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Abstract

This thesis covers two aspects of Linear Logic. The major part is devoted to proving full
completeness results for various categorical models of Multiplicative Linear Logic (MLL).
A proof net system for Multiplicative Intuitionistic Linear Logic (MILL), including the
units, is also presented.

Here, by full completeness, we mean a correspondence between dinatural transfor-
mations in the categorical model and canonical morphisms in some free category with a
suitable monoidal structure. The theme running through this thesis is that for suitable
categorical models of MLL, it is possible to prove full completeness using a parallel result
in an underlying compact closed structure. Three of the models of MLL considered in
this thesis are derived from a general “double glueing” construction on a compact closed
category. The first model is constructed from the category Rel of sets and binary re-
lations, the second model from the category FDVec of finite dimensional vector spaces
and linear maps, the third from a category of Conway games. The fourth model of MLL,
another category of vector spaces, is different in nature to the other models — this time,
we observe a compact closed subcategory, namely finite dimensional vector spaces. In
all cases, we prove full completeness by extending a full completeness result for the un-
derlying compact closed category. (In fact, full completeness in FDVec is an already
well-known result (Schur-Weyl duality) in Invariant Theory.) In terms of Girard’s proof
nets, the compact closed category is where we determine the placement of the axiom links
for a proof structure associated with each dinatural transformation. Of further interest, a
category of coherence spaces exists as a full subcategory of the construction on Rel, and
a full completeness result for coherence spaces is also proved.

The chapter on MILL proof nets can be viewed as a means for proving full completeness
for denotational models of MILL. The system works on a basic input-output scheme. The
combinatorial characterisation of an empire of a node will be crucial in resolving the
problem with the units, first observed by Kelly and Mac Lane. An attractive feature of
this system is the normalisation procedure, where the rewrites are “global”, as opposed

to “one-step”.
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Introduction

0.1 x*x-Autonomous categories and compact closed categories

It is widely accepted today that the correct categorical model of the multiplicative frag-
ment of Linear Logic is a #-autonomous category. However, Barr’s study [Bar79] of x-
autonomous categories long preceded Girard’s publication on Linear Logic [Gir87]. More-
over, Chu’s appendix to [Bar79] — a construction on an autonomous category from which
we derive a x-autonomous category — could hardly have been noted as an effective means
to construct a model of Linear Logic. The inspiration behind the Chu construction was
drawn from topological vector spaces, and we will in fact demonstrate the use of this
particular example in Chapter 5.

In the meantime, we begin with the definitions which supply us with a *-autonomous
category. They are widely known, though not always presented in full form, so we provide
them here for the sake of completeness.

Given a category C, and objects A and B in C, we denote the collection of morphisms
from A to B by C(A, B).

Definition 0.1.1 Let C be a category. We say that C is monoidal if it is equipped with
a bifunctor — ® — : C x C — C (called the tensor product), an object I in C (called the

unit), and isomorphisms

aapc(A®B)®C = A®(B®C);
ra: A®I = A,
la:1RA = A

defined and natural over all objects A, B and C in C, such that the following “coherence”

diagrams commute.
(A®B)®C)®D % (A9B)® (C®D) > A® (B® (C® D))

a®id 1d®a

(A (B®C))®D AR ((B®C)® D)
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(A®B)®I AR (B®I) I®(A® B)

r 1d®r l [®id

A®B A®B
In essence, the coherence diagrams above ensure that all diagrams, whose arrows are

constructed from a, [, r and their inverses by means of the tensor product, commute.

Definition 0.1.2 Let C = (C,®,I) be a monoidal category. We say that C is symmetric
if there exist isomorphisms c4p : A® B — B ® A, defined and natural over all objects A

and B in C, such that the following coherence diagrams commute.

ARB—-+B®A (A9B)®C %> A® (B®C) — (BRC)® A
c c®id a
id
A®B (BeA)®C — BR(A®C) > Ba(C®A)

Definition 0.1.3 Let C = (C,®,I) be a monoidal category. We say that C is closed if
there exists a bifunctor — —o — : C? x C — C, such that for all objects B in C, the
functor — ® B has a right adjoint B —o —, i.e. there is a bijection between C(4A ® B, ()
and C(A, B —o ('), natural in A and C.

Remarks A symmetric monoidal closed (SMC) category is sometimes referred to in the
literature as an autonomous category. Hence the term x-autonomous will appear to be a
sensible choice.

Given objects A and B in a SMC category C, we refer to the object A —o B as the
internal hom of A and B.

Definition 0.1.4 Let C = (C,®,I) be a symmetric monoidal category. Then C is a x-
autonomous category if there exists a full and faithful functor (—)* : C°? — C such that
there exist isomorphisms C(A ® B,C+) — C(A, (B ® C)1), defined and natural for all
objects A, B and C in C.

This definition is not Barr’s original definition, which contained superfluous data, but

the two were immediately proven to be equivalent in [Bar79].

Examples. 1. The category Rel, whose objects are sets and whose morphisms are
binary relations (i.e. a morphism between A and B is a subset of the cartesian product
A X B), is x-autonomous. It is evidently symmetric monoidal when we take the tensor

product to be the usual cartesian product, and the unit to be the one element set. A set
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can be regarded as “self-dualising”, i.e. we take A* = A. Then a subset of A x B is in
bijective correspondence with a subset of B* x A* = B x A and vice versa, so we have a
full and faithful functor (—)* : Rel”” — Rel. Finally, Rel(A x B,C*) = Rel(4 x B,(C)
and Rel(4, (B x C)*) = Rel(A4, B x C) are clearly isomorphic — both are the collection
of subsets of A x B x C.

2. The category FDVec = FDVecy, whose objects are finite dimensional vector spaces
over a fixed field £ and whose morphisms are linear maps, is x-autonomous. It is naturally
symmetric monoidal when we take the tensor product to be the usual algebraic tensor
product and the unit to be k. The algebraic dual (i.e. V* is the space of linear functionals
on V) provides us with a full and faithful functor (—)* : FDVec” — FDVec. In fact,
V 2 V* if and only if V is finite dimensional. Other properties of finite-dimensional

vector spaces are
FDVec(U @ V,W) =2 FDVec(U, FDVec(V,W));
(in fact this holds in Vecy, the category of vector spaces over k)
FDVec(V,W) =2 V*Q W;
VW = (Ve W)
From these facts, we can deduce that FDVec(U ® V,W*) =2 FDVec(U, (V ® W)*), so

FDVec is *x-autonomous.

Proposition 0.1.5 Let C = (C,®,1,(—)%) be a *-autonomous category. Then A= AL+
for all objects A in C.

Proof We have C(A ® B,I+) = C(A, (B ® I)*+) = C(A,B+). By symmetry, we have
C(A®B,I')=C(B ® A, I") = C(B,A"). Thus C(4, B+) = C(B, A'Y).

Since (—)* is full and faithful, we have a bijective correspondence between C(A, B)
and C(B*, A1). So we have a bijective correspondence between C(A, B) and C(4, B+1),
natural in A. Therefore B = B++. [

Corollary 0.1.6 Let C = (C,®,1,(=)") be a *-autonomous category. Then C(A, B) &
C(A, B+) = C(B*, AL).

Corollary 0.1.7 Let C = (C,®, I, (=)") be x-autonomous. Then C is closed (and hence
autonomous) with C(A ® B,C) = C(A, (B ® C+)1), i.e. B—oC=(B®CY)",.

The following theorem provides us with an alternative characterisation of x-autonomous
categories. It has become the preferred characterisation for its more apparent connection

with Linear Logic.
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Theorem 0.1.8 A x-autonomous category may be equivalently specified as a symmetric
monoidal closed category (C,®,1,—o) with an object L (called the dualising object) such
that the canonical morphism A — (A —o L) —o L is an isomorphism, for all objects A in

C.

Proof Suppose that C = (C,®,1,(—)") is *-autonomous in the sense of Definition 0.1.4.
Define | = I+. By Corollary 0.1.7,

A—ol=(AI+H)t = At

so (A—ol)—ol = A+, By Proposition 0.1.5, we know that A — A1 is an isomorphism.
Conversely, suppose that C = (C,®, I, —o) is symmetric monoidal closed and that we
have a dualising object. Define A- = A —o L. Given a morphism f : A — B, we can

construct a morphism f: B+ — Al via
Al (B—ol)—ol

A®(B—OJ_)—>J_
B—ol—-AA-—ol

and since B — B is an isomorphism, this procedure is entirely reversible. Therefore we
have a full and faithful functor (—)* : C°? — C. (Identities and composition are preserved

since everything in the above procedure is natural or canonical.) Finally,

C(A ® B,Ch)
= C(A®B,C—o 1)
= C(A®B®C,1)
= CA,(B®C)—ol1)
= C(A,(B®CO)tY).
Therefore C is *-autonomous in the sense of Definition 0.1.4. |

Examples (ctd). 3. The category L of complete sup semilattices (i.e. objects are
complete lattices and morphisms are order and sup preserving maps) is *-autonomous.
Given objects X and Y, the hom-set L(X,Y") is itself an object of L with pointwise sup.
Let 2 be the two element lattice, 0 < 1. Then any f, : X — 2 satisfies

fa(z) =

0 ifz <z,
1 otherwise

for some unique element z, in X (namely z, = sup{z | fa(z) = 0}). Thus there is a
bijection between elements z, in X and elements f, in (X, 2). Furthermore, if 2, < 24
then fg < fo. Therefore, L(X,2) = X, the lattice with the same elements as X and the
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order reversed. It follows that L is *-autonomous with (autonomous structure induced by
the hom functor and) dualising object 2.

It can be shown [MacT71, p.138] that L is the Eilenberg-Moore category of P-algebras
of the monad (P,n, ) where P : Set — Set is the covariant power set functor, each
na : A — P(A) sends every element a € A to the singleton subset {a}, and each
pa : P2(A) — P(A) sends every set of subsets of A to its union. This fact will be of

interest to us later.

Also in anticipation of our work on Linear Logic, we introduce the so-called “par”

product.

Theorem 0.1.9 Let C = (C,®,1,(—)") be a x-autonomous category. Then there exists
another bifunctor — 2 — : C x C — C, called the par product, with unit L, which is dual
to the tensor product in the sense of de Morgan. That is, there exist isomorphisms

(A® Byt - At n Bt (0.1)
or equivalently

(A% B)* — At ® B, (0.2)
defined and natural over all objects A and B in C.

Proof Define A% B = (A+ ® B1)L. This defines a bifunctor, since it is the composition

L
C x C e (CP)% x (c?)? 2 cv U, ¢,

Equations (0.1) and (0.2) follow immediately. Furthermore, A% 1 = (A+ @ I*+)t = A,

Symmetry follows from symmetry of the tensor product, so L is the unit for par. |

Corollary 0.1.10 Let C = (C,®,1,(=)") be a *-autonomous category. Then AR B =
At —o B for all objects A, B in C.

Theorem 0.1.11 Let C be a *-autonomous category. Then C possesses weak distribu-

tivity natural transformations
whpr i A®(BRC)— (A®B)®C
whp i A®(BBC)— (A®C)® B

such that a number of coherence diagrams commute. FExamples of such diagrams are

L L
I®ARB) Y~ I®A)NB AR(BR L) 2+ (A®B)® L

19%idp 3
® idAQr?

A% B A®B
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a®

(A®B)®(CB D) “> Ae (Bo(C 3 D) M2, 4e((BeC)3 D)

(A®B)®C)%® D - (A® (B®C))® D

a®7?idD
idA®a”

A®(B®C)® D) A® (BB (CHD))
’LUL ’LUR
(A®(BBC))®D (A®(C®D))® B
wk2idp wl2idp
(A®C)®B)® D (A®C)®D)® B
a”™ o®
(A®C)® (B% D) e (AR C)® (D% B)

where a® and a® are the associativity isomorphisms for tensor and par, respectively,
l% : I ® A — A is the left-hand unit isomorphism for tensor, 7",74? AR 1L — A is the
right-hand unit isomorphism for par, and c¢® is the symmetry isomorphism for par. The

other diagrams are similar to the above, and obtained by symmetry.

A discussion on the notion of a weakly distributive category can be found in [CS97a]. It
comprises of two sets of associativity and unit morphisms, so that both tensor and par
are monoidal, together with two weak distribution natural transformation subject to a
number of coherence equations. In the non-symmetric case, the second weak distributive
morphism is written (A ® B) % C — B % (A ® C), but since both tensor and par are
symmetric here, we can make our modification without concern. The theorem of interest

to us here is

Theorem 0.1.12 (Cockett and Seely) The notions of symmetric weakly distributive cat-

egories with negation and x-autonomous categories coincide.
The term “with negation” means the addition of two families of maps

na:l — AT A; ex: AQ AT — 1,
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subject to a number of coherence equations, for example,

r®)-1 -t
A der M agatna) AL D real M Aty ) e At
id wk id wh
A

1RA+—(AQAH) A At At L — At ® (4@ 4t
€A €A

7 13
and similar diagrams obtained by symmetries. We will derive w’ for some inkling of
justification of Theorem 0.1.11. Applying (—)= to

C(A® B,(C)

C(A,B — C)

gives

C(C+,(A® B)Y)
C(B® C*+ AY)

So we obtain canonical morphisms
(A® B)X = (B® A)*"
A® (A®B)* — B+

and

Ct e Bt = (BtechHtt
B' - (Bt -C)—oC
and hence the canonical morphism A ® (A ® B)* — (Bt — C) —o C. We also have the

bijection
ARX —-Y —oC

ARY - X o C

Therefore, we have
A® (A® Bt - (B* < C)—-C

A® (Bt —-C)— (A® B)* - C
or why: A® (BB C) — (A® B) B C, as required.

0.1.1 Compact closed categories

The definition of a compact closed category provided here is based on Kelly and Laplaza [KL80].

Definition 0.1.13 Let C = (C,®, ) be monoidal category. We say that (B,n,¢€) is a left
adjoint of the object A and write B 4 A if there exists a unitn: I — A® B and a counit
€: B® A — I such that the following triangles commute.

(AR B)® A =2 A®(B® A)

nRida id g Qe

I®A=A - A=2ARIT

ida
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B®(A®B) =~ (B®A)®B

idp®n e®idp

B®I=1B - ~B=1Q®B

idp

Note that adjoints are unique up to isomorphism.

Definition 0.1.14 Let C = (C,®,I) be a symmetric monoidal category. We say that C

is compact closed when each object A in C has a left adjoint, written (A*,74,€4).

In particular, the unit and counit induce natural isomorphisms C(A® B, C') = C(A,C®B*)
and C(A, B) = C(B*, A*). For example, given f : A — B, we form f*: B* — A* via

idB* ®T]A ZdB* ®f®ZdA*
_— _—

B*=B*®I B*® (A® A¥) (B*® B) @ A* B2, 1@ A% = g%,

etc. So whilst there is no explicit mention of closure in the above definition, it is inherent,
with B o C = C ® B*.

Examples 1. The category Rel is compact closed. As noted before, it is symmetric
monoidal with cartesian product and unit the one element set. A set A is left adjoint to
itself. Both the unit and counit of the adjunction can be viewed as subsets of A x A, and in
particular they are the identity relation on A, i.e. the set of ordered pairs {(a,a) | a € A}.

Moreover, it can be shown that Rel is the Kleisli category of the same monad (P, 7, u)
whose category of P-algebras is the category LL of complete sup semilattices. (See Exam-
ple 3 of x-autonomous categories above.) So Rel is a compact closed full subcategory of
L.

2. The category FDVec is compact closed. Given a finite dimensional vector space
V', with basis {e;}{; and dual basis {¢;}"_; for V* (ie. gj(e;) =1 if i = j, 0 otherwise),

we construct the unit gy : £k — V ® V* via
n
nv(1) = Z e; @ ;.
i=1
The counit ey : V* ® V — k is given by the evaluation map, i.e. generated by

ev(0 ©v) = 0(v).

The fact that these two examples also happen to be x-autonomous categories is no coin-
cidence. We now show that compact closed categories are a special class of x-autonomous

category.

Lemma 0.1.15 C = (C,®, I,(—)*) is compact closed if and only if C = (C,®,1,(—)*) is
k-qutonomous and (B ® C)* = B* @ C* for all objects B and C in C.
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Proof  Suppose that C is compact closed, with A* - A for all objects A in C. As
remarked above, we have C(A, B) = C(B*, A*) so this induces a full and faithful functor
(=)* : C? — C. Using the units and counits associated with B* and C*, we can show
that B* ® C* is a left adjoint of B ® C, and therefore (B ® C)* = B* ® C*. So C is
x-autonomous.

Conversely, suppose that C is x-autonomous with (B ® C)* = B* @ C* for all objects
B and C in C. Then manipulation of the identity morphism on A via

C(AA) =2C(I®AA)
C(I,(A®Q A")") = C(I,A" @ A™)
CI,A*® A)=C(I,A® AY)

and similar manipulation on the identity morphism on A* yield a unit and counit for the

adjunction A* 4 A. Therefore C is compact closed. |

I

Corollary 0.1.16 Let C = (C,®,1,(—)*) be a compact closed category. Then A2 B
A ® B for all objects A, B in C.

Corollary 0.1.17 Let C = (C,®,1I,(—)*) be a compact closed category. Then I* = 1.

Remark While Rel and FDVec can be seen directly to be compact closed, it is worth
noting that they both satisfy the equivalence (B ® C)* = B! ® Ct*. The category
of complete sup semilattices does not satisfy this equivalence, although it does satisfy
I+ =2 I. (Recall that the dualising object is the two element lattice.) See [Bar79]. This

demonstrates that I = I is not sufficient for compact closure.

0.2 Multiplicative Linear Logic

Girard intended Linear Logic [Gir87] to be used to study more carefully the properties
of classical and intuitionistic logic, but it has since gained interest as a logic in its own
right. The easiest way to gain insight into Linear Logic is to observe the connective —o,
known as linear implication. The formula A —o B is interpreted as applying the premise A
precisely once to obtain B. To maintain the power of intuitionistic logic, an exponential !
is introduced, where !A is interpreted as storage of A, i.e. we can apply A as many times

as we require. Thus, the usual implication = is expanded as
A= B =(lA) - B.

For this reason, Linear Logic can be thought of as a resource-conscious logic.
The fragment of interest to us in this thesis is the multiplicative fragment without

exponentials, which we will call Multiplicative Linear Logic (MLL). The sequent calculus
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shall be stated in terms of the multiplicative connectives, ® and 2. The conjunction ®
(“times” or “tensor”) is denoted such because it behaves like a tensor in algebra. The
formula A ® B expresses the use of both A and B. The connective % (“par”) is more
subtle. It is often referred to as the “dual tensor”, because we can define the operation

linear negation via

(A® By = A* 3 B+, (A®B)* = At ® B,
and various other duality identities. The formula A 2 B is perhaps best expressed as
A+t - B =Bt oA

The full sequent calculus for Linear Logic is stated clearly in [Gir95]. We provide
the multiplicative fragment only in Figure 0.1. Formulae in MLL, denoted by A, B, ...,

Id
I—al,a( )

FT,A4,B,A
FT,B,A,A

FD,A F AL A
(Cut)
FT,A

T
— (1)
1 FT, L

(Ezchange)

(L)

FT,A FB,A -T,A,B .
® -
FT,A® B, A FI,A¥ B

Figure 0.1: Sequent calculus for MLL

are built from propositional atoms, «,(3,..., their linear negations, at, 8+,... and the
constants (or units) 1 and L by the connectives ® and 2. Finite sequences of formulae
are denoted by Greek capitals, I') A,.... A literal is either a propositional atom or the
negation of a propositional atom.

Our format is one-sided, since this suits best our purposes. A two-sided format can
be derived by rewriting - A,I" as A+ F T' etc. In defining linear negation and linear

implication, we assert that

1+ =1; 1t =1;
(A® Byt = A3 B+ (A% B)* = A*® B
A—oB=A'%B.
The Exchange rule is of no importance to this discussion — it merely states that per-

muting the order of the premises does not affect the conclusion. We hereby remove the
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Exchange rule and assume that I'; A,... denote finite multisets of formulae, instead of
finite sequences of formulae.

There is a cut elimination procedure which is confluent and strongly normalising. In
particular, any proof in MLL can be reduced to a unique cut-free proof of the same sequent,

and the (Cut) rule is thus made redundant.

0.2.1 Proof Nets

Girard’s proof nets [Gir87] are graphical representations of proofs in the sequent calculus
of MLL (without units). Proof nets were defined through the intermediary notion of
a proof structure, satisfying a soundness condition which was to be simplified later by
Danos and Regnier [DR89]. An important result about proof nets is that there is a cut
elimination procedure which is confluent and strongly normalising. Thus an attractive
feature about proof nets is that sequent calculus proofs which are deemed equivalent by
so-called “commuting conversions” are translated to proof nets with identical form.

We begin with the definition of a proof structure. A proof structure is a graph with

formula occurrences as vertices. The edges are built via links of the form

—

a ot A B
A4
A®B

A B A AL

A4 N

ARRB cut

The link in the top left-hand corner is called an aziom link, and similarly tensor, par
and cut links correspond to the obvious links.

Intuitively, one can mimic the formation of a proof in MLL by starting with a collection
of axiom links (corresponding to identity axioms) and building a graph using the tensor,
par and cut links (corresponding to the respective rules in MLL).

Girard’s notion of a “trip” is the visualisation of information flowing through the proof
structure. There are various ways which an information particle could flow, each possibility
indicated by a “switching”. Each switching gives rise to either a long trip (every vertex is
visited twice) or a short trip (when the long trip condition fails). A proof net is a proof

structure which admits no short trip. Girard proved :

Theorem 0.2.1 (Girard) If 7 is a proof of = T in the sequent calculus for MLL, then we
can naturally associate with it a proof net N(mw) whose multiset of terminal formulae is

precisely the multiset T'.
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Theorem 0.2.2 (Girard) If B is a proof net, then there exists a proof ™ in the sequent
calculus of MLL such that N(mw) = .

As mentioned above, there is a cut elimination procedure for proof nets which is
confluent and strongly normalising. Thus, every proof net has a unique cut-free normal
form.

It is clear that a cut-free proof structure associated with a multiset I' is dependent
only on its axiom links. The nodes at the top of the graph are simply the literals that
make up ', and we build the lower part of the graph in the only way possible to obtain
terminal nodes which correspond to the formulae in I'. Thus the only choice we have in
determining the proof structure is in pairing up the literals to create the axiom links. This

observation will be crucial in proving full completeness results.

Definitions 0.2.3 A sequent I' is balanced if each propositional atom « occurs the same
number of times as does its linear negation a=.

A balanced sequent I is binary if every propositional atom « in I' and its linear negation
a’ each occur precisely once.

The length of the multiset ' is the number of occurrences of literals in T'.

If ' has length p, then we can speak of each literal occurring in a precise position,
numbered 1 to p. If I' is balanced, and consequently p is even, then we can specify the axiom
links of a cut-free proof structure associated with I" by a map ¢ : {1,... ,p} — {1,... ,p}
such that

e ¢(i) # 1 for all 4;

e if a propositional atom « occurs in position i, then there is an occurrence of a" in

position ¢(7);
o $2(i) =i for all i.

Thus a cut-free proof structure can be specified as (T', ¢), where I is a balanced multiset
with length p and ¢ is a fixed-point-free involution on {1,... ,p} indicating the placement

of the axiom links.

Danos-Regnier condition

Danos and Regnier [DR89]| simplified the correctness criterion for a proof net, avoiding
altogether the notion of a trip.

A DR-switching for a cut-free proof structure (I', ¢) is the assignment of [left] or [right]
to each par link. In effect, we are selecting one of the two “par-edges” that make up a par

link, for every par link.
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Given a DR-switching S for (I', ¢), we define the associated DR-graph DR(T', ¢, S) to
be the deletion of the par-edges not selected by the switching S.
Danos and Regnier proved the following equivalent (and our preferred) correctness

criterion for proof nets.

Theorem 0.2.4 (Danos and Regnier) A cut-free proof structure (I',$) is a proof net if
and only if for every DR-switching, the associated DR-graph DR(T, ¢,S) is acyclic and

connected.

Before proceeding, we remark that since the (Cut) rule can be eliminated from proofs
in MLL, there is no need to consider proof nets with cut links. We henceforth assume that

all MLL proof nets are cut-free.

0.2.2 The Mix rule

An interesting variation to pure MLL is the addition of the Mix rule,

FT FA
T, A

The Mix rule can be specified in a number of equivalent forms, two of which are presented

in the following proposition.

Proposition 0.2.5 Equivalent forms of the Miz rule are L -1 and AQ B A% B.

Proof Proof of the equivalence with L - 1 can be found in [CS97b]. The Mix rule also

implies

FAY A FBYLB
FAlplap M
“AT3BLAND (29) [twice]
A®BFARB
Conversely, A® BF A% B implies | - 1 by substituting A =1 and B = 1. |

The addition of the Mix rule is not particularly desirable from a logical point of view —
the resulting calculus does not appear as resource conscious as pure MLL. Yet it appears
that many categorical models of MLL are in fact models of MLL+Mix. We shall discuss
later what it means for a categorical model to support the Mix rule.

Fleury and Retoré [FR94] found an appropriate notion of proof net for MLL+Mix.
Simply, the acyclicity condition remains but the connectedness condition is omitted. This
ties in nicely with the intuitive idea that a MLL proof net associated with - I and a MLL
proof net associated with = A should be able to be juxtaposed to produce a MLL+Mix
proof net associated with - I', A.
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0.2.3 Categorical Interpretation of MLL

It is not difficult to see that a x-autonomous category forms a categorical model of MLL.
In essence, tensor and par correspond with their namesakes, linear negation corresponds
with the involution on C, and a multiset I" is interpreted as a par product ZT". A sequent
F T is interpreted as a morphism I — ZT in the category.

More formally, assume that propositional atoms in the logic are interpreted as objects
in a s-autonomous category C. The interpretation function [ | sending formulae in the

logic to objects in C is defined inductively, via

[1] =1 [1] = L;[ot] = [o]*;

o]
[A® B] = [A] ® [B]
[A,B] = [A® B] = [4] ® [B].
Thus it is convenient to identify formulae in MLL with objects in C using the same
labelling.
The identity sequents F o, « are interpreted as morphisms I — X+ 2 X, obtained

canonically from the identity morphisms in C, via

CX,X)=CI ®X,X)
CI,X -X)=CU, Xt X)

The (Cut) rule is expressed through composition of morphism. A morphism I —
(BT) 3 A is equivalent to a morphism (®¥T)+ — A and a morphism I — A+ % (RA) is
equivalent to a morphism A — (Z¥A). Composing these two morphisms gives a morphism
(BT)L — (BA), equivalent to I — (BT) B (RA) = (T, A).

The (Exchange) rule is expressed through the symmetry and associativity of the par
product in C. The (1) rule is simply the identity morphism on I, while the (L) rule is
simply composition with the (reverse) unit isomorphism for par.

The (®) rule is essentially taking the tensor product of two morphisms (¥T)+ — A
and (A)L — B. By our interpretation of multisets, the (?9) rule does nothing.

0.2.4 Categorical Interpretation of Mix

Motivated by [CS97b]|, we will say that a categorical model of MLL supports the Mix
rule, if there exists a unary Miz morphism m : L — I such that the following diagram
commutes.

le®l

meid | id] @m

Il=l - 1211

ldL
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Write m : L ® L — L for the morphism described above. Then given morphisms f : X —
1L and ¢g:Y — L, we can construct a morphism X ® Y RN 1 ® L 1. Furthermore,
m induces the binary Miz morphisms zap : A® B — A X B, natural in A and B, via

categorical interpretation of the “binary” Mix rule :

A4 +BYB

Mix
+ A+ B+ A B é”[) |
twice
At B A% B
ARBFA®RB

0.3 Coherence and free monoidal categories

The study of providing a description of morphisms in a specified free category is generally
known as a “coherence” problem. Here, we will discuss the free compact closed category
and the free x-autonomous category on a set of objects. We search for a minimal collection
of “central” morphisms such that all diagrams built from the arrows of central morphisms

comimute.

0.3.1 The free compact closed category

Kelly and Laplaza [KL80] provided a description of the free compact closed category on
a given category. For our purposes here, we need only describe the free compact closed
category F(A) on a collection of objects A.

Objects of F(A) are defined by the following.

e All objects in A are objects in F(.A);

e [ is an object in F(A);

e To each object A in F(A), there exists an object A* in F(A);

e To objects A and B in F(.A), there exists an object A ® B in F(A).
We require associativity morphisms,

arpc: (A®B)®C - A®(B®C); ajpe:A®(B®C)— (A® B)® C;
morphisms for the unit 7,
At A®T— A 't A— AR,

a symmetry morphism,

caB: A® B — B® A;
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and units and counits,
na:l - ARA"; ex: A"QA—I;

over all objects A, B and C in F(A), and complete the collection of morphisms by stating
that if f : X — Y and ¢ : Z — W are morphisms in F(A) then there is a morphism
fg: X®Z —-Y W in F(A). (Thus, we are asserting that the tensor product is
functorial.) Finally, we assert all naturality and coherence equations necessary for compact

closure. Evidently, we have constructed the free compact closed category on A.

Definition 0.3.1 For any object A in a compact closed category C, we define the dimen-

sion of A to be the endomorphism
dim(A) : T 24 A@ A* 247 A* @ A 4

Consider our two standard examples. In Rel, there are only two endomorphisms on the
one element set, I. In particular, dim(&) = 0y, the empty relation, and dim(A) = id; for
all A # @. In FDVecy, dim(V) is the dimension of the vector space V in the usual sense

if we assume that the field £ has characteristic zero.

We shall now describe syntactically the morphisms of the free compact closed category
F1(A) on the set of objects A = {A1,...,A,} with “trivial” dimension. (A graphical
description of a morphism dim(A) is a “loop”, passing through A and A* so F1(.A) has
trivial dimension in the sense that all morphisms have no additional loops.) From there,
we can easily provide a syntactic description of the morphisms of F(A).

Suppose that G(A4;,...,A4,) and F(Ay,...,A,) are arbitrary objects in F;(.A), built
from objects Aj,..., A, and Af,..., A, (which we shall call literals in keeping with our
terminology in a logic setting) by the connective ®. To describe a morphism of the form
G(Ai,...,A,) = F(Ay,... ,Ay) in F1(A) is to identify pairs of occurrences of literals in

the formulae G and F, in the following manner.

e each literal occurence is paired with precisely one other literal occurrence;

e an occurrence of A; (in G, say) may be paired with either an occurrence of A} in

the same formula (G), or with another occurrence of A; in the distinct formula (F');

e an occurrence of A7 may be paired with either an occurrence of A; in the same

formula, or with another occurrence of A7 in the distinct formula.

Identifying an occurrence of A; with an occurrence of A; in the source formula G implies
that we precompose with a counit €4, : AY®A; — I (and a possible symmetry). Identifying

an occurrence of A; with an occurrence of A} in the target formula F' implies that we
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postcompose with a unit 14, : I — A;® A7 (and a possible symmetry). Identifying a literal
occurrence with a similar occurrence in distinct formulae implies that we tensor with an
identity morphism. E.g. two distinct morphisms with source and target A* @ A® B*® B

are

idA* ®idA®idB* ®idp

e A"®RAR®RB*® B A QAR B*® B

CA,A*®CB,B*
P

e A*QAQB*®@B A%E, 1o AN, Ao A* @ B B* A*Q AR B*® B.

In particular, if F'(A, A) is a “unit-free” object built from Ay,... , A, AF,... , A} by
the tensor product, then a morphism I — F(A, A) in F1(A) is canonically equivalent to a
morphism F~(A) — FT(A) in the free compact closed category, where F~(A) and FT(A)
are tensor products of the A;. Such a morphism must establish a bijective correspondence
between occurrences of A; in F~ (A) and occurrences of A; in F*(A) — in other words, F'™
and F'~ are tensor products of the same length, and the morphism permutes the tensor
factors in F~ (A) to produce F*(A). Therefore, the original morphism I — F(A,A) is
essentially a tensor product of units 74, and can be described by pairing up occurrences of
A; with occurrences of A7. In a manner similar to defining axiom links for a proof structure
(see previous section), we can specify this morphism by a fixed-point-free involution on
{1,...,p}.

We can now retrieve the free compact closed category on A, by adding the loops which
represent morphisms dim(A) : I — I. A morphism G(A4,... ,A,) — F(41,...,4,) in
F(A) is a morphism in F1(.A), as described above, tensored with a finite collection of maps
of the form dim(A;) : I — 1.

0.3.2 The free x-autonomous category

The description of the free x-autonomous category F*(A) on a set of objects A is more
subtle than that for the free compact closed category. Linear Logic has proved a useful
tool in solving this particular coherence problem. We therefore choose to formulate the
free x-autonomous category in a tensor-par setting for clarity.

Given a set of objects A, we define the objects of F*(A) by the following.

e All objects in A are objects in F*(.A).

e [ is an object in F*(A).

e To each object A in F*(A), there exists an object AL in F*(A).

e To objects A and B in F*(.A), there exist objects A® B and A% B in F*(A).

Perhaps the simplest way to describe the free x-autonomous category is to use The-

orem 0.1.11. We thus require the usual associativity, unit and symmetry morphisms to
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make both tensor and par symmetric monoidal, the two weak distribution natural trans-

L and w’, and the negation families 7 and e. We close this collection of

formations w
morphisms by asserting the functoriality of tensor and par, and assert all naturality and
coherence conditions necessary for a x-autonomous structure.

A partial solution to this coherence problem has been in existence for some time
(though rarely acknowledged in the literature as such), namely in the form of MLL proof
nets. Suppose that A = {Ay,...,A,} is a set of n objects, and consider an arbitrary
“unit-free” object F(A) = F(Ay,...,Ay), built from Ay,...,A,, Af,..., AL by the
connectives ® and 7. A proof of - F(A) in MLL has a categorical interpretation in F*(.A)
as a morphism I — F(A) and conversely, a morphism I — F(A) in F*(A) is always the
categorical interpretation of some proof of = F/(A) in MLL. Therefore, MLL proof nets can
be regarded as a graphical description of morphisms in the free x-autonomous category.

However, Girard’s proof nets are insufficient to model the units of MLL, and it has
taken some time for this problem to be resolved. We remark that the proof net system in
[BCSTI6] provides a full solution to coherence for weakly distributive categories including
the units for tensor and par, and therefore a full solution for k-autonomous categories.
Their work was an extension of Trimble’s work on the free symmetric monoidal closed
category [Tri95], where the equivalent existing problem with the unit for tensor was first
resolved. However, Chapter 6 of this thesis provides an independent and arguably an
improved alternative to Trimble’s characterisation.

Before moving on to discuss the notion of Full Completeness, we make a final remark
that the free x-autonomous category supporting the Mix rule merely requires the addition

of the unary Mix morphism m : L — I and the necessary coherence equations.

0.4 Full Completeness

The term “full completeness” was coined by Abramsky and Jagadeesan [AJ94]. In their
own words, with full completeness, one has the tightest possible connection between syntax
and semantics. In view of the previous section, we investigate this notion further and place
it in more of a categorical setting. We emphasise at the start that we will only be concerned
with full completeness for unit-free formulae.

Suppose that A = {X} = {Xi,...,X,} is a set of n objects and that F(A) is
a free category of type L on A. Typically, L will be a monoidal structure such as
compact closed or *-autonomous, so that the functor (—)* is contravariant. Suppose
that F(X1,...,Xp,Y1,...,Yy) is a formula built from Xq,...,X,, Y{*, ..., Y5, Then
F(X,X) can be regarded as a unit-free object in F(.A), and therefore induces a multivari-
ant functor [F] : C* x (C?)" — C, whenever C is a category of type L.

It is reasonable to expect a morphism I — F(X,X) in F(A) to induce a collection
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of morphisms I — [F](A,A) in C satisfying some naturality condition. However, the

multivariance of [F] forces us to extend our notion of naturality to “dinaturality”.

Definition 0.4.1 Let C be a category, and G, F : C* x (C?)" — C be multivariant
functors. Write X for the list Xi,..., X, etc. We say that a collection of morphisms
p = px : G(X,X) — F(X,X) is a dinatural transformation in C if for all morphisms

fi: X; — Y; in C, the following diagram commutes.

G(X,X) 2 F(X,X)

G(idx f) dex)
G(X,Y) F(Y,X)

G(f& A;,f)

(
G(Y,Y) — F(Y,Y)

s

Thus, an object F(X,X) in F(A) induces a functor [F] : C* x (CP)" — C, and a
morphism I — F(X,X) in F(A) induces a collection of morphisms I — F(A,A) in C
which form a dinatural transformation p : 1 — F', where £ denotes the constant functor
with value 1. It is essential to note that two dinatural transformations do not, in general,
compose with one another to give a dinatural transformation. This is of no concern to us
here, because all families of “base” morphisms (i.e. associativity, symmetry etc.) in the
free category form natural transformations, and dinatural transformations do compose on
either side with natural transformations to give dinatural transformations. For example,
suppose that p : G — F' is a dinatural transformation and 7 : ¥ — H is natural in every

variable. Then the following diagram commutes.

xXx - H(X,X)
de) H(fidx)
G(X,Y) F(Y,X) X
f)
H

(

Therefore 7p : G — H is a dinatural transformation.

(Y, X)

A;, H{(idy f)

7Y)

G(X,X) 25 F(X,X)
G(idx ,f)
G(Y,Y) — F(Y
Py TYY

N

(Y7

We are now ready to state the definition of full completeness.
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Definition 0.4.2 (Full Completeness) Let C be a category with a specified structure
L. Then C satisfies full completeness with respect to L or “L full completeness” if every
dinatural transformation &y — [F] (with [F] : C* x (C?)" — C), is induced by a
morphism I — F(X,X) in the free category of type L on n objects.

Abramsky and Jagadeesan’s definition established a connection between morphisms in
a categorical model and proofs in a logic. Their demonstrable semantics was a category of
games ([AJ94]), where they proved that every uniform history-free winning strategy was
the denotation of a proof in MLL+Mix. In this setting, it was possible to use a very basic
form of naturality to achieve full completeness with respect to MLL+Mix. The notion
of embedding meant that if a game A could be embedded into a game B, then the dual
game AL (in which the Player’s and Opponent’s moves are swapped) could be embedded
into the game B+. Thus, formulae were suitably modelled by functors, and the correct
denotation of a proof in MLL+Mix was essentially a transformation between functors,
natural with respect to embeddings.

However, in most categorical models, natural transformations will not be sufficient. In
[AJ94], it was good fortune that the functor (—)* could be regarded as covariant in the
appropriate categorical setting. But often, there may be no useful notion of embedding
to hand, and one will be stuck with (=) as a contravariant functor, so any formula with
positive and negative occurrences of literals will not be functorial. For this reason, we
instead work with multivariant functors and dinatural transformations.

We now make a very useful observation about dinatural transformations in compact

closed categories.

Lemma 0.4.3 Let C be a compact closed category, let F : C* @ (C?)* — C be a multi-

variant functor such that
F(A,A) gAm ®...®AM ®A§1 ®...®A*m,

(where pi, Ai € {1,...,n} for all i) and let o be a collection of morphisms op : I —
F(A,A) in C. Define F~(A)=A), ®---®A,, and FT(A) =4, ®---® A, so that
each oa is canonically isomorphic to a morphism o : F~(A) — F(A).

Then o is a dinatural transformation in C if and only if ¢ is a natural transformation
in C.

Proof The result is trivial when m = 0 or [ = 0. We will prove the result when m =1 =1,
with the general case being an extension of this argument.
Suppose that oa : I — A; ®A;f. The canonical map oa : A; — A; can be expanded as

A A;®€4 .
AJ%I®AJL®]>141®A;®AJ—A]>A1®I%A1
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Given f;: Aj — Bj, the morphism f7: BY — A7 can be expanded as

* * B;@mAJ' * * B;®fj®A; * « €Bj ®A; * *

Therefore, the following diagram commutes, (with isomorphisms A ® I 2 A omitted)

EA,

A; A - AQATDA; ! - A;

fi fi
* EA]

°B B7,®A] ®AJ > B;

“B; EBi@EAj
Bi®B;®Aj ) Bi®B;®Aj®A;®Aj f’ Bi®B;®Bj®A;®Aj

7 J

where the left hexagon commutes by dinaturality. The outer box can be filled in, to form

EA.
TA J
Aj ————— ARAIRA,; - A;
i
oB Bi®Bi®A; ———— B;@BI®B; 5
d e, 5
Y

Bi®B®A; o BioBi@A;0A504; 7+ BioB]aB;04;84, oy B;

whence the following diagram commutes.

oA A
A —B apares; —— 4

°B

£ Bi®BrRA; fi

Bj —— B;®@B*®B; — B;
B J EBj

Therefore the morphisms A : A; — A; form a natural transformation.
Conversely, suppose that the morphisms o : A; — A; for a natural transformation.

The morphisms op : I — A; ® A;-‘ can be expanded as

NA . oARA*
T 4048 2 A0 AL
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The following two diagrams commute.

14 A
I —— Aj0A7 —— Ai®A%

fj fi

NA £

1B B ; nBj

Bj®B; vy @B QA;QA;

7 @B OB QA; - QA

Therefore, the following diagram commutes,

Ai®Ar — 2 A;@A
NA.
A] f] fz
Y Y
I Bj®AY ——> B;®A%
J [
A A
rx f5
nB]- J J
B;®BY —— B;®B*
i s j
i.e. o is a dinatural transformation. [ |

Thus, we can restate full completeness in a compact closed setting with the following.

A compact closed category C satisfies compact closed full completeness if every
natural transformation [F~] — [FT] (with [F~],[F*] : C* — C), is induced
by a morphism F~(X) — F*(X) in the free compact closed category on n

objects”.

At this point, we mention that the compact closed full completeness results we will obtain
in this thesis are with respect to the free compact closed category on n objects with

trivial dimension. However, it is possible to remove the restriction on dimension — in two
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cases, this is easily done because the categorical model concerned has trivial dimension; in
one case, this is done by absorbing the dimensions into an enrichment which reflects the

categorical model.

0.4.1 Approaching Full Completeness

Suppose that C is a x-autonomous category, and that we are given a dinatural trans-
formation p from R, the constant functor with value I, to the multivariant functor
[F] : C* x (C?)" — C. Suppose that we wish to prove that p is induced by a morphism
I — F(X,X) in the free x-autonomous category on n objects. Since we are working with
unit-free formulae, a valid specification of such a morphism is via MLL proof nets, and
we will indeed use MLL proof nets to accomplish the task at hand. In particular, we will
exploit the dinaturality of p to generate a set of axiom links for a proof structure built
from the formula F'. As mentioned earlier, a proof structure is uniquely determined by its
axiom links, so we will have determined the complete proof structure. If we can show that
this proof structure is a proof net, then we will have shown that F' is provable, and that
p is the interpretation of a “generic” proof of - F. (By a generic proof, we mean a col-
lection of proofs, all of the same form, obtained by varying over all propositional atoms.)
Equivalently, we will have shown that p is the interpretation of a morphism I — F(X, X)
in the free x-autonomous category on n objects.

For most of this thesis, we will consider *-autonomous categories C* with a (forgetful)
functor U from C* to some compact closed category C which preserves the x-autonomous
structure of C*. Our approach to proving full completeness will rely heavily on exploiting
the underlying compact closed structure in C. (There is an example with a difference — a
x-autonomous category with a compact closed full subcategory — but the approach there
will be similar.) The basic idea is that if p : 81 — F' is a dinatural transformation in C*
then U induces a dinatural transformation o : & — F' in C. Note that in C, the formula
F reduces to a straight tensor product.

Now suppose that we can prove compact closed full completeness of C. By Lemma 0.4.3,
a dinatural transformation can be regarded as a natural transformation & from F~ to FT
where F*(A) and F~(A) are tensor products of A;’s. So we are asking that F~ and F'* be
formulae of the same length, and that & is a permutation on the tensor factors. Then o is
essentially (meaning “modulo composition with symmetry morphisms”) a tensor product
of unit morphisms 7,4, : I — A; ® A} obtained canonically from identity morphisms.

The canonical morphisms 1 — X1 2 X are categorical interpretations of the identity
axioms - o, o, or the axiom links of a proof structure. Moreover, U sends these mor-
phisms to unit morphisms 74 in C. Thus if p is the interpretation of a proof in MLL,

then the fixed-point-free involution on {1,... ,p}, specifying the axiom links for the cor-
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responding proof structure is the same fixed-point-free involution, linking occurrences of
A; with A7, which determined o. Thus the proof structure associated with p in C* is in
fact determined by ¢ in C.

If we can go on to prove that all such proof structures are indeed proof nets, then

proving full completeness in C* can be seen as a lifting of full completeness in C.

0.5 Outline of Thesis

Chapter 1 describes a construction on a compact closed category which provides us with a
x-autonomous category, and also discusses precisely when this category supports the Mix
rule. The construction was first brought to my attention by J.M.E. Hyland, who observed
this abstraction of the work of R. Loader. We will show that it is possible to view full
completeness results in the constructed category as a lifting of full completeness in the
original compact closed category. The next three chapters are specific examples of proving
full completeness in this way. Chapter 2 works with Rel — it provides an alternative view
of Loader’s category of Linear Logical Predicates [Loa94b]. The results are then easily
adapted to prove a full completeness result for coherence spaces, the original denotational
model of Linear Logic, presented in [Gir87]. Chapter 3 works with FDVec — the full
completeness result we achieve in FDVec turns out to be equivalent to an already well-
known result in Invariant Theory. In Chapter 4, we introduce a compact closed category of
Conway games. Existing semantics for games has been somewhat vague. We will attempt
to make precise what is meant by a “position” and a “move”. When we apply the glueing
construction to this model, we obtain a model of MLL+Mix, rather than pure MLL.

Chapter 5 is another example of using full completeness in FDVec to prove full com-
pleteness in a x-autonomous category which models MLL+Mix. We will show that this
category is an alternative characterisation of a model considered by Blute and Scott [BS96].
Moreover, we will remove their restrictions to binary formulae and “diadditive” dinatural
transformations.

Chapter 6, as it stands, is an independent chapter, but it could be viewed as a means
to prove full completeness in an alternative model of Linear Logic. We consider the
multiplicative fragment of Intuitionistic Linear Logic and present a system of proof nets
which provide a graphical description of terms in an assignment motivated by the free
symmetric monoidal closed category. The proof nets handle the unit for tensor, and
therefore provide a description of all morphisms in the free symmetric monoidal closed
category. An attractive characteristic of this system is that the rewrites are global (as
opposed to “one-step”), but the normalisation process still remains confluent and strongly
normalising.

The final chapter is a summary of the thesis and a discussion on further research.



Chapter 1

A double glueing construction

Recall (Lemma 0.1.15) that a compact closed category has a collapsed *-autonomous
structure. Consequently, it is of little interest to us as a categorical model of MLL since the
tensor and par connectives are indistinguishable. In this chapter, we provide a construction
on a compact closed category that produces a new x-autonomous category which does make
the distinction between tensor and par.

As a model of linear logic, the glueing construction is very easily interpreted. An
object of the new category GC can be regarded as an object A of the original category C
together with a set of “proofs” of A and a set of “disproofs” of A. While linear negation
is defined naturally, the tensor product is more subtle. From this, the rest of the MLL

structure follows immediately.

1.1 The construction

Let C = (C,®,1,(—)*) be a compact closed category. Let H be the functor from C to

Set,
H(f:A—-B) = Hf:C(I,A) — C(I,B)

a — fa,

and let K be the functor from C° to Set,

K(f:A—-B) = Kf:C({I,A*) — C(I,B*)

a —  f*a,
Define a new category, GC, whose objects are triples A = (|A|, As, A¢) where

|A| is an object of C,
As € H(|A]) = C(I, |A]), and
Ar € K(JA]) = C(1, |A]") = C(JA], ).

A morphism f : A — B in GC is a morphism f : |[A| — |B| in C such that for every
a € Ag, the composite (H f)a = fa belongs to By and for every § € B, the composite
(K f)B = f*B belongs to A;. In other words, H f maps As into Bs and K f maps B, into
Ay
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If f: A— B is a morphism in GC, the following square commutes.
Ay x B, T g B,

Ay X Ay —— C(I,1)
< ) >|A|

(where (o, 7)4) = T ete.) Thus, if f : A — B and g : B — € are morphisms in GC, then

the following diagram commutes.

id id
A, x e Axid g e, 19 6o e,

ASX‘Bt7BsXBt (el

idx K f (s Nz

Y Y

As x Ay C(L,1)
<7>\A\

This shows that the composite gf : |[A| — |C| in C is a morphism gf : A — € in GC.
The identity morphism on A is simply the identity morphism on |A| in C, and asso-
ciativity of composition of morphisms in GC follows from that in C. So GC is a category.

We will show that GC is x-autonomous with the following structure.

Tensor. Given objects A and B in GC, define the object A ® B by

A ® B Al ® [Bl;
AR®B)s = {o@7|0€eA;T€E Bk
(A®B); = GC(A,BY).

Observe that our definition is consistent, since (A ® B)s C C(I,|A| ® |B|) and (AQ B); =
GC(A, B*) C C(JA,|B[*) = C(lA| ® |B], ).
We also define the unit object, 1 = (I, {idr},C(I, I)).

Proposition 1.1.1 GC s a symmetric monoidal category with tensor ® and unit 1 =
(Ia {de}a C(Ia I))

Proof Suppose that f : A — A’ is a morphism in GC. Write |A| = A, |A|' = A’. We want
to show that given an object B in GC with |B| = B, the morphism f®B: A B — A’® B
in C lifts to a morphism f ® B: A® B — A’ ® B.
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Suppose that § € (A ® B)s, 6 = 61 ® b2 where 6; € As and 62 € B,. Then fé; € Al

and therefore

(f ® B)(61 ® &2) = (fé1) ® (62) € (A' @ B)s.

So H(f® B) maps (A®B); into (A'®@B),. On the other hand, suppose that v € (A'®B)q,
so that v : A" — B* in C. We want to show that

A9B L5 A4 9B LIe(AxB),

or equivalently A L4 2 pre (A® B). If @ € Ay, then fa € AL, so that (vf)a =
v(fa) € By If § € By, then v*3 € A}, so that (vf)*S = f*(v*F) € A¢. Sovf € (AR B)y,
ie. K(f ® B) maps (A’ ® B); into (A ® B);. Therefore f ® B lifts to a morphism
fRB:A®B — A" ®Bin GC.

It is easy to see that the definition of tensor is entirely symmetric, after noting that
GC(A,B') =2 GC(B,A"). Thus — ® — : GC x GC — GC is a symmetric bifunctor.

It is clear that morphisms (¢ ® ) ® v in ((A ® B) ® €)s are naturally isomorphic to
morphisms a ® (8 ® ) in (A ® (B ® €))s. Conversely, suppose that § € (A ® (B ® C));.
Write A = |A|, B =|B| and C = |C|. Then

(i) given a € A5 and 3 € By, the composite I 298, 4 ® B LAYoL belongs to Cy;
(ii) given o € Ag and vy € @, the composite T 2 AxC 2 B belongs to By;
&Y

(iii) given @ € By and v € Cy, the composite A Lo B belongs to A;.

This proves that § : A® B — C* in C lifts to a morphism in ((A® B) ® €);. Statement (i)

shows that H¢ maps (A ® B); into C;, while statements (ii) and (iii) shows that K¢ maps

Cs into (A ® B);. Therefore, we have natural isomorphisms (A Q@ B) @ C =2 A ® (B ® C).
Finally, observe that

AR1)s={a®id;: a € A} = A
and if f € A, then f satisfies
if « € Ag then fa: I — A — I belongs to 1, = C(I, ).
Furthermore,
if 6 € 14, then 8 =1idy, so f8* = f € A; if and only if f € A,.

So f € Ay if and only if f € (A® 1), i.e. (A®1); = A;. Therefore, we have natural
isomorphisms A ® 1 = A. |
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Linear negation. Given an object A in GC, define its dual object A+ = (|A|*, A, As).
Suppose that B is another object in GC and we have a morphism f : A — B. Then
f*:|B* — |Al* in C satisfies

(Hf)B=fB=(Kf)p = Hf'=Kf:B— A
and
(KfYa=fa=(Hf)a = Kf*=Hf:As— Bs

for all B € Bf = B, and a € A} = A,. Therefore, f* is in actual fact a morphism

ft: B+ — At in GC. This induces a covariant functor (—)* over GC.

Theorem 1.1.2 The covariant functor (—)* is full and faithful, with the natural equiva-
lence GC(A® B, Ct) = GC(A, (B® C)*). Consequently, GC is a *-autonomous category
and a categorical model of MLL.

Proof That (—)* is full and faithful in GC can be deduced from the fact that (—)* is
full and faithful in C.
Suppose that f: A® B — €1 in GC, and put A = |A|, B =|B| and C = |€|. Then

(i) given a € A5 and 3 € By, the composite T LN ® B ENYo belongs to C;;

(ii) given v € €} and «a € A,, the composite I = A Lprgor 22 prgr~pr
belongs to By;

(iii) given v € €} and 3 € By, the composite A Lproor 80 belongs to A;.

From this, we deduce that f lifts to a morphism A — (B ® €)* in GC. Statements (i)
and (ii) show that Hf maps A, into (B ® C)+, while statement (iii) shows that K f maps

(B ® )i into A;. The proof of the reverse implication is similar. [ |

Linear Implication and Par. Given objects A and B in GC, we define A o B =
(A®BH)t and A% B = (AL ® BL)L. Then the unit for X is L = 11

We end this section with two important observations.
GC is a non-trivial categorical model of MLL. That is, the tensor and par con-

nectives are always distinct. For example, (I,2,9) ® (I,9,9) = (I,2,C(I,I)) while
(I7 ®7 Q) ?S) (I7 Qﬂ @) = (I7 C(I7 I)7 Q)'
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GC supports the Mix rule if and only if C(I,]) consists of only the identity
morphism on I. If C(I,I) = {id;}, then L = 1 = (I,{idr},{idr}), so id; lifts to
the unary Mix morphism m : 1 — 1. Conversely, suppose that there exists a morphism
m: L — 1. Then for all « € Ly = C(, ), the composite ma belongs to 15 = {idr}. In
particular, putting a = idy, we have id; = ma = m. Therefore m = idy, in which case

this forces all « € C(I,I) to be the identity morphism on I.

1.2 Logical motivation

We make the following trivial but useful observation.

Proposition 1.2.1 Let A be an object in GC. Then
GC(1,A) =2 As; GC(A, L) = A,

Proof A morphism f:1 — A is identifiable with an element of Ay since it has to satisfy
fa € A for all o € 1,. Since o = ¢dy is the only element of 15, we deduce that f € A;.
Conversely, suppose that f : I — |A| is a morphism in C that belongs to As. If a € 14,
then o = idy, so fa=f € As. If B € Ay, then f*G € C(I,I) =14. So f:1 — As.

The dual result is similar. [ |

In a logic setting, we can thus think of each object A as an object A = |A| in C together
with a selection of “proofs” of A (i.e. the collection A;), and a selection of “disproofs” of
A (i.e. the collection A;). The definition of tensor product is now fairly intuitive. Proofs
in (A ® B), are the tensor products of proofs in Ag and proofs in Bs. Proofs in (A ® B),
are those disproofs of |A|® |B| which, when cut with a proof of |A|, yield a disproof of |B|,
or when cut with a proof of |B|, yield a disproof of |A|. The definition of linear negation

is even more intuitive — a proof of |A| is a disproof of |A|* and vice versa.

1.3 Proving full completeness of GC

We outline the basic theme of proving full completeness of GC. The following results
will show that an attempt to prove full completeness in GC is an attempt to lift a full

completeness result in the underlying compact closed category C.

Lemma 1.3.1 The forgetful functor U : GC — C preserves the x-autonomous structure
of GC. Furthermore, it has a right adjoint R : C — GC, specified by RA = (A,C(I, A), &)
and a left adjoint L : C — GC, specified by LA = (A, ,C(I, A*)).
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Proof We have U(A') = |JA[* = (UA)* and U(A® B) = |A| ® |B| = UA® UB for all
objects A and B in GC. Furthermore, U(f') = (Uf)* and U(f ® g) = Uf ® Ug for all
morphisms f and ¢ in GC. Also, U(1) = I, so the x-autonomous structure is preserved.
To show that R is a right adjoint for U, put |A| = A and B = RB. It suffices to
prove that any morphism f: A — B in C lifts to a morphism A — B. Given « € A, the
composite I = A LB belongs to C(I,B) = Bs. Since B; = &, we have proved that
f i+ A — B. The proof that L is a left adjoint for U is similar. |

Theorem 1.3.2 Suppose that we have a multivariant functor F : (GC)" x (GCP)" —
GC, and that p : 81 — F is a dinaturel transformation in GC, i.e. a collection of
morphisms pg : 1 — F(A,A) such that for all morphisms f; : A; — B; in GC, the
following diagram commutes, (writing A for the list Ay, ..., Ay, £ for the list fi,..., fn).

F(A,A)
pa F(f,A)
1 F(B,4)
PB F(EJ‘)
F(B,B)

If A, ... ,Ap,B1,... , By are objects in GC such that UA; = UB; for all i, then Upy =
Upﬁ.

Proof Put A, = RUA; and f; = id| g, all i. Then each f; lifts to a morphism from A; to
Al in GC. By dinaturality,

But since U F'(f, id4) is the identity morphism on U F (A, A) and U F(id 4/, f) is the identity
morphism on UF(A', A') = UF (A, A), we have Upy = Upg = Uprua-
It now follows that Upg = Uprua = Uprus = Ups. |

Theorem 1.3.2 tells us that if p is a dinatural transformation then all morphisms pg4
with identical objects UA; are completely determined by the same underlying arrow in C,
independent of the choice of sets (A;)s and (A;);. So the dinatural transformation p in
GC is completely determined by the dinatural transformation Up in C.

As discussed in §0.4.1, we will aim to prove full completeness in GC by showing that

every dinatural transformation determines a MLL or MLL+Mix proof net (and hence a



1.3 Proving full completeness of GC 31

description of a morphism in the relevant free category). A proof structure is uniquely
determined by its axiom links, and the axiom links will be determined by a compact closed
full completeness result in the underlying category C. Lifting this result up to GC, we
will then prove that the proof structure we have obtained is indeed a proof net, and hence
we will have full completeness in GC.

We now put this theory to practice in the next few sections, starting with Rel, the

category of sets and relations.






Chapter 2

The category GRel

Our first example is to apply the glueing construction to Rel to obtain GRel. This
category was first brought to light by Loader [Loa94b] as the category of Linear Logical
Predicates. It is a particularly useful model of MLL because, unlike many other models,
the Mix rule does not hold. The proofs in this chapter can be seen as an abstraction of
Loader’s results, and a better understanding of how they work. (For example, the “test”
object he used to prove acyclicity (different to the one used here) was provided without
foundation.) While his work can be appreciated for its specificity to LLP and Rel, here
we aim to capture the full generality of the full completeness result and this will enable
us to extend it to other categories.

Recall from §0.1.1 that the category Rel of sets and binary relations is a compact closed
category. The tensor product is the usual cartesian product, which is clearly associative
and symmetric. The unit I for tensor is the one element set, which clearly gives us the
isomorphism A x I = A. We take all sets to be self-dual, so that Rel(A x B,C) =
Rel(A, B* x C). Finally, recall from §0.3.1 that dim(@) = 0; and dim(A) = id; for all
A#a.

We also remark that Rel is enriched over the category L of complete sup semilattices.
In particular, given two morphisms R, S : A — B in Rel, i.e. two subsets of A x B, we
can form the union of these subsets to form another morphism RUS : A — B in Rel.
Thus, the full completeness result we will obtain will be with respect to a free compact
closed category enriched over L.

It is helpful to consider the glued category GRel in a framework more specific than
the general construction. Since a relation between sets I and A is a subset of I x A = A,
we can regard the objects of GRel as triples (|A|, As,A;) where |A] is a set, and Ag and
A are collections of subsets of |A|. (Recall that sets are self-dual in this context.)

There are precisely two relations from I to itself, namely the identity relation id; and
the empty relation 07. Thus the unit for tensor in GRel is 1 = (I, {id;}, {id;,0;}), and
the unit for par in GRel is L = (I, {id,0r}, {ids}).

Finally, since Rel(I,I) # {id;}, we deduce from the final remark at the end of §1.1
that GRel does not support the Mix rule, and is a model of pure MLL.
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2.1 Full Completeness in Rel

In this section, we assume that F(Xy,...,X,,Y7,...,Y,) is a formula of length p (i.e.
there are precisely p literal occurrences in the formula) built from Xy,... , X,, Y*,... | Y*
by the cartesian product x. Then F' induces a multivariant functor [F] : Rel™ x

(Rel””)™ — Rel, which by abuse of notation we will also refer to as F'. We will write
F(A,A) = Af x - x Ag (2.1)

where each & € {1,... ,n} and each (; € {1, x}. (A} is read as A;.) We will also make

reference to the sets

N ={i: G =x} Q={i:G=1}

(2.2)
Nj={ieN:&G=j} Q={icQ:&=j} (1<j<n).

Note that ¢ € N¢, for all 7 € N. A remark on notation — we write a boldface A for the list
Ay, ..., A,, aboldface N (not to be confused with the set N) for the list Ny,... , N, etc.

Recall that in a compact closed category, dinatural transformations can be viewed
as natural transformations (Lemma 0.4.3). We will assume that morphisms oa : I —

F(A, A) can be canonically transformed to morphisms 65 : F~ (A) — FT(A) where
F(A)=4,,®-®A,,; FI(A)=4,® - ®A4,, (2.3)

with all Ak, pg € {1,... ,n}, so that N has cardinality m and @ has cardinality . We will
say that a natural transformation ¢ : F~ — F7 is trivial if every ¢ is the empty relation.

It is thought that the following result is something of a common folklore, but I was
unable to find a suitable reference. The proof supplied here is by J.R.B. Cockett, which

extends a proof [ had written for the case when we restrict each g to a single isomorphism.

Theorem 2.1.1 Suppose that 6 : F~ — FV is a natural transformation in Rel. That is,

given relations Rj : Aj — Bj, the following diagram commutes.
F=(A) -2 FT(A)
F~(R) F+(R)

F~(B) -2~ F*(B)

Then m =1 and ¢ is a union of “permutations on the tensor factors”, i.e. a union of

isomorphisms

(T15- -+ s Zm) = (Ts1)s -+ > Tsm))s Ti € Ay,

where 6 € Sy, satisfies Asi;y = p; for alli=1,... ,m.
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Proof Since Rel = Rel, we can invert all arrows in the above diagram and deduce that
% : FT — F~ is also a natural transformation. We will make use of this fact later.

Choose “minimal sets” Aq,... , A, such that there exists an m-tuple x = (1,... , ;) €
F~(A) with all z; distinct, and such that U A; = {z1,... ,2m}.

If there is no y = (y1,...,y) € FT(A) such that 55 sends x to y, then & is a
trivial natural transformation. To see this, consider arbitrary sets Bi,..., B, and the
“total” relations R; : A; — Bj, R; = {(a,b) | @ € A;,b € B;}. By naturality, we
deduce that ogF (R) = FT(R)da sends x € F~ (A) to no I-tuple in F™(B). But
F~(R): F(A) — F(B) sends x to every m-tuple in F~(B), and therefore g must be
an empty relation. Hence & is trivial.

Now suppose that there does exist y € F™(A) such that ¢ sends x to y. Note that

P A ={z1,... ,zp} so y is an [-tuple built from z1,... ,zp,.
Suppose that there exists z; € A), which does not occur as an entry in y. Consider

the relations 7 : A; — Aj, 7 =1,... ,n,

T, =

ids, if £ A
{(a,a) | a#z;} ifj=MN.

Then F*(T)oa sends x to y. But since x contains an occurrence of z;, there is no [-
tuple in F*(A) which is related to x by F~(T), so 5o F~(T) cannot send x to y. This
contradicts the naturality of 6. Therefore x; must occur in the [-tuple y. Since x; was
arbitrary, we have shown that every x; occurs somewhere in y, and hence m <.

By duality, we can prove the same result for 6°°. Thus every entry y; in the [-tuple y
occurs somewhere in the m-tuple x, i.e. m > I[.

Therefore we have m = [, and y is some permutation of the entries in x, i.e. there
exists 6 € S, such that 55 sends (z1,... ,2m) € F7(A) to (zs1),- .. ,Tsm)) € FT(A).
Then z5;) € Ay, 16 Agpy = pi foralle=1,...,m.

Now consider arbitrary sets By,..., B, and arbitrary points b, € By, 1 = 1,... ,m.
Counsider the relations U; : A; — Bj, U; = {(x4,b;) | \i = 5}, 5 = 1,... ,n. By naturality,
we have F*(U)oa = 6gF (U). In particular, F*(U)sa sends (z1,...,7,) € F(A)
t0 (bs(1), - -+ »bs(m)) € FT(B). Since F~(U) sends (z1,... ,Zm) to (b1,... ,bn), and only
(b1,--- ,bm), we deduce that og must send (by,...,bn) to (bs),--- ,bsum)). This com-
pletes the proof. ]

Corollary 2.1.2 (Full Completeness in Rel) Every non-trivial natural transformation
6 : F~ — F* in Rel is induced by a unique morphism F~(X) — F*(X) in the free
compact closed category on a set of n objects Xy, ..., X, with trivial dimension, enriched

over the category I of complete sup semilattices.
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Observe that we can in fact remove the restriction on the dimension of the objects in the
free category, because the dimensions can be absorbed into the morphisms in Rel. Rel
interprets dimension zero as the empty relation on I, and all non-zero dimensions as the

identity relation on I — tensoring with this map is a trivial operation. Thus we have,

Corollary 2.1.3 (Full Completeness in Rel) Every natural transformation ¢ : F~ — F7
in Rel is induced by a morphism F~(X) — F*(X) in the free compact closed category on

a set of n objects X1,...,X,, enriched over the category 1L of complete sup semilattices.

Note that this form of full completeness is weaker than Corollary 2.1.2 since we no
longer have uniqueness.

We now translate Corollary 2.1.2 into a form which will be useful to us in GRel.

Theorem 2.1.4 Suppose that o is a non-trivial dinatural transformation in Rel from
the constant functor K1 to the multivariant functor F. Then there exist fixed-point-free

involutions ¢1,... ,¢r on {1,... ,p} such that &4, iy = &, Cg, (i) # Ci for all h, and
T
oA = U{(ml, ,Tp) € F(A A) | mg, i) = for all i =1,... ,p}.
h=1

Proof Each permutation ¢ associated with & identifies occurrences of A¢, in F'~(A) with
occurrences of Ag, in FT(A). Thus to o we can associate fixed-point-free involutions
én - {1,...,p} — {1,...,p}, linking occurrences of A, with occurrences of A in the
formula F'(A,A), as we shall now describe.

Choose one permutation § € Sy, associated with &. By the previous theorem, we know
that F' is a balanced formula. Write N = {i1,... ,in} and Q = {j1,... ,jm} and assume
that §, = A, &, = pr, E=1,...,m.

Given elements zj € Afik’ k=1,...,m, we know that
GA Maps (T1,... ,Tm) t0 (Ts(1ys- -+ » Ts(m))s
from which we deduce that each z) belongs to the set Agjk. Hence
i, = gié(k)

and similarly
gik = gjgfl(k)

foreach £ =1,... ,m.

Put ¢(ig) = j,gfl(k) and ¢(ji) = i5(k) forall k=1,...,m. Then

¢ (ir) = PUs—1k) = in; 6" (i) = Plisw)) = s
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for each k, so ¢ is an involution. Moreover, ¢ maps N to @ and @ to N, so (4 # Gi-

Finally,
Eotin) = Cig—10y = Sirs Solin) = Cisary = S
foreach £k =1,... ,m.
Now, if (z1,... ,7p) € oa then o4 sends (zi,,... ,zi,) to (zj,,... ,2j,). So @i, =

zj, for each k =1,...,m. To each r € {1,... ,m}, there exists k such that 6(k) = r
Then z;, = Tigy = Tip Thus z4;,) = Tjs 1y = Ty = i Similarly, we can show that

Ty(j,) = Tj, for each k € {1,... ,m}. The proof is now complete. |

2.2 Full Completeness in GRel

We now assume that F(X,Y) (X = Xq,...,X, etc.) is a formula of length p built from
Xi,..., X, yf,... ,9# by the connectives ® and %. Then F' induces a multivariant
functor [F] : (GRel)” x (GRel””)” — GRel, which by abuse of notation we will also
refer to as F'.

Before proving any results, we ask the question : “What is a morphism pg : 1 —
F(A,A)?”” We can assume that UF (A, A) takes the form of the formula F(A,A) in
equation (2.1), with |A;| = A; for all i. We have previously observed that p4 is an element
of F(A,A)s, and F(A,A) is a subset of Rel(/,UF (A, A)). So py4 is essentially a subset
of UF(A,A) =F(A,A).

In GRel, we will say that a dinatural transformation p : &1 — F' is non-trivial if Up
is a non-trivial dinatural transformation in Rel, i.e. each Upy is a non-empty subset of
F(A,A).

While GRel does not support the Mix rule, there is a full subcategory of GRel which
does. We describe this subcategory for the general category GC.

Definition 2.2.1 Let S denote the full subcategory of GC restricted to objects A of GC
such that given two morphisms a: 1 — A and 0 : A — L (i.e. @ € A; and o € Ay), the
composite

Uloa) : T 2% |4 25 T
is the identity morphism on [ in C.

In GRel, S consists of objects A such that whenever o € As and 5 € A; (so that « and

B are subsets of |A]), their intersection oo N /3 is non-empty.

Lemma 2.2.2 S is closed under the tensor product and linear negation, and hence under

the par product of GC.
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Proof Tt is clear that S is closed under the involution (—)*.

If A and B are objects in S, then so is A ® B. To see this, suppose that y: 1 — AR B
and v: A®B — 1. Then Uy = U~ ® Urs for some y; : 1 — A and 72 : 1 — B, and Uv

is equivalently a morphism from |A| to |B|*. Therefore,

vt AeB L 1) = 175 A Bl T2
= UQLB AL BL2E ).
But since A is an object in S, U((y2v)v1) = i¢d;. Therefore A ® B is also an object in S.

Since S is closed under linear negation and tensor product, it is also closed under the

par product. |

Note that if C(I,I) # {id;}, then the unit 1 for tensor in GC does not belong to S. But
S does have a x-autonomous structure when we introduce a new unit 1s = (1, {idr}, {ids})

for the tensor in S.

Corollary 2.2.3 (S,®,1g,(—)") is a x-autonomous category with unit for tensor lg =
(Ia {'Ldl}a {'Ldl})

Proof Suppose that A is an object in S. Clearly, (A ® 1g)s = As. Suppose that f € A;.
Then f satisfies
if o € Ag then fa: I — |A] — I =idr € (1g);.

Furthermore,
if 8 € (1s)s, then g =idy, so f* = f € A, if and only if f € A;.

So f € Ay if and only if f € (A ® 1g)¢, i.e. (A ® 1g); =2 Ay The coherence conditions are

clear, so the result now follows. ]

Consequently, the unit for tensor and the unit for par in S are identical, and the
identity morphism id; in C lifts to a unary Mix morphism m : 1lg — 1g, as described in

§0.2.4. Therefore S supports the Mix rule. In particular, we have the following lemma.

Lemma 2.2.4 Suppose that A and B are objects in S and that 0 : A — L and 7: B — L
are morphisms in GC. Then Uo x Ut : |A| x |B| — I lifts to a morphism in GC from
A®B to L.

Proof Observe that Uo x U7 is equivalent to the morphism Ur*Uo : |A| — |B|*. It
suffices to show that Ur*Uc € (A ® B); = GC(A, BL).
Suppose that « € As, «: T — A. Then U(ca) = idy, so

(Ur*Uo)Ua=Ur*(U(oa)) =UT"* € By.
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Now suppose that § € B, :1 — B. Then U(7() = idy, so
(Ur*Uo)'UB=Uc"(U(rB)) =Uc* € A;.

Therefore Ur*Uo belongs to GC(A, BL). [ |

A consequence of this result is that for objects in S, it is easy to construct a morphism
F(A,A) — L. The tensor product of two morphisms |A| — I and |B| — I always lifts to
a morphism A 2% B — 1. Thus, we can form an appropriate tensor product of morphisms
|A;] — I to produce a map F(A,A) — L in GC.

In Lemma 2.2.6 only, we need a further restriction on objects in GRel. Define the full
subcategory S' of S restricted to objects A in S such that whenever o € A, and 3 € A;

(so that @ and 3 are subsets of |A|,) their intersection o N G is a singleton.

Proposition 2.2.5 The full subcategory S is closed under the x-autonomous structure of
S.

Proof Tt is clear that 1g is an object in S', and that S' is closed under (—)*.
Suppose that A and B are objects in S, that 7 x 73 € (A ® B)s and t € (A ® B)y,
and that (¢*,b*) € (r; X 73) Nt. Then a* € r; € A, implies that

b* € {be€ B|(a,b) €t for some a € r1} € By.

But b* € r9 € By, so b* must be unique. A symmetrical argument proves that ¢* is also

unique. |

Lemma 2.2.6 Suppose that p is a non-trivial dinatural transformation in GRel from the

constant functor K to the multivariant functor F'. Then there exists a unique fixed-point-

free involution ¢ : {1,... ,p} — {1,...,p} such that {y;) = & and Gy # Gi for all i,
and

pa=1(x1,... ,2p) € F(A,A) | gy = ; for alli=1,... ,p}, (2.4)

where |A;| = A; for all i and F(A,A) has the form in equation (2.1), thus determining a

unique set of axiom links for a proof structure of the MLL formula F'.

Proof Given arbitrary sets Ay,... , A,, define objects in GRel,

where Sing(4;) = {{z} | = € A;} denotes the set of singleton subsets of A;. Each A;
belongs to S!, so F(A,A) € S'. Therefore, given elements z; € A, i € N, we can
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construct a map F(A,A) — L, namely t =¢; X --- X t,, where
o { {z;} ifi€N;
Ag, ifi e P.
Since F(A,A) € S', pa N is a singleton. By choice of 7, this implies there exists a unique
(1,...,2p) € Upy determined by the elements x;, ¢ € N. Similarly, by considering
objects B; = AiL, we deduce that there exists a unique (z1,...,2,) € pg determined by
elements z; € A¢,, 1 € P.

But UA; = UB; for all ¢, so Upg = Ups = oa, say. Thus the canonical natural
transformation & : F~ — FT is a collection of isomorphisms.

By Theorem 2.1.1, ¢ is a union of permutations on the tensor factors. Since each &
is an isomorphism, we deduce that & is precisely one permutation on the tensor factors.
Thus, by Theorem 2.1.4, there exists a unique fixed-point-free involution ¢ on {1,... ,p}
such that

oan ={(z1,...,2p) € F(A,A) |y = o foralli =1,... ,p}.

Since Upy = oa, we have equation (2.4). [ |

Loader called the objects of S' “unitary LLPs”. His proof of the existence of ¢ was
set entirely in LLP. Here, we have shown that ¢ is in fact predetermined in Rel.

We have now characterised the morphisms of a non-trivial dinatural transformation
in GRel, and in particular, we can associate to each non-trivial dinatural transformation
a unique MLL proof structure. We will now prove that such a proof structure must be
a proof net. Of course, the proof comes in two parts. Firstly, we show that for every
DR-switching, the associated DR~graph is acyclic. Then, we show that the DR-graph is
connected.

Consider a proof structure for a formula F' such that
UF(A,A) = A @ @ A,

where |A;| = A; for all ¢ = 1,...,n. Given a DR-graph associated with a certain DR-
switching, we say a pair (a, b) is lower connected if there is a path from Agz to Ag: in the

lower part of the DR-graph, that is, that part of the graph without axiom links.

Proposition 2.2.7 Suppose that Ay,... , A, are objects in S and that we have a formula

F(AA) =TaB (AZ @AL) BT (AL © ALY (2.5)

Suppose that we have the following morphisms in GC:

Ti:AgZ’:@)AgZ’: -1, i=1,...,m;
TJTF:.AJ'—>_L, j=1,...,n;
T Aj‘—>J_, j=1...,
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Then we can construct a morphism T4 : F(A, A) — L which is the lifting of the tensor

product in C of a combination of UTjJr and UT;, and the morphisms Uty,... ,UT,.

Proof The tensor product in C of morphisms [A| — I and |B| — I always lifts to a mor-
phism A% B — | in GC. If, in addition, A and B are objects in S, then by Lemma 2.2.4
it also lifts to a morphism A® B — 1. Consequently, we may form the tensor product of a
suitable combination of UTJTIr and UTj_ to form a morphism I'y — L. Now take the tensor

product of this morphism with U7y, ... ,U7,, and we have a morphism F(A,A) — L. W

Theorem 2.2.8 Suppose that p is a non-trivial dinatural transformation in GRel from
the constant functor K1 to the multivariant functor F. Consider the unique MLL proof
structure for F' associated with p. Then for any DR-switching, the associated DR-graph is

acyclic.

Proof By Lemma 2.2.6, we know that there exists a unique fixed-point-free involution ¢
specifying a unique set of axiom links for a proof structure for F.

Suppose that for a certain DR-switching, the associated DR-graph G contains a cycle.
Consider the shortest cycle, and express it as lower connected pairs (a1,b1), ..., (ar,by)
such that ¢(b;) = a;41 for all ¢ € Z,. There are two parts to this proof. Firstly, we obtain
a new non-trivial dinatural transformation p: &1 — F, where F is a formula of the form
(2.5), in such a way that the cycle in G is preserved in the proof structure associated with
p- (This reduction already appears in the context of embeddings in [AJ94].) Then we
show that p should not exist.

Every x-autonomous category has the weak distributivity morphisms (Theorem 0.1.11)

whipo: A®(BRC) — (A® B) 3 C;
whpe t A® (BB C) — (A®C) B B.

In S, we also have the binary Mix morphisms
2aB:A®B — A% B.

These morphisms are natural in A, B and C. Recall that dinaturality is preserved when
composing with natural transformations. (See §0.4.) Therefore, it is possible (using also
the natural commutativity and associativity morphisms of both tensor and par) to derive
from p a non-trivial dinatural collection j of morphisms 1 — F(A,A) restricted to objects

F(A,A) in'S, if we adopt the following procedure.

e If a fragment of F' has the form A ® (B2 C), and A and B are lower connected,
then the switching must have assigned [left] to the 2%§-link in question. In this case,

compose p with a natural transformation built from wf1 BOS
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e If, on the other hand, A and C are lower connected, then the switching must have
assigned [right] to the 29-link in question. In this case, compose with a natural

transformation built from wﬁBC;

e Apply Mix, commutativity and associativity, whenever necessary, to separate out

each lower connected pair.

In particular, we will preserve the lower connected pairs of the original DR-graph, and so
the proof structure of F' will be cyclic.

Now we prove that p should not exist. Choose a “test” object A = (A, Ag, A;) in S such
that A- = A, A € A,, and A € Ay, and such that A possesses a morphism o : A®AT — L

with “trace zero”, i.e. the composition
I Aaar U

is the zero morphism on I. (In Rel, we mean a subset &« C A x A with no ordered pair of
the form (z,z). An example of such an object is A = (A4, {A}, {A}) with A = {1,2}, and
aCAxA a={(1,2),(2,1)}.)

Put A; = A for all ¢ = 1,... ,n. Then in Rel, Up can be decomposed into f; ® fo
where

fiitI =Ta; foil— (A @A) @ - @ (A% @ A%).

Choose 77 : A — 1L, 7t = Aand 7~ : A+ — 1, 7~ = A. Note that idy : A — A
lifts to a morphism A — A or equivalently A ® A+ — L, but since A is self-dual, id
also lifts to morphisms A® A — 1, At ® A — L and A+ ® A+ — L. Therefore, we
can set 7; : A% @ A% — L to be the lifting of id4 for all i = 1,... ,r — 1 and put
7 =a: A® AL — L. Then by the Proposition 2.2.7, we can construct a morphism

TA F(A,A) — L. In particular, Uty can be decomposed into g; ® go where
gr:Ta—1T; g2: (A @AM) @ ® (A% @ A%) — I.
Moreover, since F(A,A) is an object in S, we have
Ulraia) = ids. (2.6)

So (Uta)(Upa) = (91 ® g2)(f1 ® f2) = (91f1) ® (92f2) = id;. By construction, the map
g1 : A — I is the set A x --- x A, so f; obviously has an intersection with ¢, i.e.

g1f1 = id;. But by construction, the composition g, fo is isomorphic to the map
I aar U

which by choice of « is the zero morphism on I. Therefore (g1f1) ® (g2f2) cannot be

the identity morphism on I, contradicting equation (2.6). Therefore p cannot exist. This
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completes the proof. ]

To prove the connectedness of the DR-graphs, we draw attention to another full sub-
category of GC. We remark that Loader’s treatment of this part of full completeness

contained some inaccuracies, but we will show that the result itself still holds true.

Definition 2.2.9 Suppose that C has a null object. Denote by T the full subcategory
of GC restricted to objects A in GC such that given two morphisms « : 1 — A and
o:A— 1 (ie. a € Ag and o € A;), the composite

U(oa) : I LN |A]| Yo, 1
is the zero morphism on [ in C.

In Rel, the null object is of course the empty set, so we do have a zero morphism on
I, namely the empty relation. Therefore in GRel, T is the collection of objects A such

that the intersection of any set in Ag and any set in A; is empty.

Lemma 2.2.10 T is closed under the tensor product and linear negation, and hence under
the par product of GC.

Proof Tt is clear that T is closed under the involution (—)=.

If A and B are objects in T, then so is A ® B. To see this, suppose that v: 1 — AQB
and v: A®B — L. Then Uy = U~ ® U~ys for some y; : 1 — A and 72 : 1 — B, and Uv

is equivalently a morphism from |A| to |B|*. Therefore,

vt AeB L 1) = 175 A Bl T2
= ULDBAS B0

But since A is an object in T, U((y2v)7y1) = 0;. Therefore A ® B is also an object in T.
Since T is closed under linear negation and tensor product, it is also closed under the

par product. ]

Note that the unit 1 for tensor in GC only belongs to T in the totally degenerate case
when I is also the null object of C. (Then A= A® I =1 for all A, i.e. C is the category
with one object, one morphism.) In any case, we can show that T has a *-autonomous

structure when we introduce a new unit 1 = (I, {ids }, {0 }) for the tensor in T.

Corollary 2.2.11 IfC has a null object, then (T, ®, 11, (=)1) is a x-autonomous category
with unit for tensor 1t = (I,{idr},{0r}).
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Proof Suppose that A is an object in T. Clearly (A ® 11)s = As. Suppose that f € A;.
Then
if « € Ag then fa=0; € (11);.

Furthermore,
if 6 € (11)s then § =idr, so f5* = f € A, if and only if f € A;.

Therefore f € A; if and only if f € (A ® 11), i.e. (A ® 11); = A;. The coherence

conditions are clear, so the result now follows. ]

Corollary 2.2.12 The full subcategory Ty of T restricted to objects A of T such that
o As and A¢ are non-empty;
e neither As nor A; contain a zero map,

15 closed under linear negation, the tensor product and hence the par product of T.

Theorem 2.2.13 Suppose that p is a non-trivial dinatural transformation in GRel from
the constant functor K1 to the multivariant functor F'. Consider the unique proof structure

for F associated with p. Then for any DR-switching, the associated DR-graph is connected.

Proof Suppose that for a certain DR-switching, the DR-graph is not connected. By
applying the weak distributivity morphisms to F', we can obtain a new formula of the
form Fy % --- % F;, where each F}, does not contain a par connective, and such that the
components of the original DR-graph are preserved in a particular switching for the proof

structure of the new formula, as we now explain.

o If a fragment of F' takes the form A ® (B % C) and the switching assigns [left] to

this %-link, then compose with w’ 5 and assign [left] to the new %-link.

e If, on the other hand, the switching assigns [right] to the original %-link, then com-
pose with w5, and still assign [left] to the new %-link. (This is because B and C

have now interchanged positions.)

Group the F; into a maximal number of components C, ... , Cj; such that any axiom links
from vertices in C are completely contained within C;. To suppose that the DR-graph is
not connected is to suppose that ¢ > 1. Put F =C, % --- ¥ Cq. Then FF = F, and given
the non-trivial dinatural collection of morphisms pgq : 1 — F(A, A), the corresponding
morphisms g4 : 1 — F(f_l, A) will also be non-trivial and dinatural, since the symmetry
morphisms for par are natural and dinaturality is preserved when composing with natural

transformations.
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We now prove that any C; is itself a provable formula in MLL. Recall that C; =
Fj % --- % Fj, where each Fj, does not contain a % connective. Consider the proof
structure for C; obtained by using the axiom links induced by p. Any DR-switching
induces a DR-graph which is connected by design, since C; was chosen as a component.
Furthermore, any such DR-graph is also acyclic. The form of C; implies that all %-links
lie at the bottom of the proof structure. If a cycle did exist, it would exist in the part of
the proof structure which remains constant over all DR-switchings. But then this would
imply that all DR-graphs associated with p contain this cycle, contradicting Theorem 2.2.8.
Therefore we have a MLL proof net for the formula C}, and Cj is provable.

The dinatural g can be interpreted as a collection of morphisms
pa: CHAA) = (G285 Cp) (A, A).
More importantly,
Upa: UCHAA) “5 T -5 U(Cy B 3 Cy)(A,A)

factors through I (since each C; forms a component), and because C; is provable, we know
that the morphisms 4 lift to morphisms Ci-(A4,A) — L in GRel.

Instantiate each A; at a “test” object A in Ty. (An example of such an object is
A= ({1,2},{{1}},{{2}}).) Then given ag : 1 — C{-(A,A), the definition of morphism
in GRel implies that pgas € (C2a B - % Cy) (A, A))s. But Cf (A, A) (being unit-free) is
an object of Ty, so

HIA| RlA]

Ulpao) = 15 UCHAA) 225 1 22 50y 3 -5 Cp) (A, A)
=1 O I 25 U0y 3 Cy) (A A)

forms an empty map in (Cy B --- B Cy)(A,A))s. That (Co % --- % Cy)(A, A))s contains
an empty map is, by choice of A in Ty, a contradiction, so the original DR-graph must be

connected. [ |

Theorem 2.2.14 (Full Completeness in GRel) Every non-trivial dinatural transforma-
tion in GRel from the constant functor K1 to the multivariant functor F is the denotation
of a unique proof in MLL of the formula F', and is therefore induced by a unique morphism

I — F(X,X) in the free x-autonomous category on n objects X1,... , X,.

2.3 Full Completeness of Coherence Spaces

The category GRel is rich in structure and contains full subcategories of independent
interest. We have already observed one such category, S, whose objects A = (A, As, Ar)

are such that for every a € Ag and 8 € Ay, their intersection o N G is non-empty.
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Recall that S supports the Mix rule. Theorems 2.2.6 and 2.2.8 could have been proved
entirely within the category S, so they also prove a full completeness result for S. In

particular, we have the following theorem.

Theorem 2.3.1 Suppose that p : K1 — F is a non-triviel dinatural transformation in
S. Then there exists a unique set of axiom links determining a proof structure for the
formula F associated with p. Furthermore, for any DR-switching, the associated DR-graph

s acyclic.

Corollary 2.3.2 (Full Completeness in S) Every non-trivial dinatural transformation p :
R1 — F in S is the denotation of a unique proof in MLL+Miz of the formula F, and is
therefore induced by a unique morphism I — F(X,X) in the free x-autonomous category

supporting the Mix rule, on n objects X1,... , X,.

Another full subcategory with a x-autonomous structure is the category Tot of totality

spaces. A totality space is an object A in GRel for which
e A, is the set of all subsets a C |A| such that &N G is a singleton, whenever § € Ay;
e A, is the set of all subsets 3 C |A| such that & N G is a singleton, whenever a € Ag;
o Al =UAs =UJAs.

Loader proved a full completeness result for Tot in [Loa94a], as a categorical model
of MLL+Mix. However, his treatment of Tot is different to our treatment of GRel,
and bears more resemblance to the full completeness result in [AJ94], with the use of
embeddings and natural transformations.

With little extra effort, we will show that GRel contains a category Coh of coherence
spaces, and that the full completeness result we have proved for Rel also lifts to a full
completeness result in Coh. This work followed from a suggestion made by J.R.B. Cockett.
A result similar in nature can be found in [Ret]. G. Plotkin also has a full completeness
result for coherence spaces, currently in preparation.

Let Coh denote the full subcategory of GRel restricted to objects A of GRel such
that

e A, is the set of all subsets o C |A| such that o N contains at most one element,

whenever § € Ay;

e A, is the set of all subsets 5 C |A| such that a N 3 contains at most one element,

whenever o € Ajg;

o A= U4, = A
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To prove that the objects in Coh are indeed coherence spaces, we will show that each
object in Coh can be regarded as a graph A on the set of vertices |A|, whose cliques are
determined by A and whose cocliques are determined by A;. (Recall that a coherence
space is essentially a graph specified by a set of cliques. See [Gir87].) Recall that a clique
of a graph G is a subset C of vertices of G such that every two distinct points in C' form
an edge in G. A coclique of G is a subset D of vertices in G such that no two distinct
points in D form an edge in G. Note that all singleton subsets {z} (where z is a vertex)
are both cliques and cocliques of G.

Consider an object A = (A, As,A;) in Coh. Define a graph G(A) on A via the

equivalence

{z,y} € A, if and only if z and y form an edge in G(A).

Observe that Ag is downward closed, i.e. if &« € As and o C « then o € A,. (Similarly
Ay is downward closed.) Therefore all sets in A are cliques of G(A).

By definition, any # € A; intersects with any a € A, at at most one point, so no two
distinct points in # can form an edge in G(A). Therefore all sets in A; are cocliques of
G(A).

Note that cliques and cocliques observe the same property as A; and A, namely, any
clique of G(A) and any coclique of G(A) intersect at at most one point. Therefore we
can dualise the statement that A; is contained in the set of all cocliques of G(A), and
deduce that A, contains the set of all cliques of G(A). Combining with the our previous
observation that all sets in A are cliques of G(A), we now have that Ay is precisely the
set of cliques of G(A) and therefore A; is precisely the set of cocliques of G(A).

Conversely, a graph G(A) easily induces an object A of Coh. We take |[A| = A, A to
be the set of cliques of G(A) and A; to be the set of cocliques of G(A).

Therefore, Coh is indeed a category of coherence spaces. Recall from our construction
of GRel that f : A — B is a morphism in Coh if it is a relation f : |[A| — |B| in Rel
such that given a clique o € Ag, a : I — |A|, the composite I - |A| EX |B| is a clique in
B, and given a coclique § € By, §: |B| — I, the composite |A| ER |B| Lrisa coclique
in Ag.

We now put a *-autonomous structure on Coh.

Linear negation. The linear negation operation in GRel clearly closed in Coh, i.e. we
take A+ = (JA|, Az, As), ie. the cograph of A. We then have the isomorphism A = A+,

Tensor. Coh is not closed under the tensor product of GRel. If we defined (A ® B),
to be the set of products of cliques in Ag and B, we would be lacking the necessary

downward closure property, i.e. all subsets of such product sets would be missing.
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In effect, we do define the tensor product in Coh to be the downward closure of the
tensor product in GRel. It is perhaps simpler to regard two objects A and B as graphs
with cliques determined by As and B respectively, and define the tensor product of these
two objects to be the product graph A x B. The set of vertices of A x B is the cartesian
product |A| x |B|, and (a1,b1) and (a9, b2) form an edge in A x B if and only if a1, as form
an edge in A and b1, by form an edge in B. To avoid confusion with the tensor product in

GRel, we will use the product symbol x for the tensor product in Coh.

Lemma 2.3.3 The category Coh is a x-autonomous category supporting the Mixz rule,
with tensor product equal to the graph product, and linear negation equal to the cograph
operation. The unit for tensor and par is 1con = Lcon = (I,{idr,0r},{idr,01}), i.e. it

s the unique graph on one vertex.

Proof Write A = |A|, B = |B|, and C = |€|. Suppose that f : A x B — €+ in Coh.
Then f is a subset of A x B x C in Rel. We wish to prove that f is also identifiable as a
morphism A — (B x €)* in Coh. So given a € A, we wish to prove that

X ={(b,¢) | (a,b,c) € f for some a € a}
is a coclique of B x €, and given 8 x v € (B x €)f = (B x €), we wish to prove that
Y ={a|(a,b,c) € f for some (b,c) € 8 x v}

is a coclique of A.

Suppose that (b1, c1), (b2, c2) € X. Then there exists a1, a2 € a (hence {a1,a2} € Ay)
such that (a1,b1,¢1),(ag,b2,c2) € f. If by and by form an edge in B, then we have
{a1,a2} € As and {b1,b2} € Bs, so that

W = {c| (ai,bj,c) € f, i,j = 1,2} belongs to Cy = C;.

In particular, ¢1,co € W, so these points do not form an edge in €. On the other hand, if

¢1 and ¢y do form an edge in €, then {c;, ¢y} € Cf, so
Z ={(a,b) | (a,b,¢;) € f, i =1,2} belongs to (A x B);. (2.7)

In particular, (a1,b1),(a2,b2) € Z, and since {a1,as} € A, we deduce that b; and by
belong to a coclique of B. Therefore (b1, c1) and (b2, co) never form an edge in B x C, i.e.
X is a coclique of B x C.

Now suppose that a1,a9 € Y. Then there exists (b1, c1), (b2, c2) € B x 7 such that
(a1,b1,c1), (az,by,¢3) € f. Since v € €, we have {c1,c2} € Cs = €}, so that (2.7) holds
again. In particular, (a1,b1), (a2,b2) € Z, and since {b1, b2} € Bs, we deduce that a; and

a2 belong to a coclique of A. Therefore Y is a coclique of A.
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Trivially, we can see that 1cen is the unit for the tensor product in Coh. Since
this element is self-dual, the identity morphism on I lifts to the unary Mix morphism

m : J—Coh — 1Coh- [ |

Once again, we make the trivial observation that a morphism 1gen — A is an element

in Ay, i.e. a clique of the graph A. Similarly, a morphism A — L coen is a coclique of the

graph A.
We again assume that F(X,Y) (X = Xi,...,X, etc.) is a formula of length p built
from X1,...,X,, Y1,... , Y5 by the connectives x and 29, such that
_ A ¢
UF(AA) = A% x - x A2,
where |A;] = A; for all ¢ = 1,... ,n. Then F induces a multivariant functor [F] :

(Coh)™ x (Coh’?)" — Coh, which by abuse of notation we will also refer to as F'.

Theorem 2.3.4 Suppose that p is a dinatural transformation from the constant functor
Rige, to the multivariant functor F : (Coh)™ x (Coh®”)" — Coh, i.e. a collection of
morphisms pg : 1con — F(A,A) such that for all morphisms f; : A; — B; in Coh, the
following diagram commutes, (writing A for the list Ay, ... Ay, £ for the list fi,..., fn).

F(A,A)
A F(£.A)
lcon F(B,A)
PB F(E:f)
F(B,B)

If Ar,... ,Ap,B1,... , By are objects in Coh such that UA; = UB; for all i, then Upy =
Upg.

Proof For each ¢ =1,...,n, write A; = UA,;, and define
A7 = (A;,P(4;), Sing(A;) U {2}),

where P(A4;) is the power set of A;, and Sing(A;) is the set of singleton subsets of A4;. In
other words, A} is the complete graph on the set of vertices A;.

It suffices to show that Upg = Upyg~. The identity morphism on A; in Rel lifts to a
morphism A; — A¥ in Coh, since any clique in (A;)s belongs to P(4;) = (A})s and any
singleton subset in Sing(A) belongs to A;. Put f; = id4,. By dinaturality,
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But since UF(f,idy) is the identity morphism on UF (A, A) and U F (id 4+, f) is the identity
morphism on UF(A*,A*) = UF(A, A), we have Upg = Upy=.
It now follows that Upg = Upg, since A} = B; for all . |

We have proved a similar statement to Theorem 1.3.2. This tells us that a dinatural
transformation p in Coh is completely determined by an underlying dinatural transfor-
mation in Rel. We can therefore lift the full completeness result obtained in Rel, and

completely characterise the non-trivial dinatural transformations in Coh.

Lemma 2.3.5 Suppose that p is a non-trivial dinatural transformation in Coh from the
constant functor Rig,, to the multivariant functor F'. Then there exists a unique fizved-
point-free involution ¢ : {1,... ,p} — {1,... ,p} such that £y = & and Cypy # G for all

1, and
pa=1{(x1,... ,2p) € F(AA) | myy = a; for all i =1,... ,p}, (2.8)

where |A;| = A; for all i and F(A,A) has the form in equation (2.1), thus determining a

unique set of axiom links for a proof structure for the MLL formula F.

Proof Given arbitrary sets Aq,...,A,, define objects in Coh,
Ai = (4A;, Sing(A;) U{@}, P(A;)), i=1,...,n.

In other words, each A; is the empty graph on A4;. Since Coh supports the Mix rule, given
elements =; € Ag;, i € N, we can construct a map F'(A,A) — Lcon, i.e. a coclique of

F(A,A), namely ¢ = ¢, X --- X t,,, where

L[ m) ifien;
ol 4 ifieqQ.

Since pg : locon — F(A,A) is a clique of F(A,A), pa and ¢ intersect at at most one
point. Thus, if there exists (z1,...,2,) € pg then this p-tuple is unique. Similarly, by

L
i

considering objects B; = A;-, we deduce that given elements z; € A¢,, © € Q, if there
exists (21,...,2p) € pa then this p-tuple is unique.

But UA; = UB; for all ¢, so Upg = Ups = oa, say. Thus the canonical natural
transformation & : F~ — FT is a collection of non-trivial partial isomorphisms.

By Theorem 2.1.1, ¢ (being non-trivial) is a union of permutations on the tensor
factors. From this, we deduce that each g4 is in fact a full isomorphism, and & is precisely
one permutation on the tensor factors. Thus, by Theorem 2.1.4, there exists a unique

fixed-point-free involution ¢ on {1,... ,p} such that

oan ={(z1,...,2p) € F(A,A) | myyy = a; foralli =1,... ,p}.
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Since Upy = oa, we have equation (2.8). [ |

Thus, we can associate to each non-trivial dinatural transformation in Coh a unique
MLL proof structure. We will now show that such a proof structure must be a MLL+Mix
proof net. That is, for every DR-switching, the associated DR-graph is acyclic.

Proposition 2.3.6 Suppose that Ay,... , A, are objects in Coh and that we have a for-

mula
n _ Cal Cbl Car Cbr
FAA) =Ty® (Aga1 X A&bl) ®...7 (Aﬁar X ‘Afbr) (2.9)

Suppose that we have the following morphisms in Coh:

Til.Ang: Xﬂgzi — lcon, t=1,...,7r—1;

i

TJTF:.Aj—>_LCOh, j=1,...,n;
- . gl S
T; : A7 — Lcoh; j=1...,n.

Then we can construct a morphism 74 : F(A, A) — Agzr X Ag’;”, where Uty C F‘(A, A) x
AEZT X Ag:r 1s a cartesian product of a combination of sets UTjJr and Ur;, the sets
Ury,... ,Urr—1 and the identity relation on Agj* X Ag’;’.

Proof Put
G(A,A) =Ta % (A" X Agl’:) 3o (A A%,

5(%«71 ng71

so that F(A,A) = G(A, A)'JS’(AEZZ X Agi: ). Then an argument parallel to Proposition 2.2.7
shows that we can construct a morphism 7’ : G(A, A) — Lcon in Coh, where U7’ is a
cartesian product of a combination of sets UTJ-+ and UT; (which lifts to a morphism
L'y — Lcon) and the sets Ury,... ,Ur,_1. Now take 7 =7' % (Agz: X Ag’;:) :F(AA) —
Ag x A u

Before proving the main result, we make the following useful observation.

Lemma 2.3.7 Suppose that A is an object in Coh such that |A| contains more than one
point. If wa : Loon — A x AL is a morphism in Coh then Uwy : I — A x A is not the

identity relation on A.

Proof Recall that wy is a clique of the graph A x AL, so we are claiming that distinct
points (a,a) and (a’,a’) belong to a clique of A x AL, But this implies that a and o form

an edge in both A and A+. This is clearly a contradiction. |
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Theorem 2.3.8 Suppose that p is a non-trivial dinatural transformation in Coh from the
constant functor K1, to the multivariant functor F'. Consider the unique proof structure

for F associated with p. Then for any DR-switching, the associated DR-graph is acyclic.

Proof By Lemma 2.3.5, we know that there exists a unique fixed-point-free involution ¢
specifying a unique set of axiom links for a proof structure for F.

Suppose that for a certain DR-switching, the associated DR-graph G contains a cycle.
Consider the shortest cycle, and express it as lower connected pairs (a1,b1), ..., (ar,by)
such that ¢(b;) = a;4q for all i € Z,. Following a similar argument to that in Theo-
rem 2.2.8, we may assume that we have simplified F' to a formula of the form (2.9), and
we have obtained from p a new non-trivial dinatural transformation p : K1, — F in
Coh. (We can work in the whole of Coh since it supports the Mix rule.)

Now we prove that p should not exist. Choose a test object A = (A, As, A;) such that
A= AL, An example of such an object is

Al = {1,2,3,4},

As = {{15{2} {3} {4}, {1,2},{2,3}, {3, 4}},

A= {11, {2}, {3}, {4}, {1, 3}, {2, 4}, {1, 4}},
with isomorphism 1 : A — A+, ¢ = {13,21,34,42} C A x A. We can identify 1 with
a morphism A x A — lcop. Similarly, ¢! : A+ — A, 9! = {12,24,31,43} can be
identified with a morphism At x At = Lcon.

Put A; = A for all i = 1,... ,n. Choose 7';_ : A — Lcon and T A+ — Lcon,

+

TS =T = {a} for some fixed point a € A. Put

idA if Cai 7é Cbu

T = '(,b if Cai = Cbi = 13
wil if Cai = Cbi — J—
foreachi = 1,... ,r—1 (where we identify ¢ : A — A" as a morphism A xA — Lcon etc.)

Then by Proposition 2.3.6 we can construct a morphism 74 : F(A, A) — Aer x A%, Now
compose T4 wWith pgq : Loon — F(A, A) to form the morphism 7404 : 1conh — Alar x ASor |
Note that Upg = f1 X f2 where

fi:l—=Ta; fo:l—(AXA),

(where fi lifts to a morphism 1con — I'q and fo = {(a1,a2,a9,... ,a, 2,0, 2,a1) | a; €

A}) and Uty = g1 X g2 where
g1: A —=1I; g2:(AXx A - AxA.

So U(tapa) = UtaUpa = (g1f1) X (g92f2). Since we chose the coclique g; = {(a,... ,a)}
of I'y4 to be a singleton subset, it will have a nonempty intersection with the clique f; of

I'y. Hence g1 f1 = idr and U(74p4) = 92 fo.
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Examining the cycle a little closer, we see that there are an even number, 2k say, of
occurrences of ¢ for which (5, = (p,, k of which are (,; = (5, = 1 and %k of which are
Ca; = G, = L.

If ¢4, # (p,, then 7 was built from the same number of ¢ and 1~!, and therefore
we can compose go and fo and deduce that gsfs is the identity relation on A. So U
maps TAPA : Lconh — A X A' to the identity relation on A, which by Lemma 2.3.7 is a
contradiction.

If ¢4, = (», = 1, then 7 was built from £ — 1 occurrences of ¢ and k occurrences of
¢p~1. Therefore we can deduce that gofo is the relation ¢~'. Therefore U sends TAPA :
1con — A X A to the relation ¢y —'. Now, U sends the composite

looh 225 Ax AL AL x A
to the identity relation on A, which by Lemma 2.3.7 is a contradiction.
If (4, = (3, = L, then 7 was built from k£ occurrences of ¢ and k£ — 1 occurrences
of 4p~!. Therefore we can deduce that g, fo is the relation 1. Therefore U sends TAPA :

lcon — A+ x AL to the relation 4. Now, U sends the composite

0 —1 L
looh 225 AL x AL L2 fxoat
to the identity relation on A, which by Lemma 2.3.7 is a contradiction.
So in all three cases, we derived from p4 a morphism in Coh which cannot exist.

Therefore, p cannot exist, and the original DR-graph must have been acyclic. |

Corollary 2.3.9 (Full Completeness in Coh) Every non-trivial dinatural transformation
Rigy, — F is the denotation of a unique proof in MLL+Mix of the formula F, and is
therefore induced by a unique morphism I — F(X,X) in the free x-autonomous category

supporting the Mix rule, on n objects X1,... , X,.






Chapter 3

The category GFDVec

Our second example is to apply the glueing construction to FDVec to obtain GFDVec.
Recall that the category FDVec = FDVec;, of finite dimensional vector spaces over k
and linear maps is a compact closed category with the usual tensor product and the usual
algebraic dual. We also remark that FDVec is enriched over itself. In particular, a linear

combination of morphisms V' — W in FDVec is itself a morphism V' — W in FDVec.

3.1 Preliminaries

Let V be a finite dimensional vector space over k, let V* denote the algebraic dual space
of V, i.e. the space of linear functionals on V', let End(V') denote the space of all endo-
morphisms on V', and let GL(V) C End(V) denote the collection of automorphisms on
V.

Definition 3.1.1 Let A C End(V'). The commutant of A is defined to be
A'={ge End(V) | gf = fg forall f e A}.

Consider the m-fold tensor product space V®™ and the following actions on V®™,
The first action is End(V) acting on the diagonal, i.e. f € End(V) induces the map
fem . yem  yem generated by

fr1®@ - @up) =" (010 Qup) = f(v1) @ @ f(um),

for all vy,... ,v, € V. Write A for the linear span (f®™ | f € End(V)).
Let S,, denote the symmetric group on m objects. Then every § € S, acts on V¥,
generated by
§-(01® - ®Vm) = v51) @+ ® Vg

and extended by linearity. Let B denote the linear span of S,,. This is otherwise known
as the group algebra k[Sp,].
For the rest of this chapter, assume that the field k has characteristic zero. We now

state the following theorem.
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Theorem 3.1.2 The subalgebras A and B of End(V®™) are mutual commutants of each

other. In particular, given o € A', o #Z 0, there exist permutations é1,... ,67 € Sy, and
scalars vyi,... ,yr € k such that
T
(01 ® @) = > (Vs 1) ® ® Vg, (1))
h=1
forallv,eV,i=1,... ,m.

Before proving Theorem 3.1.2, we remark that the statement remains true when we
take A = (f®™ | f € GL(V)). This result is known as Schur-Weyl duality. The proof of
Schur-Weyl duality is almost identical to the proof we will provide for Theorem 3.1.2. It

can be viewed as an application of the Double Commutant Theorem :

Theorem 3.1.3 (Double Commutant Theorem) If A is a semisimple subalgebra of End(V)
then A" = A.

Proof (This is a classical result; this proof is based on lecture notes written by A.J.
Wassermann [Was91].) It is clear that A C A”. We prove that A” C A. Firstly,

if S € A” and v € V then there exists T € A such that Sv = Tv. (3.1)

Let W = Av C V. Then W is an A-submodule of V. Since A is semisimple, we can write
V =W @ W+ as a direct sum of A-submodules. Thus, the orthogonal projection E of V'
onto W commutes with A, i.e. E € A'.

But S € A", so SE = ES. In other words, S leaves W (and W) invariant. Now,
v € W,so Sv € W, ie. there exists T' € A such that Sv = Tv. This is (3.1).

Now we prove that given S € A", there exists T' € A such that S = T. Consider the
n-fold direct sum V%", with A acting on the diagonal, i.e. T'(vy,... ,v,) = (Tvy,... ,Tvy)
for all T € A. It is convenient to identify elements of V®" as column vectors with entries
in V, and elements T' € A with an n x n diagonal matrix 7(7') with diagonal entries 7.

Now, m(A)" is the set of all n X n matrices with entries belonging to A’, i.e. w(A)' =
M, (A"). Therefore, m(A)" is the set of all diagonal n x n matrices with diagonal entries
in A" ie. w(A)" =x(A").

Set n = dim(V), and let v = (eq, ... ,e,)" where {ej,... ,e,} is a basis for V. By (3.1),
we have m(A)v = w(A)"v, but we also have 7(A)"” = w(A"). So given S € A", there exists
T € A such that 7(S)v = 7(T)v. Hence Se; =Te; for alli=1,... ,n. Since {e1,... ,e,}
is a basis for V', we have S =T. |

We will also call on Maschke’s Theorem [Pas91]. If G is a finite group and k is a field,

then the group ring k[G] is semisimple whenever the characteristic of & does not divide the
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order of the group G. The following proof is based on lecture notes by C. Procesi [Pro82].

Proof of Theorem 3.1.2 Since we are assuming that £ has characteristic zero, Maschke’s
Theorem implies that B = k[Sy,| is semisimple. Hence B” = B. It is therefore sufficient
to prove that B’ = A, for then we can deduce that B” = A', i.e. B=A'.

We also observe that because V is finite dimensional, End(V®™) = End(V)®™. (In
fact VO™ o VO™ = (V — V)®™ in any compact closed category.)

There are two parts to proving that B’ = k[S,,]' = (f™ | f € End(V)) = A. We will
firstly prove that k[S,,]’ can be identified with [End(V)®™]%= the elements of End(V)®™
which are fixed by the action of S,,. Then we will prove that [End(V)®™]%m = (f®m |
f € End(V)).

Suppose that {f1,..., f;} is a basis for End(V). Then a basis for End(V)®™ is {f;},
where fi = fi, ® --- ® f;,,, ranging over all i = (i1,... ,im), 41,.-. ,im € {1,... ,7}.

Suppose that T' € End(V®™) = End(V)®™, T = Y . aifi. Then T € k[S,,]" if and
only if, for all 6 € Sy, v1,... ,v €V,

To(1 ® -+ ® vm) = T(1 ® - @vp)
& T (vs(1) ® -+ ® Vs(m)) = 6> u(fi(v1) @ ® fi, (vm))
& 2ailfi (1) ® fin (vam))) = 225 ilfise) (V5(1)) @ figin) (Vs(m)))
& > aifi = > aifsa)

where 6(i1, ... ,im) = (is(1),- - - »i6(m))- Therefore T € k[Sy,]" if and only if T' is fixed by
the action of S,,, i.e. T € [End(V)®™]5m.

We now form a basis for [End(V)®™]5=. We have just observed that >, a;f; belongs
to [End(V)®™]%" if and only if a; = o whenever i and j lie in the same orbit under the
action of S,,. Such orbits are determined by r-tuples h = (hq,... , h,) defining a partition
hi + -+ h, =m where h; is the number of occurrences of j in a tuple (i1,... ,ipy).

Write ey, for the sum of all basis elements f; such that i lies in the orbit determined
by h. Then {ey} is a basis for [End(V)®™]%m.

Finally, we show that [End(V)®™]%m = (f®™ | f € End(V)) = A. Tt is clear that A C
[End(V)®™]%, Thus, it suffices to show that if a linear functional ¢ : [End(V)®™]5 — k
is zero on A then it is zero on the whole of [End(V)®™]%m .

Write f = > f;f; € End(V). Then f&m =Y, g ... glrey. and hence

P(FO™) = Zﬂ — B (en)-

Thus ¢ on A forms a polynomial in fi,...,0, with coefficients 1 (ey). Therefore, if
Y(A) = 0 then ¢(ep) = 0 for all h. Since {ey,} is a basis for [End(V)®™]°", we have the
result. |
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3.2 Full Completeness in FDVec

We now prove a form of compact closed full completeness in FDVec. It has obvious
parallels with the full completeness result proved in Rel. Consider the functors F~, FT :
FDVec” — FDVec, where

F_(V):VM@"'@V)W; F+(V):Vu1®---®VM,

with all Mg, p; € {1,... ,n}.

Note that if f1 ® fo =¢1 Q¢ge: V1 ® Vo — W1 ® Wy, where f1, fo are not identically
zero, then f; and g1 are scalar multiples of each other, as are fy and go.

We will say that natural transformation & : F~ — F* is a non-trivial if each &v :

F~(V) — F*(V) is a non-zero morphism.

Lemma 3.2.1 Suppose that 5 : F~ — F*1 is a non-trivial natural transformation, where

F~ and F* are given by (2.3). Then (assuming the field k has characteristic zero,) m = 1.

Proof Put V; =V for all7 =1,... ,n. Choose a scalar v # 0 and put f; : V — V|,
fi(v) = ~yv for all v. Suppose that oy (v1 ®- - ®vy,) = W1 Q-+ -@Wy,. Then F*(f)oy sends
V1@ @V, to Y (w @ - @wyy,), while Gy F~(f) sends v; @ - @ vy, to Y™ (w1 @ - @wyy,).
By naturality, we must have 4/ = 4™, and when k has characteristic zero, this implies

that [ = m. [ |

Theorem 3.2.2 If ¢ : F~ — F7T is a non-trivial natural transformation, then & is a

linear combination of permutations on the tensor factors, i.e. there exist permutations

01,...,07 € Sy, and scalars vi,... ,yr € k such that
T
ov(v1 ® - Qupy) = Z%(%hu) ® -+ ® Vg, (m)) (3.2)
h=1
forallv; e Vy,i=1,... ,m.

Proof By Lemma 3.2.1, we know that m = 1. Write N = {i | (; = *} = {i1,... ,im},
Q={i|¢G=1}={j1,... ,jm} and assume that \; =&, pp, =¢;,, [ =1,... ,m. Let W
be a finite dimensional vector space with dimension at least 2, and put V; = W for all i.

Then )
Weom W Wem



3.2 Full Completeness in FDVec 59

commutes over all f € End(W). Thus 6w € (f®™ | f € End(W))'. By Theorem 3.1.2,
ow 1s a linear combination of permutations on the tensor factors, i.e. there exist permuta-
tions 61,...,0p € Sy, and scalars 7y, ...,y € k such that equation (3.2) holds whenever
Vi = W for all i.

For each h € {1,... ,T}, put

Fw (w1 ® -+ @ W) = Wws, (1) ® @ W, (m),

so that ow = Z,j;zl Y oty We wish to show that equation (3.2) holds for arbitrary
finite dimensional vector spaces Vi,... ,V,. We will prove this here, just in the case when
ow = 6%‘, for a fixed h. The argument can be easily extended to the general case.

Fix h and write § = 6. Firstly, we prove that As;) = p; for all j = 1,... ,m.
Consider arbitrary vectors wy,... ,w, € W, and arbitrary linearly independent non-zero

endomorphisms fi,..., f, : W — W. By naturality, we deduce that

FrE)ot(wi ® - Qwy) = G F () (0 @ @ wy,)
& fu(wsa) ® @ fun (Wsm)) = Fagy (Ws1)) @ -+ ® fagy (We(m))
PN Fir ® @ fum = Frgy @ ® Frgpn)-
Since wy, ... ,w,, are arbitrary, we deduce that for each j € {1,... ,m}, Frsey and fu

are scalar multiples of each other. By the linear independence of the f;, this implies that
Aé(j) = y‘] (a‘nd f)\g(j) = f,uj)‘
Now consider arbitrary vectors v; € Vy;, j = 1,...,m, and arbitrary linear maps

gi:Vi—=W,i=1,...,n. By naturality, the following diagram commutes.

~h

Vy,®--- @V, v Viu®-- 0V,

F(g) Ft(g)
W - QW — Wg---@W
ow
In particular,
G (8) (v ® - Quy) = Irsry V(1)) @+ @ g,y (Vo(m))

91 (V6(1)) @+ * ® Gy, (Vs(m))
= FH(g)(vs1) ® - ® Vs(m))s

from which we deduce that 6@,(1}1 ® ®Um) = V(1) ® @ Vs(m)- |

Corollary 3.2.3 (Full Completeness in FDVec) Every non-trivial natural transforma-
tion 6 : F~ — F* in FDVec is induced by a unique morphism F~(X) — FT(X) in the
free compact closed category on n objects X1, ... , X, with trivial dimension, enriched over
FDVec.
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Once again, we can remove the restriction on the dimension of the objects in the free cat-
egory. FDVec interprets all dimensions as field elements, so the dimensions are absorbed
into the enrichment of FDVec over itself, as scalar multiples of the morphisms. Thus we

have the weaker result,

Corollary 3.2.4 (Full Completeness in FDVec) Every natural transformation o : F~ —
F* in FDVec is induced by a morphism F~(X) — FT(X) in the free compact closed

category on n objects X1,... ,X,, enriched over FDVec.

3.3 Full Completeness in GFDVec

Our approach to the proof of x-autonomous full completeness in GFDVec is along the
same lines as the approach taken in GRel. In this specific setting, objects in GFDVec
consist of triples (|A|, As, A;) where |[A| = V is a finite dimensional vector space over a
fixed field k (with characteristic zero), A is a subset of vectors of V', and A; is a subset
of linear functionals on V.

The unit for tensor is 1 = (k, {idy }, {idk, 0t }), and in particular, FDVec(k, k) # {id}},
so GFDVec does not support the Mix rule and is a model of pure MLL. The collection
S is the collection of objects A for which §(v) # 0 for all v € Ag and 6 € A;. There does
exist a zero map on k in FDVec, so T is the non-trivial collection of objects A for which
f(v) =0 for all v € As and 0 € A;.

We assume that F/(X,Y) is a formula built from X1,... ,X,, Y1, ... , Yy by the connec-
tives ® and 2. Then F induces a multivariant functor [F] : GFDVec" x(GFDVec”)" —
GFDVec which by abuse of notation we will also refer to as F.

In GFDVec, we will say a dinatural transformation p is non-trivial if U p is a non-trivial

dinatural transformation in FDVec, i.e. each morphism in Up is non-zero in FDVec.

Lemma 3.3.1 Suppose that p is a non-trivial dinatural transformation in GFDVec from
the constant functor K1 to the multivariant functor F'. Then p is characterised by the non-
trivial dinatural transformation Up = o in FDVec — a linear combination of “formal”
dinatural maps specified by fized-point-free involutions ¢1,... ,¢r on {1,... ,p}. This
enables us to form T proof structures for the MLL formula F, each ¢y, specifying a set of

axiom links for a proof structure.

Proof By Lemma 0.4.3, the non-trivial dinatural transformation Up = ¢ can be viewed
as the natural transformation ¢ : F~ — F7T in the previous section. By full complete-
ness in FDVec, we know that & is a linear combination of permutations on the tensor
factors. Each permutation §, on the tensor factors induces a fixed-point-free involution

én on {1,...,p} in the same manner described in Theorem 2.1.4, so that o is a linear
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combination of “formal” dinatural maps specified by each ¢,. ]

At this point, ideally we would like to imitate the approach taken in Chapter 2, i.e.
show that p is a linear combination of precisely one formal dinatural, and that we can
associate with p a unique MLL proof structure. In GRel, we appealed to a subcategory
S! to prove this fact, but there appears to be no obvious interpretation of this subcategory
in GFDVec. Nevertheless, I believe this fact to still be true in GFDVec, having tried a
few simple examples. At the time of submitting this thesis, the general proof has yet to
be established. We therefore remain with p as a linear combination of formal dinaturals.

We now proceed in two steps. Firstly, we will suppose that p is precisely one formal
dinatural, and show that the corresponding MLL proof structure is a proof net. This
follows closely along the lines of Chapter 2. Secondly, I will present a sketch, suggested
by J.M.E. Hyland, of how to extend the argument so as to deal with non-trivial linear
combinations of formal dinaturals. The detailed analysis is complicated and has not yet

been fully resolved.

Theorem 3.3.2 Suppose that p : K1 — F' is a non-trivial formal dinatural transformation
in GFDVec. Consider the unique proof structure for F associated with p, specified by
a fized-point-free involution ¢. Then for any DR-switching, the associated DR-graph is

acyclic.

Proof Suppose that for a certain DR-switching, the associated DR-graph contains a cycle.
Consider the shortest cycle, and express it as lower connected pairs (a1,b1), ..., (ar,by)
such that ¢(b;) = a;41 for all i € Z,. Following the same argument as presented in
Theorem 2.2.8, we may assume that F' has been simplified to a formula F of the form in
equation (2.5) and that we have derived from p a new dinatural transformation, restricted
to objects and morphisms in S, from £y to F in such a way that the corresponding proof
structure preserves the cyclic structure.

The argument of Theorem 2.2.8 is completely transferable. A “test” object in S in
GFDVec is some A such that A = A+, with ﬁ Yorei € Ag, ﬁ Yo e € Ay (where
{ei}i~ is a basis for |[A] =V and {e;}]~, is the dual basis for V*), and such that there

exists o : A ® AL with trace zero, i.e.
ELVeove L k=0

For example, take the object

e ({5 (1)} )
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0 1
with v : A®AL = 1, a = ( Lo ) . Evidently, A = At and the matrix « clearly lifts

to a morphism A — A or equivalently A ® A+ — 1 or A ® A — L. In addition,

1 0
(1,0)a<0>:0:(0,1)a<1>

which shows that R -5 R? @ (R2)* % R is identically zero. (Indeed « has trace zero in
the usual matrix sense.)
Put A; =A foralli=1,... ,n. Then in FDVec, Up can be decomposed into f; ® fo

where
fiik—Ta; fork— (Vo @Vh) @ @ (Vi @ Vo),
Choose 77 : A — L, T+:ﬁ25i and 77t AT — L, T‘zﬁZei. Let ¢ : A — AL be

the isomorphism e; — ;. Put

ida if Gy # G
T = '(,b if Cai = Cbi = 13
wil if Cai = Cbi — J—

for each i = 1,... ,r — 1, (where we identify ¢ with a map A ® A+ — L etc.) and put

a if G, 7# Cb,3
T = a(idg @ 1) if (o, =G, = 15
a((pr @idgr)) i e =G =L

Then by Proposition 2.2.7, we can construct a morphism 74 : F(A,A) — L. In particular,

Uty can be decomposed into g1 ® go where
g1:Ta—k g:(Vm@Ve)@. .. (Ve @ Vi) — k.
Moreover, since F(A,A) is an object in S, we have
U(rapa) = id. (3.3)

So (Uta)(Upa) = (91 ® 92)(f1 ® f2) = (91.f1) ® (g2.f2) = idy.
By construction, g1 f1 = idy. For example, if I'y =V @ V* with V = (e, e2), then

fi(1) = e e =e1 Qe+ e Bey,
i=1,2

while

1 1
n=7 > ej®a=5(E18e+ea1@e+er B+ e).
Jil=1,2
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Therefore

g1f1(1) = +-=1.

N | =

> ejleieiler) =

1,7,0=1,2

N | =

Examining the cycle a little closer, we see that there are an even number, 2s say, of
occurrences of ¢ for which (,, = (3,, s of which are {,; = (3, = 1 and s of which are
Ca; = Cp; = L. Therefore 7 was built from the same number of ¢ and ¢!, and so the

composition g3 fo is equivalent to the map
E VeV X5k
which by choice of « is the zero morphism on k. Therefore (g1 f1) ® (g2f2) cannot be the

identity morphism on I, contradicting equation (3.3). Therefore p cannot exist, and the

original DR~graph must have been acyclic. |

Theorem 3.3.3 Suppose that p : K1 — F' is a non-trivial formal dinatural transformation
in GFDVec. Consider the unique proof structure for F associated with p specified by
a fized-point-free involution ¢. Then for any DR-switching, the associated DR-graph is

connected.

Proof Since FDVec(k, k) does have a zero morphism, the collections T (Definition 2.2.9)
and Ty (Proposition 2.2.12) are non-trivial. Consequently, the argument of Theorem 2.2.13
is completely transferable. We suppose that there is a DR-graph which is not connected,
and simplify F to a formula F = C; & --- %3 C, where the C} are representative of the
components in the original DR-graph, and they are themselves provable formulae in MLL.

The non-trivial dinatural p induces a non-trivial dinatural p : 1 — F or equivalently,
pa: CHAA) = (G285 Cp) (A, A).
such that Up factors through £, i.e.
Upa: UCE(AA) 225 | =25 U(Cy B - B Cp)(A,A).

Instantiate each A; at a “test” object in Ty. An example of such an object in GFDVec
is
9 1
A=|R A0,D)} ],
0
) 1
since (0,1) ( 0 ) = 0.

Then given aq : 1 — C{-(A,A), the definition of morphism in GFDVec implies that
paca € (C2 BB Cy)(A,A))s. But Ci-(A,A) is an object of Ty, so

Uaa KA KIA]

Ulpaca) = k——UCHAA) —— &k ——U(C2 BB C) (A, A)
-k O k k1A U(OQQ??S)C(])(A,A)
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forms a zero map in (Co ®--- %% Cy)(A, A))s. That (Co ¥ --- % Cy)(A, A))s contains a zero
map is, by choice of A in Ty, a contradiction, so the original DR-graph must be connected.
|

Now, I will describe Hyland’s sketch of the extension of Theorem 3.3.2 to the case
when p is a linear combination of formal dinaturals. It is thought that Theorem 3.3.3
could be extended in a similar way.

Given a non-trivial dinatural transformation p = Z,j;zl Yup", choose one formal di-
natural p* occurring as a summand (with non-zero coefficient) in p, and the associated

fixed-point-free involution ¢p. It is our aim to choose a test object and maps 7+

, T
T1,... ,7 (along the lines of Theorem 3.3.2) which will form a map 7, composable with
p, such that when we do compose with p, we annihilate all other formal dinaturals, thus
reducing the argument to the case we have already considered in Theorem 3.3.2.

Recall that Up = o = Zle ypo™ is a dinatural transformation in FDVec which can

be identified as a natural transformation ¢ = ZZZI Yo" : F~ — FT where

F-(V)=V\,®--@W,; F(V)=V,® -0V,

and each formal natural transformation &"

is a permutation (given by 6, € S,,, say) on
the tensor factors.

Consider the test object A in Theorem 3.3.2 associated with F. Consider an m-fold
direct sum A®™, whereby we associate each direct summand with an axiom link given by
én,. In fact, since each ); is associated with a distinct occurrence of A+ in the formula

F(A, A), and hence a distinct axiom link, we will write

AP — Al g ... A™, with A" =Aforalli=1,...,m,

and associate each )\; with the summand A’, i = 1,... ,m. Note that (A9™)L = (A1)®™,
We now form the “7” maps. For each occurrence of Ai and A%h(i) in I'4, define
T AP L, pi i>J_;
7 (AemyL By iyt T

where P; : A9™ — A’ denotes the projection onto the i-th direct summand. Next for each

¢ =1,...,r, choose the unique A; and \; such that

gai if Cai =1 gbi if Cbi =1
Aj = . AL = .
gbi,1 if Cai = 1, gai—H if Cbi =1.

(In other words, choose the A; and ); which associate with the same axiom links as g,
and &, respectively.) Define

T (Aﬁﬂm)Cai ® (AEBm)Cbi @) (‘Aj)Cai ® (Al)Cbi I
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With these maps, we can form a morphism 7 : F(A®™ A®™) — 1. In particular, when
composing with p em, we annihilate all other formal dinaturals specified by fixed-point-
free involutions ¢ # ¢p. This is most easily seen by demonstrating the parallel action on

the natural transformation ¢ in FDVec.

(AGBm)@m 5@ (Aeam)@m

A
F1®QFmn, Ps, (1)®®Ps, (m)
Y
ASm A®m
A 5’&
7 7
Y
ke ke

From the above diagram, we can see how we are extending the action of 7 on 74 to an
action on G4em, by embedding the ith tensor factor of A®™ into the ith direct summand
in A®™ for all 4, applying G(4em), and then projecting the ith tensor factor in (A®™)®™
into the &,(i)-th direct summand A% = A for all i. It is clear that this composite

will be the identity morphism id4em only on the formal dinatural 6" associated with
the permutation é§, € S,,, and it will be zero on all other formal dinaturals &%, s # h.
Therefore 7 annihilates all other formal dinaturals p®, s # h, and we are back to the simple

case dealt with in Theorem 3.3.2.

Theorem 3.3.4 (Full Completeness in GFDVec) Every non-trivial dinatural transfor-
mation in GFDVec from the constant functor K1 to the multivariant functor F is a linear
combination of formal dinatural transformations p", where each p" is the denotation of a
unique proof in MLL of the formula F, and is therefore induced by a unique morphism

I — F(X,X) in the free x-autonomous category on n objects X1,... , Xy.






Chapter 4

Double glueing on Conway games

4.1 Conway Games

4.1.1 Preliminaries

In this section, we present a games semantics similar to that presented by Abramsky
and Jagadeesan [AJ94], and Hyland and Ong [HO93]. (It is also different from Blass’
semantics [Bla92], which fails to form a category.) However, we will be much more precise
about positions and moves, and hence what it means for a strategy to be history-free.

We will present two compact closed categories of games. The first is Joyal’s category of
Conway games and winning strategies [Joy77], which we will denote by Con. However, to
achieve full completeness, it is necessary to consider a subcategory Cony s, whose objects
are Conway games equipped with a decomposition, and whose morphisms are winning
strategies which are history-free in some sense.

We start with some basic ground rules for a “game”. It is a game of moves for two
players, whom we call Player and Opponent, or simply P and O. Usually, our sympathies
lie with Player, and we always assume that when a game is being played, it is Opponent
who makes the first move. Thereafter, moves alternate between Player and Opponent.
Our games are finite — there are only a finite number of positions and moves in any game.
Our games are deterministic — one player must lose, and therefore the other player must
win. We deem a player to be the loser if he is unable to make a legal move in the game.

Before defining a game, recall that a tree is an acyclic connected graph. A rooted tree
is a tree with a distinguished vertex, which we call the root. It is then convenient to think
of the vertices of a rooted tree arranged in levels. The root is at level 0, and those vertices
adjacent to it are at level 1. For k > 2, vertices are at level k if they are adjacent to some

vertex at level £ — 1, and have not already been assigned to level £ — 2.

Definition 4.1.1 A (Conway) game A = (Pa, M, Aa) consists of the following data :
e a finite set P4 of positions, with an initial position, usually denoted by 0 or 0 4;

e a set of moves from positions to positions, which may be thought of as a relation
My : Py — Py;
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e a labelling function A4 : M4 — {P, O}, to indicate whether a move is a Player’s

move or an Opponent’s move;

subject to the following condition. Let T4 be the graph whose vertices are the positions
of A and whose edges are the moves in A. Then T4 must be a rooted tree with root 0,
whose levels are consistent with the moves of A. That is, if there exists a move in A from

position a to position b, then the vertex b in T4 is at level one greater than the vertex a.

We shall write M I = A7} ({P}) and M, = A"!({O}) for the sets of Player’s moves
(P-moves) and Opponent’s moves (O-moves), respectively. We will often write a move m
from position a to position b as an arrow m : ¢ — b, placing a P or an O above the arrow
to indicate whether it is a P-move or an O-move. We call a and b the source position and
target position of m, respectively. If ¢ = 0, then we call m an initial move.

It is convenient to visualise a game as a rooted tree, placing O-moves pointing to the

right, say, and P-moves pointing to the left. (See [Con76]). For example, the game

Py = {O,G,b,C,d,e,f,g}
My = {05a,0500%¢,

b L abvSectrrSgl

can be pictured as

g

A possible scenario of play would be O moves from 0 to ¢, P from ¢ to f and O from f to

g. At this point, P is unable to make a move, so he loses the game. On the other hand,
if P were to start, then he might foolishly choose to move from 0 to b, in which case O
would have to move from b to e and then P is left without a move, so he loses again. A

more sensible choice for P would be to move from 0 to a.

Definitions 4.1.2 Let A be a Conway game. A walid play in A is a finite sequence
81 ...+ 8 of moves in A such that the target position of s; is the source position of s;1,
foralli =1,... ,k—1. A legal play in A is a valid play in which the moves strictly alternate

between Player and Opponent in sequence, i.e. we have the additional condition,

Aa(s;) # Aa(sip1) foreachi=1,... k— 1.
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Denote by V4 the set of all valid plays in A, and denote by L4 the set of all legal plays in
A.

Writing moves as arrows, a legal play could then, for example, be written as
a—b—>c—d.

The set V4 may appear a little odd, as it includes plays in which Player makes the
first move, and plays in which the moves do not alternate between Player and Opponent.
While it may be perfectly possible for Player to start, or either player to make 2 consecutive
moves, such plays are not considered as actual game plays. However, it is essential that

we consider both sets of plays to enable us to consider multiple games.

Duality. The game A is described by
e P41 = P4 with initial position 04;
o My = My;
e Ay =Xy where P=0 and O = P.

So a move in A is also a move in A and vice versa. We will not make any distinction
between moves in either game, for we wish to remain free to “toggle” our perception of a
move whenever necessary. For example, an O-move in A may need to be considered as a

P-move in AL,

Tensor. Given games A and B, we form the tensor product game A ® B as follows.
e Pigp = P4 X Pp with initial position (04,05);
* Mawp = {(a1,b) = (az,b) | (a1 — a2) € Ma}U{(a,b1) — (a,b2) | (b1 — b2) € Mp};

[ ] )\A®B : MA®B — {P,O}
(a1,b) — (ag,b) — Aa(a; — a2)
(a,b1) — (a,b2) = Ap(b1 — ba);

(This is called the direct sum A+B in [Con76].) It is easy to check that the tensor product is
associative, and we henceforth omit bracketing in multiple (tensor) games, unless essential.
Furthermore, the tensor product is commutative with unit I = ({-}, @, —), i.e. it is the
game in which neither player can make a move.

Note that our definition of tensor product does not put any restriction on either player
switching games. It is entirely legal for either player to switch games, and he does not

require his opponent to have moved immediately beforehand in the game to which he
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wishes to switch. This means that a subgame may observe consecutive moves by the same
player, and for this reason, we must distinguish “legal” plays from “valid” plays. Thus a
legal play s € Lagp in the game A ® B need only satisfy s|4€ V4 and s|g€ Vp. (See
definition of | below.)

We now provide some notation for identifying, localising and globalising moves in a
multiple (tensor) game. Let A = A; ®---® A, be a multiple game and let A = A, ..., 4,
be the ordered list of subgames of A. (We say that A is a decomposition of A.) Suppose

that m : @ — o is a move in A and write a = (a1,... ,a,) and o’ = (af,... ,a},). Then
there exists a unique i € {1,... ,p} such that a; = a} for all j # 7 and a; — a; is a move

in the subgame A;. We write [m]a for this unique ¢, and m’ for the move a; — a}. We
can think of m as being “active” in the subgame A; when we decompose A into the tensor
product 4; ® --- ® A,.

Conversely, suppose that A" = A; ..., A; is a sublist of A, and suppose that n :

iq
(Giyyenny05,) — (agl,... ,a;q

a position in A4, then we can globalise n to a move in A by fixing all positions a; for j ¢

) is a move in the game A;; ® --- ® 4;,. If a = (a1,... ,ap) is

i1,... ,ig}. Specifically, nT4,. is the move from position a to position o’ = (a},... ,a

j i} Specifically, nT4 o 15 th fi iti t ition a’ | ;
where a; = a;- for all j & {i1,...,i4}. In the case when ¢ = 1, we have a move an{i;a such
that

(14 u]a =i and (n14,.,)a = n.

Given a sequence s of moves in A, and a sublist A’ = A;,,... , A; of subgames of A,

iq
we write SlAil,---,Aiq for the localisation of s to the game A4;, ®--- ®Aiq_ More specifically,
it is the deletion of moves m in A such that [m]a & {i1,... ,iq} (i.e. m was not active in
any of the subgames A;,,... , A; ), and the restriction of all remaining moves to moves in

the game A;; @ --- ® 4;,.

4.1.2 Strategies

Definition 4.1.3 A strategy o for a non-trivial game A is a non-empty prefix-closed sub-

set of L4 satisfying the following three conditions.

(s1) If m - s € o, then Ag(m) = O.
(s2) If s-m,s-n € o, with Ag(m) = Aa(n) = P, then m = n.

A
(s3) If s € 0, and s-m € Ly with Aa(m) = O, then s-m € 0.
Condition (s1) says that Opponent must start. Our definition of strategy is partial, i.e. o
is not required to respond to every O-move. However, (s2) states that if o does respond

to a particular O-move, then that response is unique.

Note that ¢ induces a partial function 6 : L4 — MZ satisfying

s-m € o, a(m) = P < (s) is defined and 6(s) = m,
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which can be thought of as the function which returns a response for Player (if indeed
such a response exists) to a move by Opponent. We call 6 the strategic response function
of o.

There is only one “strategy” for the trivial game I, namely the trivial strategy. P is

automatically the winner, since O must start and he is unable to make any move.

4.1.3 Winning strategies

A winning play for player P in a game A is a legal play si,...,s; € La such that
Aa(sg) = P and there is no legal play si,...,Sk,Sk+1 € La. In other words, O is unable
to respond to P’s move s, and therefore he loses. Naturally, there is a similar definition
for a winning play for player O.

A counter-strategy is a strategy for O, defined by interchanging P and O in (s2) and
(s3) in the Definition 4.1.3. We can now define a winning strategy. Intuitively, we expect
it to be a strategy which, when played against any counterstrategy, produces a winning
play.

More formally, given a strategy o (for P) and a counter-strategy 7 (for O), we may

pitch these strategies against each other by observing the following play:

U|T:|_|Uﬂ7'.

This is well defined because o N 7 is a (possibly empty) prefix-closed chain, and such a
chain has a least upper bound by the finiteness of the sequences in L. We say that o
defeats 7 if the resultant play is non-empty and is a winning play for P, i.e. it ends with
a P-move, and 7 is unable to respond with any move for O. We say that o is a winning
strategy if it defeats all counter-strategies. Note that a winning strategy o will always have

a unique response to all initial O-moves and any O-moves arising from P-moves by o.

4.2 The category of Conway games

We are now ready to define the category Con of Conway games, first considered by
Joyal [Joy77]. The objects of Con are Conway games, and we define 0 : A — B to be a
morphism of Con if ¢ is a winning strategy for A+ ® B.

Our first non-trivial task is to prove that morphisms do compose. Given games
Al Ay, put A = A1 ®---® A, and A = Ay,..., Ay, and define £L(A) to be the
set of valid plays in the game A such that consecutive moves are active in identical or

cyclicly adjacent subgames, i.e.

LA)={s1-...-sp € Vyg|foreachi=1,... k-1,

|[sila — [siva]al < 1or =p—1}.
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Given strategies o for A ® B and 7 for B ® C, we define the composition o;7 of o and

T to be

o;7 ={5lac|5€ L(A,B,C),5|apE 0 and 5| pcE 7}

or

o;7 ={5lac|5 €S}

where S = {5 € L(A,B,C) |5|la,p€ o and 5| g ce€ 7}.

Proposition 4.2.1 Suppose that o : A — B is a winning strateqy for A~ ® B and T :
B — C is a winning strategy for B+ ® C. Then any sequence 5 € S starts with a move

which restricts to an O-move in A+ ® C.

Proof Suppose that s =m-35' € S. Then m* = mj‘q,B,C is not a move in B, for otherwise,
(s1) for o would imply that m* is an O-move in B, while (s1) for 7 would imply that m*
is an O-move in B*. This is impossible.

So m* is either a move in AL or a move in C. Assume the former, and we have
Slap=mlap s'|aB€E 0, so that |4 p is an O-move in At ® B and therefore m* is an
O-move in AL. Assume the latter, and we have Slpc=mlB,c §lB,c€E T, so that m|p ¢
is an O-move in B+ ® C, and therefore 7* is an O-move in C.

Therefore, in either case, M| 4,c is an O-move in ALt e C. |

Proposition 4.2.2 Suppose that o : A — B is a winning strategy for A+ ® B and 7 :
B — C is a winning strategy for B+ ® C. Fix an integer k > 1, and suppose that 5 € S
takes the form

— —
S=Zr b1 Y1 Tp—1 - bg—1-Yk—1 (4.1)

where each Til o ¢ is an O-move in A+ ® C, each Ti| a,c is a P-move in A+ ®C, and each
E-) is a (possibly empty) sequence of mowves, all active in B, such that if 7; is active in AL,
then the last move in b_; restricts to an O-move in B, and if y; is active in C, then the
last move in E) restricts to an O-move in B-. (We assume that 5 is an empty sequence
ifk=1.)

Suppose that T, is a move which restricts to an O-move in A-®C such that (5-Tk)la,ce

Lioc. Then
(7’) 5Ty € S;

(ii) furthermore, there exists unique b_;; and Y, such that's - T - b_;; Y € S, where
Ukla,c s a P-move in A+ ®C, and b_;g is a (possibly empty) sequence of moves, all

active in B, such that if i is active in AL, then the last move in b_k) restricts to
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an O-move in B, and if i is active in C, then the last move in b_k) restricts to an

O-move in BL.

Proof When k =1, (i) is trivial. The proof of (ii) is just a simplified version of what lies
below, in the sense that there is nothing to check if 5 is empty. So assume that £ > 1.

We first remark that 5| 4 p always ends with a P-move in At ® B and 5| B,c always
ends with a P-move in B+ ® C. Suppose (M)Z,B,C is a P-move in A+. Then 5] 4 5 ends
with a P-move in At ® B. By assumption, the last move in IT_{ restricts to an O-move
in B, i.e. a P-move in BT, so 5]B,c ends with a P-move in Bt ® C. The proof when
(Yx—1)4 ¢ is a P-move in C is similar.

W.Lo.g. assume that (Ty)} p o is an O-move in At. (The case when it is an O-move
in C is similar.) Then (5-7%)|a,c€ L1gc implies that (5-7y)|a€ V4o, Since 5|4
ends with a P-move in A+ ® B and Tk | A, is an O-move in AL ® B, it follows that
(5-Tk)l a,B is a legal play. Furthermore, since 5|4 p€ o, we have (5-7f)|4,B€ 0. Also,
(5-Zk)lB,c=75|B,c€ 7. Therefore, 5- 7y € S. This proves (i).

Since (5 - Zx)|a,B€ o ends with an O-move in AL ® B and o is a winning strategy,
there exists a unique P-move [; in Al ® B, such that (5 - x_k)lA,B -l1 € 0. Now globalise

[y toamovein AQ BC. Put my = lle"gig, where o is the target position of ;. Then

(5T -m1)|la,BE 0.

Either

Case 1: (m1)ipc € M;, or Case2: (m1)ipc€ M.

In Case 1, we then have (57 - m1)|B,c=5|B,cE T, 50 5T - Ty € S. We remark that

in this case, by is empty, and T and 727 are active in the same subgame.

In Case 2, since (5 Tj)| B,c€ 7 ends with a P-move in B+ ®C and milB,c is an O-move
in B+ ® C, we have (5T -m1)lB,c€ 7. Since T is winning, there exists a unique P-move
ly in B+ ® C such that (3- 7y - mi)lB,c l2 € 7. Again, we can globalise [» to a move Ty
in A® B ® C such that

(5T - m1 - T2)|B,cE T.
Since the games are finite, we can continue this process and eventually obtain either a
_ _ — .
move % or a move v and a sequence bg such that either

— —
(5-Tk- by -w)|apco or (5-Tg- by -0)|BceET,

—x . . 1 —x . . 7 .
where Uy g, is a P-move in A~ or U4, p,c 18 an P-move in C. In the former case, by will
be a sequence of moves, all active in B, its last move restricting to an O-move in B, and

we put 7 = w. In the latter case, the last move of b_k) restricts to an O-move in B, and
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we put 7x = v. This completes the proof of (ii). |
We can now prove that Con is closed under composition of morphisms.

Lemma 4.2.3 Ifo : A — B is a winning strategy for A~ ® B and 7 : B — C is a winning
strateqy for B+ ® C, then o;7 is a winning strategy for A+ ® C, i.e. o;7: A — C.

Proof We first prove (sl). Suppose that s € o;7. Then there exists 5 € S such that
5la,c= s. By Proposition 4.2.1, we know that the first move in 5 restricts to an O-move
in At ® C. Therefore s starts with an O-move in A+ ® C.

To prove (s2) and (s3), observe that (s1) starts off an induction process, since it is
essentially (i) of Proposition 4.2.2 when k¥ = 1, whence we obtain (ii) for £ = 1. Then
Proposition 4.2.2 can be applied inductively on k&, statement (7) thereby proving (s3) and
statement (i) proving a strong version of (s2). (We take Jx| 4,c as the unique P-move in
response to the O-move Tg| 4 c.)

It remains to prove that all sequences in S do indeed restrict to legal plays in At ® C
(as opposed to just valid plays). Proposition 4.2.2 (4) shows us that an O-move in A+ ®C
will always be followed by a uniquely determined P-move in A+ ® C, so we need only
check that a P-move in A+ ® C cannot be followed by another P-move.

Suppose that 5 € S has the form given in equation (4.1) and that 5-m € S. Since
5] ,p ends with a P-move in At®B, (5- m)| A B€ o implies that M| 4 p is an O-move in
At ® B. Similarly, since 3| 5 ¢ ends with a P-move in BL ® C, (5-m)| g c€ 7 implies that
m|p,c is an O-move in Bt ® C. It follows that 7 cannot be active in B, for it cannot
restrict to both an O-move in B and an O-move in B+. Therefore, 7 restricts to either an
O-move in A+ or an O-move in C. So all sequences in S restrict to legal plays in A+ ® C.

Therefore, o; 7 is a strategy for AL ® C, and since there is a unique response for every

legal O-move, o; 7 is in fact a winning strategy. |

Theorem 4.2.4 Con is a category.

Proof We define the identity morphism id4 : A — A by

ida={s=s1"...-5, €ELy1ga | Aarga(s1) = O and for ¢ even,
(Sz’)*AL,A = (si—l)ZLyA but [si]AJ-,A a [si—l]Al,A}'
In other words, P’s response to an O-move in one subgame is to play the same move as a

P-move in the other subgame. This is known as the copy-cat strategy.

It remains to prove the associativity of composition of morphisms. Suppose that
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c:A— B,7:B—C,and v:C — D. Write

(o;7);v ={tlap|t € L(A,C,D),tlc,p€ v, and there exists t € L(A, B,C)
such that zlA,C: tlA,C;ﬂA,BE o, and ELB,CE T},

and define
T={slap|seL(AB,C,D),slapeo,s|pceT, and s|cp€ v}.

We prove here that T'= (o;7);v. A symmetrical argument shows that T = o; (7;v).

Clearly T C (o;7);v. Given s € L(A, B,C, D) satisfying the conditions of 7', the
sequences t = s|a,c,p and ¢ = s| 4 ¢ satisfy the conditions of (¢; 7); v, with t| 4 p= s 4,p.

Conversely, suppose that t € L(A,C,D) and t € L(A, B,C) satisfy the conditions
of (o;7);v. Write t = 1 - ... t,, and write (a,c,d) for the source position of ¢;. By
Proposition 4.2.1, #; restricts to an O-move in A+ ® D, so t§ = (tl)z,C,D is either an
O-move in A" or an O-move in D.

Suppose that ¢] is an O-move in A+, Then t; restricts to an O-move in A~ ® C, so the
first term ¢; in the sequence ¢ satisfies #1] 4,c= #1]4,c. Then #; has source position (a, b, c)
for some position b in B. Since t € S, Proposition 4.2.2 shows us that ¢ will provide us
with as many terms following #; as b_l) and 77, where b_f is a (possibly empty) sequence of
moves, active in B, and ¥1]4,c is a P-move in At ® C. If 77 does exists, then we must
have 71| 4,c=t2l a,c. (The proof of Proposition 4.2.2 shows that it is impossible for 5 to
be active in D.) Put

(t1 - b_f . ﬁ)T(A’B’C’D if 77 exists

J— a7b707d)
e t TA’B’C’D otherwise
H(abed b
) - . . .
where we are assuming that (¢; - by - 77) Ta’f’ccé)D is a valid play starting from source

position (a, b, ¢, d), constructed from suitable globalisations of ¢, b_f and 7 to moves in
A® B® C ® D, etc. Then by construction, s; satisfies the conditions of T'.

On the other hand, suppose that ¢] is an O-move in D. If {3 exists, then ¢2] ¢ p is the
unique response to t1|c,p by v. Put

AB,C,D . )
(t1 -tQ)T(a’,b”c’é) if ty exists

A,B,C,D
U

S§1 =
otherwise.
Then by construction, s; satisfies the conditions of 7.

If ¢5 did exist, then follow on with 3, if it exists. Note that either ¢3] 4 ¢ is an O-move
in AL ® C or ts le,p is an O-move in Ct ® D. In the former case, we deal with ¢3 in

exactly the same way as t; when ] was an O-move in A+. In the latter case, we deal with
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t3 in exactly the same way as t; when ¢] was an O-move in D. We thus obtain a sequence
s3 such that sy - s3 satisfies the conditions of T'.

Continue this process until we have exhausted the length of the sequence ¢, and put
§=81+83"... 8951 where 2j —1 =nifnisodd, 2) —1=mn—1if n is even. Then s

satisfies the conditions of T', with s| 4 p=t] 4 p. |

Lemma 4.2.5 Con is a compact closed category.

Proof Suppose that 0 : A — B and 7 : C — D are morphisms in Con. Then we have a
strategy on A+ ® C+ ® B ® D specified by

— nlar p=6((s-m)l 4L g) if m restricts to an O-move in A ® B
oc®RT(sm) =n< ’ ’

nlerp=7((s-m)lcrp) if m restricts to an O-move in C*+ ® D

Since o and 7 are both winning strategies, we will have a unique response to all legal
O-moves, so ¢ @ 7 is winning. It follows from this result that — ® — is a bifunctor from
Con x Con to Con.

Also, 0 : A — B naturally defines a dual morphism o+ : B+ — AL, since we have the
isomorphism A+ ® B = B® A'. We are doing no more than interchanging the placement
of the games A and B and o is just the corresponding representation of o. This defines
a contravariant functor over Con sending A to A+ and o to 0. It is easy to check that
(ida)* = id 41 and that (o;7)t =750t

It is clear that (A ® B)* and At ® B! are naturally isomorphic, because we can
create strategies for (A ® B) ® (At ® Bt) and (A+ ® B+)* ® (A ® B)* which are essen-
tially copy-cat strategies. Therefore, a morphism A ® B — (' is a winning strategy for
(A® B)t ® C =2 A+ ® B+ ® C which naturally induces a morphism A — B+ ® C, and
vice versa. Consequently, Con(A ® B,C) and Con(A, B+ ® C) are naturally isomorphic

and Con is a compact closed category. ]

4.2.1 History-free strategies

Definition 4.2.6 Let A=4,® - ® A, be a multiple game and write A = A;,... , A,.
A strategy o for the game A is history-free with respect to the decomposition Ay, ... , A,
if there exists a partial function f: Jj_; M, x {i} — Uj_, MXi x {i} such that

o(s-a) =m = f(aj,[a]a) = (m4,[m]a).

It is clear that, in this case, there is a least such partial function, which we denote by 4.
This definition is more specific than in [AJ94] or [HO93|, principally because our

notation for positions and moves is more specific. In a multiple game, a strategy may
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provide distinct responses to the same O-move in the same subgame, depending on when
the move was played.

For example, let A be the game given by the following data.
Py = {07 a};
My = {05 a}

Now consider the strategy o for the multiple game A = A® A® A+ ® A' which gives rise

to the following strategic response function,

&: (0,0,0,0) 2 (0,0,0,q) — (0,0,0,a) & (a,0,0,a)
(0,0,0,0) LA (0,0,0,a) Lt (a,0,0,a) LA (a,0,a,a) — (a,0,a,a) — £ (a,a,a,a)
(0,0,0,0) 2 (0,0, a,0) — (0,0,a,0) 2 (a,0,a,0)
(O,O,O,O)Q(O,O,CL,O)P(aOaO) = (a,0,a,a) +— (aOaa)P(a,a,a,a)

Then o is not history-free with respect to the decomposition A, A, A*, A+ because, for
example, the response to the move 0 9 4 in the fourth game is either 0 L 4 in the first
game or ( L 4 in the second game, depending on whether 0 9, 4 was O’s first or second
move.

However o is history-free when we consider the moves as moves in A. The move
(0,0,0,0) — (0 0,0, a) is an entirely different move to (a,0,a,0) = (a 0,a,a), so we hold
no restriction on how P responds to these moves.

In fact, a strategy for a game A will always be history-free with respect to A, assuming
all labels for positions and moves are distinct. Since T’ is a tree, there is a unique path to
any O-move, hence a unique “history of events”. Consequently, there are no alternative

histories for a strategic response to depend on.

We now define a new category Conyy. An object A of Cony is a pair (A; A) where
A is a Conway game and A is a decomposition of A. Given objects A and B in Cony,y,
a morphism o : A — B is a winning strategy for the game AL ® B which is history-free
with respect to the decomposition A, B. (Given A = Ay, ... ,Ap, we write A* for the
list A, ... ,A;.)

Lemma 4.2.7 Cony,; is a category with a compact closed structure which is preserved by

the forgetful functor J : Conyy — Con.

Proof To show that Conyy is a category, it suffices to check that Conyy is closed under
composition of morphism, and that identity morphisms in Con lift to identity morphisms
in Cony,;.

Suppose that o : A— Bandr:B— C are morphisms in Conyy. We already know
that Jo;Jr is a winning strategy for A* ® C in Con. It remains to check that it is

history-free with respect to the decomposition A+, C.
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By definition, o is history-free at least with respect to the decomposition {A+, B}
and 7 is history-free at least with respect to the decomposition {B+,C}. Write X =
{A+,B} = {Af,... AL, B}, Y = {B+,C} = {B+,C1,...,Cg} and Z = {A*,C} =
(AL, AL GGy,

Suppose that Z is an O-move in A+ ® C and w.l.o.g. assume that z = T7 is an O-move
in Ail. Then 6x sends z in AiL to a P-move y (if it exists) in either some Aj- or B. In the
former case, we define h(z,7) = (y, 7). In the latter case, we regard y as an O-move in B+
and apply 7y. This sends y in B+ to a P-move w (if it exists) in either some Cj, or B+.
In the former case, we define h(z,7) = (w,p+ k), and in the latter case, we regard w as an
O-move in B and apply 6x again etc. Thus it is clear how to define a partial map from
O-moves in games in Z to P-moves in games in Z. From Proposition 4.2.2 (7i), we can see
that h is the partial function (7;7)z which ensures that o;7 is history-free with respect
to the decomposition A, C. Therefore Jo; Jr : A — C lifts to a morphism o;7: A — C
in Cony;.

Furthermore, if A is a game with decomposition A = A;,... , Ay, then idy = ids, ®
-+-®1d 4, in Con, which is history-free with respect to the decomposition Al A. Therefore
we have identity morphisms id ; : A — A for all objects in Conyy.

Therefore Conyy is a category. We now prove that Conyy has a compact closed
structure.

Suppose that o : A—Bandv:C— D. By Lemma 4.2.5, Jo®@ Jv: AQC — B® D
in Con is a winning strategy, and by choice of ¢ and v, it is history-free with respect
to the decomposition A+, Ct, B, D. Therefore Jo @ Jv lifts to a morphism in Conyy,
denoted c ® v: A® C — B ® D when we define

A® B=(4A)®(B;B) = (A® B;A,B)

for all objects A, B in Conyy. The unit for tensor in Cony,y is clearly I=(I;I).
Also, Jo : A — B is history-free with respect to A+, B if and only if (Jo)+ : Bt — A+
is history-free with respect to B, A*. Thus, (Jo)* lifts to a morphism in Cony, s, denoted

ol : BL — AL when we define
AL — (A,A)L — (AL;AL)

for all objects Ain Conyy.

Finally, a morphism A®B — Cin Cony; is a winning strategy, history-free with
respect to the decomposition A+, B, C, so it naturally induces a morphism A— Blg C’,
and vice versa. Therefore Cony,; is a compact closed category whose structure is preserved
by J: Conyy — Con. |
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4.3 Modelling MLL — Uniform strategies and dinaturality

In Linear Logic, our ultimate interest is in the proofs of generic sequents in the logic,
rather than proofs of one particular instance of a sequent. Thus, to model MLL in a
category of games, we need to find a way to describe a notion of uniformity between
winning strategies.

In this and the following section, we assume that F(X7 Y) = F(Xl, X Y, 7Yn)
is a formula of length p built from literals Xl, . ,Xn, Yﬁ, . ,Ynl by the connective ®.
The formula F induces a multivariant functor [F] : (Conyy)" x (Con;’f})” — Conyy,
which by abuse of notation we will also refer to as F. Furthermore, we assume that
F(A,A) takes the form

F(A,A)=Af ©... 0 Ag, (4.2)
where each &; € {1,... ,n}, and each ¢; € {1, L}.

Definitions 4.3.1 Let o be a collection morphisms o4 : [ — F(A,A)in Conys. We say
that o is uniform or wuniformly winning (by dinaturality) if o is a dinatural transforma-
tion from the constant functor with value I to the multivariant functor F : (Comyf)" x
(Con?f})” — Conyy. That is, for all winning strategies w; : A; — B; in Conyy, the

following diagram commutes,

A A)

F(
/ \i‘.‘)
i F(B,A)
\ F(B,Q)
F(

B,B)

where Q = wq,... ,wy,.

Remarks 1. Later on, we will discuss another notion of uniformity, namely that by
embeddings, which is why the word dinaturality is stressed above. But for now, the reader
may safely assume the above definition is the sole definition of uniformity.

2. Write A4; = JAi, ¢ =1,...,n. Note that each o, is a winning strategy for the
game F'(A,A) which is history-free (at least) with respect to the decomposition

Ag,. AL (4.3)

By abuse of notation, we will denote the strategic response partial function with respect

to this decomposition as 7, .
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3. It appears that there is no substantial advantage in regarding o as a natural
transformation from F~ to F', as discussed in §0.4. Naturality arguments are easy only
in the case when the response to an O-move in a game in F~ is a P-move in a game in F'*.

We therefore continue to work with dinatural transformations throughout this chapter.

4.4 Full Completeness in Cony

This section provides a compact closed full completeness result for Conway games. It states
that the only history-free uniformly winning strategies in Cony,; are copy-cat strategies.

The following results will be useful to us.

Lemma 4.4.1 Suppose that o is a uniform collection of morphisms o4 : I — F(A,A)
in Conyy. Then the formula F is balanced, i.e. each atom A; occurs precisely the same

number of times positively as it does negatively.

Proof Observe the winning strategies Jo, : I — F(A,A) in Con. Fix k € {1,... ,n},
and instantiate Ay at a game with exactly one O-move and no P-moves, and all others
the trivial game. Since ¢ is winning, there must always be a response to any O-move.
However, there can only be at most one move in any literal subgame, and therefore, there
are at least as many games A,ﬁ as there are games Ay. On the other hand, if we instan-
tiated Ar at a game with exactly one P-move and no O-moves, then we can deduce that

there are at least as many games Ay as there are AkL. Since this is true for all k£, we have
deduced that F' is balanced. |

Proposition 4.4.2 Given a game B, there exists an extended game B* (from B), for

which there exists a winning strategy.

Proof Consider the tree Ts. An attempt to construct a winning strategy for B is to at-
tempt to form a collection of “zig-zag” paths in T’p, each starting with an initial O-move
and ending with a terminal P-move. At any point where this fails, we can “graft” an extra
P-move, so that P does have a response to every legal O-move. This creates the extended

game B*. See Figure 4.1. |

Proposition 4.4.3 Given a game B with decomposition By,... , B, there exists an ex-
tended game B* for which there exists a winning strategy, history-free with respect to the

decomposition BT, ... ,Bf, where each B} is a game extended from B;.

Proof By the previous proposition, each By can be extended to a game Bj for which

there exists a winning strategy 7. Then 71 ® --- ® 74 will be a winning strategy for the
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~ @) P
op«: 0—=a — a—c

b Ly

0 P,
CcC — € = e — €

Io
!

Figure 4.1: An extended game B* with a winning strategy

game B* = B ® --- ® B{, history-free with respect to this decomposition. ]

We will write B* = (B*; BY,...,By) for the decomposition preserving extension of

B = (B;By,...,B;), described in Proposition 4.4.3.

Lemma 4.4.4 Suppose that o is a uniform collection of morphisms o, : I— F(A, A) in
Conys and that for each i =1,... ,n, Bz* is a decomposition preserving extension of B;.

If m is an O-move in Bg: and o (m, i) exists, then G5(m,i) = 65.(m, 7).

Proof By construction, each i¢dp, in Con lifts to a morphism By — B,j in Conyy. Then
uniformity says that oy; F'(idg, B) = O F(B*, idg). In particular, for a move such as m
which globalises to a move in both F'(B,B) and F'(B*,B*), we have d5(m, i) = dg.(m, ).

|

Theorem 4.4.5 Suppose that o is a uniform collection of morphisms o4 : I— F(A, A)
in Conyy. Then o is a copy-cat strategy, specified by a unique fized-point free involution

¢ on {1,...,p} such that {4y = & and Cyy # Ci- That is, if O plays a move m in the

game ACi, then o 4 ’s response is to play the same move m in the game Agzg
Proof Fixie€ {1,...,p} and put K = ¢;. We will assume here that ; = 1, the case when
(; = L being similar.
Consider the game S;:
Ps, = {0,i};
Ms, = {0%i},

3

and put

Ak:{ (Si;8:) ifk=¢

I otherwise
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for each k¥ = 1,... ,n. (Recall that I is the game in which neither player can make a
move.) Then Ag: is a game in which only O can make the single move 0 — 7. Since o4
is a winning strategy, every O-move has a unique response. The only moves available are
of the form 0 — ¢ (and Lemma 4.4.1 ensures that there is at least one such move), so we
must have
540200 =055
for some unique j satisfying & = &;, (; # ;. Define ¢(i) = j.
Our aim is to prove the following :
For any objects Bl, . ,Bn, if O plays m in Bg:, then op’s response is to play

#10)
0N

the same move m in the game B

We will first prove the result for an initial O-move m, and will later prove that all
O-moves may be treated as initial O-moves.

In order to exploit uniformity, we need to construct morphisms A, — By in Cony,;.
In particular, we need winning strategies Ay — By in Con, but such morphisms may not
always exist. In such cases, we need to extend the By, and instead prove the result for the
games B; Lemma 4.4.4 shows that we will immediately obtain the result for the original
B.

For each k # K, Ay, = I, so there exists a decomposition preserving extension BZ of
By, for which there exists a morphism wy, : A, — BZ in Cony, ¢, by Proposition 4.4.3.

Now, we construct a morphism wg : Ag — B}( for an extension B}( of BK, which
sends the initial O-move m in B} to the P-move 0 L iin AIL(.

Suppose that Bg = (Bk; Bk1,-.. ,Bgt). For simplicity, assume that m is active in
Bg1 and write m* = mp, g . =0 — a. By Proposition 4.4.2, there exist extended
games Bje,, ... , By, for which there exist winning strategies m,... , 7y respectively. Now
we attempt to create a winning strategy 71 for Af( ® Bk, history-free with respect to
{A[L(, Bk}, which sends m* in Bj to 0 2 iin A[L(. We need to ensure that the subtree of
TB,, with root a represents a game with a winning strategy. If this fails, graft on extra
P-moves as necessary, thus obtaining an extended game By, .

Therefore, wg = 71 ® - - - @ 13 lifts to a morphism AK — B}‘( in Conyy which sends m

in By to 0 L iin A[L(, where
B?(: (Bk1®++ ® By Bits--- s Biy)

is a decomposition preserving extension of Bk.

To prove that ¢5.(m,i) = (m, $(i)), we observe responses for the two strategies for
F(B*,A), namely UA;F(Q,A) and O'B*;F(B*,Q).

Suppose that O plays m in BE‘Z_. Then o 4; F(€, A)’s response is traced as follows. The

response to this move by we, is to play 0 L. in the game Aé. This is equivalent to 0 9
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in Ag;, and o4 responds to this move with 0 L in AL . This is 04 ; (£, A)’s response
to O’s original move.
Now trace og.; F(B*, ). By dinaturality, we know (0 il i, ¢(4)) is also op.; F(B*, Q)’s

response to m in Bg‘i. From here, we can deduce that opg.’s response to m in Bg‘i is at

least some P-move n in (BZ»( ))J-. Moreover, this P-move is equivalent to an O-move in
Bgd)( and we know that wg o = cugL responds to this move with 0 L iin AL . There is

only one possibility, and that is n = m. See Figure 4.2 for a picture of the trace.
Therefore, o.(m,i) = (m, $(i)), and by Lemma 4.4.4, we have o5(m,i) = (m, (i)).

5 &, )

Figure 4.2: Tracing the response to the O-move m in (Bg‘i)cl' when (; =1

This completes the claim that o copies an initial O-move in Bg to the initial P-move in

10)
€00)

(If instead we had assumed that (; = L, then we would have constructed S; with one
initial P-move, and then a morphism w : Ax — B}‘( which sends 0 % i in AIL( to some
initial P-move m in Bj,.)

We have now established that o copies initial O-moves in the ¢th subgame to initial
P-moves in the ¢(i)th subgame, for i = 1,... ,p. The result for a general O-move follows
from an inductive deletion of moves already played, so that we may regard the O-move of
interest as an initial move.

Suppose that n is an O-move in BCi and that G5(n,4) exists. Suppose that s =
mi,... ,mg starts with an initial move in BC’ such that s-n € V . Put K =¢; and
w.l.o.g. assume that (; = 1. Since o is hlstory free with respect to the decomposition
(4.3), the value of G5(n,%) is not altered if we assume that all moves m; : 0 — a have been

played in all games of the form By and B[L(, either as an O-move, or as P’s response. This
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assumption is no different to replacing B by the game whose tree is the subtree of Tz,
with root a. We can continue this procedure until we have a game with initial O-move
n, and then we apply the proof above. This completes the proof that o copies all legal
O-moves.

We now show that ¢ is an involution. Fix ¢ and consider the game 7"

Py = {O,G,b};
My = {02»a,a£>b}.

Put

. (TS TS ifk=¢
Cp = .
I otherwise

for each Kk =1,... ,n. Then

66002 a,i) = (05 a, ¢(0))

and

(a3 b,0(i) = (a L b, ¢%(i)).
02 ain Cg, 05 ain ng((;)7 and a 2 b in ng((;) are the only moves that have been
played, then the only place where P can play a move a L b is in the game Cg: So we

must have $2(i) = i. This completes the proof. |

Corollary 4.4.6 (Full Completeness in Cony,y) Every dinatural transformation o : R; —
F in Conyy is induced by a unique morphism I — F(X,X) in the free compact closed

category on n objects X1,... , X, with trivial dimension.

Again, it is possible to remove the restriction on the dimension of the objects in the
free category. Since there is only one endomorphism on I in Con, and hence only one
endomorphism on I in Con,, 7» Conyy has trivial dimension. Therefore Cony,s interprets
all dimensions as the unique trivial strategy on the trivial game I. We thus have the

weaker result,

Corollary 4.4.7 (Full Completeness in Conyy) Every dinatural transformation o : R; —
F in Conyy is induced by a morphism I — F(X,X) in the free compact closed category
on n objects X1,... ,X,.

4.5 Double-glueing on Cony

We now apply the glueing construction of Chapter 1 to the compact closed category Cony,.

Since there is only one endomorphism on I , the units for tensor and par will collapse to
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the same object, and consequently we obtain a model of MLL+Mix. We will not bother
with the general construction again, and instead we simply present the structure of GCon

in a form which is useful to us here.

Objects. The objects of GConyy are triples A = (JA[, A, A;) where |A| = Ais a
Conway game A equipped with a decomposition A, As; C Conhf(f, A) (i.e. a collection of
winning strategies for A, history-free with respect to A), and A; C Conhf(j, AL) (ie. a

collection of winning strategies for AL, history-free with respect to A*).

Morphisms. A morphism o : A— Bin Cony, is a morphism o : A — B in GCony,

if it satisfies the following conditions:
o if 7 € As then 7;0 € By;

o if v € B, then v;0t € A,

Tensor. Given two objects A and B in GCony,, define the tensor product A ® B by

A®B| = A®B;
A®B) = {a:a1®02:f—>A®B|alA:c71€A5andaleazEBS};
A®B) = {n:A—»BJ-|ifT€AsthenT;/<;€Btand

if v € B, then v; k- € A}

Observe that o € (A ® B)s is necessarily a strategy for A ® B such that if O moves in 4
then P’s strategic response must be a move in A, and similarly for B. To see this, suppose
that t1-...-t, € o and write t7 = (¢;)} p for alli. W.Lo.g. assume that ¢] € M. Then 3,
if it exists, cannot be a P-move in B, for then ¢|p would start with a P-move and would
therefore not be a strategy for B. Thus ¢; € M;{. If ¢3 exists, suppose first that ¢t5 € M, .
Then ¢}, if it exists, cannot be a P-move in B for similar reasons. Thus ¢} € M;l". On the
other hand, if we suppose that 3 € M, then we cannot have ¢} € MZ for then 0| 4 would
not be a sequence of moves in A by alternating players. We can continue this argument
inductively.

The unit for ® is 1 = (I, {id;}, {id;}), where id; is the trivial strategy for I.

Linear negation. We have an involution (—)* : GCon;; — GConyy, sending A to
ALt = (A+ A4, A,) and o to ot. Clearly, if o : A — B then o= will be a morphism
Bt — AL,

Linear implication and Par. Define B oC= (B®CL)* and ABB = (A- @ BH) .
With this structure, GConyy is a *-autonomous category and is therefore a model of

MLL. The unit for par is L = 1+ = 1, so the trivial strategy for I lifts to the unary Mix
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morphism m : L — 1. Therefore GCony, is in fact a model of MLL+Mix.

We once again stress that a morphism 1 — A is essentially an element of A, and
dually, a morphism A — 1 is essentially an element of A;. Thus, in the context of
GConyy, a morphism 1 — A is a winning strategy for A, history-free with respect to A,

and a morphism A — L is a winning strategy for A+, history-free with respect to A*.

4.6 Full Completeness in GCony

Suppose that F(X,Y) = F(Xq,...,X,Y1,...,Y,) is now a formula of length p built
from X1,..., X, Y/, ..., Y by the connectives ® and 29, such that UF(A,.A) has the
form in (4.2) whenever |A;| = A; for all i. Then F induces a multivariant functor [F] :

(GConyf)" x (GCony})" — GConyy which by abuse of notation we will also refer to as
F.

Lemma 4.6.1 Suppose that p is a dinatural transformation in GConyy from the constant
functor K1 to the multivariant functor F. Then there exists a unique fixed-point free
involution ¢ on {1,...,p} such that Eoi) = & and Cg(y # i for all i, thus determining a

unique set of axiom links for a proof structure of the formula F.

Proof The collection p induces a uniform collection U p of winning strategies for UF (A, A),
history-free with respect to the decomposition (4.3) where U : GConyy — Conyy is the
forgetful functor. By Theorem 4.4.5, Up is a copy-cat strategy specified by an involution
¢. By Theorem 1.3.2, this characterises p over all objects in GConyy. ]

Before proving full completeness, we make a useful observation.

Lemma 4.6.2 For any object A such that |[A| = A is a non-trivial game, there is no

morphism wy : 1 — AR AT in GCony; such that Uw is the copy-cat strategy on Ao At

Proof Recall that wy belongs to (A®AL),, i.e. it is a winning strategy for A® AL such
that if O moves in A then P is forced to move in A also. In other words, P cannot copy

O’s move in the game AL, |

Proposition 4.6.3 Suppose that we have a formula

FAA) =T (AGL @A) B B (AL @ ALY) (4.4)
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and suppose that we have the following morphisms in GCony,y:

7t (AL ® A -1 (Un T — (Ag) @ (AZ)h) i=1,...,r—1;
TJT":AJ—>J_, (UTj’I—»Aj-) j=1,...,n;
Tj_:.AjL—>_L, (UTJ~_21—>AJ') j=1...,m

(with |A-|:A-fo7"allj:1 .,n.)
With this collection of data, we can construct a morphism T4 : F(AA) — AC‘” ® AC””
such that Uty is a winning strategy for the game UF(A, At ® AgZ’ ® ACZT, where

T4 plays according to UT; for moves in the games (AEZ’) and (A ) i=1,. —1;
T4 plays a copy cat strategy on the fragment (AEZ”)L (A?;T) ® AC"” ® AC"T :
T4 plays according to UTJTlr on each subgame in UFﬁ of the form Aj ;

T4 plays according to Ut;” on each game in UFj of the form A;.

Proof Write

Car 1 ®‘ACbT71)

ng,I

Ca G
GAA) =Ta® (Ag, @A) B B (Ag,

so that F(A, A)=GAA D (Agz: ® Ag’;:) Since GCony, supports the Mix rule, we

can form a suitable tensor product of morphisms UTj+ and Ur;” in Cony; to create a

morphism which lifts to a morphism I'y — L in GConys. Now tensor this morphism

with Uri,... ,Urr—1 to create a morphism which lifts to 7' : G(A,A) — L in GCony.
: R Car be- . " Car Cbr

Finally, let 7 = 7' % (‘Aﬁar ® ‘Afbr) :FAA) — A ®.A§br. [ |

We are now ready to prove full completeness in GConyy. Lemma 4.6.1 showed that
we can associate to each dinatural transformation p a unique MLL proof structure. We

now prove that for any DR-switching, the associated DR-graph is acyclic.

Theorem 4.6.4 Suppose that p : K1 — F is a dinatural transformation in GConyy.
Consider the proof structure for F associated with p. Then for any DR-switching, the
associated DR-graph is acyclic.

Proof By Lemma 4.6.1, Up is a copy-cat strategy inducing a unique fixed-point free
involution ¢ on {1,... ,p}, thus determining a unique MLL proof structure for the formula
F.

Suppose that for a certain DR-switching, the associated DR-graph contains a cycle.
Consider the shortest cycle, and express it as lower connected pairs (a1,b1), ..., (ar,by)
such that ¢(b;) = a;41 for all i € Z,. Following the same argument as presented in

Theorem 2.2.8, we may assume that we have simplified F' to a formula of the form (4.4)
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and that we have obtained a new dinatural collection of morphisms j4 : 1 — F(A,A) in
such a way that associated proof structure preserves the cycle.

We now prove that j should not exist. Let A = (A, A, A;) be an object of GConyy
such that A is not the trivial game I, Ay # @ # A;, and such that there exists an
isomorphism v : A — AL,

Put A; = Aforalli=1,...,n. Choose 77 : A — L and 7~ : A+ — L. Put

id; i Gu # G
T = '(,b if Cai = Cbi = 13
wil if Cai = Cbi — J—

for each i = 1,... ,7 — 1 (where we identify ¢ : A — A as a morphism A ® A — L etc.)
Then by Proposition 4.6.3 we can construct a morphism 74 : F(A, A) — Aer x A%, Now
compose T4 with pgq:1 — F(A, A) to form the morphism Tapa s 1 — ASer x A%, Note
that Upg = f1 ® f2 where

fi:T—Ty,

(where fi lifts to a morphism 1 — I'4), and

Ca G iCa A Cbor
fril— (A2 @ Ag) @ @ (AC @ Agr).

Meanwhile, Ut4 = g1 ® g2 where
g1: T4 — j,

and

s (A @ dg) @0 (A 8 AG) — (AT 0 4T).
So U(tapa) = UtaUpa = (91f1) ® (g2f2). We always have g; fi = id; since there is only
one morphism on I, so U(tapa) = g2 fo.

Examining the cycle a little closer, we see that there are an even number, 2k say, of
occurrences of ¢ for which (,; = (p,, k¥ of which are (,; = (3, = 1 and &k of which are
Ca; = Gb; = L.

If 4, # (b, , then 7 was built from the same number of ¢ and ¢!, and therefore we
can compose g2 and fy and deduce that g fo is the copy-cat strategy on A AL SoU
maps 74p4:1 —A® At to the copy-cat strategy on A @ AL, which by Lemma 4.6.2 is
a contradiction.

If ¢4, = ¢p, = 1, then 7 was built from k£ — 1 occurrences of ¢ and k occurrences
of ¢y~!. Therefore we can deduce that gofs is the strategy Usp~'. Therefore U sends
TapA 1 1 — A® A to the strategy Utp~'. Now, U sends the composite

TApA

122 40 A2 At oA

to the copy-cat strategy on Al @ A, which by Lemma 4.6.2 is a contradiction.
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If ¢4, = ¢p, = L, then 7 was built from £ occurrences of 1) and k£ — 1 occurrences of
yp~1. Therefore we can deduce that gy fy is the strategy Usp. Therefore U sends TAPA :
1 — A+ ® At to the strategy Ut. Now, U sends the composite

0 -1 i
1 24 plgal YO poalt
to the copy-cat strategy on A ® AL, which by Lemma 4.6.2 is a contradiction.
So in all three cases, we derived from p4 a morphism in GCony,; which cannot exist.

Therefore, p cannot exist, and the original DR-graph must have been acyclic. |

Corollary 4.6.5 (Full Completeness in GConys) Every dinatural transformation 81 —
F in GCony; is the denotation of a unique proof in MLL+Miz of the formula F', and is
therefore induced by a unique morphism I — F(X,X) in the free x-autonomous category

supporting the Mix rule, on n objects X1,... , X,.

4.7 Dinaturality versus embeddings

This section is to discuss the alternative notion of uniformity, used in the work of previous
authors. While this notion will prove to be equivalent in Conyy, there is apparently no

extendable notion for GCony.

Definition 4.7.1 Let A and B be Conway games. We say that a function e : P4 — Pp
is an embedding of A to B, written e : A — B, if and only if

e : Py — Pg is injective;

e given a move a; — ay in My, there exists a move e(a;) — e(a2) in Mp. By abuse

of notation, denote the induced injection from M4 to Mp also by e;
e Agoe=Au;
e ¢(Vy) C Vg
e ¢(Ly) C Lp,

where ¢ is the obvious extension of e to finite sequences of moves in A.

Lemma 4.7.2 There is evidently a category Con, of games and embeddings. Tensor and

linear negation extend to covariant functors over Con.

It is worth noticing the difference in nature between winning strategies and embeddings.

A winning strategy A — B will invert itself to give another winning strategy B+ — AL,



90 Double glueing on Conway games

whereas an embedding A < B preserves the direction of the arrow and yields A+ < B*.
Thus, when discussing uniformity in terms of embeddings, it is no longer necessary to
observe multivariance.

Let F(Xy,...,X,) = F(X) be a formula built from literals Xy,... , X, Xi-,... ,X;-
by the connective ®. Write F(X) = Xgll ®-® Xé’: and suppose that o is a collec-
tion of winning strategies oa for F/(A), history free with respect to the decomposition

Ag, e ,Agﬁ. Then o induces a collection of partial functions
oA My — My
where M¥ are functors from (Con,)" to Set sending
A to U, Mjgzz x {i};
e:A—B to U, M:éj;x {i}.
We say that o is uniform by embedding if and only if {54} is a natural transformation,

i.e. for all embeddings e : A — B, the following diagram commutes.

_ OA +
My ———— M,
Mg ME

Mp —— Mg
The following theorem gives us the same result as Theorem 4.4.5. The proof is notice-

ably simpler.

Theorem 4.7.3 Let F(A) = Ag ® - ® Aci, and suppose that o is a collection of win-
ning strategies for F(A), history-free with respect to the decomposition Aci, . ,Agz, and
uniform by embedding. Then o is a copy-cat strategy, specified by a unique fixed-point free

involution ¢ on {1,... ,p} such that §yy = & and Cyy # Ci- That is, if O plays a move
Coi)

m in the game Agz, then oa’s response is to play the same move m in the game A§¢(')'

Proof The proof that F' is balanced is identical to that in Lemma 4.4.1.

For each 1 = 1,... ,m consider the game S;:
P, = {0,i}
Mg, = {0—i};
O ifG=1
A5, (0= i) — e
P if¢(; = 1;

Then S’fi is a game in which only O can make the single move 0 — 7. Put

S, ifk=¢
Ak:{ itk =¢

I  otherwise
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for each k¥ = 1,... ,n. (Recall that I is the game in which neither player can make a
move.) Since o is a winning strategy, every O-move has a unique response. The only
moves available are of the form 0 — 4 (and Lemma 4.4.1 ensures that there is at least one

such move), so we must have

for some unique j satisfying & = &;, ¢; # ;. Define ¢(i) = j.

Claim. For any games Bi,..., By, if O plays m = my A my in BCZ, then

oB’s response is to play the same move m in the game Bg;’(“))
12

Consider the embedding

eg - SZ.Q — Bg:

o . o
0= — mqp— mo
and let e, : I — By, be any (trivial) embedding, for all ¥ # &;. Then we have

mee, (0% 0,0) = e6a(0214,0)

= oB(m,i) = (m,¢(i))
We now show that ¢ is an involution. Consider the game T":

Py = {O,G,b};
My = {02»a,a£>b}.

Put

TS ifk=¢
‘- 3
I otherwise
for each Kk =1,... ,n. Then

Gc(0 2 a,i) = (05 a, ()

and
~ @] . P .
UC(a - b7 QS(IL)) = (0, - b7 QSQ(Z))
102 qin Cg, 0L ain ng((?)), and ¢ 2 b in Cé;’((f)) are the only moves that have been

played, then the only way P can play a move a L bis in the game Cg: So we must have

P2 (i) = i. [ |
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4.7.1 Extending embeddings to GCony;

It is reasonable to expect an embedding e : A — B in GConys to be some sort of
embedding e : |A| — |B| in Conyy which also embeds A, into B, and A; into By.
However, there seems to be no easy way to embed tensored strategies. Let |A| and |C| be
two games, their duals pictured below. Let each of Ag, A¢, Cs, €4 contain its one and only

possible strategy. Then we have a strategy o for [A|* ® |C|* which belongs to (A ® €);.

(ml, 1) — (nz, 2)

artel s (mas1) = (n3,2) (n4,2) —  (m3,1)

(n1,2) — (mg,l) {
(7L5,2) — (n6,2)

However, while A embeds into B and € embeds into D, as shown below, o will not embed

itself into a strategy in (B ® D), for we will be without a response if O plays 77.

Thus it appears that embeddings, while useful to us in certain contexts, do not provide
us with a general notion of uniformity. Though conceptually more difficult to grasp,
dinatural transformations currently remain the most apparent and general way to describe

uniformity.



Chapter 5

A Chu construction on vector spaces

The purpose of this chapter is to present a full completeness result for a category of topolog-
ical vector spaces. While this work was motivated by the work of Blute and Scott [BS96],
our approach to proving full completeness (and indeed our perception of the category con-
cerned) is different. Blute and Scott presented a x-autonomous category RT Vec of vector
spaces equipped with a topology and proved a full completeness result with respect to
MLL+Mix. We will show that this category is equivalent to a Chu construction on vector
spaces (taking all “exact” pairings) and we will establish full completeness by exploiting

the full completeness result proved in FDVec in Chapter 3.

5.1 The model

Denote by Vec = Vecy, the category whose objects are vector spaces over a (fixed) field
k and whose morphisms are linear maps between objects. As in Chapter 3, we will
assume that k£ has characteristic zero. Then Vec is a symmetric monoidal closed category,
with the usual algebraic tensor product ®, and the adjunction —® V - V —o —, where
V —o W = Vec(V,W). For finite dimensional vector spaces V and W, we have the
isomorphism V- —o W = V* ® W, so the full subcategory FDVec of finite dimensional

vector spaces is compact closed.

5.1.1 The category RTVec

Definition 5.1.1 Let V be a vector space over a field k£, and 7 a topology defined on
V. We say that V. (or (V,7)) is a topological vector space if T is Hausdorff, and vector

addition and scalar multiplication are thus continuous when & is topologized discretely.

Definition 5.1.2 Let V' be a vector space over k. We say that a topology 7 defined
on V is linear if there exists a basis A, of neighbourhoods of 0 € V' consisting of linear
subspaces of V', and neighbourhoods of v € V are obtained by taking translates v + U
of neighbourhoods U of 0. Thus, a linear topology can be specified completely by the
collection N,. We say that V. is a linearly topologized vector space if V; is a topological

vector space and 7 is a linear topology.
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Let TVec = TVecy denote the category whose objects are linearly topologized vector
spaces over a fixed field k£, and whose morphisms are linear continuous maps. This category

is autonomous when equipped with the following structure.

Tensor. Let U, and V; be objects in TVec. We wish to define U, ® V;. We make
the natural choice that the underlying vector space should be the usual algebraic tensor
product U®V, and it is therefore a question of how to define appropriately a topology p®T
in such a way that, given a bilinear bicontinuous morphism b : U x V- — W, (W is another

object with topology v), the induced morphism b: U ® V' — W is linear continuous.

b

UxV w

Sl

UV
Observe that given Z € N,, for all up € U and vy € V, we have

{veV:bluy,v) € Z} € N; and {u € U : b(u,vy) € Z} € Nj,.
From this, we deduce that we should define

Nysor g {A| Ais asubspace of U®V, and V ug € U,vy € V,
{fveV ] uweve A} e N, and {u € U | uQuy € A} € N}

For now Eil(Z) € N,gr, since it is a subspace of U ® V, and for all ug € U and vy € V,
we have

weV ueveb (2))={veV |buyv) € Z} €N;

and
(el u®uvyeb (2)}={ucU|buuv) € Z}€N,.

Furthermore, if V; is the unit for the tensor product, then the definition of NV,,g, shows
that we must have V' = k and N; = {{0},k}. This is the only linear topology on k we

will consider, so we henceforth write & without its topology.
Linear implication. Recall that in Vec, we have the natural equivalence
f
UV =w

vLv_ow

where f(u)(v) = f(u,v). We wish to define 7 —o v on V —o W so that we have a corre-

sponding equivalence in T'Vec.
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Suppose that f: U ® V — W is linear continuous. Then given Z € N,,, for all ug € U

and vy € V, we have
{veV|flu,v)€Z}eN; (5.1)
and
{uelU] f(u,v) € Z} €N,. (5.2)

Equation (5.1) says that f(u) : V — W is continuous, while equation (5.2) says that
f Yo, Z])) € N, where [v,Z] = {g € V oW | g(v) € Z}. From this, we deduce that we
should define

N0, 4 (|[F,Z] | F is a finite dimensional subspace of V and Z € N,)
where [F,Z]={g €V oW | g(F) C Z}, for now we have

FUEZ) = {ueU] f(u) EM[F,Z]}
= (herlu€U| f(u) € [v,Z]}
= Nie [ (i, 2]) € N,

whenever F is finite dimensional and {v,... ,v,} is a basis for F.

Lemma 5.1.3 TVec is a symmetric monoidal closed category with tensor product ®, unit

k, and the adjunction —QV FV —o —.

Linear negation. Given a linear map 6 : V' — k, write ker(§) = {v € V | 8(v) = 0} for
the kernel of . We now define the dual of V with respect to T to be (V,)+ =V, -k, i.e.
(V)= = (V75 7h), where

VE = {0:V—=k|07YZ)EN, Y Z N}
= {0:V —k|ker(0) e N;}
and
N, = ({0eVE|0(F) CZY|F <V is finite dim’l , Z € Nj,)
= {{0:V =k |FCker(f) € N;}|finite dim'l F < V'}.
Continuing this theme, we get (V;)*+ = (V, k) — k, i.e. (V;)* = (V14 744,
where

VA = {6:VE Sk | ker(§) €N, L}

T

and

N,io = {{5 V- = k| G C ker(€) € N1} | finite dim’l G < VTL} .
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An object V; is reflezive if there is an isomorphism V; = (V;)*+. For such an object,

a suitable collection of subspaces would be
N ={{v € V| G C ker(¢(v))} | finite dimt 6 <V},

where £(v) : V& — k, £(v)(#) = 8(v). In other words, V is equipped with a neighbourhood
basis of subspaces with finite codimension.

This yields us the x-autonomous category RT Vec, whose objects are reflexive objects
in TVec and whose morphisms are linear continuous maps. The fact that RTVec is
s-autonomous is non-trivial. This category is an example of a technique in [Bar79] which
converts a “pre-kx-autonomous situation” to a x-autonomous one, by making a restriction
to reflexive objects satisfying completeness properties with respect to a given class of
“dense embeddings”. In the case of TVec/RTVec, the completeness is with regard to
finite dimensional vector spaces, which all objects satisfy, and we will in fact use something

of this property later, to prove full completeness.

5.1.2 The category Chu

We recall the Chu construction on vector spaces, presented in an Appendix [Chu79] to
[Bar79]. Objects of Chu = Chuy, are triples A = (U, X, a) where U and X are objects in
Vecy, and a : U® X — k is a linear map. In the sequel, we will mostly use the underlying
bilinear map U x X — k, which by abuse of notation we will also call a.

Given two objects, A = (U, X, «) and B = (V, Y, 3) in Chuy, morphisms (f,g) : A — B
are pairs of linear maps f : U — V and ¢ : Y — X such that the following diagram

commutes.

vey 1% veyv

U®g B

U X k

o

ie. forallu € U and y € Y, we have a(u, g(y)) = B(f(u),y).

Linear implication. Given two objects B = (V,Y,3) and C = (W, Z,~), define the
object B —o C by

B -0 C = (Chu(B,C),V ® Z,6),

where 6((g,h),v ® z) = B(v,h(z)) = v(g9(v),2). Note that Chu(B,C) naturally forms a

vector space over k with componentwise addition and scalar multiplication. Specifically,



5.1 The model 97

Chu(B, C) is the object such that the following diagram is a pullback in Vec,
Chu(B,C) 2~ Vec(V, W)
P2 w1
Vec(Z,Y) pme Vec(V ® Z,k)
where wy sends f: V — W to the map
vez 2 wez i,
and we sends ¢ : Z — Y to the map
vez 2 vey L

In cases such as these, it is clear how to define the associated bilinear map, and we
will often omit the bilinear map when specifying an object in Chu if it is already clear. In
fact, we will eventually show that given an object (U, X, «), with o non-degenerate, the
vector space X can be viewed as the dual of U with respect to some linear topology, and
therefore the bilinear map « can always be viewed as an evaluation map.

With this definition, we obtain a bifunctor — —o — : Chu®” x Chu — Chu. This was
proved in [ChuT79].

Linear negation. Given an object A = (U, X, ), the dual object is defined to be A+ =

(X,U,aocxy), where ¢ is the symmetry isomorphism. Clearly this induces an involution
(—)* : Chu”” — Chu.

Tensor and par. With the notions of linear implication and negation, we can now

induce a x-autonomous structure in Chu. It is not difficult to see that
Chu(A, B) = Chu(B+, A1),
from which we can deduce that
A—oB=~B!t oAt
for all objects A, B in Chu. We also have the following proposition.
Proposition 5.1.4 (Chu) For all objects A, B, C' in Chu,

Chu(4, B — C1) =2 Chu(C, B —o A1),
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From this, we have the isomorphism Chu(A, B—oC) = Chu((A—oB*)*, C). We therefore
have the isomorphism Chu(A4,B — (') = Chu(A ® B,(C), when we define the object
A® B =(A— BY)t ie.

A® B = (U®YV,Chu(4, Bh)).

Proposition 5.1.5 (Chu) The map —® — is a bifunctor from Chu x Chu to Chu, and
is a tensor product for Chu with unit 1 = (k,k,-).

Corollary 5.1.6 (Chu) The category Chu is a *-autonomous category.

We can also define the par product A% B = A+ —o B = (At ® B*)*, thus defining a

bifunctor dual to the tensor product in the sense of de Morgan.

Observe that when A = (U,U*) and B = (V,V*), we have
A —oB=(Vec(V,IW),VW")and A% B = (Vec(V*, W),V @ W*)
so it makes sense to write Vec(V, W) =V — W and Vec(V*, W)=V B W.

5.1.3 The category ExChu

Let ExChu = ExChuy, be the full subcategory of Chuy, restricted to objects (U, X, «)
with a a non-degenerate (bi)linear map (so-called ezxact pairings), i.e. a(u,z) = 0 for all

x implies v = 0 and a(u,z) = 0 for all  implies z = 0.

Lemma 5.1.7 The category ExChu is o *-autonomous subcategory of Chu.

Proof See [Bar91]. [ ]

We will prove that ExChu is *-autonomously equivalent to RTVec. Suppose that
(U, X, ) is an object in ExChu. Put

Ne=(ueU|auz)=0Vi=1,... ,n} |z € X,n€N) (5.3)
and
Ne=({reX|alu®@x)=0Vi=1,... ,n}|u; € Un€N). (5.4)

These are collections of finite-codimensional subspaces which form linear topologies for U
and X, respectively, so U, and X; are objects in RT Vec.
We will show that there is an isomorphism I' : X, — (U,)t. Given z € X, define

I'(z) € Uj— by I'(z)(u) = a(u ® ). Then T is injective because « is non-degenerate.
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Furthermore, I' is surjective. Suppose that 6 € Ulf. Then ker(0) € Ny, i.e. there exists
linearly independent xq,... ,x, € X such that

{fueU|O(u)=0}={velU|a(u®z)=0Vi=1,...,n}

It can then be shown that f(u) = Y7 | i a(u® ;) for all u, for some scalars A, ..., Ay,
and so I'(3°7, Njzi) = 6. (See [K6t69], §10, 4.(3).)
Finally, I' is linear continuous. Suppose that Z € N, ut- Then there exists a finite

dimensional subspace F' of U such that
Z={0 €Uy | F C ker(0)}.

Then
r4z) = {zeX|T(x) € 7}

= {2z € X|F Cker(l'(x))}
{re X |I(z)(u)=0YueF}
= {zeX|au®zr)=0YVueF}eN,
since F' is finite dimensional.

Therefore, I' is an isomorphism, and moreover, the following diagram commutes.

UeUr ——k

4
U®F§
U® X
where ey : U ® Uj— — k is generated by the evaluation map. So an object in ExChu is in
fact specifying a vector space and its dual, with respect to some reflexive linear topology,
i.e. an object in RTVec. Conversely, an object V; in RTVec gives rise to an object
(V, V-1, ey) in ExChu.

Now suppose that (U, X) and (V,Y) are objects in ExChu, and between them is a
morphism (f : U — V,g : Y — X). As before, we can equip U and V with linear
topologies i and T, respectively, specified by equations (5.3) and (5.4). We naturally send
g:Y = Xtol(g): V! — Ulf, via I'(¢)(€)(u) = 0(f(w)). This is precisely the dual map

of f, fr:V+ — Ulj-. Thus the following diagram commutes.

UeUr ——k
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We prove that f is continuous. Suppose that Z € N,. W.lLo.g., assume that Z is a
subspace of V' with codimension 1. Then Z is the kernel of some continuous linear map
0:V —k. So
7Y 2) = {ueU|8(f(u) =0}
{uelUlev(f(u)®0) =0}
= {ueUler(u® fH(0)) =0},

which belongs to N, by equation (5.3). Therefore, morphisms in ExChu specify mor-
phisms in RTVec. Conversely, a morphism f : U, — V; in RTVec gives rise to the
morphism (f, f*) : (U, U+) — (V,V.*) in ExChu.

Theorem 5.1.8 RTVec and ExChu are equivalent categories, preserving tensor, dual-

ity, and consequently their x-autonomous structures.

Proof We define the functors ¥ : RTVec — ExChu and G : ExChu — RTVec as
follows. F' sends objects U, to (U, UNL,EU) and morphisms f : U, — V; to (f,fH. G
sends objects (U, X,«a) = (U, Uul,sU) to U, and objects (f,g) = (f,f+) to f. Then
FG =2 idgxchu and GF = idrTvec-

Next, we show that F' and G preserve the tensor products. Suppose that U, and V;
are objects in RTVec. Then

FU, V) =UV,[UV),y,)

and
F(U,) ® F(V;) = (U ® V. ExChu(F(U,), F(V,)").

We prove that ExChu(F(U,), F(V;)*) 2 (U ® V)f@r Suppose that € (U ® V)f@r

Then there exist maps f: U — V- and g: V — UHL defined by
fw)(v) = g(w)(u) =0(u®wv) for all u € U,v €V, (5.5)

so that (f,g) € ExChu(F(U,), F(V;)1). Conversely, given (f,g) € ExChu(F(U,), F(V;)1),
we can define a map 0 : U®V — k by equation (5.5). This map is continuous with respect

to 4 ® 7 because for all u € U, the subspace
{fveV]d(uev)=0} ={veV|f(u()=0}

has codimension 1 and belongs to N, since f(u) € V-, and for all v € V, the subspace
{fueU|(u®@v)=0}={uecU|g(v)(u) =0}

has codimension 1 and belongs to N, since g(v) € Uj. Therefore, ker(6) € Nygr.
So we have a bijection ExChu(F(U,), F(V;)1) < (U®V)ﬁ®7. It is straightforward to
check that this bijection is natural in U, and V; and also that F/(f ® g) = F(f)® F(g) for

all morphisms f and g in ExChu. Therefore F' preserves the tensor product of RTVec.
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Now consider objects A = (U, X) = (U,U;) and B = (V,Y) = (V,V,") in ExChu.
Then
G((U,U;) ® (V,V;)) = G((U ® V, ExChu(4, B))

and

GU,Uy) @GV, Vi) = (U®V)usr

We proved above that ExChu(A, B1) is naturally isomorphic to the dual of U ® V with
respect to 4 ® 7, so G((U,U;) @ (V, V1)) = G(U,U;) @ G(V,V,5). Tt is straightforward
to check that G((f, fH) ®(g,9%)) = G(f, f+) ® G(g, g*) for all morphisms (f, f*), (g, 9")
in ExChu. Therefore G preserves the tensor product of ExChu.

Finally, it is straightforward to check that F' and G both preserve linear negation.
Therefore F' and G preserve the x-autonomous structures of RT'Vec and ExChu respec-

tively. ]

We henceforth write objects in ExChu in the form (V, V'), assuming that V' is the
dual of V' with respect to some suitable linear topology on V', and that the associated
bilinear map is the evaluation map.

We end this section by noting that ExChu supports the Mix rule. We have L =1+ =1
in ExChu, so the identity morphism on 1 serves as the unary Mix morphism m : L — 1.

Also, the following observation will be of use to us in the next section.

Lemma 5.1.9 Let A = (Y,Y*,ey) and B = (V,V*, ) be objects in ExChu, where Y
is a finite dimensional vector space, Y* is its algebraic dual space. Then a morphism
(f,9) : A — B is completely characterised by its covariant map J(f,g9) = f:Y — V in
Vec, where J : ExChu — Vec denotes the forgetful functor, sending (f,g) to f.

Proof We want (f,g): A — B to satisfy 8(f(y),0) = ey (y,9(0)) = g(0)(y) for ally € Y
and 6 € VL. So g is completely determined by f. (In fact, when V- is the algebraic dual
space of V, ¢ is the dual map f*: V* — Y*.) |

5.2 Full Completeness in ExChu

Blute and Scott’s full completeness result required restrictions on the dinatural transfor-
mations they considered. The dinatural transformations had to be uniform or equivariant
under the action of the additive group of integers. (These Z-actions prompted a description
of their work as a linear analogue of Liuchli’s semantics for intuitionistic logic.) More im-
portantly, they restricted themselves to linear combinations of dinatural transformations

associated with binary formulae only (calling them diadditive dinatural transformations),
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the justification being that proofs of balanced sequents are substitution instances of proofs
on binary sequents. This restriction is not entirely satisfactory, as it evades the issue of
properly determining any axiom links for a proof structure, since if the sequent is binary,
then the axiom links are uniquely determined.

We will remove all such restrictions here. Thus, it would appear that all dinatural
transformations are diadditive, and the Z-actions play no significant role. To specify a
Z-action is to specify an automorphism, so the insignificance of these actions is a mirror
of the situation in FDVec, where Schur-Weyl duality characterises the commutant of
(f®™ | f € GL(V)) but we obtain the same commutant for (f*™ | f € End(V)).

Whilst we cannot replicate the “lifting” of compact closed full completeness, used
in previous chapters, we can still show that compact full completeness in FDVec, does
induce full completeness in ExChu. In particular, we can use FDVec to determine the
behaviour of a dinatural transformation and hence the sets of axiom links associated with

it. The key lies in the following observation.

Lemma 5.2.1 FDVec is a full compact closed subcategory of ExChu.

Proof For every finite dimensional vector space W, the pair (W, W*) is an exact pairing
with the usual evaluation map. Furthermore, any morphism (f,g) : (W, W*) — (Z,2*)
satisfies ¢ = f*, so FDVec exists as a full subcategory of ExChu.

It is clear that FDVec is closed under linear negation, since W** =2 W. Also,
ExChu((W,W*),(Z*,Z)) % FDVec(W, Z*) X W* ® Z*, so that

(WWHR(Z,Z")=WRZW*@Z )2 (WRZ,(W®Z)").

Therefore the compact closed structure of FDVec is preserved in ExChu. |

As usual, we assume F(X,Y) to be a formula of length p built from Xi,...,X,,
Yih, ..., Y by the connectives ® and 2. Then F induces a multivariant functor from
[F] : (ExChu)” x (ExChu”)” — ExChu which by abuse of notation we will also refer
to as F'. In ExChu, we will say that a dinatural transformation p is non-trivial if each
morphism in Jp is non-zero in Vec.

From Lemma 5.2.1, we now know that a non-trivial dinatural transformation p : &; —
F in ExChu restricts to a non-trivial dinatural transformation in FDVec. By full com-
pleteness in FDVec, we can associate to the restricted dinatural transformation at least
one set of axiom links. (Recall that a natural transformation W®™ — W®™ in FDVec
is a linear combination of permutations on the tensor factors, hence the possibility of
more than one set of axiom links.) To prove that these axiom links remain valid when
considering the dinatural transformation on all objects in ExChu, we will apply a den-

sity argument, which appeals to Barr’s original characterisation of RTVec. We will now
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show that whenever we start with a collection of finite dimensional subspaces A;” and
A;“ “densely approximating” the literal objects A;, then there are alway sufficiently many
objects F(A~,A") and F(A',A ") to approximate F(A,A) in the same way.

Let A = (U, U, a) be an object in ExChu. Denote by A< the collection of objects
(X, X*), with X a finite dimensional subspace of U, and denote by A~ the collection of
objects (Z,Z*), with Z* a finite dimensional subspace of U'. Recall from Lemma 5.1.9
that we can always find maps (fx,gy) : (X, X*) — (U,UL) and (f5,95) : (U,UL) —
(Z,7*) in ExChu, determined by fy : X — U and g'Z'r : Z* — U*. Furthermore, we can
find non-vanishing maps, satisfying fy (z) = 0 if and only if z = 0 and g (#) = 0 if and
only if § = 0. We say that A< and A~ densely approrimate A, in the sense that

welu=0 < oalu,g,(1h))=0foraly e Z* and Z* € A>;
0eUL0=0 & affy(r),0)=0forallz € X and X € A<,

Lemma 5.2.2 The sets of objects

{(F(Y,2) | (Y3,Y;) € BY, (4, Zf) € A7}
{F(W’X) | (WHWZ*) € B?)(Xi’X;) € Az<}

in ExChu densely approzimate F(B,A).

Proof Clearly, A~ and A< densely approximate A. It suffices to prove the lemma for the
formula F (B, A) = A —o B. Thus, suppose we have dense approximants to A = (U, U™, «)
and B = (V,V+,B):

X® X * k YY" k
Ix 9x ud fy 9y i
U®Uf—£—»é vevi 4 .}
7 9% id T 9 id
Z®Z" k W QW* k

We will prove that we have dense approximants :

(Z"®Y,Z0Y") | (Y,Y") € BS,(2,2%) € A2},
{(X* ©@W,X ® W*) | (W,W*) € BZ,(X,X") € A5}
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(Z*®Y) ®(ZeY) k
frroy i
ExChu(4,B)® (U@ V%) — k (5.6)
R id
(X*eW) o(XeW" k

to the object F(B,A) = (ExChu(4,B),U ® V1,6). (Recall that (Z, Z*) — (Y,Y*) =
(FDVec(Z,Y),Z@Y*) 2 (Z*QY,ZQY*) etc.)

Given (Z,Z*) € A~ and (Y,Y*) € B<, define for all elements v @ y € Z* QY
fzeoy (¥ ®y) = (s,1) where

s:U—=YV, s(u) = a(u,g}'(iﬁ))f;(y),
t:VE UL 1) = 6(fy (v),0)9) (¥).

Then (s,t) : A — B in ExChu, since for all u € U, § € V1, we have

Bs(u),0) = Blalu, g5 () fy (4).0)
a(u, B(fy (y),0)g7 ()
= o(u,t(d)).

Furthermore, if ¢ # 0 and y # 0, then s(u) = a(u, g} (¢)))y = 0 if and only if u = 0
and t(0) = B(fy (y),0)y = 0 if and only if # = 0. Hence (s,t) # (0,0). So the map
7oy + Z*®Y — ExChu(A4, B) is non-vanishing.

Also, given (X, X*) € A< and (W, W*) € B, we can define a map g;'@W*  XQWH* —
UVt z060 — fx(z)® gITV(H). Clearly g}@)w* is non-vanishing whenever f, and gITV
are non-vanishing.

Suppose that (s,t) € ExChu(A4, B). Then s : U — V, t: V+ — Ut and f(s(u),0) =
a(u,t(f)) for all w € U,0 € V+. Suppose that (s,t) # (0,0). Then there exists u € U
such that s(u) # 0. Since s(u) € V, there exists § € W* such that B(s(u), g;7-(8)) # 0. By
definition of (s,t), we have a(u,t(g;},(0))) # 0, i.e. t(g;;(9)) # 0. Since t(g;},(9)) € UL,
there exists z € X such that o(fy(2),t(g;5())) # 0. In other words, z® 0 € X ® W*
satisfies

8((5,1), gxew-(z ®0)) = 8((s,1), fx (z) ® g,(6))
= a(fy(2), gy (9)) # 0.

Now suppose that 0 # u® § € U ® V+. Since u € U, there exists 1 € Z* such that
a(u, g5 (1)) # 0, and since § € V=, there exists y € Y such that 3(fy (y),0) # 0. Thus
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a(u,g}(i/}))ﬂ(f; (y),0) #0,ie. Yy @y € Z*®Y satisfies

§(f7-0y(W @), u®0) = au,t(9) = alu,B(fy(y),0)9; %))
= ou, g5 (V)B(fy (4),0) # 0.

Therefore we have dense approximants as prescribed in (5.6). |

With the above lemma, we can now prove :

Lemma 5.2.3 Suppose that p is a non-trivial dinatural transformation in ExChu from
the constant functor K1 to the multivariant functor F. Then p is completely determined

by its behaviour on the subcategory FDVec.

Proof Suppose that there exist two distinct dinatural transformations p1,p2 : 81 — F
such that p; = py = p on objects in FDVec. Given objects A, € A and A € A7, and

maps f; 1 A, — A, fi+ A — Ai+, the following diagram commutes, for j =1, 2.

F(A-,A) 22D L paAn)
(p]')A* F(A7f7) F(f+7A7)
I wa | pa,A) — D) | pat, A
(pj)A+ F(f+7A) F(A+7f7)
+ A+ +
(AT AY) oo F(AT,A)

In particular,

u— — - - + B
1 2, p(am, Ay LEAD, i, an) HEAD, pat an)

is the zero map, so

FELE) (

[ TPA A A) At A7)

is the zero map. Thus, we have maps (p1 — p2)a = (0,0") and F(fT,f7) = (f+,¢7),

JF(A,A) © JA AT — &

ft gt id

JF(At, A7) @ JF(AT, A7)
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such that fTo =0 and o-¢" =0 in Vec.

Suppose that (p; — p2)a # 0. Then o(1) # 0, so there exists § € JF(AT, A7)* such
that v(o(1),97(#)) # 0. But by definition of (o, 0+), we have 1 -ot(g7(0)) # 0, hence
olgT # 0. This is a contradiction, so we must have (p; — ps)a = 0. Therefore, p is

uniquely determined by its behaviour on objects in FDVec. |

Corollary 5.2.4 The non-trivial dinatural transformation p: K1 — F is a linear combi-
nation of formal dinaturals p1,... ,pr : K1 — F, specified by a fized-point free involutions
¢1,--- P on {1,...,p} such that &g,y = & and Cy, 5y # G for all i = 1,... ,p and
h=1,...,T. Therefore, we can form T proof structures for the MLL formula F', each ¢y,

specifying o set of axiom links for a proof structure.

Proof This follows immediately from full completeness in FDVec (Theorem 3.2.2). N

We now adopt the same tactic as in Chapter 3. We shall suppose that p is one formal
dinatural transformation, and prove that the unique MLL proof structure associated with
p is a proof net. We can then extend the result to cover all linear combinations of formal
dinaturals in the same way as in Chapter 3, since the annihilation of formal dinaturals

actually occurs in the underlying category FDVec. The details are thus omitted.

Theorem 5.2.5 Suppose that p : K1 — F' is a non-trivial formal dinatural transformation
in ExChu. Consider the unique MLL proof structure for F associated with p, specified by
the involution ¢. Then for any DR-switching, the associated DR-graph is acyclic.

Proof Suppose that for a certain DR-switching, the associated DR-graph contains a cycle.
Consider the shortest cycle. We can express this as lower links (a1,b1),... ,(ay,b,) such
that ¢(b;) = a;41 for all i € Z,. By an argument similar to that in Theorem 2.2.8, we may

assume that F has been reduced to a formula F of the form
~ Ca C ar s
F(A,A)=T(A,A) B (A @ Ag) B - B (Ag" ® Agm)

where ['(A, A) is a par product of literals, and that we have derived from p a new dinatural
transformation p from £; to F'. Since ExChu supports the Mix Rule, p is dinatural over
all objects and morphisms in ExChu.

Choose an object A in ExChu such that JA is an infinite dimensional vector space
V with a countable basis {e;}, and JA" is the infinite dimensional vector space V* with
countable basis {¢;}, satisfying €;(e;) = 1 if ¢ = j, and 0 otherwise. For any j € N,
write V; = (ei)gzl, V= (siﬂ:l. Then there is an obvious isomorphism ¢4 : A — A+
determined by the isomorphism V — V1, e; — ¢;. Similarly, we have isomorphisms

Yp : B — Bt for each B = (V}, V). (From now on, we understand B to denote an object
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(Vj,V;).) Furthermore, the embedding Ej : V; — V induces the morphism E; : B — A.
(In fact, EJL is equivalently determined by the projection P; : Vvt — V]*)

Put A; = Aforalli =1,...,n. Fixj € N, and put B, = B = (V;,V}") for all
t=1,...,n. The map & : V; — V — k, determines maps T;{ :A— 1 and Tg :B — 1.
Similarly, the map e : VjJ- s V1L — k determines maps Ty A+ — 1 and Tg Bt — 1.
Since I' is a par product of literals, we can form a map 7/, : I'(A, A) — L built from
the maps 7, 7). Similarly, we obtain 7j5 : I'(B,B) — L. Equally naturally, we obtain
™5 T(A,B) — L, and therefore the following diagram commutes.

!
.
reB) —=£ |

I (E;,B) id

!
.
r(AB) —2 |

T(A,E;) id

I(AA) —— |
TAA

Put
ida if Co; 7 Gy
(ri)a =  ¥a =0 =15
Pt i, =Gy =L

foralli=1,...,r—1 (where we identify 14 : A — A with a morphism A® A — L etc.)

Then we can use (71)4,...,(7r—1)4 to construct a map
Ty (A% @ A1) ... 2 (ASr—1 @ A%r-1) — 1,

These maps, together with the identity morphism on ASr ® A% form a map 744 :
F(A,A) — ASr ® A% . In a natural way, we can also form 7gp and T4p, so that (in
the case when (,, = 1 and (3, = L — the other cases are similar) the following diagram
commutes.

p -
B, #BB) 22+ BoBt

7(E;,B) E;®Bt
id (AB) —22+ AgBL

F(AE)) A@EjL

I ——— F(ALA) — AQAL
PA TAA
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Furthermore, in Vec we have

Jp ~ J
K —B> Ji(B,B) 22 Viov*

. *
B;QV;

id VeV (57)

J

VQP

Y

k——— JF(ALA) —— VeVt
JpA JTAA

Since Vj is finite dimensional, we have Jpg = f1 ® fo where

fik =TV V)i foik— (VP 0V @01 91)),

and also JTgp = g1 ® g2 where

gDV V) =k g2 (V" @V @8 (0 V) = Ve V).
Therefore JrppJpB = (91 ® 92)(f1 ® f2) = (91.f1) ® (g2f2)-
Observe that JTE and J7g induce a map §:V; ® VJ* — k, where v ® ¢ is mapped to
£1(v)@(e1). In particular, e; ® ¢; is mapped to 1 if i = 1 and 0 otherwise. From this, we

deduce that
77V]- * B .
k:—>VJ®VJ — k = idy.

Up to symmetry, g is a tensor product of 7y, maps, so we deduce that g1 f1 = idy.

Examining the cycle a little closer, we see that there are an even number, 2s say, of
occurrences of ¢ for which (,; = (3;, s of which are (,; = (3, = 1 and s of which are
Ca; = Cp, = L. Since (4, # (,, T was built from the same number of ¢ as 11, so we
deduce that gofs : k — V; ® V" is the unit map 7ny;.

Therefore JTppJpB = nyv;. Since j € N was chosen arbitrarily, diagram (5.7) now tells
us that JraaJpa : k — V ® V* projects onto the map nv; for all j € N. In particular,
JTaadpa(l) projects onto the element Z‘Ll e; @ g; for all j € N. However, there can be
no such element because {e; ® ¢;} is a basis for V ® V< but we are unable to express
JTaaJpa (1) as a finite linear combination of these basis vectors.

We have shown in previous chapters how to deal with the case (,, = (p,, so the details
are omitted here. In summary, we deduce that 7 was built from s — 1 occurrences of )¢~
and s occurrences of 1% (where we read 1~ = ¢~!). We postcompose each 7 with a

morphism 9% @ id, and then the argument is the same as above. |
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Again, we remark that it is possible to extend the above result to the case when p is
a linear combination of formal dinaturals, using the same approach taken in Chapter 3.

Thus we have,

Theorem 5.2.6 (Full Completeness in ExChu) Every non-trivial dinatural transforma-
tion in ExChu from the constant functor K1 to the multivariant functor F is a linear
combination of formal dinatural transformations p", where each p" is the denotation of a
unique proof in MLL+Miz of the formula F, and is therefore induced by a unique mor-
phism I — F(X,X) in the free x-autonomous category supporting the Mix rule, on n
objects X1,... ,X,.






Chapter 6

Proof Nets for MILL

Intuitionistic Linear Logic (ILL) is a sublogic of Linear Logic, where we restrict ourselves to
sequents with precisely one conclusion. In this chapter, we consider only the multiplicative
fragment of Intuitionistic Linear Logic without exponentials (MILL). It is widely accepted
that the correct categorical model for MILL is a symmetric monoidal closed category.

The purpose of this chapter is to provide a proof net system for MILL, which fully
captures the essence of describing proofs in the sequent calculus. We will show there is a
direct correspondence between equivalence classes of proof nets and equivalence classes of
terms in an assignment motivated by categorical considerations. In particular, MILL proof
nets will provide us with a graphical description of canonical morphisms in a free symmetric
monoidal closed category, where equivalent maps in the category give rise to MILL proof
nets which are equivalent in some sense. This chapter can therefore be regarded as a
solution to the coherence problem in [KMT71], where the difficulty in handling the units
was unresolved. We remark on the existence of an independent Preliminary Report by
F. Lamarche [Lam94] — a more ambitious treatment of proof nets for ILL, including the
additives. Indeed, some of his ideas are evident in this work. (Particularly, the tree
ordering > in §6.3). However, in the time available, I have not been able to make a clear
comparison with Lamarche’s report, especially with regard to the net condition. We will
conclude this chapter with comparisons with the works of Trimble [Tri95] and Cockett and
Seely [CS9Tb].

An in-depth discussion on ILL can be found in Bierman’s thesis [Bie94]. We provide

here a brief restricted overview of the multiplicative fragment only.

6.1 Sequent calculus for MILL

The sequent calculus for MILL is presented in Figure 6.1. As before, finite sequences of
formulae are denoted by capital Greek letters, ', A, ..., while formulae A, B, ... are built
from propositional atoms «, 3, ... by the connectives ® and —o.

As with MLL, we lose nothing if we remove the Exchange rule and assume that I'; A, . ..
denote finite multisets of formulae instead of finite sequences of formulae. We assume this

henceforth.
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Id
al—a( )
IA,B,A+C

——— (Exchange)
T,B,A,AFC

T-A AAFB
I,AFB

(Cut)
kA

4 (I
RIFA(Q) — )

T A,BFC T4 AFB
— (®;) Y@
T, A®BFC I,AFA®B

TFA BAFC I A+ B
_o —
IA—wBAFC 7 TrA—oB

Figure 6.1: Sequent calculus for MILL

Note that we have restricted the usual (Id) rule A+ A to just those on propositional

atoms. This does not affect the logic, and will make easier our formulation of proof nets.

6.1.1 Cut elimination for sequent calculus

There is a cut elimination procedure which removes applications of the (Cut) rule in a

sequent calculus proof to produce a cut-free proof of the same sequent.

Cut elimination in the sequent calculus is a form of proof normalisation. (Indeed it
corresponds to proof normalisation in linear natural deduction, but we omit discussion of
this alternative system). Thus two desirable properties are that it is strongly normalising
(there is no infinite reduction) and that it is confluent (a proof normalises to a unique

cut-free proof, independent of the order of elimination of applications of (Cut).)

Aziom reductions
ARI.

' !

Vs

ala a’A'_B(Cut) reduces to Oé,Al_B-
a, A+ B
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AR2.
F »
iy (Iz) ITr-A (Ir) reduces to T'F A.
: (Cut)
A
Symmetric reductions
SR1.
T 2 3
A AI—B( ) A,B,@I—C( )
® —(®
IAFA®B =  A®BOrC ©
(Cut)
LAOFC
reduces to
T ™3
'HA ABOFC
T2 (Cut)
AFB B,IorC
(Cut).
LAOFC
SR2.
1 T2 T3
F,AI—B( ) AFA B,@I—C( )
— (-0 —0
TFA4—oB X A-—oBAGOFC -
(Cut)
LA0FC
reduces to
T2 T
AFA T,A+B
(Cut) m3
A+ B B, FC
(Cut).
A0FC
Commutative reductions
CRI1.
T2 1 T2
A,AI—B(I) kA A,AI—B(C)
m _ ut
rFA4 AAIFB - reduces to T,AFB
(Cut) —— ()
A I+ B A I-B
There is a similar reduction when the left hand proof ends with (I.).
CR2.
AB,C,AED rtA4 ABCAED
1 ®£) d (Cut)
A AB®CAFD reduces to I,B,C,A+ D
(Cut) (®c).
IBC,AFD I'BeC/AFD

There is a similar reduction when the left hand proof ends with (®).
CR3. . r
AAFC OFD
rt4 AAOFC®D
I,A0FC®D

®R)

(Cut)
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reduces to
rta aaftc
(Cut) T3
LAFC OFD (®r)
®
IA,0FC®D &
There is a similar reduction when A is a left premise of 3.
CRA.
AAFEB COFD
mT1 —Oﬁ)
kA AAB—oC,0FD
(Cut)
I'N'A,B-—-oC,O0FD
reduces to

rt4 AAEB
(Cut) T3
T.AF B COED
TA,B—-C,OFD

(—or).

There is a similar reduction when A is a left premise in 7r3. There is also a similar reduction

when the left hand proof ends with (—o ).

CR5.
w2 1 w2
A,A,BF C 'FA AABFC
m —————(R) .4 (Cut)
I'FA AAFB-oC reduces to A, B+ C
Cut) — — (—op).
[LAFB—oC I'AFB—oC

Bierman [Bie94] defined a “cut rank” on sequent calculus proofs, whereby proofs were
cut-free if and only if they had cut rank 0. He proved that given a proof = of I' - A with
cut rank ¢(7) > 0, one could reduce 7 (using the cut reductions above) to a proof 7’ of
I' - A with cut rank strictly less than ¢(7). Thus any sequent calculus proof reduces to a
cut-free proof of the same sequent.

Any technical discussion about cut elimination requires some measures on formulae

and proofs. We will make use of the following measures.

Definitions 6.1.1 Define the rank |A| of a formula A inductively by

o] = 1

1l = 1
|[A® B] = |A|+|B|+1;
|A— B| = |Al+|B|+1.

(NB : Bierman [Bie94] defined |a| = |I| = 0.)
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Define the depth d(m) of a proof 7 inductively by

0 if m = (Id) or (Igr)
d(m) = d(n') +1 if 7 is a unary rule applied to 7’
max{d(my),d(m2)} + 1 if w is a binary rule applied to 7y, ma.

Define the cut size s(m) of a proof 7 inductively by

1 if = (Id) or (Ig)
() s(r’)+1 if 7 is a unary rule applied to 7’
s(m) =
s(m) + s(ms) if 7 is a binary rule, not (Cut), applied to mq, ms.

s(m) + s(m) +1 if wis (Cut) applied to mp, mo.

Strong normalisation and confluence

We will prove strong normalisation by using a multiset ordering technique, popularised by
Dershowitz and Manna. See [Der82]. Suppose that we are given a partial order > on a

set S. If X and Y are multisets of elements in S, we define the partial order > by

X > Y if and only if whenever z occurs more times in Y than in X, there exists

y > z such that y occurs more times in X than in Y.

A partial order > is well-founded if there is no infinite ordered sequence x; > xo > ... of
elements. It can be shown that > is well-founded if and only if > is well-founded.

Observe that X > X’ if X’ is the multiset obtained from X, either by deleting an
element of X, or by replacing an element y in X with a finite set of elements z1,... ,zg,
where y > x; foralle =1,... k.

Let 7 be a proof with n (C'ut)s, labelled 1 to n. Let m; be the proof within 7 ending with
the ith (Cut), with cut formula A;. Assign to the ith (Cut) the ordered pair (|A4;|, s(m;)).
Define the set C(7) of cut values of w by

C(m) =A{(|A4;],s(m)) |i=1,... ,n}.
We will use the partial order > induced by the partial order > on N x N defined by

m >m', or

m=m' and n > n'.

(m,n) > (m',n') if and only if {

Note that > is well-founded in N x N, and therefore > is also well-founded.

Theorem 6.1.2 Cut elimination is strongly normalising.

Proof Tt suffices to show that if 7’ is the result of applying a cut reduction to a proof ,
then C(m) > C(n'). Under AR1 and AR2, an element in C'(7) is deleted. Under SR1 and
#
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SR2, an element in C(7), namely y = (|A|+|B| + 1, s(m1) + s(m2) + s(m3) 4 2), is replaced
by two elements, 1 = (|A[,s(m1) + s(m3) + 1) and z2 = (|B|, s(m2) + s(m1) + s(m3) + 2),
for which y > 21,22. Under CR1-CR5, an element y in C(7) is replaced by an element
x < y. Therefore, C(m) >§ C(7') under all cut reductions.

Since > is well founded, there is no infinite reduction sequence. Therefore cut elimi-

nation is strongly normalising. |

Theorem 6.1.3 Cut elimination is confluent.

Proof This result follows from strong normalisation and weak confluence. That is, if 7’
and 7' are two distinct proofs obtained by a single cut reduction on , then 7’ and «”
both reduce to some proof o. Indeed, we can immediately verify that permuting two cut

reductions applied to distinct (Cut)s yields the same result. |

6.2 Term assignment for the sequent calculus

The term assignment system presented in Figure 6.2 is due to Benton et al [BBPH92|.
It was motivated by categorical considerations, anticipating that we wish to model MILL
using a symmetric monoidal closed category C = (C, ®, I, —o).

The principal idea is that a proof of the term Ay,... , A, - f : C is interpreted as a
morphism f: 41 ®---® A, — C in C. We will write f : I' — C for this morphism if I" is
the multiset A;,...,A4,. Note that the Exchange rule is immediately absorbed since the
monoidal structure is symmetric.

An application of (Cut) corresponds to composition of morphism. So if f: ' — A and
g: A® A — B are morphisms denoting proofs of I' - f : Aand z: A,AF g : B, then the
composite

reA 2 A0A%B

corresponds to the operation

'Hf:A z:AAFg:B
I'AFg[f/z]: B

(Cut).

Clearly, we wish to identify the tensor in the logic with the tensor ® in C, the unit in
the logic with the unit for tensor I in C, and linear implication in the logic with —o in C.
Naturally, if two distinct terms give rise to two canonical maps which are equivalent in C,
we want these terms to be equivalent as well. This gives rise to the S-equations (6.1)—(6.3),

n-equations (6.4)—(6.6), and naturality equations (6.7), (6.8) listed in Figure 6.3.
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riakFz:a
'Fe:A 2z:AJ/AFf:B
(Cut)
A fle/z]: B
F'Fe:A
I (Ir)
F,x:[l—letxbe*ine:A(ﬁ) Foes T
Mz:Ay:BFf:C 'Fe:A AFf:B
. (®c ®R)
Iz:AQBbkletzbez®yin f:C NAte®f: A®B
'Fe:A z:B,AFf:C z:AkFe: B
(—or) (—or)
I'g: A— B,AF fl(ge)/z] : C ' (Az.e): A—oB

Figure 6.2: Term assignment for the sequent calculus

Moreover, the two naturality equations in Figure 6.3 induce the equations in Figure 6.4,
which we shall refer to as commuting equalities. They assert that (1) and (®,) commute
with various other structural rules at the level of terms.

We further remark that the cut elimination reductions from the previous section trans-
late to the # and naturality equations in Figure 6.3. Most reductions produce terms which
are identical (up to a-equivalence), but AR2, SR1 and SR2 produce the § equalities and
the symmetries of CR1 and CR2 produce the naturality equations. Therefore our system
enjoys cut elimination at the level of terms.

The fact that (6.1)-(6.8) are the necessary and sufficient equalities can be seen in the
following two theorems, found in [BBPH92].

Theorem 6.2.1 (Soundness) Every symmetric monoidal closed category C induces a term
assignment system for which equations (6.1)-(6.8) all hold in the sense that interpretations

of either term give rise to the same morphism in the category C.

Theorem 6.2.2 (Completeness) Given a term assignment system satisfying equalities
(6.1)-(6.8), there exists a categorical model C such that if '+ A is provable, then ' s: A
and I'+t: A are interpreted as the same morphism I' — A in C precisely when s =t: A
is provable via equalities (6.1)-(6.8).

Therefore, our term assignment system on a given set of types can be viewed as an

interpretation of the free symmetric monoidal category on a corresponding set of objects.
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let « be x ine = e (6.1)
letu@uvbez®yinf = flu/z,v/y] (6.2)
(Mz.fle = fle/z] (6.3)

let z be x in f[x/z] = flz/z] (6.4)

let ubez®yin flx®y/z] = flu/z] (6.5)
Ar.fr = f (6.6)

fl(let z be * ine)/w|] = let zbe * in fle/w] (6.7)
fl(let zbexz®yine)/w] = letubez®yin fle/w] (6.8)

Figure 6.3: Categorical equalities for term assignment

(let z be * in f)[e/z] = let z be * in fle/] (6.9)

let ubez®yin (let zbe  ine) = let zbe % in(letubez®yine)  (6.10)
(letube x ine)®f = letube *x ine® f (6.11)

e® (letube * inf) = letube x ine® f (6.12)

fl(g(let uw be x ine))/z] = letu be x in f[(ge)/x] (6.13)

(let w be = in f)[(ge)/z] = letwu be * in f[(ge)/z] (6.14)
Ar.(let ube % ine) = letube * in (Az.e) (6.15)
(letubey®zine)[f/x] = letubey® zine[f/x] (6.16)

let ubez®@yin (letvbep®qginf) = letvbep®qin (letubez®yin f) (6.17)
(letuber®yine)@f = letubez®yine® f (6.18)
e@(letubez®yin ®f) = letubez®@yine® f (6.19)
flg(let ube x @y ine)/z] = letubez®yin f[(ge)/z] (6.20)

(let u be z @y in f)[(ge)/z] = letubez®yin f[(ge)/z] (6.21)
Az.(letubez®yine) = letubez®yin (Az.e) (6.22)

Figure 6.4: Commuting equalities for term assignment
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6.3 MILL Proof Nets

We anticipate that a proof net for MILL should be a graph which illustrates a correct
proof in the sequent calculus for MILL. Moreover, we would like there to be a tight
correspondence between proof nets and the term assignment system provided above, so
that equivalent terms correspond to proof nets which are equivalent, in some sense yet to
be defined.

As with proof nets for MLL, we define a MILL proof net through the intermediary
notion of a MILL proof structure. A proof structure for MILL is, roughly speaking, a
finite directed graph (digraph) with signed nodes. Nodes are representative of types, with
negative nodes, written A~, corresponding to inputs of data, and positive nodes, written

AT, corresponding to outputs of data.

Definitions 6.3.1 A digraph G = (v(G), e(G)) is a finite set of nodes v(G) together with
a set e(G) C v(G) x v(G) of directed edges. (That is, if (X,Y) € ¢(G) then X — Y is an
edge in G.) The size of G is the number of nodes in v(G).
A source of a connected digraph G is a node X for which there is no edge ¥ — X in
G. A sink of a connected digraph G is a node X for which there is no edge X — Y in G.
A path of length n in G is a sequence of distinct nodes Xy,... , X, 41 such that X; —
X;+1 is an edge in G, for all+ =1,... ,n. If n > 0, then the path is called non-trivial.

Definition 6.3.2 A signed digraph is a digraph G equipped with

e a signing function g : v(G) — {+,—}. If Aq(X) = +, then we write the node X
as X1 and call it positive, and if Ag(X) = —, then we write the node X as X~ and

call it negative.

e a subset e*(G) C e(G) of “marked” edges. Graphically, we represent such an edge
by placing a bullet ® at the head of the arrow. (e—)

Definitions 6.3.3 A generalised path in a signed digraph G is a path Xi,... ,X,, in G
such that (X;, X;11) € €*(G) for alli = 1,... ,n — 1. We call e(G) \ e*(G) the set of
generalised edges of G.

A positive node X T is terminal in G if it is a sink in the subdigraph (v(G), e(G)\e*(Q)).

Definition 6.3.4 A MILL proof structure is a connected signed digraph with precisely

one terminal node, all nodes labelled with MILL formulae, built from the following links.
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!
- +
identity link : cut-link : cut
@’ (AT

+ i + I -link :
" ink: (D (unit-link)

—oF-link : —o- -link : A—B

Remark A reference to a node A in a MILL proof structure will be understood to be a
reference to a particular occurrence of a node of type A. If we wish to speak of a general
node of type (or form) A, then we will say so explicitly. Therefore, X # A means that X

and A are distinct nodes, but it is entirely possible that X and A are of the same form.

Definitions 6.3.5 Let G be a MILL proof structure. A negative node X~ is initial in G
if it is either a source of G or it is a node (A —o B)~ for which there is precisely one edge
Y — (A — B)” in G, namely AT — (A — B)~.

Naturally, a MILL proof structure which contains no cut-link will be called a cut-free

MILL proof structure.

Example 6.3.6 Even without terms, one can easily see how a MILL proof structure is

formed by mimicking the structural rules.

ata bl—b( ) ckc (I2)
—(®
whra®b O elFc ©
—O£)
a,b,(a®b) —oc,Itc
(—or)

by(a®b) oc,Ita—oc
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o
Il
\ /
o

(a®b) —~c|
l L
(1]
Jnit

Here, the initial nodes are b~, ((a ® b) —o ¢)~ and I~, and the terminal node is (a — ¢)*.

+

©)

We now seek a net criterion for a MILL proof structure GG. Recall that we want MILL
proof nets to be representative of correct proofs in MILL. There will be two conditions to
check. The first will be

e (G is generalised acyclic, i.e. G does not admit a cyclic generalised path.

We can see that the first condition is necessary by the following example. The follow-
ing MILL proof structure has initial node (¢ —o (¢ ® b))~ and terminal node b, but the
sequent ¢ —o (¢ ® b) - b is not provable in MILL.

Assuming that this first condition is imposed on G, we can now prove the following

fact.

Proposition 6.3.7 Let G be a MILL proof structure which is generalised acyclic. Then
given any node X in G, there exists a generalised path from X to the terminal node Z*
n G.
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Proof Let
A ={X| there is no generalised path from X to Z*}

and

B ={X | there exists a generalised path from X to Z*}.

Then clearly A and B are disjoint, and B is non-empty since Z* € B. Suppose that A
is non-empty. Choose X; € A. Since G contains precisely one terminal node (and it
isn’t X1), there exists a generalised edge X; — Xs for some Xy # X;. We cannot have
X, € B, for then there would exist a generalised path from X; to ZT, so X3 € A. We
can now repeat this argument with X replaced by Xo. So there exists a generalised edge
Xy — X3 some node X3 € A, and hence a generalised path from X; to X3. At the n-th
step, we obtain a node X, 41 such that there exists a generalised path from X to X,4+1
for all £ = 1,... ,n. We cannot continue this process indefinitely because G has only a
finite number of nodes, so eventually we obtain a node X,41 such that X,,;; = X, for
some m < n. But then we obtain a generalised cycle containing the node X,,, which is a

contradiction. Therefore A must be empty. |

Corollary 6.3.8 Let G be a MILL proof structure which is generalised acyclic. Then G

15 generalised connected.

We now define a relation > on a MILL proof structure G which is generalised acyclic.
Given two nodes X and Y in G, we write X > Y if and only if every generalised path
X,...,Z" in G passes through Y. We write X >Y if X > Y but X #Y.

Proposition 6.3.9 The relation > is reflexive and transitive.

Proof Reflexivity is immediate from the definition. Suppose that W > X and X > Y.
If one of these relations is an equality, then we immediately have W > Y. So assume that
W > X and X > Y. Then every generalised path from W to Z* passes through X, and
any generalised path from X to Z* passes through Y. Therefore, any generalised path
from W to ZT passes through Y. So W > Y. [ ]

We are now ready to define the second correctness condition for a MILL proof net.

e Whenever there exists a —oT-node between A=, BT and (A —o B)™", we have
A~ > B™.

We can see that this second condition is also necessary by the following example.

The following MILL proof structure has initial node (¢ — (b ® ¢))~ and terminal node
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((a — b) ® ¢)™ but the sequent a —o (b ® ¢) - (a —0 b) ® ¢ is not provable in MILL.

Aside. As far as I can tell upon a preliminary reading, this second net condition on —o™-
nodes was not mentioned in Lamarche’s report [Lam94], and therefore further investigation
is required to determine the connection between his net criterion in its current form, and

the one provided above.

Definition 6.3.10 A MILL proof net G is a MILL proof structure such that
e (G is generalised acyclic, i.e. G does not admit a cyclic generalised path;

e Whenever there exists a —oT-node between A~, BT and (A —o B)™", we have
A~ > B™.

Observe that the MILL proof structure in the Example 6.3.6 above is indeed a MILL
proof net (as one would hope, since the proof was correct!)

Throughout this chapter, we will often make use of the following facts.

Proposition 6.3.11 Let N be a MILL proof net with terminal node Z+. Suppose that
X > Wi and X > Wy. Then either W1 > Wy or Wy > W7.

Proof Let v be a generalised path from W; to Z*. Then ~ is a fragment of some
generalised path § = X,... ,v from X to ZT. Since X > W, § must pass through Wj.
So either

§=X,... , Wi,... , Wy,...,Z+

or

§=X,... Way... ,Wi,...,Z".
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In the former case, it is now impossible for there to exist a generalised path from Wy to
W for then there would exist a cycle containing Wi and Ws, so all generalised paths from
Wi to ZT must pass through Ws, i.e. Wy > Wh.

In the latter case, we now know that it is impossible for there to exist a generalised
path from Wy to Wa, so by the same argument applied to Wy, any generalised path from
Wy to ZT must pass through Wy, i.e. Wy > Wy. [ |

Lemma 6.3.12 Let N be a MILL proof net with terminal node Z*. Then the reflexive

transitive relation > on the nodes of N defines a tree.

Proof Define the graph T with vertices labelled by the nodes of A such that X and Y
form an edge in 7" if X > Y and there is no W such that X > W > Y.

Fix the node X. By Proposition 6.3.11, the set of nodes {Y | X > Y} is well-ordered
by >, thus forming a unique path X > Y; > --- > Y, = ZT in T. Therefore T is a tree
with root Z+. [ |

6.3.1 Translation from terms to proof nets

We now demonstrate the translation from terms to proof nets. This direction is straight-
forward. The reverse translation, however, requires further work. In particular, we will
discuss the notion of an “empire”, thus enabling us to form an inductive procedure for the

reverse translation.

Theorem 6.3.13 There is a translation procedure Net which takes a proof of the term
T

x1 A,z Ap B f 2 Z to a MILL proof net Net(w) with initial nodes A, ..., A,

and terminal node ZT. Moreover, if w is a cut-free proof, then Net(w) is a cut-free MILL

proof net.

Proof The proof is by induction on the depth of .
The identity z : a - z : « is taken to the identity link &~ — o (which is a proof net).
The axiom F * : I is taken to the node It (which is a proof net).

The translation procedure on the structural rules is presented below.

I'Fe: A
Dz:ITFletzbe x ine: A

(Ic)
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'Fe:A z:AAFf:B
Al fle/z]: B

(Cut)

Le:Ay:BFf:C
Iz:A®BlFletzbex®yin f:C

(®c)

'Fe:A AFf:B
AtFe®f:A®B

®Rr)

'Fe:A xz:B,AFf:C
I.g: A—B,At fl(ge)/z] : C

—or)
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Iz:AkFe: B
'FXze:A—oB

(—or)

The structures constructed by these rules will be MILL proof nets if the triangular frames
are themselves MILL proof nets. It is easily seen that generalised acyclicity is preserved.
In the final case, where we create a —o*-link, we are assuming that the triangular frame
is a MILL proof net with an initial node A~ and terminal node BT, so we immediately
have A~ > BT.

It is also evident that a cut-link only arises from a (Cwt) rule. Thus if the proof is

cut-free, so will be the MILL proof net. This completes the proof. |

6.3.2 Empires

This subsection is purely combinatorial. We stress once again that a reference to a node
A is a reference to an occurrence of a node of type A. If we wish to speak of a general
node of type (or form) A, we will say so explicitly. Therefore, X # A means that X and

A are distinct nodes, but it is entirely possible that they are of the same form.

Definition 6.3.14 Define the level value [(X) = I(X,N) of a node X in N to be the

maximum length of all generalised paths from X to the terminal node of N.

Thus [(X) = 0 if and only if X is the terminal node of N.

Definition 6.3.15 Let N’ be a MILL proof net. The empire ¢(A~) = é(A~,N) of the
negative node A~ in N is the largest subnet of A' with A~ as an initial node. The empire
e(AT) = e(AT,N) of the positive node AT in N is the largest subnet of N with A™ as its

terminal node.

By abuse of notation, we will refer to the nodes of a proof net as the proof net itself. In
context, it should be clear to which we are referring.

Providing an eloquent description of é(A™1) is easy, but for é(A~), the task is non-
trivial. We characterise three sets of nodes related to A~. The first two sets consist
of nodes which sit “above” A~, while the third set consists of selected nodes which sit
“below” A~.
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If A~ is not a —o~-node, we will say that a node X is ill-above A~ if there exists a
non-trivial generalised path X,...  A™.

If A~ is a —o -node, say A~ = (U — V), we will say that a node X is ill-above
(U — V)~ if there exists a non-trivial generalised path X,... ,W,(U —o V')~ such that
W #£UT.

Intuitively, nodes ill-above A~ are those which prevent A~ from being an initial node.
Denote by I1I(A™) the set of nodes which are ill-above A™.

We will also say that a node X is well-above (U —o V)~ if X > U*. Denote by
Well((U —o V')7) the set of nodes which are well-above (U —o V')~. If A~ is not a —o™-
node, we set Well(A™) = @.

Finally, we define
Bel(A™) = {(X —o W)™ | there is a generalised path from A~ to W and X~ € IlI(A™)}.
We will now show that when Bel(A™) is non-empty, it can be well-ordered by >.

Proposition 6.3.16 Suppose that (X1 — W)™ and (X9 —o Wo)™T are distinct nodes in
Bel(A™). Then either (X, — W)t > (X3 —o Wa)T or (Xy — Wy)t > (X1 — Wy)T.
Consequently, there exists a unique (X —o W)T € Bel(A™) of mazimal level value.

Proof We equivalently prove that either W1+ > W2+ or W2+ > W1+ . Given any node
(X o W)* € Bel(A ), we have X~ > W, and the existence of generalised paths from
X~ to A and from A~ to WT. Thus any generalised path from A~ to Z7 is a fragment of
a generalised path from X~ to ZT, and must therefore pass through W, i.e. A= > W™,
By Proposition 6.3.11, we now have either W;" > W, or W,© > W;". n

Theorem 6.3.17 Let N be a MILL proof net with terminal node Z+, and let A be a node
in N.

(a) €(A) is the smallest substructure A closed under the following conditions.
El. Acé(A).

E2. If there exists an identity link between o~ and o, then if one of these

nodes belongs to e(A), then so does the other node.

E3. If there exists a cut link between X+ and X, then
if Xt ee(A), Xt #£ A, then X~ € e(A);
if X~ €e(A), X~ # A, then Xt € ¢(A).

Ej. If there exists a unit link between I~ and X, then if one of these nodes
belongs to é(A), then so does the other node.
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E5. If there exists a @ -link between (X @ Y)~, X~ and Y, then
if (X ®Y)™ €é(A) then X~,Y ™ € é(A);
FX Y €e(A), X #£A#Y ", then (X®Y)™ € &(A).

E6. If there exists a @ -link between X+, YT and (X @ Y)T, then
if (X ®Y)T € é(A) then X YT € é(A);
if Xt ee(A), X £A, then (X @Y)t € é(A);
if Yt €é(A), YT £ A, then (X @Y)"T € ¢(A).

E7. If there exists a —o -link between X+, (X oY)~ and Y, then
if (X oY) €é(A) then XY™ € e(A);
if Xt €é(A), Xt #£A, then (X oY) € é(A);
if Y- €é(A),Y #A, then (X oY) €é(A).

E8. If there exists a —oT-link between Y, (X - Y)T and X, then
if (X oY)+ € 8(A) then X—, Y+ € &(A);
FX YT €e(A), X £A£YH, then (X - Y)*t € &(A).

(b) Suppose that A is positive. Then é(A™) is the largest substructure B containing
all nodes X such that X > AT,

(c) Suppose that A is negative. If Bel(A™) is empty, put (Z')" = Z*. If Bel(A™)
is non-empty, choose the unique (X —o W)+ € Bel(A™) of mazimal level value, and put
(Z"Yt =W, Then é(A™) is the substructure C = e((Z")*) \ IlI(A™).

Proof Denote by Z* the terminal node of A/. Suppose firstly that A is positive.

1. We first prove that A C B, i.e. B is closed under conditions E1-E8 (with é(A)
replaced by B).
Since AT > A", E1 holds.

Suppose that = — o™ is an identity link. We always have «~ > o™ with no distinct
X such that = > X > o™, s0 ™ > A" if and only if = > A™. Thus B is closed
under E2.

In much the same way, we can verify that E3—E8 hold. Therefore, A C B when A is

positive.
2. (BC A) Put p=1I(AT). We prove that
X>AT=XcA (6.23)

by induction on the level value n of X. (Note that n > p.)
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The result is true when n = p, since both AT > AT and AT € A by E1. Suppose
it holds true for all nodes with level value p,... ,p + k, and suppose that ¥ > A*,
I(Y)=p+Fk+1. We have two cases.

If Y is the negative node (X; ® X3)~, then [(Y) = maxz(I(X1),1(X2))+ 1, so I(Y) >
I(X;) for i = 1,2. Since Y > AT, this implies that X; > AT for both 7. By the
induction hypothesis, X; € A for both i. By E5, Y € A.

If Y is not a ®  node, then there is only one generalised edge Y — X. (For example,
Y could form part of an identity link, a cut link, a —o*-link, a ® -link etc.) Then
Y > A" implies that X > AT. Note that I(Y) = [(X) + 1, so in particular, the
induction hypothesis applied to X implies that X € A. By conditions E1-E8, we
deduce that Y € A.

Therefore (6.23) holds for all nodes X > A by induction. Hence B C A, and com-

bining with 1., we have equality.

3. Finally, we prove that A is indeed the empire of AT. It is clear that B = {X | X >
AT} is a MILL proof net with terminal node A™. It is generalised acyclic because
N is generalised acyclic. If (X oY)T € B = A then X~, YT € A by E7. Since
X" >YTin N, wehave X~ > YT in B.

Furthermore, if X ¢ B then there exists a generalised path from X to ZT which
does not pass through A™, so it cannot belong to a subnet with terminal node A™.
(See Proposition 6.3.7.) Therefore A =B = é(A™).

Now suppose that A is negative.

4. We show that A C C, i.e. C is closed under conditions E1-E8 (with é(A ) replaced
by C).

Certainly A~ > (Z')* and A~ & IlI(A"), so A~ € C. Therefore C is closed under
El.

Suppose there exists an identity link o= — «a®. Then o™ > (Z’')* if and only if
a > (2"t and at g I1I(A7) if and only if @~ & I1I(A™). So a™ € C if and only if
a~ € C. Therefore C is closed under E2.

In much the same way, we can verify that E3-E8 hold. Therefore A C C when A is

negative.

5. We prove that

YeC=YeA (6.24)
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Certainly A~ € Cand A~ € Aby E1. If A~ isa —o~-node, say A~ = (U—oV)~, then
Well A7) ={X | X >U'} =¢é(U"). By E7, UT € A. Tt is now straightforward
to verify that all nodes in é(U™) belong to A by induction of the level value of the
nodes. Hence Well(A™) C A.

We can now prove that (6.24) holds for all nodes in é((Z')")\ (Well(A~)UIlI(A™)).
In most cases, if X and Y form a generalised edge in this set, and X € A then
E1-E8 easily imply that ¥ € A. The exception is when Y = (E — X)" is a —o*-
node and E~ € Well(A™) U Ill(A™). But we cannot have £~ € Ill(A™) because
this would contradict our choice of (Z")*. So E~ € Well(A~) C A, and therefore
(E — X)* € A by ES.

Therefore C C A and combining with 4., we have equality.

6. Finally, we prove that A is indeed the empire of A~. It is clear that C = é((Z')™) \
I11(A™) is a MILL proof net with an initial node A, since é((Z')™") is itself a MILL

proof net, and the exclusion of Ill(A~) frees A~ to be an initial node.

Suppose that X ¢ C. If X € Ill(A~) then X cannot belong to any subnet with
initial node A~. If (Z')" # Z*, and X % (Z')" then any subnet including A~ and
X must also include the node (F —o Z')* with E~ € Ill(A), so again X cannot
belong to any subnet with initial node A~. Therefore A =C = é(A4").

We now make some useful observations about empires.

Lemma 6.3.18 Suppose that N is a MILL proof net. If X & é(A") then either there is
no generalised path from X to AT, or there exists a generalised path from X to some node

(E®F)™ or (F ® E)~ such that E~ belongs to é(A") but F~ does not.

Proof By Theorem 6.3.17, é(AT) = {X | X > A"}. In a generalised path Yy, Yy, ... , Yy, AT
such that Y7,...,Y, > AT, the only way we can obtain Yy # AT is if Yy # Y. From this
we deduce that Yo = (Y1 @ W) or Yy = (W ®Y;) with W 2 A". Le. Y| € é(A™) but
W ¢ e(A™).

So if Xo ¢ é(A™), then either there is no generalised path from Xy to AT, or there
does exist a generalised path Xo, X1,...,X,, AT with maximal i such that X; 2 AT, i.e.

X; is a ® -node similar to Yy above. |

Lemma 6.3.19 Suppose that N is a MILL proof net.

(i) If there exists a @ -link between CT, DV and (C ® D)™, then
e(CTyneée(Dt) =a.
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(i) If there exists a —o~ -link between AT, (A — B)™ and B~, then
e(AT)yne(B™) =2.

Proof (i) This follows from the fact that C*, D" > (C @ D)*, with C* — (C ® D)* a
distinct edge from DT — (C'® D)*. Since > defines a tree, é(CT) = {X | X > C"} and
é(DT)={X | X > D*} are therefore disjoint.

(i1) If X € ¢(A™T) then every generalised path from X to Z* passes through A1, and
hence through (A — B)™ as well. So X ¢ é(B"). [ |

Definition 6.3.20 Let N be a MILL proof net. We say that N splits at a cut link
AT — A~ if N is the (disjoint) union of é(A™) and é(A™).

Suppose that A has an initial node (A —o B)~. We say that N splits at (A —o B)~ if
N is the (disjoint) union of é(A™1), é(B~) and {(A —o B)™}.

Suppose that A has terminal node (C' ® D)". We say that A splits at (C @ D)t if N
is the (disjoint) union of é(C'*), é(D*) and {(C ® D)*}.

The following theorem will enable us to complete the translation procedure from MILL

proof nets to terms in the sequent calculus.

Theorem 6.3.21 (Splitting Theorem) Let N be a MILL proof net satisfying the following

criteria.
o N has size greater than 2;
o N does not split at a cut link;
e the terminal node of N is not of the form (X —oY)*;
e no initial node of N is unit-linked to the terminal node;
e 10 initial node is of the form (X @ Y)~.

Then either there exists an initial node (A —o B)™ at which N splits, or the terminal node
is of the form (C ® D), at which N splits.

Proof By assumption, NV will either have at least one initial —o~-node or the terminal
node will take the form (C' ® D)" (or both).

If NV has at least one initial —o~-node, then choose one such initial node (4 —o B)~ such
that é(AT)Ué(B~)U{(A — B)™} is maximal with respect to inclusion. If the terminal
node is of the form (C® D)t and ¢(CT)Ueé(DT)U{(C® D)"} forms a larger subnet of N/
than é(AT)Ué(B~)U{(A —o B)~}, then we will split A at (C ® D)". Otherwise we will
split A/ at the chosen (A —o B)~. Whichever node we have chosen, call this the “splitting

node”.
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We now prove two technical propositions.

Proposition 6.3.22 Let N be a MILL proof net satisfying the conditions of the Splitting
Theorem and suppose that we have chosen the splitting node (C ® D)*. If (E® F)~
is a ® -node such that E= € ¢(CT) but F~ ¢ é(C™T), then there exists an initial node
(G — H)™ such that (EQ F)~ € é(H™).

Proof By assumption, no ® -node can be initial, so (£ ® F')~ is not initial. We prove
this result by traversing up the net, starting from the node X~ = (F ® F')~. There are

three cases to consider.

1. X~ forms part of a —o -link with a node (Y —o X)~. If (Y —o X))~ is initial, then

we are done. Otherwise, repeat this process with X~ replaced by (Y —o X)

2. X~ forms part of a @ -link with (X ®Y')™, say. (The symmetrical case is identical.)
By assumption, (X ® Y)~ cannot be initial, so repeat this process with X~ replaced
by (X®Y)".

3. X~ forms part of a cut link, X — X . This, how-
ever, is impossible. By assumption, N does not split
at a cut-link, so there exists a node (U — V) such
that there exists a generalised path from X~ to V*
and U~ € é(X ™). Since there exists a generalised path
from U~ to (E®F)~, we deduce that (EQF)~ > V.
Therefore E~ > V. But we also have E~ > C™T, so
either V't > C* or C* > V't by Proposition 6.3.11.
The latter, however, is impossible since (C ® D)7 is
the terminal node of A/, so there is “no room” for
(U — V)*. Therefore V" > C*t and hence U~ > CT.

But we know that U~ % C* because there exists a
generalised path from U~ to (C' ® D)" which passes
through F~ ¢ é(C"). This contradicts the second
MILL proof net condition.

L+

Since N has finite size, this process must eventually stop at Case 1, with some initial node
(G —o H)~ such that there exists a generalised path from H~ to (F ® F)~ containing
negative nodes only, i.e. (E® F)™ € e(H™). [ ]

Proposition 6.3.23 Let N be a MILL proof net satisfying the conditions of the Splitting
Theorem and suppose that we have chosen the splitting node (A —o B)~. If (E® F)~
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is a @ -node such that E~ € é(A") but F~ & é(A"), then there exists an initial node
(G — H)~ such that (E®Q F)~ € ¢(H™).

Proof The proof is similar to Proposition 6.3.22, where we traverse up the net starting

from the node X~ = (A4 —o B)~. However, Case 3 requires more care.

1. X~ forms part of a —o~-link with a node (Y —o X)~. If (Y —o X))~ is initial, then
we are done. Otherwise, repeat this process with X~ replaced by (Y —o X) .

2. X~ forms part of a ® -link with (X ®Y') ", say. (The symmetrical case is identical.)
By assumption, (X ® Y)~ cannot be initial, so repeat this process with X~ replaced
by (X®Y)".

3. X~ forms part of a cut link, X+ — X~. By assumption, N does not split at a
cut link, so there exists (U —o V)T such that there exists a generalised path from
X—,...,Vtand U~ € é(XT) (hence U™ € Ill(B™)).

We cannot have VT € ¢(A™), for otherwise U~ > X* and U~ > V7 imply that
XT >Vt > A", But we know that XT % AT because there exists a generalised
path from Xt to Z* which passes through F~ & é(A™).

From this, we deduce that U~ > V' and the existence of a generalised path from
U~ to B~ imply that B~ > V*. Therefore (U —oV)* € Bel(B ™), and in particular,
the terminal node of é(B™), (Z’)", is not the terminal node of N.

We also remark that (Z')" > V' by definition of (Z’)", and therefore

e(AT)Ue(BT)U{(A—oB)"} Ce(VF) Ce((U—oV)T).

Since the terminal node of A is not a —o*-node, it is either a ®-node, (C ® D),

or it is atomic, a™.

Suppose Zt = (C @ D)*. If ¢((U — V)™) C é(C™) then this contradicts choosing
(A — B)~ as the splitting node, since é(CT)Ué(DT) U {(C ® D)*} forms a larger
subnet than é(A*T) U é(B~) U {(A — B) }. We obtain a similar contradiction if
é((U - V)*) Ce(DF).
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If é((U —o V)™) is not contained in either ¢(C*) or é(DV),
then by Lemma 6.3.18, (U —o V)™ passes through some node

(E'® F')” such that E~ € é(C") but F~ ¢ é(C'"), say. By Uyt
Proposition 6.3.22, there exists initial (G’ —o H')~ such that S
(E'®F")~ € ¢((H')"). Either (U—oV)* > &((G')*), so that G,
e((U—oV)T) Ce((G")F), or (U—-oV)T % é((G")7T), in which -
case the existence of a generalised path from (U —o V)T to
(E ® F)~ implies that (U —o V)™ € é((H')") and hence '
é((U - V)t) C é((H")™). Now, we deduce that é((G')*) U ke
6((H")~)U{(G' —o H')~} forms a larger subnet than é(A+)U ]

é(B7)U{(A —o B)" }, which contradicts choosing (A — B)~
as the splitting node. (See figure on the right.)

On the other hand, suppose that Z* = @¢*. Then N must contain a —o -node
(Y —o a)~ attached to the identity link a= — a*. If (Y —o a)™ is initial, then we
must have é((U —o V)*) € é(Y"). But then é(YT)Ué(a ) U{(Y —a) } forms a
larger subnet than é(A*)Ué(B~)U{(A— B)~}, another contradiction. So (Y —oa)~

1s not initial.

We can now perform another trace up the net from the node
(Y —oa)~. The difference here is that the problem of a cut-
link never arises since there is only an identity link a— — a™
beneath the node (Y —o a)~. Since N is finite, the process P(+
stops at step 1., with some initial node (K —o L)~ such that |

(Y —oa)™ € é(L7). Either (U - V)* > Y, in which case \ e

é(U = V)*) C é(Y+) C é(L™), or (U o V)* ¢ é(Y™) in R

which case there exists a generalised path from (U —o V)7 +

to a™ which passes through (Y —oa)~. Since the generalised KY v ]
—~a

path from L~ to (Y —oa)~ consists entirely of negative nodes,
we must have (U — V)* > K, and hence é((U - V)*) C @'
é(K™). In either case, e(Kt)Ué(L™) U {(K —o L)~} forms

a larger subnet than é(A*T)Ué(B~)U{(A — B) }, another @)
contradiction. (See figure on the right.)

So Case 3 is impossible. Since N is finite, we must eventually stop at Case 1, with
some initial node (G —o H)~ such that (E® F)~ € é(H ).
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Proof of Splitting Theorem. Suppose we have chosen the splitting node (C ® D)*.
Suppose there exists a node X ¢ é(CT)Ué(DT)U{(C ® D)*}. Then X ¢ é(C™") implies
that there exists a generalised path from X to a node (F® F)~ such that E~ € ¢(C") and
F~ ¢ é(CT), say, by Lemma 6.3.18. By Proposition 6.3.22, there exists an initial node
(G — H)™ such that (E® F)~ € ¢(H ). But then (G — H)~ is an initial node such that
e(GT)Ue(H™)U{(G—oH)™} forms a larger subnet than é(CT)Ué(DT)U{(C®D)*}. This
contradicts choosing (C® D)™ as the splitting node. Therefore é(CtT)Ué(DT)U{(C®D)"}

must cover the whole proof net.

On the other hand, suppose we have chosen the splitting node (A — B)~. Suppose
there exists a node X ¢ é(AT)Ué(B7)U{(A—oB)~}. Then X ¢ é(A™") implies that there
exists a generalised path from X to the terminal node Z which does not pass through
AT, Also, X ¢ é(B~) implies that there exists a generalised path from X to B~ which
passes through (A —o B)™, and hence through A™.

By Lemma 6.3.18, there exists a generalised path from X to some node (E'® F')~ such
that B~ € é(AT) and F~ ¢ é(A™), say. By Proposition 6.3.23, there exists an initial node
(G — H) such that (E® F)~ € é(H ). But then é(GT)Ué(H )U{(G — H) } forms
a larger subnet than é(AT) U é(B~) U {(A —o B)~}. This contradicts choosing (A — B)~
as the splitting node. Therefore é(A1T)Ué(B~)U{(A—B) } covers the whole proof net. l

6.3.3 Translation from proof nets to terms

Theorem 6.3.24 Let N be a MILL proof net with initial nodes A7 ,... A,
node Z*. Then there exists a class Pf(N') of proofs m in the sequent calculus of the form
21 : Ay, ... xp Ap b f 2 Z, such that Net(n) = N for every m € Pf(N). If N is cut-free,
then every proof in Pf(N) is cut-free. Furthermore, all proofs in Pf(N) belong to the

same equivalence class of terms.

and terminal

Proof 'The proof is by induction on the size of the proof net.

Case 0a. If AV is the node I, then let m be - x : I.

Case 0b. If N is the identity link o= — o™, then let 7 be z: a -z : «.

Now suppose that A is non-trivial and the theorem holds for all MILL proof nets
smaller than .
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Case 1. If N has an initial node A,, = I, say, unit-linked
to the terminal node, then remove this link and consider
the subnet N with initial nodes I'" = A;,... A, | and
terminal node Z*. By the induction hypothesis, there exists
a derivation T' - [+ Z such that Net(m1) = Ni. Now define
T as
T
r+f:.z

(Iz). (6.25)
D,z : It letzy, be x inf: 272

Then Net(m) = N.

Case 2. We can now assume that no initial node is unit-
linked to the terminal node. If the terminal node is a —o™-
node (A —o B)™T, then remove this node and consider the
subnet Ny with initial nodes A7, A, ,... , A,

, and terminal

node BT. By induction, there exists a derivation
2
x: A Ay, ... 10 Ap B e B such that Net(ms) = No.

Now define 7 as

x: Az A, 2, Ay l—ze:B
x1: A1, xn Ak (Aze): A—o B

(—oR).
(6.26)

Then Net(m) = N.

Case 3. We can now assume that no initial node is unit-
linked to the terminal node, and the terminal node is not
of the form (X —o Y)™. If an initial node, A] say, is a
® -node (A® B)~, then remove this node and consider the
subnet N3 with initial nodes A=, B~, A~ = A, ,... , A, and
terminal node Z*. By induction, there exists a derivation
z:Ay:B,A i f : Z such that Net(mw3) = N3. Now define

T as

x:A,y:B,AT—Sf:Z
. (®c).
z:AQB,AFletzbex®@yin f:Z (6.27)

Then Net(m) = N.

A—B

A®B

+
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Case 4. We can now assume that no initial node is unit-

linked to the terminal node, the terminal node is not of

the form (X —o Y)*, and there is no initial node of the o M

form (X ® V). If N splits at a cut-link AT — A~ then v
remove this link and consider th;rs4 resulting two subnetf,ré By +
induction, there exist proofs ' - e: A and z : A, A - f: cut

Z such that Net(my) = é(A") and Net(w;) = é(A ™), with (A o A

I'A=A,...,A,. Now define 7 as v
+

F7|r—46:A m:A,AT—af:Z
DA F fle/z] - Z

(Cup).  (628)
Then Net(w) = N.

Case 5. We can now assume that A is a MILL proof net satisfying the conditions of the
Splitting Theorem. Therefore, either A splits at an initial node (4 — B)~ or A splits at
the terminal node (C' ® D)™.

N Al

Case 5a. Suppose that N splits at an initial node A; =

(A — B)~. Since é(A") and é(B~) are themselves MILL v

proof nets, by induction there exist derivations I' 7& e: A +

and y : B,A i g : Z such that Net(mg) = é(A™), Net(m7) = 1 /B'
5

e(B7),and ' UA ={A;,...,A,} \ {4;}. Now define 7 as

F|—6€:A y:B,Aljg:Z
I'z:A—oB,AFglzely|: Z

(6.29)

(—oc).

Then Net(mw) = N.

Case 5b. Suppose that A splits at the terminal node (C®
D)*. Since é(CT) and é(D7) are themselves MILL proof R

™ 9 iy
nets, by induction there exist derivations I" l—8 e : C and
s
A" F f: D such that Net(mg) = &(C*), Net(mg) = &(DF),
and IVUA" = {A;,... ,A,}. Now define 7 as + +

P e
IMFe:C A'F fD (®R) (6.30) +
IMA're®f:C®D

Then Net(mw) = N.

The collection Pf(N') arises from the indeterminacy of the translation procedure de-
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scribed. For example, Case 1 and Case 3 are interchangeable, or there may be multiple
applications of Case 3. It suffices to consider permuting two cases and looking at their
corresponding terms. Some will be identical (up to a-equivalence), while others will be
equivalent by the naturality equations (6.8)-(6.10), (6.14), (6.16)-(6.22).

It is evident that an application of (Cut) will only arise if there was a cut-link in NV, so
we have defined a translation procedure which takes cut-free MILL proof nets to cut-free

proofs in the sequent calculus. |

6.4 Normalisation of MILL proof nets

Given two distinct MILL proof nets with the same initial nodes and terminal node, it is
natural to ask the question: are the terms they represent equivalent? We now present
a MILL proof net normalisation procedure, for which proof nets with the same normal
form represent equivalent terms. Conversely, equivalent terms will give rise to MILL proof
nets with the same normal form, thus establishing a bijective correspondence between
equivalence classes of terms and equivalence classes of proof nets (i.e. those with the same
normal form). There are two issues to consider. The first is rewiring of the unit nodes I,

the second is cut elimination.

6.4.1 Unit rewirings

Definition 6.4.1 Suppose that A/ is a MILL proof net with a node I~ unit-linked to B ™.
Suppose that the terminal node of é(17,N) is AT # BT. A (single) unit rewiring of I~ in
N is the removal of the unit-linkage from I~ to BT, replacing it with a unit-linkage from
I~ to AT.

Proposition 6.4.2 Unit rewirings preserve the net criterion.

Proof 1t is sufficient to prove the result for a single unit rewiring. Let A" be the MILL
proof net resultant after rewiring the unit /= in A'. Let Y be the terminal node of
e(I-,N") = ¢(I",N). Suppose there is a generalised cyclic path in A'. Then it must
surely involve the node I, so there exists a generalised path from Y+ to I~ in N”’. This
is impossible since there was no such generalised path in . (If there was, there would
have been a generalised cycle in N.)

A —o*-link from B* to (A—B)" to A~ will only be altered by the unit rewiring if there
is a generalised path from A~ to BT passing through I~. In particular, A~ € IlI(I~,N),
and moreover, A~ > BT implies that I~ > B*. So (A — B)* € Bel(I ,N). In particu-
lar, Y* > BT, so in N/ we still have I~ > BT, and hence A~ > B™. Therefore N is a
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MILL proof net. ]

Proposition 6.4.3 Let N be a MILL proof net and let N' be the result of rewiring a
single unit. Then Pf(N') and Pf(N") belong to the same equivalence class of terms.

Proof W.lo.g. we can assume that N' = é(I~) where I~ is the unit to be rewired.

Consider the two proof nets

and

(AsBJ

corresponding to the commutation of (/) and (®%). Corresponding terms are

(let z be x ine)® f and letz be x in(e® f).

which are equivalent by (6.11). The proof is similar for when I~ is attached to A", using
(6.12). Similarly, one can check the commutation of (I;) with each of (—o), (—ox), and
(Cut), corresponding to (6.13), (6.15) and (6.7) respectively. [ |

This means that unit rewirings in a MILL proof net do not affect the terms which
the net interprets. This will be crucial in proof normalisation. But before discussing cut
elimination, we will first prove that the process of rewiring all units is strongly normalising
and confluent.

Consider a MILL proof net AV with n I~ -nodes, labelled 1 to n, or simply denoted
I ,...,I,. For each i, suppose that I,” is unit-linked to BZ.+ and the terminal node of

’n

é(I7,N) is Af. Define the unit rank uw(I7,N) of I, in N by
ulI7, N) = (B, 1(AD).
Then we can define the set U(N) of unit ranks of N by
UWN) = {u(l; ,\N) |i=1,... ,n}.

Observe that if N is the MILL proof net resultant from rewiring the unit 7~ in N,
then u(I=,N") = (I(AT),I(AT)).
The proof of strong normalisation will again call on the standard multiset ordering

induced by the partial order > on N x N, mentioned earlier.

Proposition 6.4.4 If N’ is the MILL proof net resultant from rewiring I; in N, then
either u(I7,N') > u(I;7,N') or w(I; ,N) = u(l; ,N") forallj=1,... ,n.
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~

Proof If j =i, then u(I7,N) = (I(B;]"),1I(A])) > (I(A}),I(A])) = u(I;7,N"). Suppose
that j # 1.

)

If é(1;,N) and é(I;, N) are disjoint, then é(I;,N) = é(I;,N"), since I; cannot
N). So u(l; ,N') = u(I; , N).

link to any node in é(I; ;

0
Suppose that é(I;, V) and é(I;, V) are not disjoint. There there exists a node X in
N such that X > A and X > AJ. By Lemma 6.3.11, either A} > AT or A7 > Af.

2a) Suppose that A = AT = A;’. Then either AT = ZT, in which case trivially,
w(l;,N) = u(I;,N'). So now suppose that A* # Z*. Then A* forms a —o*-link
with a node (W —o A)" such that W~ € III(I;,N), i = 1,2.

Either I, > I, or I, 7 I; . In the former case, ;" is no longer ill-above I, in
N, s0 é(I;, N') includes the node (W —o A)*. Therefore u(I;,N) > u(I; ,N'). In
the latter case, there exists a generalised path from W~ to I which does not pass
through 7; , so W~ remains ill-above I, in N, and therefore u(I; , ) = u(I; , ).

2b) Suppose that AZT" #* A;-". Note that there is no generalised path from I to
I; or vice versa. For suppose that there was a generalised path from I, to I
Then IlI(I;7,N) C II(I;,N). The node A; must form a —oT-link with a node
(U — A;)" such that U~ € IlI(I;,N), hence U~ € IlI(I;,N). If there exists a
generalised path from I;” to Ai+ which passes through I;, then we are back to Case
2a) with A;'r = Aj, a contradiction. Otherwise, there exists a generalised path from
(U —o A;)" to I; in which case we are back to Case 1) with ¢(Z;,\) and é(I; , N)

disjoint, another contradiction.
In particular, rewiring I;” does not alter the set of nodes ill-above I i and therefore
AJ remains as the terminal node of é(I;") in N”. Therefore u(I; ,N') = u(I; , N").

Theorem 6.4.5 The process of unit rewirings s strongly normalising.

Proof Whenever N is the MILL proof net resultant from a single unit rewiring in N,
we have U(N) > U(N") by Proposition 6.4.4. The process terminates when no further

rewirings can be performed, i.e. when U(N”) is a set of ordered pairs (z,z). [ |

Theorem 6.4.6 The process of unit rewirings s confluent.

Proof Following strong normalisation, it is sufficient to prove weak confluence, i.e. if N;

are a MILL proof nets obtained from a single unit rewiring performed I, in N (i = 1, 2),
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with A distinct from N3, then there exists a MILL proof net N’ such that both A/; and
N3 can both be unit rewired to produce N”.

Let A} denote the terminal node of é(I; ,N'), and let I, be unit-linked to B;" in N,
i =1,2. Let ZT denote the terminal node of N.

1)

If é(I7,N) and é(I;,N) are disjoint, then é(I; ,N7) = é(I;,N) (see argument in
Proposition 6.4.4), so u(l, ,N1) = (I(B),1(AY)). Similarly é(I;,N2) = é(I] ,N),
so u(I; ,N3) = (I(By),1(A])). Thus we can rewire I; in Ny and rewire I, in A7,
and obtain the same MILL proof net N’ with u(I; ,N") = (I(A]),1(4])), i = 1,2.

Suppose that é(I;,N) and é(I; , ') are not disjoint. There there exists a node X in
N such that X > Af and X > A} . By Lemma 6.3.11, either A]” > A or Aj > Af.

W.lLo.g. assume that A] > AJ. There are two cases to consider.

2a) Suppose that A] = A* = AJ. Then either A* = Z*, in which case the proof is
trivial — rewiring I;” and I, in either order will produce the same MILL proof net.
So now suppose that AT # Z*. Then A" forms a —o™-link with a node (W —o A)*
such that W € IlI(I;7,N), i = 1,2. Tt follows that there exists a generalised path
from I, to I, , or vice versa, or neither. Suppose that there exists a generalised
path from I7 to I;. (The argument for the case when there exists a generalised
path from I, to I is symmetrical.) Then I7 € IlI(I;,N), i.e. I & e(Iy,N).

N) = (I(BF),I(AT)). If we
rewire I; to produce N7, then é(I, ,N7) will now in-
clude the node I;, and hence the node (W —o A)*.
Therefore, the terminal node of é(I, ,N}) is some
new node Y, ie. u(lr,N1) = (I(By),I(YT)). We
can rewire I, in M) to produce a MILL proof net
N with w(I; ,N") = (I(A"),1(A")) and u(I, ,N') =
(1Y), 1Y ).

On the other hand, if we rewire I, to produce N,
then the terminal node of é(I7,N3) is still AT. Thus
we can rewire I in A3 to produce a MILL proof net
N3. Again, é(I, ,N3) will now include the node I,
and hence the nodes A" and (W —o A)™, so the ter-
minal node of é(I, ,N3) is again Y, ie. u(l;,N3) =
(I(A"),I(Y*)). Now rewire I; in N3 to produce a
MILL proof net N with u(I; ,N"') = (I(A"),1(AT))
and w(I; ,N") = (I(YT),I(Y")). In other words,
N =N".

Initially, we have (I,

70
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If there is no generalised path between I;” and I, , the proof is trivial — rewiring /;”

and I, in either order will produce the same MILL proof net.

2b) Suppose that A} # AJ. Then there is no generalised path from I; to I, or
vice versa. (See argument in Proposition 6.4.4.) In particular, I & Ill(I; ,N), and
I; > Af > Af,so I] € eI, ,N).

Thus, we can rewire I; in N to produce Nj. Then é(I; ,N7) = é(I; ,N), and so
u(l, ,N1) = (I(B5),1(Ay)). Similarly, if we rewire I, in A to produce N3, then A
is still the terminal node of é(I7,N2), so u(Iy ,N2) = (I(B}), 1(A])).

Therefore, we can rewire I, in N and rewire I] in Ny to produce the same MILL

proof net N with u(I;,N") = (I(A]), 1(A])) and u(I, ,N") = (I(A]),1(AS)). This

completes the proof. u

6.4.2 Cut elimination for MILL proof nets

The process of cut elimination will incorporate the process of unit rewirings. In particular,

we will perform all possible unit rewirings before and after each cut reduction. As we have

shown, unit rewirings correspond to commuting structural rules with (1) in a way that

does not affect the terms. This removes any difficulties of removing nodes with a unit

linked to it. Indeed, if the net has been rewired, a node with a unit linked to it should

not be removed at all.

Observe that if I~ is unit-linked to A", where AT forms a cut-link AT — A~, then

the empire of I~ includes the cut-link in question and hence the empire of A~, so I~ will

always be able to slide down the net and is in no danger of being halted at AT,

The reductions are straightforward.

MCL1.

7+ @+ B +

(Az Bt

cut - cut cut

A®BS

(A7 (B Ar (B
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MC2.
+
cut
_
+
cut
_
_
SCI. ]
(a]
@’
cut
(a) o
@+
SC2.

- - +

unit
+

In fact, the only reduction which will induce further unit rewirings is MC2, when there
is a unit I~ linked to BY, with A~ € I1I(I~,N'). If we apply MC2, then B* is no longer

the terminal node of the empire of I—, so I~ will require additional rewirings.

Lemma 6.4.7 Cut elimination preserves the net criterion.

Proof With reductions MC1 and MC2, any generalised cycle in the reduced net would
have to involve one of the two new edges, A* — A~ or BT — B~. W.lo.g assume that
it is AT — A~. Since there was no generalised path from A~ to A" in the original graph,
there can be none such in the reduced graph. Therefore the reduced graph is also a MILL
proof net. We can use a similar argument for SC1. SC2 is trivial once we ensure that
there is no unit linked to the I™ node in question.

It is clear that reductions SC1 and SC2 will preserve all —oT-links, i.e. given a —oT-link
between Y+, (X —oY)* and X —, the property X~ > YT will be preserved after performing
either reduction. Consider reduction MC1. Any —o*-link between Y, (X —o V)" and
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X~ must lie entirely above or entirely below the cut-link (4 ® B)™ — (A ® B)~, for
otherwise we could not guarantee X~ > Y . Therefore all —o*-links are preserved after
the removing the cut-link.

Finally, consider reduction MC2. Let N be the original net and let N/ be the reduced
net. Note that A~ > BT, BT > B~ and A™ > B~ in N are preserved in A/’. Therefore,
given any —o*-link between Y1, (X —oY)" and X~ (with (X o Y)" # (4 — B)™"), the
property X~ > Y in N will be preserved in N’. For example, if X~ > At > B~ >Y ™"
in N then X= > At > B~ > YT in N',orif X= > Bt > B~ > YT in N then
X~ >Bt*>B >Y"t in N etc. [ |

Theorem 6.4.8 Cut elimination, incorporating unit rewirings, for MILL proof nets is

strongly normalising.

Proof The process of unit rewirings terminates, by Theorem 6.4.5.
Suppose that N has n cut links, labelled 1 to n. If the ith cut link is A;" — A;” then
put ¢; = |A;|. Define the set of cut values of N by

CIN)={c¢ |i=1,... ,n}.

(Note that this set is left unaltered by unit rewirings.) Then if one applies MC1 or MC2
to the ith cut link in N, then ¢; = |A| + |B| + 1 is replaced by |A| and |B|. If one applies
SC1 or SC2 to the ith cut link, then ¢; is deleted.

Using the usual well-founded partial order > on N, we obtain the standard well-founded
multiset ordering > on sets C'(N') whereby C(N) > C(N") whenever N is the result of
performing unit rewirings followed by a single cut elimination step.

Finally, we remark that unit rewirings do not create any additional cut-links. There-

fore this reduction process terminates. ]

Theorem 6.4.9 Cut elimination, incorporating unit rewirings, for MILL proof nets is

confluent.

Proof 1t is again sufficient to prove weak confluence. That is, if N7 and N3 are distinct
MILL proof nets resultant from two cut eliminations, then they can both be reduced to a
MILL proof net A/, In the case when neither A7 nor Ny involve further unit rewirings,
this is immediate. Two such cut links will never interfere with each other, so performing
the two reductions in either order will give us the same proof net.

We need only concern ourselves with the case when one of the two reductions is MC2,

with I~ linked to BT and A~ € IlI(I"), for now we may have to perform unit rewirings
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inbetween each cut reduction. It is straightforward to show that performing either reduc-
tion followed by unit rewirings (so that we perform unit rewirings twice) will produce the

same net. We provide an example in Figure 6.5. |

Turbo cut elimination

We can speed up cut elimination by performing several reductions all in one step.

Lemma 6.4.10 Let A be a formula built from the atomic formulae a1,...,a, (n > 1).
(e.g. A=(a1 ® - ®ay_1) —©ay.) Then

e a MILL proof net with terminal node AT contains identity links in bijective corre-

+

spondence with all atomic subformulae of A, i.e. there exist identity links a; — a;

for all i;

e o MILL proof net with initial node A~ contains identity links in bijective correspon-

dence with all atomic subformulae of A.

Proof We prove both results simultaneously by induction on the rank of the formula A.

The result is obvious when A is atomic. A proof net with terminal node a™ must be
the identity link = — a™. Any initial node ¢~ (in fact any node a ) must be attached
to an identity link a= — a™.

Suppose that A = A; ® Ay, and suppose that N is a MILL proof net with terminal
node (A; ® Ay)*. By induction, any proof net with conclusion A; contains identity links
in bijective correspondence with all atomic subformulae of A;, i = 1,2. Since é¢(A]) and
é(AJ) are disjoint, we know that A contains identity links in bijective correspondence
with all atomic subformulae of A; ® Ay. The proof for a MILL proof net with initial node
(A; ® Ay)~ is similar.

Now suppose that A = A; —o A, and suppose that A is a MILL proof net with ter-
minal node (A; —o A3)". Then we can remove this —oT-link and recover the subnet with
initial node A; and terminal node A . By induction, such a net will contain both identity
links in bijective correspondence with all atomic subformulae of A;, and identity links in
bijective correspondence with all atomic subformulae of As. Therefore, N contains iden-
tity links in bijective correspondence with all atomic subformulae of A; —o As. The proof

is similar for a MILL proof net with initial node (A; —o Aj)~. [ |

Lemma 6.4.10 shows that a MILL proof net with a cut-link A™ — A~ will contain
two sets of identity links in bijective correspondence with the atomic subformulae of A —

one set of links lying in é(A™), the other set of links lying in é(A~). Therefore, the sets
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Figure 6.5: Two cut reductions incorporating unit rewirings.
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of identity links are themselves in bijective correspondence. We can simply overlap these
links, and remove all other nodes that built AT and A~.

When dealing with formulae containing occurrences of I, we can use the following
reductions to eliminate the unit nodes, and then apply turbo cut elimination on the re-

maining proof net.

AR :
?+ @+
Ao 1Tt
cut I cut
A |
Ar (r (AT
I oA
+
cut
_
Aol (A+£1I):
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Corollary 6.4.11 (Global rewriting) Turbo cut elimination, incorporating unit rewirings,

for MILL proof nets is strongly normalising and confluent.

Proof Immediate from Theorems 6.4.8 and 6.4.9. |

Proposition 6.4.12 Let N be the result of a single cut link elimination applied to N .
Then Pf(N) and Pf(N') belong to the same equivalence class of terms.

Proof W.lo.g. assume that A splits at the cut link in question. If we apply MCI,
then the corresponding terms are equivalent by equality (6.2). If we apply MC2, then the
corresponding terms are equivalent by (6.3). SC1 follows from the fact that

z:o, Al flz/z]: B

is a-equivalent to z : @, A f : B. SC2 follows from (6.1). |

Definition 6.4.13 A MILL proof net is in (rewired, cut-free) normal form when there are

no possible unit rewirings and it is cut-free.

By Theorem 6.4.9, all MILL proof nets have a unique normal form, and therefore we

can speak of the normal form of a proof net.

Definition 6.4.14 Two MILL proof nets are equivalent if their normal forms are identical.

Theorem 6.4.15 Suppose that N1 and Ny are equivalent proof nets. Then Pf(N1) and

Pf(N2) belong to the same equivalence class of terms.

Proof Tt suffices to prove the result when N3 is the normal form of Nj. The result now

follows from Propositions 6.4.3 and 6.4.12. |

Theorem 6.4.16 Let m and m be equivalent proofs of T' -t : A. Then Net(m) and
Net(ms) are equivalent MILL proof nets.

Proof Tt suffices to check that proof nets induced by -equations (6.1)-(6.3) and naturality
equations (6.7), (6.8) have the same normal forms.

Equation (6.1) arises from AR2. Let the left hand proof be . Then Net(7) looks like
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+
which reduces to Net(n') by SC2. So Net(n) and Net(n') will reduce to the same normal

form and are therefore equivalent.

Equation (6.2) arises from SR1. The proof net of the left hand proof, looks like

which after applying CR1, looks like the proof net for the right hand proof. Therefore the
two nets are equivalent.

Equation (6.3) arises from SR2. The proof net corresponding to the left hand proof
looks like

which after applying SC2 looks like the proof net corresponding to the right hand proof.

Hence these nets are equivalent.

Equation (6.7) arises from the symmetry of CR1:

rta rt4 AAfB
— (1) (Cut)
T.Ir A T.Al A

Cut T T (1.
T.ATF B (Cut) I‘,A,ID—B(E)

S
>
T3
oy

I
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The left hand proof net looks like

which after rewiring the displayed unit, looks like the right hand proof net. So these nets
are equivalent.

Finally, equation (6.8) corresponds to the symmetry of CR2.

I,B,CF A IB.CFA AAED
T (@) - _ (Cut)
I'NBCFEFA AAFD = I,B,C,A+D
(Cut) (®c).
BC,AFD LB®C,AFD
The proof nets for both derivations are identical, hence equivalent. ]

Corollary 6.4.17 There is a bijective correspondence between the equivalence classes of
terms in the sequent calculus with respect to equations (6.1)-(6.8) and the equivalence

classes of proof nets with respect to unit rewirings and cut elimination.

6.5 Comparison with Trimble

Trimble’s multilinear DR-graphs [Tri95] produce a similar proof net system to the nets we
have described in this chapter.

The first notable difference between MILL proof structures and DR-graphs is that
MILL proof structures are representative of multimaps, i.e. several inputs to one output.
DR-graphs, on the other hand, have precisely one input and one output. So while we
can easily translate a DR-graph into a MILL proof structure, a MILL proof structure can
only translate to a DR-graph in which the initial nodes of the proof structure have been
“tensored” together.

The second difference between DR-graphs and MILL proof structures is that DR-
graphs use an exponential notation B“ to denote A —o B. Thus —o~ and —o™ links are

conveyed by the links
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(BY*

N/ /N,

(B

However, we will still refer to these links as —oT and —o™ links, since there is no easy way

to refer to them when there is no visible connective.

Example 6.5.1 The corresponding DR-graph for the MILL proof structure in Exam-

ple 6.3.6 is
(b® claeb)) @ 1)°

(b® cash)” |-
/ unit
b- (claeh) )
(a®b)
ct at \b+
f
/a-
(@

The soundness condition on DR-graphs requires a notion of switching, similar to that
for Girard’s original proof nets. A switching here indicates the selection of one edge (and
removal of the other) in each ® ~-link and each —o™*-link. A DR-graph is multilinear if for

every switching, the resulting graph is acyclic and connected.

Theorem 6.5.2 The MILL proof net condition and the multilinear DR-graph condition

are equivalent.

Proof  Suppose G is a multilinear DR-graph and A is its corresponding MILL proof
structure. If we verify that G is acyclic over all switchings whereby we always choose the
edges Bt — (B4)* for all —o*-links in G, then we are verifying that A is generalised
acyclic.

Suppose that there exists a —oT-link in A/, between B*, (A —o B)* and A~. Suppose
that A~ # B*. Then by Proposition 6.3.18, either there is no generalised path from A~
to BT, or there exists a generalised path from A~ to (F® F)~ such that £~ € é(B™) but
F~ ¢ é(B™), say.

In the former case, consider deleting the edge BT — (A—oB)™. Since BT > (A—-B)™,

this proves that é(B™) is now disjoint from the rest of the proof net. Equivalently, if we
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choose a switching in G which removes the edge Bt — (B“4)T, then the resulting graph

is disconnected. This contradicts the multilinearity of G.

In the latter case, consider deleting the edges (E ® F)~ — E~ and BT — (A — B)™.
Then é(B™) will be disjoint from the rest of the proof net. Equivalently, if we choose a
switching in G' which removes the edges (E ® F)~ — E~ and Bt — (B*)*, then the

resulting graph is disconnected. This also contradicts the multilinearity of G.
Therefore A~ > BT in A. Hence N is a MILL proof net.

Conversely, suppose that N is a MILL proof net with precisely one initial node and
let G be the corresponding DR-graph. (W.l.o.g. we can assume that A/ has precisely one
initial node. If A" has more than one initial node, then attach ® -links so that there is

precisely one initial node. The resulting structure will still be a MILL proof net.)

A generalised path which passes through a node (X ® Y)~ in N passes through either
X~ or Y. Thus the MILL proof net condition encompasses all possible switchings on all
® -links.

Consider a —o™ link between the nodes A=, B*, and (A —o B)* in A/. Observe that

Ar

' is generalised acyclic,

+

if and only if the inner substructure with initial node A~ and terminal node B* is gener-

alised acyclic, if and only if

Ar

v is generalised acyclic.

+
(A—BJ"

Therefore, replacing BT — (A —o B)™ in the set of generalised edges of N with the edge
(A—B)T — A~ does not alter the generalised acyclicity (nor the connectedness) of . To
change such an edge is equivalent to considering an alternative switching on a —o~-node in
the corresponding DR-graph. Therefore, verifying that A/ is a MILL proof net is sufficient
to prove that G is a multilinear DR-graph. |

Thus is would appear that the notion of switching for proof nets in MILL is unnecessary

when using the formulation presented here.
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6.6 Comparison with Cockett and Seely

We also draw attention to a proof net system for weakly distributive categories [BCST96]
(now renamed linearly distributive categories). Since a symmetric linearly distributive
category with linear negation is equivalent to a x-autonomous category, this system models
MLL.

The system has recently been expanded in [CS97b] to model other variants of Linear
Logic, such as Hyland and de Paiva’s Full Intuituionistic Linear Logic (FILL) [HP93].
In particular, this system encompasses MILL. We will make some brief comments about
Cockett and Seely’s system. For clarity of comparison, we will avoid the term “proof net”

and speak only of typed “circuits”.

e The system presented in [CS97b] is motivated by natural deduction.

e A circuit is built from a collection of subcircuits with typed wires. An identity wire
exists for all formulae, not just propositional atoms, so it is necessary to introduce

expansion rewrites as well as reduction rewrites.
¢ A notion of switching is required.

e A circuit is called “sequential” if it represents the proof of a sequent. In the commu-
tative case, the sequential condition is equivalent to a Danos-Regnier condition, but
in the non-commutative case, a circuit satisfying the Danos-Regnier condition may
not represent a proof in the logic. Instead, a “sequentialisation” process is adopted.
In effect, it is a hands-on attempt at constructing a proof from the circuit. There
appears to be no immediate way to see that a circuit is not sequential without apply-
ing the sequentialisation process. As a consequence, a rewrite can only be performed

if the resulting circuit remains sequential.

e There are numerous one-step unit rewirings. In the non-commutative case, this
procedure cannot be globalised, since after each rewiring, one must verify that the

resulting circuit remains sequential.

It would appear that the proof net system presented in this chapter is a specific sim-
plification of the proof circuit system, designed to model MILL. We require no notion of
switching, and rewiring a unit requires only one rewrite. Furthermore, the cut elimination

reductions can be globalised without compromising strong normalisation or confluence.






Chapter 7

Summary

It is hoped that the reader will now be convinced that there are models of MLL for
which we can observe elegant ways of proving full completeness. To summarise, we have
demonstrated two ways of exploiting full completeness in a compact closed category to
derive full completeness in a x-autonomous category.

The glueing construction in Chapter 1 provided us with a series of parallel results to
demonstrate this phenomenon. There was a forgetful functor U : GC — C which enabled
us characterise the dinatural transformations in *-autonomous GC using the characteri-
sation of dinatural transformations in compact closed C. Loader’s work on LLP/GRel
([Loa94b]) motivated this study, but there the interaction between Rel and GRel was not
emphasised. Chapters 3 and 4 applied the same construction to the category of finite di-
mensional vector spaces and a category of Conway games. The evident similarity between
the compact closed full completeness results obtained in Rel and FDVec is itself worth
noting. It would be of interest to identify more compact closed categories whose natural
transformations are merely “permutations on the tensor factors”. From the results ob-
served in this thesis, proving x-autonomous full completeness for the glued category would
almost be a certainty.

In Chapter 2, it was possible (using the category S!) to prove that a dinatural trans-
formation in GRel was the representation of a single morphism in the free x-autonomous
category, as opposed to at least one such morphism. However, I was unable to achieve
this refinement in Chapter 3 — there is no obvious interpretation of the category S! in
GFDVec. As mentioned in that chapter, I believe that GFDVec does satisfy this prop-
erty, having tried a few simple examples. At the time of submitting this thesis, the general
proof has yet to be established.

In Chapter 4, the compact closed full completeness result obtained was not for Joyal’s
category of Conway games and winning strategies, but rather for a restriction to Conway
games with a decomposition and history-free winning strategies. This is perhaps not the
most ideal choice of category, since some properties of the strategies which we might have
hoped would come from the definition of uniformity appears to be built into the category.

Chapter 5 demonstrated another usage of compact closed full completeness. This time,

FDVec existed as a full subcategory of ExChu, and we applied a density argument to
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show that the behaviour of a dinatural transformation in ExChu was uniquely determined
by its behaviour on objects in FDVec. As it stands, many existing full completeness re-
sults, including Blute and Scott’s result for ExChu/RT Vec, currently rely on a restriction
to binary sequents, and it is highly desirable to do away with this. The work presented in
Chapter 5 has no such restriction. I mention here another category of interest. Since Rel
exists as a full subcategory of L, the category of complete sup semilattices, it may be pos-
sible to obtain a full completeness result for L. Since FDVec exists as a full subcategory
of ExChu, I believe these two problems to run in parallel.

Chapter 6 presented a proof net system for MILL. Thus every normalised proof net
was a unique representation of a canonical morphism in a free symmetric monoidal closed
category. At the time of writing this thesis, this chapter appears independent, but the
intention was to tie it in with the previous work. Soloviev [Sol95] has identified a deno-
tational model of MILL in the form of a “test” category of vector spaces. However, his
proof of “full completeness” is highly syntactical and the model remains well above the
levels of intuition. It is hoped that one could prove full completeness using the MILL
proof net system, i.e. a dinatural transformation in the test category induces a MILL
proof net and is therefore induced by a morphism in the free symmetric monoidal closed
category. Moreover, it is not unreasonable to hope that full completeness in an underlying
compact closed structure, namely FDVec, could once again provide us with the means to
characterise the identity linkages for the MILL proof net.

To conclude, I hope that this work has provided some ground in establishing stan-
dard techniques for proving full completeness, in both compact closed categories and

x-autonomous categories.
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