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Introduction: Motivation

The method of spontaneous symmetry breaking had an enormous
impact on theoretical physics in the 1960's and 1970’s,
contributing to the development of the standard model of particle
physics which unifies three of the four known forces of nature: the
strong, weak, and electromagnetic forces.

Spontaneous symmetry breaking was abstracted to a general
abstract symmetry group in the 1960’s, allowing one to construct
connections and covariant derivatives transforming under these
groups, and is referred to as the ‘Method of Nonlinear
Realizations' (also called the CCWZ Formalism) [1-2, 3 Sec. 19.6].

It was natural to ask whether one could apply the method of
spontaneous symmetry breaking to the fourth force of nature: the
gravitational field.
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Introduction: Motivation

In the 1973, Ogievetskii [4] showed that the general covariance
group of general relativity can be generated as the closure of the
affine group A(4) = GL(4,R) ®s P4 with the conformal group
C(1,3) = SO(4,2).

Then, using the previous result, Borisov and Ogievetskii [5] showed
that general relativity arises from the nonlinear realization of the

closure of these two groups, each ‘spontaneously breaking’ down to
the Lorentz group, the Nambu-Goldstone particles being Gravitons.

It was natural to ask whether one could apply this result to
supergravity, in particular eleven-dimensional supergravity.
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Introduction: Motivation

In 2000, West [6] constructed a partial analogue of the result of
Borisov and Ogievetskii for the bosonic sector of
eleven-dimensional supergravity, based on an algebra

G11 := {K?p, R%1%2%3 R21-3; P} which is an extension of A(4) by
the R3 and R®, again ‘breaking’ to the Lorentz group.

Without simultaneous use of the conformal group or its
supersymmetric extension, the dynamics is only fixed up to
constant factors (which must be chosen by hand when using Gi1),
they would presumably be uniquely fixed by simultaneous
(super)-conformal symmetry but this has not been derived
explicitly.

However there is evidence this would not be the right approach.
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Introduction: Motivation

It is known that when 11D supergravity is dimensionally reduced
on a torus down to 11 — n dimensions (n =1,...,8), the resulting
Kaluza-Klein scalars can be written in terms of a non-linear
realisations [7].

Dimension | Exceptional Symmetry Group | Coset Space

10 (HA) 0(1,1) -

10 (11B) SL(2) SL(2)/S0O(2)

9 GL(2) GL(2)/S0O(2)

8 E; ~ SL(3) x SL(2) SL(3) x SL(2)/SO(3) x SO(2)
7 E, ~ SL(5) SL(5)/SO(5)

6 Es ~ SO(5,5) SO(5,5)/SO(5) x SO(5)

5 Es Eﬁ/Sp(s)

4 E; E7/SU(8)

3 Eg Es/SO(16)

Each local symmetry group is the maximal compact subgroup of
the exceptional symmetry group.

It was conjectured that in dimensions 2 and 1 we find an Eg and
Ejo Exceptional Symmetry Group respectively [8].
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Introduction: Eq;

The Gi1 symmetry group used in the non-linear realization for 11D
supergravity contains none of this structure: Gii is not a
Kac-Moody algebra (although Es, .., Eg, E1g are), and the local
Lorentz subgroup chosen for Gi; is not the maximal compact
subgroup of Gi1. However, Gi1 gets gravity.

In the highly-cited paper [9] that formed the beginning of the Ej;
program, it was shown that G;1/{P,} can be extended to the
Kac-Moody algebra Ej; without affecting the dynamics arising
from the non-linear realization, and that the local Lorentz

subgroup can be extended to the maximal compact subgroup of
E11, denoted Ic(Ell)-

E;q1 tells us to accept an infinite collection of fields
8ab> Aaiaras Aar,...,a65 Nay...,ag,b, --- associated to the generators
K2p, R712233 Ra1-3 Ra1--a8,b of the Kac-Moody algebra.
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Introduction: Eq;

However generalizing from Gi; to Ej; still does not appear to fix
the dynamics of 11D supergravity uniquely as things stand, there is
still the ‘conformal group’ question.

In 2016 [10] it was shown that the non-linear realization of

E11 ®s I, where we take the semi-direct product of E;; and its
vector representation, denoted /1, such that it spontaneously breaks
to the maximal compact subgroup /.(E11), results uniquely in the
equations of motion of the bosonic sector of 11D supergravity.

This is due to the infinite-dimensional vector representation /1,
containing an infinite collection of generators P,, Z9192 7313
[11] the presence of which constrains the Ej; symmetry to fix the
equations of motion uniquely [10].
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Kac-Moody Algebra

A Kac-Moody algebra (KMA) of rank r is defined [17] in terms of
an r x r (symmetric, indecomposable) generalized Cartan matrix
(GCM) A,p, which possesses the properties:

0 A.a=2;

@ A, is a negative integer or zero for a # b
The KMA associated to a GCM is the Lie algebra generated by
elements H,, E,, F,,a = 1, ..., r satisfying the 'Chevalley-Serre’

relations
[Ha, Hp] =0, [Ha, Ep] = AabEb,
[Ea;, Fp] = 6abHb [Ha, Fp] = —AabFp,
ady **(Ep) =0, adp 4 (Fp) =0,

where adg,(Ep) = [Ea, Ep]. We can define an inner product and
the notion of a simple root «a to find A,p = 2% which can be
represented via a Dynkin diagram consisting of r nodes and —A,
lines between nodes a and b. This encompasses the symmetric

finite and affine simple Lie Algebras (LAs).
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Representations of Kac-Moody Algebra

As for finite simple LAs, an irrep can be specified by a highest
weight 11 = Y7 _; pals where the [, are the fundamental weights
(cvay Ip) =65 }.

Recall the fundamental weights of the classical LAs can be
associated to tensors and spinors, e.g. for SL(r) arank 1 < k <r
anti-symmetric tensor T71-% js associated to A\,_k. A root a can
be expressed in terms of the fundamental weights via

a=> Al

The program SimpLie has automated the process of constructing
the generators of many Kac-Moody algebras at low ‘levels’.
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Kac-Moody Algebras: Example

The Lie algebra of Ay = SL(3) generated by K%y, a,b=1,2,3,
satisfy Za Kaa =0 and [Kab, ch] = 5chad — 5achb'
Setting H, = K%, — K1, 1 E2 = K, Fo = K¥t1,; a=1,2.
We then have for example E! = K15, E?2 = K23 and so e.g.

[E', E?] = K'3. The Lie algebra can be written as a GKM Algebra
with A, = [_21 21} , where the Serre relations hold. The Dynkin
diagram is thus e—e. Ay can be fixed by first working with Ay, e,
i.e. {Hi, E, F1} and then adding Ho, E2, F, s.t. Serre holds.

The h vector representation arises by adding a third node to form
e, meaning we consider the generators Kg,

A, B=0,1,2,3=0,a. If A#0,B # 0 we have K7, and e——s
however if A =0 and B # 0 we have K°. := P.. This transforms
as a vector under K7,: [K%,, Pc] = =02 Pp.

The construction of Eq7 and its /; representation is roughly an
infinite-dimensional generalization of this example for
A10 = SL(11). 10/35



Non-Linear Realisations

Recall in SSB of a group G down to a subgroup H [3, Sec. 19.6], a
wave function can be parametrized as W(x) = g(x)t(x), where
g(x) € G/H defines the Nambu-Goldstone bosons, and 9(x) lives
in a linear irrep of H.

Non-linear realizations simply work with the g(x) € G/H directly,
without using wave functions.

The non-linear realisation of a group of the form G ®s /; with
respect to a subgroup /.(G) is, by definition, a set of equations of
motion which are invariant under the transformations [18]

g — 808, 8 €G®sh, aswellas g — gh, hel(G).
Dynamics that are invariant under these transformations are

naturally constructed in terms of the Cartan forms.

Group elements of G ®s /1 can be parameterized as g = ggg;, with
gc € Gand g € h.
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Non-Linear Realizations

Partial derivatives of W(x) = g(x)¥(x) will produce covariant
derivatives v)(x), with D, = 8, + g 10,g [3].

We construct the dynamics of the G ®¢ /i non-linear realisation in
terms of Cartan forms directly, which are given by

V=g ldg=Vs+V,
where
Ve = g¢'dge = dz"GnoRE and V= g;'(g 'da)ge = dz"En’la.
Here V¢ belongs to G, while V; belongs to the /; representation.

The forms V4 and V; are invariant under rigid transformations, and
under local I.(G) transformations they change as

Va— h "Vah+htdh and V,— h'Vh

From these transformations, Eqn* can be interpreted as a vielbein,
V = dz"En*(GaaR™ + In)

where Gao = EA"Gna.
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Eqq and it's /; Representation

The E;1 Kac-Moody algebra is defined by the following Dynkin

diagram
® 11
|
e — e — e — e — e — e — e — 0 - * — .
1 2 3 4 5 6 7 8 9 10

Taking node 11 as the central node, decomposed with respect to
it's Ajg subalgebra, this results in the generators

a ajapas aj..a aj..ag,b
K ) R ’ R313233 ’ R ) R31~36 ’ R Ty

R[313233] — RA1%23 ’ R[31»~36] — R%-% ’ R[al.”ag],b _ Ral...ag,b ’ R[31~-="8»b] -0

g e

which satisfy an algebra that is fixed by implementing the Serre
relations step by step

[’<ab7 ch] — 6chad _ aachb , [Kab, Rcl...(:3] — 36[c1bR\a|CQC3] ,
[R313233 Ra4a5a6] — DR [Ral..aﬁ Rb1b2b3] — 3R31..36[b1b2,b3] o

E1;1 possesses an i vector representation containing the
generators

...a7,b
P,, Zh%  Zuew | zaew | goaeanb
which transform under Ej1 as

[K?s, P] = —82Py + 16°P. , [R71%2%, Py] = 360" 72! 13/35



Eqq and it's /; Representation

The following map defines an involution on Ej;

d b b
Kab N _nacK Mdb , RA1%23 —’f]al 1“7733 3Rb1b2b3 ,

aj .. a a1b ap b aj..ag,b aj ¢ agcg . bd
R — ™Ry g, RV = N R d -

leading to an involution invariant subalgebra /.(E;1) generated by

— Rbib2bs

c c
Jab = nacK b — nch a 5313223 Mbyay Mbyay Nbzaz — R3132337

Sal,.36 = Rbl“banlal--nbﬁ% - Ral..aﬁ s Sal..ag,b = RClucg’dnclalunczgasTldb - Ral..ag,b
where, using the above commutators, the generators can be
shown to satisfy the commutation relations
[Jab, ch] - nchad - nbd-lac + 7’/adec - nachd 5
[S72% Sty yby] = — 1882 S ) + 2575240,
[58182837 Pb] = 35[311728133]’ [58132337 Zblbz] = Z«3’1=‘i233blb2 - 66b1b2 Pa3] P

[a122
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The Nonlinear Realisation of Ey; ®s I /1.(E11) [18]

We can now consider the nonlinear realization of E11 ®s  with
respect to the I.(Ej1) subgroup. Elements of the coset
E11 ®s h/Ic(E11) can be parametrized as

..ag,b ..
hay..ag bR %80 Asy 2 R Ag 503 RT12% hyPK?,
b)

8 —=8c8 , 8eE=...€

P, Xabzab 73135

g[ — e e exal..a5
The dynamics of Ej; can be constructed using the following
Cartan forms

V=g ldg=Ve+V,
for
Ve = Ga"Kh 4 Goy oy R o+ Gy g R™ 7% 4 Gy g bR™ 0 4
where
G, = (e 'de).,", Gayooy = €2 €2,/ dA Ly s
Gay..ag = €™ . €™ (dALy s — Alptr.onis PAris...i6])

Gal»-»as,b = eéuu1 cee easus ebu(dhmmuavl’ - A[Mlv--% dAMHsHaAWLLS]V + 3A[H1---M6 dAMMs]V

+ A[u1---u3 dA#AMs#sAWMsV] - 3A[M1m#6 dAwusl’])'
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The Non-Linear Realisation of E1; ®. &

The vielbein is given to low levels by

gt [ s ]

0 (e_l)[blm(e_l)bz]“2

Under I(E11), the Cartan forms transform as
0G5 = 18AI2P Gy yz — 20,°N12D Gy

51
5Galaga3 = _EGblebg,alaQa;;Ablbzbg - 6G(c[al)/\63233] )

and I.(Ei11) acts on the derivative indices via
8Gae = 3G oApyb,a, §GM® o = 620Gy,
for example
8Garmpasar = O[(E ™)y Gt,gasas]
5!

— by by by by b3 d
- 73/\b1b231 G ,bibrazazas — EGal,b1b2b3aza3a4/\ - 6Gal,(d[ag)/\ azag]-
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E1; Graviton Dual-Graviton Duality Equations

E;; fixes the following first order equation of motion involving 9,
derivatives uniquely

1/2 .
Da,b1b2 = (det e) / Wa,b1by — 15b1b2‘e1 69661762--69,3

relating the graviton and dual graviton. In order to do this, Eq1
actually fixes a generalization of this equation involving derivatives
involving all generalized coordinates 0a,4,, 0a...a55 ---

Dby b, =(det e)l/2wa,b1b2 — 3Gcza,czb1b2 + 6Gc[b17b2]ac 1
+ 21afy GC2C37|6263\b2] - %5b1bzelnegcel,e2,,eg,a + ... (1)
which varies under I(Ej1) into
8D by = — 36A% s Dy prcsco — B, Diplesenes A2
_ %8d1“dm 52 Moy Dat o scren — %Ua[blﬁbz]dl“dw/\qcm Det it cxcres
+ aai\blb2 + ...
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E1; Graviton Dual-Graviton Duality Equations

In this result we defined the following first order duality equation
between the three form and six form

1 b;..b
D91313334 = G[a1,azaga4] - ﬁealuém v 7Gb1,b2--b7‘
and the term known to be part of a duality relation with terms
above level three:
144
Dd1..d10,3b1b2 = _mgdl‘.dloeG[e,ablbz]'

The variation only transforms up to additional terms (interpreted
as a ‘generalized gauge transformation’ [10])

aaAble = _Eblbzq..cg Ecavcl--cﬁ/\ﬁcsc‘g]’
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E11 3 — 6 Duality Relations

We can also /; extend the D,, ., = 0 equation by the requirement
that the variation fully anti-symmetrized Cartan forms, resulting in

1 b 1
Da1323334 = g31,823334 - ﬁ5813233a4 1.'L-)7gb17b2--b7 + EG[a1az,a3a4]

where
_ 15 by _ ae
Garmazay = G[al,a2a3a4] + ?G Jbibyar..ag 5 Gbyby.by = G[blybz»-bﬂ + 286G sc1co[br..be,br]

The variation of D,, ,, under I.(Ej1) is then

1

by..
6D81~~a4 = 5531823384 ! b7Db1b2b3b4/\b5b6b7 + 3DC7[8132AC3334]'
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E1; Equations of Motion

We can project Dj,.. 4, into EF1H2H3 = Oy [(det e)1/2D”“1“2“3]
giving

A, [(det e)l/2G[V umzus]) + (det e)” L p1pap3Ts . Ts Giry 97372] Glrs, 767275 = O,

familiar as the second order supergravity equation of motion for

AH1H2u3'
This can be put back into tangent indices £9192%3 and the

variation of a suitable /; extension can be shown to give

§EMA2a3 _ gEb[al/\|b|32a3] + ...

where ... indicates more contributions depending on D, . ,,, and
E b (det e)R b 48 G[a C1C2C3] G[b 616263] + 45 bG[Cl C2C3C4] G[CI7CZCBC4]

is the supergravity Einstein equation of motion, reproducing the
correct energy-momentum tensor.
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E1; Equations of Motion

This can also be /; extended
gab = (det e)Rab - 48G[375152€3]G[b’C1C2C3] + 453bG[C1762C364] G[q,czqc“]
_ 360Gd1d2’d!d2ac1c253 G[b7616263] _ 36OGd1d2’d1d2qu2C3 G[87C152C3]
+ 606abGd1d2’d1d2c1QC3C4G[CLCZQCA] — 12600005 Gloacal + 3Gc1c2,ddG[a,bC1C2]
— 6(det e)ea)‘eb“a[u{(det e) /2 G™™ o)
- (det e)1/2wC7bC Gdldz’dldza — 3(det e)1/2waﬂchd1d2,d1d2C’
and it's I.(Ej1) variation can be shown to be
b _ bcjcp bcicp bpciccs
0€," = — 36Eac;c,\ 36E Nacic, + 802N Ecicres
- 2<€ac1“.67d1d2d3 G[b7qcz‘:3]DCAWC?Adle‘k - 25bC1”.C7d1d2d3 G[a,clch] DC4WC7/\d1d2d3
1
+ géabgqmcgdledg GCl,CZC3CADC54.468/\d1d2d3'
Thus E;; exactly reproduces the equations of motion of the

bosonic sector of eleven-dimensional supergravity when we neglect
the effects of the higher level derivatives in these equations.
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E1; Equations of Motion (Dual Gravity)

In [17] similar techniques led to the derivation of the following
second order dual gravity equation of motion

Eal...ag,b

1 1. 1 1y
=93 2(det €)2e"0,Ge,ay...a5.6 + 3.9 9(det €)2 e 0u(8Gjay ay...a5]c,b — Gb,ay...25.¢)

1
(det 6)2 (8ebuau G[81,82...88]C,C + e[al|p‘au Gb\,ag...ag]c,yc - 7e[all'l‘ahul Gag,a3...ag]bc,c)

N ©
N
~ ©

1 1
(G[ah\e\eG32»93~~as]bcyc - EGb»eeG[ahaz-»-aalc,c + 5G[-?ly\eeGbI«azm'?s]C,c)

e}
©o

1

c,e 1 c,e
+ 9746 ’ EGC,al.uaa,b + 9746 e(8G[al,ag...a8]c,b - Gb,aln.ag,c)

1
- ﬁceyce(Gc,almag,b + 8G[al,agmag]c,b - Gb,al...ag,c)

4-7 ce ec 1 ce ec
+ ﬁ{(Gal, + Gal, )Gaz,a3magbe,c - 7(Gb, + Gb, )Gal,azu.age,c

2
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E1; Equations of Motion (Dual Gravity)

1 ce ec
+ E(Gal, + Gal, )Gb,az..ase,c}

1
- G[917«9233C G\b\,a4...a8]c)

4
+ ﬁ(7G[al,ageG\e\,ag,mag]bc,c - G[al,\beGeLagmag]c,C - 8Gb,[aleG|e|,azmag]c,C)

cicoep...6
+e Geye...e0,[a1] Cler 21222511,

4.7
9 9(6G[al,a2 Ga3,a4mag]bec,c - G[al,\b\eGaz,a3mag]ec,c - 8Gb,[aleGaz,a3mag]ec,c

+ Glay,a Glb,elas...aslec, )

72G[al,\b\32cGa3,a4...ag]c + 5G[al,32335Ga4,a5...ag]bc - 8Gb,[alachag,a44..ag]c

4 4
= 5 Cclor Clbselar.asl,” + g (Cefor "G felanaslb = Gesfor Glel,“2..asl,6)
1 7-4
+ W(Gc,beccy[al.,.ag],e - Geb Gc ,a1...ag, )+ 9 G[Q[aIE] ap,|ce|as...ag],b
4
+ §Gc,beG[31,az...ag]C,e
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Quantization Attempt: Current Algebras

In 2017 at OIST, a radical preliminary proposal for quantizing Ei
via the method of ‘current algebras’ was proposed in [19] by
Professor Sugawara, and used to study the M2 and M5 branes in
[20], and cosmology in [21].

The essence of this approach is to implement the Dirac-Schwinger
commutation relations

[©00(x), ©00(y)] = —i{Ook(x) + Ook(y)}n*d16(x — y)
to ensure covariance.
As it stands, the approach does not fully utilize the higher level

coordinates, but suggests a vast generalization of Dirac-Schwinger
may exist in Ejj.
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Interpreting Eq;

So Ej;1 asks us to accept an infinite collection of fields

hab, Aaiarass Aar...a6> Nay...ag,bs --- and to generalize our notion of
space-time to an infinite-dimensional ‘generalized space-time’
Py, 77192 7713 implying the existence of a ‘generalized
geometry’ on this space-time, and deep links with Higher Spin
Theory [12].

What is the meaning of this? What have we bought into?

There is a famous saying in physics: " Spacetime is Doomed"” [13],
e.g., an infinitely precise measurement is thought to create a black
hole, space-time intuition is based on sufficiently low energies.

E11 is attempting to discuss the low energy limit of M-theory. The
higher fields and coordinates appear to be a low energy effect, and

that space-time must be replaced by some more fundamental

degrees of freedom in the final M-theoretical quantum theory of
gravity. This has happened in the past: 25 /35



Interpreting Eq;

Kaluza-Klein dimensional reduction of 11D supergravity on a circle
gives the unique (non-chiral) ten-dimensional I|A supergravity
theory, the low energy limit of Type IIA superstring.

This was initially thought to illustrate a defect in the 11D theory
[14], since it implies the existence of extra Kaluza-Klein states that
were not initially seen in the 10D superstring theory.

However it was later recognized that the additional Kaluza-Klein
states do arise in the 10D superstring theories in the form of
‘soliton-like" solutions associated to (mem)branes of the theory.

In other words, the ten-dimensional supergravity theory with the
additional soliton-like states appeared to be an 11D theory in
disguise [14].

‘E Theory' appears to be an extension of 11D supergravity
containing new effects that may reflect the existence of a more
fundamental set of d.o.f. than ‘space-time’ in the final quantum

gravity [10], space-time is ‘extended’ in ‘'E Theory’' from the get-go.
26/35



+++

11D supergravity reduces to Einstein gravity when we (ignore spin
and) set the 3-form A, 4,2, to zero. Thus a subset of a
Kac-Moody algebra, Ej1, seems to describe Einstein's gravity in
11D as a special case.

In 2001 [15] it was conjectured that Einstein's gravity in D
dimensions arises from a non-linear realization involving the
Kac-Moody algebra ABJ_F;, specifically A’Ef; ®s /1//C(A2§f§r).

In 2020 [16] the dynamics of the nonlinear realization of

AT ®¢ I /Ic(Af ) were worked out, including a derivation of
the dual graviton equation of motion, which inspired a derivation
of the Eq; dual graviton equation of motion [17].

In Af++ we are thus studying Einstein's gravity along with
additional contributions presumably reflecting the breakdown of
gravity at higher energy scales (shorter distances).
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Future Research |

@ I(E11) ®s h is reminiscent of the 4D Poincaré group
SO(1,3) ®s P4, indeed it contains the Poincaré group. In
Quantum Field Theory, particles are interpreted as irreducible
representations of the Poincaré group via the so-called
‘Wigner method’. In [22] it was conjectured that different
branes arise as irreducible representations of I.(Ej1) ®s h for
different choices of isotropy subgroups. In [22], [23], and [24],
partial results on the isotropy groups for the M2, M5 branes,
and |IA string, were presented. Much more research is needed
on this very difficult problem, no other approach to string
theory suggests a ‘Wigner method' to branes in string theory.

@ The low energy effective action of the 26D bosonic string was
conjectured in [9] to arise from a nonlinear realization
involving the Kac-Moody algebra Ky7. The full power of E
theory has yet to be applied to this difficult algebra.
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Future Research I

@ The current algebra methods of [19 — 21] require further
study, they may apply to Einstein's gravity in 4D via Af++
and may shed light on quantum gravity.

@ Eg recently appeared in the swampland program [25], E;17?
@ How do the above results manifest in the Ejg program [26]?

@ The E;; dual graviton was recently studied in the context of
‘generalized symmetries’ [27], what about the rest of E
theory?
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