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1. Introduction

1.1 Some remarks on the history of fractional statistics

Since the beginnings of quantum theory the notion of identical particles and their
statistics played a key role in the study of quantum systems. Implicitly, Bose-Einstein
statistics already appeared in Planck’s law of black body radiation and more explicitly
in the study of monatomic gases carried out by Bose and Einstein. Pauli discovered
his famous exclusion principle in the context of the cld quantum theory, After the
discovery of quantum mechanics, Heisenberg showed that the statistics of identical
particles is described by the symmetry properties of n-particle wave functions under
permutations of their arguments. For bosons, the complete wave functions are totally

symmetric, for fermions they are totally anti-symmetric.

In local, relativistic quantum field theory, statistics was cast in the form of
commutation relations beiween pairs of local fields at space-like separated argu-
ments: Two Bose fields at space-like separated arguments commute, while Fermsi
fields anti-commute. The principles of local, relativistic quantum field theory led to

the discovery of another basic fact: Bosons have integral spin, while fermions have

half-integral spin. This connection between spin and statistics, though previously
known in examples, was first shown to be a general feature of local, relativistic guan-
tum field theory by Fierz, in 1939, in the context of free-field theory [1). It was later

shown to be a general consequence of the basic principles of local quanium theory

i2].

After the advent of the quark model in strong interaction physics [3), the statis-
tics problem became important again: For hadrons to have the observed spin, quarks
had to have half-integral spin. Assuming that the spin-statistics connection is correct
for unobservable particles {quarks), one concluded that quarks had to be fermions.
This, however, led to difficulties in constructing phenomenologically viable quark
wave functicns for hadrons, in particular for the proton. A possible way out of
these difficulties appeared to be to view quarks as particles with parastatistics: The
symmetry properties of n-particle wave functions would then be described by higher-
dimensional representations of the permutation group, §,, of n elements. However,

ultimately the statistics problem in the quark model of hadrons turned out to be
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one motivation {among several ones) for the introduction of colour and was neatly
resolved by it: By introducing additicnal internal degrees of freedom the appar-
ent parastatistics of quarks could be reinterpreted as ordinary Fermi statistics, and
the standard connection between spin and statistics was saved. [The possibility of
converting parastatistics into ordinary Bose- or Fermi statistics through the intro-
duction of additional internal degrees of freedom had apparently been suggested by

Fierz, Glaser and others.]

A deep analysis of statistics based on fundamental postulates of local quantum
theory was carried out by Doplicher, Haag and Roberts {4], at the beginning of the
seventies. They classified all possible statistics {para-Bose and para-Fermi statistics
of order d = 1,2,3,...) compatible with locality and certain general assumptions on
the nature of physical states, for theories in four or more dimensions. The start-
ing point of their analysis was reconsidered and given a better and more general
foundation that includes gauge thearies by Buchholz and Fredenhagen [5]. In an
awsome effort, Doplicher and Roberts finally succeeded in proving that the paras-
tatistics of "charged” particles in local, relativistic quantum theory could always be
reinterpreted as ordinary Bose- or Fermi statistics by introducing additonal, internal

degrees of freedom on which a global, compact internal symmetry group acts {6].

It has been known for some time that in quantum theory in two and three
space-time dimensions the statistics of particles and fields is not in general deseribed
by representations of the permutation groups. In two-dimensional space-time, the
concept of particle statistics becomes meaningless. Particle positions form an or-
dered set in a one-dimensional space, and hence the symmetiry properties of wave
functions under exchanging particles are not physically relevant. [For example, the

Pauli principle can be understood as a consequence of local hard-core interactions

in a system of bosons.] However, the statistics of fields in Jocal quantum theory in
iwo-dimensional Minkowski space is an interesting concept, at least for a certain class
of theories. In the early seventies, the quantum theory of solitons in simple models of
two-dimensional, relativistic quantum field theory became topical among theorists.
The commuiation relations of what people nowadays call vertex operators of the
massless free field in two space-time dimensions were studied by Streater and Wilde

i7] and found to be different, in general, from local commutators or anti-commutators.
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More subtle examples of "exotic” commutation relations between soliton fields and
meson fields in two-dimensional, interacting scalar theories with soliton sectors (Ayd -
and, more generally, P{p);-models exhibiting quantum kinks) were studied by one of
us in [8]. It was recognized there that the key facts behind the appearance of soliton
sectors and exotic field statistics in two space-time dimensional theories are vacuum
degeneracy and the property of two-dimensional Minkowski space that the causal
complement of a bounded double cone consists of two disconnecied wedges. It was
recognized only fairly recently by several people that the new field statistics encoun-
tered in two-dimensional models with quanium kinks [8] may lead to representations
of the braid groups. Earlier, one of us (J.F.) noted that, in the Euclidean description
of two-dimensional quantum field theory, exotic statistics manifests itself as non-
trivial monodromy of Euclidean Green functions. This was a model-independent
interpretation of the monodromy properties found in the study of order-disorder cor-
relation functions of the two-dimensional Ising model by Kadanoff and Ceva {9} and
exploited in the work of Jimbo, Miwa and Sato [10]. For a brief sketch of such results

see [11], and [12] for interesting related results.

While, during the late seventies, there was little interest in two-dimensional
models, the situation changed after a resurge of interest in string theory and the
appearance of the fundamental paper of Belavin, Polyakov and Zamalodchikov on
two-dimensional conformal field theory [13], in 1984. Soon, it was recognized that
the chiral fields of two-dimensional conformal field theories provide interesting ex-
amples of exotic statistics, or "exchange algebras” [14]. This was concepiualized in
[15]. In this paper, a general theory of exotic statistics in two-dimensional theo-
ries, not limited to conformal theories, was sketched, and it was suggested that the
proper framework for a more rigorous analysis was algebraic field theory [16,4], in
combination with the theory of Yang-Baxter representations of the braid groups [17).
Subsequently, this point of view was developed in [18]. It should be emphasized,
however, that there are examples of field statistics in two-dimensional theories not
covered by the framework of [18). Similar themes in the context of conformal field

theory were studied in [19].

In these notes, we focus on the study of field- and particle statistics in three-

dimensional Jocal quantum theory which is of considerable interest in condensed mat-
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ter theory. It appears to be a rather old observation that, for quantum-mechanical
systems in two-dimensional space, particle statistics is deseribed by representations
of the braid groups, [20]. In fact, the right story to tell about statistics in quan-
tum mechanics is that it is described by unitary representations of the fundamental
group of the classical configuration space of identical particles on the Hilbert space of
quantum mechanical wave functions. In two space dimensions the classical n-particle
configuration space is

My, = {(E*)*"\Dy]/ S, (1.1}
where

D, ={(z),,2,) € (E)" iz, =z

for some i # 3},
and 9, is the permutation group of n elements. It is easily seen that the fundamental
group of M, is given by

Trl(Mn) = Brn
where B, is the braid group on = strands [21,17].

Quantum mechanical systems in two-dimensional space with abelian braid statis-
tics were first proposed and studied by Leinaas and Myrheim [22]. Consider an array
of identical point particles carrying an electric charge g and a magnetic flux (vortie-

ity) ¢. Such particles have been termed "anyons” by Wilczek [23]. Naturally, such a

system exhibits an Aharonov-Bohm effect: If one particle maves around a pasitively

oriented loop enclosing k particles the total wave function picks up a phase factor
exp(2ikge¢). If two particles are exchanged along paths whose composition forms a
positively coriented loop enclosing k particles the wave function gets multiplied by a

factor exp(iqd + 2ikge).

Elements of the bzraid group B, label homotopy classes of loops in M,, of which
the two loops just described are examples. The braid group B,, has generators 7,7 =
1,-++ ,n—1; the generator 7! describes the exchange of particle i with particle i +1
(in some order chosen on the points of E?) along paths whose composition forms a

(:"“‘“‘“l”) oriented loop in the plane not enclosing any other particle. An element

egatively.
b € B, can be written as a word in the generators {7y,...,7,..; } modulo the relations
TiTi+1 T8 = Tig1 TiTity,
w7y = T, for |i-jiz2. (1.2)
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The unitary representation of B, carried by the space of n-anyon wave functions is
defined by assigning a phase factor ezp(+iqd) to 71, forall j = 1,...,n ~ 1. This
is a one-dimensional (abelian) representation of B,. We shall see that there are, in
principle, other non-abelian representations of B, that could describe the statistics

of non-abelian anyons. Let p be a representation of B,. If

p(ri) = p(m)* =1
then p factors through a representation of $,, and the corresponding particles have

ordinary permutation group statistics. Thus if
1
g¢/2n € 3 Z {1.3)

anyons are bosons or fermions. More precisely, if ¢#/2n is an integer anyons are
bosons, while if gé¢/2x is a half-integer anyons are fermions. For other values of 8 =
g$/2m, anyons have what has been called fractional-, or intermediate-, or #-statistics.

We shall speak of braid (group) statistics, as opposed to permutation (grou

statistics.

It should be emphasized that it is not necesary to think of anyons as particles
carrying electric charge and vorticity. By a gauge transformation the vector potential
can be gauged away. But then if # ¢ :Z the Hilbert space of anyon wave functions
must be chosen to be a space of multi-valued functions with half-monodromies given
by the phase factors exp{2mi8}. Such wave functions can be viewed as single-valued
functions on the universal cover, ;'l.?,., of M,. This description of n-anyon systems
is more natural if there are no electrostatic interactions between anyons, i.e. if the

Coulomb interactions are absent or nearly completely screened,

In this picture, an n-anyon wave function will have the form

¢(-z—l!"‘?£n) = H(zi - z.f)w 9(51!'--15"—51)? (1'4)

i<j
where g(g;,-..,2Z,) is a single-valued, symmetric function on (E?)*"™, and z; is the
complex number (x; +i z:‘;) corresponding to z;. An example is a Laughlin-type wave
function [25]

k3

¥(zq,...,2,) = const. H(z,- D H exp(— |z |* /4). {1.5)

i<j k=1
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To conclude this section, it might be mentioned that a somewhat systematic
analysis of gauge theories with Chern-Simons term {and related 0(3) non-linear o-
imodels with a TTopf term) in three space-titne dhueusious describing pariicles with
braid statistics was initiated in {23,26-28]. It was noted in [15,28] that the braid statis-
tics of anyons is closely related to the 't Hooft commutation relations between Wilson
loops and vortex creation operators. Some general comments on three-dimensional

theories are also contained in [18].

1.2 Physical realizations of braid statistics

One should ask why, as physicists, we should care about anyons and braid
statistics? Is there experimental evidence for excitations with braid statistics in
two-dimensional systems of condensed matter physics? By now, the standard an-
swer is that excitations with braid statistics appear to play an important role in
systems exhibiting a fractional quantum Hall effect. Moreover, pure anyon gases,
with 8 € Q\1Z, appear to be superconductors of a new type [28]. It has been
speculated that anyon superconductivity may describe (essentially two-dimensional)
high-T, superconductors. This would be fairly plausible if one could exhibit doped
anti-ferromagnets that admit a flux phase breaking parity and time reversal invari-
ance.

Let us briefly recall Laughlin’s argument explaining the role of anyons in the

fractional quantum Hall effect: An idealized experimental set-up is sketched in Fig.1

—
)

T

3‘3; h/ a

Fig. 1
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The transverse conductivity is
azy = T / Va (1’6)

Experimentally, one finds that in films of Ga Al; As;_, at low temperatures and
in strong magnetic fields, 0.y, plotied as a function of the electron density p, has

plateaux at the values

1,2,3,...
velfh, with v = { L2 1 s . (1.7)

5TIZIEIEI 0
more generally, for v = p/r, where p and r do not have a common divisor, and
r is odd. [More recently, plateaux appear to have been observed for even values
of r, too.] Fractional values of v could be understood as an effect of fractionally
charged excitations in such a system: Suppose there are charge carriers of charge
g = fe, f € Q, in the conducting rectangle depicted in Fig. 1. Imagine that the
total magnetic flux through the loop L is increased adiabatically by one quantum
of flux from ¢, to d. + A¢., (A¢. = hfe). The microscopic quantum-mechanical
Harmiltonians H{¢,) and H{¢,+ A¢:) of the system are then gange-equivalent, hence
have the same spectrum. If the Fermi energy of the system is in a mobility gap, the
adiabatic process described above will therefore not change the total energy of the
system. Suppose that during that process n charge carriers of charge fe move from

one to another edge in the z-direction. This changes the total energy by an amount
AU = nfeV,. (1.8)

By Faraday’s induction law the work of the current in the y-direction, during the

same adiabatic process, is given by

AW = —f dt Iydj; = I, % (1.9)

Since the total energy remains unchanged,
AU+ AW = 0

By {1.6), (1.8) and (1.9),
o,y = nf é/h. (1.10)

Comparison with experimental data, (1.7}, shows that if the naive argument just
sketched is correct then f must be fractional, for fractional values of v. For strongly

correlated many-electron systems, one might imagine mechanisms giving rise to "soli-
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tons” which correspond to a fraction, 1/r, of an electron. [Solitons of this kind are
well known in one-dimensional systems such as polyacethylene.] Solitons correspond-
ing to a fraction of an electron carry fractional charge and fractional spin. Excitations
with fractional spin in two dimensional systems necessarily obey fractional siatistics,
as we shall see in Sect. 3. Phenomenological wave functions for an assembly of n

such excitations have the form (1.4), with § = %, [25].

We believe that a detailed understanding of how anyons emerge in two-dimensio-

nal, highly correlated many-body systems is still missing.

1.3 Three-dimensional gauge theories with braid statistics

Next, we give a mini-review of three-dirensional gauge theories with Chern-
Simons term describing particles with braid statistics. The simplest examples are

abelian gauge theories. They have an action given by

+ (pure matter terms)] . (1.11)

The term proportional to # is the Chern-Simons term, breaking parity, 7# is the
matter current. By varying the action with respect to A we find the modified Maxwell

equations. In particular, one has that

1 - - _ -0 _ >
= div E = 3 o B. (1.12)

This equation shows that if the electric field is screened vortices carry an electric
charge 2%_ ¢, (¢ = [ d*z B(Z,1) is their vorticity), and particles with an electric
charge g carry vorticity ¢/8 . The abelian braid statistics of charged particles and
vortices in such theories can be understood as a consequence of the Aharonov-Bohm
effect. This can be substantiated in models by means of non-perturbative calcu-
lations with functional integrals [26], {or in an operator formalism, using 't Hooft
commutation relations [28]). Abelian gauge theories with Chern-Simons term have
been studied in detail in [30], and itheir particle specirum and statistics are analyzed

in [23, 26-28, 31).

We now ask whether non-abelian gauge theories with Chern-Simons term in
three dimensions might describe particles with non-abelian braid statistics? Here we

only skeich a preliminary answer to this question.
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Consider a simply connected, compact gauge group G{=' SU(N)}). Let A be
a vector potential (connection) with values in Lie{G). Following Witten [32], we

consider the pure Chern-Simons theory with action
k 2
Scs[A] = — tr(AAdA + A A ANA) {1.13)
4T M3 3

This theory can be quantized using geometrical quantization [32] or functional in-
tegrals [33]. Gauge-invariance and unitarity constrain the coupling constant of the

theory to be quantized,
kegp. = n+ heg, n=1,2,3,..., (1.14)

where kg is the dual Coxeler number of G; {(e.g. hg = N, for G = SU(N)).

Static colour sources in this theory have non-abelian braid statistics described by
Yang-Baxter matrices that are identical to the braid matrices of the Wess-Zumino-
Witten models corresponding to the group @, at level n. These braid matrices
can be understood as holonomy matrices of the Knizhnik-Zemolodchikov connection.
These results follow from [32-34]. Although pure Chern-Simons theory has interesting
applications to pure mathematics |32), it is uninteresting for physics. It is a purely
topological theory, and hence its Hamilton opertor vanishes on physical states. The

physical state spaces are finite-dimensional.

An idea for constructing non-topological gauge theories with non-abelian braid
statistics is to add non-topological terms to 5S¢ 5. Consider a theory with Euclidean

action
§[4] £ g2 ftr(Fz) - g f tr(A A dA + gA AAAA)
+ A j FPa + m)b + ..., (1.15)

where g,k and m are positive constants, and % is a two-component spinor field in
the fundamental representation of ; (there may be further matter fields, e.g. Higgs

fields). The conjectured properties of this theory are as follows.

1) The first two terms in S{A4)] on the r.h.s. of (1.15) make the gluon massive
[30]). Hence all interactions mediated by gluons are expected to be of short range. In

particular, one expects that there is no confinement of colour in this theory.
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2) Long-range interactions in this theory are purely topological, just like in pure
Chern-Simons theory. The effective action at very large distance scales is essentially
a pure Chern-Simons action with a renormalized value of k, the renormalization

depending only on the number and nature of matier fields [30].

3} Since particle statistics can be determined at arbitrarily large distance scales,
one expects, on the basis of 1} and 2}, that the statistics of coloured particles in this
theory is the same as the statistics of static colour sources in pure Chern-Simons

theory, for a renormalized value of k, which we have described above.

4) Coloured one-particle states in this theory are expected to be created by

applying Mandelstam string operators to the physical vacuum, . The Mandelstam

string operators, denoted by ¥(C,), are smeared out versions of

(y) Plezp / A,(8) de»), (1.16)

T

where v, is a space-like path starting at y € M? and reaching out to space-like co.
By averaging the operators (1.16} over Poincaré {ransformations in the vicinity of
(1,9), we obtain operators, #(C.), localized in some space-like cone C, with apex
at some point z € M?® (and with arbitrarily small opening angle) whick are densely
defined, closed operators on the physical Hilbert space. [By polar decomposition,
{hiese operators could ihen be replaced by colour-carrying, bounded operaiors; see

also Sect. 2.]

A more careful definition of the operators #(C:} reveals that they are multi-

valued. They are elements of fibres of a certain vector bundle of operators over

the circle of asymptotic directions in two-dimensional space. In order to construct a
<

section of operators in this bundle, we choose a "reference cone”, C, {corresponding

to a boundary condition at oo}, as sketched in Fig. 2.
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The angle 8 through which C is rotated to have the direction of C, is called the
asymptotic direction, as (C,), of C;. We define the operator #(C.,8) as a limit

$(Ca8) = Em B(C.(R,0)). (1.17)

The space-like cone C, can also be reached by rotating C through an angle # — 27;
see Fig. 3.

We define
$(Ce, 0 —21) = }gz_y:n $(C{R,8 — 2m)). (1.18)

The point is that ¥{C;,8) and ¥(C;,# — 2m) are distinct:
qb[C,,Q - 2”) = V—?:n' ¢(Czyg)s (119)

where the operator V_;, commutes with all local observables of the theory and can

be expressed in terms of the fractional spins of coloured particles.

The operators {¢{C.,8)} are expected to obey (non-abelian} braid statisties: If

C., and €., are space-like separated then

gb(C,‘,f?) 'Q[’(Cz::ﬁa) = Ri ‘!ﬁ(CamP] ¢(C=1a9)1 (1'20)

>
for # < . The operators Rt and R~ are unitary operators commuting with all local

observables of the theory. Braid statistics {as opposed to permutation statistics)
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arises if BT # R~ - which is expected for the gauge theories discussed here, unless

the Chern-Simons term in the effective (large-scale) gaupge field action vanishes.

One may wonder whether the gauge theories discussed here are of purely aca-
demic interest? It is conceivable, though far from established, that such theories
arise as large-scale effective theories in highly correlated two-dimensional quantum
many-body systems. It is a challenge to find physically plausible model systems of

this type.

From now on, we outline a general analysis of braid statisticsin three-dimensional
local quantum theory which is mathematically rigorous [28]. It lends support to the
idea that systems with infinitely many degrees of freedom in two space dimensions,
with broken parity (and time reversal invariance), will generically exhibit excitations

with braid statistics.

2. The algebraic formulation of local
quantum theory

In the algebraic formulation of local, relativistic quantum theory [16,4], the basic
object is an algebra of local observables. Physical properties of a system are extracted

from the representation theory of that algebra.

The construction of algebras of local observables might proceed as follows: We
imagine that we are given a local, relativistic quantum field theory, in the sense of
Wightman [2], in the vacuum representation. The vacuum Hilbert space is denoted
by H;. It contains a Poincaré-invariant vector §1, the physical vacuum. Of particular
interest for our purposes are gauge theories. The gauge-invariant, local observables
of such a theory are Wilson loop operators W({L), where £ is a space-like loop in M?,
Mandelstam string operators, denoted 3¥(vz,), where vz, is a space-like curve start-
ing at z and ending at y, and local, gauge-invariant currents, J2, , (Z,t), where
f1,..., % are Lorentz indices, and « labels different currents with the same tensorial
properties under Lorentz transformations. In order to obtain densely defined, closed
operators on ‘Hj, the distributional flelds introduced above must be smeared out with
test functions. Let O be a bounded open region in M3, e.g. a double cone, and let f

be a test function with suppf C O. If J§ . is a real current, and f is a real test

m

tunction one expects that the operator
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JE ) = f Bz Ty (B:1) F(E 1) (2.1)

is selfadjoint on the vacuum sector H;. Similarly, by averaging Wilsen loops and
Mandelstam operators over (finite-dimensional) families of loops or curves, respec-
tively, contained in @, we can hope to construct further selfadjoint operators on H;.
All these operators have the common feature that they are localized in the space-time

region O,

We now define the local algebra A(0) to be the von Neumann algebra generated
by all bounded functions of all the gauge-invariant, selfadjoint operators localized
in O introduced above. The algebra A(() is closed in the weak operator {opology

determined by the scalar product on H;.

If & is an unbounded space-time region in M* we define the algebra A(S) by
setting

AS) = T Ao, (22)
 bounded
where the closure is taken in the operator norm. In particular, the "algebra of all

{quasi-} local observables™, A, is defined to be
A = A(S = MY). (2.3)

The algebras .A(8),.4 are C*-algebras. We define the "relative commutant”, A°(S),
of A(S)in A by

A(S) = {Ac A: [A4,B] = 0, VB € AS)}. (2.4)

Let {y be a wedge in two-dimensional space. The causal completion, €, of Cp is

defined as follows. Let Cj {the causal complement of Cy} be given by
Cy = {z e M*: (z-9)® <0, Vy € Co}. (2.5)
Then one sets
€ = (G). (2.6)

The causal completion of a wedge Cy is called a simple domain. If the opening angle

of Cy is smaller than = C is called a space-like cone.

Let U/; be the unitary representation of the quantum mechanical Poincaré group

'f’_T,_ on the vacuum sector H;. We define a representation, a, of 'P_'{_ on A by setting
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xae)(4) = Uy [A,a] A Us[A,a]7". (2.7)
This is a representation of ’P_I_ as a group of "automorphisms on A.

Next, we recall some basic properties of the net {.4(O}}o ¢ M2 of local observable
algebras and ithe representation a of Pl on A which are believed to be true in every

"reasonable” local, relativistic QFT.

{1) Locality : For all A € A(S) and all B € A(S'),
([4,B] = 0, (2.8)

i.e. A(S") C A°(S); (S’ is the causal complement of &, see (2.5)).

(2} For & C 83, A(S) € A(Sz), and, for arbitrary S; and Sa,

A(S; U S5) 2 AS) v AS,). (2.9)

(3) Duality [4,5]: Let B be an algebra of bounded operators on H,. By B’ we
denote the algebra of all bounded operators on ‘H; commuting with all operators in

B, (the "commutant of B”). It is reasonable to expect that
ASY = A8, (2.10)

where Z_TD denotes closure in the weak operator topology. See [5] for more discussion

of (2.10).

(4) Poincaré covariange: Let

Opmay = {2eM: A Nz —a) € O}, (A,a) € PL}.

Then

agaey (A0)) = AlOwn,0)- (2.11)

The basic objects in the algebraic approach to local quantum theory are

{{«4(0)}0 cMmey @ } (2.12)

satisfying properties (1)-(4), above. For a more precise description of this structure

see [4-6, 28],
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The physics of a system described by a given pair {{A(O)}OC M3 a} can be
inferred from the representation theory of {A, a}.

Definition 2.1 A *representation, j, of A on & separable Hilbert space H;is
called a covariant positive-energy representation iff there exists a unitary represen-

tation, U;, of PI on H; such that

o jlaqae)(4)) = Uj[A,a] 5(A) Us[A,a]™%, for all A € Aand all (A,a) € P];
([A,e] dencles an element in 131 projecting onto {A,a)).
o Uy(L,a} = e'*'Fi, with spec(P;) C V,, where ¥, denotes the closure of the

forward light cone. This is the relativistic specirum condition.

The superselection sectors of a system described by { A, a} are the representation

spaces, H;, corresponding to irreducible covariant positive-energy representations, j,

of A.

The physical state space of the theory, H, is defined to be

Ho=9 W (2.13)

where the direct sum extends over all inequivalent, irreducible covariant positive-

energy representations of A, It carries a unitary representation

U = @ U; (2.14)

2

of 'f’_Tl_ satisfying the relativistic spectrum condition.

Buchholz and Fredenhagen have analyzed the covariant positive-energy represen-
tations of A for systems which admit a complete particle interpretation and without
zero-mass particles, [5]. For simplicity, we may suppose that there is only one vac-
uum sector, H;, containing a unique vacuum {}. Then the results in [5] show that
{under suitably precise hypotheses on the particle structure of the theory) a covari-
ant positive-energy representation, j, of A has the property ihat, for an arbitrary
space-like cone € ¢ M3,

Flacey @ 1 ey (2.15)

where o denotes unitarily equivalent”. This implies that there exists a unitary

operator, V¢, from H; to the vacuum sector H; such that

JA) = V2 AV, (2.16)
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for all A € A%(C); (we are identifying the abstract element A € .4 with the operator
1{A) on H1). The proof of (2.18) involves using the Reeh-Schlieder theorem [2].

We now define a representation, p} = pc, of A on M, by setting
pe{A) = Ve j(A) V7. (2.17)
For 4 € A, pc(A) is a bounded operator on H;, and by (2.16),
pe(4) = A, forall A€ AC). (2.18)
Let £, be some auxiliary space-like cone of arbitrarily small opening angle, and let
Catz = {yeM®: y—zcC}.

We define an enlarged C*algebra, B, containing A, by setting

BS = . A(Co+z)" . (2.19)

It has been shown in {5] that pc has a continuous extension to B%, and if C is
space-like separated from C, + =z, for some z, then pe is a *morphism on B, i.e., pc

is a linear map from B into B such that
pc(A-B) = pc(4) - pc(B) and pc(A”) = pc(4)". {2.20)

We may often keep the choice of C, fixed and then write B for 5.

Next, we introduce the notion of "charge-transport operators” [4,5] which plays
quite a basic role: Consider two “morphisms, pe, and pe,, of B equivaleni to a given
covariant positive-energy representation, j, of B. Then there exists a unitary operator

Tpc,,pc,+ @ "charge-transport operator”, such that

Pey (A) = rpcl wey PCa (A) r;c,,ﬁc, (2'21)
on H;. Let S be any simple domain containing £; UCy. Then, since

pe, (A) = pe, (A) = A, for A€ A°(C)) N A%(Ca), (2.22)

it follows that
Locrroe, € (A°(C1} D A%(CR))

C (A(s) = A@B)”. (2.23)
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The last equality in (2.23) follows from duality, (2.10). Thus if § is in the cansal
complement of C; + z, for some 2, Ty o, € B, and hence i(I',. ., ) is defined, for

an arbitrary covariant positive-energy representation, ¢, of B.

Note that it does not follow from (2.23) that T'pp ., € AC)” v AG) . In

fact, theories in which

Ppcl.pc, € A(cl)w v A(CZ)W (2-24)

have ordinary permutation statistics. In other words, braid statistics is tied to a
failure of (2.24}), [28]. The operators ¥{C,,8) introduced in (1.17) are likely to deter-
mine charge transport operators for which (2.24} does not hold, as discussed in 28]

for abelian gauge theories.

Summary According to [5], the class of representations of {4, e} describing
the physics of a system {at zero temperature) consists of all covariant positive-energy
representations, j, localizable in space-like cones, in the sense of Eqs. {2.15), (2.16).
These representations are unitarily equivalent to representations of A on H; deter-
mined by *morphisms, pf:-, of the extended algebra B localized in space-like cones
C. It p‘él and ,of,';.= are both unitarily equivalent to j, and €y and C; are space-like
separated from C, + z, for some z, then there is a unitary intertwiner, T, 4., (a

charge-transport operator), such that
Pc, (A) Ff-‘cl +ACy = I‘Pcl +RC P, (A)s with I‘.Oci 1PCy € B. (2'25)

We denote by L the complete list of all ineguivalent, irreducible, covariant positive-

energy representations of {A,a} localizable in space-like cones.

The faci that pe is a *morphism of B (if € € (€. + =)', for some z) and (2.23)

permit us to define a composition of representations in L: For (; C {C, + z)' and

C; C (Cy + z)', for some z, pél(A) eB,for Ac ACB, je L; hence,fori € L,
pe, 0 P4, (A) = p&,(pt, (4)) (2.26)

is well defined. We define ¢ x j to be the representation of A, unigue up to unitary

equivalence, unitarily equivalent to the vacuum representation, 1, of pp, © pél (A}
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If C; and C; are chosen to be space-like separated then péa o pf:l (A} =

p'i.i o péz (A), hence
ixj o= §xi. (2.27)
Clearly, ¢ x j is localizable in cones. One easily deduces from (2.23} that, for ¢ and
jin L, i x jis again a covariant, positive-energy representation of {A, a}; see [28]

for details.

In [4,5,35] natural hypotheses on {A,a} have been isclated which imply the

following
Property 2.2

(P1) Every covariant positive-energy representation of {A,a} is completely
reducible into a direct sum of irreducible, covariant positive-energy representations.
(P2) There is a unique involution ~ ("charge conjugation”}on L : 7 € L —
3 € L, such that j x 7 contains the vacuum representation, 1, of A precisely once as

a subrepresentation.

These properties are deep properties, and it is a non-trivial task {o derive them

from the structure of {A, a}; see [5,35]. Henceforth, they will be assumed to hold.

As a corollary of the fact that, for ¢ and 7 in L, ¢ x j is a covariant positive-
energy representation of {A, a}, and of {P1), we have that i X j can be decomposed

into a direct sum of irreducible representations belonging to L:

Ny

; - (1)
11X ] = keeBL p@__)l kW (2.28)

where k() is unitanly equivalent to k € L, and Ny;; € {0,1,2,...} is the multi-
plicity of k in i x j. By property (P2}, Ni:; can also be interpreted as the multiplicity
of 1ink x i x j. This and (2.27) show that

Nei; = Niji = Nygse {2.29)
We define | L] x | L | matrices, N;, j € L, by setting

(Nj)es = Neji € {0,1,2,...}, (2.30)

{| L |is the cardinality of L}, Clearly
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so that

N, = %. (2.31)

As shown in [28], (2.27) implies that
Ni-N; = N;-N;, forall 4,7€ L. (2.32)

Properties (2.29)-(2.32) identify the matrices {N;} as matrices of fusion rules. It is
an outstanding open problem to classify all possible fusion rules. Standard examples
of fusion rules are those derived from the representation theory of a compact group
G,(Ni;: = multiplicity of irrep. k in the tensor product, j @ i, of two irreps. j
and ¢ of G; in this connection see also [6]), or from the representation theory of

a guantum group, U,(G), ¢ = exp(2wi/m). For example, if mﬂt [IN;ll < 2 then
- 2
n+1

m;;-a IN;Il = 2ecos( ), where n = | L |, and
i

Neja =1, for |[i—j|<k < min{i+], 2(n+1)—1—7}

= 0, otherwise. (2.33)

These fusion rules can be derived from the representation theory of  U,(sl(2)),
g = exp(2mi/n+2).

Suppose now that Ny ;; # 0. Then k appears as a subrepresentation of § x ¢. By
the definition of composition, x, thisimplies that the representation pf:l o péz contains
Ny j subrepresentations pgm, g=1,...,Ngji; (here Cy,Cz and € are space-like cones
space-like separated from C, + z, for some z}. Equivalently, the representation i of
p{-(.«d) contains N ;; subrepresentations o =1, .. » ¥k j:, unitarily equivalent
to the representation & of A. Hence the superselection sector H; can be decomposed
into a direct sumn of spaces

My A
Moo= @, 8 (ki) (234)

with the property that the representation ¢ of pf_-(.A) on H;(k, ;) is unitarily equiv-
alent to the representation k of A.

We now wish to construct a complex vector bundle, .7 = J&;i, of intertwining
operators from H; to H;. The base space of this bundle is the space, M;, of all
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“morphisms, pé, of an extended algebra Bf localizable in some space-like cone €
space-like separated from C,, for some choice of an auxiliary cone C,, and with
the property that the representation l(pé()) of A is unitarily equivalent to the
representation j of A. The fibre space, Vk(pi),-, above a point pf,:. € M;isa

complex vector space of operators

V : Hp — Hi, (2.35)

satisfying the intertwining relations
{pi(4)V = Vk(A), forall 4 € A. (2.36)

Negi
By (2.34), the range of V is contained in the subspace 50’1 H;(k,7;p) of Hy.
#:

The space Vi(ph); is equipped with a scalar product: For V and W in IXCAR
V*W is an operator from M, to Hi which, by (2.36), satisfies

E(AYV*'W = V*"Wk(A). (2.37)
Since k is an irreducible representation of A, it follows from Schur’s lemma that
VW = ¢ -1, ce C. (2.38)

The complex number ¢ depends anti-linearly on V and linearly on W. Moreover, for

V = W # 0, ¢ is strictly positive. Hence c defines a scalar product,
{(V, W), (2.39)

on Vi(pl ).

Clearly, the multiplicity, Ngj, of kin § x & = i(pé (-)) does not depend on
the choice of the *morphism pé € M;. Hence all fibres Vk(p;f_.)g are isomorphic,
as complex Hilbert spaces, to C™ i+, equipped with the usual scalar product; in

particular,

dim vk(p); = Niji, forall g € M;. (2.40)

Physically speaking, local sections of Ji ;:, (operators V{pg}: He — Hip € M;,

satisfying the intertwining relations {2.36)), are interpreted as the unohservable
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“charged” fields of the theory which play an important réle in the construction of
scattering theory {4,5,28].

In order to describe the bundle J 3; more explicitly, we propose to construct
an atlas of local coordinate charts, along with its transition functions, for Ji j;. The

details of this construction are given in [28]. Here we just outline some basic ideas.

First, we define the manifold AM;, of *morphisms of type j more precisely. We
choose two space-like separated, space-like auxiliary cones, €I and CI7, where €7 is

obtained from ¢ by a Euclidean motion. The corresponding enlarged C” algebras,

B! = B%, and BM = B%' (2.41)

¥

are defined as in (2.19). We pick iwo reference morphisms, p’ and p’7, with the
properties that 1{p#(-}) =~ 7, and p¥ is localized in a space-like cone Cy, for # =
I,II, such that Cr and C;; are space-like separated from C/ U CI7. We could choose

pf = p'T = py, where py is localized in a space-like cone Cy space-like separated

from ¢l v 1.

Next, we define two groups, 47 and U?, of unitary operators, as follows:
u* .= {L': T eB* I =T},

H p is a *morphism in M; localized in a space-like cone € such that C is space-like
separated from C¥ 4 z, for some z € M® — this is written, for short, as
P >< C# — then there exists an operator I'# € U# such that

# _ # # .
# 1 H] '
p(A)T = T7 +p7(4), forall 4 ¢ A (2.42)

XL

see (2.21) and (2.23). I T, , is another element of U# for which {2.42) holds
then (F:’é‘p#)'[‘:um# commutes with p#(A4), and, since M; consists of irreducible
morphisms,

(I‘ﬁp#)‘ Do = e'?, for some 8 € [0,27). (2.43)

Thus I‘f'p* is unique up to a phase factor. We define

# — ' . — GAOTH#
l:rpuo#] - {PP»P# €U : Pppe =71

mp#

} € Put. (2.44)
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It is straightforward to verify the following properties: Let p1,pz, and p3 be
three *morphisms in M;, with p; X Cc#, fori = 1,2,3. Then

(a) l"fm‘l = identity;

0[] - e
() :mea] [rfz.pa] = {Pi,ﬂ];

@ [rhn] = [pi]

if p; and pi are localized in a simple domain S space-like separated from clucl!,

Local cocordinates on M; in the vicinity of a reference morphism o¥ are given

by the coordinate map
¢ i p € M; o [rjp#] e PU*, (2.45)

By (b} and (c), the transition function é‘{, ° (qﬁif,) “is given by right multiplication
by

[Fin. p,] :
This defines Af; as an infinite-dimensional topeclogical manifold modelled on the
projective unitary group PIf, where U is the group of unitary operatorsin a C*algebra
B isomorphic to B¥; (note that, as abstract C*algebras, B! and B! are isomorphic).

It is not hard to see that the fundamental group of AM; is given by
niM;) = Z. (2.46)

The geometrical fact underlying (2.46) is that the manifold of asymptotic directions
of the space-like cones in which the *morphisms p € AM; are localized is a circle, the

circle of points at infinity in two-dimensional space. For additional details see {28].

Next, we shall construct coordinate charts for the bundle J;j:.  For any
*morphism p € M;, with p >< C# , we shall choose a representative I‘fp# € [I‘fp#] .

in a definite way explained in [28]. By (2.23), l"fp# € B*. Let V(p¥) be an
intertwiner satisfying (2.36). Then, by (2.42) and (2.36), the operator

vie) = i(r%,0 ) Vio*) (2.47)
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is an element of the fibre Vi(p); above p. | Note that z'(l"ﬁp#) is a well-defined,
unitary operator on H;, because Pf,# € B#, and i is a representation of B#.] Let

us choose an orthonormal basis

{V*(# )M Valo?):. (2.48)

Then {2.47) shows that
# " Nis,
{i(l‘p.,,#) vi (p#)}m (2.49)
is an orthonormal basis in Vi(p);.

Two coordinate charts on J;; are now constructed as follows: A pair {p, V(p)},
p € M;, belongs to the chart N# of Tesi iff p X Cf, (i.e. pis localized in a space-
like cone C with the property that C is spac;-].ike separated from C¥ + z, for some
z € M¥); # = I, or II. The N'#-coordinates of {p, V(p)} are given by

{[riﬁ,..] € Pu*, (V(p), i(T% ,) Vi*(p*),) 1 = 1,...,Nkj.-}, (2.50)

where (-,-) is the scalar product on Vi{p); constructed in (2.39).

An atlas for Jp;; consists of the two coordinate charts N and N together
with transition functions on &Y N AT, In order to calculate the transition functions,

we consider the geometrical situation sketched in Fig. 4:

eg e ~=zr eg
/?‘! \3

Fig. 4
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The reference morphisms p’ and p?! are localized in the space-like cones C; and Cjy;
the morphism p is localized in C. The cones C,Cr and Cyy are space-like separated
from the two auxiliary cones CI and CJ?. The N #-coordinates of {p, V(p}} are given
by

{[rfm#], {(V(p), i(rjp,) ViEo*)), = 1,...,N;,J-,-}, (2.51)

with I‘fp# € U* ¢ B#*. The transition functions are calculated by comparing
(2.51), for # = I, with (2.51), for # = IJ. This requires some work [28] which we

now sketch.

(1) Since p™! € N1, (see Fig. 4), we can express {p??, V¥(p!1)} in A'-coordinates.

They are given by

{[rilf‘pf]i a,,p(p”, 1)1 k= 1*'“!NH5}1 (2.52)

where

avulp™,p") = (V') i(Ton o) V™)) (2.53)

(2) The calculation of transition functions on A/ I n N1 is complicated by the
circumstance that there is no abstract C*algebra containing F;.p“ I‘i“‘p, and
Fi.{o‘”’ for arbitrary p € A7 N AT, The operators Fi.p’ and Fi“uo‘ are elements
of B, while I'fp” is an element of BYY. Though not disjoint, the algebras B
and B! are distinct, so that, a priori, multiplication of (Pi,p’)- with Pifp” is
not defined. However, i(B) and i{(B7) are both naturally imbedded in B{H;),
the algebra of all bounded operators on the representation space H;. Hence

i([‘ilp, > i([‘gp”) is defined as multiplication of operators in B({H,). We define

Vi = (0, ) i(TL )" i(TI.r), (2.54)

—-iw o \

where p is localized in a space-like cone C located as sketched in Fig. 4.* From
Fig. 4 we see that V%, has the interpretation of rotating the *morphism p!!
through an angle —27. One might therefore expect that V¥, can be expressed

in terms of spins.

* This definition is unambiguous only if the phases of the charge transport operators

are chosen in a definite way; see [28].
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(3) In order to compute VI, , we compare an arbitrary intertwiner

(4)

40

Niji
V(') = 3 B VM) € Vo™
p=1
with the operator V3, V(p'!). We note that V(p'?) and V¥, V(p"') both

satisfy the intertwining relations

(AN V('Y = V(p')k(A), and
(2.55)

o (AN Vi V(™) = Vi, V(') k(4),

for all A € A; (the second equation in (2.55) follows from the first one and from

(2.54)). Hence V3, V(p'!) belongs to Vi(p');, too, and by Schur’s lemma,
Niji

v =

there exists an Nyj; X Nyj-matrix, (V,,(3, k) 1» Such that

ViZﬂ' V(pjj) = Z Cy V:k(pII})

with
e = Y V(i k)b, (2.56)
"

We propose to calculate the matrices V=(4, k).

We recall that all representations in L are irreducible, covariant positive-energy
representations of {4, a}. Thus, for k € L, there is a representation Uy of '}51 on
Hy. Let Up{27) be the unitary operator representing the space rotation through
an angle 2r. Clearly Up(2r) commutes with k(.4), and, since k is irreducible, it
follows that

Ug(2m) = ™', (2.57)

where s; is called the spin of the representation k. Since the little group in ?_71

of a time-like vector is isomorphic to the covering group, 36(2) = R, of the
subgroup of space rotations in M?*, the spin s; can be an arbitrary real number

in the interval [0,1}.

Consider the following loop of intertwiners:

{Vip,0): —2r < 6 < 0},



with
V('1,8) = Ui(8) V() Uu(-0), (2.58)

where V (0™} € Vi(p*1)i, and Ui(#) represents 2 space rotation through an angle

& on Hy. One easily checks that
V(pffvg) € vk (08 o pII S 0—8)“ 3

where ap is the *automorphism of .A representing the space rotation through
an angle 8. Hence V{p!’,—27) € Vi(p™);. Given the geometrical situation
skeiched in Fig. 4, it is not surprizing that one can choose the charge-transport

operators {T‘i‘pj,pe.’\f"} and {PH pEN”} such that

p,ptT2
Vi V'Y = v, -2n). (2.59)
A complete analysis of this point is non-trivial, and we refer the reader to {28}
for details.
From (2.57), (2.58) and (2.59) we conclude the following theorem proven in [28].

Theorem

The matrix V~(i,k) iniroduced in {2.56) is given by
Vo(i,k) = e Hm—s) {2.60)

equivalently,
Vt'

-2

V(pff) — EZﬂ‘l‘(su-a.‘) V(pII)’ [261)

for all V(p*) € Vi(p'!):.

O

(5) We are now ready to calculate the transition functionson A7 N M, By (2.52),

lefi multiplication by i(l"iu‘p,)* maps Vi(p!?); onto Vi(p?);. By (2.54) and

(2.61), we have that, for an arbitrary intertwiner V(o'7) € Vi(p');,

() V) = S0k )" 5OV

':(I‘i,p-”) ez«i(u-—ae)v(pﬂ), (2.62]
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where Pi.p” = Fi‘P, (I‘;"‘p,)* . Using (2.62) and {2.52), we find that

(V(p),i (L5 er) Vi* (™))
= (V(p), i(T] jur) Wi*(p™T)) e2milon—sid

- Z Bup 27 Hon—4i) {V(p] , i(ri,pl) V,fk(pf)> ,
" (2.63)

where a,, = a,,(p",p") is given by (2.53). Eq. (2.45) and (2.63) show that
the iransition function on the component of A1 N A7 described in Fig. 4 s

given by

{R[ril,plf]: (@, €2 onmss ))“::,-_ }, (2.64)

where R[I'] denotes right-multiplication by [I'] and corresponds io the trans-

formation
o] = Tobu] = [0 [Th 0], (2.65)
and (&, '™ #s=%)) describes the transformation (2.63). The transition func-

tion on the component of AT N AL shown in Fig. 4°, below, is given by

{R[I' 211 (aw)ﬁf’_} (2.66)

e
I
S
T
Fig. 4
If we choose p! = p!! then
Gup = &up, and

Vi = i(l5,00)" i(T50) - (2.67)



This completes our sketch of the construction of the vector bundles [Jij; of

intertwiners ("charged fields’) from X, io H;.

Formulas (2.64) and (2.66) reflect the non-trivial topology of AM; which, in turn,

reflects the topology of the manifold of space-like asymptotic directions of space-iime.

This concludes our brief review of the algebraic approach to local, relativistic
quantum theory [4,5,6,28]. In the next section, we shall discuss the structure of the

algebra of intertwiners.

3. Statistics and fusion of intertwiners

Let €, be some space-like cone in three-dimensional Minkowski space M®, and
let S be a simple domain (region) contained in the space-like complement of C,.
[Space-like cones and simple domains were defined in (2.5),(2.6).] Let C C & be
some space-like cone. With C we associate an angle 8(C) as follows: We choose polar
coordinates {r,8) in two-dimensional space, {(Z,t}) € M* : ¢ = 0}. Let o(C) be the
half-line in space bisecting the wedge €y whose causal completion is the cone C; see
(2.5),(2.6). Let 8(C) be the asymptotic angle of o(C}; #(C) is called the asymptotic
direction of C. I p is some *morphism of B% localized in C then 8(C) is called the

asymptotic direction of ¢ and is denoted by as(p). We may choose our coordinates

such that #(C,) = =, and require that
|as(p) | < =, (3.1)

for all *morphisms p localized in space-like cones contained in §.

Let p; and p; be two *morphisms of B% localized in space-like cones C; and C,,

respectively. We say that p, and p, are causally independent, denoted by p, X P2,

iff C; and C; are space-like separated.

For every irreducible, covariant, positive-energy represeniaiion j € L, we choose
a reference morphism pj € M, localized in a space-like cone €} C S, and a basis
of intertwiners

Vit (e]) + e — M, (3.2)
satisfying the intertwining relations
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i{p} (4)) VI (03) = VI (pd) k(4), (3.3)

for p =1,...,Npji. [We recall that M; is the space of all "morphisms, g?, localized
in space-like cones with the property that the representation j of A is uritarily

equivalent to the vacuum representation, 1, of p7(.4).]

Let p be some other *morphism of BS contained in M; and localized in a
space-like cone contained ir S. As explained in Sect. 2, (2.21), (2,23} there is then
a unitary operator I'y ;= szﬁ € A(S)  such that

PAYTS o = T3 ol(4), (3.4)

for all 4 € A, Moreover, if p1, p3 and py are "marphisms in M localized in space-like

cones C 5
Toel = L [T0,)7] = 050 (3.5)
for 1,7 = 1,2,3, and
[Fones) Thao = Mol (3.6)

See Sect. 2, (a)-(c), after (2.44).

;i

e associated with p/ is obtained by setting

A basis of intertwiners, {Vi*(p7)}
Vi) = (T3 ) Vi) {3.7)
see (2.49). They satisfy the intertwining relations

i(p(A) VE) = ViR K4). (3.8)

3.1. The statistics of intertwiners

The structure of the algebra of intertwiners is deseribed in the following basic

result.

Theorem 1 [28]
For p and ¢ in L, let p» € M, and p? € M, be two *morphisms of B

localized in space-like cones contained in S. Let the intertwiners {V*(p”7)} be de-

fined as in (3.7). Then there are matrices, called statistics matrices,
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E Ix2
(R (J,P, q k):‘;.w)

only depending on the classes M, and Af,, such that

Vi (o) V¥ (0%)

> BEG,p, 0, k)0 Vi) Vit (07), (3.9)
e

provided p* X p? and as(p*) 2 as(p?).
0

Remarks The proof of Theorem 1 is given in [28]. That there is a relation
of the form of (3.9) is not difficult to see. It is a straightforward consequence of

Schur’s lemma: Consider the operator
Vo= V) VIR VE () V(). (3.10)
From the intertwining relations (3.8) and their adjoint it follows that
E(A)V = VEk(A), forall 4 € A, (3.11)
Since k is an irreducible representation of A, it follows from Schur’s lemma that
V = AL, AeC. (3.12)
We dencte A by B(j,p%,p ,k)‘if Next, we note that

Vil (o) Vi (p?) s L e L, a=1,...,Nigj, B=1,..., Nipa} (3.13)

is a basis of intertwiners from M, to H; intertwining the representations 7(p? o p? (- ))
and k() of the algebra .4; see e.g. {28]. From (3.10),(3.12) and (3.13) we conclude
that

VIO Vo) = 30 RGP RS VE () V(). (314)
boep

Next, one shows, using an argument invented in the proof of Lemma 2.6 of [4], that

if pf >< p% then

R(jsﬂpqu:k):ig Ri(i:?)‘i’ak}izfﬂl (3.15)

I
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>
for as(p?) < as(p?), where the matrices (R¥(j,p s k)iif only depend on the classes

M, and M, of “morphisms to which p? and p? belong, but are independent of the
specific choice of p? and p?; they are also independent of the choice of the auxiliary
cone Ca, (as long as C, is space-like separated from the localization cones of p* and
p7). Although these facts are not difficult to prove, technically, they are somwhat
more subtle than (3.14), For proofs see [28].

leefd

Next, we investigate the properties of the statistics matrices (R*¥(i, 202 k)i

somewhat systematically. For that purpose we introduce a graphical notation:

b e R+(j‘}p} Q!k)i (3'16)

-— R™(4,p, 0. %);- (3.17)

We have dropped the Greek multiplicity indices g,v,¢ and §; {a more complete

notation would be

Gi\l

i\ , etc.;repeated indices are to be summed over).
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Iterating equ. (3.9), we find that

(1)

m
= Si ik (3.18)
P g
where
il — T, (3.19)
p
or
v
i j +—» 5:, BV = 1,..., N"PJ" (3.19’)
P,y

a7



By considering
ji ik Bloor
VE@e) Vot (o) Vi (07), (3.20)

and assuming that as{p®), as(p?) and as{p") are ordered in some way and p?, p?
and p” are pairwise causally independent, (i.e. fig X o, pP X p" and p? X p’),
we find by permuting the order of the factors in (3.20) to

Vi™ (o") Vi (07) Vi (e) (3.21)

in two distinet ways that

W n
\\. ”‘L
S0 S YL =2 ife
Q i]k b i
P q T p

here it is assumed that as(p?) > as(p?) > as(p”). Other related identities are

(2)

L (3.22)
P
r

q

found for other orderings of as(p?), as(p?) and as(p”). The equations (3.22) are
komogeneous, cubic equations in the matrices RT. They represent the sos-form of
the Yang-Baxter equations (YBE) without spectral parameter. The derivation of
{3.22) from (3.20) and (3.21) was first given in {15].

From (1) and (2) we conclude that the matrices (R*(j,p,q,k)!) generate repre-

sentations of the groupoid, BZ,of coloured braids on = strands.

Next, we derive a basic relation between R* and R™: We consider two *mor-
phisms g? and p?, localized in space-like cones CP and C? whose projection onto two-
dimensional space is shown in Fig. 5. We suppose that the reference morphisms, p§
and p§ are localized in a space-like cone Cg. The cones CP, C? and Cy are assumed to
be contained in a simple region § whose space-like complement, &', is the auxiliary

cone C,.

48



o]

€a o f  ~z

as(p?) > as(e?),
eq as(p?) < as{p?).

Fig. 5

We also consider a *morphism, 5%, localized in a space-like cone €4, as shown in
Fig. 5. Then we have from Theorem 1 that

VI () V(1) = Y R, pa.R); VI (67) VI (07), (3.23)

and

VIR VI (3) = Y RT(Lp g R)) VI (BN V(). (3.24)

[We omit the multiplicity indices u,v,... everywhere.] Since R™(i,p,q,k)} is inde-
pendent of the choice of the auxiliary cone, C,, (3.24) does not change if C, is replaced

s}
by a new auxiliary cone, C,, chosen as indicated in Fig. 6.

wep
¢4
—(eo
I=
€
ed ‘

Fig. 6
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In the situation shown in Fig. 6,

as(p?) > as{p?) > as{p’}. {3.25)
We define
Vf (0*) = i(Tu ) VI (oF), (3.26)

for # = p,q. We also recall that
VI (p*) = i(To ) V7 (0} (3.27)

see (3.7). Thus we conclude from (3.24) and the remark that R~ does not change if
€, is replaced by Ea that

V@) VIR = 3 RTGaak) VI V(2. (3.28)
But in the situation shown in Fig. 6, C? can be rotated to C in the positive direction
inside 3, and, since R~{1,p, g,k); only depends on M, and M, but not on 3%, we

can replace 57 by p? and conclude that
VIV VI = 3 R Grak) VI VR, (3:29)
From (3.26) and (3.27) we obtain that
vy (p7) = ( o, pg) (Pp? 93) Vf (p%)

= i(The pg) i (1“,,o pe) Vf (09). (3.30)

But from the calculations in Sect. 2, (2.54),(2.56),{2.60), (2.61) and (2.67), we infer
that

“(I‘ﬁ'.na) ‘.(I‘gam') V; (6%}

orits=a) V),
where s; is the spin of representation j. Hence
VI(pT) = T V(). (3:31)
From Fig. 5 and Fig. 6 we also learn that

VY (p?) = vg"" (- (3.32)
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Inserting (3.31) and (3.32) into (3.29) we have that
Y (57) VIR () = ) VI (7) V(o)
5 s
- ez:' i —ay) R (i , ,k i V,:i q ij
2:: (57,4, b); Vo (o") Vo7 (7)

= 3 et B (i p g, k), V(%) VIE (7).
- (3.33)

Comparing (3.33) with (3.23) we arrive at the following fundamental identity:

(3) R*(i,p,q, k)20 = ?miluta=si=n) R(i p g, k)2, (3.34)

Jnv fuy

where s; is the spin of representation j.

Remark I s; is reinterpreted as the conformal dimension of a representation
j of some chiral algebra then identities (1),{2) and (3), (see (3.18),(3.22} and (3.34)),

become well known identities for the braid matrices of conformal field theory [19].

Equ. (3.34)} has the following obvious, but important corollary: If all represen-

tations 3§ € L have integer spins, i.e.

s; = 0 mod.Z, forall j € L,
then

R*(i,p,q,k); = R (i,p,0,k); = R(i,p.q,k)}, (3.35)

for arbitrary i,p,¢,%, 7 and { in L. In this case, (3.18) and (3.22) imply that the matri-
ces (R{4,p,q, k]i) define representations of the permutation groups, S,, of » elements.

Hence, in a theory in which all representations have integer spin, the siatistics of

the intertwiners {V'/ {p?)} is ordinary permutation group statistics as analyzed by
Doplicher, Haag and Roberts in [4].

Next, we prove a connection between spin and statistics. It is based on the fol-

lowing simple, but basic result: Given a representation j € L, 7 denotes iis conjugate
representation; 7 is the unique representation of p (A}, P e M ;, containing pre-
cisely one subrepresentation unitarily equivalent to the vacuum representation, 1, of

A
Lemma 2 [28]
(1) R Uamde? = RGp DR
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(2) R*(hpa L) = 866,68 R*(j,p,q, 1)

(8) RE(1,p,9,5)it = 676,6L67 R*(1,p,q,5)01%.

We omit the proof of this lemma.

We now note that, by Lemma 2, paris (2) and {3), the only non-zero matrix
elements of the matrices R+ (1,p, 5,1)7*") are RE(1,p, 5, l)ﬁi 1. By Lemma 2, part

k;.w

(1), and since p = p,

R (L,p5 1051 = RHLpALL . (3.36)
If one chooses the intertwiners to be partial isometries then one sees that
| R*(Lp 31000 = L.
We may therefore introduce the notation
R*(L,p,p,1)01; = 7%, (3.37)

By (3.36)
R~ (Lp,p 1)1 = e 2%, (3.38)

Next, we apply (3.34) to conclude that

28— 2rileptas) om2mily (3.39)
and we have used that s, = 0 mod. Z. Finally, we note that
Sp = S5 (3.40)
Thus, combining (3.39) and (3.40) we have that
sp = 8, mod. % z. (3.41)

This is the simplest connection between spin and statistics. Motre precise results of

a similar nature will be proven below.
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3.2 Fusion of intertwiners

For p and ¢ in I, we consider *morphisms p? € M, and p? € A, localized
in space-like comes C? and C9, respectively, which are contained in the interior of
a simple region § € M3, The space-like complement of S is assumed to contain
a non-emply, space-like auxiliary cone, C.. Then p? and p? are *morphisms of the
extended algebra BS, defined in (2.19). In particular, the composition, p? o p¢, of
#F with p? is well defined on the algebra A of quasi-local observables. Property 2.2,
(P1), (Sect. 2, after {2.27)) guarantees that the product representation p x ¢ can
be decomposed into a direct sum of irreducible, localizable, covariant positive-energy
representations, i.e., N
“é o) (3.42)

prxg = 9 9
see (2.28). Let C" be a space-like cone contained in the interior of &, and let p" €
M, bea *morphism of B% localized in C" with the property that the representation
r of A is unitarily equivalent to the vacuum representation, I, of p"(A). Then there

exist Nppq partial isometries,

TS oo (1) € AS) C B (3.43)
such that
p* 0 pU(A) TS o pape (8) = TS e (8)0"(A), (3.44)

forall 4 € A, p=1,..., Nppgi see [4,5].

If Sy € Sis a simple domain containing the cones €?,C? and €" in the interior
then, actually,
Toropee (1) € AS) . (3.45)

Next, we consider a product of intertwiners V. (p?) ng (#7). They satisfy the inter-

twining relations

i(eP o p%(A)) ViH(p?) Vi*(0%)
= Vi(p") V3*(6%) k(A). (3.46)

We wish to compare the properties of V¥(p") ng( p?) 1o those of the operators

(T o pr o () VI (07) (3.47)
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which, by (3.44), satisfy the same intertwining relations
(07 0 pU(A)) i(T5 o o, or (1)) Vi*(07)
= (T3 o pupr (1)) V5 (07) K(4), (3.48)

forall A€ A, g =1,...,N,,,. Equs. (3.46),(3.48) and Schur’s lemma suggest that

Vii{pP) V;k(p‘f) can be expanded in a sum over the operators i ('S, , 0 - (1)) V& (p7).

This expansion will be called fusion,

In order to make these ideas precise, we start with a special case of fusion:
Consider the operators V9(p?) VI*{p?) and V™ (p"}). [We recall that to every repre-
sentation r € L there exists a unique conjugate representation ¥ € L such that ¥ x »
contains the vacuum representation, I, precisely once; see Property 2.2, (P2), Sect.

2, after (2.27). From this one can conclude that
V3 (p") = 0, unless j = 7, (3.49)

and that there exists precisely one partial isometry V*(p")} : H; — W, which
is unique up to a phase.] By (3.42) and (3.44), there exist complex numbers,
oalr;Pq), @ = 1,..., Nppg, such that

V() VI (0Y) = oalrip @) F(T5 o o o (@) VI (07). (3.50)
Since we choose the operators {V}i(p?)} to be partial isometries, it follows that
[T o oo (@) V(YO = 1,
where £ € H; is the vacuum vector. Hence

7a(ripr@) = (F(Toop 0 () VI0T) 0, VIH(P) V9 02). (3.51)

This formula {5 quitc uscful: Suppose that p? and 57 are causally independent, j.e.

the cones C? and C? are space-like separated. Then pP o p% = p? o pP, and hence
we may choose the intertwining opertors 'S, , 6 ,-(@) and T5;, 5 (@) to be equal.

Moreover, by Theorem 1, (3.9), and Lemma 2, part (2),

VI (07) VO (5) )

- Z Ri(F,p, ‘iﬁl)gﬁi V:’ (Pq) Ve ()0 (3.52)
m
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if as(p?) 2 es(p?). Hence

o'a(T;Paq) = Z Ri(F,P:Qsl)gﬁﬂp(f;q,P% (3'53)

m

provided p¥ X p? and as(p”) z as(p?).

We now state our basic result on the fusion of intertwiners.

Theorem 3 {28]

There exist matrices (F(i,p,q,k :;;) nly depending on the representations
:,p,q, %, 7 and », but not on the specific choice of pP, p? and p”, such that

Vi (07) V3 (o)

Z F(‘yps g, k)_:::; 0‘;_;('-"‘; 2 Q) ‘(Pgs o p¥.p* (,U)) V:k (pr') - (354)
Tyta ¥
The matrices (F(i, 2. 4, k)';i; can be expressed in terms of the matrices
(R*(I,a,b,m)ﬁ}i).
O

We shall outline the main ideas going into the proof of Theorem 3: Let oF
be a *morphism of B localized in a space-like cone C* C $ and suppose that
C?,C% and C¥ are pairwise space-like separated. Let us suppose, for example, that
as(p?), as(p?) > as(pt). We consider the operator Vi/(pP) ng(pq)k{A) VEL(gF),
where A is an arbitrary element of 4, and apply the interiwining relations (3.8) and

the commutation relations (3.9) between intertwiners. Then

Vi(e7) V3*(e%) k(4) VR(P)
= i{p? o p?(A4)) VI (p*) Vi*(p%) V¥ (o*)
> R, k1) i(p? o p%(A)) VE(pP) VIT(oh) V()
= Y B, ¢,k 15 R 6,0,k Djeni(e? o p%(4))
x VIFe*) VIF(p?) VE(p7)
= > B¥(G,0.k 15 RY(G,p,E 80 0u(rip,q)

x i{p” 0 pT(A)) V(M) F(TS, , e - (1)) VEPT),
(3.55)

and we have used (3.50). Let 5, , C S be a simple domain containing the cones C?
and C? and space-like separated from ck. we may choose p* to be localized in &, ;.
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Then T'%, 4o (V) € A(S,4) , and hence

V) (o o (1)) = 105000, () V37069,
by (3.8). We therefore derive from (3.55) that

VI (07) V(o) k(4) VF(F)

= Z R+Ua§'s Eal)i;i R+(i,p,]-c,§)i‘7y R_(isi,?,l)glx

e
S et (1)) VI (0T) VR (0F).

X UV(T;P! Q) i(p}' o pq(A)) i([\pl’opql
(3.56)
From the intertwining relations (3.44) and (3.8) we derive that
(o™ 0 p7(4)) (T3 o pr pr (+)) V™ (07)
= i(Tpr o pr () #(07(4)) Vi* (")
= (D50 0,0 (V) Vi*(07) K(A). (3.57)
Combining (3.56) and (3.57) we find that
V3(0") ViH(p%) k(A) V¥ (o)
= > RY(G,q k04 RYG.p. k)5 R7(,E,r 1)E]
x o, {r;p,q) 1}(1'";, op,'p.(v)) V(™) k(A) Ve (pk). (3.58)
Next we note that
(A V(M e: A€ A £ e M)
is dense in H;. Thus (3.58) proves (3.54), with
e = > R, k1) BYG,p 5900

F(i‘lpl q, k)jaﬁ -

Y
x R™(3,k,r,1)E00 . (3.59)

By choosing as(p¥) > as(p?), as(p?), we find that
F(i,p,q,k)ef = > B (ol 1)i5 R7Gp B9
Yy
x RY(ik,7,1)¥0. (3.60)
We must ask whether (3.59) and (3.60) are consistent? The reader verifies without

the slightest difficulty that the consistency of (3.59) and (3.60) follows from the

fundamental identity (3.34).
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In order to discuss further properties of the fusion matrices (F(i, P, g,k ;;fs it

is helpful to introduce a graphical notation:
We denote FY{i,p, g, k);;f, by

r,&

b |k {(3.61)

p,d q,8

As in conformal field theory [19,36] it is easy to derive the following ”polynomial

equations”;

(3.63)
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where we have used (3.16}, and

]
m
L I
%isn\ = RN (3.64)
i 1T
p q ¢

etc.. In (3.62)-{3.64) and henceforth we omit the Greek indices a, 3,14, 8,. .. .

Furthermore, from (3.9),{3.53) and (3.54) one easily derives [28,37] that

r18 r,8
. | .
Z i k = > R*(r,p,q, )5 i i k  (3.65)
1 ,-) -
p,2 q,B p,2 q,8

A similar equation holds with R~ replacing B*.

Next, we introduce the monodromy matrices

Mg, k)i = D RY(i,p, 0. k)35 KM (0.0, k)5, . (3.66)
Graphically,
P,y 0,0
Ll
> i (n)k  — M(pgk). (3.67)
n -
i)
Pa q,8

Iterating (3.65) we find that
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ryd r,d

l
Z i(n)k =ZR+(F,q,p,1)§E iin]|k
n,1 oy
ﬂ 1]
p,a .8 p,a a,8
r,o
= Y R'(7,qpl)il R G.p e T i K (3.68)
h j
p, @ q,8

Our fundamental identity (3.34) says that
R*(Fp,q, ) = &7t ) RO(7,p, 0, 1)1, (3.69)
where we have used that s; = 0 mod. Z, and (3.18) says that

> R(Foap, )L R (Fup 0, )5 = 67 (3.70)

v

By combining (3.68), (3.69) and (3.70) we find that

- I8 . Uy wi{sp+a.—a, - THY
D M(i,p, q, k) Flisp g, k)it = €7 r T2 Fi,p,g,k)ihg,|  (3.71)
146

where we have also used that s; = 53, for all j € L.

3.3 Spin spectrum, spin addition rules, spin-statistics

As shown in [37] and refs. given there, equ. (3.71) has rather interesting conse-

quences:

(1) The fusion matrices F(i,p,q,k};.; diagonalize the monodromy matrices

bt d
(M(i,p,q,k)0s)-
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(2) The spectrum of M(i,p, g, k) is given by {?™(*s¥% =) . r e L N, # 0}.

(3) Let us assume that we are dealing with a theory which has only finitely many

distinct superselection sectors, i.e., | L | < oo. Then we have the following result.
Theorem 4 [37]

If the number, | L |, of superselection sectors is finite all the spins s;,7 € L,

are rational numbers.

In analogy with conventional jargon in conformal field theory [38], field theories
in three space-time dimensions with only finitely many distinct superselection sectors,

| L | < oo, are called rational theories.

(4} Next, we consider a three-dimensional theory with permutation group sta-

tisiics, 1.e.,
R*(jp k) = R°{(4,p,0,k). (3.72)
Then, using (3.18) one concludes that all monodromy matrices are trivial, i.e.,
M@, p,q, k)i = 6 6285, (3.73)
and hence all their eigenvalues are equal to 1,
wwieptag—a) — 1 (3.74)

e

for all p, g and r for which N, # 0.

Hf ¢ = p ther s, = sp and Nypq # 0. In this case {3.74) implies that
™% — 1, forall p, (3.75)

or, equivalently,

1
€ 5 I, for all p. (3.76)

We define "spin parity”, op, by setting
gp = "t pe L. (3.77)
Since, by (3.74), (3.72) implies that
Sp + 8, — 8 €1,

60



for all p, ¢ and r satisfying the fusion rules, i.e., Nopg # 0, we conclude, using (3.76),
that
gpoq = Oy, (3.78)

for p,q and r such that N,,; # 0;in words: spin parity is conserved under fusion.
Conversely, let us assume thal we consider a theory with the property that
i
sp € 52, forall p € L, and (3.79}

gp Ty = Oy, for all p,q and r for which N, # 0.
pTq Pa

Then, by (3.74)
M(Gip, g, k)l = 8 8165 (3.80)

for all ¢, p, q,k, 7 and { satisfying the fusion rules. Hence
R*(i,p,q,k) = R7(i,p,q,k), (3.81)
i.e. the theory has standard permutation group statistics.

We summarize these findings in a theorem.

Theorem 5 [28]

The_conditions
(1) R+(£1P’Qak) = R_(i:Ps‘Lk)} for all irPsQ:ky and
(ii) sp € 3Z,forall pe L, and o, - o4 = 0y, for all p,g,r for which N.pq # 0,

are equivalent.

(5) The analysis developed in Sects. 2 and 3 can also be applied to theories
in d > 4 space-time dimensions or io theories in three space-time dimensions with
superselection sectors generated by *morphisms of an algebra A of quasi-local ob-
servables jocalized in bounded space-time regions, as described in [4]. In both cases,

one shows easily (see also {4,5]) that

R+(iap$ q, k) = R_(iapa q, k)a

for all 4, p, g, k. Hence all sectors of such theories have integral or half-integral spin and
spin parity is conserved in such theories. [The fact that, in such theories, s; € 17,

for all j € L, can also be derived from the structure of the Poincaré group (d > 4)
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and from locality and the relativistic spectrum condition {d = 3} .]

A fundamental theorem due to Doplicher and Roberts [6] says that, in a theory
with standard permutation group statistics, the fusion rules (N.pq) can be derived
from the representation theory of some compact group, G , and, by introducing
internal degrees of freedom on which the representations of G act, the permutation
group statistics can be reduced to ordinary Bose- and Fermi statistics.

(6) It follows from (3.66) and (3.71) that the 1 x 1 matrix M(1,p,p5,1)2 =

(M{l,p, iil)iii) is given by

M(I)Psﬁal)g = R+(1$p:ﬁ)1)§ R+(113_’)Pv1)§

et (3.82)

and we have used that s; = s, . In arelativistically covariant theory, a field-theoretic

argument suggests that *
R*(1,p,5,1) = RY(1,p,p,1); = &% . (3.83)
By definition of the angle 8, , see (3.37},
Rt (l,p,ﬁ,l]’; = ¥l |

Thus
8, = 8,, mod, 7, (3.84)

for all p . This connection between spin and statistics strengthens the one found

in (3.41). Equ. (3.84) is weil known for theories with standard permutation group
statistics [2]. For more details see [28].

In all examples known to us, the matrices R*(i,p,q, .’a:)fT and F(i,p,¢,%)}
can be obtained from the representation theory of some group (Rt = R~ , [6])
or some quantum group (Rt # R™) with the help of the socalled vertezr — sos
transformation: see Sect. 4. By analogy with the results of Doplicher and Roberts
(6], one might conjecture that this is always true. In these cases, the specirum

{ermilsrtoq=se) o N, # 0} of the monodromy matrices, M(i,p, g, k), , is com-

* Under somewhat stronger hypotheses on the siructure of the theory, (3.83) can be
proven,
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pletely determined by the representation theory of the quantum group. This ob -

servation and equ. (3.84) permit us to calculate all spins s, mod. Z,for allp € L.

Let us briefly consider the example of & quantum deformation, U (G}, of the

universal enveloping algebra of a classical Lie algebra G, with g~ = 1, for some
integer N > 2.

Then one has the formula

1 a
8, = iE}{T- (g 1) + {py2p}) + s; ) mod. 7, (3.85)

where 1, is the highest weight of some finite-dimensional, unitarizable, irreducible
highest-weight representation of U {G), p is the sum of positive roots of G, and s;a) is
a contribution to s, that comes from an abelian factor in the braid group statistics of

the theory. (For example, sg,“) = Inp,np = 0,1, would describe a contribution to s,

due to an ordinary Fermi field.) Below, the structure of s;n) is described completely.
The proof of (3.85) is obiained by comparing equ. (3.71) with a formula in [45]. See
Sect. 4 for more detsils concerning connections between our theory and quanturmn

group theory.

The example of abelian braid group statistics is elementary and can be analysed
completely, It has interesting applications in quantum field theory and condensed
matter physics. The results reviewed below have been conjectured in {26] on the
basis of an analysis of concrete models describing anyons. As shown in [28], abelian
braid group statistics implies that all representations p € L are unitarily equivalent
to representations 1{p?(-)) of A, where pP is a "automorphism of B%. Then p is
equivalent to 1((;:;3’)‘1 { )), hence § x p = 1, and every power p*™ = px - X pof
the representation p belongs to L. The set {p*™ : n € Z} is a subset of L invariant
under composition, whose fusion rules are described by Z. The braid matrices of such

theories have the form [28].

et 27i%.q  if &l fusion rules are satisfied;

R*(j,p,q, k)] = { {3.86)

0, otherwise.

It then follows from equ. {3.64), (withg =9, t =p,r =1L k=1,1=5

sj:
1,i=pFandm = 1) that

RY(1,5,p,1)5 R*(B,p,p,p); = 1,
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l.e.

e2®i0ps 2Wilh, _ , (3.87)

for all p € L. Previously, #;,, has been denoted by 8, which was shown to be given
by s, mod. Z; see (3.84). Hence (3.87) and (3.84) yield

16y = —05, = ~3, mod. 7 ,| (3.88)

for all p € L. By (3.86),
R*(p x p,pyp, 1) = &%, (3.89)
Furthermore (3.66) and (3.71) show that
(RY(7 x ppp 1))’ = 27 0w—srxs), (3.90)
Combining (3.88)-(3.90), we conclude that
Spxp = 45, mod. I, (3.91)

for all p € L. lierating these arguments, one finds that

Spxm = n? sp mod. 2, (3.92)

forallp € L.

Equs. {3.86), (3.88) and (3.92) represent a completely general, model-indepen-
dent proof of relations conjectured in [26] on the basis of an analysis of specific models

describing anyons.

In the non-abelian case, results analogous to (3.92} can be proven by using (3.39)
and the polynomial equations (3.64), provided the fusion matrices { F(¢,p, ¢, k)i} can
be calculated without using equs. (3.59) or (3.60). This is the case if, for example, the
matrices Rt and F can be derived from the representation theory of some quantum
group via the vertex-sos transformation; see [28,37).

Finally, we wish to point out that the norms, [INp, of the multiplicity matrices,
Nz, defined by (Np)ry = N,pp (fusion rules) define "statistical dimensions” which

can be interpreted in terms of indices of subfactors in the sense of Jones, [18,39].

Further results are discussed in [28].
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4. Connections to knot theory and to
quantum group theory

Let us first draw attention to a deep connection between the theory developed in
Sect. 3 and the theory of knots and links in $3 = R, This connection is the same as
one described in detail in [40] in the context of conformal field theory; (see also [37]).
The point is that from a family of matrices {Ri (i,p, q,k);, F(i,p, q,k);f} satisfying

(a) equs. (3.18) arnd (3.22) (YBE);

(b) equs. (3.62) - (3.65); equs. (3.83);

one can derive a family of invariants for oriented knots and linksin 5*, by an

explicit construction described in detail in [40). Furthermore, as was sketched in

[40], one can derive a family of invariants for tri-valent ribbon graphs.

We briefly sketch the construction of invariants for knots and links from {R%, F}:
In F:\'S we choose a two-dimensional plane, 7, a unit vector @ normal to # and a unit
vector €€ x. Given an oriented link, £, in R®, we choose a representative of £, (i.e.
a system of loops in R® representing £), which has a non-degenerate projection along
7 onto 7. Such a projection is called a shadow of £. If under- and overcrossings in
the ordering fixed by #, are recorded on the crossings of lines in the shadow of £ we
speak of a diagram, DX{£), of £. Lhe link £ can obviously be reconstructed from 7
and D(£). The diagram D(£) is marked as follows: If the coordinate function in the
direction of € on 7 has a local maximum or a local minimum at a point p € D{£)

then p is marked by a dot:

b9 ’
/.\ \ /
) . \/
Vi LY

Next, a marked diagram, D{L), is decorated as follows: The shadow of £ on 7 de-
composes 7 into disjoint regions R, ..., 2y, where §, is defined to be the region
containing the point at infinity, and N > 2 is determined by D(£). Then we as-
sign to every region {1; a representation &; of A belonging to the list I introduced

in Sect. 2. Without loss of generality, we may assign the vacuum representation,
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1, to £1y. A component of D{L}) is the projection of an oriented loop (connected

component) of the link in R® onto . Every component, C;, of D(L£) is assigned a
representation j; € L. The resulting marked, decorated diagram of £ is denoted by
D(L;51y-0 0 sdnika, ..., kN}; (n = # of components of £). The elements of a deco-
rated diagram of £ are defired in Fig. 7 and are assigned matrices Rt,R~ or F, as

shown in Fig. 7, {a)-(f):

- Vd
- rd
€
(a] fp——eal
’
/’
/ P
!
f
2]
- I'd
— - ’
o
(b) P
—p
// /
y pa
p
e
(<}
€
(d) — R.-(iyp:%k); g™ t¥r
Y k
(<) ‘ — F(k,p,p k)] = FY
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(4) -4 D 5
8 p
k — (F;I)_l
1
Fig. 7
The angles ¢, are given by
Ppg = 2. S5, -5, {4.1)

By (.F‘;‘.,)'1 is meant the inverse of the matrix F;‘, with matrix elements

k _ 4y111

(Fpl)ﬂﬁ = F(’“:P:Pa k)!rx,@ . (42]
With D(L;j1y. .- Jnj kz4..-kn) we associate a complex number (L3 j1,.-.;7n}
ks,...,kn) by calculating the sum of products of matrix elements of the matrices
(R%,F,F~!) associated to all the elements of D(L;315--23n; Rayeo kv} by the
rules specified in Fig. 7, (a) - (f}-

We may now quote one of the main results of [40] (Theorem 6.1): Let £ be an
oriented link in 5% with diagram D(£). The component, 7, of £ projected onto C;
is assigned the "colour” j; € L. With an oriented, coloured link (£;7,,.. “yin) we
associate a complex number

I(iijh---:jn) = 2 i(‘c:jls”-}jn;kﬂy--'ykN)- (43)
ki kneEL

Then we have the following result

Theorem 6 The numbers I{L;41,...,jn) define invariants for oriented,

coloured links in S°%.
Remark. The proof is identical to the proof of Theorem 6.1 in [40]. Since it is
somewhat lengthy, we shall not repeat it here.

It has been outlined in [40] how, from the same data {R%,F} one can, in prin-
¢ciple, construct invariants for oriented, coloured links embedded in general three-

dimensional manifolds. See also [42] for related results,
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Next, we wish to briefly address the question of connections beiween the theory

developed in Sects. 2 and 3 and guantum group theory. This question has been

discussed in the context of two-dimensional conformal field theory in [40,37,43). The
results, or better: speculations, found there carry over to the present framework

essentially without change.

Let X be a Hopf algebra with co-multiplication A : K — K @ X and universal
R-matrix R € K ® K. Let T be a list of finite-dimensional, unitarizable, irreducible
highest-weight representations of K. Comultiplication, A, is what is needed to define
tensor product representations of X: For + and j in I we define the representation
1@j of K by

i®j: AeK —i®j(A(4)) € End(V;0V5), (4.4)

where V; is the representation space of ¢ € I. Let Py : Vi @ V; — V; @ V; be the
transposition operator. We define
R; = P;i®j(R). (4.5)
The matrices {R;;} are Yang-Baxter matrices intertwining : ® 7 with j ® 4, i.e.
F@UAAY Ry = Ri;i®j(A(4). {4.6)
Since X will in general not be a semi-simple algebra, it need not be possible to decom-
pose a tensor product representation ¢ ® 7 of X into a direct sum of representations

in I. But { ® j may contain some k € I as a subrepresentation. We let Ny;; denote

the multiplicity of ¥ in ¢ ® j. There is then a basis of Clebsch-Gordan matrices
Prilp): ViV, — Vi,u=1,...,N¢ij, (4.7)
intertwining k with i ® 7, i.e,
k(A) Peyi () = Pry;(p)i®i(A(4)). (4.8)
Experience with the representation theory of some simple quantum groups suggests to

introduce the following assumption on the structure of {K, I'}: Define a representation

i@ieli,jlel, by
i®j®l: A i®jeI((A®I)A(4)). (4.9)
Let Nyijt be the multiplicity of k€ I in:® j @ I. Thea

(A1) Nuj = z Niir Nojio (4.10)
rel
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Let Pi;j(A), A = 1,..., Niiji, be a basis of Clebsch-Gordan matrices intertwining
Ewithi@i®l

(A2) We assume that every Py ;;;(A) can be represented as

Prii(A) = Z (A py i) Prir(p) Prji(v), (4.11)

reluw

for some coefficients ¢(A, u,v;r) € C.

Now we can describe the vertex-sos transformation mentioned at the end of

Sect. 3: We consider two further families of Ni;;; Clebsch-Gordan-matrices inter-

twining k withi ®j ®1:
i) Py jr(a) PralB) (RE' © T},

(4.12)
(i1) Py ri(y) Prii(6),

with » € I. By assumption {A2), these matrices can be expanded in the basis (4.11):

Py jir(a) Pra(B) (RS @ 1)

.. yi]
= > pE(kiya ), Prap(p) Poaly), (4.13)
puy
and
PN 1
Peri(7) Pris(8) = Y olkyisid) 0 Puipln) Po(v), (4.14)
puv

for complex rumbers pi{k,i,j,l);ﬁg and go(k,i,j,f);zf,. By arguments very sim-

ilar to those used in Sect. 3, one can show that the matrices p*(k,i,7,1) and

w(k,4,7,1) satisfy polynomial equations analogous to (3.18),(3.22},(3.62)-(3.65); see

[45,40]. Thus a Hopf algebra X and the set I of finite-dimensional, unitarizable,
itreducible highest-weight representations, subject to assumptions (Al) and (A2),
determine "six-index symbols” p*(k,i, 7, 1)} and ¢(k,4,7,1); which have the same

properties as Ri(k,i,j,f); and #(k,1,3,1)7.

The general problem one would like to solve is to find conditions on families
of matrices {pi(k,i,j,l};, w(k,i,7,0);}, satisfying equs. (3.18),(3.22) and (3.62)-
{3.65), which guarantee that these matrices are derivable from a Hopf algebra via the

vertex-sos transformations (4.13),(4.14). This problem appears to be open.
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Let us now suppose that there is a bijection from L to I taking the vacuum
representation, 1, of A to the irivial representation of X, also denoted by 1, and
preserving the fusion rules {Nii;;}. A point in L and its image in I will then be

denoted by the same lower-case Latin letter. Let us further suppose that

Ri(k1i1j$l); = Pi(kaisjs l);) (4‘15)
and

F(k,i,j,!); = (P(ksi}jJ);' (4.16)

Then the algebra X plays the réle of a "global symmetry algebra” of the quantum

theory described by {.4, L}, which acts trivially on all observables in A but can be
made to act non-trivially on the uncbservable, charged fields of the theory. This is

analogous to what has been found in [6]. In order to make these remarks more

concrete, we define "K — vertices” vii(zf) : V; - Vi, forz’/ € ¥, by setting

vk"(:l:j)z: = Pk_,-;(p)(z-f ® ), (4.17)

"

forallze Vi, p=1,...,Ngj: .

Let Dyy; be the "structure constants” discussed in Sect. 4 of [40], and refs. given
there. Then we may introduce new charged fields, 3 (pP, zP), p? € M,, z? € V,, by

setting

V(P e?) = Y (D)™ V() v(=?). (4.18)

ifpw

Let p* and p? be iwo *morphisms localized in space-like separated, space-like cones,
CP and C7, respectively, contained in a simple domain § C M®. Let {5} and {3}

be bases for V,,, V, respectively, and set

balp?) = $(07,€l), ¥alp®) = $(p%ef).

Then the commutation relations between ¥,(p") ans 1g(p?) are given by

Yale”) $a(p?) = Z( 1) g a5 r(0) $s(0?), (4.19)
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) >
if as(p?) < as(p?). Here (R;,"ql Jag & 2re the matrix elements of R;"'ql, defined in

(4.5), in the bases {e2} and {e}}. See [37,43] for details. It will be shown elsewhere
how to construct a "algebra out of the fields {1, (o?)} .

Remarks

(1} It is clear how to define an action of K on the fields ¢{p?, ).

(2) If we work with the fields ¢(p”,2z®) it is natural to define the physical Hilbert

space of the quantum theory described by {A, L} as follows:
Hohgs, = p?L Hy, @ V5.
Let = be the representation of A on Hypays.. Then we have that
m(P(4)) P(p*,27) = 9(p",2%) n(4), (4.20)

forall A e A

See [6] for a complete theory in the case where R* = R~, where K can be
replaced by a compact group. An ansatz of the form (4.19) for commutation relations
between unobservable, charped fields was first discussed in {15], (for thecries in two

space-time dimensions).

5. Back to physics

It is now time to ask how the braid statistics of charged fields {intertwiners),
found in Sect. 3 and further discussed in the second half of Sect. 4, will manifest itself
physically? One answer to this question is found by studying collision {scattering)
theory in quantum theories with charged fields obeying braid statistics. A form of
collision theory in the algebraic formulation of local, relativistic quantum theory,
inspired by Haag-Ruelle theory [2], has been developed in [4,5] and can be adapted
to theories with fields obeying braid statistics, as sketched in [26,28]. The result of

the analysis presented in these papers is that the momentum-space wave functions

describing incoming or outgoing states of charged particles have symmetry properties
under exchanging the momenta (and spins, internal quantum numbers) of charged

particles along oriented paths in momentum space that can be described in terms

FA



of the braid matrices {R*, R™}. Thus, the statistics of charged fields (intertwiners)
determines the statistics of asymptotic charged particles which manifests itself in

symmetry properties of scattering amplitudes and cross sections. For all details we

must refer the reader to [4,5,26,28].

Next, we wish to reconsider the question of what kinds of Lagrangian models
of local, relativistic quantum theories in three space-time dimensions have charged

fields obeying braid statistics? Heuristically, a rather clear-cut answer can be given.

It is known from the work of Doplicher, Haag and Roberts [4] that if the charged
fields (intertwiners) can be localized in bounded space-time regions and the dimension
of space-time is d > 3 then R*(4,p,q, k)j = R (i,p,q, k);, and, by Theorem 5,
Sect. 3,

1
sp € 5?., forall p € L,
and “spin parity” is conserved under fusion, (i.e, 0, o, = ¢, if Ny # 0).

Thus, in order to find examples of theories with charged fields satisfying braid

group statistics we must look for theories whose charged fields cannot be localized

in bounded space-time regions, but only in space-like cones. Charged fields only

localizable in space-like cones are a typical feature of gauge theories.

Consider a three-dimensional theory with charged fields only localizable in space-
like cones. Let P denote space-reflection at a line I C {(E,i) eM? it = 0} . Let ©

be a region in M*. We define
of = {(Z,1) e M®* . (PE,t) e O}. (5.1)

We suppose that P is represented on A by a *automorphism ap with the property
that
ap(A(0)) = AOF). (5.2)

Let p” be a "morphism of an extended algebra B%, with p € L. We define p} by

setting

PH{A) = ap o s o ap(4). (5.3)

Let p? and p? be *morphisms of B localized in space-like separated, space-like

cones, C? and C¥, (space-like separated from the auxiliary cone C,). It follows easily
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from (5.2}, (5.3) and (2.18) that

> <
as(p’) < as(p?)} <= as(php) > es(pl). (5.4)
Next, suppose that, for all p € L, the *morphisms p* and p% are unitarily
equivalent and that ap can be implemented unitarily on the total physical Hilbert

space of states, Hypy,. , of the theory, ie.,

p* ~ ph, forall p€ L, n(ap(4))= U(P)=(A)U(P), (5.5)
for all A € A, where U(P) is a unitary involution on Hpan,,.. Let us recall the

commutation relations (3.9) between charged fields established in Theorem 1 of

Sect. 3:

VI (0) Vit (0%)

= > R(G,p,q,k)28 V(%) Vi (07), (5.6)
laf

if p? X p? and as(p?) 2 as(p?).

By applying {5.5) and (5.4) to (5.6} we obtain the following

Theorem 7 If space reflection at a line, P, is a symmetry of the theory, in

the sense of equ. (5.5), then
R+(jsp!€|'s k)i = R-(jsps q?k)i y

i.e., the theory has ordinary permutation group siatistics s, € % Z, and "spin pa-
rity” is conserved under fusion.

Thus, in order for a three-dimensional, local quantum theory to exhibit non-tri-

vial braid group statistics it must have charged fields which cannot be localized in

bounded space-time regions and it must break the symmetry of space-reflection at a

line.

Let us suppose that we look for a relativistic theory with these features. Then
it must likely be a gauge theory without confinement which breaks space-reflection
ai a line. Thinking in terms of Lagrangian theories, we conclude that it must be a
gauge theory with a Chern-Simons term in the effective gauge field Langrangian, as

discussed in Sect. 1, or a theory which can be reformulated as a Chern-Simons theory,
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such as an O{3) non-linear o-model with a Hopf term in the effective Lagrangian.

In view of applications of our theory to condensed matter physics, it is useful to
recall the essential assumptions on which the general theory developed in Sects. 2, 3

and 5 rests. They are as follows:

(1} The algebra of observables, A, of the theory has a Jocal structure

A= UAQ), (5.7)

where A{C} is an algebra of observables corresponding to rneasurements in a localized
region, C, of space-time; {C might be a wedge contained in a time slice). One requires
some suitable form of locality , duality and the Reeh-Schlieder theorem; (see Sect. 2).

(2} Existence of a space-time translation- and rotation covariant ”ground state
representation”, with the property that the generator of time translations, (the

Hamiltonian), H satisfies the spectrum condition
H > 0. (5.8)

(3) One considers then the class of all space-time translation- and rotation-
covariant representations, p, of A satisfying the spectrum condition (5.8) and requires
that p be localizable in an arbitrary "wedge”, with respect to the local structure (5.7},
in the sense of {2.18).

We emphasize that full relatjvistic covariance is not needed; covariance under
the projective group of Euclidean motions in space, and time translations is already

a litile more than what we need for our analysis.

From: these remarks we conclude that braid statistics can, in principle, be

encountered in non-relativistic sysiems of condensed matter theory with broken

space-rteflection symmetry! Archetypal examples are correlated electronic systems

in a strong external magnetic field, such as quantum Hall systems. Other systems
are two-dimensional systems with flux phases, {perhaps of relevance in high T, su-

perconductivity).

These matters will be discussed in more detail in a future publication, Qur
approach to these problems is somewhat comparable in its spirit to the topological
approach to classifying defects in ordered media [46]: Very general arguments based

on symmetry and topological considerations yield a considerable amount of insight.

74



Acknowledgements The ideas in Sect. 3 are intimately related io ideas
worked out in collaborations by one of us {J.F.) with G. Felder, G. Keller and C.

King, Their help is gratefully acknowledged.

References

1. M. Fierz, Helvetica Physica Acta 12, 3 {1939).

2. R. Jost, "The General Theory of Quantized Fields”, Providence, R.I.: American
Math. Soc. Publ. 1965.

R.F. Streater and A.S. Wightman, "PCT, Spin and Statistics, and All That”,
Reading, Mass.: Benjamin 1978.

3. 1.J.J. Kokkedee, "The Quark Model”, New York: Benjamin, 1969.

R.N. Mohapatra and C.H. Lai (eds.) "Gauge Theories of Fundamental Interac-
tions", Singapore: World Scientific 1981.

H.S. Green, Phys. Rev. 90, 270 (1953);

O.W. Greenberg and A.M.L. Messiah, Phys. Rev. 136, B 248 (1964).

4. R. Haag and D. Kastler, J. Math. Phys. 5, 848 (1964);

S. Doplicher, R. Haag, and J.E. Roberts, Commun. Math. Phys. 23, 199 (1971);
Commun. Math. Phys. 35, 49 (1974).

J.E. Roberts, "Statistics and the Intertwiner Caleulus”, in »C*-Algebras and
Their Applications to Statistical Mechanics and Quantum Field Theory”, Proc.
of Int. School of Physics "Enrico Fermi”, Course LX, North Holland 1976.

5. D. Buchholz and K. Fredenhagen, Commun. Math. Phys. 84, 1 (1982}).

6. S. Doplicher and J.E. Roberts, "C*-Algebras and Duality for Compact Groups
.7 in: Proc. of VIII'E Int. Congress on Math. Phys., K. Mebkhout and R.
Sénéor (eds.), Singapore: World Scientific 1987; preprint, Rome 1989.

7. R.F. Streater and I. Wilde, Nuclear Physics B 24, 561 (1970).

8. J. Frohlick, Commun. Math. Phys. 47, 269 (1976);

Acta Phys. Austriaca Suppl. XV, 133 (1976); unpublished manuscript {1976).
J. Bellissard, J. Fréhlich and B. Gidas, Commun. Math. Phys. 60, 37 (1978).

9. L. Kadanoff and H. Ceva, Phys. Rev. B 11, 3918 (1971).

10. M. Sato, T. Miwa and M. Jimbo, Publ. RIMS, Kyoto University, 15, 871 (1979).
11, J. Fréhlich, in "Recent Developments in Gauge Theories” (Cargése 1979), G. 't

Hooft et al. (eds.}, New York: Plenum Press, 1980,

76



12,

13.

14,

15.

16,
17.

18.

19.

76

E.C. Marino and J.A. Swieca, Nucl. Phys. B 170 [FS1], 175 (1980).

E.C. Marino, B. Schroer and J.A. Swieca, Nucl. Phys. B 200 [FS4], 473 (1982).
R. K&berle and E.C. Marino, Phys. Lett. 126 B, 475 {1983).

J. Frohlich and P.-A. Marchetti, Commun. Math. Phys. 116, 127 (1988).

A.A. Belavin, A M. Polyakov and A.B. Zamolodchikov, Nucl. Phys. B 247, 83
(1984).

V.5. Dotsenko and V.A. Fateev, Nucl Phys. B 240, [FS12], 312 (1984), B 251
[FS13], 691 (1985).

A. Tsuchiya and Y. Kanie, Lett. Math. Phys. 13, 303 (1987).

K.H. Rehren and B. Schroer, Phys. Lett. B 198, 480 (1987).

J. Fréhlich, "Statistics of Fields, the Yang-Baxter Equation, and the Theory of
Knots and Links”, in: "Non-Perturbative Quantum Field Theory”, G. 't Hooft
et al. (eds.), New York: Plenum 1988.

R. Haag and D. Kastler, J. Math. Phys. 5, 848 (1964).

V.F.R. Jones, Invent. Math. 72, 1 (1983);

"Braid Groups, Hecke Algebras and Type II; Factors”, in: "Geometric Methods
in Operator Algebrs”, Proc. US-Japan Seminar, 242 (1986);

V.F.R. Jones, Ann. Math. 126, 335 {1987);

H. Wenzl, Invent. Math. 82, 349 (1988);

A. Ocneanu, "Quantized Groups, String Algebra, and Galois Theory for Alge-
bras”, Penn. State Univ., preprint 1988.

K. Fredenhagen, K.H. Rehren and B. Schroer, "Superselection Sectors with
Braid Group Statistics and Exchange Algebras, I: General Theory™, F.U. Berlin,
preprint 1988.

K.H. Rehren, Commun. Math. Phys. 116, 675 (1988).

J. Frohlich, "Statistics and Monodromy in Two- and Three-Dimensional Quan-
tum Field Theory”, in: "Differential Geometrical Methods in Theoretical Phy--
sics”, K. Bleuler and M. Werner (eds.), Dordrecht: Kluwer Academic Publ.
1988,

G. Moore and N. Seiberg, Phys. Leit. B 212, 451 (1988); Nucl. Phys. B 313,
16 (1989); Commun. Math. Phys. 123, 177 (1988).

G. Felder, J. Frohlich and G. Keller, Commun. Math. Phys. 124, 417 (1989);



20.

21,

22.
23.

24.

26.

27,

28,

29,

"0On the Structure of Unitary Conformal Field Theory IT; Representation Theo-
retic Approach”, to appear in Commun. Math. Phys.

L.S. Schulman, J. Math. Phys. 12, 304 (1971);

M.G.G. Laidlaw and C. De Witt-Morette, Phys. Rev. D 3, 1375 (1971); 1.5
Dowker, J. Phys. A 5, 936 (1972); J. Phys. A 18, 3521 (1985); E.C.G.
Sudarshan, "Topology, Quantum Theory and Dynamics®, University of Texas,
preprint 1989,

J. Birman, *Braids, Links and Mapping Class Groups”, Ann. Math. Studies 82,
Princeton: Princeton University Press 1974.

J.M. Leinaas and J. Myrheim, Il Nuove Cimento 37 B, 1 (1977).

F. Wilczek, Phys. Rev. Lett. 48, 1144 (1982); Phys. Rev. Lett. 49, 957 (1982);
F. Wilczek and A. Zee, Phys. Rev. Lett. 51, 2250 (1983).

Y.5. Wu, "Fractional Quantum Statistics in Two-Dimensional Systems”, in:
Proc. 2°¢ Int. Symp. Foundations of Quantum Mechanics, Tokyo 1986, pp.
171 - 180,

R.E. Prange and $.M. Girvin {2ds.), "The Quantum Hall Effect”, Berlin-New
York: Springer-Verlag 1987.

T. Chakrabarty, P. Pietilainen, " The Fractional Quantum Hall Effect”, Berlin-
New York: Springer-Verlag 1988,

J. Fréhlich and P.-A. Marchetti, Lett. Math. Phys. 16, 347 (1988); Commun.
Math. Phys. 121, 177 {1989).

J. Fréhlich, ”Statistics and Monodromy in Two- and Three-Dimensional Quan-
tum Field Theory”; see ref. 19.

J. Frohlich, F. Geabbiani and P.-A. Marchetii, "Superselection Structure and
Statistics in Three-Dimensional Local Quantum Theory”, Proc. 12'" John Hop-
kins Workshop on "Current Problems in High Energy Particle Theory”, Florence
1989, G. Lusanna (ed.}.

1. Feshlich, F. Gabbiani and P.-A. Marchetti, "Braid Statistics in Three-Dimen-
sional Local Quantum Theory”, in preparation.

R.B.Laughlin, Science 242, 525 (1988);

V. Kalmeyer and R.B. Laughlin, Phys. Rev. Lett. 59, 2095 (1987).

A. Fetter, C. Hanna and R.B. Laughlin, Stanford University, preprint 1988,

77



30.

31.

32.
33.

34.

35.
386.
37.

38.

39,

40.

78

Y.-H. Chen, F. Wilczek, E. Witten and B.I. Halperin, IASSNS-HEP-89/27,
preprint 1989,

W. Siegel, Nucl. Phys. B 156, 135 (1379);

R. Jackiw and S. Templeton, Phys. Rev. D 23, 2291 (1981);

J.F. Schénfeld, Nucl. Phys. B 185, 157 (1981);

S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Lett. 48, 975 (1982); Ann.
Phys. (N.Y.) 140, 372 (1982);

I. Afleck, J. Harvey and E. Witten, Nucl. Phys. B 206, 413 (1982);

A.N. Redlich, Phys. Rev. Lett. 52, 18 (1984); Phys. Rev. D 29, 2366 (1984);

R.D. Pisarski and S. Rao, Phys. Rev. D 32, 2081 {1985), and refs. given there.
A. Coste and M. Liischer, "Parity Anomaly and Fermion Boson Transmutation
in 3-Dimensional Lattice QED”, DESY 83-017, preprint 1989,

M. Liischer, "Bosenization in 241 Dimensions”, DESY, preprint 13886.

G.W. Semonoff and P. Sodano, preprint 1989.

E. Witten, Commun. Math. Phys. 121, 351 (19849).

J. Fréhlich and C. King, "The Chern-Simons Theory and Knot Polynomials”,
Commun. Math. Phys., in press.

A. Tsuchiya and Y. Kanie, Lett. Math. Phys. 13, 303 (1987);

T. Kohno, Ann. Inst. Fourier 37, 139 (1987); Adv. Studies in Pure Math. 12,
189 (1987).

K. Fredenhagen, Commun. Math. Phys. 79, 141 (1981).

G. Moore and N. Seiberg, Phys. Lett. B 212, 451 {1988).

G. Felder, J. Fréhlich and G. Keller, "On the Structure of Unitary Conformal
Field Theory II ...”, see ref. 19.

D. Friedan and 8. Shenker, Nucl. Phys. B 281, 509 (1987);

G. Anderson and G. Moore, Commun. Math. Phys. 117, 441 (1988);

C. Vafa, Phys. Lett. B 206, 421 {1988).

R. Longo, "Index of Subfactors and Statistics of Quantum Fields”, Commun.
Math. Phys., in press; "Index of Subfactors and Statistics ... II: Correspon-
dences, Braid Group Statistics and Jones Polynomial”, Rome, preprint 1989.

J. Frohlich and C. King, " Two-Dimensional Conformal Field Theory and Three-
Dimensional Topology”, J. Mod. Phys. A, in press,



41.

42,

43.

44 .
45.

46.

D. Rolfsen, "Knots and Links”, Publish or Perish, Math. Lecture Series, 1976;
G. Burde and H. Zieschang, "Knots”, de Gruyter Studies in Mathematics 5.
V.F.R. Jones, Bulletin AMS 12, 103 (1985).

C.N. Yang and M.L. Ge (eds.), "Braid Group, Knot Theory and Statistical
Mechanics”, Adv. Series in Math. Physics, vol. 9, Singapore: World Scientific
1989.

N.Yu. Reshetikhin and V.G, Turaev, "Invariants of 3-Manifolds via Link Poly-
nomials and Quantum Groups” MSRI 04008-89, preprint 1989,

L. Alvarez-Gaumé, C. Gomez and G. Sierra, "Quantum Group Interpretation of
Some Conformal Field Theories”, CERN-TH-5267/88, preprint 1988;

Refs. 40 and 37T;

G. Moore and N.Yu. Reshetikhin, "A Comment on Quantum Group Symmetry
in Conformal Field Theory”, IASSNS-HEP-89/18;

D. Buchholz, G. Mack and I. Todorov, unpublished,

V. Pasquier, Commun. Math. Phys. 118, 355 (1988),

N.Yu. Reshetikhin, "Quantized Universal Enveloping Algebras, The Yang-Bax-
ter Equation and Invariants of Links I, II”, LOMI preprints 1987.

N.D. Mermin, Rev. Mod. Phys. 51, 591 (1979);

L. Michel, Rev. Mod. Phys. 52, 617 (1980).

79



