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1 Stable oo-categories

Remark 1.1. The reference for most of the material in these notes can be found
in §1.1 and §1.4 of [I].

Definition 1.2. Let C be an oco-category and let X € C be an object. We will
say that X is a zero object of C if it is both initial and terminal. We will say
that € is pointed if it contains a zero object. In this case the full subcategory
spanned by zero objects is contractible. We will say that a functor f:C — D
between pointed oco-categories is reduced if it preserves zero objects. We will
denote by Fun,(C,D) C Fun(€, D) the full subcategory spanned by reduced
functors.

Remark 1.3. Let C be a pointed oo-category. Then € is naturally enriched in
pointed spaces. More precisely, the natural enrichment of € over spaces lifts to
pointed spaces where the base point of Mape(X,Y) is given by the contractible
subspace of maps which factor through a zero object.

Definition 1.4. Let € be a pointed co-category and let 0 € € be a zero object.

A square of the form

A—lsp
L)
0 C

R

(1.1)
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will be called a fiber sequence if it is Cartesian and a cofiber sequence if
it is coCartesian. When such a fiber sequence exists we will say that p admits
a fiber, and when such a cofiber sequence exists we will say that f admits a
cofiber.

Remark 1.5. Note that the underlying data of a square of the form can be

described as a pair of maps A J.p 2 together with a null-homotopy of
the composition p o f. This null-homotopy should be considered as part of the
structure, and not a mere condition.

Definition 1.6. Let C be a pointed co-category. We will say that C is stable
if

1. Every map admits both a fiber and a cofiber.
2. A square is a fiber sequence if and only if it is a cofiber sequence.
Remark 1.7. If C is a stable co-category then C°P is stable as well.

Definition 1.8. Let C,D be stable co-categories. We will say that a functor
f: € — Dis a exact if it is reduced and preserves fiber/cofiber sequences.
We will denote by Fun™ (@, D) C Fun, (€, D) the full subcategory spanned by
exact functors. We will denote by Cat™ the (big) oo-category of (small) exact
oo-categories and exact functors between them.

Example 1.9.

1. The stable homotopy category described in the last lecture can be identi-
fied with the homotopy category of a suitable stable co-category of spec-
tra. In fact, the co-category of spectra is in some sense the universal stable
oo-category.

2. Let A be an abelian category with enough projectives/injectives. Then the
corresponding derived category D(A) can be identified with the homotopy
category of a suitable stable co-category of complexes.

Definition 1.10. Let € be a pointed co-category in which every map has a fiber.
Let M C Fun(A' x A!, @) denote the full subcategory spanned by Cartesian
diagrams of the form

f

A—>0 (1.2)
b
0——B
We have two projection maps
M2
C e



which are given by restrictions along A1 x A{0} € AT x Al and AT x AT} C
Al x A respectively. Since Cartesian diagrams of the form are right Kan
extensions of their restriction to A J[ 53 At} we conclude that the map dy
is a trivial Kan fiberation. Choosing a section € — M of d; ; and composing
with the projection dg : M — C we obtain a functor Qe : € — C (well
defined up to a contractible ambiguity) which we call the loop functor.

Similarly, if every map in C has a cofiber, then one can consider the full
subcategory M* C Fun(A! x A!, @) spanned by diagrams as above which are
coCartesian. Again, we have two projection maps

ME
N
¢ ¢

and the same argument would now show that the restriction map dg : ME —
M is a trivial Kan fibration. By choosing a section we can obtain a functor
Ye : € — C (again, well defined up to a contractible ambiguity), which we
shall call the suspension functor.

Remark 1.11. Let € be a pointed oo-category in which every map has both a
fiber and a cofiber. Then there exists a natural adjunction between ¢ and
Qe

Now let C be a stable oco-category. Since every square of the form is
Cartesian if and only if it is coCartesian we conclude that both Qe and Xe
are equivalences, and are inverse to each other. This fact has a strong con-
sequence on the homotopy category of C: if A, B € € are two objects then the
set mp (Mape(A, B)) of homotopy classes of maps has a natural structure of an
abelian group. To see this, choose an object A’ and an equivalence A ~ Z%(B/ ).
Then

7o (Mape(A, B)) = m9 (Mape(ZeA’, B')) = m ((22 Mape(A’, B)) = m (Mape(4A', B))

In particular, the homotopy category of € is naturally enriched in abelian groups
(in fact, it is additive. This follows from the discussion in the next section).

These abelian mapping groups can be often manipulated and computed using
the construction of long fiber/cofiber sequences, which we shall now explain.
Let f: A— B be a map. Then we have a cofiber sequence

4—1op
I
0——>C

Since € is stable the map p itself admits a cofiber as well. Hence we can extend



the diagram above to

f

— B ——>0

l”
q ~

——(C——= A ——=3%cA

A
0
where both squares are coCartesian. In this case the exterior rectangle will be

coCartesian as well and so we can identify A’ with X A. Now the map ¢ admits
a cofiber as well. Continuing in this fashion we obtain a diagram on the form:

|

YeB YeC
and so we obtain a sequence
A— B —C — YA — YeB — XeC

in which every consecutive pair of maps admits a cofiber sequence structure
(and hence also a fiber square structure). This sequence can be infinitely pro-
longed in both directions in an obvious way (where we use the fact that Xe
is an equivalence). Mapping out of such a sequence (and mapping into such a
sequence) will induce a long exact sequence of abelian groups on the correspond-
ing groups of homotopy classes. In essence, this phenomenon is what makes the
computation of homotopy classes of maps in stable co-categories considerably
more tractable. Given all of the above, the following claim is not surprising:

Claim 1.12. Let € be a stable co-category. Then Ho(C) has a natural structure
of a triangulated category, where the shift functor is given by Ye and the
distinguished triangles are given by the fiber/cofiber sequences.

2 Limits and colimits in stable co-categories
We will begin with a few exercises:
Exercises 1.

1. Let C be a stable co-category. Show that C has all pushouts and all
pullbacks.



Proof. In light of Remarkit will be enough to prove the first claim (the
second will then follow by applying the same argument to C°P). Consider
a diagram of the form

A—>B
if
C
We wish to show that this diagram can be extended to a pushout square.

Now the map f admits a fiber, and so we can extend the diagram above
to a diagram of the form

F-ltsa—2sp

|

0——C

where the square on the left is a fiber sequence. Now the composition
goh : FF— B admits a cofiber and since the left square is also a cofiber
sequence we can extend this diagram as

L

.

—C—>D

where the external rectangle is coCartesian. Using again the fact that the
left square is coCartesian we deduce the right square must be coCartesian
as well. O

. Let C be a stable co-category. Show that a square in € is a pushout square
if and only if it is a pullback square.

Proof. In light of Remark[T.7)it will be enough to prove that every pushout
square is a pullback square. Let

g
—_—

A B
b
C——D

be a pushout square. Since p admits a cofiber we can extend this diagram
as

*g>BHO
ro ]
E

— DD ——

Q=<=—=x
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where the right square is coCartesian. Hence we get that the exterior rect-
angle is coCartesian. This means that both the right square and the ex-
terior rectangle are cofiber sequences and so they are also fiber sequences,
i.e. Cartesian. This implies that the left square is Cartesian and we are
done. O

3. Let f:C — D be a functor between stable co-categories. Show that the
following are equivalent:
(a) f is exact.
(b) f preserves zero objects and pushout squares.

(¢) f preserves zero objects and pullback squares.
Proof. Basically the same proof as in exercise (1). O

Corollary 2.1. Let € be a stable co-category. Then C has all finite limits and
colimits. Furthermore, a functor of stable co-categories is exact if and only if it
preserves finite colimits, and if and only if it preserves finite limits.

Proof. This follows from the exercises above together with [2], Theorem 4.4.2.4.
O

In light of Corollary we may view Cat™ as a full subcategory of the
oo-category of finitely cocomplete pointed co-categories (or similarly, as a full
subcategory of finitely complete pointed oco-categories). Our next goal is to
characterize these full subcategories in terms of the invertibility of the suspe-
nion/loop functor. This result is essential to the discussion of stabilization of
oo-categories which we will pursue in the next section.

Theorem 2.2. Let C be a pointed oco-category. Then the following assertions
are equivalent:

1. C is stable.

2. Every map in C admits a cofiber and the suspension functor is an equiva-
lence.

3. Every map in C admits a fiber the loop functor is an equivalence.

Proof. The implications (1) = (2) and (1) = (3) have already been established.
In light of Remark [1.7]it will suffice to prove (2) = (1). Let € be a pointed co-
category in which every map damits a cofiber and such that e is an equivalence.
We need to show that C is stable. We will break the claim into three parts:

I Every cofiber sequence in C is a fiber sequence.
II Every map in € has a fiber.

IIT Every fiber sequence in C is a cofiber sequence.



We start by proving (I). Let

f

—_

A B (2.1)
|k

0 C
be a cofiber sequence. We wish to prove that is also a fiber sequence. Let
p: Al x Al — € denote the above square and let py : A [ 3 A — €

denote the restriction of p to the lower and right edges. To prove that p is
Cartesian we need to show that the induced map

—_—

e/P — e/170

is a trivial Kan fibration. For this it will be enough to show that for each X € €,
the induced map
C’/p Xe {X} — (i’/po Xe {X}
is a weak equivalence of Kan complexes.
Now the Kan complex C/,, x¢ {X} classifies diagrams of the form

X——B (2.2)
L)
0——=C

By taking the cofiber of p we can extend (in an essentially unique manner) every
such diagram to a diagram of the form

X—B 0

N

0——=C—>%cA

where the right square is coCartesian (in light of the cofiber sequence we
see that the cofiber of p can be identified with ¥¢A). The exterior rectangle of
such a diagram induces a map of the form

YeX — Z@A
which in turn can be (essentially uniquely) extended to a diagram of the form
YeX

N\

EQA4>O

P

YeB ——= %cC



Let ¢ : A! x A' — @ be the map corresponding to the diagram

YeA——0

P

YeB —— XcC

and let go = ¢|a1 1,1y A be the restriction of ¢ to the right and bottom edges.
The discussion above yields (a contractible choice of) maps of the form

Crpo Xe {X} —> €/ Xe {Ze X}

Hence we obtain a sequence of maps of the form

- - - - =
G/p Xe {X} e G/po Xe {X} e G/q Xe {EeX} 4: G/qo Xe {EGX}

where the dotted arrows indicate the relevant compositions. Unwinding the
definitions one can verify that these compositions coincide with the natural
maps induced by ¥e (which is an equivalence by our assumptions) and are
hence weak equivalences of Kan complexes. By the 2-out-of-6 rule we conclude
that all the maps in this diagram are weak equivalences. This shows that is
a fiber square.

We shall now prove (IT). Let p : B — C be a map and let A € € be an
object such that p admits a cofiber sequence of the form

B——0

P

CHZGA

(such an A exists because X¢ is an equivalence). From (I) we know that this
square is also Cartesian and so we can extend it to a diagram of the form

A—B—>0

.

0——C ——3cA

Since the right square and the exterior rectangle are Cartesian we deduce that
the left square is Cartesian as well. This proves (2).

It is left to prove (III). Consider the opposite co-category C°P. From (II) we
know that C°P has all cofibers. Since Ye is an equivalence we get that Yeop is
an equivalence as well. Applying (I) to €°P we deduce that every fiber sequence
in C is a cofiber sequence. This finishes the proof of Theorem

O



3 Stabilization of co-categories

Let Catincoli™ denote the (big) co-category of pointed finitely cocomplete small
oo-categories and finite-colimit-preserving functors between them. In light of
Theorem and Corollary we may think of Cat®* as a full subcategory of
Catfeolim which is characterized by the suspension functor being an equivalence.
In this case one should naturally ask whether this inclusion admits a left or
right adjoint. In other words, given a pointed co-category € with finite limits,
does there exists a universal stable co-category admitting a map from or to C?
Informally, can we naturally stablize C?7

Similarly, let Cat™™ denote the (big) co-category of pointed finitely com-
plete small co-categories and finite-limit-preserving functors between them. In
light of Theorem we may think of Cat®* as a full subcategory of Catintim
which is characterized by the loop functor being an equivalence. The same
natural question arises in this case as well.

The answer to both these questions is yes. For the case of Catili™ the
inclusion Cat®™ C Catfincoim 4dmits a left adjoint. For the case of Catintim
the inclusion Cat®* C Cat™™'™ admits a right adjoint.

Let us try to explain why this is the case. Note that in both cases, the full
subcategory of stable co-categories is characterized by certain natural operations
being equivalences. There are in principle two ways to make a transformation
invertible. The left way is to formally add inverses. Given a pointed oo-
category € with finite colimits, one can formally invert the suspension functor
by taking the colimit of the sequence

Se o Ze
C=5C=5 ..

in the co-category Cat ™ We will denote this colimit by Sp™(€). In fact,
Sp” (@) will coincide with the corresponding colimit in Cat, namely, the objects
of Sp¥ (@) will be pairs (X,n) where X € € and n € N and the mapping spaces
will be given by

Mapg,= e (X, n), (Y,m)) = co}cim Mape (S5 "X, S5 "Y)

This construction will yield a left adjoint to the inclusion Cat® C Catfincolim,
More precisely, we have a unit map

¥¥ € — Sp™(€)

given by X — (X, 0), which satisfies the following universal property: for every
stable co-category D, pre-composition with %3 induces an equivalence of oo-
categories

Fun®™* (sz((?), D) — Funfieolim @ p)

We will call SpE(G) the oco-category of Y-spectrum objects in C. When €
is the oco-category of finite pointed spaces this construction recovers the oo-
category of finite spectra (which are all suspension spectra of finite spaces up
to a shift).



Dually, if € is a pointed oo-category with finite limits then one can try to
invert ¢ from the right, by choosing for each object an Qe-inverse. Formally,
this will translate to taking the limit of the tower

Q Q
C&s & .

in the oo-category Catf™™ We will denote this limit by SpQ(G). In fact,
SpQ(C) will coincide with the corresponding limit in Cat,,, namely, an object
of Sp*(€) is given by sequence {X,} of objects of € together with equivalences
X, ~ QeX,+1 and maps will be given by a compatible families of maps. This
construction will yield a right adjoint to the inclusion Cat® C Catf™™ More
precisely, we have a counit map

Q¥ - spte) —e

given by {X,} — X, which satisfies the following universal property: for ev-
ery stable co-category D, composition with 23° induces an equivalence of oo-
categories

Fun™ (D, SpQ(G)) — Fun™i™(D, @)

In the case of C being the category of pointed spaces, this construction
recovers the usual notion of an (2-spectrum. We shall hence call SpQ(G) the
oo-category of Q-spectrum objects in C.

What is the relation between these two constructions? In general, given a
pointed oo-category with finite limits and finite colimits, the two constructions
need not coincide. However, there is a context in which the two will be closely
related. This is the context of presentable co-categories which we will
address next.

4  Presentable stable co-categories

Let Prl denote the oo-category of pointed presentable co-categories and left
functors between them (i.e. functors which admit right adjoints) and PrY the
oo-category of pointed presentable oco-categories and right functors between
them (i.e. functors which admit left adjoints). The categories Pr- and PrY
are naturally opposite to each other (and can be considered as the two sides
of the oo-category of (pointed) presentable co-categories and adjunctions as
morphisms).

The adjoint functor theorem for presentable co-categories tells us that a
functor f : € — D between presentable co-categories is a left functor if and
only if it preserves all colimits and is a right functor if and only if it is accessible
and preserves all limits. In particular, if €, D are stable presentable co-categories
then any left functors between them and any right functor between them is
exact. We will denote by PrIﬁX - Prf: the full subcategory spanned by exact
oo-categories and similarly by Pr%X C Prf‘.

We can hence contemplate the question of stablization inside the oo-
category Prl or Pri®. The following observation shows that the answer should
be similar to the discussion in the previous section:

10



Observation 4.1. Let C be a pointed presentable co-category. Then the follow-
mg are equivalent:

1. C is stable.
2. Ye 1S an equivalence.
3. Qe is an equivalence.

From Observation we see that in order to perform the stabilization pro-
cess inside the world of pointed presentable co-categories one just needs to invert
either the suspension or the loop functor. As above, this can be done from the
left or from the right. However, since PrI; and PrfL are opposite to each other,
it will be enough to understand just one of these procedures. In this case the
right option has an advantage, and that is that limits in Prff can be computed
just as limits in Cats, (where the same is not true for colimits in Pr¥, not even
filtered ones).

Now the functor Qe has a left adjoint ¥e we see that Q¢ is a right functor,
i.e., a legitimate morphism in Prf. As above, we can invert it by taking the
inverse limit of the tower

edeede

in the oo-category PrY. Fortunately, this procedure is the same as computing
the limit in Cat,, i.e., it will coincide with SpQ(G) described above. However,
we are now guaranteed that SpQ(G) will be a presentable co-category and that
the projection map

Q¥ : Sp(e) — e
will be a right functor of presentable oco-categories. Now if D is any stable
presentable oo-category then composition with Q% induces an equivalence of

categories
Fun® (D, SpQ(G)) = Fun®(D, €)

What about inverting the suspension functor from the left? The duality
between Prlf and PrI; means that we can automatically get such a dual result
with no extra work. Namely, the left adjoint

2% € — Sp?(e)

of O will also exhibits Sp™(€) as a stabilization of € from the left in the co-
category PrY. In other words, if D is any stable presentable co-category then
pre-composition with ¥ induces an equivalence of categories

Fun® (Sp”(€), D) — Fun"(€, D) (4.1)
Remark 4.2. Note that when € € PrI; is also compactly generated, i.e. it
is of the form Ind(C") where C° is a small pointed oco-category with finite col-

imits, then one can attempt to left-stabilize € by first left-stabilizing Cy us-
ing the construction Sp”(Cg) of the previous section, and then considering its

11



Ind-completion Ind (SpZ(GO)). This construction will yield again a stable pre-
sentable co-category satisfying the same universal property as SpQ(G). We
will hence deduce that

Ind (Sp™(Co)) ~ Sp*(C)

Definition 4.3. Let 8, be the presentable co-category of pointed spaces. Then
we denote Sp**(8,) simply by Sp®. We will refer to it as the co-category of
spectra.

Remark 4.4. Applying Remark to the case € = 8, and Cy = 8{:‘“ (see
below) we obtain the following result: the oo-category Sp® of Q-spectra can
be identified with the Ind-completion of the oo-category of (shifts of) finite
suspension spectra.

Remark 4.5. Applying to the case of C = §, we get that for every stable
presentable oo-category D there are natural equivalences

Fun® (Sp?, D) — Fun"(8,,D) ~ D (4.2)

where the composition can be obtained by evaluating at the sphere spectrum.
This can be phrased as follows: the oo-category Sp® is the free stable pre-
sentable co-category generated from one object.

Corollary 4.6. Substituting D = Sp* in above we obtain
Fun® (SpQ, SpQ) ~ Sp*

This means that Sp® carries a natural monoidal structure. This monoidal struc-
ture is in fact a symmetric monoidal structure, known as the smash product
of spectra.

5 Reduced excisive functors and other models
for spectra

Definition 5.1. Let C, D be pointed oco-categories such that € has finite colimits
and D has finite limits. We will say that a functor f : € — D is excisive if
it sends pushout squares to pullback squares. We will denote by Exc,.(C, D) C
Fun, (G, D) the full subcategory spanned by reduced excisive functors.

Let an C 8. denote the minimal pointed full subcategory which contains
S0 ¢ 8, and is closed under finite colimits. Alternatively, 8% is the co-category
of pointed spaces which are equivalent to a finite pointed simplicial set. The
oo-category an has the following important property: 8, is the free pointed oco-
category with finite colimits generated by S°. Put formally, if € is any pointed
oo-category with finite colimits then evaluation at S° induces an equivalence of
oo-categories

Funfineolim (g @) = ¢

12



Corollary 5.2. Let D be a stable co-category. Then
Exc, (sfj“, D) ~ Funfineolim (s*jn, D) ~ D
where the last equivalence is given by evaluating at S°.

In other words, the operation € — Exc, (Si‘“,e) maps every stable oco-
category C to itself. Furthermore, if C is any pointed oo-category with finite
limits, then Exc, (sfn,e), while might not be equivalent to €, will still be
pointed and will have finite limits (which are computed objectwise). Hence
finlim ¢

we can consider the operation C — Exc, (an, C‘?) as a functor from Cat o}

itself (endowed with a natural transformation to the identity given by evaluating
at S9). .

A key observation now is that for every € e Cat™™  the oo-category
Exc, (SE“, G) is stable. To prove this, we see that in view of Theorem
*nv

it will suffice to show that the loop functor on Exc, (Sﬁ G) is an equivalence.

Now note that the loop (like any limit) is applied objectwise, i.e., by composing

with Qe. Hence we see that pre-composition with the suspension functor Xgsin

gives an inverse to the loop functor. ’
The above discussion leads one the believe that the construction

€ — Exc, (sf:“, e)

might yield a right adjoint to the inclusion Cat™ C Catf™™  Indeed, this is in
fact the case. More precisely, we claim that if C is a pointed co-category with
finite limits and D is a stable oco-category then composition with the natural
map

evgo : Exc, (Si‘n, G) —C
yields an equivalence of co-categories
Fun®™ (@, Exc. (82“, G)) — Funf®im (D @)
To prove this, one can observe that
Fun™ (D, Exc, (an, G)) ~ Exc, (Sim, Funfintim (p, G)) ~ Funftlim (D, @)
since Fun™™ (D, @) ~ Exc, (D, €) is stable.

We can hence consider Exc, (D, C) as another way to stabilize a pointed
finitely complete co-category C. Following Lurie, we will denote

Sp(€) % Exe, (s‘j“, e)

13



Definition 5.3. When C = 8, is the oo-category of pointed spaces we will
denote Sp(€) simply by Sp.

Remark 5.4. If € is presentable then Sp(€) will be an accessible localization of

the presentable co-category Fun, (Sf", G). The localization functor

£ : Fun, (85}“, e) — Sp(€)
admits an explicit formula in term of the Goodwille derivative:
L(f)(X) = colim Qg f (X" X)

Remark 5.5. The definition of Sp posses at least one conceptual advantage on
the one of SpQ above, and that is that one can obtain a more direct description
of the smash product in terms of Day convolution of functors. However, one
needs to be a bit careful because the Day convolution of two excisive functors
needs not be excisive. Instead, one will need to apply the localization functor
of Remark [5.4] to the result.

In light of the uniqueness of right adjoints we conclude that we must have a

natural equivalence
Sp(€) =~ Sp(€)

It is worth spelling out what this equivalence is. Let f : Siin — € be a reduced
excisice functor. Then for every pushouts square of the form

S — %

|

* — Sn+1

The induced square
J(§") ——=0

0—> f ( Sn+1)
will be a pullback square. We will hence obtain a natural equivalence in C
on: f(S™) = Qef (")

We conclude that the square of objects {f (S™)} together with the maps ¢,
determine an object of SpQ(G). It is a formal consequence of uniqueness of
adjoint functors that this functor induces an equivalence

Sp(€) =~ Sp”(€) (5.1)

In particular, a reduced excisive functor can be uniquely reconstructed from
its values on the spheres, together with suitable structure maps.

14



It can be conceptually convenient to be able to rap all the information of
an -spectrum in a form of a functor (satisfying certain conditions), such
that the equivalence will be induced by a suitable restriction. This can be
done as follows. Let Topiin be the topological category of finite pointed CW
complexes and continuous maps, so that Sim is equivalent to the coherent nerve
of Topfi®.

Let Sph C Topfjn be the topological subcategory whose objects are the point
* € Topffn together with and all the spheres S™ € Topfn. For every k > 0 we
have

MapSph(Sna Sn+k) = Sk g MapTopfj“ (Sna Sn+k)

embedded via the adjoint to the natural homeomorphism S* A S™ 2 Stk and
all other mapping spaces contain only the constant map.
We now observe that if C is a pointed oco-category with finite limits then a

pointed functor
N(Sph) — €

can be identified with a sequence of objects {X,} in C together with pointed
maps S™ — Mape (X, X,41), which in turn can be identified with morphisms
in € of the form ¢, : X;, — QeX,+1. Hence we conclude that the category
Q¢(€) can be identified with full subcategory of Fun(N(Sph), €) consisting of
those functors for which the maps ¢,, are equivalences. We can call such functors
Q-functors.

One can think of the Sp(€) and Sp*(C) as two extremes attempts to model
the stabilization of C. In Sp(€) we do in some sense a more canonical construc-
tion, but at the price of having a big object at hand. With Sp}(€) we keep only
the very necessary information, but at a price of maybe loosing direct access
to some interesting invariants and constructions, for example smash products.
These two extremes admit many intermediate steps - for many intermediate
subcategories Sph C B C Top™ we may expect that the restriction functor

Exc, (Topfn, (3) — Fun, (B, C)
to be fully faithful with an easy to identify essential image. For example, by
adding to Sph the morphisms generated by the action of the symmetric group
n

—_——
¥, on 8" = S' A ... A S! we obtain a subcategory Sph” C Top™ such that the
restriction functor

Exc, (Topfn, G) — Fun, (Sphz, C‘f)

is fully-faithful and its essential image can be identified with symmetric 2-
spectrum objects in €, which is known to be an equivalent construction. Another
choice is to add the morphisms generated by the action of the orthogonal group
O(n) on S™, which leads to the model of orthogonal Q2-spectrum objects in C.
Naturally, many other choices are also possible.

15



Remark 5.6. If one takes B C Topiln to be the full subcategory generated by
discrete objects then the restriction map

Exc, (Topim, (3) — Fun,(B,C)
will not be fully-faithful: it will remember from every spectrum object only its
corresponding connective cover.
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