Since the right hand side is independent of the choice of the C'*-norm, there is a maximal
C*-norm || - ||max-

LEMMA. For every C*-norm holds || A|| > || Ax||-

PROOF. Let Aj, taken as an operator of H9" — H®"+% possess the representation

Ax =) ailug) (vi]

with orthonormal systems (u;) and (v;), ¢; € C and |aq| = ||Ax||. As an element of
0Ok, Ay, can be written in the form

Ar =D anb(u;)(v)*

We think of r chosen large enough, such that A possesses a representation, in which
all terms have r factors ¢»". Then we have

¢(u1)*A¢(v1) = al]]'—l_ Z A;c ) Aﬁc € Hkv k> 07 A;g S (H*)|k|7 k<0
k0
Now on H*! (and also on (H*)I¥!) for the left inverse holds
l(A)]] = o~ A]
because of

Gty -ty ) = d! Z i iy = d My, 1y by,
Hence for every C'*-norm on O, and all / € N holds

AN = [l (un) A (0n)| = llas + 3 &' (A = laa| = (1A

E£0 E£0
thus ||A|| = [a1| = [[Axll. O

PROPOSITION. °Q, possesses a unique C*-norm.
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PROOF. Let O, be the C'*-algebra formed with the help of the maximal C"*-norm
of °Oy, and let T = {A € Olyax, ||A]| = 0} be the ideal in Oly,, on which a given
C*-norm || - || vanishes. We want to show that 7 is a null ideal.

Let A = Z. Then ||[A| = 0 = ||A*A||. Let A, € °O, be a sequence with
|An — Allmax — 0. Then

(A% Aol < [[A7AL][ = 0
Since on °Oy, || - || coincides with the maximal C*-norm, we have
1A% Aol max — 0
Now the maximal C*-norm is invariant under o. We have
(A7 An)o = m(ALAL) — m(AA)
It follows

2T
% 1 %
(A A = 0 = 5~ [ dtan(A” )]
0

However, o= [7 dta;(A*A) = 0 is possible only for A*A = 0 = A =0, ie. T

> 27

contains only the null element. []
DEFINITION. O is the unique C'*-algebra generated by ¢;, e = 1,...,d.

We now take a look at the action of a group ¢ C U(d) on O . We have already seen
that the automorphisms

ag (Vi) = ;g
act as unitary operators on the Hilbert space H. Since

H'*H®---@H |,
k

all the tensor products of the defining unitary representation are also contained in the
algebra as subrepresentations.
We now consider the invariant subalgebra

Og ={A€ 0y, a,(A) = AVg e G} .
Let A € Og be taken as an operator from H®" to H®*. Then

U (g)A = AU®"(g) , ge G

i.e. A is an intertwiner between the representations U®” and U®%. The elements of O
with this property can also be characterized with the help of the endomorphisms p. For
we have (for l(a) = s, [(B) = 1)

batlip" (A) = ol > by ApZ = 1hy AU
e
PP (A)bathly = D o Aol = o A

e(v) =s
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thus the intertwiners 7' from U®” to U®® in O are characterized by the property that
they satisfy the relation

Tp(A)=p (AT A€ Oq

The idea of the Doplicher-Roberts reconstruction is to take the relation between
Oy and O¢ as a model for the relation between F and Ol. The group & acts as an
automorphism group on ;. The properties of its representations can be described
with the help of the intertwiners. These are elements of Oy and can be identified if
the endomorphism p is known. The Tanaka-Krein theorem characterizes a compact
group by the following data:

(i) the representation spaces H,,
(ii) the intertwiners 7' : H, — H,, TU,(g) = U, (¢)T.

If these data are given, then the group is defined by the set of maps
g:o0—glo) e U(H,)

with Tg(o) = g(7)T' VT € (o,7) and g(o @ 7) = g(0) @ g(7).

The problem with the application of this theorem is, that the Hilbert spaces are not
given at first. We will see, however, that O¢ contains sufficient information about the
Hilbert spaces in O,.

A second problem is easy to solve. In our construction we have obtained all the
tensor products of the defining representation and its subrepresentations as Hilbert
space representations in the algebra O; and hence all the corresponding intertwiners
in Og. If G = U(d), then the conjugate representation is not contained in the tensor
products of the defining representation. In general the following proposition holds:

PROPOSITION. Let G be a compact group, and let o be a faithful self-conjugate
finite dimensional representation of Gi. Then every irreducible representation of G is
contained as a subrepresentation in the multiple tensor product of o with itself.

PROOF. Let y be the character of o and Y the character of any irreducible represen-
tation 7 of (G. T is equivalent to a subrepresentation of c®" if and only if

[ daxtayx-(9) #0 . (x(g) = X{g) because of & = )

1.e. we must show that

/ dge™ Dy (g) # 0

for some A. We now make use of the fact that y.(e) = d. and that for ¢ # e because
of the faithfulness of &

0 < Tr(Us(g9) — 1)*(Us(g) — 1) = 2(x(e) — x(9))
We show
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For that purpose it is obviously sufficient to show

if f is continuous with f(e) = 0.
We choose for ¢ > 0 a neighborhood U of e with |f(g)| < eforg € U. On G\ U
then

0< x(e)— sup x(g)=26 .
geG\U

Now let V' C U be a neighborhood of e with x(g) > y(e) — &. Then it follows

Lot a0

The first term on the right side is obviously bounded by e. The second term is estimated
in the following way

‘ / dgeAX(g)f(g) ‘ / dgeAX(g)f(g)‘
U U VOl(GA\U) ey

<
/dge/\x(g) /dge = sup |f| VOI(V) € )

it thus converges to zero for A — oo. Since ¢ > (0 was arbitrary, the proposition
follows. [

We confine ourselves in the following to the case (¢ C SU(d). Then the totally
antisymmetric subspace of H°~! carries the conjugate representation of (+. For

. 1

Vi = > sign(p)¥pr Ype)
(d=1! s
pp(l) iy
forms a basis of this subspace and
\F ZS: sign(p) (1) -+ Pp(a)
PESq

is invariant under ¢ C SU(d). With ¢; = v/d* S the proposition follows.

We thus know that in this case every representation of G € O, and correspondingly
every intertwiner is contained in Og. However, we need a criterion, when a given
algebrais isomorphic to O¢. Here we use that the algebra Ogy4) is easy to characterize.

All intertwiners between tensor products of the defining representatlon of SU(d) are
generated by permutations of the factors in the tensor product and by the determinant.
In the Cuntz algebra the determinant corresponds to the element S. The permutations
are represented by

= Z¢a¢;p ’ pEc Sn
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with o = (aq,..., ) and a, = (ap(), ..., Qpny). This representation respects the
natural embedding S, — 5,11. Furthermore holds

p(e(p)) = e(p')

withp' € S,q, P'(1) =1, p'(t) = p(e — 1), i =1,...,n, as well as

_Jep) p(1) =1
e = {d‘le(p’) 1) 1

with p/(¢) = ((Ip(1))p)(¢ + 1). The algebra generated by £(p), p € S is isomorphic
to the group algebra CS, modulo the ideal generated by

Eoyr = ﬁ > sign(p)e(p)

T pESat1

Futhermore holds
SS* = Fy
Sp(S) = (~1)"1d1
for

SS9 = Y sign(pp )ty . Wy = ) e

" pp'E€Sq

:J Z Sign(p)¢p’¢;'p

'ppesd

7 Z sign(p) Y vt

PESY

and

S*p(S) == > Wribyisign(pp’)

p p'€Sq,
- Z b (=) = (=)
(1) =i
The following proposition holds (DR Inv. Math. 98, 157-218 (1989) Thm 4.17).

PROPOSITION. Let O be a simple C*-algebra with an endomorphism p and a unitary
representation é of S.., with the following properties:

() E0) € (7 7"), P € S A
) (12 - n+ DT = g(T)((12 - m+ 1), Te (G pm),
(i) 35 € (1d N with §%5 = 1, 5p (S) = (=1)"'d~'1 and S5* = E,,
@iv) O is generated by the intertwiners T e (p", p™), n,m € N.

Then there is an up to conjugation unique closed subgroup GG C SU(d) and an embed-
ding of(’) in Oy with O = Og, such that plo., € = € and S = S hold.
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PROOF. We are using that Ogy(4) can be taken as a subalgebra of either O or O. We
consider the algebra B, generated by O and °O, with the following relations:
(i) P A=p(Anp, AcO,i=1,...,d,
(i) £(p) = <(p),
(i) S = S.
On this algebra the SU(d) acts by

ay(ths) = Z%gﬁ , g€ SU(d)

a(A)=A ., AeO .

By possesses a unique C*-norm, which is invariant under «,. Let the corresponding
('*-algebra be denoted by B. Because of the uniqueness of the C*-norm on °Qy, Oy is
a subalgebra of B. )

If O is generated by £(p) and S, then obviously O = Ogy@gy C Og = B, and we
obtain ¢ = SU(d). In general, however, there exist intertwiners T ¢ (p", p"™) with
T ¢ Osu(q). We consider the operators of the form

toa = 0500 la)=n (B =m .
Obviously in 5 holds
tpad = 510" (A)ba = d3p" (AT = At
thus 75, € @' N B. The following lemma holds:
LEmMMA. O' N B = Z(B).

PROOE. @’ N B is invariant under SU(d). Hence, this algebra is generated by
irreducible tensors under SU(d). Let F;, ¢ = 1,. .., nbesuchatensor. Then there exists
am € Nand a subspace H C H™ transforming according to the same representation,
with corresponding orthonormal basis ¢;, z = 1,...,n. Thus,

B=Y Fi;

is invariant under SU(d) and hence in O. Because of the orthonormality of the t;,
Bij; = F,

Since B € (p",id) and ¢; € (id, p"), with condition (ii) from the theorem and the
corresponding property in O,
p(B)=Bé(n+1---1)

p(hi) = e(1 -+ n—l-l)%/;i )

thus
Vb =1 B = p(B)p(i)h; = Bé(n+1 -+ De(l -+ n+ by, = Fap,
because of ¢ = &,i.e. F; € O' N Oo,NnB=Z7B). O
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We thus see, that the operators .5 lie in the center of the algebra B. We now
diagonalize the center and choose a point in the spectrum. This is a one-dimensional
representation ¢ of Z(5). We define the group (¢ we are looking for by

G:{gESU(d), @ 0 ay zc,o} :
The embedding of O in O, is now given by the following formula:

(" p™) 3T = > (i) batts
a, B

m
n

This map is obviously a homomorphism with 2(p) — ¢(p) and S — S. Since O is by
definition simple, the map is also injective.

In order to see that the group (7 is unique up to conjugation, we make use of the
fact that BSYY) = O. Hence, B’ N BV = Z(0O) = C1. With Z(B) ~ C(spZ(B))
follows that the spectrum of Z(53) only consists of one orbit under SU(d). All stability
subgroups defined by points of the spectrum are thus conjugate. []

For later application we want to see how the statistics operators £(p) can be expressed
with the help of the observables. For that purpose we consider an irreducible tensor
i = Urh; € F(O1) with Oy C O', U = Y- %74, unitary. We have

H((12) = D it

7

= G
7

= Z p(U™ b ’apraps
7

£ 3 (Ui
7

£ p(UN)U ppiaeb;
1,3 T

U € Otis here characterized by AdU o p € A(Oy). The operator ¢ = p(U*)U is called

the statistics operator of p. ¢ coincides with ((12)) up to a sign originating from the
graded locality in F.



CHAPTER IV
DHR theory and the DR Reconstruction Theorem

1. Localized Sectors and Statistics

We start in this chapter from a net of von Neumann algebras O/(O) € B(’H, ) which
is local, Haag dual, Poincaré covariant and possesses a unique vacuum state. We study
the sectors satisfying the DHR criterion

71" ~ 71'0‘ for every O

o) aor)

and are Poincaré covariant. We have already seen that these representations possess
the property that
TXXToOp

holds with a localized transportable endomorphism p € A. The representation 7 in
general violates Haag duality; we make the following assumption (finite statistics):
There exists in

0L, = Jr(0(0")y

o

a positive conditional expectation £ : O, — 7(0l) with
E(A)>d?*A , A>0

with d. < oo.
We are now able to define the product of two representations:

[71 X T3] = [mo 0 p1p2] with 7, = 7g 0 p;
PROPOSITION. Let 7o 0 p; =~ w0 pi, ¢ = 1,2. Then g 0 p1p2 = 7 0 p' ph.
PROOF. 7 0 p; >~ w0 pi = 3U; € Ol with p! = AdU; o p;. Thus we have
T 0 pipy = 7o 0 AdU; 0 pyAdU; o py
= mo 0 AdUy p1(Us) 0 p1py
= Adro(Urp1(Us))mo 0 p1pe .0

This proposition shows that the DHR product of two representations is well-defined.
It satisfies the DHR criterion, too.

61
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We now show that 7 o py p3 is Poincaré covariant if 7 o p; and 7 0 p; are. Let U,
be the unitary representation of the covering group P of the Poincaré group with the

property
AdUpl(L) o p; = p; 0y,

We are looking for a representation U, ,, with the property

AdU,, ,,(L) o pips = p1pz o ag
We have

p1p2 0 ar = proAdU,, (L) o py

= AdU,,(L)opyoa;' o AdU,,(L) o py

= AdU,, (L) o py o AdU(L)™'U,, (L) o py
We consider the operators (p € A(O))

V(L) = Uo(L)'U (L), LeP .

Let O 5 O U L™'O. Then for A € 01(O’) holds p(A) = A, par(A) = ar(A) and
hence
o(L)p(A) = Uo(L) ™" par(A)U,(L)
o( L) ar(A)U,(L) = AUs(L)U,(L) = AV, (L)
thus we have V,(L) € 01(O') = 01(O) C 0. Hence follows

prp2 0 ap = AdU,y,,, (L) 0 pips
with

UP1P2(L) = Um (L)pl(vm([’))
It remains to show that U,, ,, is a representation. However, this follows from

Vo(LiLy) = Un(Ly) ™ Uo( L) " U,y (L1)U,( L2)
= ap1(Vo(L1)V,( L)
UP1P2 (LlLQ) = Um (Ll)Um (LQ)pl(aL;1 (VP2 (Ll))vp2 (LQ))
= Uy (L1)p1(V, (L1))U,, (L2) p1(V, (L2))
= UP1P2(L1)UP1P2 (LQ)

Not so easy to see is that the spectrum condition is satisfied.
The locality of the net Ol(O) leads to the local commutativity of endomorphisms.

PROPOSITION. Let O C O and p; € A(O;). Then p1p2 = p2ps.

PROOF. Let A € Ol(O) for an arbitrary double cone O. We choose double cones
(’)1, (’)2, (’)1, (’)2 with the properties:

01,0, Cc O,
@1U01C@1 , @2UO2C@2 9
O, C O,
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Because of the transportability of p; and p, there are unitary operators U; € OZ(@l),

FIGURE IV.6. Double Cones

U, € 01(O,) with
AdUyopr € A(Oy) ,  AdUsopy € A(Oy)
Thus we have p1(A) = AdUS(A), p2(A) = AdU;(A) and therefore
p1p2(A) = p1 o AdU3(A) = Adp:(U3)AdUT(A)
= AdU;U(A) = AdUTUS(A)
= p2p1(4)
where have used py (U;) = U; because of p; € A(O;) and U € 01(O,) C 0((O%) and
vyuy =007, O
We can now easily show that apart from unitary equivalence the product of rep-
resentations does not depend on the order of the factors. Let p1,p2 € A(O),
let O, O, be spacelike separated double cones and Uy, U, unitary operators with
pi = AdU; o p; € A(O;), i = 1,2. Then we have p;py = p2p1 and hence
P2pP1 = P20 AdUl* 0p = AdP2(U1*) 0 p2p1
= Adp2(UT)U3 © pap
= Adp2(UT)U3 o p1p2
= Adp2(UD)U3Urp1(Uz) 0 p1p2
The operator (p1, p2) = p2(UT)UsUp1(Us) is called statistics operator. It has
remarkable properties:

(i) e(p1, p2) does not depend on the choice of U/; and U (for fixed Oy and Os), for
if U} is unitary with AdU;, € A(O,), then Vo = UUs € 01(O%) = 01(O2), and
we obtain (with p1(V2) = V3)

p2(UT)U3 Uspr (U3)

p2(U
pa(
pa(
pa(

A corresponding calculation holds for U;.

UV Uipi(Va)pi(Ua)
U3 Vi p1(V2)Uipr (U2)
U Vo VaUipi(Us)
UyUipi(Us)

=

=

=% ’—‘%S’—‘%

N N
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(i) £(p1, p2) does not change if O, is replaced by O; D Oy and O, by O, > O,
with Ol C 0/2

‘We now consider the set
K ={(01,0,) |0, C 03}

A path in K5 is a finite sequence (OY), Ogi)) € Ky with (’);i) C (’);Hl) or (’);i) D (’);Hl).
(p1, p2) then obviously depends on the connected component of (O, Oz). Two pairs
(O1,0,) and (Oy,0,) € K, are connected by a path if their centers (zy,z,) and
(%1, &2) are connected by a path in

{@n)|@-y? <0} .

This set possesses in d > 3 dimensions exactly one connected component, in d = 2
dimensions exactly two connected components.
For further discussion it is useful to use the intertwiner calculus of DHR. The space

(p,0) = {T € Q| Tp(A) = (AT, A € 01}
has already been introduced for p, o € A, also composition and adjunction
(p.7) % (7,7) = (p.7) (p.7) = (@)
(T,5)— SoT =8T Tw—T"

This composition structure leads to another composition. For if T; € (p;,04), ¢ = 1,2
then for A € Ol holds

Tip1 (1) prp2(A) = Tipi(Tapa(A)) = Tipi(p2(A)T)
= Tip1p2(A)p1(T2) = prp2(A)Tip1(T2)
and Tlpl(TQ) = 0'1(T2)T1. Thus by

(p1.01) X (p2,02) = (p1p2, 0102)
(Tl,TQ) — T1 X T2 = Tlpl(TQ) = O'l(TQ)Tl

a product between the intertwiner spaces is introduced. We have (7; € (p;,0:), S; €
(O-iv Tz))
(Sl X 52) o] (Tl X TQ) = Slgl(SQ)Tlpl(Tg)
= 51T1P1(52T2)
= (Sl 0 Tl) X (SQ 0 TQ)

If 1 is understood as an element of (p, p), then we write 1,. There are embeddings of
(o, 7) into (po, pT)

T =1, xT = p(T)
and into (op, 7p)

T-Tx1,=T .
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One easily verifies that the x-product is associative. We can write the statistics operator
e(p1, p2) (as element of (p1p2, p2p1))

e(p1, p2) = (Uy x U7) o (U x Us)

((’)Z), O, C @’Q(T) (right spacelike complement).
Furthermore holds: If S; € (p;,0:),1 = 1,2 and p;, 0, € A(O;), O1 C O} then
SZ' € OZ(OZ) and pl(SQ) = SQ, PQ(Sl) = Sl and thus

51X52:SQX51

with U; € (p;, p;) unitary, p; € A

From this one easily sees the invariance of the statistics operator for continuous defor-
mations of the regions O; and Os.

We now show that the statistics operator also describes the commutation relations
between intertwiners.

PROPOSITION. Let py, p2, 01,02 € Aand T; € (0;,p;), t = 1,2. Then,
e(p1,p2) o (11 x Ty) = (T3 x Th) o e(p1, p2)

PROOF. Let O, € @’Q(T) and U; € (ps, pi), Vi € (0i,0;) unitary with p;,6; € O;.
Then

e(p1,p2) = (Uy x Uf) o (Uy x Us)
e(o1,02) = (V3 x V) o (V1 x 12)
We have 1 = U, T;V:* € (64, p;) and hence (because of O, C (’5’2(7,))
Ty x Ty =Ty x Ty
With this, it follows

> x U)o (U x Up)o (Ty x Ty) o (V7 x V5" ) o (Vi x V3)
(4) = T1 X T2€(0'1,0'2) .0

Furthermore
e(prpa, ps) = (Ug x U x U7) o (Uy x Uy x Us)
= (U7 x Uy x U )(Uy x Us x Up)(U7 x U3 x U)(Uy x Uy x Us)
) = £(p1,ps) o (Lp, x e(p2,p3)) = e(pr, ps)pr(e(p2, p3))
and correspondingly
e(p1s p2ps) = (Lp, X e(p1, p3)) 0 e(p1, p2) = pale(pr. p3))e(pr, p2)
Furthermore ¢(p, id) = ¢(id, p) = 1 and

ep,o)=1, ifoeA(Oy), pe AO,), O, € Oy



66 IV. DHR THEORY AND THE DR RECONSTRUCTION THEOREM

We call €(p, p) = €,. £, possesses the properties
() ¢, € p*(O0),
(ii) epp(ep)e, = ple,)epp(e,).
(1) follows from the intertwiner property of €,. (ii) follows from (5) and (4):
goplen) = €(p”, p)
e(p*,p)e, = e(p®, p)e, x 1) = (1, x £,)e(p”, p) = ple,)e(p?, p)

In d > 2 dimensions furthermore holds

5§ =1
The pair (¢,, p) hence defines a representation of the braid group. The braid group
B,, is defined as the group with the n — 1 generators oy, ...,0,_; and the following
relations
0,0, = 0;0; 1f|l—j|>2

0034103 = 04410041

123---n 123---n 123---n

I =18 =)

g3 o
FIGURE IV.7. Braid Group

ep(0i) = Pi_l(gp)

a representation of the braid group is defined. If further 5% = 1 holds, then one obtains
a representation of the permutation group 5,:

THEOREM. If in addition to the braid relations ? = 1,1 =1,...,n — 1 holds, then
the generators o; generate the permutation group with o; = (i1 + 1).

PROOF. In the permutation group S5,, the following relations hold:

Gi4+ DG+ =G +D)Ei+1) if{j,j+1yn{i,i+1} =0

i+ D)+ 1i+2)(Gi+1) = (i+2)
(i+1i4+2)(Gi+1)(G+1i+2)=(Gi+2)
i+ 1)(iit+1)=

The group S, generated by oy, ¢ = 1,...,n — 1 is mapped homomorphically into S,
by o; — (i¢+ 1). Since S, is generated by the transpositions (z¢ + 1), the map is
onto. In order to show that it is also one to one we show that S”n possesses at most 7!
elements.
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Sy is generated by zero generators and thus contains only the 1. We want to show
that every element of 5,11 can be written in either of the following form:

(6) g=[loxh ., heS,l=1,....n+1
k=l

Since [ can take on n -+ 1 values, it would follow
|Sgr] < (n+1)]5,]

and hence by induction |§n+1| < nl.

In order to show (6) it suffices to prove that products of ¢ with the generators
o1,...,0, canagain be written in the form (6). A product from the right with oy, £ < n
obviously changes only /. A product from the left with oy, £ < [—1, can be commuted
past the factors oy, k£ < [,...,n and also changes only A. A product from the left with
01—y changes [ to [ — 1. If we multiply from the left with o;, then / changes to [ + 1. If
one multiplies from the left with o, £ > [, then

OpO|0|41 O =0 0f_20k0k_10k0k41 " Op
=01 0p-20_10k0k_10k41 " Oy
=01 020,100 k41 " 0p0f_1

Thus, A ischanged to o1 h. There remains to consider the case thatitis multiplied from
the right with o,,. For that purpose we assume that & € .S,, possesses a representation
analogous to (6),

n—1
h= T owh’ , K €S

k=l

Since o,, commutes with .S,,_;, one obtains

gon =[] ox I[ owh’

k=l k=l
We have

n n—1

H Ot H (o8 { S l/
- - K=l'+1 k=l
(o8 Opt =
Ig 1};[1/ -

n—1
H Ok H Ok [>17

R=l! k=l-1
In both cases ¢ has the representation we wanted. [

We now want to see also geometrically why the braid and permutation groups occur
here. We think of the double cones substituted by points in spacelike hyperplane R,
To a charge transporter {/;, we associate a path +; from zq (the localization region of
p) to another point x;, where the points x; are mutually distinct (corresponding to
mutually relatively spacelike double cones, in which the endomorphisms AdUj o p are
localized). The n factors in U; x --- x U, define n paths in R4™! x R x R

e x {k} x{0} ,  k=1,....n
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We now connect the end points (2, k,0) of 7 x {k} x {0} in R*! x R x R with
(w, p~'(k), 1) and compose these paths with the paths

S ) () S TR TR
In this way we obtain a family of paths connecting in R4~! x R x R the points (z, &, 0)
with (zp, p~' (k), 1).
The operator

€(p) = (U*_l(l) X oo X U;_1(n)) O (Ul X oo X Un)

p

is constant under continuous changes of the points x;. It hence depends only on the
braid defined by this prescription, in d > 2 dimensions thus only on the permutation p.

FIGURE IV.8. Geometric Understanding

2. Left Inverse and Conjugate Sector

For a further analysis one needs the existence of a left inverse. If p is an auto-
morphism, then p~' is the uniquely defined inverse. This case is characterized by the
following equivalent conditions:

PROPOSITION. The following conditions are equivalent for p € A:

(1) p is an automorphism.

(i1) 7o o p satisfies Haag duality.
(iii) g o p? is irreducible.
(iv) e(p, p) is a multiple of 1.

PROOF. The equivalence of (i) and (ii) has already been shown in section 2. (i) =
(ii) holds, since for an automorphism p, p(Ol) coincides with O, thus

mo 0 p*(01)’ = mo(01)' = C1

because of the irreducibility of the vacuum representation. (iii) = (iv), since &(p, p)
lies in the commutant of p*(0r). However, this is trivial for 7 o p? irreducible.

There remains to show (iv) = (i). Let O be a double cone and A € O[(O). We
want to show that A € p(0r) holds if e(p, p) € C1. Let Oy C O and U unitary with
AdU o p € A(O4). Then AU = Up(A), thus

A= AUU* = Up(A)U" = p(U)p(U)U p(AYU*p(U)p(U") = p(U)e,p(A)esp(U)
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If ¢, € C1 holds, then follows

A= p(UAU) € p(01) .0

We now consider the general case. We are looking for a map ¢ : Ol — Ol with the
properties

S(p(A)Bo(C)) = AD(B)C
B(AA7) 2 0
o(1) = 1

¢ is given on p(Ol) by p~*. A continuation can be found in the following way. Let @
be defined by

— -1
W =wWgOop

as a state on p(0l). According to the Hahn-Banach theorem every linear functional on
p(O1) can be continued to a linear functional on (1, such that the norm is preserved. Let
w; be such a continuation. Then

[@ill = [[@l =1 =wi(1)

thus @; is itself again a state. We suppress the index 2 but keep in mind that @ is not
uniquely determined.
We now consider the GNS construction to @, (7, H, ¥). The map

VAQ =ro0p(A)V , Aed
defines an isometry V : Hy — H,
[VAQI* = @(p(A"A)) = wo(A™A) = |AQ|* .
V satisfies the intertwiner relation
VA=np(A)V ie. V € (mo,7,)
We now set
d(A) =V r(A)V | Aed
and show that ¢ is a left inverse of p. We have:
(i) ¢(p(A)Bp(C)) = V'r(p(A)Bp(C)V = AV*m(B)VC = A¢(B)C,
(i) ¢(A"A) = (r(A)V)*(x(A)V) =0,
(iii) o(1) = 1.
Now we want to use the left inverse to examine the representation of the permutation

group (we thus restrict ourselves to the case 52 = 1, the general case will be covered in
the next semester). We obviously have

3e,)p(A) = d(e,p*(A)) = d(p*(A)e,) = p(A)d(e,)
thus ¢(¢,) € p(O1)'. For p irreducible this implies
o(e,) = A1
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with the statistics parameter A,. In order to apply ¢ to a general permutation operator
£(p), we use the same factorization as in section 3,

p(@(p’)) p(l) =1
op(E(P)) p(l) =2
( (I1p(1) = Depp(e(p”)) p(1) > 2

with p’ as before and p” = (1 p(1) — 1)(p’). With it follows

_Jel@)  p(l)=1
¢(5(p))‘{xe<p'> 1) 1

For the projections onto the totally symmetric respectively antisymmetric part

e(p) =

B =— Z p)sign(p
peSn
|
" pes,
we can compute recursively
n+1
P(EE, ) = i {Ze )sign(p’) — D> e(p')Asign(p’ }
n—l_ P € Sni1 1=2p € Spyq1
p(1)=1 p(1) =i
_l=2n
opnd+1 "
14+ An
E .= E
¢( n—I—l) n -+ 1 n

Since ¢ maps positive operators to positive operators, only the following values for A
are possible

A =0, i% , deN .
Inthecase A = - the projections /22, n > d have to vanish, for else Eg +1 1s mapped onto
a negative operator The correspondrng holds in the case A = —= for the projections
Eson > d. One calls the case A = para Bose statistics of the order d, the case
A=—= para Fermi statistics of the order d and A = 0 infinite statistics. These terms
are motrvated by the following observation: Let X be a d-dimensional vector space,

and let U,, be the representation of .5,, defined by
Un(p)Vr1 @+ QW =W,y @+ @ Wy

Then in the case A = +

¢"(e(p)) = d"TrU,(p)

In the case of para Fermi statistics, U, (p) is substituted by U, (p)sign(p). In the case of
para Bose statistics of the order d, ¢" o¢|s, coincides with the corresponding expression
in the Cuntz algebra O,. In the case of para Fermi statistics, ¢(p) has to be substituted
by its bosonized form £(p) = ¢(p)sign(p).
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Now we make use of the assumption of finite statistics, i.e. there exists a conditional
expectation &, : p(0((0’))" — 0(O) with £,(A) > d;?, A > 0 for some d, < co.
From the formulae ¢(E3) = % E4_, and the fact that p_;&, is a left inverse, it follows
for irreducible p that d < d,. We will see later that even d, = d. We now want to
construct the conjugate sector. There are different possibilities to do this. One is to
show that every sector [r]| generated by @ satisfies the DHR criterion. Then there exists
ap € A(O) with 7 2 75 o p and an isometry R € 0[(O) with

pp(A)R = RA .

This possibility has been used in the proof of the finiteness of the statistics for par-
ticle representations in massive theories. In this proof the spectral properties of the
translations must be used explicitly.

A more modern possibility has been found by Longo. There one uses a PCT
symmetry j and defines p = jpj. In this construction (which keeps on making sense in
the case of infinite statistics and then serves for the definition of the conjugate sector)
one makes use of the modular theory. We will enter into these points in the next
semester.

In this lecture I would like to introduce the construction developed by Doplicher,
Haag, Roberts. It uses only the statistics operators and the Borchers property. The
construction corresponds to the construction of a conjugate representation of a compact
group. We have already seen that (in the case of para Bose statistics of the order d)
the projections F2 for n > d vanish. We now consider the subrepresentation of p?

determined by £3. Let V be an isometry in 0[(0), ©® D O with VV* = E2, and let
v(A) = V*pY(A)V. Theny € A(O).

PROPOSITION. ~ is an automorphism.

PROOF. We show that ¢, is a multiple of 1. This is equivalent to the fact that there
exists a left inverse &, of v with ¢, = A1, |\| = 1. Because of V € (v, p?) holds

(VxV)oe, =c(p',p) o (V x V),
thus with VV* =1
ey = (V" x V) oe(p’,p) o (V x V)
=V (VI)e(p”, p )0 (VIV
A left inverse of ~ is

0,(A) = " (VAV )" (1)
d( 1a 1= % —d
(¢(Ed)=Hm:d 1)

k=1

Thus,

¢ (e4) = d_d¢d(V5wV*)
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We have
Ve, V¥ =(V x 1,)
( o
(

and hence

Now, e(p?, p?) = &(p) with
p=1[(kd+k)
k=1
Hence, ¢%(z(p)) = d~%1, thus ¢, (s,) = 1. O

A

Let now W € 0l(O) be an isometry with WW* = E3 . Then we define a conjugate
endomorphism by

o) =" (W pT (W)
One calculates with the left inverse
()= ¢ WA W) (¢ (EF,) T, ¢ (B, = d]

the statistical dimension of p to d (calculation as above). Now we have found an
isometric intertwiner R € (id, pp):

R =~ (W"V)
For:
RA = 47 H(WV)A = 47 (WVA(A)) = 77 (W p'(A)V)
= (W (AW )y~ (W V)
=pp(A)R .

(Here we have used that WW* = E5_,, VV* = Fjand £5_| Fj = Ej holds.) A left
inverse is now defined by

¢(A) = R'p(A)R .
We have (also for reducible p)
o(e,) = Bp(e,) R = V_I(V*WW*PCI_I(@D)ESV)
=7 (VT ) V) =T (VI T (e, ERY)

Using £3,, = 0 one obtains

a — a 1 a
Edpd 1(50)Ed ==k,
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and hence
1
o(e,) = d
Furthermore R = (p, p) R is an isometric intertwiner in (id, pp). We have
PROPOSITION. R p(R) = p(R)" R =\, 1.
PROOF. We take R p(RR) as an intertwiner in (p, p). Then
Rp(Ry=(R x1,)0(1,xR) , oe(id, p) =1
= (R" x 1,)0e(pp,p) o (R x 1,)
= (R x 1,) 0 (e(p,p) x L) o (15 x e(p. p)) o (R x 1)
= (R" x 1,) o (15 xe(p,p)) o (R x 1)
= Rple(p, p)) B = ¢(g,) = A, 1

Furthermore,
ML= 0(\1) = Rp(R p(R)R = R (p(R)R)R =5 .
(In the case of braid group statistics we have R # Rand hence R*p(R) = ;) O
Now we can describe the inclusion of p(0r) in Ol explicitly, for we have
A= A"p(R)"RA = A""p(R)"pp(A) R
= |\72p(R)* pp(A)RE p(R)
= dp(R'p(A)Fp(R) , F=RR

Ot is thus generated by F and p(A) (as a bimodule over p(0r)). Because of ¢(1) = 1
holds (for p irreducible)

o(F)=d™

and ¢(A) = R*p(A)R is the unique left inverse of p. We obtain for positive A the
estimate for the conditional expectation £, = p o ¢

E,(A) = po(A) = p(R*)pp(AZ) 1pp( A% )p(R)
> p(R*)pp(AZ)F pp(AZ)p(R)
=d7?A

Y

thus we have d = d,. As aleft module over p(O1), Ol possesses the Pimsner-Popo basis
{dR}. The formula above can be understood as an expansion in this basis:

A=d,(AR)R .

We have presupposed that p is irreducible. Up to now we actually have only used that
¢(e,) = A, 1. For the DR reconstruction one needs endomorphisms p with ¢(e,,) = £+
and the simple sector ~ is the vacuum sector. This is achieved by substituting p with
p & p and d with 2d. In the general case, where not all sectors are generated by an
irreducible and its conjugate sector, one even needs arbitrarily large finite direct sums.
We hence want to concern ourselves now with the case of reducible endomorphisms.
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LEMMA. Letpi,p € A, S,T € (p1, p) and ¢, ¢1 be left inverses of p, p1, respectively.
Then

() p(SAS) = ¢1(A)p(557),

(i) ¢(Se,, T*) = T*¢(c,)S.
(iii) If p1 is irreducible and (e, ) = A1, S*S =1, SS* = F, then

d(Ee,B)=E¢(e,)E = Mo(E)E .

PROOF.

@ v,

(i) (S x 1, )oe, o(T*x1,)=(1,xT*)oe, o(l, xS95),
(iii) S7¢(e,)S = ¢(52,,57) = 91(2,)0(E) = Mo(E)

p="> Vipi()V}
o= ¢, (V- Vi), De=1¢>0

o(e,) = f:cjvjﬁbj(gp])vj* U

i=1

3. Doplicher-Roberts Reconstruction

We now have provided all the ingredients to carry through the Doplicher-Roberts
reconstruction. We confine ourselves here to the case that there exists an endomorphism
p € A(O) with statistical dimension d such that p? contains the vacuum representation
(this can always be achieved by adding to a sector the conjugate), and such that all
sectors are contained in powers of p as subrepresentations.

We want to apply the theorem about the construction of the group from a subalgebra
of the Cuntz algebra with a distinguished endomorphism. We consider the inductive
limit of the intertwiner spaces

OO/()k) — U(pn7pn—|—k)

n >0
n+k>0

with the embedding
n n—I—k) _ (pn—l—l7 pn—l—l—l—k)

(", p
T—1Tx1,

A product beween 1" € 0(’)2’“) and S € 0(’)21) is defined by choosing representers
T € (p", p"t*), S € (p"*F, pnti+), n sufficiently large, and setting

ST =SoT .

This composition is obviously independent of n.

In this way one obtains a C'*-algebra °O,. This contains the statistics operators
(in bosonized form) (p) as well as an isometry S € (id, p?) with S5* = FE3. The
endomorphism p € A(Q) act in a natural way on the intertwiner spaces

(pn7pn—|—k) _ (pn—|—17pn—|—k—|—1)

T 1, xT=p(T)
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Furthermore, S*p?~1( - )S defines a left inverse of p. On has to show now that ¢(z,) =
L. Then
i

S*p(S) = S elp, p*p(S) = (1) 715 p(S) = d7H(=1)"

The C'*-algebra generated by ¢(p) and p"(.5) is isomorphic to Osya). O, has a unique
C”*-norm and is simple. We are now able to use the theorem of Doplicher and Roberts
and to identify O,, which is the normal closure of °O, with a subalgebra O C Oy,
where (7 is an up to conjugation unique closed subgroup of SU(d).

One now considers the *x-algebra generated by Ol and O, with the relations

Op s OG
Vi = p(A); .

It possesses a unique C*-norm, and one obtains a unique net of field algebras F(O)
with F(O)% = 0(O).



