
Person: Pick up a big red block.
Computer: OK.
Person: Grasp the pyramid.
Computer: I DON'T UNDERSTAND WHICH PYRAMID YOU MEAN.
Person (changing their mind): Find a block which is taller than the one you are holding and put it into the box.
Computer: BY "IT", I ASSUME YOU MEAN THE BLOCK WHICH IS TALLER THAN THE ONE I AM HOLDING.
Computer: OK.
Person: What does the box contain?
Computer: THE BLUE PYRAMID AND THE BLUE BLOCK.
Person: What is the pyramid supported by?
Computer: THE BOX.
Person: How many blocks are not in the box?
Computer: FOUR OF THEM.
Person: Is at least one of them narrower than the one which i told you to pick up?
Computer: YES, THE RED CUBE.
Person: Is it supported?
Computer: YES, BY THE TABLE.
Person: Can the table pick up blocks?
Computer: NO.
Person: Can a pyramid be supported by a block?
Computer: YES.
Person: Can a pyramid support a pyramid?
Computer: I DON'T KNOW.
Person: Stack up two pyramids.
Computer: I CAN'T.
Person: Will you please stack up both of the red blocks and either a green cube or a pyramid?
Computer: OK.
Person: Which cube is sitting on the table?
Computer: THE LARGE GREEN ONE WHICH SUPPORTS THE RED PYRAMID.

:
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to time… and from these observations you try to figure out 
what the rules of the game are.”

“… a fun analogy in trying 
to get some idea of what 
we’re doing in trying to 
understand nature, is to 
imagine that the gods are 
playing some great game 
like chess… and you don’t  
know the rules of the game, 
but you’re allowed to look at 
the board, at least from time 



1992



1996





10 crossings



30 crossings



48 crossings
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#(crossings)

165 knots

1,388,705 knots

computation of 
“quantum” invariants

potential counterexample 
to slice-ribbon conj.

potential counterexamples 
to SPC4 (ruled out)
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n

Number of homotopy n-spheres in each category.

The generalized Poincare conjecture:

• Top: true for all n

• PL: true for all nm4 (n = 4 currently not known)

• Diff: true for n = 1, 2, 3, 5, and 6

Top = PL = Diff
PL = Diff

all different

late 1950s

John MilnorSteve Smale



Generalized Poincare conjecture:
Every homotopy 4-sphere is 
diffeomorphic to the standard 4-sphere.

Theorem: If one finds a pair of knots 
which satisfy the following three properties:

then the smooth 4-dimensional Poincare conjecture 
is false.

• K and K’ have the same 0-surgery
• K is not slice
• K’ is slice



• Is it knotted?

• Is it ribbon? Is it slice?

• Is it Andrews-Curtis trivial?

S.G., J.Halverson, F.Ruehle, P.Sulkowski

S.G., J.Halverson, C.Manolescu, F.Ruehle

(SPC4, slice-ribbon, … )

Combinatorial group 
theorywork in progress



Conjecture [J.Andrews and M.Curtis ’65]:

Every balanced presentation of the trivial group

can be reduced to the trivial presentation

by a sequence of Andrews-Curtis (Nielsen) moves:

* generalized

*

“handle slides”

“handle cancellation”



• Many potential counterexamples, e.g.

• No counterexamples with relations of total length <13

• Believed to be false

S.Akbulut, R.Kirby (1985)

• Validating any of these, disproves the following

Conjecture (“Generalized Property R”):

If surgery on an n-component link L yields the 
connected sum                     , then L is obtained from 
the 0-framed unlink by a sequence of handle slides.

R.Gompf, M.Scharlemann, A.Thompson (2010)



• A potential counterexample to AC gives a potential 
counterexample to SPC4

• A handle decomposition of a homotopy sphere 
without 3-handles gives a balanced presentation of the 
trivial group

• AC moves = Kirby moves (without introducing 
3-handles)

Theorem:

gives a standard 4-sphere.

R.Gompf (1991)



Hard AC presentations



• Is it knotted?

• Is it ribbon? Is it slice?

• Is it Andrews-Curtis trivial?

S.G., J.Halverson, F.Ruehle, P.Sulkowski

S.G., J.Halverson, C.Manolescu, F.Ruehle

(SPC4, slice-ribbon, … )

work in progress

Hard AC presentations

Hard unknots

Hard ribbon knots



Winograd schemas:

The trophy would not fit in 
the brown suitcase because it 
was too big (small).

What was too big (small)?

The town councilors refused to give the 
demonstrators a permit because they 
feared (advocated) violence.

Who feared (advocated) violence?





seq2seq:  Encoder + Decoder

“meaning”
vector

you  asked  us  to  call  you  back  after  last  Friday

Wir hoffen jedoch, dass sie bei Ihrer Reiseplanung weiterhilft

“L
an

gu
ag

e 
m

od
el

”
“T

ra
ns

la
tio

n 
m

od
el

”

Need “context” vectors





Source: https://github.com/tensorflow/nmt



variational attention (blue) 
vs prior alignment (red)

self-attention





Lukasz Kaiser, 2017



Lukasz Kaiser, 2017

“The Transformer” are a Japanese [[hardcore punk]] band.
==Early years== 
The band was formed in 1968, during the height of Japanese music history. 
Among the legendary [[Japanese people|Japanese]] composers of [Japanese 
lyrics], they prominently exemplified Motohiro Oda's especially tasty lyrics and 
psychedelic intention. Michio was a longtime member of the every Sunday night 
band PSM. His alluring was of such importance as being the man who ignored 
the already successful image and that he municipal makeup whose parents 
were&nbsp;– the band was called 
Jenei.<ref>http://www.separatist.org/se_frontend/post-punk-musician-the-
kidney.html</ref> From a young age the band was very close, thus opting to 
pioneer what …

:
=== 1981-2010: The band to break away ===
On 1 January 1981 bassist Michio Kono, and the members of the original line-
up emerged. Niji Fukune and his [[Head poet|Head]] band (now guitarist) 
Kazuya Kouda left the band in the hands of the band at the May 28, 1981, 
benefit season of [[Led Zeppelin]]'s Marmarin building. In June 1987, Kono 
joined the band as a full-time drummer, playing a … 







Reformer performance on UNKNOT as function 
of braid length. Performance increases with N.





integer = product of two primes

:

?





cf. connected 
components of 
a graph:
- Not finite
- Not explicitly 

presented





Fraction of unknots whose braid words could be 
reduced to the empty braid word as a function of 
initial braid word length.





Average number of actions necessary to reduce 
the input braid word to the empty braid word as 
a function of initial braid word length.





an exotic 4-ball has no smooth radius function 
with 3-sphere levels



Performance comparison between reformer and 
feedforward network (FFNN).



Performance dependence on the number of locality
sensitive hashes (LSH).



Architectures: Reformer NN, FFNN, …                      implementation: ChainerRL





• Is it knotted?

• Is it ribbon? Is it slice?

• Is it Andrews-Curtis trivial?

S.G., J.Halverson, F.Ruehle, P.Sulkowski

S.G., J.Halverson, C.Manolescu, F.Ruehle
(see Fabian’s talk)

(SPC4, slice-ribbon, … )

Hard

Easy

Don’t know yet
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Special surgeries:

p/r

Every connected oriented closed 3-manifold arises by 
performing an integral Dehn surgery along a link in     .

Theorem [Lickorish, Wallace]:

p/r



Property R

Theorem (“property R” conjecture): D.Gabai (1983)

If the 0-surgery on                is homeomorphic
to               , then      is the unknot.

The trefoil knot and the figure-8 knot are uniquely 
characterized by 0-surgery.

D.Gabai (1987)



Chalkboard of David Gabai at Princeton
Jessica Wynne



Conjecture [Akbulut and Kirby ’97]:

If 0-surgeries on two knots give the same 3-manifold,

K.Yasui (2015)

Conjecture:

If 0-surgeries on two knots give the same 3-manifold, 
then the knots with relevant orientations are 
concordant.

P.Kirk, C.Livingston (1999)
FALSE

FALSEFalse if slice-ribbon conjecture is true.

then the knots are concordant.



Thm: For                        at least one of Rokhlin 
invariants vanishes.

Cor: If        is integral homology                with two 
non-trivial Rokhlin invariants, then                       .

M.Hedden, M.H.Kim, T.Mark, K.Park (2018)

L.Truong (2021)Thm: If      is slice, then

where                                               1, 3, or 23, and     
is a two-handlebody (two-handles attached to a 4-ball).



Obstructions to smooth sliceness:
-
- Fox-Milnor condition
- Levine-Tristram signature
-
-
- and      from involutive HF
-
-

Robertello (1965)

(1966)

(1969)

t Ozsvath-Szabo (2003)

Rasmussen (2010)

Hom (2014)

Lewark-Lobb (2015)

Hendricks-Manolescu (2017)

Ozsvath-Stipsicz-Szabo (2017)

Dai-Hom-Stoffregen-Truong (2019)

-
-
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