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ABSTRACT

A systematic approach to 2-dimensional quantum field theories with
topological terms in the action is developed using as a mathematical tool
the Deligne cohomology. As an application, it is shown how to bosonize the
action of free fermions of arbitrary spin on a Riemann surface and how to
find the spectrum of the Wess-Zumino-Witten sigma models without recurrence
to modular invariance.

LIST OF TOPICS

- Dirac's monopole : an example of a topological action in quantum
mechanics.

— Line bundles with connections and Deligne cohomologies.

- Cohomology of topological ambiguities in two—dimensional field
theory.

- Bosonized actions for free fermions on a Riemann surface.
- Canonical quantization of the Wess—Zumino-Witten chiral model.

- Spectrum of the Wess-Zumino-Witten model with SU(2) and SO0(3)
groups.

1. INTRODUCTION

These lectures are devoted to one topological aspect of quantum
theory from the plethora of such phenomena which constitute the main topic
of this Institute. It appears in theories which lack globally defined
actions. The simplest and longest known system of this sort describes a
particle in the field of Dirac's magnetic monopolel. In Section 2, we shall
briefly recall how the lack of global action leads to Dirac's quantization
condition for the monopole charge and to other topological effects. This
will be done in the spirit of the so-called geometric quantization2 repre-
senting the quantum mechanical states as sections of a line bundle and will

* Extended version of lectures delivered at the Summer School on Nonpertur-
bative Quantum Field Theory, Cargése 1987.
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serve as a natural occasion to introduce cohomological notions known to
mathematicians as Deligne cohomology to which Section 3 is devoted.

In 2-dimensional field theories an example of a system without global
action is provided by the Wess-Zumino-Witten (WZW) model discussed by
Witten in his paper3 on non-abelian bosonization. Its study was the main
motivation for our interest in models without global action. Another system
in this category is the free (euclidean) field bosonizing fermions of arbi-
trary spin on a Riemann surface#. In Section 4, we shall discuss path inte-
gral quantization of 2-dimensional field theories without global actions
on a general 2-dimensional surface using the Deligne cohomology as a mathe-
matical tool. We shall see how the relation of path-integral and canonical
quantizations gives rise to natural appearence of line-bundles with connect-
ion over the loop spaces of manifolds of field values and to a "stringy"
generalization of the notion of parallel transport. In Section 5, the
general theory is applied to the bosonized version of free fermionic
theories on Riemann surfaces. Section 6 studies with details the WZW model
with fields taking values in a simply connected group G . We show how rich
symmetries of the classical models give rise to the left-right action of
the Kac-Moody group in the space of states of the quantized model repre-
sented by sections of the line bundle over the loop group of G . This
action decomposes into irrgducible representations whose spectrum conjec-—
tured by Gepner-Witten in - is found explicitly for G = SU(2) . Section 7
treats the complications appearing in the case of non-simply connected
groups on example of S0(3) model. We find again the result coinciding
with the Gepner-Witten spectrum derived originally from the SU(2) ome by
postulating the modular invariance of the partition function of the model
on the torusS.
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2. TOPOLOGICAL ACTIONS IN MECHANICS

We start by discussing the case of quantum mechanics where the topolo-
gical ambiguities may appear when we attempt to realize Dirac's or Feynman's

6,7 in topologically non-trivial backgrounds. The

quantization programmes
geometric aspects of this well known phenomenon will be briefly recalled
here. Classical mechanics is usually formulated with the help of Lagrangians,
but what really enters the classical equations of motion are specific com-
binations of their derivatives only. To be more concrete, consider a par-
ticle moving in magnetic field described by vector potential A(X) . The

action on the trajectory x(t) is given as
%mf}?zdt + e [RdxX (1)

whereas the equations of motion involve only magnetic induction B
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In other words, the action contains integral of l-form n = eA-dx along
the trajectory, whereas the equations of motion involve only 2-form

w =dn = % eB-dZ AdR .

It is possible to consider classical systems involving a 2-form
which is closed but not exact. Such is for example the case for classical
particle moving in the field of magnetic monopolesl’8 and, to make the
problem more interesting, infinitely thin Bohm—Aharonov9 solenoids carrying
magnetic fluxes. Away from the singularities at the monopole locations and

flux lines, the magnetic induction defines 2-form

i i
3 .. X=X .
w = % eB.dx Adx = % T ep s et g dgk (3)
o . . == 3
o i,j,k=1 |X—Xal

. - .
where M, are charges of monopoles located at points X, + @ 1is no more
exact (vector potentials for magnetic monopoles have singularities along

Dirac strings).

Lack of global form n such that ®w = dn , although no complication
on classical level, obstructs the passage to quantum mechanics, where,
following Feynman, we should sum the probability amplitudes given as expo-
nentials of (i times) the action over all the trajectories. In some cases
however, a global action can still be defined for closed trajectories
modulo an ambiguity in 27Z removed by exponentiation. This situation
has a nice geometric interpretation : the (topological parts of) the proba-
bility amplitudes are the loop holonomies in a line bundle with a hermitian
connection of curvature w . For open trajectories, the parallel transport
in the bundle leads to 'probability amplitudes" which are no more complex
numbers but rather linear maps between the line bundle fibers, but they
can still be used to define complex valued probability amplitudes between
states represented by sections of the line bundle. That the wave functions
should be bundle valued can also be seen from the fact that an important sub-
algebra of classical physical quantities can be naturally represented by
differential operators acting in the space of sections of the line bundle
so that the Poisson bracket corresponds to (i times) the commutator, rea-
lizing Dirac's quantization programme. This is one of the main construct-
ions of geometric quantization which provided an effective tool in the
theory of unitary representations of groups (obtained by quantization of
classical group actions carried by orbits of the coadjoint representation
of the grouplo). Later, we shall develop some of the concepts of geometric

quantization in the infinite-dimensional context of two-dimensional field
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theories. Here we shall present the elements of the line bundle theory11
in a cohomological language, specially useful in view of the later dis-

cussion.

Suppose that we are given a hermitian line bundle L over a (smooth)
manifold M . If {Oa} is a sufficiently fine open covering of M then

by taking normalized sections S, of L over Oa , we obtain U(l)-valued

transition functions on non-empty intersections Ou o = Oa n Oa :
. 071 0 1
Sy = 8y 4.5, °+ (8, 4 ) form a 2-cocycle, i.e.
0 01 1 01
8y a. - 8a a-l > 8 a8ia, ~ 8o, OO Ou a o, ° (4)
0’1l 170 01 172 02 012

A hermitian connection on L can be locally described by real l-forms
n, on Oa transforming by the gauge transformations

1 -1
n =1 +=g dg on 0 . (5)
1 Pag0y 00y o0
The curvature of the connection corresponding to (na) is the real closed

2-form on M equal on each oa to dna .

If we choose other sections E; = x;lsa of L where X, are u(l)-
valued functions on Oa then we obtain equivalent local data (Egoal,ﬁ&) :

~ ~ -1

gaoal " gaoulxalxao

. 6)

~ 1 -
= + = .
”Ct na 1 XU. dXCX

Conversely, the equivalence class [(g ,na)] of local presentations

a0

0’1
defines the line bundle with connection up to isomorphism (projecting to
identity on M) . In particular, L can be taken as the set of elements
(a,%,2) 5, X € Oa , 2 € El , with the identification of (ao,x,z) and

(al,x,gaoal(x)z) if x € anal . If {Oa} has the property that all

Oa o are contractible, we may identify the isomorphism classes of the
0%

line bundles equipped with hermitian connections and classes

q = [(g >N )] .
0.00.1 [0}

From the cohomological point of view, the latter are the elements of

the cohomology of a homomorphism of sheaves12 Fb

% d log 1 7
U(l)M —_— QM

where U(l)M is the sheaf of local smooth U(l) wvalued functions on M

and Qb the sheaf of local smooth real l1-forms on M . For a general
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complex of sheaves of abelian groups

d0 d1 a_,
F.—> F, —=... P25, | (8)
0 1 P
d;ed; ; =0, and open covering {Oa} of M consider groups CE = Cp(Fi)
of Cech p—cochains with values in Fi . Elements of CE are families
P- P P . P
c; = (Ci,u o ), {0 ...0 € Fi(oa L ) , antisymmetric in indices
0°""p 0" p 0" p
uo,...,ap . The éech coboundary sP . C? > CE+1 ,
p+l
(Ped), o =z YL (9
0" "%+l q=0 LSRR}
a
q
From the bi-complex of abelian groups
;la/ 4 pL
—C > i —
GPJ/ L (10)
pt+l p+l R
—C i+
we may derive the diagonal complex
Dy
—2E, ——E ; — (11D
where
E, = & cb (12)
k . i
(i,p)
i+p=k
and for j+q = k+1
@, (), NI = (1) LTy yilg g (13)
k" Ti7i+p=k’ " j J j-173-1

The cohomology groups of the complex Fﬁ of sheaves (8),
ker Dk

Im Dk—l

Kl
]1'1 GFM) = . (14)
More exactly, they are given by the inductive limit of the right hand side
of (14) over the finer and finer coveringsof M , as usually in Cech coho-
mology. Notice that our local description of isomorphism classes of line
bundles with hermitian connection on M identifies them with elements of
1,1
HfED) .
M
Given a local presentation (ga N ’na) of the bundle and a loop
071
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¢ S1 +M in M , we may express the holonomy P(¢) € U(l) corresponding
to ¢ (given by the parallel transport around ¢ ) in the following way. We
break S1 into a union of intervals b with common points v so that

¢(b) Oa , see Fig. 1. We also choose for each v an a, s.t. Vv € Oa .

Then b v
*
P(¢) =expli z [ ¢n 1T g (o(v))

b { % v % %?

v v
expliZ f¢n 1 T g (s¢v)) (15)

= i n g v
bb % v,b %

vEdb
where on the right hand side the convention is implied which inverts

g;la (¢(v)) if v inherits from b negative orientation (i.e. v is
v b

the starting point of b ). In cohomological language, ¢ allows to pull
* ~
back any element q E]HI(}FA}{) to an element ¢ q €]I-11(H:11) = U(1l) and
S

P(¢) realizes the last isomorphism. Of course, the right hand side of (15)
does not depend of the choice of triangulation of S1 , the assignments

a, ,0. or the representative (g sN. ) of q . This is no more true if
b’ v uoal a

we apply the same formula to ¢ : I M where I 1is a closed interval

[Vi’vf] . Then the right hand side of (15) depends on a, and o and
i £
*

ov) ® Lo

giving the parallel transport along ¢ in bundle L which maps fiber

transforms under the change of this data as an element of L

L¢(v ) into fiber . Thus eq. (16) describes the parallel transport
i

L
¢(ve)
in L along both closed and open curves. We should also notice, that
although defined for parametrized curves, it does not change under orien-

tation preserving reparametrizations of them.

The knowledge of the curvature of the connection fixes the holonomy
of the contractible loops. More generally, if ¢ : L >+ M where I is a
2-dimensional compact oriented manifold with the boundary composed of

loops (82)i , see Fig.2, then
*
I P(ef )=exp[i [ ¢ w] (16)
i (3z); T

where w 1is the curvature form.

Given a real closed 2-form w on M , we may wonder whether
there exists a line bundle with a hermitian connection of curvature w .
This is the case if and only if the integrals of « over 2-dimensional
closed surfaces in M are in 2 7Z (that this is a necessary condition

is easily seen from eq. (16)). In the cohomological language this means
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that the element [w] € HZ(M,IR) defined by w should be in the image of
Hz(hLZ MZ) . We shall call such w integral. The cohomology group

Hl(M,U(l)) acts freely on ZHIGFh) sending [(g ,na)] into
%%
[(A ,n )] for (Aa a ) being a cocycle defining an element of
0 1 01 0’1
H (M U(1)) . The orbits of this action are exactly the sets Q(M,w) of

isomorphism classes of line bundles with hermitian connection of curvature

® . Thus Hl(M,U(l)) enumerates the elements of non-empty Q(M,w)

Coming back to our example of the particle moving in the field of mag-
netic monopoles and flux lines, the integrality of the form ® given by

eq. (3) is equivalent to Dirac's quantization condition of magnetic charge

eu, € %-Z . (17)

If this condition is satisfied, the possible choices of line bundle with
curvature  differ by holonomies of loops surrounding flux lines. For
small loops these holonomies become eie where % ® are the magnetic
fluxes carried by the lines. These holonomy differences are seen in the

13’14) although they are ignored

quantum probability amplitudes ( 6 vacua
by classical trajectories of the particles which is the essence of the

Bohm-Aharonov effect.

Another important topological effect appears in the relation between
classical and quantum symmetries. If D is a diffeomorphism of M pre-
serving ® , it is a symmetry of classical mechanics. It does not have to
give rise to a symmetry of quantum mechanics. One of the obstructions may
be that the pull-back of the line bundle L with connection of curvature
w by D can be non-isomorphic to L . If this is not the case, e.g. if
Hl(M,U(l)) =1, then D can be lifted to an isomorphism D of L (pro-
jecting to D ) preserving the hermitian structure and the connection. For
connected M , the lift is defined up to multiplication by elements of
U(1) . If G 1is a group acting on M by diffeomorphisms preserving w
liftable to L , we obtain an action on L of a central extension G of
G by U(l) . This action, in general,gives rise only to projective repre-
sentations of G on the space of quantum mechanical states. The parallel
transports P(¢) transform covariantly under 1iftab1e maps, P(Do¢) = ﬁP(¢)
(the right hand side which is an element of LD(¢(V ) ® L
depend of the choice of the lift D of D)

D(¢(vf)) does not

For the particle moving in the field of a single monopole of charge
u , the classical mechanics has SO0(3) as the symmetry group which lifts
to an action on L only for integer pe . For half-integer pe , it lifts

to the action of SU(2) on L and gives rise to a projective represen-
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tation of SO0(3) on the space of quantum states : half-integer magnetic

charges carry half-integer spins15

Similar discussion applies to infinitesimal action of Lie algebras on
M and L .

In certain cases, manifold M can be extended to a complex manifold
Mm and curvature form w to a (2,0) holomorphic form o on ML o1e
may be convenient then to extend line bundle [ with hermitian connection
of curvature w on M to a holomorphic line bundle Lm with holomorphic con—
nection with curvature mc and to consider quantum states extending to

holomorphic sections of Lc . Isomorphism classes of holomorphic bundles

with holomorphic connections may be identified with elements of ]Hl(Alm)
where Aﬁc is the sheaf homomorphism M
% l-d log
1 1
0 8 (18)

A
ue F
*
with 0 C denoting the sheaf of local holomorphic nowhere vanishing funct-

ions on Mm and ApE the sheaf of local holomorphic (p,0) forms on Mm .

Groupsiml(Alm) are known as Deligne cohomology (of degree 2), see16. More
»n )

a0, o

are holomorphic nowhere vanishing

explicitly, elements of IHl(Nim) are given by classes of (g

-1 1 -1

modulo (x. Xx. , = X. dx.) where g
C!l 0.0 1 (¢ [0 CIOOL1

functions on Ou N satisfying (4), n, are holomorphic (1,0) forms on
01
Xy satisfying (5) and X, are nowhere vanishing holomorphic functions on

Oa . Parallel transport along path in Mm is defined again by eq. (15)
*
(the holonomy takes values in € now). Let Qa(Mm,wm) denote the set of

w €1H1(A}¢) with curvature w@ . Again, Qa(Mm,mc) # ¢ if and only if wm
M

%
is integral and for such wm s Hl(M,m ) acts freely and transitively on
a ME C
Q (M™,w™)

The gain from extending M to Mm may be the richer symmetry group.

3. {0} and w given by the magnetic

For example, in the case of M =R
induction of a monopole sitting at the origin, we may take

MG = {; € ¢3|;2 ¢ 1-»,0]} . This allows to represent SO(3,C) in the
space of holomorphic sections of Lm . In Appendix 1, we give an explicit
local representative of the holomorphic monopole line bundle Lm over ME

3

which restricted to R~ ~ {0} reproduces the monopole bundle with hermitian

connection.

3. TOPOLOGICAL AMBIGUITIES IN 2-DIMENSIONAL FIELD THEORY.

In 2-dimensional field theory, closed 3-forms play similar role as

closed 2-forms in mechanics. To consider classical equations of motion, we
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need to know the action locally and only up to an integral of the derivative
of a 1 form. Such an information is available if we start from a closed
3-form <y and define (a part of) the local action by taking integrals of
local prime 2-forms of <y . On the quantum level, however, one needs the
global action to be well defined modulo 2w Z . To achieve this, we shall
employ again the cohomology of sheaf complexes. Consider complex Hﬁ

l d log

uw, f——a —~>Q§1 (1)

M
and its second cohomology group IHZOFﬁ) . The elements of ZHZ(Eﬁ) are

equivalence classes of systems (g s N »w ) such that g
%%1% %% % %%1%
are U(1l) valued functions on Oa a (multiplicatively) antisymmetric
17273
in indices o. , 7 = -7 are real l1-forms on 0 o and w are
i an%y ajan ag%q a

real 2-forms on Oa s.t.

B 0 By o ByoaBaaa SloOm O L, @)
01003 Ogly 0y 0g% Gy 0% %) 0%1%2%3

1 -1
n -n +n =<g g on 0 s 3
0.10.2 (100.2 0.0(11 1 (100.10.2 OLO(X.]-CtZ aoulaz
w -w = dn . (4)
Cll oco otoal

The equivalence is defined modulo systems

-1 1 -1

(x, . X, ., X s MM+ E X dx , —dm ) (5)
a0, 000, tagay ay o 1 Tagey Tageg o
where Xo o, = x_l are U(l) wvalued function on Oa o and T, are
"1 *“1% o*1
real 1-forms on Oa . A class w = [(gaoalaz,naoul,wa)] defines uniquely

a closed 3-form y on M equal to dwq on each Oa . We shall call vy
the curvature of w and denote by W(M,y) the subset of ZHZGFa) of

elements with curvature equal to vy .

If ¢ : 2> M is a map of a connected compact oriented manifold
without boundary into M , then, pulling back wE€ ]Hz(FFﬁ) , we obtain an
element ¢*w E]HZGFé) T U(l) . To realize the last isomorphism explicitly,
let us triangulate I by 2-cells c¢ , l-cells b and vertices v in such

a way that ¢(c) < 0 » ¢(B) c 0 , o(v) €0 for some assignment
o, oy oy .
G0y 50 - If w-= [(gaoaldz’naoal’w“)] , then ¢ w 1is represented by the

number A(¢) € U(1) ,

*
A =explif [ ¢w -iz | ¢*na L1 m e, GO, 6)
cc c b,c b b’c v,b,c vbc
bcae vEJb
bcoe
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compare expression (2.15) for the loop holonomy in the line bundle case.

In (6), Ib is performed with the orientation of b inherited from c¢ and
8y o (¢(v)) should be inverted if v inherits the negative orientation

from ¢ via b . The right hand side of (6) is independent of the choices

of the triangulation of I , of the assignment a5 and of the repre-

50,
sentative of w (in any covering). It is also invarigntvunder the compo-
sition of ¢ with orientation-preserving diffeomorphisms of I . We shall
call A(¢) the amplitude of ¢ and interpret it as the exponential of

(i times) the global action of ¢ as it is built of integrals of local

prime forms of the curvature Yy of w and of correction terms.

As in the case of the holonomy of line bundles, amplitudes A(¢) are
partially fixed by curvature Yy . If B 1is a 3-dimensional compact oriented

manifold with boundary 9B composed of connected components (BB)i , then
. *
I AGHD ypy )= expli [ ¢7Y] . (7)
i i B

Witten used (7) to define probability amplitudes in the Wess-Zumino-Witten
chiral sigma model where a part of the action is given by a closed but not
exact 3-form, see Section 5. More general definition (6) was introduced in
[17]. It makes sense also for maps ¢ : £ - M which do not extend to B

such that X = 3B . Similarly, in the line bundle case, the curvature did

not fix the holonomies of non-contractible loops.

From relation (7), it follows easily that w € W(M,y) exists only if
integrals of Yy over closed 3-dimensional surfaces in M are in 27 Z
or, in the cohomological language, if [y] € H3(M,]R) is in the image of
H3GM,ZHZD i.e. if y 1is integral. It is not difficult to see that this
is also a sufficient condition. Moreover, similarly to the case of line
bundles with connection, HZ(M,U(I)) acts freely on ]quﬁa) sending

[(g M ,wa)] into [(Aa ,wa)] for (A

g >N )
%™M1%2 %% , 20%1%2 %o%1%2 %% “0*1%2
representing an element of H"(M,U(1)) , the orbits coinciding with sets

W(M,y) for different integral closed 3-forms vy .

In the case of line bundle, P(¢) , as given by eq. (2.15), defined
also the parallel transport along open paths. The natural question arises
as to whether (6) possesses a meaning for ¢ : Z > M where I 1is a
2-dimensional surface with boundary (being a union of loops). This leads
us to the consideration of the loop space LM of all smooth maps from
S1 -» M . LM , with the topology of uniform convergence with all derivatives,
possesses a natural structure of a (Fréchet) manifold [18] to which we
shall refer below. An element w EIHZGFﬁ) defines naturally an isomorphism

class Q of line bundles with hermitian connection over LM . We shall
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describe a local presentation (G ) of Q for an open covering

E
’
Aot B

{UA} of LM constructed as follows. Choose an open covering {Oa} of M
and a triangulation of S1 by intervals b meeting at points v . Choose

additionally an assignment NPT such that the set

6 : 8 > M[o®) 0, oM O Y=U #0. ®)
b v
UA for various triangulations and assignments o0, cover LM . For
g=U, Nnu, = , where U comes from a triangulation of S1 by
AO A1 AOA1 Ai
intervals bi and vertices Vi and assignments a; ,ai , 1=0,1,
i i
consider the triangulation of S1 by non-empty intersections b = b0 n b1
and vertices v of either triangulation. Put qg = ag s ql = a; . For a
b 0 b 1
vertex v of the new triangulation, set qg = ag if v = v and
v 0
a_ = ag if Vv 1is an interior point of interval bO otherwise. Similarly
v (0]
define qi = ui or a; . The transition functions of the line bundle
v 1 1
defined by a system (g sN ,w ) are given by
an0y 0y oy T e .
ag ol ol
. * v b —
Gy o (8 = explil fo'n o |1 T - CIC)) 9
o™ b5 o o  v,b 80 01
EF _ _ Ot_(X_U._
vE b v b b

The connection l-forms E, on UA are defined by their action on vectors

X, tangent to LM at loop ¢ . X, is a vector field on ¢ (i.e. a

¢ * ¢
smooth section of ¢ TM) .
KLES = [ o ®Jo )+ I X, ()N (8(v)) (10)
, = w v v)) .
ATy e gy 0 %%
v € db
A somewhat tedious but straightforward check shows that (GA A ’EA)

01
describes locally a line bundle with hermitian connection over LM . If we

change (gaoalaz,naoal,wa) by system (5) then (Gaoal’EA) changes by
-1 1" -
(KAlKAo , I-KAldKA) where K, are U(1) wvalued functions on UA defined by
*
K, (¢) =exp[-i I [ ¢ m 1T x, , (GO0 (11)
bb b v,b v'b
v € 3b

Thus eqs. (9) and (10) define a map

2 .2 1,1
L :H (FM) -»H (}FLM) . (12)
The curvature Q of Lw is related to the curvature y of w . More

exactly



[ = * e
<X X3,0> {;1 ¢ (x¢ | x¢1y) (13)

for X¢,X$ € T¢LM . Thus L maps W(M,y) into Q(LM,Q) .

If line bundle L 1is obtained by identification of triples (Ao,¢,z)

and (A,,9,G (4)z) for ¢ € U , then the fibers of L over loops ¢
1 AOAl AOA1
and ¢' differing by an orientation preserving reparametrization of S1

are canonically isomorphic : such a reparametrization sends U, onto U

A Al
where A' corresponds to image triangulation of S1 and
G (¢) =G,,,,(¢") . Similarly the fibers of L over ¢ and ¢' differ-
Aoty Aot

ing by an orientation changing reparametrization of S1 are naturally dual
one to another. The fibers of L over constant loops ¢O are canonically
identified with Gl by choosing local representatives (A,¢0,z) of their

elements with A defined by a constant assignment of a's .

Now let ¢ : L > M , where I 1is a connected, oriented 2-dimensional
compact manifold with boundary composed of loops (82)i (parametrized by

Sl) . A triangulation of £ such that ¢(c) < Oa , o¢(b) c Oa ,
c b
¢(v) € Oa for some assignments of o's induces triangulations of the
v
boundary circles with (restricted) assigments of a's s.t. ¢r(32) lie
i

in the correponding UA 's . For such I , the right hand side of (6) is
i

no more triangulation and o-assignment invariant. Instead it picks up a
factor I GA A (¢[kaz )) if we change the latter. Thus eq. (6) defines
i Y171 i
0
A(¢) as an element ? L¢F(32)i

transport in L . If we use in eq. (6) an equivalent representative of w ,

, generalizing the notion of the parallel

then its right hand side changes by factor 1 K, (¢r(32) ) , i.e. trans-
i “i i
forms by the isomorphism of bundles L obtained from equivalent cocycles.

If D: M>M preserves the curvature form y of w , it may, but
*
1.I1If Dw=w, then

need not, preserve w except when HZ(M,U(l))

the induced map LD : LM - LM , LD(¢) = Dop 1lifts to an isomorphism Lb
of line bundle | associated to w . ﬂb may be canonically defined up

to isomorphisms of | locally represented by U(l) valued functions KA
_1 -

arXa o, Xa o T L "o Mo ¥ %'Xa al dxa o, 05

172 7072 07’1 0 1 071 0’1

dr =0, i.e. isomorphisms multiplying each fiber [, by the holonomy of
a

of eq. (11) with Xy

¢ in a flat hermitian line bundle over M defined by (X;la ,-na) « In
172

particular, if M 1is simply connected, the lift LD may be canonically

chosen in a unique way. In that case actions of groups of diffeomorphisms

of M preserving w Llifts canonically to bundle L . The amplitudes



A(¢) of eq. (6) transform covariantly
A(Do¢) = LD A(9) - (14)

Notice that the right hand side does not depend of the choice of lift LD
since the multiplication in L by holonomies of flat bundles over M

leaves A(¢) invariant due to relation (2.16).

Again, similar considerations apply to infinitesimal actions of vector

fields on M , i.e. Lie algebras of vector fields on M .

If Mc e , where e is a complex manifold and Y extends to
holomorphic (3,0) form YE on Mm , we may consider classes

[(g ,wa)] EIHZ(Agc) (the Deligne cohomology of degree 3) where
M

n
>
(e e ) aoonl

07172
AC C is the sheaf complex
M
% 1 d log 2
0 ————-—>A — A C (15)
T e M

and dwy = Ym (denote by Wa(Mm,Ym) the set of such classes).

wa(MG’Ym) # @ if and omly if YE is integral and HZ(MG,G*) enu-—

rates its elements in such case. For w € wa(Mm, YE) , (9) and (10) define
a holomorphic bundle Lm over LMG with holomorphic connection of curva-
ture ot , a holomorphic (2,0) form on LME defined by (13) with Y
replaced by YE . The isomorphism class of Lm is an element of
Qa(LMm,QE) which depends only on w . The amplitudes A(¢) defined by
eq. (6) for ¢ : I > Mm are now in E* for I without boundary and in

8 Lmr for 9I composed of loops (BZ):.L . Holomorphisms D of Mm

oI (%),
whlch preserve w , induce maps LD of LMm lifting to isomorphisms of

*
Lm . If D 1s an antiholomorphism of M then D w is naturally an ele-

ment of ZH (AMG) , where A2¢ is the complex

M
L d1l

P I B

0 C A C A

M M M
- - - — * —

So is -w represented by (g,~n,-w) . If Dw=-w , LD lifts to an

T (16)

antisomorphism of Ik

4. BOSONIZED ACTIONS ON A GENERAL RIEMANN SURFACE.

As the first application of the abstract theory of the previous
section, we shall consider the definition of (euclidean) probability ampli-
tudes for (euclidean) bosonic fields defined on a general Riemann surface
% and corresponding via bosonization19’4’20 to fermionic fields b,c on

¥ with spins 1-) and A respectively, X € %~Z . I 1is equipped with
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a metric g 1in local complex coordinates given by g _ dzdz . The metric
zz

connection turns the bundle K_1 of holomorphic vectors a g% over L

into a line bundle with hermitian connection of curvature R satisfying
[ R = 21(2 genus - 2) . D)
Z

Fermionic fields c¢ are sections of a line bundle L over I with her-
mitian connection of curvature -AR and fields b are sections of
K @ L—1 (K is the bundle of holomorphic covectors on I ). The metric g
and (isomorphism class of) L encode the geometric information needed to
define the free euclidean field theory of fields b and c¢ (and their
complex conjugates) with the action
[ bdz Ve +c.c. (2)
Z z

This is the only information about the fermionic system that we shall use.

Bosonization reexpresses the functional integral of fermionic fields
bsc and their complex conjugates by a functional integral of bosonic
field ¢ on I with ¢ GZRJ%-Z . In order to represent correctly the con-
formal and fermion number anomalies, the euclidean action of ¢ should

have besides the standard free field part 4mi [(3¢p)(3p) a term
z
(2x-1)i IRw . Unfortunately, the latter term is ill-defined on a Riemann
z
surface of genus g > O as there are smooth field configurations with no

smooth real valued ¢ . What is well defined, however, is the real 3-form
y = (1-2))R do 3)

on M=232 X]R/%-Z . The additional term in the action tries to integrate a
globally non-existent 2-form w s.t. Y = dw over the 2-dimensional sur-

face
L3 g ¢(8) = (5,0(8)) € M. (4)
As vy 1is integral,

anY = 2 (1-20)2n(29-2) € 2 Z %)

the global action can still be defined up to an ambiguity in 2w Z , as we
know from Section 3. For that, we shall have to choose w € W(M,y) which

we shall do in a special way.

Let us consider first a 2-form C% -\)R on I . This is a real closed
integral form so that there exists a line bundle over I with hermitian
connection of curvature (% -A)R  (the isomorphism classes of such bundles
form a 2g-dimensional torus, the Jacobian). We shall construct a natural

map 1 which assigns to classes of bundles with curvature (%——A)R elements



of W(M,y)
1ot Q(Z,(% -MR) > WM,y) . 6)

It is in fact defined by a cup-product operation on the cohomologies of

sheaf complexes, but we prefer to give a more down-to-ground definition.

.

Let (g

- ’na) represent q € Q(Z,(% -A)R) on an open covering
0’1

{Oa} of I . Let {Oé} be an open covering of the circle ]R/%—Z such
that there exist smooth functions ¥g Oé +R s.t. @ = ms(w)+ %-Z

. _ 1 . . i '
Notice that wsl QBO € 5 Z . Consider the covering {O(a,B) Oa x 08} of

M . Order arbitrarily indices o . Set

“(a,8) T A-20R g @
n = 2(p, =9, In if a, <o, , (8)
)Z(wBZ«oBl)
g = (g if oy < oq < a4 9)
(ao,so)(al,ﬁl)(az,sz) A%y 0 1 2

It is easy to show that [(g(aO’BO)(al’Bl)(GZ’BZ)JkaO’BO)(ul’sl),w(a’s))]

depends only on q = [(ga o ,na)] and defines 1q € W(M,y) .
071

Given w = 1q and a map (4), we may define the amplitude A(¢) by
eq. (3.6). The class q may be chosen in a specific way as the isomorphism
class of bundle K_l/2 8 L where K1/2

bundle with hermitian connection s.t.

is a spin bundle, i.e. a line

Kl/2 2] Kl/2 is isomorphic to K .

L 1is the line bundle carrying fermionic field c¢ . Indeed, the curvature
of K1/2 is - %—R and that of L 1is =-AR so that the curvature of
Kfl/zﬁ L is equal (% -A)R , as required. Let us denote the amplitude of

¢ corresponding to this choice of q by A -1/2 (¢) . Its definition
K 8L
uses more geometric input that the fermionic theory which we bosonize :

namely the isomorphism class of a spin bundle, i.e. a spin structure. We
can get rid of this extra input by averaging the amplitude over the spin
structures. Let us do this with the weight O(Kl/z) which is the parity of
the spin structure, i.e. =1 to the dimension of the space of sections of
Kl/2 anihilated by covariant antiholomorphic derivative dz VE . The com-
plete probability amplitude of the field & = ¢(§) = (&, @(g)) , with the

standard free field term included, is

S exp[-4mi [ (30)(3p)] = c(Kl/z)A -1/2

I [K1/2] K oL

It is clear that it uses as geometric input, besides the metric g , only

4) . (10)



the isomorphism class of line bundle L with hermitian connection, i.e.

the input of the fermionic theory.

Let us cut the surface I along the homology basis a; b., i=1,...,9,

meeting at one point,reducing the surface to the polygone Z o> see Fig. 3.

For (smooth) field @2 +GR/— , let us choose a smooth version
®: I >R of it (i.e. @(&) = (p(g) vz . Denoting by P the
c 2 K-1/28L

holonomy in K_l/2 ® L , it is easy to see using the definitions (3.6),

(2.15) and (7) to (9) that

2 fdp
(23 g bi
A _ (¢) = expl(1-20)i [RP] T P _ (a.)
K12 gL I, il K 12g, 1
11
-2f do¢
- P (b,
K26, 1
This shows that (10) reproduces the bosonic field amplitudes defined by
Alvarez-Gaumé et al. inzo. From eq. (10), it is clear that e_s(w) is

defined intrinsically, i.e. if D 1is a diffeomorphism of I then

e‘S(W°D) = e_s'(‘p) (12)

where, if S corresponds to metric g and bundle L over I then S'
does to D*g and D*L. In the work of Alvarez-Gaumé et al.zo this required an
explicite check of modular covariance of expressions defined with the use

of a marking of the Riemann surface I .

5. WESS-ZUMINO-WITTEN QUANTUM FIELD THEORY.

Wess—Zumino-Witten (WZW) model3 is another two-dimensional field
theory where part of the action is defined by integrals of the local prime
forms of a closed but not exact 3—-form vy . Fields take values in a compact

Lie group G and
Y = e tr(g ldg)’ (1)

For concreteness, we shall first consider only the case of G = SU(2) and
its complexification Gm = SL(2,C) with (3,0) holomorphic form YE given
by the same formula. y and ym are integral if and only if k €Z . As
the mapping g - g_1 changes the sign of k , we shall limit ourselves to
k €N . In Appendix 3, we give an explicit local representative

(g s ,w ) of class w € Wa(GE,Ym) which restricted to G defines
%o%1% %% ¢

an element of W(G,y) . Since H (G ,C ) = H (G,U(1)) =1, these classes

are unique.

In the euclidean Wess—Zumino-Witten model on a Riemann surface I ,



the field configuration is amap g : £ > G , or more generally g : I > Gm.

Eq. (3.6) allows now to define a part A(g) = Az(g) of the probability
amplitude of field configuration g coming from Yy . It is a non-zero
complex number, of modulus one if g takes values in G . The other part
of the amplitude comes from the standard action of the chiral o-model. The
complete amplitude is

e 528 = exp[%% £ tr(g_lag)(g_Lﬁg)]AZ(g) )
and defines global euclidean action Sz(g) up to 21iZ . In (2), we have
chosen the special value of the coupling constant of the chiral model, which
renders the combined model conformal invariantB. Since every mapping g
from % to SU(2) can be extended to a map E : B > SU(2) where B is
a 3-dimensional compact oriented manifold with boundary 09I then due to
eq. (3.7), we may rewrite (3) as

S exP[%g tr(g lag) (g ) + ;—‘2‘?1{ er@ ) (3

Let us start with some formal considerations. In quantum field theory,
we shall have to calculate functional integrals given formally as

-Sz(g)
[F(g)e D.g (4)
e

n
where F(g) are functionals of g , e.g. F(g) = 1 g

j=1
is the Haar measure on the group IG of maps from % into G .

(£.) , and D_g
aJBj J X

If I = Pml , the functional integral (4) may be given an interpre-
tation in operator formalism. Consider the space of smooth sections ¢ of
line bundle | over LG associated to (a representative of) the class in
w(G,y) . pct

D is the opposite one. Formal examples of sections y are provided by

= Gl U {«} = D0 UD_  , where DO is the disc |z| <1 and

functional integrals over fields defined on D0 with boundary values fixed:

-SDo(g) -1
Vp(h) = [ F(g e a(graD h )by g (5)
DG o o
=S, (8)
where e © is defined by (2) with I replaced by Do and takes
values in Lgr . We may consider formal scalar product of states
defined as 3D,

If we set 6g(z) = g(é) then it is easy to see that for g : D >G (in

any trivilization)



;:ESZTET i e-SD«feg) . N
Let Fl’FZ be functionals of g : I = pel » ¢ depending only on fields
on D . If we denote (OFI)(g) = ?;T§§7 then formally
=S5 (g)
z(f;(OFl)(g)Fz(g) e D.g

s (g) -
D6 (g by 0 D) 8 )
Io) )

J D h( [ (6F(g,) e
LG S DG

SDo(g )

- f Fylge ° 8(g,5p h_I)DD g,)
DG o o

5p

- (go) -1
D gh( [ Filge "o 7 élg, Iy b Dy g)
o o

LG S° DG
o

Sy (8.)

_ ] .
'(DIGFz(go)e ° 6(goranoh )DDogo)

g v ) @)

This shows that the left hand side should be positive for Fl = Fz which

is the physical positivity condition for the WZW model on Riemann sphere.

Notice that the formal definition (5) may be rewritten as

_SD (ggh)
vp(h) = DIGF(ggh) e © G(glaDo)DDog 9)
=h .

where is a fixed map from D0 into G such that

&h
Independence of the integral of the choice of & follows from the right

ghrano

invariance of the Haar measure DD g . If A is a finite set, then the

the Haar measure DAg on AG (i.S8. the set of maps from A to G) pos-
sesses a richer invariance : for F an analytic function on AGC and

g' € AGm
JF(gg")D,g = [F(g)D,g - (10)
AG AG
If we assume this invariance still to hold formally in infinite dimensional
case then for F analytic functionals on D0G¢ , (9) still makes sense for

h € LGm and defines formally a holomorphic section of bundle Lm over

LGm .

The above formal considerations motivate the choice of space Fa(Lm)
of the holomorphic sections of Lm as the space of quantum states of the
WZW model. Below we shall show that this space carries a natural represen-

tation of a pair of Kac-Moody algebras su(2) with central charge k



(arising by geometric quantization of the classical symmetries of the
theory). We shall decompose this representation into irreducible components

recovering the spectrum of the latter conjectured by Gepner and Witten in5.

Classical WZW theory possesses an extraordinarily rich symmetry : its
classical (euclidean) equations of motion are a(g—lﬁg) =0 and if gl(gz)
is any (anti-)holomorphic map with values in Gm then the transformation
g - glgg;1 maps local classical solutions into new ones. On the quantum

level, this becomes the Kac-Moody symmetry.

It will be important to study this symmetry on the group level rather
than on the level of Lie algebras. To this end, we shall first introduce
group fbm which is the central extension of loop group LGm by C* . It
appears naturally when we lift the classical symmetries to the symmetries
of bundle Lc following the rules of geometric quantization. Here, we
shall construct directly the final product. As a space, LGm = Lm = Lm ~

zero section. To describe its multiplication law, let us notice a basic
-S

property of the WZW amplitudes e z , known as Polyakov formu1a21. If I

is a Riemann surface with boundary, g,h : I » Gm . hraz =1, then

-Sz(gh) —Sz(g) —Sz(h) Fz(g,h)
=e e e

e an
where

ro(g.n) = 2% [ tr(g Y3g) (hon™h) . (12)
Notice that e is a complex number since the fibers of L~ over

constant loops are canonically isomorphic to El . Thus (11) is an equality

of elements of @ Lg [(82) . It is easily proven by comparing the
1 i

t-derivatives of both sides along a homotopy ht fixed at 03I between

h and 1 . All what is needed is the formula for the derivative of the

~S5(g)
global action e over t wvalid in any trivialization if
2] .
R gt[az =0
d ik -1 %8 -1
Fra SZ(gt) = -5 gtr (g EE—) 8, 3 8 - (13)
g
We proove a generalization of (13) admitting any S?EFaz in Appendix 4.
The multiplication law in Lm is defined by
-5 (g) -s. (g,) =S, (g,8,)-T, (g,,8,)
2 b
Gpe Do yiGue Do 2y =g, e Do 12 DL (14)
1 2 172
where g; ¢ D, +~Gm » 1 =1,2 . That the definition is correct and defines
T

group operation in LG , follows easily from Polyakov formula (11) and

the basic property of I‘Z
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rz(gl’gz) = I‘Z(gl’gzg3) - Tz(glg29g3) +rz(gzag3) . (15)

*
C can be embedded into the fiber of Lm over the constant loop 1 . This

way we obtain the exact sequence of groups

*
1-~>C —>L/E;¢+LGE->1 . (16)

U on Gm . For

Consider the antiholomorphic involution j : g+ g
wew@ b,
jw=-w a7n

since both sides have the same curvature. The involution Lj of LGm

lifts canonically (G is simply connected) to an antiholomorphic involution.
We shall use symbole éT for the image of é € Lm under it. The involution
transforms covariantly the probability amplitudes
-S,.(g) -s.(gh

z )f - e z

(e (18)
and is antimultiplicative, i.e.

~ .A -r - A+.AT

(81°8,)" =38,°8; - (19)
The set of points g of LGm s.t. é* = é_l is the set of vectors of

~
length one in line bundle L over LG . We shall denote it by LG . Due
to (19), the multiplication does not lead out of LG . This way we get a
central extention of LG by U(1)

1>0(1) 16 +>LG+1 . (20)

Central extensions (16) and (20) depend on k . For k = 1 , we obtain the
so—-called universal one . The extensions for higher k can be obtained
from the universal one by division by Zk .
Space Fa(Lm) of holomorphic sections of Lm carries two commuting
representations £ and % of ﬁém defined by means of left and right
multiplication. If gl,éz € ﬂbm projecting to 81:8, € LGE and if
v € I‘a(Lm) then
(181 (g,)v) (8) = él-w(gilgg;—l)-éz . (21)

+
Denote by LiGm = L the subgroups of LGm composed of boundary values

+
of holomorphic maps of D0 into Gm . L™ can be also considered as sub-

~e 2 -5, (2) R s, (8)
groups of LG  composed of elements e O s, €L , and e "®
-5, (8) _
i.e. elements dual to e @ , g €L . Notice that for constant loops
_ s, (g) S, (g)) -S.(g )
g, forming oL , e Do™’s ¢ Dm0 since e L7 1 so that they

A -
lift to the same element of LGm via L7 and L defining an embedding

A -
of Gm into LGm . The Lie algebras of 1" and L7 are spanned by

120



% iojzn ,n>0 and %-iojzn » 1< 0 respectively where Oj are the

Pauli matrices. Define

Y (22)

and

=i, _4d h]
¥ = @ le=o (e wo. (23)

Straightforward computation based on eq. (14), see Appendix 5, shows that

Jikgk %-maJla . (24)

sy 2
[Jn’Jm] L n+m n+m,o0

k
The same relation holds for J's . This shows that our representation of
) I
LGE X LGm
commuting representations of the su(2) Kac-Moody algebra with central
23

in Fa(Lm) becomes on the level of Lie algebra a pair of

charge equal k

N N
The representation of LGE X LGG , defined somewhat ad hoc, becomes
quite natural if we represent states in Fa(Lm) by formal functional inte-

grals (5). Indeed, it is easy to see that formally, for 81289 eLt

R(gl))t(gz)w,; = va (25)
where
' = -1 "'_1
F'(g) = F(g; gg, ) - (26)
Besides, in the formal scalar product (8),
t - + T _ +
2(g)" = 2(0gy) , 1(gy)’ = 1(6gy) . 27
The action of LY x LY together with rules (27) determine the representa-
tion of ﬁbm X ﬁém . On the algebraic level, eq. (27) becomes the unitarity
rule23
+ — T —
Ao 4 FA o4
n -n n -n

Tt in r2aY.

To this end, we shall search for lowest weight (LW) vectors in Fa(LE) s

We would like to reduce the representation of ﬁb

the building blocks of the LW subrepresentationszz. By definition, the
LW vectors are states ¢y satisfying
-2j, _ -2i,
2(g)r(gy)v = a; a, ) (29)
' 3 0 3 O .

for g;,g, €L , g (0) = (* aIl) > 8,(0) =( % a;1) . 31»3, are the
left, right (iso-)spins of the LW vector ¢ , O S_jl,j2 € %—Z: . On
constant loops g,

-s. (g)
W(g) = v (g e o ° (30)

121



where wo is a holomorphic function on Gm . Due to (18), eqs. (21) and

(14) imply that for any 81289 e’

(g el) = [L(g 8, (0 Hnleye, () Hvl(ee])

- -1
= (g,8,(0) ) (g, (g, (1) (g, T g])
1.
-SDo(gng) .

v, (g, (g, () e (31)

ay 0 a, 0
On the other hand, using constant loops 810 =\ % a--1 s 850 = _1),

we obtain from (29)
- -23, =2j
-1+l 1- 92
Relation (32) means that vy is the LW vector for the left and right
regular representation of G 1in holomorphic functions on Gm . Now, the
standard result says that the left and right spins of ¢0 have to be equal

and wo is unique up to a factor. Indeed, (32) implies that

2j; _2]

+ 2
¢0(g10g20) =a a, wo(l) . (33)
Since for a # 0
la b (‘a o)/1 0+ {1 o/Z 0
= _ — = b Y N 75
( c La4be ¢ al (—h— 1 ‘E- 1/\% a 1)
a a — a
\a
Cnf that . = 3. =3 df _ (a b
we infer that j; =j, =j and for g =|_
A
b (g) = a"v (1) - (35)

Summarizing, LW vectors ¢ in Ta(Lm) , see eq. (29), have to have
equal spins jl = j2 = j and then, for 8128 e’ s

) ¥
Sp, (&182)

w(glgg) = const atd e (36)

where gl(O)g2(0)+ =( i : ).

By the Birkhoff theorem 22, chapter 8, loops of the form glg; > 818 e’
form an open dense set in LGE . Hence eq. (36), for each j , may have
only one solution ¢ € Fa(Lc) , up to a multiplicative constant. We shall
see that such a solution exists if and only if j 5.%-. The proof of this

fact is a variation of the proof of Prop. 11.3.1 of ref.zz.

Let us consider the action of LY x L% on LGm given by g glggg .
We want to describe the orbits of this action. First consider the orbits

+ + . + + *
of N xL in LGG where N = {gl €L | gl(o) =( * 2

} . As proven
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in 22, Section 8.4, these orbits are of the form

enL_ 37

Nt
n
z (0] T
where e, = € LG 5

0 z "
+ ot + -1
N =N Nel e"”, (38)
and LI = {g € 1t g0 =1} .

Relation (37) follows from the splitting

Ly, (39)

N =N neLTe
n n n

elementary to prove. Another elementary splitting is

+ =1 _ o+ -

enLlen = NnNn (40)
where

- - +_1

N =N NelLe 41)

- - x %
and N ={g €L : g(») = (0 *)} . (42)

Since U, = enLIL_ is an open (dense) set in LGm containing e,
and

_ + -1 - - -

Un = (enLlen )enL = NnNnenL . (43)

we see that the codimension of I_1is the dimension of N_ = 2n-1, n >0 .
n n -2n , n< O
Another important information we shall need is that
U X
|m|<n m > A >0
Un ~ En c . (44)
u 2 JUz , n<o
m -n
|m|<n

This is an easy consequence of the discussion in 22 , Chapter 7.3. From
the Hartogs theorem it follows that if ¢ 1is a holomorphic section of Lc
over ZO u 21 = UO U U1 then it extends to a holomorphic section over
IgUZy Ui =U,U0 UU_, since I_; is a complex submanifold of the
latter set of codimension > 1 . By induction, ¢ can be continued to a
global section of Lm . To see when (36) defines a global section, it is

then enough to study when it extends from ZO to Zl .

1 0
. _ 1 - =
Consider loops fCn = cz_n . , c€C ,n=1,2,... . fCn € Nn
and f, is a general element of NI . If ¢ #0 then
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n

n z —\+

z 0 1 c 0 c ) + 45)
1 n = 81cn82¢n

e
cn n -n 1
c z 0 e z

\
where 8lcn €N and 85cn € L" . We shall need to know the asymptotic

-5, (g .8%.)
behavior of e Do “len®2en when c¢ - O . Notice the singularity in
/ n  z%2"-1
z c
81cnB2en _n (46)
c Z

where c¢ - O inside D0 . Using formula (A.4.6) for the derivative of

action SZ (see Appendix 4), we infer that in any local trivialization

. - a(g, gl ) -1
d + .y _ _ ik +71 -1 len®2en’, +7F -1
dc SDO(glcng2cn) T2 £ tr a(gZ(mglcn oc €2cnflen
o
3 T
a(glcng2cn) + o) (47)

where 0(1) contains the boundary terms which are regular when c¢ =+ O as

glcg;c is regular on SDO . Integrating by parts in (47) and using the

-1 - —
+ 1 + _ + . . .
fact that B(gzcng len B(glcngzcn)) (o] (glcg2c is a classical solutiomn),
we obtain

E)(g.r_lg-1 )
d + _ ik 2cn®len’ + +
dc SDo(glcngZCn) T o2m 3£ tr 3c 8(glcng2cn) + 0
o
= -2 40w . (48)
Thus
_SD (glcnchn) kn

e O =c = 0() (49)

In order to study the holomorphicity of LW state Y satisfying (36)
+ +
on U1 s we+decompose each element of U1 as glfc1 €18y » where 81 € N1
and ) € L . According to (43), this is a unique decomposition. Now for
c#0
tot
Sno(g1g1c132c1g2)

+ 2j
w(glfclelgz) = const. a3 e

) ¥
2j sDo(glcngCI).g+

const. a’~ g‘e 2 (50)

where a 1is defined by

0l

o)gz(‘”“(i ).

Clearly (see (49)), the right hand side of (50) is analytic at c = 0 if

0 -
(glglc132clg§)(0)= gl(o)(
C

and only if j 5.% . Thus in this and only this case ¢ , as given by (36)
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extends by continuity to a unique holomorphic section of Lm . From (36)

it is obvious that ¢ restricted to DS satisfies (29). We still have

to check this for the extension of ¢ to the whole loop group. Any element
g € LGG ~ Zo may be written as glengg for 81289 € Lt (orbits of

L+ x L~ on LGm are of the form Zn U Z_n) . Hence g may be approximated
by elements glfcneng; € Zo . Thus (29) follows by continuity. Notice that

for |n| > 2,

ty o ogs +
w(glengz) = iigl w(glfcnengz) (51)
+
. -kS_ (g, g, )
= const. lim angl-e D0 len®2en "8y = o, (52)
cro

so that LW state ¢ wvanishes on U I . If the spin of the state is

K ln|>2
less than 5 then ¢ vanishes also on 21 and 2_1 .
The spectrum of the LW vectors found here : left-right spins equal

1 k
,5,1...,5
spectrum conjectured by Gepner and Witten in5 . From the general Peter-

taking values O with multiplicity one, coincides with the

Weyl type theory for the representations of the Kac-Moody groups24 it fol-

AN
T LGE restricted to the subspace of

lows that the representation of e
the so-called strongly regular states decomposes into the direct sum of

LW representations built on the vectors just described. We do not know if
the strongly regular states are dense in Fa(Lm) . (This is however plau-

sible as there are no highest weight vectors in Fa(Lm)) .

The formal candidates for our LW states are provided by functional
integrals of type (5)

8.2j -sp (g) -1
= &}
v () DIG N(g(o) ° ) e s(graDoh N (53)

o
o

8 2j
where N(g(0) S 7) stands for a normal ordering of the symmetric tensor

power of matrix g(0) . Such normal powers are produced from point-splitted
expressions by a limiting procedure with an appropriate multiplicative
renormalization. How this works in details is described by the operator
product expansions or fusion rules [21,5] which we discuss, from the pre-

sent point of view, in [25].

6. SO(3) WESS-ZUMINO-WITTEN MODEL

In the previous Section, we have studied the canoncially quantized
WZW model with a simply connected compact group G taken to be SU(2) .
Here, we shall examine the new topological aspect appearing if G 1is not

simply connected : the presence of twisted sectors in the space of states
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To make the discussion free of group-theory complications, we shall take
G to be SO0(3) and will denote by G its simply connected cover SU(2)
and by Gm its complexification equal SL(2,L)/ z, . 3-form Y (Ym) on
G (Gm) given by (5.1) is integral if and only if k is an even integer
(the volume of G 1is half that of T ) . As before, we may take k
positive. A representative of a single w € Wa(Gm,Ym) whose restriction
to G defines a single element of W(G,Yy) (H2(Gm,m*) =1= HZ(G,U(I))) is
given in Appendix 3. The loop space LGm has two components, Lon of
contractible loops and LtGm of twisted loops, which lift to curves in

G whose ends differ by -1 . Line bundle LmrL Gt = Lg may be identified
o

with Tm/ ZZ where TE is the line bundle over Lﬁm (recall that

A

Zﬁc:ﬁm c Lﬁm c Lm) . Thus Ia(Lg) may be identified with the subspace
FaN N

szen(Tw) . Since the action of LEm x LGt on Fa(Lm) commutes with -1 ,

we obtain its representation in Fa(Lg) whose LW states correspond to

even LW states in Fa(IE) , l.e. to integer spins

. . k .
i1 =1 5_7- appearing
with multiplicity one. i
We still have to study Lmr = LE . We shall define left and right
oy C L .G

actions of LG on L_ (again Y fixed completely by the rules of geo-

t
metric quantizations of the classical symmetries of the theory). This
. . . . ¢S BRCY I a, T .
actions gives rise to a representation of LG x LG in T (Lt) . Classi-
fying the LW vectors for this representation, we shall recover the spec-—
trum of the model derived originally by Gepner and Witten from the one for
the SU(2) case by use of the modular transformation properties of the

characters of the su(2) Kac-Moody algebras.

zl/2 0

2—1/2

- (8 T _ C
ZZ € L G . Clearly, LtG = LOG e

t 1/2 °

Let e = (
1/2 0

We shall represent elements of LE by probality amplitudes of the WZIW

model. Let D' ={z €D ||z] <2} . s, ={z€D ||z] =2} Ts. Let
¢ ® - 2 '
g : D » G be such that grs = ey - Let ¢ € Le . Then
2 1/2
SD' (g) SD'( ) =S, (g)
e 7% (e "8 js dual to e ° ) may be naturally considered as
an element of LngD and every element in Lg can be described this way.
o
: C
. \J = = =
If g ¢ D ~G , glfaD& graD; , then &1 gh where hran; 1.
We want to compare fe ~® and fe % . Two cases may arise. If h
lifts to h : D! » E¢ s ﬁPSD' = 1 , then there exists a homotopy ht s.t.
h =1, h1 =h and htraDT =1 . Polyakov's formula (5.11) applies and
gives ©
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S |(gh) ) .(h)"F |(g’h) Sy (g)
e D, = e D, D, e Dy . (1)
If h 1lifts to § : D! > T os.e. ﬁraD =1, and ﬁrs = -1 then there
P 2
exists a homotopy ht , ho =1, h1 =h, s.t. htraDw =1 and

htrs = el/z(ezﬂlt) . In this case, using formula (A.4.6) (Appendix 4) we

d
-d—t- [SDo.o(ght)-SD;(ht)H"D;(g,ht)]

. oh .
_ ik -1 t -1 _ _ imk
= Z;-Sj tr ht 5t 8 dg = 5 - (2)

2

(Notice that forms W, and Mo o given in Appendix 3 do not contribute
071

to (2)). Thus in this case

S, (gh) S, (h)-T_,(g,h) S_,(g)

ge Do o (—)k/Z ¢ DT DG, D (3)
Similarly,

S, (hg) S ,(h)-T_,(h,g) S, (g)

te Do, - ((-1)k/2)e LY D& %e Dg, 4)
where (--l)k/2 appears if h lifts to h with EPBD =1 and ﬁrs =-1.

o
2
o . ~ T .

Before describing the action of LG~ on Lt , let us rewrite the one
on Tm in a different form. If g ¢ DO - EE » 8 :D_~— E¢ and El,g
are their extensions to I = P¢1 then

-5, (g;) s, (g) s.(8) -5, (g,) -5, (8)
, D, 817, D8’y _ D D, &1’ D
(Aje 70 N - (Ae ” ) =M, e e e ©
S;(g) =S, (g,8)-T (g;,8)
= A A,e e o o
172
Sy (8)-8;(g,8)-T}) (g1,8) Sy (g8)
= A A, € o e
172
-5, (8,)+T, (g;,8) Sy (8;8)
=)\)\e21 D, °1 eD°°1 . (5)
172
Similarly,
s, (g) -5 (g)) -5, (8)+T, (8,8;) S, (88;)
(Xze Do )'(Ale Dy °1 ) = Alkze *°1° "D, 1 e Dy °°1 ) 6)

Eqs. (5) and (6) may serve as a guide-line in the definition of the action
P
of LE¢ on LE - Let g;,8, Do - E“ > 81289 be their extensions to
~ o~ m _
D UD! s.t. gl,gz[‘s2 =1 and g : DL >G , grsz =ep/p - Let

' =D UD' . We shall define
o (o]
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~Sp, (81 851 (8) S ("g'1>+rD°.°(g1 ,8). eSl)o.o(glg)

(Ale Ye(ge o ) = Ae 2 7

eSDo'o(g) -SD (gz))=

=S ('g )+r v(g”g) S l(gg)
o Ape ¥ %277 D 27 e Do 2

¢ . (8)

) Aze

A straightforward Ygrification shows that this defines commuting left and

right actions of Lﬁm on LE . Notice how in particular -1 acts on LE .
o - ' 5 = .

If g; prolongs 1 on D to DI, glrsz 1 , then, using (4) and

o
(3), we obtain

—SD (‘1) SD;(g>) _ e'SZv@l)ﬂ‘D;@l,g)

e o +(ge e ®

2

w2 S5 @P*Sp (BT, (BT (Bp8) Sy (@)
e hd © oo e "o

= (-1
Shy(8) Syi(g) =S5 (-1)
= (DM e D2 L (e P yie Do . ©)
N C a,C
The actions of LG on/\Lt carry over to T (Lt) inducing a representa-

z

tion & x4 of L x L& on the sector of twisted states :

[0}

(l(gl)QXEZ)W)(g) = §1'w(gzlgg; 1)'%5 . (10)
This representation splits again into irreducible LW representations
built over LW states satisfying condition (5.29). We shall find all LW
states in Fa(Lf) . Notice, that due to (9), LW states can involve only
integer spins if k/2 is even and only half-integer ones if k/2 1is odd.

In fact, the possible spins are more restricted.

As the LW condition of (5.29) fixes the states along orbits
N+g(N+)+ in LtGm , we have to study the geometry of the latter. Under

(]

the mapping LtGm J g ge € Lon , they become orbits N+gM_ in LOG

1/2

- - *
where M = {g €L : g(0) ={, 2 )} . Their classification requires an

easy refinement of the classification of orbits N+gL_ in LE“ given in

the previous sections. Namely, orbits N+gM— have the form

sl - N'e M and 12 = Ne M (11)
n n n n
0 —zn 210
where e = Z, ,e_= Z and n 1is integer (as is
n -n 2 n -n 2
z 0 0 z
easy to see Zl U 22 =% /Z., , where ZI_ are the orbits discussed in
n n n 2 n
. +1 + _ {1 0O +1 o+ +1 -1
Section 5)-Let N, ={g€N lg(0) = (* 1)} s N" =N NeN-“e",
N+2 = N+ ne N+1e—1 . Then Zl = N+1e M and 22 = N+2e M  and these
n n o n n n n n n

identities lead to unique decompositions of the elements of the orbits.

Moreover, we have splittings :
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+1 -1 _ 41 -1 +1 -1 _ 42 -2

enNO e, = Nn Nn , EnNo e, = Nn Nn (12)
where N_1 =N Ne N+1e—1 and N_2 =N Ne N+le_1 . 21 is an open
n n o n no n o
denseorbit. Since
1 _ 1 _ 4 - _ A4l -1 -
Un-enZO—enNo soM —Nn Nn enM , (13)
vt - et -t Ze (14)
n n"o n'n n
. . 1. . -1 _J2n,n>0 . _
the codimension of I~ 1is equal dim N, _'{-Zn ,n<0 and the codimen
. 2 . =2 J2n-1 , n >0 .
sion of Z ~equals dim N = {—2n+1 ., n<o ° Besides
u (ZlUZZ)UZZ,n>0,
o m n
1 1 |m|<n
U NI < (15)
n n 1 9
u (z,uz),n<0,
n<m<-n
and
v oGctu) , n>o ,
m m
2 P |m|<n
U~z (16)
n n
v GrlushHust , nc<o
m n
n<m<-n

which establishes the hierarchy of the orbits. Proofs of the facts listed

above are elementary.

Let us use relation (5.29) to compute a LW state with spins j1 and

. . 1 -1 _ o+ +F + + . [
i, on the open dense orbit 20 ey = N el/Z(N )’ of N x N in LGt .
~ C ~ ~
. A = =
Let €1/2 : D~ G be such that 81/2[3Do el/2 R el/ZISZ el/2 . For
a LW state ¢y , represent
s, (5, )
V(e ) = te Do 12 a7
1/2
+ © ay 01 © a, 01
for 2 €L . Then for g,,g, €N , g =\, s g = -
‘172 . ! 1 2707\ e
2j, _2j
+ = 1 -""2 n +
e I A VA
1 %2 & &)
= a a e © le ‘g
1 2 2
. . _ ~ _ I\kr ~ ~ ~ ~ N«’»
1
~ ~ -'-
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where Ei extends g; to I' so that E.r =1, 1i=1,2 . For (18)

to determine ¢ on the dense open orbit 2161/2 it is necessary and suf-

. a O
ficient that the right hand side does not change when gl'* gl( _1) ,

— 0
gy igz( a —fll) . As the action of -1 on the sections was already
0

studied, we can consider only the + sign case. Using equation (5.13), we

obtain after an easy algebra

& [y @)% /28550 @S, @;)+TD;(§1 12T @171 008
. _, dg _
=5 a]{ R O (19)
On the other h;nd, )
- log ajJ '5232 = 2(5,+ip) + (20)
so that the right hand side of (18) is a-independent if and only if
ity =y (21)

For a pair of spins satisfying this condition, integer for even % and
half-integer for odd % » eq. (18) defines a holomorphic section of Lm

over Ziez}z up to a constant factor. Remains to be s:en if we can extend
this section to a holomorphic section over entire LtG . Obstructions can

arise only when extending the section to orbits of codimension 1 , i.e. to

2 - 2 -1
Zoel/z and 2161/2 .
By eq. (14), any element of Uzel/2 may be uniquely written as
1 b "1 1+ ' +2
gl(O ) 1/2 8 where &1 € N0 s g2 ent . 1t belongs to
Zze L c Uze if and only if b =0, for b # O being an element of
1/2 1/2
1
Zoel/2 . Indeed,
1 b) 1 (1 o) (—E"l —z)f N
e = _ € _ = g,.€ g . (22)
(0 1 1/2 b 1 1 1/2 0o -B 1b71/2°2b

Now, w(giglbellzggbgé*) = w(gb) is given by the right hand side of (18)
with gig1b~+ 8 > géga g, - Writing it in a somewhat more convenient

way, we obtain

. . _ ~ _ N-r- ~ ~ +I, ~ o~ N-'-
2]1 _2_‘]2 SZ'(glb) SE'(ga)+FD'(glb’€1/2) D'(glb€1/2’g2b)
IP(gb) = al 3.2 e ) e
~ ~ N'-
Sp1 (81161 /9891,
D, 2°2
g]-(le D= 1P /27T o0t (23)
a; 0 'l;—l 0 a, 0
where gl!(0) = and g!(0) = . Hence
1 -1 2 = -1
* a; , O -b * a,
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1 8 = O(b ) when b - 0 . To study the asymptotics of the expo-

nential expression on the right hand side of (23), we apply formula (A.4.6)

a
to infer that

d ~~~+_~_~f ~ o~
a5 [Spr (81, E1p80, ) Sy (Byp)=Spr (B, )Ty (Byp, €13 )T (B 120871

“g’*_l 38 -1
_ ik 2o gt o1 %1b o
Tt ot U YeyEy CPCRICRYR)
[e]
+0(1) = £+ 0(1) (24)
so that
k=23,

Wg) = 0 %) (25)

and w(gb) is analytic at b = 0 since j2 5_% .

Similarly, every element of U% e/, may be uniquely written as

1 0
' vt N +2 ' +
81( -1 ) e1/2g2 where 81 € N1 and 8 € N . It belongs to

2 -1 . . _ . 1 -1
1 1/2 if and only if ¢ =0 , for ¢ # O being an element of Zoel/2 .
Since
[1 o 1 2 T ol ;
B e = € = g, €1,.8 s (26)
\ s N e V7 Sl IR R V21 %. 1c®1/282¢

+ +\ _ . . . . .
w(giglcel/zgzcgé ) = w(gc) is given by the right hand side of (23) with

a; 0 )
* a'_Il

2
c 32) . On the other

c >b and a;,a, defined by relations gi(O)
c o0 a, O 23, 2j
2 _
gé(O) 1 \ = _1\ . Thus a; 1 a, 2. (
1 l * a /
c 2
hand, the left equality of (24) still holds (with ¢ = b) and produces a

regular contribution. Hence

2j2
g = 0 ) (27)
and y 1is analytic at c¢ = O . By induction based on the Hartogs theorem, ¥
extends now to a global holomorphic section, for which (5.29) follows by

continuity.

Summarizing, in the twisted sector the LW states correspond with
multiplicity 1, to spins jl,j2 , j1+j2 = % s jl,j2 integer for % even
and half-integers if 0 is odd. This coincides with the Gepner-Witten
results.

For both SU(2) and SO0(3) case, the spectrum of the LW states

found here gives immediately modular invariant partition functions of the
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theory on the torus. These are the two infinite series from all possible
modular invariants built from bilinears in su(2) Kac-Moody algebra cha-

26,27
racters, see .

APPENDIX 1

We shall describe explicitly the magnetic-monopole line bundle. The

monopole curvature 2-form

3 .. i .
w = l-eu b ele X dedxk R (1)
2 .. >3
i,j,k=1 |x|

see (1.3), extends to a (2,0)-form wm on ME = {; € ¢3|§ 2 ¢ ]-=,0]}
given by (1) with ;f+ X and |§| = /@TZ (with the square root cut along

the negative axis). Cover mC by {0_1,00,01} s

y
0_1 = {; |Re-—l— > o} ,

-
y
2, 2
5 Yoty
0, = ¥ I—§+—2—3€ 1-=,01} , )

y
0, = {7 |Re =— < 0} .

y

For epE%Z , put

(3)

(ga o ,na) defines the unique element of Qa(Mm,wm) and, by restriction
071

to B3 ~ {0} , the unique element of Q(M,w) , i.e. the monopole line

bundle.

132



APPENDIX 2

The group of orientation preserving reparametrizations of S1 s

Diff+S1 , acts on the loop space LM by ¢ > ¢°r—1 , T € Diff+S1 . The
canonical isomorphism of the fibers of the line bundle L over loops ¢
and ¢°T_1 may be used to lift this action to the action of Diff_,_S1 on
L preserving the hermitian structure and the connection given by (3.10).
Here we shall show that the connection projects from L to the line bundle
L/Diff+S1 over LM/Diff+S1 . One has to check that if (Tt) is a curve

in Diff s, t, = id , then its lift 2(t) = T(0)i, to L, & €L, is

horizontal.
Let in local presentation

'Q'o = (UA’¢’Z) (1)
where UA is given by (3.8), ¢ € UA c LM and z € T . Then
= o1
() = (UAt,¢ Ty yZ) (2)

where if A corresponds to the triangulation of S1 by intervals b and
vertices v and to assignment oy a0 then At is related to the trian-
gulation by Tt(b) and Tt(V) with the unchanged assignment of a's .

Changing the trivialization by the transition function G A given by

At

(3.9), we obtain

2(t) = (U, ,0°1-1,6, (012 1)z) (3)

A2 t’ AtA t :

We have to show that the covariant derivative

D -1.-1 d -1, . _

it (t) = [GAtA(¢ Te ) EE-GAtA(¢n’% )-1<Xt,EA>] «t) =0 )
where

b -1
Xe =3¢ ot s (5)

see (3.10). It is enough to show (4) for t =0 . For simplicity, let us
assume that Tt(v) > v for each vertex v of the triangulation of S1
(in the natural order on the circle). The general case proceeds the same

way. Denote by b: and b; two intervals b bordering on v , b: later

than b; , see Fig. 4. From eq. (3.9), we compute

- Te(v) -
Gy A(¢°Tt1) =expli 2 f (¢°Tt1)*na o +]
t v v bV bV
-1
g @¢et ~(v))
%=ttt
. I v ¥ . (6)

v Ba oo (6(v)
v Vv
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On the other hand, by definition (3.10),

j 810 J % BT
<X ,E>==3% [ — ¢ w -z<—(v)¢n
°T A p ot % v,b 0y
vEob
9T
—z<——(v)¢<n“+nw_)>. <)
v b v b
v v
Thus
1 4d -1 .
GAtA(¢) ac G a0og )~ iXGE
9T
. [¢) * -1
=i I<— (¥),¢ (n -T8 dg -
v ot 0, =0 + i avab_ab+ avab ab+
v v v v v v
- + 1 > =0 (8)
oo+ ooy~
v v
by (3.3).
APPENDIX 3
In order to describe a representative of
w € Wa(SL(Z,m) s lg tr(g dg) =y ) let us parametrice
3 2. 2
SL(2,8) = {z +i ¢ z,0,|z,2;€ € , z+z" =1} . (1)
o . i“i o
i=1
We shall use the (stereographic) coordinates E,Z on the subsets
z, ¢ ]-»,-1] and z, ¢ [1,=[ respectively, Ey'Ze m3 s 2'2,22 g ]1—~,-11,
L L, LT )
>2 o 2 ’
1+¢ g +1
FioL, - ld 3
1+ 22 t 22+1
An easy computation gives
2
- STk —de . aglag?ag® - - i—k —t—s actactac® . (%)
(1+£%) (z7+D)

Cover SL(2,L) by

£
(2| <1y, 0_1={Re|—_1>|->0},
2
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¥

0, =1 ¢ ]-=,01} , (5)

€
1 > 2
01={Re-|—%;l—<0} > 0_2={l§ 1<1}
where || = /%'2 . Let
1 2 cen e s
wef —2kE g oz elikglggdagk (6)

0 w2 1) i,i.k
and w' be given by the same formula with Z - E . Notice that they are
well defined for 22,'22 € ]-»,-1] and that dw =7y = -dw' there. Define

for integer k

W_g =W, W3 TW, W=, wp =W, Wy = el
Ny 17050705y =0, Ny 50, Mg =0"
I B 7 B A
1,2 72 Y% 2.2 "o,2 *
€l £5*ES
k51 £3d8,78,d85
n =3 (5 +) —5—5— (N
1,2 -2 Y% 2 .2
] E5+Ey
&y,-1,0 -1 82,0,1°1 » Bi02°1 >
ig,*E, k
g = | .
0,1,2 7
E2+€3 lgl
EY
2
It is easy to check that (g s7 ,w ) determines the unique element

o 0.0, a0
C 0%1% %™ R R

of Wa(SL(Z,G),Y ) and, by restriction to SU(2) (i.e. to & and ¢

real), the unique element of W(SU(2),y) . Notice the relation between (7)

and the local data of the monopole bundle of Appendix 1.

For even k , define another representative of w € Wa(SL(Z,E),Ym)

by putting
5;2 = 0w, 35 = -w' ,
T, cer—Ss I eHelagdag® -3,
8lE|” i,j.k
il
®
o)
I SN o T B
n2,-1 7% B ) 2,0 °
TR
1,2
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= T’lo’z >

>
The multiplication by -1 in SL(2,L) corresponds to 'g’ > - éf ,
e 3
Z > - _r;—z . A straightforward check shows that (E,'ﬁ',m) is invariant under

this transformation so that it defines the unique element in
w2 (sL(2,t)/ Zz,ym) and in W(SO(3),y) .

APPENDIX 4

We shall compute here —g—t Sz(gt) for a t-dependent map gy L™ Gm

and I any oriented 2-dimensional compact surface with boundary. First,
we shall differentiate the Az(gt) part of the amplitude, see (5.2), as
given by formula (3.6)

4 _d .. x *
ac tos Ap(e) =l 1: CI BeWy *1 2 }{ By o )

c b,c bac
14 bcac
- I g (g, (v)) -8 (g, (v)) - @D
v,b,c otvotbozc t dt avabac t
v €%
bcac

Let Et : 5+ % x G be obtained from g, by putting gt(i) = (£,8,(8)) .

Denote by Xr any vector field tangent to I x G  s.t.
xt(gt(g)) = g—t-gt(i) . For a form x on Gm denote by ¥ its pull-back

to I x G by the projection on the second factor. We have
d * d ok~ * ~
’d—tfgtx=3fgtx=fgtt,ix . (2)
t
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where

to Xt

-4

d

X
. t Hence
X ~k ~ . ~% o~
S log Az(gt) =-ir | 8, L, w, *i  f gtLN L
cc X c b,cb X bc
t t
~  ~ ~-1 ~
- I <X (g (v)),g dg
v,b,c e 0‘vOLbOLc avabac
K o~ ~C ~% o~ ~
-3 | -
i fg, @ 1Y) -ir [ d&® 1w )
cc cc c
+i Igt('}ztld'ﬁ ) +1i 2 Igd(')\('t./?faq)
b,c b bc b,c b c
~ o~ ~=1
- I <X (g.(W),sg dg >
v,b,c tot 0tVOLbOLc 0‘vocbuc
~k . i ~% ~ ~
S f R T i JEEG, - 0
z b,c b c bc
o2 <'}Z‘t(fé‘t("))’?{oc o % g;la « 98y 00
v,b,c bc vbec v'bc
. ~% o~~~ i ~k o~ ~ o~ ~
e @IV i [ & I@ -8 -dn )
5 tTt b,c b tt OLC ocb ocbocc
~X ~ ~
-iz f gt(th W, )
bc3Z b b
oI <§t(’§t(v))’?‘ld o -?{oc a +?;a o % g;la o dga o, o >
v,b,c bc v e v b v bc v'bc
iz K E NS>
v,b t ot o o
v E3b
bcat
PP SR X ~k o~ o~
—1Ig(X.1Y)—1Z [T & v )
¢ ¢ bcdr b ° %
-i 2 SHCHCH K
v.b t et o o
v €3b,bcdX
where we have used the defining properties of (gaoaluz,naoal,wa) .
. ag
R N1 4 -1 ty, -1 2
i £ gt(Xt_fY ) = i f tr(gt T )(gt dgt)
. og
ik -1 t -1
o ) er(e gpale dey)
. ag . ag
ik -1 t -1 ik -1 t -1 =
A agtr(gt 5 0 (8, dey) ZFJZ' er 3, 5y (g, d8y)
. dg
ik =, -1 t -1
i ot e 5 (g %)

L, X = ?{t _ld')?+d('fftj X) is the Lie derivative of X with respect

(3)

Now

(4)
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The contribution of the sigma model action SZ(gt) (see (5.2)) gives

_ ik d -1 -1
4T 4t { tr(g, 9, ) (g, dg,.)

9g
_ -1 %8¢, -1 -1 =
——g trle, 3 (g, %80 (g, 3g,)

B b Ty
+ —Z—l} f tr(gzlagt)(gzl %Ngzl dg,)
z
_ %1% JZ' tr(gzlagt)(gzl 3(%))
- - % { tr 3(8;1 -Z‘?Mgzl g,
Bgt

ik ¢ -, -1 -1
* 7?17{ tr B(gi: ot 0 (8. 38 - (5)

Eqs. (3), (4) and (5) together yield

. dg
d __ ik -1 %8 -1 =
a Sp(ey) =~ 3 £ tr 3(g, ) (g, dgy)
. dg
ik -1 t -1 . ~k o~ e~
+= [ tr(g ——)(g_dg ) - i = [ & 1% )
4 3% t ot t t bear b tt oy
-1 b <Xt(gt(v)),na R (6)
v,b v b
vEI,bc 3L

Of course (6) implies (5.13) but it provides also the boundary terms
g
occurring when —8—‘—:-5 does not vanish on 03I .

Notice that due to (3.10), eq. (6) may be rewritten as

. og
D _ ik -1 "®°t,, -1+
35 expl-s (g)] = {5 £ tr 3(g, " 57 (g, 98,)

d
ik -1 98¢, -1
- I ,gztr(gt ) (8, dg)} expl-5:(g)] (7
where —3? is the covariant derivative.
APPENDIX 5

In order to prove (5.24), it is enough to check the commutation rela-

138



A
tions in the Lie algebra of LGm as 2 and % are two commuting repre-

sentations of ﬁbm . The only non-trivial relation is the commutator

1 ieo.z" 1 ieg,z™
j 2
s (2 3 -5 (e )
IEL-r e D= sl_r e o ] ¢h)
del _ > del _
€=0 €=0
with n <0 and m > O . This is equal to
Sp (gil) -S) (ggl) Sy (87) =Sy (8,) (2)
i__ e R - e o] . e © . e o
de” e=o0
where
= ieo.z" 1 ieo z"
. 5 p
g = g =t P (3)
- %-ieo.f n
Setting g = e , where f extends =z on D_ to Do , we may

rewrite expression (2)

~1 ~ -1 -1 ~
S. (g, )+s.(g,) -s. (g,7) -s  (g,7) =S (g,) =-S_ (g,)
AL TGRS R 0 ST T T S A

(2) = ii.__z_'
de 'e=0
_d P I AN B NN
= ——3[ explT, (g ",8)-Ty (8] 8, )-T (),8,)
de” le=o o o
~1 -1 ~
Sp,(81 82 ) Sp (818))
e e e
_d Ll el Sl e
=g exely gy h)Ty (B ey )Ty (Bphey)
de 'e=o0 o o o
~1 =1~
-5, (g,78, 8,8,)
~1 -1 ~ D. 81 82 818
- (o]
PDO(gl g, »g;8)le (@)

where we have used (5.11) and (5.14). The expression in brackets equals

ike2
8m

J tr(cjoz)(gf)(azm) + 0(e?)
(¢]
2.
_ ike” (38 nim dz 2
7 mo ago z z +0(e”)

2k it 2
= Zm § 6n+m,o+ 0(e”) . (5)

On the other hand,
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88, 818 = e k (1+0(e%))
. 0(52) 4 .
Now it follows from (5.11) and (5.13) (S(e ) = 0(e’)) that if
n+m > O then
1%
~—1 =1~ %-iezéeJ kckzn+m
d “Sp (8178 818) 4 . T8 (e )
_f e o = ——2 e o (6)
de” €=o0 de” 'e=o0
and if n+m < O then
d -5) (Ezlgglgigz) d SD(l iezzeJkko 2
I\ e fo) = =1 e k . (7)
2! 2
de” e=o de” e=o
Gathering (5), (6) and (7), we obtain for n+m % 0
.'/—S
; Dy (%—iEZZeJlko Zn+m)
5 ko
d k i
1) = — e\ T + = ]
d€2 €=0 2 ms 6n+m,o (8)

what was to be shown.
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